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Abstract

In this thesis we solve several classification problems from Lie theory and commu-
tative algebra.

In the main part of this thesis, we study Harish-Chandra modules of some classical
Lie groups of real rank one.

In the case of the Gelfand quiver, which is related to Harish-Chandra modules over
the Lie group SL(2,R), we construct all indecomposable nilpotent representations.
We compute their projective resolutions, contragredient duals and basic homological
invariants. We give further an explicit description of the Auslander-Reiten transla-
tion on the derived category of the Gelfand quiver.

For Khoroshkin quivers, which correspond to Lorentz groups of type SO(n,1) or
SO, (n, 1), we give an intrinsic description of the derived Auslander-Reiten transla-
tion 7 and characterize the 7-periodic objects in the derived category.

In the more general setup of nodal orders, we give a homological characterization of
the indecomposable objects in the derived category. At last, we reduce the problem
to classify the indecomposable modules over any nodal order to a matrix problem.

In the shorter part of this thesis, we study Cohen-Macaulay modules over some
non-reduced curve singularities.

We prove that the rings k[z,y, 2] /(z y,y" — 2°) have tame Cohen-Macaulay repre-
sentation type. For the singularity k[[z,y, 2] /(x y, 2°) we give an explicit description
of all indecomposable Cohen-Macaulay modules and apply the obtained classifica-
tion to construct families of indecomposable matrix factorizations of the potential
*y? € K[z, y].
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Zusammenfassung

In der vorliegenden Dissertation 16sen wir diverse Klassifikationsprobleme der Lie-
Theorie und kommutativen Algebra.

Im Hauptteil dieser Dissertation untersuchen wir Harish-Chandra Moduln von klas-
sischen Lie-Gruppen von reellem Rang eins.

Im Fall des Gelfand-Kochers, der in Verbindung zu Harish-Chandra Moduln der
Lie-Gruppe SL(2, R) steht, konstruieren wir alle unzerlegbaren nilpotenten Darstel-
lungen. Wir berechnen ihre projektiven Auflésungen, kontragradienten Duale und
ihre wese- ntlichen homologischen Invarianten. Weiterhin geben wir eine explizite
Beschreibung der Auslander-Reiten Translation in der abgeleiteten Kategorie des
Gelfand-Kéochers.

Fiir Khoroshkin-Kécher, die zu Lorentz-Gruppen vom Typ SO(n, 1) oder SO, (n, 1)
korrespondieren, geben wir eine intrinsische Beschreibung der abgeleiteten Auslander-
Reiten Translation 7 und charakterisieren die 7-periodischen Objekte in der abgeleit-
eten Kategorie.

In der allgemeineren Situation der nodalen Ordnungen geben wir eine homologische
Charakterisierung der unzerlegbaren Objekte in der abgeleiteten Kategorie. Zuletzt
reduzieren wir das Problem der Klassifikation aller unzerlegbaren Moduln einer be-
liebigen nodalen Ordnung auf ein Matrixproblem.

Im kiirzeren Teil dieser Dissertation untersuchen wir Cohen-Macaulay Moduln iiber
nicht-reduzierten Kurven-Singularitaten.

Wir beweisen, dass die Ringe k[z,y,2]/(zy,y" — 2*) zahmen Cohen-Macaulay
Darstellungstyp haben. Fiir die Singularitét k[z,y, 2] /(zy, 2°) geben wir eine ex-
plizite Beschreibung aller unzerlegbaren Cohen-Macaulay Moduln und benutzen
die dadurch gewonnene Klassifikation um Familien von unzerlegbaren Matrix- Fak-
torisierungen des Potentials 2° y* € k[z, y] zu konstruieren.



Introduction

This thesis belongs to representation theory and is divided into two parts. In the
main part of this thesis, we investigate Harish-Chandra modules over real Lie groups
of rank one. In the short part, we consider Cohen-Macaulay modules over non-
reduced curve singularities. In both parts, we classify the indecomposable represen-
tations of some one-dimensional order using the technique of matrix problems.

The study of Harish-Chandra modules is motivated by their close relationship to
analytic representations of Lie groups. In general, non-compact Lie groups have
indecomposable representations which are neither irreducible nor unitary. Such rep-
resentations are related to unstable particles in physics and have attracted a lot of
interest from the mathematical as well as the physics community (see [Can90] and
references therein).

The investigation of indecomposable Harish-Chandra modules was initiated by Zh-
elobenko, Gelfand and Ponomarev, and evolved as follows:

e In [Zhe59| Zhelobenko reduced the study of Harish-Chandra modules over the
Lorentz group to the study of nilpotent representations of the quiver

X
Yl e xy=yz=0.
Z *

e The classification problem of Zhelobenko’s quiver was solved by Gelfand and Pono-
marev in [GP68|. Their work had a big impact on the representation theory of
quivers and was also used by physicists.

e At the International Congress of Mathematicians in 1972 1. Gelfand raised the
problem to classify the indecomposable nilpotent representations of the quiver

b, b_

./\4.»/‘\.

I P N A
a, a_

b+ a+ - b_ a_,

stating that the problem “is apparently solvable but leads to considerable difficul-
ties” |Gel71].

The study of the Gelfand quiver is motivated by the fact that the category of its
nilpotent representations is equivalent to any non-trivial block of Harish-Chandra
modules over the Lie group SL(2,R).

e Shortly afterwards, Nazarova and Roiter reduced Gelfand’s problem further to a
matriz problem, that is, a certain problem of linear algebra, and proved that this
problem is tame [NRT73].

e In [Kho80| and [Kho81] Khoroshkin obtained similar quiver descriptions for the
principal blocks of Harish-Chandra modules over the Lie groups SU(n, 1), SO(n, 1)
and their identity components SO,(n, 1).



(1) The quiver associated to the connected Lorentz group SO, (2n+1,1) is gentle:

X X X X
(Q,1)opy1 = YCO/—\‘ o Yo o o7
n'\_/n—l\_/n—Z 2\—/1\—/*

Z Z pa pa

with relations xy=yz=0 and x*=2z"=0.

Their representations can be understood by similar methods as in the work of
Gelfand and Ponomarev. In particular, there are two types of indecomposable
objects: usual strings and bands. The same holds true for Khoroshkin quivers
associated to the disconnected Lorentz groups SO(n, 1) for any n € N*.

(2) The quiver for the Lorentz group SO, (2n + 2, 1) is skew-gentle:

i b
+ X X
(Q I) — a+ .............. /—\ ....... /\ ................................................... ./\./—\. ..........
2 a/ n\_/n N2 22X 1Nk | ¢
b_
with relations b+ a,=b_a, xbp=a;z=0 and X2 =22 = 0.

The even series of Khoroshkin quivers includes the Gelfand quiver as the
simplest case and possesses a special involution ¢. By Khoroshkin’s results
these quivers are also tame.

(3) The quivers of the Lie groups SU(n, 1) have wild representation type for any
n > 2. The same is true for any real Lie group with rank greater than one.

e Bondarenko [Bon88| and Crawley-Boevey [CB89| were the first to describe ex-
plicit bases for the indecomposable representations of the Gelfand quiver using
completely different methods. Other solutions of Gelfand’s problem were obtained
by Deng [Den00] and Iyama [Iya05|.

e In [Dro91] Drozd defined nodal orders which include the completed path algebras
of Khoroshkin quivers. He proved that nodal orders are the only orders which have
tame categories of finite-dimensional modules.

e Burban and Drozd proved that nodal orders are even derived-tame [BD04|. They
have shown that the indecomposable objects of the derived category of any nodal
order are given by four classes: usual, special and bispecial strings, and bands.
These classes are defined in purely combinatorial terms.

In spite of all aforementioned results, the homological and functorial properties of
the indecomposable representations of the Gelfand quiver as well as the Khoroshkin
quivers remained to be clarified.

In the following we describe the main results of this thesis in a compact form. A
more detailed presentation of these results can be found in the summary following
this introduction.

In the main part of this thesis we obtain the following results on the Gelfand quiver,
the Khoroshkin quivers and nodal orders:
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1. We give an explicit description of the indecomposable nilpotent representations
of the Gelfand quiver, their projective resolutions, their contragredient duals and
their homological invariants (namely the projective and injective dimension, Jordan-
Holder-multiplicities, Euler characteristic, top and socle). These statements are

described in Theorems [5.1.8} [5.4.7| and [5.2.7] and [5.3.6|

2. We compute the derived Auslander-Reiten translation on strings and bands of
the derived category of the Gelfand quiver. As an application of this result, we show
that there is only one generalized spherical autoequivalence of the derived category.
These results are stated in Theorem [4.3.10] and Corollary [1.3.26]

3. We study the derived Auslander-Reiten theory of Khoroshkin quivers. In partic-
ular, we give an intrinsic description of the derived Auslander-Reiten translation 7,
and show that bands are 7-invariant, bispecial strings have 7-period two, while spe-
cial or usual strings are not 7-periodic. These statements can be found in Theorem

2.2.3] and Corollary [3.6.4]

4. We give an intrinsic characterization of the four classes in the derived category of
finite-dimensional modules over any nodal order. Namely, we introduce the defect
and show that this homological invariant is vanishing for bands and bispecial strings,
one for special strings and two for usual strings. Furthermore, there is a natural
involution functor which preserves any band, but no bispecial string. In the case of
Khoroshkin quivers of connected Lorentz groups, the defect and the involution have
a Lie-theoretic interpretation. The characterization of the four classes is described

in Theorem [3.6.2]

We study the classification problem of indecomposable modules over any nodal order.
In an equivalent formulation, we identify the strings and bands which correspond
to projective presentations in the derived category of the nodal order. We give two
descriptions of the projective resolutions in the derived category. The result on
projective presentations is given by Theorem [3.5.18 and the last two descriptions

by Propositions [3.3.1] and [3.3.11]

In the short part of this thesis, we are concerned with Cohen-Macaulay modules
over some curve singularities.

Cohen-Macaulay modules over Cohen-Macaulay rings continue to be a thriving sub-
ject. They constitute the commutative realm of the representation theory of orders,
are related to algebraic geometry (McKay correspondence) and have applications in
physics (matrix factorizations).

