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Abstract

In this thesis we consider the surplus of a non-life insurance company and
assume that it follows either the classical Cramér—-Lundberg model or its dif-
fusion approximation. That is, we consider a continuous time model, where
premiums are cashed at a constant rate and claims occur randomly with ran-
dom sizes modelled by a compound Poisson process.

In actuarial mathematics the risk of an insurance company is traditionally
measured by the probability of ruin, where the time of ruin is defined as the
first time when the surplus becomes negative. Using the ruin probability as a
risk measure has been criticised because the time value of money is neglected
and it is unrealistic to assume that an insurance company is ruined as soon
as the surplus becomes negative. As an extension one can consider the proba-
bility of bankruptcy, where negative surplus is allowed and bankruptcy is the
event of going out of business. In this approach, the insurance company goes
bankrupt randomly for negative surplus levels at some bankruptcy rate. An-
other measure considers the expected discounted dividend payments which are
paid to the shareholders until ruin. In this thesis, we use a similar measure,
but as distinguished from classical models, we assume that the insurer is not
ruined although the surplus becomes negative and that bankruptcy does not
occur. In order to avoid bankruptcy, penalty payments occur, depending on
the level of the surplus. For example, penalty payments occur if the insurance
company needs to borrow money. As a risk measure we consider the difference
between the expected discounted dividend and penalty payments.

In the first part of this thesis we consider the diffusion approximation to

the Cramér—Lundberg model and we aim to determine a dividend strategy



that maximises the difference between the expected discounted dividend and
penalty payments, where penalty payments are either modelled by an expo-
nential, linear or quadratic function. We show that the optimal strategy is
a barrier strategy and calculate the optimal barrier. Using this strategy, all
surplus above the barrier is paid as dividends and whenever the surplus is
below the barrier, no dividends are paid.

The second part studies the analogous problem where the surplus process
of an insurance company is given by a Cramér-Lundberg model. We show
that the optimal strategy is also a barrier strategy and consider exponentially
distributed claim sizes with exponential, linear and quadratic penalty functions
as examples.

In conclusion, we consider the problem where we have to determine an opti-
mal investment and reinsurance strategy and the surplus follows the diffusion
approximation to the Cramér—-Lundberg model. The insurance company can
invest in several risky assets and reduce the insurance risk either by excess of
loss or proportional reinsurance. The aim is to find a strategy which minimises
the penalty payments that are necessary to avoid bankruptcy. Various penalty

functions are considered and closed form solutions are derived.






Zusammenfassung

In dieser Dissertation betrachten wir den Uberschuss eines Sachversicherungs-
unternehmens, der entweder durch das klassische Cramér—Lundberg—Modell
modelliert ist oder der Diffusionsapproximation zu diesem Modell. Wir be-
trachten demzufolge ein Modell in stetiger Zeit, in dem die Pramienzahlungen
durch eine konstante Rate gegeben sind und Schéiden zuféllig auftreten. Dabei
werden die Schadenhéhen durch einen zusammengesetzen Poisson Prozess
modelliert.

Das Risiko eines Versicherungsunternehmens wird in der Versicherungsmathe-
matik in der Regel durch die Ruinwahrscheinlichkeit gemessen, wobei der Zeit-
punkt des Ruins als der erste Zeitpunkt definiert ist an dem der Uberschuss
negativ wird. Die Verwendung der Ruinwahrscheinlichkeit als Risikomafl wird
kritisiert, da der Zeitwert des Geldes vernachléssigt wird und es nicht realis-
tisch ist anzunehmen, dass ein Versicherungsunternehmen ruiniert ist, sobald
der Uberschuss negativ wird. Als eine Erweiterung kann auch die Wahrschein-
lichkeit des Bankrotts betrachtet werden, wobei negativer Uberschuss zuléssig
ist und Bankrott das Ereignis bezeichnet, dass der Geschaftsbetrieb eingestellt
wird. Bei diesem Ansatz tritt Bankrott zufillig ein, sobald der Uberschuss
negativ wird. Ein weiteres Maf} betrachtet die erwarteten diskontierten Divi-
dendenzahlungen, welche bis zum Ruin an die Aktiondre gezahlt werden. In
dieser Arbeit verwenden wir ein dhnliches Mafl. Abweichend von klassischen
Modellen, nehmen wir jedoch an, dass das Versicherungsunternehmen nicht ru-
iniert ist, wenn der Uberschuss negativ wird und dass Bankrott nicht eintritt.
Um den Bankrott zu verhindern muss das Versicherungsunternehmen jedoch

Strafzahlungen leisten, deren Hohe vom Niveau des Uberschusses abhéingt.



Strafzahlungen entstehen beispielsweise durch die Aufnahme von Fremdkapi-
tal. Als Risikomafl betrachten wir nun die Differenz zwischen den erwarteten
diskontierten Dividenden- und Strafzahlungen.

Im ersten Teil dieser Arbeit betrachten wir die Diffusionsapproximation des
Cramér-Lundberg—Modells und zielen darauf ab eine Dividendenstrategie zu
bestimmen, die die Differenz zwischen den erwarteten diskontierten Dividenden-
und Strafzahlungen maximiert, wobei Strafzahlungen entweder durch eine ex-
ponentielle, lineare oder quadratische Funktion modelliert werden. Wir zeigen,
dass die optimale Dividendenstrategie eine Barrierenstrategie ist und bestim-
men die optimale Barriere. Unter Anwendung dieser Strategie wird der An-
teil des Uberschusses, der die Barriere iiberschreitet als Dividende ausgezahlt.
Sobald der Uberschuss sich unterhalb der Barriere befindet, erfolgen keine
weiteren Dividendenzahlungen.

Im zweiten Teil betrachten wir das analoge Problem, wobei der Uberschuss
hier durch das Cramér-Lundberg—Modell beschrieben ist. Wir zeigen, dass die
optimale Strategie ebenfalls eine Barrierenstrategie ist und betrachten expo-
nentialverteilte Schadenshohen und exponentielle, lineare oder quadratische
Strafzahlungen als Beispiele.

Abschlieflend betrachten wir ein Problem, in dem eine optimale Kapitalanlage-
und Riickversicherungsstrategie zu bestimmen ist und der Uberschuss durch
die Diffusionsapproximation des Cramér—Lundberg-Modells gegeben ist. Das
Versicherungsunternchmen hat die Méglichkeit in mehrere korrelierte Aktien
zu investieren und entweder XL-Riickversicherung oder proportionale Riick-
versicherung zu kaufen. Das Ziel ist es eine Strategie zu ermitteln, die die
erwarteten diskontierten Strafzahlungen, welche notwendig sind um Bankrott
zu vermeiden, minimiert. Es werden unterschiedliche Strafkostenfunktionen

betrachtet und geschlossene Losungen bestimmt.
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Preface

Considering an insurance company, many think at first of traffic accidents,
cost of medical treatments, damage to property, etc. Indeed, we are reassured
about being protected by an insurance company if such events occur. Paying
a periodic premium, the insurance company promises to cover an uncertain
loss. The insurance policy determines the amount of premium and for which
claims the insurance company is committed to pay. Thus, the individual
relies on insurance companies in order to hegde against unpredictable events.
Concluding an insurance policy is somehow a form of risk management of the
individual.

However, the risk management of an insurance company is far more im-
portant for the purpose of staying solvent. For example, persons who are not
covered by health insurance may face unbearable costs of medical treatments
in case of illness but this does not directly affect others. On the other hand,
assume that the insurer becomes insolvent because of poor risk management.
Then, not only one person is concerned but rather all policyholders are left
without coverage. This also deteriorates the economic situation. The larger
the insurance company, the larger is the effect on the economic situation.
In particular during the financial crisis 2007-2008, it became evident which
dramatic effects occur if a major financial player becomes insolvent. Besides

several banks, for example Bradford & Bingley, Dexia, Lehman Brothers and



Hypo Real Estate, the insurance company AIG was also concerned of the finan-
cial crisis and the solvency was only ensured by interventions of the regulator.
Therefore, the solvency of an insurance company is commonly of great interest
and of course there are regulatory requirements for insurance companies, for
instance, the regulations of Solvency II. Nevertheless, since the regulations of
Solvency II primarily concern the capital adequacy requirements for insurance
companies, it is necessary to apply additional measures to reduce the risk of
an insurance company.

Over the last years, the theory of optimal stochastic control has become
more popular in actuarial mathematics, especially to put the risk management
onto a sound theoretical foundation. In concrete, the surplus of the insurance
company is described by a process S = S;. The first time when S becomes
negative defines the time of ruin. Thus, S reflects the solvency of the insurance
company. The insurer’s strategy to reduce the risk is modelled by a control
strategy U = Uy that influences S. While S is most often defined as a Cramer—
Lundberg model or its diffusion approximation, various control strategies (for
example, U can describe a reinsurance or an investement strategy) have been
proposed. The problem is to determine a strategy U; maximising (or minimis-
ing) a specified gain functional. This is generally achieved through solving the
so-called Hamilton—Jacobi-Bellman (HJB) equation, giving the value function
of the optimal control process. The most important control problems in ac-
tuarial mathematics are listed in the following. Traditionally, the risk of an
insurance company is measured by the probability of ruin. For optimal deci-
sions, the probability of ruin is minimised — for example by reinsurance and/or
investments — in order to increase the solvency of an insurance company. This
problem was considered for examle in [11} 35, 60, [61), [62], where further ref-

erences can be found. The disadvantage of the ruin probability approach is
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that the time value of money is neglected and it is unrealistic to suppose
that the surplus tends to infinity. A second approach distributes dividends
to the shareholders. Here, the goal is to maximise the expected discounted
dividends until ruin. The formulation of the dividend problem in a discrete
time framework goes back to de Finetti [20]. Thereafter, Gerber [31] consid-
ered the problem in the Cramér—Lundberg model. In a more recent paper,
Gerber and Shiu [33] analysed the dividend approach in a diffusion model.
Li [46] considered the distribution of the dividend payments in the Cramér—
Lundberg model perturbed by a Wiener process. Mishura and Schmidli [52]
studied dividend strategies in a renewal risk model with generalized Erlang
interarrival times. Moreover, dividend problems were considered in a Markov-
modulated risk model (cf. [47, 48, [69]). In many models it was shown that
the optimal dividend strategy is a barrier strategy. Here, all surplus above a
specified barrier b > 0 is paid as dividend and whenever the surplus is below
the barrier there are no dividend payments.

Asmussen et al. [7] also considered the dividend problem in a diffusion
framework, where the insurer can buy excess of loss (XL) and proportional
reinsurance. They showed that the optimal dividend strategy is a barrier
strategy and that excess of loss reinsurance is always better than the propor-
tional one. An overview of optimisiation techniques in the context of dividend
payments and reinsurance, where the surplus is given by a diffusion process,
can be found in [66]. Hojgaard and Taksar [39] additionally assumed that the
insurer may invest in a risk free and a risky asset. Here, an optimal strategy
exists only if the discounting factor is larger than the yield of the stock and
the risk free interest rate. If this is fulfilled, the optimal dividend strategy is
also a barrier strategy and the optimal investment and reinsurance strategies

depend on the market price of risk. Azcue and Muler 9] [1I0] considered the
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dividend problem where the surplus process evolves as a Cramér—Lundberg
process. They showed that the optimal value function is the smallest viscosity
solution to the associated HJB equation. Avanzi [8] gave an overview on the
actuarial research that followed de Finetti’s original paper. The disadvantage
of the dividend approach is that, under the optimal strategy, generally ruin
occurs almost surely. Therefore, the idea of capital injections rises.

In an approach with capital injections the shareholders should have the
opportunity to inject capital whenever the surplus becomes negative in order
to avoid ruin. Eisenberg and Schmidli [24] 25| [26] 27] considered an approach
where the expected discounted capital injections are minimised. As proposed
n [21], Kulenko and Schmidli [43] combined the approach of dividends and
capital injections. They showed that the optimal strategy exists and is of
barrier type. In a diffusion model an analogous problem was considered by
Shreve et al. [65]. They also showed that the optimal strategy - if it exists -
is a barrier strategy.

In [36, 37 the discounted average of the future surplus of an insurance
company, which can buy cheap and non-cheap reinsurance, is optimised for dif-
fusion models. Taksar and Hunderup [67] extended this approach by a penalty
term for bankruptcy. A similar approach maximises the expected utility of ter-
minal wealth. For example, this was considered in [12] [70, [72]. An overview
on the application of optimal stochastic control in actuarial mathematics can
be found in [1T], 34} [62].

All of the approaches above have one thing in common: If the surplus be-
comes negative, the insurer either has to inject capital or ruin occurs. However,
in practice, it can be observed that some companies continue doing business
although they had large losses for a long period. Often, the regulator in-

tervenes in order to avoid that a company goes out of business. As already
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mentioned, several banks and insurance companies were rescued by the reg-
ulator during the financial crisis of 2007-2008. Therefore, Albrecher et al.
[4] introduced a more general bankruptcy concept by distinguishing between
bankruptcy and ruin. They still define ruin as the event of the surplus be-
coming negative and bankruptcy as the event of going out of business. Unlike
the above approaches, they assume that the insurance company can continue
doing business until bankruptcy, where the probability of bankruptcy is a
function of the level of negative surplus. In this framework they assume that
the surplus of an insurance company follows a Brownian motion and they con-
sider the expectation of discounted dividends until bankruptcy. Albrecher and
Lautscham [5] studied the probability of bankruptcy in the Cramér—Lundberg
model. Another possibility to allow negative suplusses is to observe the sur-
plus only at discrete observation times. Such a model has been studied in [I],
[2] and [3]. Nevertheless, in practice bankruptcy does not occur randomly but
rather depends on the capital resources. Moreover, it is often very hard to
obtain explicit solutions in an approach with a bankruptcy function.

In this thesis, we assume that bankruptcy does not occur, but whenever
the surplus is negative, additional costs arise. Therefore, we introduce penalty
payments. These payments reflect all costs which are necessary to prevent
bankruptcy. For example, penalty payments can occur if the insurer needs
to borrow money, generate additional equity or if additional administrative
measures have to be taken (like reporting to the authorities). These costs
may also be extended to positive surplus to penalise small surplus. Interest
payments for negative surplus were also considered by Gerber [32], Embrechts
and Schmidli [28] and Schmidli [59]. Note that in our modelling, the penalty
payments are neither subtracted from the surplus nor be paid directly by the

shareholders. The penalty payments are rather technical in order to avoid



that the surplus becomes small or even negative. For a surplus level of z, we
model the penalty payments to apply at rate ¢(z), where ¢ is an appropriate
penalty function. In particular, ¢ should be positive and decreasing because
we assume that interest or other penalty payments are always positive and
that the penalty payments increase whenever the economic situation is getting
worse. In this framework we consider two stochastic control problems:

In the first problem, dividends may be paid. The value of the controlled

surplus process {SP} with accumulated dividends {D;} is then
B[[Teap,— [T e o(sP) difsP =)
0 0

where § is a preference parameter. Dividends today are preferred to dividends
tomorrow, and costs tomorrow are preferred to costs today. Thus, we assume
that 6 > 0. Our goal will be to maximise the expected value above by choosing
an optimal dividend policy.

The second problem aims to minimise the expected discounted penalty
payments by investments and reinsurance, where the insurer can invest in
n risky assets and reduce the insurance risk either by excess of loss or pro-
portional reinsurance. Let R; a reinsurance strategy, where R; describes the
retention level at time ¢ and 6; = (0}, 67, ...,07)T an investment strategy, where
0} describes the amount being invested into the ith asset at time t. Then, we

aim to minimise the value
E| / () at | 5 =2l
0

by choosing an optimal investment and reinsurance strategy.

vi






General Notation

F ={Fi}i=o
(Q,F,P)

E

S ={St}=0
L ={Li}>o
X

c

N = {Ni}i>o
A

{Yi}iz12,..

The natural numbers

The real numbers
min(x1,x9) for 1,29 € R
Probability measure

Set of all possible outcomes
Set of all possible events
Filtration of o-algebras
Probability space

Expected value

Surplus process of an insurance company
Cramér—Lundberg process
Initial capital

Premium rate

Poisson process describing the amount of claims

Intensity of the Poisson process

Sequence of iid random variables modelling the

claim sizes
Generic random variable with the same
distribution as Y;

Distribution function of the claim sizes



m1

m2

0=To<Ti <Th < ..

n

X ={Xi}i>0
i, o

W = {Wi}i>o0
D = {Di}i>0
beR

SP ={SP}e=0

Z ={Zi}1>0
ar >0
vy >0
Z' ={Z{}e>0

acR"

v e Rnxn

¥ € Rvxn

B, j=1,2,...,n

0 = {0 }+>0
S = {5} >0

R ={R:}+>0

Expected value of the random variable Y;
Second moment of the random variable Y;
Sequence of iid random variables modelling
the the claim times

Safety loading of the insurer

Diffusion approximation to the

Cramér—Lundberg model

Drift and diffusion parameter in the diffusion approximation

Wiener process (standard Brownian motion)
Dividend strategy

Barrier of a dividend strategy

Surplus of an insurance company controlled by
a dividend strategy D

Stock price evolution in the Black—Scholes model
Stock return in the Black—Scholes model

Stock volatility in the Black-Scholes model
Stock price evolution of the ¢-th stock

in an extension of the Black—Scholes model
Stock return vector, where a = (a1, as, ..., a,)
Volatility matrix of the stock prices,

where v = (V)i j=12,..n

Covariance matrix of the stock prices
Independent Wiener processes

Investment strategy, where § = (91,62, ...,0™)
Surplus of an insurance company controlled by
an investment strategy 6

Reinsurance strategy
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S ={SfY=0

SY ={S/}=0

Safety loading of the reinsurer

Retention level of a reinsurance policy
Self-insurance function for a rentention level of
r and some insurance risk Y

Surplus of an insurance company controlled by
a reinsurance strategy R

Surplus of an insurance company controlled by
a reinsurance and investment strategy U = (R, 1)
Time of ruin

Bankruptcy function

Time of bankruptcy

Penalty function

(Optimal) Value function

Value of the strategy D and U, respectively
Preference parameter

Set of all admissible dividend /

reinsurance and investment strategies
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Chapter 1

Preliminaries

We start with an introduction to the most important models and formulate the
general settings in this thesis. Throughout this thesis all stochastic objects are
defined on a complete probability space (2, F,P). Moreover, {F;} describes a
complete filtration.