So far, the following is known about the Cohen-Macaulay representation type of
curve singularities:

e In [DGI92| Drozd and Greuel characterized all reduced curve singularities which
are Cohen-Macaulay tame. A family of such singularities is given by the rings

Py = Klr,y.2)/(zy.a? +y" = %), where p.q € N, (*)

e Recent work [BD] of Burban and Drozd provides a family of non-reduced curve
singularities of tame Cohen-Macaulay type. The maximal degeneration of this
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family is given by the ring T. . = k[z,y]/(z°y?). The explicit form of its inde-
composable Cohen-Macaulay modules or matrix factorizations is yet unknown.

In the short part of this thesis, we study natural degenerations of the family of curve
singularities in (|+)):

Py = k[z,y,2]/(xy,y" —2°)  and P =k[z,y,2]/(zy,z%)

5. We prove that the non-reduced rings P, and P, have tame Cohen-Macaulay
type. We give an explicit description of the indecomposable Cohen-Macaulay mod-
ules over the rings P, P, and P,, for all odd values of p and ¢q. These results

are contained in Theorems [I.2.], and Remark [1.3.21]

As a Corollary, we obtain a partial, but concrete classification of the indecomposable
Cohen-Macaulay modules of type T_,.. This application is described in Remark
.3.20)

The results on Cohen-Macaulay modules are available as a preprint in a slightly
different form [BGI.

In both parts our approach to classification problems is based on the category of
triples developed by Burban and Drozd [BDO04), BD] together with Bondarenko’s
combinatorics of matrix problems over bunches of semichains |Bon88l, Bon91].
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Summary

In the following we give an extended introduction to this thesis in which we describe
our main results in more detail. The description of the structure of this thesis is
depicted on page [31}

In the summary below we describe first some Lie-theoretic background behind the
main part of this thesis.

Then we present the five results of the short introduction in more detail.

At last, we describe the method unifying both parts and the structure of this thesis.

From Lie groups to quivers

Since the original motivation to study the Gelfand quiver came from the analytic
representation theory of Lie groups, we give a brief review of Harish-Chandra’s
correspondence.

In [HC53| Harish-Chandra developed an algebraic theory to study admissible rep-
resentations of any real reductive Lie group G.

The class of admissible representations is big: it contains all irreducible unitary
representations and any other “natural” analytic representation of the Lie group
G. The algebraic properties of admissible representations can be studied by their
Harish-Chandra modules.

The category H(G) of Harish-Chandra modules of the Lie group G is good: it is
abelian, has finite global dimension and admits a decomposition H(G) = @, H,(G)
into smaller blocks. Many of these blocks are equivalent, and every block has only
finitely many simple objects. Moreover, any Harish-Chandra module (as well as any
admissible representation) has finite length.

The analytic and the algebraic category above are related by an exact, full and dense
functor

H : admrep(G) — H(G).

A Harish-Chandra module V' can have infinitely many globalizations, that is, preim-
ages under the functor H. Nevertheless, any globalization of V' has the same Jordan-
Hélder filtrations as the Harish-Chandra module V.

Moreover, there are several analytic subcategories of the category of admissible
representations of G which are even equivalent to the category H(G) of Harish-
Chandra modules:

(1) The category of smooth Fréchet globalizations by Casselman and Wallach [Cas89),
Wal83|.

(2) The category of minimal and the category of mazimal globalizations by Kashi-
wara and Schmid [KS94].

The blocks of Harish-Chandra modules have a further convenient description. By
a theorem of Bernstein, Braverman and Gaitsgory [BBG97]|, any block H, (G) of
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Harish-Chandra modules is equivalent to the category of finite-dimensional modules
over some ring A, = A, (G) :

H, (G) —— A, -fd. mod with  center(A,) = Clay, ..., z4].

More precisely, the ring A, is an order. The Krull dimension d of its center is given
by the real rank of the Lie group G.

Let us assume that the block H,(G) of Harish-Chandra modules has tame repre-
sentation type. In this case, the real Lie group G has rank one and the order A,
must be nodal. Moreover, there is some quiver (@, ), with oriented cycles and an
equivalence of the categories

A, -fd. mod —— nil.rep(Q, I),,

where nil. rep(Q, 1), is the category of nilpotent representations of the quiver (@, I),.
More precisely , the order A, is the arrow ideal completion of the path algebra of
the quiver (@, 1),.

In general, it is difficult to determine the ring A, or the quiver (@, ), of a block.
The quivers are known for all blocks H,(G) of Harish-Chandra modules for the
following Lie groups:

e For G = SL(2,R) the quivers (@, ), are given by the one-cycle, the two-cycle or
the Gelfand quiver:

b b, b_
a Oo or o e or o WX e b,a, =b_a_.
x__~ I N N
a a, a_

The representation theory of the first two quivers is completely understood.

e For the Lorentz group G = SO, (3, 1), the quivers (Q, I), are given by the one-cycle
quiver or the Zhelobenko quiver:

X
aOo or YO:@: xy=yz=0.

In the cases above, the most interesting block is given by the block H,(G) contain-
ing the trivial Harish-Chandra module C, which corresponds to the simple quiver
representation S, at vertex x.

It holds that the principal block Hy(G) has mazimal global dimension among all
blocks H, (G) of Harish-Chandra modules for any real Lie group G in general. An
explicit description of the principal block Hy(G) is known for the following real Lie
groups:

e For the Lie groups G = SO.(n,1),S0(n,1) or SU(n,1) the quiver of principal
blocks were determined by Khoroshkin.

e There is a description of the order A of the principal block for G = SL(3,R) due
to Bernstein, I. Gelfand and S. Gelfand [BGT8|.
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The Gelfand quiver appears as a special case of Khoroshkin quivers because of the
following equivalence of blocks and isomorphism of Lie groups:
Ho(SL(2,R)) —— Ho(PSL(2,R)) and PSL(2,R)=S0.(2,1).
A similar statement holds for G = SL(2,C) and the Lorentz group SO,(3,1).

The quivers and orders above seem to be the only explicit descriptions of blocks of
Harish-Chandra modules over a real Lie group.

Summarized, the relationship between the analytic representation theory of one of
the aforementioned Lie groups G (for example G = SL(2,R) or SO,(n,1)) and the
quiver of its principal block is given by the following diagram of categories and
functors:

admrep(G) —— H(G) = D, H.(G)

dense

Ho(G) —— Ay - fd. mod —— nil. rep(Q, I),.

Nilpotent representations of the Gelfand quiver

In Chapter [5| of this thesis we study the nilpotent representations of the Gelfand
quiver. For simplicity, we set k = C in the following, but the statements below can
be adapted to any base field k.

A nilpotent representation of the Gelfand quiver is given by finite-dimensional vector
spaces and matrices of the form

7 P Where n+, n., n_ € No,
C* c C™ B,A, =B_A_ and
\ g N— T
A, A (BLA,)™ =0 for some m € N* .

In the following we describe our results on the abelian category of the Gelfand quiver.

1. The indecomposable nilpotent representations of the Gelfand quiver are given by
two types: strings and bands. Moreover, there are three classes of strings: wusual,
special and bispecial.

To exemplify the combinatorial flavor of strings and bands, let us give a rough form
of their definitions:

(1) A band (w,m, \) is given by some sequence
W= (nl, Do, ..., Ny 4, an) of natural numbers n,,n,...n, € NT,

a “multiplicity” m € N* and an “eigenvalue” A € C\A.
The sequence w satisfies some additional condition and A has only one or two
elements.

(2) A word w is given by some sequence

W= (Oé, ny,0g, ... Ng g, 0, B)
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of natural numbersn,, ...,n, € N™, and two formal ends o, 8 € {Xss X0y Yier Yo, Zs } -
An end of type x, or vy, is called special.

Any string has a word with two ends as main datum:
(a) A wusual string is given by some word w without special ends.

(b) A special string (w,¢) is given by any word w with exactly one special end
and one sign € € { +, — }.

(c) A bispecial string (w,m,eq,€5) is given by some word w with two special
ends, a multiplicity m € N™ and two signs €1,6, € { +,— }.

Words of usual and bispecial strings have to be asymmetric in a certain sense.

The main point is that strings are defined in terms of discrete parameters while
bands contain also a continuous parameter.

There is a notion when two strings or bands are equivalent. The definitions of strings
and bands are motivated by the following result:

Theorem 1 (Theorem [5.1.8). There is a bijection between the equivalence classes
of strings and bands and the isomorphism classes of indecomposable nilpotent repre-
sentations of the Gelfand quiver:

[ STRINGS and BANDS | <= ind [nil.rep(Q, ) ].

In other words, strings and bands parametrize the indecomposable representations
of the Gelfand quiver.

2. We compute basic homological invariants and describe the functorial properties
of indecomposable representations of the Gelfand quiver.

We recall that the Gelfand quiver has a special symmetry:

+V\/*\_/V_

a, @ a

The completed path algebra A of the Gelfand quiver has global dimension two.

We study the following three Lie-theoretic notions for any nilpotent representation
V of the Gelfand quiver:

e Let S, be the simple module at vertex x of the Gelfand quiver. The defect of V
is given by

Z dim Ext] V. S,) Z dim H

7=0

If V' is considered as a Harish-Chandra module, the defect is equal to the total
dimension of its relative Lie algebra cohomology.
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e The involution (V') and contragredient dual (V') of V' are given as follows:

1% a(V) L(V)
T T
B, B_ B, A AL
o N e N TN
c+ Cc~ c~|c® c~ ¢~ |C+ Cc*» C™
- ~_T - ~T ~ ~—
A, A_ _ A, BT Bl

In other words, the representation o (V') is given by a vertical flip of V', while the
dual L(V) is given by the flip and transposition of matrices.