In actuarial mathematics the surplus of an insurance company is classi-
cally represented by a stochastic process and the insurer has the possibility
to control the surplus by a number of variables. In the following chapter we
assume that the uncontrolled surplus process S = {S:}+>0 of an insurance
company is described either by the Cramér—Lundberg model or by a diffusion
approximation, i.e., we consider a continuous time framework. We start with

a rough introduction to these models.

1.1 The Cramér—Lundberg Model and Premium Prin-

ciples

A common model to describe the surplus of an insurance company is the

Cramér—Lundberg model (classical risk model or compound Poisson risk model),



that goes back to Cramér [I8] and Lundberg [49].
Starting with an initial capital x and considering a constant premium rate

¢ > 0, the surplus process in the Cramér—Lundberg model is given by

N¢
Lt::v—i—ct—ZYi, (1.1)
i=1

where N = {N;};>0 is a Poisson process with intensity A and {Y;}i=12.. a
sequence of positive, independent and identically distributed random variables
with mean m;, second moment mg and distribution F. Moreover, {Y;}i=12,...
are independent of N. The number of claims arriving until time ¢ and the claim
size of the i—th claim are denoted by N; and Y;, respectively. Claims occur at
random times 0 = Ty < T1 < 15 < ..., where the interarrival times T; — T;_4
are independent and exponentially distributed with mean 1/\. Furthermore,
because N and {Y;};—1 2, are independent, we have

Ny
E[L, — 2] = ct - E[E[}_Y,

=1

Nt” = ct — E[Ngmq = t(c — Amy) .

Therefore, we assume that the so-called net profit condition
c>Amy (1.2)

holds.

There are numerous premium calculation principles, most importantly is
the net value principle. Here, the premium for a single claim Y is calculated
by

p=(1+nE[Y],

where 1 > 0 denotes the safety loading of the insurer. In order to have a
higher sensibility against large insurance risks the variance principle and the

standard deviation principle are commonly used. Here, we have
p = E[Y] + x Var[Y]

2



and

p = E[Y]+ ky/Var[Y],

respectively, for some x > 0. The variance principle is criticised because a
change of the monetary unit also causes a change of the security loading. This

problem is fixed by the modified variance principle, where

Var[Y]
E[Y]

p=E[Y]+k

An extension to the net value principle ist the adjusted risk principle with

0o
p=[ (-F@)de,
where F' denotes the distriubtion function of ¥ and « € (0,1). The net value
principle is obtained as the special case k = 1. If the insurance company
aims to weight high losses stronger than small losses, they may also apply the
principle of zero utility. Here, the premium p is the unique solution to the
equation
v(w) = Efo(w+p— )],
where w denotes the initial wealth of the insurer and v is a strictly increasing
and concave function with v(0) = 0. A well known special case is v(y) =
—e " where k > 0, i.e. the exponential premium principle.
We consider the net value principle, because the premium is easy to cal-

culate. In case of the Cramér—Lundberg model we have

c=(1+n)Amy .

1.2 A Diffusion Approximation to the Cramér—Lundberg
Model

According to Schmidli [62] it is often difficult to calculate characteristics in the

Cramér—Lundberg model. Therefore one tries to find an appropriate approx-

3



imation of the Cramér—Lundberg model. Let X™ be a sequence of Cramér—
Lundberg models. We say that X" converges weakly to a stochastic process
X if

lim E(4(X")) = E($(X))

n—o0
for every bounded continuous functional . Our goal is to find a diffusion

process
dXe = p(Xy)dt + o (X¢)dWy (1.3)

where W denotes a standard Wiener process, such that X™ converges weakly
to X from equation (1.3). In [62] it is also mentioned that in case of a dif-
fusion approximation the limiting process should be a diffusion process with

stationary and independent increments, e.g.
Xi=x+put+oW;. (1.4)

Let
N{

X' =xn+cnt— > V"
=1

where N defines a sequence of Poisson processes with intensity A, = nA,
Y™ =Y;/\/n, xn = x and ¢, = ¢+ dmi(y/n — 1). Then, X™ is a sequence
of Cramér-Lundberg models and X! describes the process in (1.1). Schmidli
shows in [58] that X" converges weakly to X, where y = ¢ — Amy and o =
v/Amsy. Considering the sequence X™, the number of claims increases and
the claim sizes decrease if n increases. Therefore, the approximation is only

meaningful for large portfolios.

1.3 Dividend Payments

In the first part of this thesis we assume that the insurer has the possibility

to pay dividends to the shareholders. In this section we introduce the idea

4



of measuring the risk of an insurance company by dividend payments and we
present the most popular dividend strategies in the literature.

As already mentionend, the risk of an insurance company is classically
measured by the probability of ruin. Let L; define the surplus process of an
insurance company, where L; is defined as in equation . Then, the time

of ruin 7, is defined as the first time when the surplus becomes negative, i.e.
7, =inf{t >0: L; <0} .

Using the ruin probability as a risk measure, one point of criticism was that
the surplus generally tends to infinity under this approach. A possibility to
prevent that the surplus tends to infinity is to distribute some of the surplus to
the shareholders as dividends. Then - as proposed by de Finetti [20] - the risk
of an insurance company can be measured by the expected discounted dividend
payments which are paid to the shareholders until ruin. A dividend strategy
determines when and which amount should be paid to the shareholders. We
model a dividend strategy by a stochastic process Dy, where D; denotes the
accumulated dividend payments up to time ¢. The controlled surplus process
now is given by

LP=r1,-D;.

We call a divdend strategy D a band strategy if the state space of the surplus
process is separated into three sets 2, B8, € and dividends are distributed
as follows: If z € 2, the incoming premium is paid as dividend until the
next claim arrives. If x € B, a dividend is paid such that the process is
immediately brought back to the first set. If z € ¢ = (U B)€, there is no
dividend payment.

A barrier strategy D is a special type of band strategy that is characterised
by a barrier b. Whenever the surplus is below b, there is no dividend payment.

As soon as the surplus exceeds b, the difference between the surplus and b is



paid as dividend. Thus, 2 = {b}, B = (b,o0) and € = [0,b). Moreover, we
have Dy = (z — b)™ and

t
th:/ C]l{LD:b}dS
0 B

for t > 0. This means that a barrier strategy separates the state space into
two intervals ("bands") [0,b) and (b, 00). Figure [1.1}illustrates a sample path
of a surplus process controlled by a barrier strategy in the Cramér—Lundberg
model.

Now, we assume that the surplus follows the model in . Then, we call
D a barrier strategy with a barrier b if D; = (M; — b)*, where

M; = sup X;.
0<s<t

Figure[T.2]illustrates a sample path of a surplus process controlled by a barrier
strategy in a diffusion approximation.

For an overview on dividend strategies see [§].



Figure 1.1: Sample path of a surplus process controlled by a barrier strategy

in the Cramér—Lundberg model.
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Figure 1.2: Sample path of a surplus process controlled by a barrier strategy

in a diffusion approximation.



1.4 Investments and Reinsurance

In chapter 4, the insurer has the possibility to invest part of the surplus into
risky assets and to buy reinsurance. Therefore, we now give an overview of
some common investment and reinsurance models, in particular of those being
applied in this thesis.

The most famous model in financial mathematics is the Black—Scholes
model which goes back to Black, Scholes [I5] and Merton [5I]. The Black-
Scholes model assumes that the financial market only consists of one risky

asset (stock) and a riskfree asset (bond). The stock is modelled as
dZ; = a1 Z; dt +v1 Z; AB}

where a; > 0 describes the return of the stock, v; > 0 the volatility of the

stock and B! denotes a Wiener process. Using Itd’s formula one obtains
Zy = Zpexp [UlBt + (a1 — %v%)t} .
The bond (sometimes called cash or money market) is modelled by
dZ" =mzZ" dt
where m > 0 denotes the riskfree interest rate. Again, It6’s formula yields
Zh =7 e™ .

In this framework Black, Scholes [15] and Merton [51] derived a closed form
formula for evaluating the value of a European option (offers the buyer the
right, but not the obligation, to buy (call) or sell (put) a stock or other financial
assets at the maturity of the contract).

In this thesis we consider an extension to the Black—Scholes model. We

assume that the insurance company has the possibility to invest in n risky



assets, modelled by
n .
dZ} = a; Z} dt + 2} Y v dB], Sh=1
j=1
for i = 1,2,...,n. Here, B!, B?,..., B" are independent Wiener processes and
ai,vij > 0, 1,7 = 1,2,...,n. The insurer can choose an investment strategy
0, = (01,602, ...,6M)T, where 0 describes the amount being invested into the
ith asset at time ¢t. Considering a strategy 6 the controlled surplus of the
insurer is given by
n n n .
dSy = dS;+> aily dt+ > Ojvi; dB] .
i=1 i=1j=1

Buying Reinsurance is another important possibility to control the risk
of an insurance company. A so called reinsurance company and the insurer
(cedent) agree to share part of the claims incurred by the cedent. In return,
the cedent pays a reinsurance premium to the reinsurance company. Gener-
ally, it is distinguished between facultative reinsurance, where each claim is
reinsured separately and treaty reinsurance, where the cedent and reinsurer
negotiate to share a part of all insurance policies which are specified in the
contract. In the following we only consider facultative reinsurance. In order to
model a reinsurance policy we introduce the so-called self-insurance function
0 < s(r,Y) <Y for a retention level r, where s(r,Y) denotes the part of a
claim Y which is still covered by the insurer. The most common types of rein-
surance are proportional reinsurance and excess of loss reinsurance. In case
of proportional reinsurance the reinsurer covers a stated ratio of the claim.
Thus, we have

s(r,Y)=rY,

where 0 < r < 1. Applying excess of loss reinsurance, the reinsurer only covers

the part exceeding a specified amount and therefore
s(r,Y) = min(r,Y) ,

9



where 0 < r < co. Another possibility to buy reinsurance is proportional rein-
surance in a layer. Here, we have a multidimensional retention level (ry, 19, 73)

and
s((r1,7r2,73),Y) =min(r,Y) + (Y —r; — r3)+ + romin(rs, (Y — r1)+) .

In this thesis we only consider proportional reinsurance and excess of loss
reinsurance. Let p denote the safety loading of the reinsurer. Considering a
single claim and a retention level of r, the premium rate remaining for the

insurer is given by
(L+n)m1 — A+ p)E[Y —s(r,Y)] = 1+ p)E[s(r,Y)] — (p—n)ma1 .

The insurer can choose the retention level at any time ¢. Thus, a reinsurance
strategy is an adapted process 0 < R; < oo. Then, under a reinsurance

strategy R the surplus in the Cramér-Lundberg model is given by

Ny

Lf = )‘(1 + p) AtE[S(R87 Y)] ds — )‘(p - n)mlt - ZS(RTNYVi) :
=1

1.5 From Ruin to Bankruptcy

At the beginning of the twenty—first century optimisation problems in acturial
mathematics have extensively been studied. Mostly, the surplus process S; of
an insurance company has been considered until ruin occurs. For example one

has tried to maximise the expected discounted dividends payments

E( /O " et th)

until ruin, see Section [1.3
In the preface we pointed out that at the very latest since the beginning
of the financial crisis in 2007, it can be observed that some companies, in

particular banks, can still do business even though they had large losses. In

10



order to maintain systemic stability, public money was used to bail out banks.
Of course, it also could be possible that an insurance company can continue
doing business despite the surplus becomes negative. Therefore we have to
distinguish between the event of going out of business and the event of negative
surplus. This idea was first introduced by Albrecher et al. [4]. We still define
ruin as the event of negative surplus. In addition, we define bankruptcy as
the event of going out of business.

In order to model the event of bankruptcy Albrecher et al. [4] introduced
a bankruptcy rate function w(z) with w(z) > 0, z <0 and w(x) = 0, z > 0.
Whenever the surplus becomes negative, bankruptcy occurs at rate w(z). This

means that
h
P(r < h|Fp) =1 — exp(—/ w(Sp)dt)
0

and

P(r <h)= E[P(T < h|]~"h)} = E[l - exp(— /Ohw(St)dtﬂ

respectively, where Fj, = 0(S;,0 < t < h). In particular, the time of bankruptcy
is given by

h
7= inf{h > 0: / w(Sy)dt > E} ,
0

where E ~ Exp(1). It is assumed that w is decreasing, i.e., the probability of
bankruptcy increases if the surplus becomes more negative. If thereisa & < 0
such that w(z) = oo for x < Z and w(x) > 0 for Z < x < 0, bankruptcy occurs
at the latest when the surplus falls below Z.

Suppose that at time h we have S, = x for some negative surplus. Then,

11



the bounded convergence theorem implies

1o f0h+sw(5t)dt _(1 e fosw(St)dt)

P(h<7<h h 1
g PP ST ShAsir=h) g i
510 S sl0 s o Jo w(Le)dt
— lim 11@[1 e fss+hw(st)dt]
sJ0 s

= E(w(Sh)) = w(z) .

Thus, it is said that bankruptcy occurs at a bankruptcy rate function w.
Considering a constant bankruptcy function w(z) = A, the following is
obtained: The concept of bankruptcy due to [4] coincides with the framework
of randomised observation periods in [I], [2] and [3] if the time lengths between
the observations are exponentially distributed with parameter A. In [I], [2] and
[3] bankruptcy occurs the first time when the surplus is negative at one of the
observation times. Between the observation times it could be possible that

the surplus becomes negative.

1.6 Introduction of Penalty Payments

The main advantage of the bankrupcty concept due to Albrecher et al. [4] is
that, in contrast to classical risk models, the insurance company can continue
doing business even if the surplus is negative. Despite this positive aspect, it is
very hard to obtain explicit solutions and it is assumed that bankruptcy occurs
randomly. In practice the solvency of an insurance company rather depends
on the capital resources. In particular, an insurance company is able to raise
outside funds (e.g. by borrowing money) or to conduct a capital increase if
the economic situation deteriorates. Moreover, there are many other measures
by the regulator and the European insurance authority (EIOPA) intended to
prevent an insurance company from being insolvent. Therefore we assume that

bankruptcy does not occur, but the insurance company has to pay penalty

12
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payments in order to prevent bankrupcty. These penalty payments include all
costs for raising external capital or for conducting a capital increase as well
as all administrative costs which can occur because of additional measures
by the authorities. For a surplus level of x, we assume that the penalty
payments occur at a penalty rate ¢(x). If the economic situation of the insurer
deteriorates, the penalty payments and the growth of the penalty payments
increase. Moreover, the penalty payments are always positive and vanish as
the surplus tends to infinity. Thus, ¢ should be a decreasing, convex and
positive function with ¢(x) — 0,  — oo. Since the expected discounted

penalty payments should be bounded we assume that

E[/OOO e~ 5(Sy) dt] < oo (1.5)

Example 1.1. In this example we assume that for a negative surplus of x the
insurer has to borrow an amount of —x at rate o and that no other penalty
payments occur. This means that ¢p(x) = —axl,so and the expected discounted

penalty payments are given by
o0
—QE{/ e Sy dt| .
0

1.7 Formulation of the Problems in this Thesis

After introducing all relevant models, we are now in the position to formulate
the stochastic control problems being considered in this thesis. In the previous
sections we pointed out, that in classical risk models the insurance company’s
solvency situation is often not appropriately modelled. Therefore, we consider
two optimisation problems which aim to augment classical models by penalty

payments.

13



1.7.1 Maximisation of Dividends with Penalty Payments

The first problem which we consider is the dividend problem that was in-
troduced by De Finetti [20]. In the classical framework, the aim is to max-
imise the expected discounted dividend payments which are distributed to the
shareholders until ruin. The accumulated dividend payments are given by an
increasing and adapted process D. We consider the natural filtration {F;}+>0
generated by the surplus process S;. As extension of the classical model, we
assume that neither ruin nor bankruptcy occurs, because penalty payments
more appropriately model the solvency situation of an insurance company. For
a surplus level of = the penalty payments occur at rate ¢(z) as introduced in

the previous section. The controlled surplus process is given by
SP =5, - D, .

We allow all increasing cadlag processes D. The value of a strategy D is

defined by
VP (2) :E[/ e~ D, —/ (P dt| SP=a],  (16)
0 0

where 0 > 0 is a preference parameter. The preference parameter expresses the
investment preferences of the company holders. § > 0 implies that investing
tomorrow is preferred to investing today. The set of all adapted strategies is

denoted by D and the (optimal) value function is defined by

V(z) = [s)lé%VD(a;) .

We aim to find a strategy D* such that

In order that it is not optimal to pay an infinite amount of dividends, we have

to assume that
o(z) — o(y) > 6(y — ) (L.7)

14



for x < y < xg and some xg € R.

1.7.2 Minimisation of Penalty Payments

The second problem is an investment and reinsurance optimisation problem.
The aim is to minimise the expected discounted penalty payments by invest-
ments and reinsurance, where the insurer can invest in n risky assets and either
buy excess of loss or proportional reinsurance. Penalty payments occur at rate
¢(x) for a surplus level of x and the value of an investment and reinsurance

strategy U = (R, 07)T is given by
VU () :E[/ e 0t (SY) dt ‘ S§ == . (1.8)
0
As above, § > 0. Now, we have a control problem of the form

V(z) = inf V()

where U is the set of all admissible strategies.

1.8 The Dynamic Programming Approach

In this section we introduce some optimisation techniques which will help us to
solve our stochastic control problems. There are many textbooks on stochastic
control theory in continuous time, for example see [19] B0, [44], 45] [54] 56] (64,
68, [71]. We refer to Schmidli [62] in the following. Note, that all steps in this
section are heuristic and aim to give an idea of the techniques we will use in
this thesis.

The key to the solution of a stochastic control problem is the dynamic
programming principle which has its origin in a discrete-time framework, see

Bellman [I3], 14]. For a better understanding we first introduce the approach
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in discrete time. The idea is to break down the control problem into eas-
ier subproblems and then determine the optimal solution recursively. Let us

consider a discrete-time control system
XO =, X’n+1 = f(Xna Un>Yn+1) 9

where n € N and f is a measurable function. In this system X describes the
state of the system, Y is a stochastic influence and U a control strategy, which
should be adapted to the natural Filtration F,, = o(Y1, Yo, ..., ¥,,), because we
have no future information. We start at a state x and have, at each time step
n, a stochastic influence y as well as a control variable v € U, where U is an
arbitrary control space. In a discrete-time stochastic control problem we aim
to find a stragey U such that a specified value function is optimised on a finite
or infinite time horizon T'. Often, the value function has the following form

T
VH (2) = B[ Y 9(Xn, Un) o™

n=0
where 6 > 0 is a discount factor and g(X,,U,) describes the gains or costs
(dependent on the current state and control variable) of the system in period
n. We just consider the case in which we have to maximise the value function
because we get the analogous minimisation problem if we maximise —V¥ (z).

The optimal value function is denoted by

Vr(z) = supVy ()
and a control process U* is optimal if

Vr(z) = Vi (z) -

The idea of Bellman [I3],[14] is that the optimal strategy maximises the present

gains plus the future gains at each time step. In this way one can recursively
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determine the optimal strategy. Concretely, the optimal value function should

fulfil the so-called Bellman equation

Vi(z) = sup{ g(z, u) + e E[Vp 1 (f(z,u,Y))]} - (1.9)
uel

This equation can be proven in two steps. We just give a rough summary of

the proof. Firstly, let U be an arbitrary strategy and U, = Up+1. Then,

Vi (z) =

IN

<

T-1
9(,Uo) + e E[ Y g(Xus1, Uni) e "]

n=0

gz, Up) + e P E[VE_ (X1)]
g(x, Up) + e BV, (f(x,Up, V1))
9(z,Up) + e E[Vr_1(f(z, U, Y1))]

sup{g(m, u) + e CE[Vr_1(f(x, u, Y))]} .
uel

On the other hand, let u € U arbitrary and U¢ be a strategy such that condi-
tioned on X7 = f(x,u, Y1) it holds

VT—l(Xl) < V]g_sl(Xl) +e€

for any € > 0. Moreover, define the strategy U,, = U;;_; with Uy = u. Then,

Vr(x)

>

Vr E(CU)
g(w,u) + e P BIVE (X))
g(z,u) + e d E[Vr_1(X1)] —¢

g(@,u) + e E[Vr_(f(z,u,Y))] —

As ¢ and u are arbitrary, equality holds.

Now let us consider the continuous time framework. Here we have a value

function of the form

T
VYt 2) = E| / e g(XV, Uy) ds + T gr(XY) | Xy = 2] ,

t
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where either 7' is a stopping time or 7" = oo. For simplicity, we set ¢ = 0
in order to avoid partial derivatives with respect to t. Let U be an arbitrary

strategy on [0,T A t] and U® a strategy from time T' A ¢ such that
V(Xfn) < VU (XEny) + -
Similarly as above one can show that
TAt
V(z) > E[/ e g(XY, Uy) ds + e TV (XY, )] ~ 2.
0

Since ¢ is arbitrary, the weak inequality must hold for € = 0. Then, taking

the supremum over all strategies U, we obtain

TAt
V(x) > sup IE{/ e g(XY,U,) ds + e70TN) V(X[T]M)} .
U 0

On the other hand, considering the strategy U = Uiys, we also obtain as

above

TAt

V(z) < sup E{/ e % (XY, U,) ds + e 0T V(Xg/\t)} .
U 0

This implies the following dynamic programming principle

TAt
V(z) = sup E[/ e g(XV,U,) ds + e 0TN) V(Xgmf)} . (1.10)
U 0

Rearranging the terms and dividing by ¢ yields

1 [TAt XU y—
sngh /0 e~ g(XU, U,) ds + e300 Y TMQ Viz) (1.11)

1 — e—90(TAt)

- fV(x)] =0.

Letting ¢ | 0 and assuming that we can interchange the limit, supremum and
integration we obtain the Hamilton—Jacobi-Bellman (HJB) equation

sup [g(x,u) + AV (x) — (5V(x)]} =0, (1.12)
uel
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where A, denotes the infinitesimal generator of the process X“ being con-
trolled by the constant strategy U; = u. Appendix [B] gives an introduction
to the infinitesimal generator of a Markov process. It is also possible to moti-
vate the HJB equation by the use of martingale techniques, see Schmidli [62].
Schmidli also states that the optimal strategy should be of the form u*(X}),
where u*(z) maximises the left-hand side of (1.12).

Now, let us consider the case, where V' is twice continuously differentiable

and XY a diffusion process of the form
dX{ = p(Xe, Uy) dt + o( Xy, Uy) AWy,

where i, o functions such that X; is a continuous process. Then, It6’s formula

implies
vixy) = +/ V(XU )p(Xe, Us) ds +/ V(XY )0 (X, Uy) AW,
/ V"(XY)o* (X, Us) ds
Assuming that the stochastic integral is a martingale, we obtain
AV (z) = 2o (2, w)V" (z) + plz,w)V' () .

In this case the HJB equation is just an ordinary differential equation. How-
ever, we also consider jump processes in this thesis and V is not always twice
continuously differentiable. Moreover, we made further assumptions which do
not hold in general. That is why it is not enough just to solve the HJB equa-
tion in order to get the solution to a stochastic control problem. Albrecher and
Thonhauser [6] state that there are generally two ways to obtain a solution

for the optimisation problem based on the HJB equation:

1) It is possible to prove that there exists a unique solution to the HJB equa-

tion. Ideally, it is also possible to construct an explicit solution. In this
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case a so-called verification theorem is needed that states that the unique
solution dominates all other values achieved by admissible strategies. This
gives the optimality. We will follow those steps in the case where we model

the surplus of an insurance company by a diffusion process.

It is possible to show that there exist solutions of the HJB equation, but
uniqueness is doubtful. Then a precise characterisation of the value func-
tion is needed and it has to be proven that the value function indeed fulfils
the HJB equation by verifying that all steps in the derivation of the HJB
equation are actually justified. We will follow this procedure in the case
where we model the surplus of an insurance company by the Cramér—

Lundberg model.

Another common approach, described in [6], is the following:

Maximise a certain value function over a (small) restricted class of admissible

strategies. Then, in some cases it is possible to verify by comparison that

the — within the restricted class — optimal strategy is also optimal within the

bigger class of general admissible strategies.
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Chapter 2

Maximisation of Dividends

with Penalty Payments in a

Diffusion Model

2.1 Introduction

In this chapter we consider the dividend problem described in Section [I.7.1]
and we assume that the surplus of the insurance company follows a diffusion

approximation

Xe=ax+put+oWy, t>0, (2.1)

where r € R denotes the initial capital, W; a Wiener process and p, o > 0. The
information is given by the natural filtration {F;}¢>0 of the Wiener process.
Let D; be adapted and denote the accumulated dividend payments until time

t. Then, the controlled surplus process is given by

XP=X,-D;.



We allow all increasing cadlag processes D. The value of a strategy D is

defined by
VP () :E[/ e % dD, —/ e o(xP) dt | XP = a] . (2.2)
0 0

The decreasing function ¢ is the penalty function fulfilling ¢(z) — 0 as z —
0o. We further assume that ¢ is convex. The set of adapted and increasing
strategies is denoted by D and the (optimal) value function is defined by
V(z) = supVP(z) .
DeD

We aim to find a strategy D* such that
VP (z) =V (2).

The penalty payments are bounded by the payments obtained if no dividends

are paid. We therefore have to assume

/0 T e Rp(X,)] dt < oo .

Otherwise, the value function would be minus infinite. Moreover, we assume

that
o(z) — o(y) > o(y — x) (2.3)

for x < y < 2o and some xyp € R in order that it is not optimal to pay an
infinite amount of dividends. Since ¢ is assumed to be convex, this means
that there is an x( such that ¢'(z—) < ¢/(z+) < =6 for x < xg, where ¢'(x+)
denotes the derivative from the right and ¢'(x—) the derivative from the left.

This chapter is organised as follows. In the second section we characterise
the optimal strategy and we motivate the HJB equation. In Section we
prove the verification theorem. Section [2.4] considers the dividend problem

with an exponential penalty function ¢(z) = ae P where o, 8 > 0. Here,
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the value function exists only if ro < —f3, where 19 is the negative solution
to the equation o2r% 4+ 2ur — 26 = 0. If 75 > —f no optimal strategy exists.
For ro < —p, we show that the optimal strategy is a barrier strategy and
determine the optimal barrier. Section studies a linear penalty function
¢(z) = —ax for some a > 0 if x < 0 and ¢(x) = 0 if z > 0. An optimal
strategy does only exist if § < «, where § denotes the discounting factor. In
this case the optimal strategy is a barrier strategy and the optimal barrier is
given by b* = 1/rglog(d/a). If § > «, the preference parameter is larger than
the slope of the penalty function and it is optimal to pay an infinite amount
of dividends. In the last section of this chapter we consider quadratic penalty
payments, described by ¢(x) = (a22? — ay)l<0. An optimal strategy does
always exist and is also a barrier strategy, but we have to distinguish between a

negative and positive dividend barrier. In both cases we determine the optimal

barrier.

2.2 Characterisation of the Optimal Strategy and
the HJB Equation

It is well-known that the optimal dividend strategy in the model without
penalty payments is a barrier strategy. A barrier strategy D is characterised
by a barrier b, where all surplus above b is paid as dividends and whenever

the surplus is below b, no dividends are paid. This means that

D; = max <OS§gI;tXS — b, 0) .

We expect that in our problem the optimal strategy is also a barrier strategy.
Then, V(z) = V(b) +x —bfor x > b. If z < blet 7° = inf{t > 0: X; > b}.
We find

V() :E[e—é(TbWV(XD* ) — / o e Ot p(XPT) dt} :
0

TOAR
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Assuming that V' is twice continuously differentiable, 1t6’s formula yields

TOAR
TN (XD ) = V() o /0 e VI(XPT) AW,

AR
+/ e (V' (XP) + 3oV (XPT) — oV(XPT)) dt .
0
If the stochastic Integral is a martingale, we get

_ ’Tb *
V(z) = E[eMy(xE)

TOAR
_/0 eV (XP) + o VI(XPT) sV (XPT)) at]
Thus,
moAn =t 1( 3 D* 1 1 (3 D* D* D*
E[/O e (V! (XPT) + SoVI(XPT) = sV (XP) - (X)) dt] = 0.
Dividing by h and letting h — 0 implies
L2V (z) + pV'(z) — 6V (z) — ¢(z) = 0. (2.4)

We will see below that V(x) is concave. Moreover, V'(z) = 1 if © > b. This

motivates the HJB equation
max (%UQV”(x) +uV'(z) = 6V (z) — ¢(x),1 — V/(x)) =0. (2.5)

The concavity of V' (z) implies that the optimal strategy is a barrier strategy.
If V/(x) > 1 no dividends are paid. If V’/(x) = 1, a dividend is paid such that
the process reaches a point where V’'(z) =1 and V'(z — h) > 1 for any h > 0.
Such a boundary point cannot be crossed. Suppose there is x < xg such that
the process is reflected at x and z < y < xg. Let D, be a dividend strategy for
initial capital x. Starting with initial capital y, we compare the two strategies
{Dy} or {D;} where D; = y — x + D;. That is, we pay y — « at time zero or
not. Then X — XtD =y — x. So by our assumption on ¢

E[/OOO e (H(XP) — o(xP)) dt] > E[/oo 5y ) dt] =y .

0
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This shows that it is not optimal to pay the dividend y — = at time zero. We
conclude that it cannot be optimal to pay dividends for X; < zg. In particular,

the function V(x) is bounded from above.

2.3 The Verification Theorem

We first show some basic properties of the value function.

Lemma 2.1. V is increasing and concave with V(y)—V (x) > y—=x forz < y.
Moreover,

Viz) > — /0 T e Rp(X,)] dt .

Proof. Let D be an admissible strategy for initial capital x. In addition, we

consider the strategy D; = Dy + y — « for initial capital y. Then, we obtain
V(@) 2 VP(@)=VP(y) +y-a.

Since D is arbitrary, we get V(z) > V(y) + y — z. Hence, V is increasing.

Now, let z,y € R and z = kx + (1 — k)y, where k € [0,1]. Moreover, we
consider the strategies D* and DY for the inital capital x and y, respectively.
Then, we define D; = kDY + (1 — k)D{ for the initial capital 2. Since —¢ is
concave and

XP = kx+Q—ky+ (k+1—Fk)(ut+oW;) —kD?f — (1 —k)DY

= kXP"+ (1 -k)Xx}P
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we obtain

Vike +(1—k)y) = V(z)>VP(z) = E[/OOO =% (k dD? + (1 — k) dDY)

- [T eep) a
KE| /0 Tet qpr - /0 T et g(x ) dt]

+(1-k)E| /D Yoot apy — /0 oot g(x Py dt]

v

= kVP (2)+ (1 -K)VP(y).
Taking the supremum over all strategies D* and DY, we get
Vkz + (1= k)y) > kV(z) + (1 - k)V(y) .

Hence the concavity.
In conclusion, let V9 be the value of the strategy where no dividends are

paid. Then, Fubini’s theorem implies

V(z) > V92) = - /OOO e E[p(X,)] dt .

Now, we prove the verification theorem.

Theorem 2.1. Let f be a concave and twice continuously differentiable solu-
tion to (2.5). Suppose that there is a b*, such that f(x) = f(b*) + x — b* for
all z > b* and f(z) < f(b*) — (b* — ) for all x < b*. Moreover, we define

D} = max (oilfg)th - b7, 0) .

If limy 00 e O E[f(XP)] = 0, we obtain f(x) = VP (z) = V(x) and D* is

an optimal strategy.
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Proof. Let D be an arbitrary strategy, 7, = inf(t > 0: |X/| > n) and h > 0.

Then, It6’s formula implies

—5h D _ A st 1ivDy | 1 210Dy D
IIXD) = S+ [ e (uf (XP) + §ot s (XP) — f (XP)) i

Tn/\

TnAh h
vo [T e Py aw - [T e (xP) a;
0 0

+ > e (FXP) - FXR) - PIXP)XP - XP))
0<t<tnAh
The concavity of f implies that f lies below of its tangents. This means that
for all y, z it holds

f) < f@)+F )y —2).
Thus,
> e (D) - FX2) - PP - X)) <o.
0<t<tnAh

Note that f’(z) is bounded on [—n,n]. Thus, the stochastic integral is a
martingale with mean zero. Since f fulfils (2.5) and f’(z) > 1, we obtain

>T —0mnAh XD AR —ot dD, — TnAh —ot XD d
@) 2 B[t 18+ [T et ap - [T e o) ai]

By bounded and monotone convergence, respectively, we get
f(x) > E[e™™ f(XD) + /0 "t 4D, - /0 " e g(xP) ] ,

where we interpret the first term as zero if 7, = oo. Since f is increasing,
we have e~%7 f(XP) < e 97 (X, ). The expected value of the latter tends
to zero as n — oo, provided 7, — oo. If 7, = 00 as n — oo we get f(x) >
VP(x). Since paying dividends if X < zq is not optimal, we can find a
strategy D such that VP (r) > VP(z) and 7, — oo. Thus also in this case
fz) > VD(m) > VP(x). Since D was arbitrary, we have f(z) > V(z).
Using the strategy Dy, all inequalities are replaced by equalities. Thus f(z) =
VP"(x) < V(x). This proves the result. O
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Having a candidate solution fulfilling (2.4]) on (—oc, b*] and f(x) = f(b*)+
x — b* on (b*,00) we will have to verify that (2.5 is satisfied. The following

lemma shows that this holds.

Lemma 2.2. Suppose that f is twice continuously differentiable and concave,
and solves (2.4) on (—oo,b*] with f'(b*) = 1 and f"(b*) = 0. If f(z) =
F(F) +x —b* on (b*,00), then f solves (2.5)).

Proof. Since 0 = 30 f"(z) + puf'(x) — f(x) — ¢(x) < uf'(x) — 5f(x) — ¢(x)
for x < b* with equality in b*, we must have 0 > pf”(b*) =5 f(b*) — ¢/ (b*—) =
—0 — ¢'(b*). Here ¢'(b*—) denotes the derivative from the left. Thus by the
convexity of ¢, ¢p(x) > ¢(b*) — d(x — b*). This implies for x > b* that

n=S(f(0) + @ — ) — d(x) < p— 6F(b") — (b7 = 0.

and therefore the assertion. O

In the following examples we will show that a solution fulfilling the condi-
tions of the verification theorem can be found.
2.4 Exponential Penalty Payments
In this section we consider an exponential penalty function

$la) = ae™
with «a, 8 > 0. Obviously, is fulfiled for
r <y <xo=—LF""max{logs — log(aB),0} .

The function

f(z) = C1e8" —Cye®2® —Ae™h?
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solves equation ([2.4)). Here, £, < 0 < &; are the roots of the equation

o2&y 2uE—26=0,
2a
o232 —2upB — 26
and C1, C are some constants. Since E[e™#Xt=9] = exp{(3024? — Bu — §)t},

A=—

we see that V(z) = —oo if f > —&. Therefore we assume 0 < 8 < —&. In
particular, this means that A > 0.

Not paying dividends, we find

V@) > —a / e Ot Ble~BX1] gt
0

_ a/oo o Ot=Batut)+B20%/2 gy — _ g o=
0

Now, f is increasing for small = only if Cy > 0. Because Cy 2% > Ae™#% and
C1 8% < Ae P for z small enough, our solution has to fulfil Co = 0. We
look for constants b* and Cq, such that f'(b*) =1 and f”(b*) = 0, that is

Cr&1 e 4 ABe™ P =1, C1¢fe —ApZe™ " =0,

The solution is
«_ 1 &1
v =556 7 5)
and
_Ap?
g

Our candidate solution becomes now

o) e~ (B8 (.