The involution ¢ is induced by the complex conjugation on the Lie group G =
SU(1,1) = SL(2,R). The functor L corresponds to contragredient duality of ad-
missible Hilbert representations of G.

o Let dim(V) = (n,,n,, n_) denote the dimension vector of V. Then the Euler
characteristic of the representation V' can be described by

2

X(V)=> (=1)'dimExt'(V,V) = (n, — n;)*+ (n, — n_)%.

=0

The Euler characteristic gives a rough description of the Jordan-Hélder-multiplicities
of a Harish-Chandra module.

The second main result on the representation theory of the Gelfand quiver is the
following statement:

Theorem 2 (Theorems and [5.3.6). Let Q be a string or band, and let V =
V(Q) be the corresponding representation of the Gelfand quiver.

(1) We describe the involution (V') and the contragredient dual (V') in terms of
strings and bands.

(2) We compute the defect §(V'), the projective and injective dimension of V', the
dimension vector dim(V'), the Euler characteristic x(V'), the top and the socle
of the indecomposable representation V.

More precisely, there are formulas for the homological invariants above in terms of
string and band parameters. These formulas are quite simple for the case of bands:

Example 1. Let Q = (w,m, \) be some band. In particular, w is given by some
sequence (Ny, Ny, ... Do 1,09 ) of 2k natural numbers, m € N* and A € C\A. Let
V =V(Q) be the corresponding band representation of the Gelfand quiver.

(1) Let us setn =325 n,. It holds that

dim(V) = (mn, mn, mn) and dim(topV) = dim(socV) = (mk, 0, mk).

(2) The contragredient dual (V') is isomorphic to the band representation of the
band L(Q2) = (L(w),m,\) with L(w) = (ng, Nox_1,...,0y,04). In particular,
L(V) =V if and only if w is symmetric.

~
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In addition, it turns out that all possible dimension vectors dim(V') of indecompos-
able representations V' of the Gelfand quiver are completely described by the possible
values of the Euler characteristic x (V).

The following Table summarizes these values together with the defect and the invo-
lution for each of the four classes:

string or band Q o(Q) aV) 6(V)] x(V)
usual string w w oc(V)=V| 2 |[0or2
special string (w,e1) (w,&1) o(V)2V| 1 1

bispecial string (w,m,e1,¢€s) ||(w,m,21,82)[a(V) 2V | 0 ||0or2

band  (w,m, \) (w,m,A\) |o(V)=V| 0 0

where 2 = F if e ==+

These results have the following consequences:

(1) The four combinatorial classes of strings and bands can be characterized by the
Lie-theoretic notions of defect 6 and the involution o.

(2) We can determine all possible values for Jordan-Hélder multiplicities of inde-
composable admissible representations over SL(2, R).

More precisely, these values correspond to the possible dimension vectors of
indecomposable representations of the one-cycle, the two-cycle or the Gelfand
quiver.

3. At last, we obtain the following answer to Gelfand’s original problem:

Theorem 3 (Theorems|5.1.11{and [5.4.7). Let Q be a string or band and V =V (Q)
be the corresponding representation. We give an explicit description of the projective
resolution of V' and the quiver representation of V.

In the following we give some examples of the theorem above in terms of the Gelfand
order. We recall that the Gelfand order A is the order A = Ay(G) associated to the
principal block Hy(G) of Harish-Chandra modules over the Lie group G = SL(2,R).

The Gelfand order A has the following normalization I':

P, P, P P P, P

R m m R m m
R = CJ[z],

A= R R m |—I= R R R
m = (z).

R m R R R R

The projective A-modules are given by the columns of their matrix algebras. Their
morphisms are described by embeddings ¢ and multiplications -z", where n € NT.
The same is true for the projective modules over the order I'.
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Since I' is a hereditary order, the category Db(F) has discrete representation type
and is completely understood.

Roughly speaking, any indecomposable projective resolution of the tame derived
category D (A) can be glued from some projective complexes of the category Db(F).

Let us consider two gluing examples:
Example 2. Let Q2 be the special string (w,+) with w = (x, 1, 1 x,). The special
string € represents a gluing diagram with a complex P from D" (I) :

gluing diagram of € projective resolution P, = P,({)
ﬁo—L>ﬁ* P+—L>P* |:LL:|
: . : 0 -z
| g / - PP — P aP,
pP,—=* 4P, P —=5P

The application of certain gluing rules to the gluing diagram yields the projective
resolution P, associated to the string 2. By computing the homology of P, we obtain
the quiver representation V' of the string € :

V=HyP,)= C° C? C.
won

Example 3. Let Q be the band (w, m, \) where w = (1,1), m =1 and A\ € C\{0, 1}.
In this case, the gluing diagram of €1 is given by a “closed” diagram:

gluing diagram of €2 projective resolution P, = P,(2)
A (1-\)z
P P ' P ——P, [.(1;3)3: :i]
i o= Ty ] — P ®P,—— P, @ P
[ AN
P.———P_

P—>P

The quiver representation V' of the band ) is given by the homology of P, :

[1 0] [0 O]
/0—0\4 »/0—1\
V=HyP,)= C° C? C?,  where A*=(1-\)""
L N
R 8]

The representation above has smallest possible dimension among all band represen-
tations of the Gelfand quiver. Moreover, the representation V' is self-dual, that is,

L(V) V.

Let us note that the above construction of projective resolutions translates into
gluing rules for cyclic A-modules, or cyclic representations of the Gelfand quiver.
The last formulation does not use notions from the language of derived categories.
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Combinatorics of the derived category of the Gelfand order

In Chapter 4] we study the bounded derived category Db(A) of finitely generated
modules of the Gelfand order A by combinatorial methods.

The category Db(A) is bigger than the derived category DP(#,) of the principal
block Hy = Ho(SL(2,R)). More precisely, the category D”(#,) can be identified
with the full subcategory Dy (A) of D*(A) given by complexes with finite-dimensional
homology:

nil. rep(Q, I) —— Hy — D°(H,) —== D (A) — D°(A).

Many properties of the abelian category nil. rep(Q, I) of the Gelfand quiver are also
valid in the derived category DP(A) of the Gelfand order:

e The indecomposable objects of Db(A) are given by four combinatorial classes of
strings and bands.

e There is a natural generalization of the involution functor ¢ and the defect ¢ to
the derived setup.

However, the derived category Db(A) has some interesting additional structure: since
the order A has finite global dimension, results of van den Bergh [vdB04] and Iyama-
Reiten [TRO8] imply that the category DP(A) has an Auslander-Reiten translation.
More precisely, there is an autoequivalence 7 of Db (A) such that

Hom(X,,Y,) = DExt'(Y,,7(X,)) for any  X,,Y, € D”(H,).

This means that the main structure of the category D"(H,) is described by its
Auslander-Reiten quiver.

In more detail, the Auslander-Reiten translation 7 : D”(A) —— D"(A) acts on the
projective modules and their morphisms as follows:

PP P, 1,
R m m p_ o, p - [ . p m
) — — N >
A= |R R m L T R
P.—— P +—— Pr—1
R m R R

where the module I, is the radical of the projective module P,.

The main result of Chapter [4]is given as follows:

Theorem 4 (Theorem [4.3.10). We describe the action of the Auslander-Reiten
translation T on strings and bands of the derived category Db(A) of the Gelfand
order A.

The proof uses the explicit description of indecomposable complexes in the derived
category D”(A) by Burban and Drozd IBDO04]|. Given a string complex P,, we show
that the complex 7(P,) is given essentially by the gluing diagram of another string.

Let us consider a basic example:
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Example 4. Let w be the usual string (x, ny,) for some n € NT. By Theorem
4.3.1(} it holds that T(w) = (y, 1 n z,). The complexes of these strings are given as

follows:

Fy(w) T(Fy(w)) Fy(r(w))
P,—* 5P,
N T
2" 2" : n\‘
P*—>P* [*—>[* P7;>P+
-
(=z)
Sl
P p

It can be checked, that there is indeed an isomorphism 7(P,(w)) = P,(1(w)).

In other terms, the Auslander-Reiten translation has a convenient description in
terms of gluing diagrams. This shows that the combinatorics of strings and bands
is suitable to study their functorial properties.

In the remaining part of Chapter [d, we study autoequivalences and a natural sub-
category of the derived category Db(A).

A natural source of autoequivalences is given by twist functors associated to spherical
objects or spherical collections. It is not hard to check that the simple module S, is
spherical.

As the first application of Theorem we show the following statement:

Corollary 1 (Corollary [4.3.26). The spherical object S, is the only generalized
spherical collection n Db(A). In other words, the twist functor Tg 1is the only

generalized spherical autoequivalence of DP(A).

As the second application of Theorem {4.3.10| we study the thick subcategory (S,) of
the category DP(A) generated by the 2-spherical object S, :

Corollary 2 (Corollary [4.3.29). We give an explicit description of all indecom-
posable objects in the subcategory (S,). For a complex P, € Db(A) it holds that
P, € (S,) if and only if T(P,) = P,[1].

In different terms, the category (S,) is given exactly by the 2-Calabi-Yau objects of
the derived category D”(A).

Derived Auslander-Reiten theory of Khoroshkin orders

Some of the results obtained on the derived category of the Gelfand order hold in
bigger generality for any Khoroshkin order.
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We recall that the Khoroshkin quivers of the odd series were given by the gentle
quivers

X X X X
(Q, 1)ons1 =y o te Mo o N7 N
n®™——"n—-1%__"n-2 2\{1Y*
Z zZ

with relations xy=yz=0 and x*=2z°=0.

In contrast to the case above any Khoroshkin quiver of the even series has a distin-
guished symmetry:

— T el P A N @ PO @ ®. ..
(Q;I)QnJrQ aﬂn\_/n_l\_/n_z 2\2/1\2/* <
z z
b_

with relations b,a, =b_a_, xby=a,z=0 and x*=2"=0.

These quivers are skew-gentle: identifying the two special vertices + and — would
result in a gentle quiver.

For any n € N* the Khoroshkin quiver (Q, I),, describes the principal block H, of
the connected Lorentz group G,, = SO,(n,1) :

Ho = Ho(G,)) —— nil.rep, (Q, ), —— A, -fd. mod

Moreover, the completed path algebra A, of a Khoroshkin quiver is an order over
R of global dimension n.