Cpes1* —Ae P if z < b*
flz) = :
Cres? —Ae B 4o —b* if x> b*

This candidate solution is a twice continuously differentiable solution. Note

that b* may become negative for « close to zero. We further observe that f is

concave with f’(z) > f'(b*) = 1 and on [b*, 00) we have
50°f"(@) + uf' (@) = 0f (x) + 6(x) <0
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by Lemma [2.2
From the next result it will follow that f(x) =V (z).

Lemma 2.3. We have

lim E[e= f(XP7)] =0.

t—o00
Proof. By Fatou’s lemma, it suffices to show that e~% e=BX"" tends to zero
because C; €517 is bounded for z < b*.

The process Y; = b* — X" is a Brownian motion reflected in zero. From
queueing theory it is known that the stationary distribution is exponential.
Thus X"/t tends to zero, and (6 + X" /t) tends to infinity. This proves the
result. O

Theorem [2.1| shows that D* is optimal and V(x) = f(x). Figure [2.1| shows
the value function for p = o =1, § = 0.05 and a = § = 0.1. The dividend
barrier is at b* = —15.59398. The solid line gives the optimal value, the dotted

line gives the value without dividend payments.

2.5 Linear Penalty Payments

Now, we set
¢($) = —axlz<o

for some o > 0. Then, for x < 0 equation ([2.5)) is solved by

a(p+dx)

fi(z) = Cref? +Cy e =g

and for x > 0 by
fo(x) = C3e"'" + Cye®” |

where C1, Cy, C3, Cy are constants and &1, &9 as above. The next lemma shows
that the value function exists only if 6 < «. In this case the value function is

linearly bounded.
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-Aexp(-Bx) |

Figure 2.1: Value function for y =0 =1, § =0.05 and « = 5 = 0.1.

Lemma 2.4. i) If0 > «, an optimal strategy does not exist and V (z) = co.

it) For 0 < o it holds

Vi < 202,
Moreover,
Viz) > a(&;j e
for some C < 0 if z <O0.
i1i) Let 6 = a, then
Viz) = O‘(‘”;j”) .

Proof. i) Let D° be a barrier strategy with the barrier b = 0. Then, we define

(0,)

the strategy D, “ = DY + ct for some ¢ > 0. Now, XtDm’C) <0 and

E| /0 T D] = oE| /0 = oot ploo) dt .
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Thus, § > « implies

V) > vP0) = E{/O et D™ 4 a/o e~ 0t x P dt}

= ]E[(é — a)/ e 0 Dt(o’c) dt + a/ e X, dt}
0 0

c(d — a) N a0z + p) ‘

= 62 92

Letting ¢ — oo implies the assertion.

i1) Let D be an arbitrary strategy. W.l.o.g. we assume that

lim E[e_‘” Dt} —0.

t—o00

Otherwise D cannot be optimal since it is not optimal to pay dividends if

X; < 0. Then,

VP(z) < E| / e % dD, + a / e X dt]
~J0 0
_ IE/O e=% 4D, —oz/ e=% D, dt} O‘(‘Sa;;r“)
< E'/ e % dD; — 5/ ‘”Dtdt aloz + 1)
Lo 52
0w+ p)
e

Since D is arbitrary the first inequality follows. Now, let < 0. Here,
o0 [e.e]
Viz) > aE[/ e~ min(X;, 0) dt} = aE[/ e L(X, —|Xy]) d }
0 0

(‘W - a/ooo e O E[|1X,] dr)

N[

AV

(2t a/ e o+ pt] dt —ao [ e E[W] dr)
52 0 0

aldx + p) au e
= =5 - / =0t Jot/w dt .

N[ =
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We set

_oap ao [ 5

Then, for z < 0 we have

ii1) Consider the same strategy as in 7). Now, 6 = a implies

V(z) > a(éa;;,u) .
On the other hand i) yields
Vi) < (59; 2+ 1)
O]
In the following we assume that
<. (2.6)

This means that the preference parameter is smaller than the slope of the
penalty function. Note, that this is consistent with assumption . More-
over, the dividend barrier b* must be positive.

Now, if Cy # 0, we obtain for any C' < 0 that for x small enough either
fiz) < 0or fi(z) < % + C. Thus, we let Cy = 0. Note that the
continuity of ¢ in x = 0 together with f1(0) = f2(0) and f](0) = f5(0)
implies f{'(0) = f4(0). At the dividend barrier we must have f}(b*) = 1 and
14 (b*) = 0. Then,

Y

& -
Cy = — 5L el
S
Lre 8 Lre @

&(& - &)’ Ca= &6 — &)
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el e g

A GRS R T

and

N 1 o

b = _—gzlog(g) >0.

We obtain )

B —&(a)8)51/8

G e -a "
_ §1a
Ci= 0&2(&1 — &2) <0,
and
_G(a)d) =&/ o ab (/661 /Ea—1
@ = §1(&1 — &) 66 0&4 (& — &) (1= (a/9) )<0.

The candidate for the solution

fi(x), <0

(@) =1 fo(x), 0<z<b*

fo(b*) + 2 —0b", x>0

is twice continuously differentiable.
Now,

'(2) = )0y 51 4§01 o7 > 0.

Consequently, f5(z) < f(b*) =0 and f5(z) > f5(b*) = 1 if < b*. Further-

more,

I(x) =€C1e" <0

Therefore fi(xz) > f1(0) = f5(0) > f4(b*) = 1 if x < 0. In particular, f

is concave and f’(x) > 1 for all x < b*. Alltogether, we obtain that f is an

increasing, concave and twice continuously differentiable function with f/(z) >

1 and by Lemma [2.2] we get

121" (@) + pf'(z) — 6f(2) + (a) <0
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for x > b*.

Since f is linearly bounded, the following obviously holds.

Lemma 2.5. We have
Ele™ f(XP)] = 0,t - 00

Asin Sectionwe obtain that D* is optimal and V (z) = f(z) = VP (z).
Figure shows the value function for y = 0 = 1, 6 = 0.05 and a = 0.15.
The solid line gives the optimal value, the dotted line gives the value without

dividend payments. The dividend barrier is at b* = 0.53622.

80
60"

40

Figure 2.2: Value function for y =0 =1, = 0.05 and o = 0.15 .

2.6 Quadratic Penalty Payments
In this section we let

o(x) = (ag2? — a1x)luco
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where o, as > 0. Here, we have

10414—5
2 (%) '

g =

For x < 0 the HJB equation is solved by

10 — 2uao paid — 2uag — ol
52 T+ 53

fi(z) = Cy 8" 40y 6827 —%xQ +

and for x > 0 by
fo(x) = C357 + Cye®”

where C1, Co, C3, Cy are constants and &7, &9 as above. Now, the value function
is quadratically bounded. Thus, again Co = 0 must hold. Note, that in this
section it is possible to derive a solution with a negative optimal dividend
barrier. In this case, we do not need to consider equation for x > 0.
Therefore, we have to distinguish between a negative and a positive dividend
barrier. Let us start with the easier case, where the optimal dividend barrier is
negative, i.e. b* = b~ < 0. Then, it must hold that f{(b~) = 1 and f'(b~) = 0.
This is fulfilled for

_ 200 ¢
01 =C] = —e &
bosg
and
042510'2 + a6 — 52

b~ =
250[2

Thus, a necessary condition for a negative optimal dividend barrier is that the

following inequality holds

042510'2 + o160 < 5% . (2.7)
Note that,
1 242016
b g = L028107 + 2010
2 5042
Define

_ _ 9 @10 — 2uas patd — 2ulan — oo
f1 (l') = Cl 65158 _?lz + 52 T + 53 .
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Obviously, C;” > 0 and therefore
(fi)"(2) = &Cr e > 0.

Thus, we have for x < b~ that (f;)"(z) < (f;)"(b”) = 0. In particular, f; is
concave on (—oo,b~]. This implies for = < b~ that (f;)'(z) > (f; ) (b7) = 1.
Now, by Lemma [2.2] we obtain that
_ fr (), r<b”
f(x) =
fLO)+z—=0b", x>b"
fulfils the HJB equation. Furthermore, the following lemma obviously holds,

because f~ is quadratically bounded.

Lemma 2.6. We have
E[e*‘;tf*(XtD*)] —0,t = 0.

Together with the verification theorem, we obtain that the optimal divi-
dend barrier is given by b~ and f~(z) = V(z) if is fulfilled. Figure
shows the value function for g = 0.1, 0 = 0.4, § = 0.05 and a1 = as = 0.01.
The dividend barrier is at b~ = —1.38755.

Now, we try to determine a solution with a positive optimal dividend
barrier bT. As in the section with linear penalty payments we have to solve
the equations f1(0) = f2(0) and f{(0) = f5(0) in order to obtain, together with
the continuity of ¢ in x = 0, a twice continuously differentiable candidate for
the value function. At the dividend barrier we must have f5(b*) = 1 and

f5(bT) = 0. This is fulfilled for

52 e_£1b+ 61 e_£2b+
Ca=Cf=->"_ C=0Cf=—"
ST §1(61 — &2) T T g6 - &)

ci=—cr=4 T e

&1(& — &) &’
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104

_10_

—15—:
— V(X)

Figure 2.3: Value function for = 0.1, 0 = 0.4, 6 = 0.05 and a; = a9 = 0.01.

where
a16 — 2uas

al = 52

and

1 042§10'2—|-Oé15
+ _
b = 5 log( 52 ) .

Thus, a necessary condition for a positive optimal dividend barrier is that

(2.7) does not hold. Moreover,

L _52(a/5)f1/£2

5 = §1(61 — &) >0
and
+ S
o = 6&2(&1 — &2) <0
Define

10 — 2,uoz2x n pad — 2p%an — o?agd

+ _ b1 92 2
fi (z) = Cf et —?a: + 52 53
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and

fof (x) = CF %1% + Cf 2
The candidate for the solution
1 (@), r<0
Fr@) =1 £ (@), 0<z<bt
o) +x -, z>bt

is twice continuously differentiable. Moreover,

)0 = org -2

_QWP _ (W}Wﬂ <0

Now,

(F)"(w) = E1C5 e +ECT e > 0.

Consequently, (f57)"(x) < (f57)"(b%) =0and (fy7) (z) > f4(bT) = 1ifz < bF.

Furthermore, if C;" < 0 it holds
(fi7)"(x) = 10T 1 —2% <0.
On the other hand, if C;" > 0 we have for z < 0 that
() (@) = 0 17 222 < 1 =252 = (£1)(0) < 0.

Therefore (f)(x) > (ff)(0) = (£)(0) = (f{)(b") = 1ifx < 0. In
particular, f* is concave and (f1)(z) > 1 for all z < b*. Altogether, we
obtain that f* is an increasing, concave and twice continuously differentiable

function with (f*)'(z) > 1 and by Lemma [2.2| we get

307 (f1)" (@) + p(f) () = 6 (2) + () <0
for x > b*. As above the following lemma holds.
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Lemma 2.7. We have
E{e*‘;t f*(XtD*)} — 0,t — 00 .

In sum we obtain that the optimal dividend barrier is given by b™ and
[H(z) =V(x)if is not fulfilled. Figure shows the value function for
uw=0.08 06 =04, =0.05 a; = 0.5 and ap = 0.01. The dividend barrier is
at bt = 1.62327.

Figure 2.4: Value function for © = 0.08, 0 = 0.4, § = 0.05, a; = 0.5 and
Qo = 0.01.
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Chapter 3

Maximisation of Dividends
with Penalty Payments in the
Cramér—Lundberg Model

3.1 Introduction

Now, we consider the dividend problem in the Cramér-Lundberg model. That
is, the surplus is given by

Nt
Li=z+ct—> Y, (3.1)
i=1

where x denotes the initial capital and ¢ > 0 a constant premium rate.
The amount of claims arriving until time ¢ is given by the Poisson process
N = {N;}+>0 with intensity A and the claim size of the i-th claim is denoted
by Y;, where {Y;}i=1 2. is a sequence of positive, independent and identically
distributed random variables with mean mq, second moment mo and a con-
tinuous distribution function F'. Moreover, {Y;};—12 . are independent of N.

Claims occur at random times 0 = Ty < 171 < T < ... and we consider inde-



pendent and exponentially distributed interarrival times with mean 1/A. In
addition, since E(L; —x) = t(c— Amy), we assume that the so-called net profit
condition ¢ > Am; holds.

The information is given by the natural filtration {F;}:+>0 of the aggre-
gate claim process. Let D; be adapted and denote the accumulated dividend

payments until time ¢. Then, the controlled surplus process is given by
LP=L;—D;.

We allow all increasing cadlag processes D. The value of a strategy D is

defined by
VP (2) :E[/ =3 4D, —/ e S(LP) dt | IR =] (3.2)
0 0

where § > 0 denotes a preference parameter and the continuous, decreasing,
positive and convex function ¢ models the penalty payments fulfilling ¢(z) — 0
as x — o0o. The set of admissible strategies is denoted by D and the (optimal)
value function is defined by
V(z) = supVP(z) .
DeD

We aim to find a strategy D* such that
VP () =V(z).

As in the chapter above, we assume that

/O T e M E[p(Ly)] dt < oo (3.3)
and that
P(x) — ¢(y) > (y — ) (3.4)

for x < y < xg and some xg € R.
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This chapter is organised as follows. In the second section we show that
V' is continuous, increasing and concave. Moreover, we derive some bounds
of the value function and show that it solves the Hamilton—Jacobi-Bellman

(HJB) equation
max{ eV (z) + A /OOO Ve —y) dF(y) — (A + 6)V(z) — o),
1-V'(z)}=0. (3.5)

In Section 3 we prove that the optimal strategy is a barrier strategy. Section
4 studies an exponential penalty function ¢(x) = ae™5* for some a, > 0,
a linear penalty function ¢(z) = —axl,<o for some o > 0 and a quadratic

penalty function ¢(z) = (aex? — ayx)l,<o for some ay, s > 0.

3.2 First Properties and the HJB Equation

We start with some basic properties of the value function that will help us to
prove the HJB equation.
The first lemma states that the value function is concave. The concavity

is crucially important to prove our main results.
Lemma 3.1. The function V(x) is concave.
Proof. The proof is analogous to the proof of Lemma in Chapter 2. O

Remark 3.1. The concavity implies that V is differentiable from the left and
from the right and V'(z—) > V'(z+) > V'(y—) > V'(y+) for x < y. In par-
ticular, V is differentiable almost everywhere. Moreover, the concavity implies

that V' is continuous.

The next result gives some useful bounds of the value function.
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Lemma 3.2. V() increasing with V(y) — V(z) >y —z if x < y and

- /OOO e E[(Ly)) dt < V() < (v —20)* + 5 . (3.6)

Proof. Let D be an admissible strategy for initial capital z. In addition, we

consider the strategy D; = D; + y — x for initial capital y. Then, we obtain
V(@) 2 VP(@) =V @) +y -z

Since D is arbitrary, we get V(z) > V(y) +y — .

As in Chapter 2 we can show that a strategy that pays dividends if the
surplus is below z is dominated by a strategy where no dividends are paid
for a surplus below zg. Then, consider the pseudo-strategy D where (z —x)"
is immediately paid as dividends and thereafter dividends paid at rate ¢ and
no penalty payments occur. Obviously,

V(z) < VP(z) = (z — z0)* + g .

Considering the strategy where no dividends are paid, the lower bound is
obtained by the application of Fubini’s theorem. O
Using that V is locally bounded, we obtain the following

Lemma 3.3. The function V is locally Lipschitz continuous.

Proof. Let h > 0 and D be a strategy with initial capital 2 + ch. Then, for
the strategy

0, t<horT) <h,
D; =

Dt—h7 Ti Nt > h,
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with initial capital =, we obtain

V(z) > VP(x)=PT > h)E[/OOO e % 4D, — /OOO o(LP) dt ‘ Ty > |

+P(Ty < h)E[/OOO e % 4D, — /OOO o(LP) dt ‘ T < ]

— e YD (g ch) — / " Rlp(L) dt
0

—(1—e) /hoo e E[p(Ly)] dt .

Since D is arbitrary, we get

V(z) > e MY (z4ch)— /0 " e U E[p(L;)] dt—(1—e ™) /h > e E[p(Ly)] dt .

Thus,
0 < V(z+ch)—V(z) <V(z+ch)(1—e Oh
+ /Oh e E[p(Ly)] dt + (1 — e /hoo e E[p(L,)] dt . (3.7)
Note that V is locally bounded and

% [V(x + ch)(1 — e~ A FOh) 4 /0 " oot E[¢(Ly)] dt

(1= e /h e El(L)] di]
S A4V (@) + b(x) + A /OOO e E[$(Ly)] dt, h — 0.

Dividing inequality (3.7) by h and letting h — 0, we obtain that the derivatives
from the right are locally bounded. Similarly one can show that the derivatives

from the left are locally bounded. Thus, V is locally Lipschitz continuous. [

We can now derive the HJB equation and prove that the value function is

a solution to this equation.
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Theorem 3.1. The function V(z) is differentiable and fulfils equation (3.5)).
Moreover, there exists a b* € R such that V'(b*) = 1 and V(z) = V(b*)+x—b*

for x > b*.

Proof. Let h > 0 and d > 0. Since V is locally Lipschitz continuous and it
cannot be optimal to pay dividends if x < xg, we can choose in a measurable
way a strategy D? such that VP (2') > V(2') — ¢ for 2’ € (—o0,2 + (¢ — d)h]
and for a fixed € > 0. Then, we define the strategy

dt, 0<t<TiAh,
Dy =
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For this strategy we obtain
V(z) > VP()

= E[/Twh efés(d _ ¢(L£7)) ds + e~ 0(Tank) VDE(L%M)}

0
o[ o) as VR )] o

0

T1A\h
- E[(/O e %(d — ¢(LP)) ds
+ e-0(Tinh) V(Lrﬁ/\h)) (Lrysn + ]lTlgh)} 3
h

— P(T} > h) (/O 05 (d — p(z + (c — d)s)) ds

V(a4 (e~ d) ) E| /OTI e~ (d— 6(LP) ds

(
+e 6T1V($+ (c—d )]lT1<h}

— e (/h e %(d— ¢z + (c—d)s)) ds+e " V(z+ (c — d)h))
/ Ae | / (d— é(z + (c — d)s)) ds
+ e—&/o V(r+ (e~ d)t —y) dF(y)] dt <
+V(z+ (c—=d)h) = V(x+ (c—d)h) .

Since ¢ is arbitrary we can let it tend to zero and obtain the weak inequality.
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Rearranging the terms and dividing by h implies
V(ie+(c—dh)-V(z) 1- e Md+A)
- h h
o= rh
h Jo

0

V(z+ (c— d)h)

+ e %(d — p(z + (c — d)s)) ds

+;l/()h,\e—”[/ot(d—¢(x+(C_d)s)) ds

I /0 TVt (- d)t—y) dP(y)] at (3.8)

Since V is concave, the derivatives from the left or from the right exist and
V is differentiable almost everywhere. Thus, the first term in the equation
above converges to V'(z+)(c — d) if ¢ > d and to V'(z—)(c — d) if ¢ < d and
vice versa if we start with an initial capital of x — (¢ — d)h. For simplicity
of notation we just write V’(x) for the derivative from the left and from the

right. We will soon see that V'(z+) = V/(x—). Letting h | 0, we get
(c—d)V'(x) — (A + 6)V(2) +d — d(z) + A/ V(e —1y) dF(y) <0.
0
Since d is arbitrary, we obtain

31;%)[(0 —d)V'(z) = A+ 8)V(x)+d— ¢(x) +

AAWV@—yMW@ﬂgo. (3.9)
This implies that V’/(x) > 1. Otherwise
(c— d)V'(@) — A+ )V (2) +d — (x) + A /0°° V(z —y) dF(y)
would be positive for d large enough. In addition we obtain for d = 0 that
V' (2) + A /0°° V(e —y) dF(y) — (A + 6)V(z) — ¢(z) < 0.
Thus, can also be written as
max{cV(@) + A [ V(e —y) dPl) — A+ V(@) - 6(a), 1= VI(@)} <0.
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Analogously, one can show that ” > ” holds. For example, see [62, Section
2.4.1]. Now, consider the value b* = inf{z: V'(z—) = 1}. Assume that
b* = oo. Then, we have V/(x) > 1 for all 2 and therefore the HJB equation

implies
V') = A+0)V(x)— A\ /OOO V(e —y) dF(y) + ¢(z)
> A+ O)V(e) = AV () /Ooo 1dF(y) = 6V (x) .

But this yields that V(z) > e*#/¢. Since V is linearly bounded from above,
we obtain b* < co. Obviously, V/(z) = 1 for > b* because of the concavity.
Consequently, V' is differentiable on (b*,00) and V(z) = V(b*) + = — b* for
x > b*. For x < b* we have V'(x—) > V'(z+) > 1 and therefore the HJB
equation implies that V/(x—) and V' (z+) fulfil

V'(2) = (A +6)V(z) — A /0 T V(x —y) dF(y) + é(z) . (3.10)
Since F,V, and ¢ are continuous, we obtain
V'(o4) = A+OVE) A [ Vie—y) dF) + o) = V(@)

Thus, V is also differentiable on (—o0,b*). In conclusion, we show that
V/(b*) = 1. As in [57), Section 3.2.2] we can show that V(b*) is characterised
through

c—¢(b") A [
A+ +>\+5/0 V" —y) dF(y) -

Plugging V(b*) into (3.10]), we obtain V'(b*—) = 1. Again, the concavity
implies 1 = V/(b*—) > V’/(b*+). Thus, either V is differentiable at b* or

V(b) =

1> V’/(b*+). Since the latter is impossible, we obtain that V is differentiable
at b* with V/(b*) = 1.
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3.3 The Optimal Strategy and Characterisation of
the Value Function

In this section we show that the optimal strategy D* is a barrier strategy with

the barrier b*. That is D} = DY, where
. t
DY = max(z — b*,0) + c/ Lypp_py ds
O S
and LY = Lfb*. We first state a useful lemma.

Lemma 3.4. Let N; be an Fi-adapted Poisson process with intensity A and

Zy an Fy-predictable process with

E[/Ot|zs|ds] < 00

t t
/ZSdNS—A/ 7. ds
0 0

is a Fi-adapted martingale.

for allt > 0. Then,

Proof. See Brémaud [16], Page 27]. O
Now, we prove the main result in this chapter.

Theorem 3.2. The strategy DY is optimal, that is, V(x) = v ().
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Proof. Firstly, we consider the telescoping sum
Ny
VLYY = Vi) + Y [e T V(LE) — e T V(LE )]
i=1

+e V(L) — e V(L

v,

N,
= V(z)+ i[e—(m V(L) —e TV (LY )]
=1

N,
-~ i[e—m V(L) — e T V(L))
i=1

+e " V(LY) —e M V(LY )

N,
= V(z)+ i[e*m V(LG = Yi) - e B (L )]
i=1

Ni
+ i[e—m V(L ) —e T V(L%_l)}

=1
+e V(LY — e V(LY )

Now, let Y be a generic random variable with the same distribution as Y; and

define the process
Z, = e~ 0t [V(Lfi —Y) - V(Li’i)] .

The lemma above implies that

t t
/ZSdNS—)\/ Zs ds
0 0

is a martingale with mean zero. Moreover,

* _ ; * TZ— —0s * /
e V(LY ) —e T V(LY ) = /T [e bs (L )} (Lo <pey + Lyppr—pey) ds
i—1

= /T > e % [CV’(LZ ) — oV (Lb )}11 (1 <pry ds

T,— i
_ /} 5e V(LY ) Lypp_yey ds
i—1
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and

t Ny
/ e Z,dN, = e i 7y,

0 i=1

Taking together, we obtain
t t .
0 = E{/ Zs AN, — /\/ Z, ds +0} = E{e*“V(L? )= V(z)
0 0
t [ee]
- / e[V (L) + A / V(LY —y) dF(y) — A+ V(D)L ey ds
0 0 s
t 0 * b*
[ [TV — ) dF @) - O+ OV Ly ey ds)
0 0 °
On {LY < b*} we have V'(LY) > 1 and therefore the HJB equation implies
VLY )+ A [CVEY =g dF() — (A4 VLD = 6(L)
0
Similarly,
/\/ V(LY —y) dF(y) — A+ 0)V(LY) = ¢(LY) —
on {LY = b}. Thus,
* t t *
0= E[e—&V(ng ) — V(z) +c/ Lo —py ds —/ e 9% (L )ds} :
0 s 0

Letting t — oo, we get by the bounded convergence theorem and by (3.6 that
Viz) = VP (2). O

The next theorem characterises the value function as the minimal solution

to the HJB equation.

Theorem 3.3. Let f be a solution to (3.5) with Ele™% f(LY)] — 0 ast — oo.
Then, we have f(x) >V (z).
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Proof. As in the proof above, one can show that
0 = E{e™ f(L}Y) - f(2)

= [t e @y [T R ) aPG) - O+ OSED L pp ey d

= [l [ [T =0 aR@) - O DFED] gy s}
Moreover, we obtain from that

L)+ [ HEE —9) dP@) — A+ OF(EL) < 6(2)
and
A7 HEE — ) dF@) = (4 O F(LD) < (LY) — e (1Y) < 9(LY) e
Thus,
02 B[e FLE) — @) e [ Ny ds— [ e (i) as)

and the the assertion follows for ¢t — oo. O

Remark 3.2. In order to solve the HJB equation explicitly, we need an initial
condition. Kulenko and Schmidli [{3] proposed to determine the value V(0) by
comparing the barrier strategies with a barrier b > 0. Note that in our model
it is possible that b becomes negative. Let V¥ be the value of a barrier strategy
with the barrier b. Then, we have similarly as in [{3] that
V(0) = sup V°(0) . (3.11)
beR

As in Biihlmann [17] we can show that V° fulfils
(VY (@) + A [T V@ =) dP() — A+ V(@) — o(a) = 0
on (—o0,b] with (V*)(b) =1 and V*(z) = VP(b) + 2 — b on (b, 00).

95



3.4 Examples

In our examples we assume that the claim sizes are exponentially distributed.
That is F(y) = (1 —e")1,>0 for some v > 0. Then, m; = 1/v. Before we

consider the examples we have to prove analogous to Lemma [2.2] the following.

Lemma 3.5. Suppose that f is continuously differentiable and concave, and

solves

of @)=+ 9@ = A [ fa-pdPw) +o@)  3.12)
on (—o0,b*] with f/(b*) = 1 and f"(b*) = 0. Morcover, assume that ¢ is
differentiable for x > b*. If f(z) = f(b*) + = — b* on (b*,00), then f solves
E3).

Proof. Note that (3.12)) is equivalent to
d%ﬂz@+®ﬂ@—vhf”/ F(z)e7 dz+ o(x) . (3.13)

If ¢(x) is differentiable at x, the right-hand side of (3.13) is also differentiable
at x with

T

cf"(x) = A+ 8)f'(z) +y*re " /_ f(z)e’* dz —yAf(z) + ¢'(z), (3.14)
Plugging into yields
cf’(@) = (A +6—ye)f'(z) + v f () + ¢ () +v¢(x) . (3.15)

Thus,
0=cf"(b") = A+ 06 —yc+ 73 f(b") + ¢'(b") + 7o (b") .

Now, we set
o) = ef @)+ A [ o —y) dPl) - A+ ) (@) - dla)
— off (@) +yre /xoo F(2)7 dz— (A + ) f(x) — d(x) . (3.16)
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Then, if ¢(z) is differentiable at z, we obtain
g@) = ef'@) A [ fE)e" dzkaf)
— (A +0)f () + ¢ (z) . (3.17)
As above, plugging into yields
g'(z) = —yg(z) + cf"(z) + (ye = A = 0) f'(z) — vé f(2) — ¢ () —v¢(2) .
In the following we let = > b*. Then,
9' () = —yg(x) + (ye = A = 8) = (f(b") + . = b") —v¢(x) — ¢' () .

As in Lemma [2.2|it holds ¢(x) > ¢(b*) —0(xz —b*). Moreover, by the convexity
of ¢, we obtain —¢'(z) < —¢'(b*). Taking together, we get

g'(x) < —vg(x) +7¢ =X =6 =70 f (") — v (b") — &' (") = —vg(x) .

In conclusion, assume g(x) > 0. Then, ¢’(x) < 0 and therefore 0 = g(b*) >
g(x). Thus, g(z) < 0. O

3.4.1 Exponential Penalty Payments

In this section we consider the function ¢(z) = ae #® with o, 3 > 0. Note

that (3.4]) is fulfiled for
r <y <xo=—F'max{logd — log(ap),0} .

Let My (r) = E[e""] denote the moment-generating function of the claim sizes.
Then,
E[e 85— = exp [—B(m +ct) + M(My(B) —1) — 54 .
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If the claim sizes are exponentially distributed, My () only exists if § < 7.

In this case we have

P 8
E[e Pl = emﬂ—ﬂmr+d)+Ay?:E-—&}
_ mp%ﬂx+#ﬁ2+@+67@ﬁvﬂ
7B '

Thus, (4.4) is fulfilled if

B < max(y, —&2) , (3.18)

where & < 0 < & are the roots of the equation
= AN+d—ve)¢ —75=0.

Then,

(e.¢]
V(z) > —a/ E[e P00 dt = —Ae P
0

where
_ a(y —B)
24+ A+d—7ye)f—~0
If (3.18)) is not fulfilled we have V(z) = oo.
For z > b* we have V(z) = V(b*) +x —b*. On (—o0,b*] the value function

fulfils

cV'x) = A+0)V(x)— )\/ V(z—y) dF(y) + ae P
0
x
= A+0)V(z) —yre * / V(z)e?* dz+ae P . (3.19)
Obviously, the right-hand side is differentiable and therefore

V'(x) = A+ 6V (2) +7y* e / ' V(z)e”* dz —y\V(z) — fae P .

—00

Using (3.19)), we obtain
V(@)= A+ —yc)V'(x) + vV (z) + aly — B) e P
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This equation is solved by
V(z)=Cy eS1% (0 ef2® — g P

where &1, &> are defined above and C, Cs are some constants. Note that this
solution solves equation even though it was derived by differentiation
of it. Now, since & > 0 > —f > &2, we obtain that V' (z) is only increasing for
x small enough if Cy < 0. Furthermore, if Cy < 0 we have V(z) < —Ae™F?

for z small enough. Thus, it must hold that Cy = 0. By V/(b*) = 1 we obtain

1— BAe P
o = L fAeT
& efrd

The optimal barrier b* is calculated through (3.11)). That is, b* maximises the

function
1—BAe P
g(b) = ﬂib -
§1e
Solving
+&)BAe”BHab ¢y e=t1b
0 — / b — (B
g'(b) &
we obtain
1 &1
b = ——log( ——————) .
55 (5T aypa)
Since
oy~ GO (Bra)pae e
g &
E2e 8" (B4 £)E e 81

= é‘ = —Beiglb* < 0 ,
1

we obtain that b* is a maximum of g. Note that

VI(b%) = & — BAe ™ —AR% e =0,

Thus, Theorem and Lemma yield that D* is optimal with the barrier
b* and

29



Cief1T —Ae Pz, x < b*,
V(z) =
Crestt" —Ae B Lo — b x> b
In Figure [3.1] the value function is shown for c =~y =X =1, @ = 0.3 and

£ =6 =0.1. In this case we have b* = —8.47049.

10

Figure 3.1: Value function forc=vy=A=1,a=0.3 and =9 =0.1.

3.4.2 Linear Penalty Payments

Now, we let ¢(z) = —axl, <o for some a > 0. That is, for a negative surplus
of x the insurer has to borrow an amount of —x at rate « in order to avoid
bankruptcy. Obviously, holds. Moreover, is also fulfilled if oo > 4,
where x¢g = 0. The following can be proved analogously as in the proof of

Lemma 2.4

Lemma 3.6. i) Ifa <6, an optimal strategy does not exist and V (z) = co.
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ii) Let
fla) = a(dx —1—(?2— Amy) .

Then, for a > 6, it holds V(x) < f(x). Moreover, V(z) > f(z)+ C for

some C' < 0 if x <0.
iti) Let 6 = a, then V(z) = f(z).
In the following we assume that
a>9. (3.20)

Then, the dividend barrier b* must be positive or equal to zero, because it
cannot be optimal to pay dividends if the surplus is negative. On (—oc, 0] we

have
X

cV'(z) = A+ 6V (x) —yA e_w/ V(z)e"* dz — ax .

— 00

As above we get by differentiation
V') = A+ —ve)V'(z) + vV (x) — a(yz + 1) .

Here, a solution is given by

a(dr +c— Amy)

Vi) = Cref? +Cye®2” + 5 :

where C'1, Cy some constants and &1, & as above. Since V' is linearly bounded,

Cy = 0 must hold. On (0,b*] the HIB equation is solved by
Vao(z) = C4 81T 40y e82®

for some constants Cs, Cy. If b* = 0 we do not have to consider V,(z).
In order to determine the optimal dividend barrier we need to calculate
V®(0), where V® denotes the value of a barrier strategy with the barrier b. For

b =0 we have

CYef1® _i_w’ z <0,
VO(z) =

CY + 7‘1(0_53’”1) +x, x>0,
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where

00—«
cY = .
G
If b > 0 it holds
cy efiz +W’ <0,
Vi) = Vi(x) = { of 817 4.0 o2, 0<z<b,

Cf et +Cf e v — b, x> b,
where Cf", Cf and C} determined such that Vfr’(()—) = ij(()_i_)7 (Vf)’(O—) _
(V2)(0+) and (V) (b) = 1. That is,

Amy — ¢
C+ _ 1-— 6202_ e@b
’ & erb
and
o+ A& 76 —1eh)
! 702(&2 — &1)
Now, b* is the maximum of
V0(0)> b=0,
g(b) =
VE(0), b>0
Note that
- A 1—¢&C
g0y =0+ A _ 128Gy 6 04,
&1
Thus, g is continuous at b = 0. Moreover, since
)
A+ 78 = et = =T gy

we obtain for b > 0 that

& e b (& —£)60] e(&2—£&1)b
&

— _e b +¢ el&2—€1)b

g'b) =

e_glb(c eEZb _1) )
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where
_ oy + &)
oy
If ¢ <1, we obtain ¢’(b) < 0 for b > 0. This yields b* = 0. If ¢ > 1, we obtain

g'(bo) = 0, where

¢

1
bp = —gIOg(C) .

and

" 572
g (bo) = &(C8 <0.

Moreover, (Vfo)” (bg) = 0 if ¢ > 1. In the case where b* = 0 we cannot apply

Lemma [3.5] Thus we have to prove the following.
Lemma 3.7. If ( < 1, we obtain that VO(z) fulfills .
Proof. We set
hw) = cf' @)+ [ o= y) dPw) = (A +8) 1) — 6()
For z > 0 it holds
ha) = A [ (FO) +o =y dy— (A+8)(f(0) +2)

. A/ [01 oEla—y) +04(75(w —y) +yc— A)]Vevy dy

0
20 e Me—vr
v+ & 762
_ Ar, 0 —a) alye=Ny o A gd—a  a(ye—A)
= c+ [1 56 52 }e'y 5 (5[ 56, + ~5? } ox
>\7(5 - a) —yx )‘O‘(’Yc —A - 5) e %
(v + &1)d& 762

Note that v+ &, > 0. Thus, from ¢ <1 it follows o < §v/(y + &2). Moreover,
a >0, 1€y = —vyo/c and & + & = (A + 0 — y¢)/c. Therefore, for x > 0 we
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obtain

)\51(05 — 5) e —’}/52 — 5251

) = 50+ &)
< i (a —6) — 62 — 524
- 6(v+ &)
< M0y = AGoY — MG &0 — Y20 — y6%Ea — 4026 — 02616
- (v +&2)0(v + &)
_ Ay62 — 425%c + (ye — A — §)y6% + 83y 0
c(y+&)6(y+ &) '
Thus, for z > 0 we have h(z) < h(0) = 0. O

In sum we get by Theorem Lemma [3.5| and Lemma [3.7] that
b* =by VO

and

VOz), (¢<1,
Vi) = (x)

V(z), ¢>1,
where D* is optimal with the barrier b*. Figure [3.2]illustrates the value func-
tion for y = A =1, = 0.1, ¢ = 1.5 and o« = 0.2. The optimal dividend
barrier is given by b* = 0.33408 and ¢ = 1.15215. Figure illustrates the
value function for y = A =1, =0.1, c =2 and a = 0.11. Here, b* = 0 and
¢ = 0.50356.
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30

20

Figure 3.2: Value function fory=XA=1,5=0.1, c=1.5 and a = 0.2.