The main notions for the Gelfand quiver have a natural generalization for the
Khoroshkin quivers:

(1) There is a natural involution ¢ : D’(H,) —— D"(#,) such that o = id.
e If n is odd, we set o = id,
e If n is even, o is induced by the special symmetry ¢ of the quiver (@, I),,.

(2) Note that each Khoroshkin quiver (@, I),, has a distinguished vertex x. For any
complex P, of D”(H,) the defect is given by 6(P,) = > ez dimExty, (P, S,).

As in the case of the Gelfand quiver, the notions ¢ and § have Lie-theoretic inter-
pretations.

(3) The derived category D”(H,) admits also an Auslander-Reiten translation .

In Chapter [2| we prove the following result without using combinatorial methods:
Theorem 5 (Theorem [2.2.3). As above, let Hy = Ho(G,,) for some n > 2.

(1) The simple module S, is an n-spherical object in D®(H,).

In other terms, the twist functor Tg of S, is an autoequivalence of Db('HO).
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(2) The Auslander-Reiten translation admits the following factorization:

T=0oo ng = ng oo: D"(Hy) ——= D"(H,).

(3) For any P, € DP(H,) the following conditions are equivalent:
(a) 6(P,) =0, (b) 7™(P,) = P, for some m € NT,
() m(R)=0o(R), (d) T*(P.) =P,
() Ts!(P)= P

Let us comment on some statements of the theorem above:

e The second statement of the theorem gives an “intrinsic” description of the Auslander-
Reiten translation, which can be transferred to the derived category of any analytic
category equivalent to the principal block H,.

e By the third statement, the defect of P, is vanishing if and only if P, lies in a
regular component of the Auslander-Reiten quiver of the category D°(#,). This
explains the name “defect”: this notion models the classical defect from the rep-
resentation theory of hereditary algebras.

e Furthermore, the third statement implies that the homogeneous tubes in the
Auslander-Reiten quiver of the category Db(’z’-[o) have either rank one or two.

Let us remark that Theorem [5 is also generalized to the principal block of Harish-
Chandra modules over any disconnected Lorentz group SO(n, 1) with n > 2.

Strings and bands of nodal orders

Khoroshkin orders give Lie theoretic examples of nodal orders. These orders were
introduced by Drozd in [Dro91] and can be viewed as non-commutative generaliza-
tions of the nodal singularity k[z, y]/(z y).

From now on let A denote any nodal order. For simplicity of notation let us also
assume that the order A has finite global dimension.

In [BD04] Burban and Drozd reduced the problem to classify the indecomposable
objects in the derived category DP(A) to a tame matriz problem. The matrix problem
of any nodal order A is formalized by a structure B = B(A) called a bunch of
semichains. The canonical forms of any bunch of semichains have been described
by Bondarenko in [Bon88l, Bon91|. His work is the origin of the notions of usual,
special and bispecial strings and bands.

Summarized, there is a bijection of isomorphism classes of indecomposable objects
in D”(A) and equivalence classes of strings and bands of 9B :

ind[D"(A)] ¢ = » | STRINGS and BANDS of B |.  (*¥)

Moreover, for any string or band  the work [BDO04]| describes the construction of
the corresponding indecomposable complex P,() in the derived category D"(A).
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In Chapter [3] we define the defect § and the involution ¢ in the setup of any nodal
order A. It turns out that the four combinatorial classes of string and band complexes
admit the following intrinsic characterization:

Theorem 6 (Theorem [3.6.2). Let A be a nodal order. Let P, be an indecomposable
complex in DFd(A) with finite-dimensional homology. According to bijection @
there is some usual, special or bispecial string, or band Q of B such that P, = P,().
In the setup above, the following statements hold:

(1) Q is a usual string w & 0(P,) =
(2) Q is a special string (w,e;) &6
(3) Q is a bispecial string (w,m,eq,&9) < 6
(4) Q is a band (w,m, \) & 0(P,

We have seen a special case of this characterization already for nilpotent represen-
tations of the Gelfand quiver in Table @ on page .

Theorems [ and [6] yield the following statement for principal blocks of Lorentz
groups:

Corollary 3. Let G be the Lie group SO.(n,1) or SO(n, 1) for some n > 2.

Let Ho = Ho(G) be the principal block of Harish-Chandra modules over G.

Let P, € Db('Ho) be an indecomposable complex, and let ) be the string or band such
that P, = P,(2). Then the following statements hold:

(1) Q is a usual string w & 0(P,) =2,

& P, is not T-periodic and o(P,) = P,.
(2) Q is a special string (w, ;) < §(P,) =1,

& P, is not T-periodic and o(P,) % P,.
(3) Q is a bispecial string (w,m,e;,&9) < §(P,) =0 and o(P,) % P,,

& 1%(P) 2 P, and 7(P,) 2 P,.
(4) Q is a band (w,m, \) < 0(P,) =0 and o(P,) = P,,

< 7(P,) 2 P,.

In particular, the homogeneous tubes of the Auslander-Reiten quiver of Db(HO) of
rank one are given by bands, and those of rank two by bispecial strings.

In the case of any connected Lorentz group SO, (n, 1), the above statement gives a
characterization of the four combinatorial classes by purely Lie-theoretic notions (the
defect 0 and the involution o) or in terms of functors (Auslander-Reiten translation
7 and involution o).

At last, we study the problem to classify the indecomposable A modules of any nodal
order A. In analogy to the result of Burban and Drozd, we reduce the classification
problem to a matrix problem:

Theorem 7 (Corollary . Let A be any nodal order and B be the bunch of
semichains of its derived category Db(A). We define a bunch of semichains B, by
“truncation” of B. There is a bijection between the isomorphism classes of indecom-
posable finite-dimensional A-modules and equivalence classes of strings and bands of
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%0:

ind[A -fd. mod] «—X1— [ STRINGS and BANDS of B, |. (**%)

Theorem [I follows from the Theorem above.
Let us give a few remarks on the bijection above:

e There is a similar result for the category of finitely generated A-modules of a nodal
order A.

e The strings and bands of B, correspond to projective presentations of indecom-
posable finite-dimensional A-modules.

e There are two methods to describe the projective resolutions of indecomposable
A-modules:

(1) There is some technique to pass from the projective presentations mentioned
above to projective resolutions.

(2) There is an intermediate link in the bijection (F¥)) given by the category of
triples:

ind[D"(A)] <X [ind Tri(A)] 25 [ STRINGS and BANDS of B |. (0.0.1)

We give also a characterization of triples which correspond to projective res-
olutions in D”(A).

Both techniques are exemplified on the case of the Gelfand order and yield the
combinatorial results at the beginning of this summary.

Let us note that the representation theory of Khoroshkin orders has two levels of
complexity:

. Khoroshkin matrix problem | indecomposable objects
Lie group G _ o 5 b
quiver B, or B of Ho(G) or D”(Hy(G))
SO(n, 1
(n,1) or gentle o = id | bunch of chains | bands and usual strings

SO, (2n +1,1)

SO, (2n, 1) skew-gentle | o % id proper bunch | bands and usual, special

of semichains | and bispecial strings

For the odd or disconnected series of the Lorentz groups G above, the Khoroshkin
quiver is gentle and the involution o is trivial. Moreover, the principal block Hy(G)
as well as its derived category D(Hy(G)) have only two classes of indecomposable
objects. This has to do with the fact that the corresponding matrix problems are
simpler than in the case of the even series of connected Lorentz groups above.

We will see a similar pattern for the classification problems of the next subsection.
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Cohen-Macaulay modules over curve singularities of type P

In Chapter [1] of this thesis we apply the technique of matrix problems to solve some
classification problems from commutative algebra.

1. Our guiding example is the curve singularity P = k[z,y, 2] /(zy, 2°), where k is
an algebraically closed field of arbitrary characteristic. The ring P is not reduced,
that is, P has non-trivial nilpotent elements.

Cohen-Macaulay modules of P can be described as submodules of free modules:
CM(P)={Lc€P-mod|¢:L——P" for somen & N" }.

The same description of Cohen-Macaulay is true for all other curve singularities of
this subsection. Simple examples of Cohen-Macaulay modules are given by ideals.
The curve singularity P has tame Cohen-Macaulay type. The main combinatorial
result of Chapter [1]is given by the following statement:

Theorem 8 (Theorem [1.2.1). We give an explicit classification of the indecompos-
able Cohen-Macaulay modules over P.

The classification method is very similar to the case of the Gelfand quiver:

e The curve singularity P has a normalization S which is given by a product of curve
singularities of type A :
P =Kkz,y,2]/(zy,2") — S = k[z,u]/(u*) x K[y, v] /(v*).
The normalization S has discrete Cohen-Macaulay type.

e Informally speaking, the indecomposable Cohen-Macaulay modules over P can be
glued from Cohen-Macaulay modules of the normalization S.

e In this context, there is a category of triples construction due to Burban and Drozd
IBD]. It allows to reduce the classification problem of Cohen-Macaulay modules
over P to a matrix problem ‘B.

In contrast to the case of the Gelfand quiver, the matrix problem B associated to
the category CM(P) has type of a bunch of chains. This means that there are only
two types of indecomposable Cohen-Macaulay P-modules: usual strings and bands.

In particular, the gluing rules for the indecomposable modules are much simpler
than in the case of the Gelfand quiver. Let us consider two simple examples:

Example 5. Let i,j € N*. We consider two ideals I} = (z',u) and I, = (y/,v) of
the normalization S introduced above.

(1) The ideals I, and I, can be glued into the string ideal (z*,z,9°) of the ring P.
(2) For any X € k* the ideals I, and I, can also be glued into the band ideal
(" + Ay, z) of the ring P.
2. The above curve singularity P belongs to a bigger family:
Py = Klz,y,2]/(wy,a” + 3" — %), where p,g € N* U {oc}.

If p or ¢ is infinite, we set ™ := 0 respectively y™ := 0 above. In any case it holds
that P,, = P,
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The following result complements the tameness result by Drozd and Greuel [DG92]
for the reduced curve singularities P,,, where p and ¢ are finite.