20

10

Figure 3.3: Value function fory=A=1,0 =0.1, c=2 and o = 0.11.
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3.4.3 Quadratic Penalty Payments

In this section we consider a quadratic function ¢(z) = (a21? — a12)1,<0,

where a1, a9 > 0. Here, we have

lag+06
ro = —% .
2 (%)

Therefore, it is possible that the optimal dividend barrier is negative. If b* is
positive, we have as above on (—o0, 0] that

cV'(x)= A+ 8V (z) —y e * / V(z)e* dz + apz? — gz

—00
and by differentiation we get
V'(x) = A+ 6 —ye)V'(x) + ¥V (z) + yaox? + (22 — 1)z — o .
Here, a solution is given by

Vi(z) = Cp e51% 40y e52% 4-h(x) ,

where C1, Cy some constants, &1, &2 as above and h(x) = pg + p1x + pex? with

v0(a10 — 2can) + (A4 6 — ve)(2a20 — 10 — 2a2(A 4+ § — ~¢))

209X + 16 — 2acy
and
(0%)]
D2 = _F .

Since V' is quadratically bounded, Co = 0 must hold. On (0,b*] the HJB
equation is solved by

Va(w) = Cy 817 0 027

where C3,Cy some constants. If b* is negative we do not have to consider

Vg(x)
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Again, we first calculate V*(0), where V? denotes the value of a barrier

strategy with the barrier b. For b < 0 we have

Cy €517 +-h(x), z<b,

Vh(z) =V(x) =
Cy 9P +h(b) +x—b, z>0b,

where O} is given by (V2)'(b) = 1, i.e.

o =
If b > 0 it holds
CiF €817 4-h(z), x <0,
Vi) = Vi(x) = { Cf 817 4.0 o2, 0<z<b,

Ci P +Cf el 4u — b, 2>,
where C]", C5 and C} determined such that Vf(O—) = Vf(0+), (Vf)’(()—) _
(VEY(0+) and (V1) (b) = 1. That is,

CTZC;——FCZ_—]?(),

+ 1-— 5201 e§2b

G = & efrd
and
§1po — 1
Cl =X
! §&1—&
As above, b* is the maximum of
vV (0), b<0,
g(b) =
VE(0), b>0
Cy, b<O,
= pot
cf, b>0.
1 | e7%(1 = 2pab — p1) + poéa, b <0,

gl e—¢1b +§zp0—§p1 (61 _ 52 e(Eg—fl)b)’ b> 0.

1—G2
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and g(0—) = 7’0'512# = g(0+). Now, define

1
bt =——1o
& 8

(0415 + 200\ + 1082 — 2can (& + 7))
07

and
_ laid +2a9X — 2can(§e +7) — oLH
T2 a0 '

Let us first assume that b* > 0 (in particular b~ > 0). Then, ¢’(b") = 0 and

b

a15 + 20[2)\ + 01652 — 20042(52 + 7))% <0

g'(b) =& 5

Moreover, for b < 0, we have

(261p2b + E1p1 — 2p2 — &1)62 o—b1b

/
b —
g() §1&2
- (&1p1 — 2p2 — &1)&2 061
§162
a1+ 209\ — 2ca (& + ) — 702 061
= 52
> 720[(251)_ e 41t >0,

where we used that & & = vd/c. Since g is continuous, we obtain that b max-
imises V?(0) and therefore b* = bT. Now, assume that b~ < 0 (in particular

b™ does not exists or is negative). As above ¢/(b”) = 0 and

For b > 0 it holds

62 (flp() — pl) 6(52_51)b _§1 e_glb
& '

If &1po — p1 > 0, we obtain directly ¢'(b) < 0 for b > 0. Moreover, by
SN+ —vc) + 40 = —7&1 /&2 and €& = I /¢ we obtain

g'(b) =

La(&1po —p1) — &1 10 + 20X 4+ 168 — 2cap(§a + ) — 76°

&1 y02
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Thus, if &1pg — p1 < 0, we have

§2(&1po — p1) — &1 o—6ib

/ b <
g () < &
18 4 209X + a16& — 2can (& + ) — 762 o—éib
- 5
= 720[;()_ e 1t <0

for b < 0. As above, we obtain b* = b~ if b~ < 0. Note that

(b7 —20)2a270 = @10+ 29\ + @170 — 2can (&2 + )

> 2a2(A — ¢y —cy)
A=30—yc+ /(A +08 —v¢)? + 4ydc
2

A—é—’yc+\/()\—6—fyc)2+4)\5>
2

0

and therefore b~ > x.
In conclusion, let us consider the cases where b* = 0. If b~ > 0, we obtain

as above that ¢'(b) > 0 for b < 0. If b does not exists, we have
10 + 2a9A + 10&9 — 200&2(52 + ’7) <0.

This implies &pp — p1 > 0 and therefore ¢’'(b) < 0 for b > 0. If b is negative,
we obtain for b > 0 that
40 < &2(&1po épl) — & (G-
1

o6+ 200\ + 1682 — 2can (& +7) — 6’ el&2=8)b

62

Note that (V2 )"(b~) = 0 if b= < 0 and (V2")"(b*) = 0 if b* > 0.
Moreover, similar as in Lemma one can show that VO fulfils the HIB
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equation if b~ > 0 and b™ < 0 or b does not exist. In sum, we get the

following. The optimal dividend barrier is given by

b=, b~ <0,
b* =40, b >0A (T <0Vbt does not exists)

bt, bt > 0.

Moreover,
VP (z), b <0,

V(z)=qVo%x), b >0A (bt <0Vbt does not exists)

VI(z), bt >0,

where V* (z), V9(z) and V£+ as above.
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In Figure the value function is shown for v = A =1, § = 0.1, ¢ = 4,
a1 = 0.02 and as = 0.01. In this case we have b* = b~ = —3.68071 and
bt = —2.88519. Figure illustrates the value function for v = \ = 1,
6 =0.1, c =15, a3 = 0.05 and as = 0.02. Here, it holds b~ = 0.10889 and
bT = —0.43500. Thus, the optimal dividend barrier is 0. Figure shows the
value function for y = A =1, = 0.1, ¢ = 1.5, a1 = as = 0.1 with a positive

barrier b* = b = 2.81196, where b~ = 1.35889.

10

Figure 3.4: Value function for y = A =1, § = 0.1, ¢ = 4, a7 = 0.02 and
Qo = 0.01.
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Figure 3.5: Value function for y = A =1, = 0.1, ¢ = 1.5, a3 = 0.05 and
as = 0.02.
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— V(X)

Figure 3.6: Value function fory=A=1,0=0.1,c= 1.5, a1 = as =0.1.






Chapter 4

Minimisation of Penalty
Payments by Investments and

Reinsurance in a Diffusion

Model

4.1 Introduction

This chapter studies the investment and reinsurance problem described in
Section [1.7.2] where the surplus follows a diffusion process. In the Cramér—
Lundberg model, the surplus is given by

Ny
Lt:x—i—ct—ZYi, (4.1)
i=1

where x denotes the initial capital, ¢ > 0 a constant premium rate, N; the
amount of claims arriving until time ¢ and Y; the claim size of the i-th claim.

Moreover, we consider the net value principle. That is, the premium rate is



given by
c=1+nAEY)=(1+n)Amy,
where 17 > 0 denotes the safety loading of the insurer.
The insurer has the possibility to buy excess of loss or proportional rein-
surance for individual claims. For a reinsurance strategy 0 < R; < oo the

controlled surplus is given by

Ny

LR =24 A1+ )p) /OtIE[s(RS, Y)] ds — Ap — mmit — Y s(R,, Yi)
=1

In Section we have already introduced a diffusion approximation to the
uncontrolled Cramér-Lundberg process. The next lemma gives a motivation
for an approximation to the Cramér—Lundberg process that is controlled by a

reinsurance strategy.

Lemma 4.1. Let u: R — R be a Lipschitz continuous function and X, X",
n € N semi-martingales such that Xg = X = 0. Further assume that Y™
fulfils the equation
¢
Y —a o Xp (v ds
0
and Y fulfils the equation
t
Yt:erXwa/ wu(Ys) ds .
0
Then, Y™ converges weakly to Y if and only if X™ converges weakly to X.

Proof. For proof see Schmidli [59]. O

Given a reinsurance strategy R; we now assume that the surplus fulfils

X, —x—i—)\p/ s(Rs,Y)] ds — A(p — nmlt—i—/\/ s(Rs,Y)?

In addition, the insurance company has the possibility to invest in n risky

assets, modelled by

n
dZ} = a;Z{ dt+ 2}y vi; dB], Sj=1
j=1
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for i = 1,2,...,n. Here, B!, B?,..., B® and W are independent Wiener pro-
cesses and a;,v;; > 0, 1,7 = 1,2,...,n. We assume that the matrix v =
(vij)ij=1,2,..n of volatilities is invertible. Then, the covariance matrix vl
is positive definite. The insurer can choose an investment strategy 6; =
(04,02, ....,00) T where 0! < co describes the amount being invested into the i-

th asset at time ¢. For a control strategy U = (R,67)T the surplus is governed

by
dX{ = APE[s(R:,Y)] = (p—n)m1) dt + /AE[s(R:, Y)?] dW,

n n n

+> aibp dt+> Y Oy dB] (4.2)
i=1 i=1j=1

For simplicity of notation we set (R,6) = (R,67)T in the following. To ensure

that the differential equation (4.2 is well-defined we require that
t
/ (0)* ds < o0
0

fort >0andi=1,2,...,n.
In order to prevent bankruptcy, the insurer has to pay penalty payments at
a rate ¢(z), where ¢(x) is the convex, decreasing and positive penalty function

vanishing at infinity. The value of a strategy U is given by
o
VY(x) = E| / et (x}) dt | X =a] | (4.3)
0

where § > 0 denotes a preference parameter. The insurer aims to minimise

the penalty payments. That is, we consider the control problem
V(z) = inf VY(x).

Let cad(F) be the set of all cadlag processes being adapted to F; = o(Xy,t >
0). We only consider adapted cadlag processes and at any time it is not allowed

to invest an infinite amount. Thus, i C cad(F) and for an admissible strategy
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U € U it holds ¢ — o0 as k — oo, where 77 = inf(t > 0 : |XY| > k) and
inf ) = co. As in the chapters above, ¢ has to fulfil
0o
/0 e T E[p(Xy)] < 0o . (4.4)
This chapter is organised as follows. In section 2 we motivate the HJB
equation and prove a verification theorem for a general penalty function ¢.
Section 3 considers the control problem with an exponential penalty function
d(z) = ae P where o, 3 > 0. We show that the optimal investment and
reinsurance strategy is constant and determine an explicite solution. Section 4
studies a linear penalty function ¢(x) = —axl,<o for some a > 0. Here, it is
very difficult to solve the HJB equation explicitly. Thus, we only determine an
optimal strategy in the case n = 1 without reinsurance and assume that there
are additional investment constraints. Under the same restrictions we obtain
an analogous result in section 5 for a quadratic penalty function ¢(z) = (ez?—
a12) 14«0, where aj, e > 0. Moreover, it is possible to determine an explicit
solution for n > 1 without reinsurance and with no investment constraints
if we make some restrictions on «; and ag. In the last section we assume
that the penalty payments are given by a power function ¢(z) = a(—x)*1,-0,
where @ > 0 and k > 2. We derive a solution in the case where all claims are

reinsured by so-called cheap reinsurance.

4.2 The HJB Equation and the Verification Theo-

rem

We begin by stating some basic properties of the value function.

Lemma 4.2. V is positive, decreasing and vanishes at infinity. Moreover,

o(x+ k)

V(z) < /0 T e Rp(X,)] dt < -

7



for a constant k.

Proof. Obviously, V is positive, decreasing and vanishes at infinity. Moreover,
the first inequality follows because V(z) < VU"(z), where U describes the
strategy where neither reinsurance is bought nor any investments are made.
Then, we prove the second inequality similar to the proof of the mean value

theorem for integrals. We set f(z) = ¢(z + = + pt) and

22

€202t
9(2) = N

Since f is decreasing with f > 0 and lim,_, _ f(z) = co as well as lim,_, f(2) =

0, we obtain by the intermediate value theorem that for

ffoof / F(2)g(2) dz > 0

there exists a unique k € R such that y = f(k). This implies

Elp(Xy)] = E[p(z + pt +oWy))

1 /
2

= ¢z+x+ut)e 3% dz

\/ﬁ
= [ g dz = otk + o) [ gz) as

—0o0

= ¢k+z+pt) <o(x+k)
and therefore the assertion. O

Now, we motivate the HJB equation heuristically. We choose r € [0, oo},

¥ € R™ and define the strategy



where h > 0 and U°® is a strategy such that
VUi(z) < V(z)—e

for all x and some ¢ > 0. Note that we do not address the problem of whether

we can do that in a measurable way. In the case of proportional reinsurance,

r should be chosen within [0, 1]. This yields

Viz) < V()= /Ohe_&d)(XtU) dt +e P vU(xY)

h
< / ety XUy dt+ehV(XY) —¢. (4.5)
0
If V is twice continuously differentiable, It6’s formula implies
h
VX = V@ + [ [GEsG Y] - (0= mm) +a"opV (X))

+ JDE[s(r, V)2 + 970}V (X)) dt

+/Oh\/)\E[s(r, Y)2v'(xY) th+zn:2n:/0h19mjv’(X§f) dB! |

i=1j=1
where a = (ay,as, ...,a,)" and ¥ = vv?. Let us assume that the stochastic

integrals are martingales with mean zero. Now, taking the expected value in

(4.5) and letting € | 0, we get

0 < V(z)(e®"—1)+ IE(/Oh et p(XV) dt

e [ OGEIS( Y] - (o~ mm)
+ V(X)) + SOE[s(r, V)2 + 0TS0}V (X)) dt)
Dividing by h and letting h | 0, we obtain
0 < —0V(2)+ ¢(x) + {A(PE[s(r,Y)] = (p — n)ma) + a9}V’ (z)
+ 1E[s(r, Y)?] + 9T Z9V (2) .
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This motivates the HJB equation

. LAE V)2 + 9T B v
ooty [FBISCY)) + 0TE0 (@) 4 (APELs(r. V)

— (p—mm1) + "V (z) = 6V () + ¢(x)| =0, (4.6)

where I(z) C R™ describes the set of all admissible control values if there
are any investment constraints. In case of proportional and excess of loss
reinsurance we have rp = 1 and ry = o0, respectively. Note that ¥ is sym-
metric, positive definite and invertible. Moreover, we may minimise r and ¢
independently. Thus, if I(x) = R"™ and V'(z) < 0 < V"(z), we obtain that

V(=)
V(x)

minimises the HJB equation in 9. Plugging this into (4.6]), we obtain

9 (z) = Y la

it [y R NRLs(r Y IV () 4 MELs(r, V)] ~ (p — mmn)V'(2)
reloroll V() 2T ’

— 6V (@) + ()| =0,

where
v = %aTZ_la .
Now, we are in the position to prove the following verification theorem:.

Theorem 4.1. Let f be a twice continuously differentiable solution to (4.6)
with

oz + k)

fla) =

(4.7)

for a constant k and assume that u*(z) = (r*(x),¥*(x)) minimises the left-

hand side of (4.6). Moreover, assume that X; is a continuous solution to

dX; = MpE[s(r*(X]),Y)] = (p— n)m1) dt + \/AE[S(T*(X?), Y)?] dW;

+ Y ai(X7) dt+ > > 95 (X] vy dBY
i=1 =1 j=1
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and

Ele™® f(X)] 50, h— oo, (4.8)

where Uf = u*(X}) is admissible. Then, we obtain f(x) = VU (z) = V(z)

and U* is an optimal strategy.

Proof. Let U = (R,0) € U be an arbitrary strategy, h > 0 and 7, = inf(¢ >
0:|XY| > k). Then,

T AR n n AR X
[ VsV ) awi+ Y [ gl vk aB
0 0

i=1j=1

is a martingale with mean zero. Thus, It6’s formula implies
§(rkAR U A sy

Ele 2 f(XE0)) = @ +E{ [ e M [MEL(RL Y] = (o= mma)
+aT0 3V (XP) + LOE[s(Ry, V)] + 07 20,3V (X))
—oV(X{)] dt} .

Since f fulfils (4.6)), we obtain

—5(miAh) U AR sy U
B[em0) f(XE ) + [ e (X! ] 2 f(a)
We can assume that
E[e™ f(X})] 50, h— oo (4.9)

for all strategies U. Indeed, if this not fulfilled for some strategy U, we get by
that VY (z) = oo and therefore U cannot be optimal. Moreover, since
U €U, we get 7, — co. Letting h, k — oo, we get by the bounded convergence
theorem that VY (z) > f(x). Note that equality holds if U = U*. Since U
is arbitrary, we get f(x) < V(z). The optimality of the strategy U* follows
because f(z) = VU (z) > V(z). O

81



In the following we study equation (4.6|) for various penalty functions and
aim to find a solution fulfilling the regularity conditions of the verification

theorem.