Theorem 9 (Theorem [1.3.16). The non-reduced curve singularity P, has tame
Cohen-Macaulay representation type for any q > 2.

As the Khoroshkin orders, curve singularities of type P can be divided into two
families:

indecomposable objects
of CM(A)

Pooos Poo2g+1 OF Popi1 9441 || bunch of chains | bands and usual strings

curve singularity A matrix problem ‘B

proper bunch bands and usual, special
Poo,Zq or P2p,2q

of semichains and bispecial strings

3. The classification result for the curve singularity P, ., yields some additional
results:

Corollary 4 (Remarks|1.3.21)and |1.3.23)). (1) We obtain a complete description of

the indecomposable Cohen-Macaulay modules over any curve singularity P, .,
Poo.2g1 07 Popiq0gi1, where p,q € NT.

(2) We obtain a concrete, but partial classification of the indecomposable Cohen-
Macaulay modules of the non-reduced curve singularity T oo = k[a, b]/(a® b?).

More precisely, there are the following injections on isomorphism classes of indecom-
posable objects of the following categories:

ind[CM(PQp—H,Qq—&-l)] — lnd[CM<Poooo>] — lnd[CM<Toooo)]7 p,q € N+ U {OO}

Cohen-Macaulay modules over T ., can be viewed also as matrix factorizations of
the potential a*b* € k[a, b].

Let us consider some examples of these translations:
Example 6. Leti,j € Nt and X € k*.

(1) The ideal (2", z,17) of Pouss is also an indecomposable ideal of Poy 19441 for any
p > and q > j. The same is true for the band ideal (' + Xy, 2) 0of Poooo-

(2) The band ideal (z'+ X1y, 2) translates into the ideal I = (a" 7>+ XV a*b+a b?)
0f Tooss- The ideal I corresponds to the following matrix factorization (¢, ) of
the potential a*b*

b= ab 0 = ab 0
o _)\bj+1_ai+1 ab - /\bj+1+ai+1 ab :

In other words, ¢ - =1 - ¢ = diag(a®b?).
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Matrix problems and the gluing method for one-dimensional orders

Next, we explain the main method to obtain classification results in both parts of
this thesis.

In both parts, we encounter the following situation:

We want to classify the indecomposable representations of some ring A which embeds
naturally into a ring I'. The representation theory of the ring I' is well-known. Infor-
mally speaking, we obtain a method how to glue any indecomposable representation
of the ring A from several representations of its “normalization” I':

gluing

A——T ind[Rep(A)] <---- Rep(T")

We derive gluing rules for representations of A in three steps which are shown in the
following diagram:

gluing of repre-
classification problem __sentations of I' | indecomposable
of the ring A representations of A

category of

triples translation
matrix problem of some ] combinatorics ( ol o5
bunch of semichains B, | | canomicallorms ol -5,

(1) First, we reduce the classification problem of A to a matrix problem. The main
tool in this step is a categorical construction called category of triples associated
to the pair of rings A and T'. This construction is due to [BD] and [BD04]. In
our situations the emerging matrix problem is given by some bunch of semichains

B,.

(2) We apply Bondarenko’s combinatorics [Bon91| to determine the strings and
bands of the matrix problem B, and to construct their canonical forms.

(3) Going the path of reductions backwards, we translate the canonical form of any
string or band of B, back into an indecomposable representation of the ring A.

At the end, the resulting representations are formulated without notions of the
category of triples or matrix problems.

Let us consider two examples of typical matrix problems which come up in this
thesis.

1. The first example concerns the curve singularity P = k[z, v, 2]/ (z y, 2%).
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A representative part of the matrix problem (which is essentially equivalent to the
classification problem of Cohen-Macaulay modules over P) is given as follows:

@1 G)2
X \ 7 1'|)
o ] \\ ‘Y
AR g

We are given two matrices ©; and ©, with entries from k subject to the following
conditions:

e The matrices ©; and O, should have the same number of columns. Moreover,
both matrices should have full row rank.

e The rows of the matrix ©; are divided into two horizontal stripes labeled by x
and v, Both stripes are required to have the same number of rows.

e Similarly, the rows of the matrix ©, are divided into the two horizontal stripes 1\
and 'y with the same number of rows.

The following transformations of the matrices ©; and ©, will be admissible:

e We may carry out any elementary transformation of columns in the matrix 0,
together with the same transformation of columns in ©,.

e We may perform any elementary transformation of rows in the horizontal stripe
X together with the same transformation of rows in the horizontal stripe v of the
matrix ©,. Similary, we may perform any simultaneous elementary transformation
of rows in the horizontal stripes { and vy in O,.

e We may add a scalar multiple of any row of the horizontal stripe x to any row of
a horizontal stripe x in the matrix ©,. Similarly, we may a add a scalar multiple
of any row from the stripe VP to any row of the stripe y in O,.

The matrixz problem is the problem to find canonical forms for the matrices ©; and
O, using only admissible transformations.

The above matrix problem has type bunch of chains.
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2. Next, we consider a typical part of the matrix problem which is related to the
classification problem of nilpotent representations of the Gelfand quiver:

an G &y &

We are given two regular, partitioned matrices ©; and ©, of the following form:

e The columns of ©; are divided into two vertical stripes ¢, and ¢_. Similarly, the
columns of ©, have two vertical stripes &, and & _.

e As in the matrix problem above, the rows of ©; are divided into two horizontal
stripes x and v, and the matrix ©, has two horizontal stripes { and .

e In this matrix problem, the horizontal stripes x and 1V in ©; have the same number
of rows. The same holds for the pair of horizontal stripes v and y

Now only the following transformations of the matrices ©; and ©, are admissible:

e We may perform any independent elementary transformation of columns inside
one of the four vertical stripes &,, & _, ¢, or C_.

e We can perform simultaneous elementary transformations of rows in the horizontal
stripes x and P, and similarly for the pair of stripes v and .

e We are allowed to add a scalar multiple of any row of stripe x to any row of stripe
L in the matrix ©,.

e In the second matrix, we may add a scalar multiple of any row of stripe y to any
row of stripe P in O,.

As above, the matrix problem is to describe the canonical forms of both matrices
O, and ©, using only admissible transformations.

This matrix problem has type over a proper bunch of semichains.

The essential difference between the two matrix problems is given by the following
remark:

e We may not add any scalar multiple of any column of the vertical stripe C,
to any column of the vertical stripe (_ in the same matrix ©,, or vice versa.
Transformations of this form are also forbidden for the pair of vertical stripes &
and &_ in the other matrix ©,.

This restriction makes the matrix problem considerably more difficult.
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Structure of the thesis

The structure of this thesis is illustrated in the figure on page |31 This thesis is
organized as follows:

e This thesis has two independent parts, which are unequal in size but similar in
spirit.

e The five chapters of this thesis are essentially independent from each other.

e There are three appendices. Appendix [A]is relevant for both parts of this thesis
while Appendices [B] and [C] are important only for Part [2|

e Appendix [A] forms the technical heart of the classification results obtained in this
thesis. In particular, it contains Bondarenko’s description of canonical forms for
matrix problems over bunches of chains and proper bunches of semichains.

(1)

Part |1} is the short part of this thesis. It consists of a single chapter and deals
with matrix problems in commutative algebra.

e The classification results of Section [1.3| rely on the combinatorics of bunches
of chains, which are presented in Sections [A.2] and Subsection Let
us note that the case of bunches of chains is technically simpler than the case
of bunches of proper semichains. This explains why the thesis starts with this
topic.

Part |2| is the main part of this thesis. It deals with tame matrix problems
motivated by Lie theory.

e Appendix [B] contains the preliminaries for all chapters of Part [2]
e The Chapters [2| and [3| contain all “category-theoretic” results.

e The Chapters 4| and |5| describe the combinatorics of certain categories. These
classification results are based on canonical forms for some proper bunch of
semichains which are described in Appendix [A] in Sections [A.T] and
Subsection [A.3.2]

e Appendix [C] describes the Lie-theoretic background of the Khoroshkin orders.
The relations to Lie theory are the original motivation to study the Gelfand
quiver. In particular, Appendix [C] may be read before Chapter 5], at the
beginning or at the end of Part

e Chapter [5| contains results on indecomposable representations of the Gelfand
quiver. This chapter may also be read first and does not assume familiarity
with derived categories or matrix problems.
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Tame matrix problems in commutative
algebra



CHAPTER 1

Cohen-Macaulay modules over some non-reduced curve
singularities

Cohen-Macaulay modules over Cohen-Macaulay rings have been intensively studied
in recent years. They appear in the literature in various incarnations like matrix
factorizations, objects of the triangulated category of singularities or lattices over
orders.

Our interest to Cohen-Macaulay modules is representation theoretic. In the case of a
reduced curve singularity, the behavior of the representation type of the category of
Cohen-Macaulay modules CM(A) is completely understood. Assume, for simplicity,
that A is an algebra over an algebraically closed field k of characteristic zero.

e According to Drozd and Roiter [DR67], Jacobinski [Jac67| and Greuel and Knor-
rer [GK85|, CM(A) is representation finite if and only if A dominates a sim-
ple curve singularity. See also the expositions in the monographs [LW12| and
[Yos90].

e Drozd and Greuel have proven in [DG93] that if CM(A) is tame then A dominates
a singularity of type

1,1 _ 1
_ _ 42 =2 Aek\{0,1},
Tp(N) = ko, y] /(a7 —¢*) (@ = N" %) 7 ¢ 7 | C
+-2<3 A=1L
P q 2
In particular, they have shown that the following singularities
P, = k[z,y, 2]/ (zy, 2" + y* — 2°), where p, g € N5,
are Cohen-Macaulay tame.

e A reduced curve singularity which neither dominates a simple nor a T, () singu-
larity has wild Cohen-Macaulay representation type [DG92].

e There are also other approaches to establish tameness of CM(qu()\)): one using
the generalized geometric McKay Correspondence [Kah89, DGKO03| and another
via cluster-tilting theory [BIKROS|.

The following results about the representation type of a non-reduced curve singu-
larity are known so far.

e By a theorem of Auslander [Aus99], a non-reduced curve singularity always has
infinite Cohen-Macaulay representation type.

e Buchweitz, Greuel and Schreyer have shown in [BGS87| that the singularities
A = k[z,y]/(%*) and D, = k[, y]/(zy*) have discrete Cohen-Macaulay repre-
sentation type.
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e Leuschke and Wiegand have proven in [LWO05| that the only curve singularities of
bounded but infinite Cohen-Macaulay type are A, D, and k[z,y, 2] /(zy, yz, 2°).

e Burban and Drozd have proven in [BD] that the hypersurface singularities T, =

]k[[yc,y]]/(ny2 — y?), where ¢ € Ny, (respectively Ty = lk[[x,y]]/(ff)) are

Cohen-Macaulay tame (where char(k) = 0, respectively char(k) # 2). However,
an explicit description of the corresponding indecomposable matrix factorizations
is still not known.

In this chapter, we obtain the following results.

1. First, we prove (see Theorem [1.2.1]) that the curve singularities

Pooq = ]k[[.T, Y, Z]]/(Z’y, yq - 22) and Poooo = ]k[[.fl?, Y, Z]]/(xya 22)

are Cohen-Macaulay tame for any algebraically closed field k of any characteristic
(in the case char(k) = 2 the definition of P, has to be modified, see Remark [1.2.5)).
The method of the proof extends the approach of Drozd and Greuel [DG93| to
the case of non-reduced curve singularities and is based on Bondarenko’s work on
representations of bunches of semichains [Bon91] (presented in Appendix [A). Our
approach can be summarized by the following diagram of categories and functors:

CM(P) «——CM(R) i Tri(R) —— Rep(B).

We start with a singularity P = P, or P, and replace it by its minimal overring
R. The forgetful functor I embeds CM(R) into CM(P) as a full subcategory. By a
result of Bass [Bas63|, the “difference” between CM(R) and CM(P) is very small.
The category of triples Tri(R) plays a key role in our approach. According to [BD],
the functors F and G are quasi-inverse equivalences of categories. Finally, Rep(8)
is a certain bimodule category in the sense of [Dro72|. The functor H preserves
isomorphism classes and indecomposability of objects. We prove that Rep(B) is
the category of representations of some bunch of semichains. According to Theorem
by Bondarenko, Rep(®B) is representation tame. This implies tameness of
CM(P).

2. Next, we show how to pass from canonical forms describing indecomposable
objects of Rep(*B) to a concrete description of the corresponding indecomposable
Cohen-Macaulay P-modules. We illustrate this technique giving an explicit descrip-
tion of the indecomposable Cohen-Macaulay modules over P ... They are described
in terms of combinatorial data called strings and bands, see Theorem [1.3.19] The
obtained classification is suitable to identify those Cohen-Macaulay modules which
are locally free on the punctured spectrum, see Remark [1.3.17]

3. At last, we construct explicit families of indecomposable matrix factorizations of
%y’ e k[z,y]. In this context, there is the following diagram of categories:

CM(R) L5 CM(T) —— MF(z%?).

Here, R is the minimal overring of P, the functor J is a fully faithful embedding,
T = k[z,y]/(«*y?), and MF(z*y?) is the homotopy category of matrix factorizations
of z*y* (which is equivalent to the stable category CM(T) by a result of Eisenbud
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[Eis80]). Results of this chapter provide a partial classification of the indecompos-
able objects of MF(z*y?) as well as an equivalent category MF(z%y” + uv).

1.1 Preliminaries on Cohen-Macaulay modules over curve singularities

In this section we collect definitions and some known facts on Cohen-Macaulay mod-
ules over curve singularities. The proofs of the mentioned statements can be found
in the monographs [BH93l, LW12|, [Yos90], see also the survey article [BDOS§|.

1.1.1 Basic properties and Bass’ rejection lemma

Let (A, m) be a local Noetherian ring of Krull dimension one (a curve singularity),
k = A/m its residue field and @ = Q(A) its total ring of fractions.

Definition 1.1.1. A curve singularity A is

e Cohen-Macaulay if and only if Hom 4 (k, A) = 0 (equivalently, A contains a reqular
element).

e Gorenstein if and only if it is Cohen-Macaulay and Extly(k, A) = k (equivalently,
inj.dim4(A) =1).

Note that a reduced curve singularity is automatically Cohen-Macaulay. However,
in this chapter we mainly focus on non-reduced ones.

Lemma 1.1.2. Let A be a Cohen-Macaulay curve singularity. Then Q is an Ar-

tinian ring. Moreover, if {pl, e ,pt} is the set of minimal prime ideals of A then
there exists a ring isomorphism C: Q — A, X --- X A, making the following
diagram
Q
A C
Apl Ko X Apt

commutative, where can, and cany, are canonical morphisms.

PROOF. Since A is Cohen-Macaulay, the associator of A coincides with {p,,...,p,}.
By [Bou98, Chapter IV, Proposition 2.5.10] @ is Artinian and its maximal ideals

are p1Q, ..., p,Q. Hence, Q = Q, g X -+ X Q, . Since Q, o = A, for 1 <i < n,
the result follows. 0

Definition 1.1.3. For an A-module M we set
L(M):={zeM ‘ m'z =0 for some t € N }.
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The following result can be easily deduced from Lemma [I.1.2]

Lemma 1.1.4. Let A be a Cohen-Macaulay curve singularity. For a Noetherian
A-module M we have:

[W(M) =ker(M — Q ®4 M) =: tor(M).
Moreover, the following statements are equivalent:
e Homy(k, M) = 0.

e M is torsion free, that is, tor(M) = 0.

Definition 1.1.5. A Noetherian module M satisfying the conditions of Lemmall.1./
is called maximal Cohen-Macaulay. In what follows we just say that M is Cohen-
Macaulay. In this case, the Q-module Q(M) is called the rational envelope of M.
More generally, a Noetherian module N over a Noetherian ring S (say, of Krull
dimension one) is (mazximal) Cohen-Macaulay if for any mazimal ideal n in S the
localization N, is Cohen-Macaulay. In what follows, CM(S) denotes the category of
Cohen-Macaulay S-modules.

Lemma 1.1.6. Assume that a Cohen-Macaulay curve singularity A is Gorenstein
in codimension zero (that is, Q is self-injective). Then for a Noetherian A-module
M, the following conditions are equivalent:

o M is Cohen-Macaulay.

o M embeds into a finitely generated free A-module.

A proof of this Lemma can be found in [LW12|, Appendix A, Corollary 15].

Remark 1.1.7. The statement of Lemma[1.1.6 is not true for an arbitrary Cohen-
Macaulay curve singularity. For example, let A = k[x,y, 2]/(z*, zy,y*) and K be a
canonical A-module. Then K does not embed into a free A-module.

Definition 1.1.8. A ring R is an overring of A if A C R C @Q and the ring
extension A C R is finite. We also say that R birationally dominates A.

Proposition 1.1.9. Let A be a Cohen-Macaulay curve singularity and R an over-
ring of A. Then the following results are true.

(1) R is Cohen-Macaulay.

(2) We have an adjoint pair (R®, —,I(—)), where I: CM(R) — CM(A) is the
restriction (or forgetful) functor and R Wy — : CM(A) — CM(R) sends a
Cohen-Macaulay module M to R ® 4 M/tor(R®4 M).

(3) 1is fully faithful.
(4) If M = <w1,...,wt>A cQ", then RRKy M =R -M := <w1,...,wt>RCQ".

PROOF. The first statement follows from the fact that depth,(R) = 1 = depth(R).
The second result follows from the functorial isomorphisms

HomR(R X4 M,N) = HomR(R ® 4 M,N) = HomA(M,I(N)).

For a proof of the third statement, see for example [LW12, Lemma 4.14]. The fourth
result follows from the fact that the kernel of the natural morphism R® 4, M — R-M
is tor(R ®4 M). O
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Corollary 1.1.10. Let A be a Cohen-Macaulay curve singularity and R be an over-
ring of A. Then the following statements are true.

(1) Let Ny and N, be Cohen-Macaulay R-modules. Then Ny = N, if and only if
I(N,) 2 I(N,) in CM(A).

(2) A Cohen-Macaulay R-module N is indecomposable if and only if N is indecom-
posable viewed as an A-module.

The following result is due to Bass [Bas63, Proposition 7.2], see also [LW12], Lemma
4.9].

Theorem 1.1.11. (Bass) Let (A, m) be a Gorenstein curve singularity and let R =
Endy(m). Then the following results are true.

(1) R = {7” €Q |'r’m C m}. In particular, R is an overring of A.
(2) If A is not reqular, we have an exact sequence of A-modules

0—A——R—k—0,

where 1 1s the canonical inclusion. This short exact sequence defines a generator
of the A-module Ext)y (k, A) = k.

(3) In the latter case, let S be any other proper overring of A. Then S contains R.
In other words, R is the minimal overring of the curve singularity A.

(4) Let M be a Cohen-Macaulay A-module without free direct summands. Then
there exists a Cohen-Macaulay R-module N such that M =I(N).

Remark 1.1.12. Theorem [1.1.11] gives a precise measure of the representation
theoretic difference between the categories CM(A) and CM(R). Namely, an in-
decomposable Cohen-Macaulay A-module M is either reqular or is the restriction
of an indecomposable Cohen-Macaulay R-module. In more concrete terms, as-
sume that M = <w1, e ,wt>A C Q" contains no free direct summands (according

to Lemma any Cohen-Macaulay A-module admits such embedding). Then
M = <w1,...,wt>R.

Proposition 1.1.13. In the setup of Theorem|1.1.11|, assume that N = <w1, e ,wt>
C Q" is an indecomposable Cohen-Macaulay R-module. Then either N = R or
N = <w1,...,wt>A.