4.3 Exponential Penalty payments

In this section we model the penalty payments by an exponential function
$(z) = ae P® with a, f > 0. Since E[e™ X% = exp{—pz + (20282 — Bu —
0)t}, we obtain that (4.4]) is fulfilled if

B <&, (4.10)
where £ is the positive root of the equation
o2 —2uE—26=0.
If holds, we get by Fubini’s theorem that
Vo(a) = E] /0 Tt o(X,) de] = Ae

where
2a

o282 —2uB— 26
If B > &, we get VO(x) = co. In particular, it follows that (4.4) is not fulfilled.
For this reason we assume that (4.10) holds. Furthermore, we assume in this

A=

section that there are no investment constraints. That is I(x) = R™. Then,

the HJB equation becomes

. VI($)2 11
nt [+ BB V)V (@) + M(pEls(r. V)

—(p—n)m)V'(z) — 6V (z) + ae—ﬁw] =0. (4.11)
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We make the ansatz f(z) = C' e P* for some constant C. Plugging this into

(), we get

inf =2y + AE[s(r, Y)2]82 = 2\(pE[s(r, Y)] = (p — n)m1)B

r€[0,ro]

2c
Py E] —0.  (412)

Since this expression is continuous in r, there exists an r* at which the mini-

mum is attained and we have

=29+ AE[s(r*,Y)?] 8% = 2X(pE[s(r*, Y)] — (p — n)m1)3

2cy
—-20+—=0. 4.1
+ c 0 (4.13)

Solving equation (4.13]) in C', we obtain

20
©= 29 + 2X(pE[s(r*,Y)] — (p — m)m1)B — AE[s(r*,Y)?]32 + 20

Obviously,
AE[s(r*, Y)?|8% — 2M(pE[s(r*,Y)] — (p — n)m1)8 — 20
< AE[s(ro, Y)?]5% — 2A(pE[s(ro, V)] — (p — n)m1)B — 26
= 0282 —2up —26 <0

holds true and v > 0 since X! is positive definite. This yields C' > 0.

Moreover, we have a constant minimiser
1.
u* :(r*, EZ 1a)

and for U = u* we obtain that

X7 = 2+ APE[s(r*,Y)] = (p — m)ma)t + [ AE[s(r*, Y)2]W;
+>aidit+y > Vv B
=1

i=1j=1
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is a continuous process. Finally, we have
Ele= 0% = exp{—dt — Bz — BAGE[s(,Y)] — (p — nym)t
+ BNE[s(r*, Yt — BaT 9"t + L 30T 20"t
= oxp{ B — 5 [27+ AE[s(, V)]~ (o~ )ma)B
— AE[s(r*, Y)?8* + 26 }
We have already shown that
27 + 2X(pE[s(r*, Y)] — (p — n)m1)B — AE[s(r*, Y)?]82 +26 > 0 .

Thus, (4.8)) is fulfilled. In sum, we obtain that f is a solution to the HJB
equation fulfilling the regularity conditions of the verification theorem. As a

result V(z) = f(x) = VY (x) and U* is an optimal strategy.

Example 4.1. In case of proportional reinsurance we have s(r,Y) =rY and

equation (4.12)) becomes

2c
: 2 2 _
reu[éf’l] [—27 + Arfme e — 2 my(pr — (p—1n))B8 — 20 + E} =0.

Here, the minimum is attained at

and we get

O 2c
2y + 2 ma(prt — (p—n))B — Ar*imeB? 4+ 26

Example 4.2. Now, we consider excess of loss reinsurance. Then, s(r,Y) =

min(r,Y) and equation (4.12) reads

inf [~ +28° [ 51— Fly)) dy— o8 [ (1~ F(w) dy

re(0,00]

+Amﬂp—mﬁ—6+%]:0. (4.14)
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Differentiating this expression w.r.t. r, we obtain

AB(L = F(r))(Br = p)

Let yo = inf{y: F(y) < 1}. If yo < p/B, it is optimal to buy no reinsurance at
all. If yo > p/pB the left-hand side of (4.14)) is minimised at p/B. Thus,

T*:B/\yo

g

and

20
C = ; _ .
27+ 2XpB [y (1= F(y)) dy — 2xmy(p —n)B — 2732 [§ y(1 — F(y)) dy + 20

Figure [{.T]illustrates the value functions for proportional and excess of loss

reinsurance, where the claims are exponentially distributed with mg = 2m; =
land A =10, p=0.1,p =0.05, § = 0.06, « =1, 8 =0.1, n = 2, a; = 0.1,

as = 0.15 and

05 0
b=
0.5 04

4.4 Linear Penalty Payments

Now, we consider ¢(z) = —axl, o for some o > 0. Obviously, (4.4)) is fulfilled.
The HJB equation becomes

(r0)elOmalx (@) [3OE[s(r, V)% + 97 S0V () +{ApEls(r, V)] = (p = m)m)

+ a9}V (z) = 6V (z) — axlz < 0} =0.

In the general case it is very difficult to find a closed-form solution. Therefore,
we have to make some restriction. At the beginning we investigate several
cases and we motivate the key problems. Firstly, let « > 0. If n > p, it is

optimal to apply the trivial strategy (Ry,0;) = (0,0) and V(z) =0. If n < p
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Figure 4.1: Value functions for proportional and excess of loss reinsurance

from Example and Example

and investments are not constrained, we have the same equation as in [23|
Section 2.1]. Here, a solution is given by f(z) = C %% where C is a free
constant and (7 is choosen such that the HJIB equation is solved.

If z < 0 it appears difficult to solve the HJB equation explicitly. Consid-

ering proportional reinsurance and I(z) = R™, we obtain the equation

V'(x)? ,
—5 Vi) Amy(p—n)V'(x) — 6V (z) —ax =0
where
by 2
5= g Momy
ma
in case of
_pm Vi@
mo V"(x) —

A similar equation was already solved in [37]. Nevertheless, the problem re-
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mains to find a solution to the HJB equation in case of

_pm V'(x)?

e Vi) L

Due to the complexity of reinsurance, this section is restricted to the case
where the insurer does not buy reinsurance and where n = 1. Moreover,
investment constraints are that neither short-selling nor taking money from
any other sources to buy stocks is allowed. That is, the set of all admissible

control values becomes
I(z) ={Y € R: 0 <Y <max(z,0)} .

Note, that it is not necessary to assume that 0 < o).

Now, the controlled surplus process is given by
AdX? = (u+ a16;) dt + o dW; 4 v16; dB} (4.15)
and the HJB equation becomes

it 508 + otV (@) + (o ard)V (2)

6V (z) — azle < 0] =0. (4.16)
Following [39] we assume that
a1 <6 . (4.17)

Otherwise the solution to the HJB equation becomes very complex. If the
surplus is negative, no investments are allowed at all and the HJB equation is
given by

02V (z) + pV'(z) = 6V (z) —az =0.

This equation is solved by

0x +
52

fi(x) = C1 87 1 Ch 8% —a
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where & < 0 < & are the roots of the equation 0262 4+2ué —28 = 0 and C1, Cy
some constants. As in Section[2.5] the value function is linearly bounded which
enforces Cy = 0.

For x > 0 we have to solve

inf [3(0% + o}V (2) + (n+ )V (z) = 6V (x)| =0.  (418)

0<d<ax
If V'(z) < 0 < V"(z), we obtain the minimum at J(z) = 9(z) A z, where

ooy ar V'(z)
I x) = U% Vi)

If 0 < x < 9(z), equation ([.18) becomes

(o + 032V (2) + (u+ ar2)V'(2) = 6V (2) = 0. (4.19)

Paulsen and Gjessing [55] showed that, if (4.17)) holds, equation (4.19)) is solved
by
fa(x) = C3D(z,v+ 1)+ C4E(zx,v + 1) ,

where
2a1 2 R 2a1
=1 1 = 1+ =2
v 2[\/(1;% )+U% (*Ufﬂ’
o 2a1
D(a:,/@):/ (t—2)"K(t)dt, -1<rk<14+20+—,
x U1
* e 2a1
Bz, ) :/ (@ — ) K(t)dt, —1<r<1+2+ -2
00 vy
with

2 t
K(t) = (022 4 02)~WH+a/m) o [_0751 arctan(%)}

and some constants Cs, Cy. Moreover, we find

d d
b — kD(z,k—1), —FE — kE(z, 5 — 1
and
d d
@D(m‘, k) =k(k —1)D(z,k — 2), @E(m, k) =k(k—1)E(z,k —2) .
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Notice that (@.17) implies v > 0 and therefore f}(z) exists. If x > 9(x), we

obtain the equation

_ai V'(@)°
202 V()

+ 302V (z) + pV' () — 6V (z) = 0.
A solution to this equation is given by
fa(x) = C5e”

where &3 is the negative solution to the equation 02¢2 + 2ué — 25 — a3 /v? =0

and Cj is a free constant. Supposing that V(z) = f3(z) for x > 9(x), we get

ai

Hz)=0=———>0.
(@) viés

Now, we have to determine Cy, C3, Cy and Cj5 such that f1(0) = f2(0), f1(0) =
£40), f2(9) = f3(9) and f5(9) = f4(19). These equations are fulfilled if

ap

01:572

+C3D(0,v +1) + C4E(0,v + 1),
Cy = Ka(d — p&)[(v + VEW,v) — &EEW, v +1)],
Cy = Ka(d — p&)[(v +1)D,v) + &D(D, v+ 1)]
and
Cs = Ka(§ — p&1)[D(, v+ 1)EW@,v) + D0, v)E(@,v + 1)] e 57,

where

ij = &(v+1)[D0,v+1)EW,v)+ DW,v)E(0,v + 1)]

+ (v +1)?[D(0,v)E(¥,v) — D(V,v)E(0,v)]
+&&[DW, v +1)E0,v+1) — D(0,v + 1)E(W, v + 1)]
— (v +1D)&[D0,v)EW,v +1) + D9, v+1)E(0,v)] .
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From the differential equations we get that f;'(0) = f5(0) and f5(9) = f ().
In the next step, we show that the above function is a decreasing and con-
vex solution to the HJB equation. Obviously, D(z, k), E(z, k) > 0. Moreover,

D(z, k) is decreasing and F(z, k) is increasing. This implies
.D(JZ‘, R)E(ya H’) - D(y7 I{)E(I‘, K’) >0

if x < y. Together with &,v > 0 > &3, we obtain K > 0. Since § — u&; =
—08&1 /&2 > 0, we also obtain that C5 and Cj are positive. Thus, f3(x) is convex

and decreasing. If Cy > 0, we get f(x) > 0. If Cy < 0 and z < 9 we get that
3 (@) = f5(0) = f5(0)>0.
Thus, f is convex at least on (—oo,)]. In particular,
Ci&f = f{(0) = f3(0) > 0.
Therefore, C; > 0 and f; is also convex. Moreover,
fa(z) < f3(9) = f3(9) <0
if z < and
fi(@) < f1(0) = £5(0) <0
if z < 0. In sum, we obtain that
filz), =<0,
f(z) = foz), 0<a<9,
fa(z), x>0

is a solution to the HJB equation fulfilling the regularity conditions of the

verification theorem

Now, let 9*(z) = ¥(z) vV 0 and
AXY" = [p+ a9 (X)) dt + o AW, + 09" (XY) dB} . (4.20)
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Obviously, there exists an unique and continuous solution Xte " of ([@.20) and
[£8) is fulfilled. Taken together, we get V(z) = f(x) = V% (z), where 6 =
PP,

Example 4.3. Consider a HJB equation of the form
3Pt (@)V" () + p2(2)V'(x) = f () =0,

where p1,p2 are continuous functions. In the literature it has been discussed
that the behaviour of the associated stochastic control problem can become very

complez if the assumption
pi(x) <9 (4.21)

is violated. For instance, see Shreve et al. [65]. If p1(x) = \/o? + viz? and
p2(x) = p+ ar1x, we obtain equation . Here, we had to assume that the
strict inequality holds in order to find a solution.

Nevertheless, there are some nice solutions even if is violated. Let
v? =2, pu=0ando?>=a; =6=1. Then is solved by

fQ((I}) =Ciz+ CyV1 + 222 ,

where C1,Cy some constants. For

1v/2(11v/6 + 26)

o= =

3 V6+6

we get
eV2e —ax, x <0,
Vi@)=q(V2—a)z+vV1+222, 0<z<9,

V5 1—/102)/2
NCIESVED) el , x>

and ¥ = /1/10.
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Example 4.4. In this example, the insurer has the additional possibility to
inject capital in order to avoid penalty payments. Then, the controlled surplus

process becomes
AX9 = (4 + a160,) dt + o AW, + v160, dBE + dQy

where Qy denotes the accumulated capital injections until time t. The value of
a strategy is given by

W (z) =E, [/ e % dQ; + a/ e 0 Xt(e’Q)_ dt}
0 0

and

W (x) = (gan)v@’Q) (z)

denotes the optimal value function. We allow all increasing and adapted cadlag
processes Q¢ with Qo— = 0. Furthermore, we only consider the case o > §
and suppose that there exists a level ¢* > 0 such that it is optimal to inject

capital as soon as the surplus drops to —q*. That is, under the optimal strategy
(0%, Q%) it holds that
XD s g

This is fulfilled if

Qf = — min(oi<r;f<th(9*’Q*) + ¢, 0) .

Moreover, q* is characterised by W'(—q*) = —1 and W' (—1*) = 0. The HJB
equation becomes
min{l + W'(x), inf {%(02 + 022 )YW (x) + (u + a19)W' ()

vel(x)

— W (z) — azlaco] } =0, (4.22)
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We define o, u, 6, a1,v1, as in example [{.3. Let

fi(=q¢") = (z+q%), =< -7,
fe) = fi(z), ¢ <z <_0,

fa(z), 0<x<9,

fa(x), x>,

where

filz) =Cy V2 L eV
fo = Czx + CyV/1+ 222,
fs(a) = CeV102/2

and Cy,Co,Cs,Cy4,Cs,q* are determined such that fi(—q¢*) = —1, f{(—¢*) =
0, 11(0) = £2(0), £1(0) = f5(0), f2(9) = f5(9) and f3(B) = f3(D). Then,
f(x) is a twice continuously differentiable, decreasing and convex solution to
that vanishes at infinity. Now, one can easily show that W (z) = f(z) =
W@ (), where Xt(e*’Q*) is the unique solution to

dx) — (X0 dt + AW, + V20 (X?7) dBL + dQ;

and that 0 = 19*(X15(9*’Q*)). It remains unclear whether or not this result also

holds in the general case.

Figure [4.2]illustrates the value functions of Example [4.3]and Example

4.5 Quadratic Penalty Payments

In this section we study a quadratic function ¢(z) = (aez? — a12)1,<0, where

a1,ay > 0. The condition (4.4) obviously holds. As in the section above it
is very hard to solve the general HJB equation explicitly and we assume that

the insurer does not buy reinsurance.
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Figure 4.2: Value function with and without capital injections from Exam-

ple and Example [£.4]
If n=1and
I(x) ={9 € R: 0 < ¥ < max(z,0)},
the HJB equation becomes
sV () + pV' () — 6V (2) + agz® — ayz = 0

when x < 0. This equation is solved by

(ox? — a17)0?% + [(0% + 2zp) g — pag]d + 2pag

fi(m) = CL e ™ +Cy " + 5 ,

where & < 0 < & are the roots of the equation 0262 +2ué —25 = 0. For . > 0
we obtain the same equations as in section 5 and therefore we can determine
the optimal strategy analogously. Thus, we only consider an example at the

end of this section.
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In the following we let n > 1 and set I(z) = R™. If z > 0, the HJB

equation reads

V’($)2
V()

+ 30V (z) + pV' () — 6V (z) =0

This equation is solved by h(z) = C'e51% where £; is the negative root of the
equation 022 + 2ué — v — 20 = 0. If z < 0, we have

VI(Z')2

-7 V' (z) + %UQV”($) + le(x) — oV (x) + OZ2$2 —ajx=0. (4.23)

We make the ansatz
g(x) = C + Ctra + 1022 |

Obviously,

is twice continuously differentiable and vanishes at infinity. Moreover, f is

convex and decreasing if C' > 0. Choosing

2&2
C=——"2—
£7(0 4 27)

and plugging g(z) into equation (4.23)), we obtain
(0 +7)1an + (47 — 2u&1 +26)az = 0. (4.24)

Thus, if we choose a1 and «ag such that holds, f is a solution to the
HJB equation fulfilling the regularity conditions of the verification theorem .
For general a1 and as it is very difficult to find a closed-form solution. Nev-
ertheless, even under the restriction in there are still some meaningful

parameters. For example, if

_ 2(2y — p&1 +9) = —&1(2y +9)
4y +20 = &1(2p + 0 + 27) 4y +20 —E(2u+6+2y)

ay (4.25)
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we have 0 < a1, a9 < 1 and a1 + ag = 1.

Let
_1/51 -z, =<0,

Y(z) =
—1/&1, x>0

and

Then, the optimal strategy is given by

0; = (X",

where Xf * is the unique solution to

AX}7 = jidt + o AW, + (X, )" S a dt + (X)) (S a)o dBy

with B = (BY, B, ..., B").
Example 4.5. In this example we choose oy, s as in (4.25). Furthermore,

we setn =3, u=0,0>=6=1,a=(1,0.3,0.2)T and

V2 0 0
v=105 02 03
03 04 0

Then, the optimal value function is given by

14+ &x+ %5%%2, x <0,

Vi=3(z) = C
ef1T, z >0,

where & = —/2(14+7), v = 0.26299 and C = 0.22975. Moreover,

9*(z) = (0.62920 — 2)(0.64667, —0.52764,0.18799)" .

96



Example 4.6. As mentioned at the beginning of this section, we now consider

an example where n = 1 and investments are constrained by
I(z) ={9 € R: 0 < ¥ < max(zx,0)} .

Moreover, we set u, o, 6, ay, as as in the previous example, a1 = 1 and

v1 = /2. Then, the optimal value function becomes

1 eV2 +ag — a1z + awx?, <0,

V' 2) =S Cyr + Cyv/1 + 242, 0<z<9,
C4eim/21, T > 1§,

where 9 = 1/v/10 and C1,Cs,Cs,Cy are determined such that V=1 is contin-
uwously differentiable. As in section 5 it follows from the differential equations
that V=1 is twice continuously differentiable. Moreover, 0f = V%_1(X!") is

an optimal strategy where 9% _, (x) = (9Az)VO and X?" is defined as in ([#.20)).