R

PROOF. Pose M := <w1, e ,wt>A. Obviously, we have: N = R- M. If M contains
a free direct summand, that is, M =2 M' @A™, then N=R-M =2 R-M' ® R™. As
N is assumed to be indecomposable, N = R. If N 22 R, then M has no free direct
summands. Hence, by Theorem (1.1.11)and Remark|[l.1.12| we have: R-M = M. [
Definition 1.1.14. A Cohen-Macaulay A-module M is locally free on the punc-
tured spectrumif for any minimal prime ideal p in A the localization M, is free over
A,.

p
Remark 1.1.15. According to Lemma a Cohen-Macaulay A-module M is
locally free on the punctured spectrum if and only if its rational envelope Q(M) is
projective over ().

In what follows, CM'f(A) denotes the category of Cohen-Macaulay A-modules which
are locally free on the punctured spectrum.
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1.1.2 Category of triples for Cohen-Macaulay modules

Let (R,m) be a Cohen-Macaulay curve singularity and let S be an overring of R.
Next, we define a category Tri(R) which is equivalent to the category CM(R).

Let I be the conductor ideal of the rings R and S:
I =amg(S/R)={reR|rSCR}.

The next result is straightforward, see for example [BDl Lemma 12.1].
Lemma 1.1.16. The following statements are true.

(1) I = 1R =1S. In other words, I is an ideal both in R and in S. Moreover, I is
the biggest ideal having this property.

(2) The rings R/1 and S/I are Artinian.

The data R, S and I gives rise to a commutative diagram called the conductor square:

In this diagram, the ring R is realized as the pullback

l of the dotted arrows.
¥ The conductor square induces the following diagram
R/I < » S/ of categories and functors:
S

CM(R) —=— CM(S) M > S

X
R
| e | |

R/I-mod — S/I-mod R/IQM +— S/I @ RIT@QM --» S/IT®S KM
S/;T® R R/I R B S R
R/I

M

We note that for any Cohen-Macaulay R-module M there is a natural map fi,, of
S/I-modules.

The rough idea of the category of triples is that the Cohen-Macaulay R-module M
can be reconstructed from the map ji,,. This statement will be made precise next.

By |BD| Lemma 12.2] the map above has the following properties:

Lemma 1.1.17. For any Cohen-Macaulay R-module M the following results are
true:

e the canonical map fip: S/1 @ R/ @ M —— S/I ®g S Mg M is surjective,

e its adjoint map py: R/I @p M —— S/I ®g S Rp M is injective.

Definition 1.1.18. Let R be a Cohen-Macaulay curve singularity and S an overring
of R. The category of triples Tri(R) = Tri(R, S, I) is defined as follows:

(1) An object of Tri(R) is given by a triple (V, N,9) where
(a) V is a Noetherian S/I-module,
(b) N is a Cohen-Macaulay S-module, and
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(¢) V:S/I®p;V —— S/I®@g N is an epimorphism of S/I-modules such
that the adjoint morphism ©:V —— S/I @g N is a monomorphism.

(2) A morphism (V',N',9") — (V", N" 9") between objects in Tri(R) is given by
a tuple (¢,1) where

(a) ¢: V' —— V' is a morphism of R/I-modules and
(b) ¢: N' —— N" is a morphism of S-modules

such that the following diagram is commutative:

STV — s S/TeN
R/I S

S/I® ¢ l lS/I@lb
R/I S

S/ e v —2 /TN
R/I r

There is a natural notion of the composition of morphisms and the direct sum of
triples in Tri(R).
Definition 1.1.19. We define a functor F: CM(R) —— Tri(R) as follows.

(1) For any Cohen-Macaulay R-module M we set F(M) = (R/I®rM,S KM, i)
where fiy: S/ @pyr R/ Qg M —— S/I ®gS W M is the natural map.

(2) For a morphism o: M' —— M" in CM(R) we set F(o) = (R/I®g0, S Kgo).
Definition 1.1.20. The “gluing functor” G: Tri(R) — CM(R) is defined as fol-
lows.

(1) Let T = (V,N,9) be an object of Tri(R), and let 1: N — S/I ®g N be the
canonical projection. Then G(T) := 7 '(im(d)) C N. In other words, the
module G(T) is defined as the pullback with respect to the maps ¥ and 7 in the
category of R-modules:

0 ----- y IN —---- » G(T) -------- O A > 0
r
H 5 [ﬂ (1.1.1)
0 > IN > N ——— S/I@N —— 0
S

(2) There is a natural extension of the definition of G to morphisms in Tri(R).

Definition [1.1.18]is motivated by the following theorem, see [BD] Theorem 12.5].
Theorem 1.1.21. The functors F and G are well-defined quasi-inverse equivalences

of categories:
F

CM(R) _ ~_ Tri(R)
G
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In the case of a radical embedding, that is, if rad R = m = rad S, Theorem [1.1.21
provides an efficient tool to reduce the classification of indecomposable objects of
CM(R) to a certain problem of linear algebra (a matriz problem).

Remark 1.1.22. There are several variations of the construction appearing in The-
orem|1.1.21}, see [BD|, Appendix A| for an account of them. There is also an ana-

logue of the category of triples in the context of derived categories (see Subsection

1.1.3 Cohen-Macaulay modules over simple curve singularities of type A

Let k be an algebraically closed field. For simplicity, let us additionally assume that
char(k) # 2, see however Remark |1.1.24] For any m € N, denote

S =A,, = Kk[z,u] /(" —u?) (1.1.2)

the corresponding simple curve singularity of type A,,. The following is essentially
due to Bass [Bas63|, see also [LW12, [Yo0s90].

Theorem 1.1.23. The indecomposable Cohen-Macaulay S-modules have the follow-
ing description.

e Assume m = 2n, n € N*. For any 1 < i@ < n consider the ideal X, := (xl,u)
Then Xy = (1) = S, X,,..., X, is the complete list of indecomposable objects of
CM(S). Moreover, the Auslander-Reiten quiver of CM(S) has the form

X, X, X, = Xan (1.1.3)

L L L

Here, 1 denotes the inclusion of ideals and -x is the multiplication by x. The
endomorphism © € Endg(X,,) is defined as follows: 7(z") = u and 7(u) = z"*".

o Assume m = 2n+ 1, n € Ny. Again, for any 1 < i < n consider X; := (z',u) C
S. Additionally, denote X, = (z"t" £ u). Then the indecomposable Cohen-
Macaulay S-modules are Xy = (1) = S, Xy,..., X,,, Xoy1 and X, 1. Moreover,
the Auslander-Reiten quiver of CM(S) is in this case

L X
X, — X, X, X, (1.1.4)
Xt

Here, v and = denote inclusions of ideals, x- stands for multiplication by x. The
maps 7 : X,, — Xi1 are defined as follows: n* (") = ("' £ u) and 75 (u) =
z(x" £ ).
Remark 1.1.24. In the case char(k) = 2 there are the following subtleties in defin-
ing simple curve singularities of type A,,.

o Form =2n+ 1 one should take the ring Ay, 1 = k[z, u]/(u(u — 2™)) (the ring
defined by is no longer reduced). In this case, one should pose X, ,; := (u)
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and X, = (u — x"H). Then the indecomposable Cohen-Macaulay modules are

Xoy ooy X, X,j;rl, where X; has the same definition as in the case char(k) # 2 for
0<17<n.

e For m = 2n there are more simple singularities than in the case char(k) # 2.
Namely, for 1 < s <n —1 consider the ring A3, = k[z,u]/(u* + 2> + uz"").
Then A, 2 AL, for any 1 < s # t < n — 1. Moreover, A}, 2 A, for any
1 < s < n—1. However, the description of indecomposable Cohen-Macaulay
modules over As, is essentially the same as over A,,, see |[Bas63| and [KS85]|.
In particular, the Auslander-Reiten quivers of A5, and A, coincide.

The following result is due to Buchweitz, Greuel and Schreyer [BGS87, Section 4.1].

Theorem 1.1.25. For an algebraically closed field k (of arbitrary characteristic)
let S = A, = k[z,u]/(u®). Then the indecomposable Cohen-Macaulay S-modules
are Xo, X1, ..., Xoo, where Xo = (1) = S, X = (u) and X; = (2',u) for i € N.
In particular, X, is the only indecomposable Cohen-Macaulay S-module which is
not locally free on the punctured spectrum of S. The Auslander-Reiten quiver of the
category CM'f(S) has the form

X, x X, $ x X, x (1.1.5)
Remark 1.1.26. [t is natural to extend the quiver with the remaining in-
decomposable Cohen-Macaulay S-module X,. Moreover, for any i € N, denote
7 X; — Xy the map sending z' to u and u to 0. Of course, w1 = x - m; for
any © € Ny. The entire structure of the category CM(S) can be visualized by the
diagram:

X T -r T ™

XO Xl T4 Xz
L L L L L

* X,

. (1.1.6)

Definition 1.1.27. Let (A,m) be a Cohen-Macaulay curve singularity. Consider
the category CM(A) defined as follows:

e Ob(CM(A)) = Ob(CM(A)).
e For L, M € Ob(CM(A)) we set

Hom (L, M) = Im(HomA(L, M) — Homy (k ®, L, k ® 4 M)).

e The composition of morphisms in CM(A) is induced by the composition of mor-
phisms in CM(A).

The following result is straightforward.

Lemma 1.1.28. The canonical projection functor CM(A) — CM(A) is full and
respects isomorphism classes of objects. Moreover, if S is a curve singularity of type
A,, for some m € NTU{oo}, then CM(S) is equivalent to the additive closure of the
path algebra category of the corresponding Auslander-Reiten quivers , 1.1./
respectively subject to the following zero relations:

o (x)or=10(x)=0.

e The inclusion 1: X; — X, is zero in CM(S).
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2 . .

=0, if m is even,
e {rtoit =ntor =1Tonr +1 o =0, ifmisodd,

motr=0, if m = oo.