Figure [£.3] and [4.4] illustrate the value and control functions from Exam-

ple and Example
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Figure 4.3: Value functions from Example 4.5 and Example
4.6 Power Functions

Finally, we consider power functions ¢(x) = a(—x)*1,-9, where a > 0 and
k > 2. Here, holds for all o, k. In this section, we assume that all claims
are reinsured by proportional reinsurance with p = 1 and that there are no
investment constraints. In practice it is not usual that all claims are reinsured,
but note that it is optimal to apply the trivial strategy (R, 60;) = (0,0) and
V(z) = 0 when z > 0. The HJB equation becomes

V/([B)2

y Vi) oV () + a(—2)fl,c0=0. (4.26)

Plugging h(z) = C(—z)*1,< into the HJB equation, we obtain

kC

Thus, A solves (4.26]) if
alk—1)
C=———"—.
v+ d(k—1)

98



1,5
1,0

054 ..

70,5—_ e

,1’0__ ,/‘

Figure 4.4: Control functions from Example and Example

Now,

0, x>0
is a solution to the HJB equation that fulfils all regularity conditions. There-
fore, f(x) = V(x) and

1, _
9 (z) = —%Z la

denotes the optimal control function.
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Appendix A

Stochastic Analysis

We used several results from probability theory and stochastic calculus in this
thesis. This appendix gives a short overview to this topic. For a more detailed
insight see for example [22] 40} [4T], 53|, [63]. Note, that we do not prove the
lemmas and theorems in this section, because we only mention well-known

results.

A.1 Stochastic Processes and Martingales

We assumed that the surplus of an insurance company is given by a stochastic
process. Before we give the mathematical definition of a stochastic process we

have to introduce the concept of almost surely (a.s.) and null sets.

Definition A.1. We say that an event A occurs almost surely (a.s.) or that
an event holds for almost all w if it occurs with probabilty 1, that is P(A) = 1.
We call an event P—null set if P(A) = 0.

Definition A.2. A stochastic process is a family X = {Xi}er of E-valued
random variables defined on a probability space (Q,F,P), where (E,£) is a
measurable space and I is given either by N or R. If I = N, we call X a

101



discrete-time stochastic process and if I = Ry we call X a continuous-time
stochastic process, respectively. For an w € Q, the function t — X;(w) is called
path or realisation of the process. If t — Xy(w) is continuous (left continuous,
right continuous) for almost all w, the process X is called a.s. continuous (left
continuous, right continuous). If X is right-continuous and its left limits exist

at all points, we say that X is a cadlag process.

The most popular stochastic process is the (standard) Wiener process
which is also called standard Brownian motion. We used this process to get

an approximation to the Cramér—Lundberg model.

Definition A.3. We call a process W = {W,}+>0 (standard) Wiener process

or Brownian motion if
1. It holds a.s. that Wy = 0.

2. For 0 < tgp < t1 < ta < --- < ty the increments Wy, — Wy, Wy, —
Wiy oo, Wy, — Wy, are independent.

3. If 0 < s < t it holds that Wy — W5 ~ N (0,t — s), where N'(0,t — s) is a

normal distribution with mean 0 and variance t — s.
4. X is a.s. continuous.

The Wiener process has a number of nice properties given in the following

lemma.
Lemma A.1. Let W be a Wiener process and s,t € Ry. Then
i) We have EW Wy = s At.
it) The processes {Wsit — Witis0, {—Witiso and {Bi}i>0, with By = tWy ),

ift >0 and By = 0, are Wiener processes.
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iii) Let s < t and (Ap)nen be a sequence of partitions s =t < t7 < --- <
ty, =t of the interval [s,t]. Define

kn—1

T[th] = Z [Wt?+1 B Wt?]z :
1=0

If maxizo,m’kn,l(tﬁl —t1') converges to zero, then
Jim P(TE g = (¢ = 5) 2 ) =0

for alle > 0. We say that T[’;’t] converges to t — s in probability and that
the Wiener process is of bounded quadratic variation. Consequently, the

Wiener process has unbounded variation, i.e. the value

kn—1
sup ) Wy, — Wy
An =0
does not exist almost surely.
i) It holds a.s. that
: Wi
lim sup

RS S—
t—oo /2tloglogt

and

lim inf L =
ts—co /2tloglogt

Another popular process which we used to define the Cramér—Lundberg

model is the Poisson process.

Definition A.4. A cdadlag process P = {P;}i+>0 is called Poisson process with
intensity A if

i) Po =0 almost surely.
ii) Pr — Ps ~ Py—s) for s < t, where Pyy_s) is a Poisson distribution with

parameter \(t — s).
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iti) For 0 < ty < t1 < ta < --- < ty the increments P, — P, P, —

Py,...,P, — P, , are independent.

Obviously, a Poisson process is a jump process and does not have contin-

uous paths, but there are also some nice properties given in the next lemma.

Lemma A.2. Let P be a Poisson process and 0 < s < t. Then the following
holds.

i) The process { Psy+ — Ps}t>0 is a Poisson process.

i) Let (An)nen be a sequence of partitions 0 =t <t < ... <t} =1 of the
interval [0,t]. If max;—o, . x—1(t} 1 —t}) converges to zero, then
k—1

2 Py, — Pyl = P

=0
in probability. One says that a Poisson process has quadratic variation

equal to itself.

An extension to the Poisson process is the compound Poisson process,

which is used to model the claims in the Cramér—Lundberg model.

Definition A.5. Let N be a Poisson process and {Y,}n=12.. a sequence of

itd random variables independent of N. The process {Z;}+>0 with
Ny
Zy=> Y,
n=1
1s called compound Poisson process. As a special case the Poisson process is
obtained if Y, = 1 for all n.

Considering a stochastic process {X;}icr, we are often interested in the
limiting value as t tends to co. The following theorems give sufficient condi-

tions for the interchange of the limit and the expectation.
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Theorem A.1 (Bounded convergence theorem). Let {X;}icr be a stochastic
process and it holds a.s. that X; — X, t — oo. Moreover, | Xi| <Y for all t,
where E(Y) < co. Then, lim;_,oo E(X:) = E(X).

Theorem A.2 (Monotone convergence theorem). Let {X;}er be a stochastic
process and it holds a.s. that Xy — X, t = co. Moreover, Xy < X; a.s. for

all s <t. Then, limy_, o E(X;) = E(X).

Now, we introduce the concept of filtrations. A filtration contains all his-
torical information which is available about a stochastic process. Concretely,
a filtration is a family of o-algebras {F;}ier with Fy C F; for s < t, where
Fi represents all information of a process until time ¢. We call a filtration
complete if Fy contains all P-null sets. For I = R we call a filtration right-
continuous if

]:t:]:tJr:: ﬂfs

s>t

A process X is adapted to the filtration {F;}er if Xy is Fi-measurable for all
t. The filtration F/X generated by the process X is called natural filtration.
Further important stochastic processes are martingales, which are used to

model a fair game. In this thesis, we consider martingales in continuous time.

Definition A.6. Let X = {X;}:i>0 be a stochastic process in continuous time
and {Fi}t>0 a filtration. Then, we call {(X¢, Ft) >0 a martingale in contin-

wous time if for all t > 0 it holds
i) Xy is Fy-measurable,

iii) E[X¢|Fs] = X5 for s <t.
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Remark A.1. i) Having a stochastic process {X:}i>0, one typically consid-
ers integrable random variables and the natural filtration. So the charac-
teristic property of a martingale is given by iii) in the definition above.

Therefore, we generally call {X¢}i>0 a martingale if iii) is fulfilled.
ii) The process {Xi}i>0 is called supermartingale if for s < t it holds
E[Xt|]:s} < Xs

and submartingale if
E[X}|Fs] > Xs

respectively.

Example A.1. i) Let us consider a Wiener process W. Then, {W;}i>o,
{W2 — t}>0 and {W} — 6tW2 + 3t2}i>0 are martingales.

it) For a Poisson process P = {P,};>0 with intensity A the process {P; —

At}i>o is also a martingale.

A very popular result in martingale theory is Doob’s martingale conver-

gence theorem stated in the following.

Theorem A.3 (Martingale convergence theorems). Let {X;}ier be a sub-
martingale with sup, E|X;| < oo and I = Rt or I = N, then there ezists a

random variable X such that X; converges a.s. to X*°.

In Chapter [1| we mentioned, that in classical risk models, ruin occurs the
first time when the surplus process becomes negative. To describe the time of

ruin we have to define a so-called stopping time.

Definition A.7. Let {Fi}ier be a filtration. A mapping 7: Q — I is called
Fi-stopping time if {T <t} € F; for allt € I. The set

Fr={AeF : AN{T <t} € F forallt € I}
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is called pre-T-o-algebra.

Example A.2. Let Xy = x + ut + oW,y describe the surplus of an insurance
company and {Fi}i>0 be the filtration generated from the process Xi. Then,
the first time when the surplus becomes negative T = inf{t > 0: X; <0} is a

Fi-stopping time.

Considering stopping times, the stopping theorem, mentioned below, is a

very helpful result.

Theorem A.4 (Stopping theorem). Let {(Xy, Fi)}tier be a submartingale,
I =R" or I =N and 7 a F;-stopping time. Then, {(Xinr, Finr) hter is also a

submartingale.

A.2 Stochastic Integration

In this thesis we considered integrals of the form [} f(X;) dWs, where W is
a Wiener process, f a twice continuously differentiable function and X; some
continuous stochastic process. Now, we give a short introduction to integrals,
where the integrator is a continuous martingale M.

In the first step we define the stochastic integral for so-called simple pro-

cesses given by
n

Hy(w) = Zhi—l(w)l(ti_l,ti](s) )

i=1
wheren € N, 0 =tg <t <--- <t,and h;—1 is bounded and F;, ,-measurable

for i = 1,2,...,n. Let H denote the set of all simple processes. For a simple
process we define
t n
/0 Hy dM, =3 hi y(Mype — M, i n0)
i=1

for t > 0.
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In the next step we consider progressively measurable processes, but first

we have to introduce the product o-algebra.

Definition A.8. Let C; be a o-algebra on Q;, i = 1,2. Then, we define the

product o-algebra C on
Q= Ql X QQ = {(wl,WQ) Wi € Ql,WQ € QQ}

by
C=C®C=oc({m 1 (A): A €Cii=1,2})

with m;: Q@ — Qi mi(w) = w;, 1 =1,2.

Definition A.9. Considering a filtration {F;}i>0, we call a process {Xi}>0

progressively measurable if for all t > 0 the mapping
Qx1[0,t] = R, (w,s) = Xs(w)

is Fr @ (BN0,t]) measurable, where BN [0,t] is the Borel o-algebra on the

interval [0,t].

Now, we have to introduce the quadratic variation of a continuous martin-

gale, which is specified by the next theorem.

Theorem A.5. Let {M;}i>0 be a continuous martingale. Then, there exists
an a.s. unique, continuous, increasing and adapted process {[M]}i>0 with

[M]o = 0 such that {M? — [M]:}+>0 is a continuous martingale.

Remark A.2. i) The process [M] is called quadratic variation of the con-

tinuous martingale M.

it) For a Wiener process W, we get by Lemma iv) and E:wmple i)

that
kn—1
[W]t =t= nh_}I{.lo Z [Wt;zrl — Wty]Q ,
=0
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where (Ap)nen is a sequence of partitions 0 = tf <t} < .- <t} =t of

the interval [0,t] with max;—q, . p,—1(t}; — 1)) = 0, n = oo.

iti) Considering stochastic martingales M, N one can also show that there
exists an a.s. unique and adapted process {{M, Nt }i>0 with [M,N]o =0
such that {MyNy — [M, N]i}i>0 is a continuous martingale. The process
[M, N] is called covariation of M and N and is given by

[M,N]; = —([M + N] — [M — NJ) .

1

4
Note that [M, M] = [M].

Since [M] is an increasing process, we can define the measure ) ((0,t)(w) =

[M]¢(w). For a progressively measurable process H the Lebesgue-Stieltjes in-

tegral is given by

) Hse) i) = [ H) dpane).

where the expression of the right-hand side is the Lebesgue integral of H
with respect to the measure p[p;. We do not introduce the Lebesgue integral
because we only consider Riemann integrable functions H and in case of a

Wiener process we get the Riemann integral

t t
/Hsd[B]s:/ H, ds .
0 0

Now, let P2(M) be the set of all progressively measurable processes H with
t 1/2
H |y = (E[/ H2dM]]) T < oo
0

Moreover, let M? be the set of all continuous martingales with

1/2
|| = ( sup B[MP]) " < oo
0<s<t

One can show that M? is complete, that is every Cauchy sequence of points

in M2 has a limit in M?2. Further, for H € P?(M) there exists a sequence of
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simple processes H™ € H such that |[H"™ — H||as converges to zero as n tends

to infinity. The Itd isometry says that

t
| [z ant | =

Now, we define
t
/ H, dM,
0

as the limit of the Cauchy sequence

t
zp:/HngS.
0

A.3 1Ito’s Formula and Stochastic Differential Equa-

tions

In this section we state the main result of stochastic calculus, It6’s formula,
and we consider stochastic differential equations. Generally, we apply Itd’s
formula to continuous martingales in this thesis, but it is also possible to
apply It6’s formula to semimartingales. The definition of a semimartingale is

given in the following.

Definition A.10. i) A stochastic process M adapted to a filtration {F}+>0
is called a local martingale if there exists a sequence of stopping times

Tn T 00 such that { M., rt — Mo }+>0 s a martingale adapted to the filtration
{Frantte=o-

i) A semimartingale is a stochastic process X with Xy = My +Y;, t > 0,
where M is a local martingale and Y a process of bounded variation with

Yy =0.

Note that the stochastic integral introduced in the previous section can be

extended to semimartingales. In the next theorem we give It6’s formula.
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Theorem A.6 (Itd’s formula). Let f: R™ — R be a twice continuously dif-
ferentiable function and X = (X', X2, ..., X") be a semimartingale. Then, it

holds a.s.

t .
f(Xy) = f(Xo) +Z/ gwfj ) dXx?

#3 2  rgasXe) A00. X1

+ Y e ) - o - xl)

0<s<t j=1
Now, we introduce stochastic differential equations. We consider differen-

tial equations of the form
dXt = [L(t, Xt) dt + O'(t, Xt) th s (Al)

€ [0, 7], where {W; }4c[o,7 is a standard Wiener process and j1,0: [0, T]xR —
R are measurable functions. Here, equation ({A.1)) is interpreted as the integral
equation

t t
X =X +/ u(s, Xg) ds +/ o(s, Xs) dWs .
0 0

Definition A.11. A stochastic process X with initial value Xg is called a

solution to (A.1|) if for all t € [0,T] it holds
t t
X =X, +/ u(s, Xg) ds +/ o(s, Xs) dWs .
0 0
A very popular differential equation is the following.
dXy = pXy dt + o Xy dWy (A.2)

where pu,0 > 0. Let us suppose that we have a solution of the form X; =
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f(t,Wy). Then, 1t6’s formula implies

t t
FEW,) = f(O,Wo)+/ ‘;z(s,ws) ds—i—/o gi(s,ws) aw,

taZf
5 | 5 W) A,

t:0 10?
= f(0,0)+/ (a—ﬁ(s,Ws)+§aTUé(s,Ws)> ds

[ Sy aw,

or in differential notation

of 1 0%f of

dX, = <8t (LW + 55 S5 (6 W) dt + 5 (1, W) AW
Solving the differential equations
_of 10%f
wf(t,w) = a(tw) + 5@(@“))

and

we get a solution to (|A.2)). One easily can show that
X, = Xo exp{(y —a?/2)t + UWt} :

This process is called geometric Brownian motion and is commonly used to
model future prices in financial mathematics, for example to model the evolu-

tion of stock prices, FX rates and swap rates (here = 0).
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Appendix B

Markov Theory and

Infinitesimal Generators

In this thesis we considered HJB equations of the form

sup|g(,w) + ALV (@) = 3V (@)]| =0,

where A, denotes the infinitesimal generator of a stochastic process. Here, we
give a short introduction to Markov theory and infinitesimal generators. For
a more in depth study see [19} 29].

Firstly, we define a Markov process.

Definition B.1. Let (E, ) be some measurable space. An E-valued stochastic

Process X is called F-Markov process if X is adapted to F and
P[Xt+s S A|ft] = ]P[Xt+5 S A|Xt]

for each A € £ and s < t. One says that the future of the process only depends

on the present state of the process. The function
Pt(8,$, A) == P[Xt+5 € A‘Xt == .CL']
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is called transition function. The process X is called homogenous Markov

process if the transition function does not depend on t. If
P(qu.s S A|.FT) = P(S, X7, A)
for all stopping times T', we call X a strong Markov Process.

In the following B(FE) denotes the set of all measurable bounded real func-
tions on E endowed with the supremum norm || f|| = sup,cg |f(z)|. Now, we

define the infinitesimal generator of a Markov process

Definition B.2. Let X be a Markov process. Then, define the operator

1
Af(@) = lim JE[f(X0) ~ (@) X0 =

if the right-hand side converges uniformly on B(E). We call A the infinitesimal
generator of the process X. The set D(A) of all functions f for which Af(x)

exists is called domain of the infinitesimal generator.

Obviously, the Cramér—Lundberg process is a Markov process, because
it has stationary and independent increments. The next example gives the

generator of the Cramér-Lundberg process.

Ny

Example B.1. Let Ly = x+ct— >, Y;, t > 0 be a Cramér—Lundberg pro-
i=1

cess and F' be the distribution function of the claims. Then, the infinitesimal

generator of X is given by

Af(a) = cf' (@) + A | T F@—y) dF(y) — Af(x)

A very popular theorem linking infinitesimal generators to martingales is

the following

Theorem B.1 (Dynkin’s theorem). Let X be a Markov process and f € D(A).
Then, the process Y with

Y= FX0) - 1K)~ [ AFCX) ds,
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t > 0, s a martingale.

The solution to the HJB equation is often unbounded. In the literature,

the definition above is extended to a full generator (cf. [29]).
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