1.2 Tameness of Cohen-Macaulay modules over P,

Let k be an algebraically closed field such that char(k) # 2 and p, ¢ € N5,. Consider
the curve singularity

Py = Klz,y, 2]/ (xy, " + y* - 2%). (1.2.1)

By a result of Drozd and Greuel [DG93,, Section 3], the category CM(P,,) is repre-
sentation tame. For any q € N>, consider the limiting non-reduced singularity

Pocg = Kz, y, 2]/ (zy, y" — 2°) (1.2.2)
as well as the “largest degeneration” P := k[z,, 2] /(zy, 2*) of the family (1.2.1)).

The first major result of this chapter is the following.

Theorem 1.2.1. The non-reduced curve singularities P, have tame Cohen-Macaulay
representation type for any q € Nso U {o0}.

PROOF. 1. Since P := P, is a complete intersection, it is Gorenstein. Let R =
Endp(m) be the minimal overring of P. The first statement of Theorem
implies that

R 2 k[, y, u, v]/(xy, yu, wo, vz, u’, y? — v?), (1.2.3)

where the canonical inclusion ¢: P — R maps z to z, y to y and z to v + v (in
what follows, the generator y? — v* has to be replaced by v* for ¢ = 00). Note that

u = xl_f and v = x%—zy if we regard R as a subring of the total ring of fractions

Q = Q(P). According to Theorem [1.1.11} any non-regular indecomposable Cohen-

Macaulay P-module is a restriction of some indecomposable Cohen-Macaulay R-
module. Thus, it has to be shown that the category CM(R) has tame representation

type.

2. Next, note that S = k[, u] /(u®) x k[y, v] /(y? —v?) is an overring of R. Indeed, we
have an inclusion S C Q, where both idempotents of S can be expressed as follows:

’ and e, :=(0,1) = Y

e, = (1,0) = .
Tty T+y

The reason to pass from P to its overring R is explained by the following ob-
servation: the conductor ideal I := anng(S/R) coincides with the maximal ideal
m = (z,y,u,v)g. Hence, the rings R/I = k and S/I =k, x k, = k x k are semi-
simple. Under this identification, the canonical inclusion R/I — S/I is identified
with the diagonal embedding.
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According to Theorem [1.1.21} the category CM(R) is equivalent to the category of
triples Tri(R). Thus, we have to show tameness of Tri(R). Let "= (V, N,9) be a
triple of R. Then the following facts are true.

e Since V is just a module over R/I = k, we have: V = k' for some t € N,

e Denote S, = k[z,u]/(v*) and S, = k[y,v]/(y* — v*). Then S =S, x S, and
N = N, ® N, where N, € CM(S,) and N, € CM(S,). According to Theorem
and Theorem [I.1.25] the Cohen-Macaulay modules N, and N, split into a
direct sum of ideals

— Xy =(e,)s =S,, X; = (z',u)s, for i € Nt and X, = (u).
- Yy = (e,)s =S, Yj:(yj,v) for1<j<s—1andY> = (y° +0v)gif ¢=2sis
even, respectively Y, = (y°,v) if ¢ = 2s + 1 is odd.

e We have: S/I ®s N, = k,' and S/I ®s N, = k; for some m,n € Ny. In what
follows, we choose bases of S/I ®s N, and S/I ®s N, induced by the distinguished
generators of the ideals which occur in a direct sum decomposition of N, and N,
Thus, the gluing map 9:S/I ®g;; V — S/I ®s N is given by a pair of matrices
(©,,0,) € Mat,,,,(k) x Mat,, (k).

e The condition that the morphism of S/I-modules ¥ is surjective just means that
both matrices ©, and ©, have full row rank. The condition that ¥ is injective is

equivalent to say that the matrix ©|; := {8’3} has full column rank.
y

3. Let us now describe the matrix problem underlying a description of isomorphism
classes of objects of Tri(R). If two triples T = (V, N,9) and T' = (V', N',9’) are
isomorphic, then N = N' and V = V'. Hence, we may without loss of generality
pose:

o V' =V =« for certain t € N,,.
e NN=N=N,8N,=(P,X;™) & (@] Yj@nj) for some m;, n; € Ny.
Then the following is true: we have an isomorphism
(V. N, (6,,8,)) = (V. N, (6;,6,))
in the category Tri(R) if any only if there exist automorphisms ¢ € GL,(k), V¥, €
Auts (N,) and ¥, € Auts (N,) such that
_ 1 = —1
0,=7,0,%" and O,=V,0,9 ", (1.2.4)

where U, € GL,, (k) (respectively ¥, € GL,(k)) is the induced automorphisms of
S/I ®s N, = k™ (respectively S/I ®s N, = k™). The transformation rule (1.2.4)

leads to the following problem of linear algebra (a matrix problem).

e We have two matrices ©, and ©, over k with the same number of columns. The
number of rows of ©, and ©, can be different. In particular, it can be zero for
one of these matrices.

e Rows of O, are divided into horizontal blocks indexed by elements of the linearly
ordered set

Reo={Xo<X1< <X < <V < - <V; < - <V b
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FIGURE 1.2.1. Matrix problem for the case g = 2s

The role of the ordering < will be explained below.

e The block labeled by x, has m, rows, the block labeled by v, has m, rows.
The blocks labeled by x,; and v; both have m; rows. Thus, the matrix ©, has
m=mg+me +2(my +---+m; +...) rows.

e The row division of ©, depends on the parity of the parameter q.

— For ¢ = oo the horizontal blocks of ©, are marked with the symbols of the
linearly ordered set

mysz={¢o<ll)1<"'<1|)j<"'<Voo<"'<Yj<"'<Y1 }7
completely analogously as it is done for ©,,.
— For ¢ = 2s + 1, the labels are elements of the chain
R, =RI={ P <P < - <Py <y, < - <V}

For any 1 < j < s, the number of rows in blocks marked by 1\, and vy; is the
same (and equal to n;).

— For ¢ = 2s, the labels are elements of the semichain
R, =R ={ Py <Py < - <y <PJ Py <y,q <2<y}

as shown in Figure m (the elements P and 1V, are incomparable). Again,
the number of rows in blocks {; and y; is the same for 1 < j < s — 1.

e We can perform any simultaneous elementary transformation of columns of ©,

and @y.
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e Transformations of rows of ©, are of three types.

— We can add any multiple of any row with lower weight to any row with higher
weight.

— For any i € N' we can perform any simultaneous elementary transformation of
rows within blocks marked by x; and v;.

— We can make any elementary transformation of rows in block ¥, or v.
e The transformation rules for rows of ©, depend on the parity of q.
— Let us take the case ¢ is even (the most complicated one, see Figure [1.2.1)).

x We can add any multiple of any row with lower weight to any row with higher
weight.

x For any 1 < 7 < s — 1 we may perform any simultaneous elementary trans-
formation of rows within blocks marked by 1; and ;.

* We can make any (independent) elementary transformation of rows in the

block P, or P

— For ¢ = oo, the transformation rules for ©, are analogous to those listed above
for ©, (The matrix problem for this case will be studied in much detail in

Subsection |1.3.1]).

— For odd ¢ = 25 + 1, the transformation rules of ©, are the same as for ¢ = oo.
The only difference between these cases lies in the absence of certain symbols
in R,,.

y

4. For any q € N5, U {00} the described matrix problem is an example of represen-

tations of a bunch of semichains. Tameness of the latter class of problems has been
shown by Bondarenko in [Bon91| (Theorem [A.2.21]). This implies the tameness of
the category of triples Tri(R). Tameness of CM(R) follows from Theorem|1.1.21] [

Remark 1.2.2. Consider the following combinatorial data:
e The index set I = {x,y}.

Let €, = {C}, ¢, ={&}, €=¢, UL,

Let R, and R, = R be as above, R = R, UNR,,.

In the set B =R U € consider an equivalence relation =~ defined as follows:

(=& x;mv; forieNT,

b~y for {1.§j+§s z:fq:2307"q:2$—|—1,

jeN if ¢ = oo.
The entire data is an example of a bunch of semichains in the sense of Definition
and defines a certain bimodule category Rep(B), see [Dro72| or [BD]| for
more details. The description of isomorphism classes of objects of Rep(*B) reduces
precisely to the matrix problem described above. In our particular case, the category
Rep(B) admits the following intrinsic description: it is the comma category of the
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following diagram of categories and functors

]k)(]k)@]k

OM(S,) x OM(S,) £ (k x k) -mod <2928~ & _mod,

where CM(S,,) and CM(S,) have been defined in Definition (see also Lemma
for their explicit description) and For is the forgetful functor. According to
Bondarenko [Bon91] ), there are the following types of indecomposable objects
in Rep(B): bands (continuous series) and (bispecial, special and usual) strings (dis-
crete series). The precise combinatorics of the discrete series is rather complicated.

Definition 1.2.3. The forgetful functor H: Tri(R) — Rep(B) assigns to a triple
(V, N, (0,, G)y)) the pair of partitioned matrices (©,,0,). To be more precise, we
recall that

o V=K for someteN,.
e N=N,®N, = (®,X™) & (D,Y,") where m;,n; € Ny.

R

¢ 0,:V=k —S/I®sN, =K",

0,V =k' — S/I®s N, X K" for certain m,n € Ny.
At this point, we have chosen bases for S/I ®s N, respectively S/I ®s N, which are
induced by the distinguished generators of the indecomposable modules over R, and
R, as in the body of the proof of Theorem|1.2.1, These generators correspond exactly

to the elements of the bunch of semichains B indexing the horizontal stripes of O,
and ©,,.
y

Remark 1.2.4. The functor H has the following properties.
(1) H is additive, full and preserves isomorphism classes of objects.

(2) The essential image of H consists of all pairs of matrices (A, B) in Rep(*B) such

that A and B have both full row rank and [é] has full column rank.

(3) H is not faithful.
Remark 1.2.5. Let char(k) = 2. Then the simple curve singularities of type A
have to be redefined according to Remark |1.1.24. It follows that the equation of

Po2s should be k[xz,y, z]/(zy, 2(y° — 2)). Moreover, there are more singularities of
type Pog asy1, namely

Ploosi1 i= K[z, y, 2/ (zy, >+t — 2P, 1<t<s—1.

Nevertheless, they are all tame and the proof of Theorem [1.2.1] applies literally to
this case as well.

Remark 1.2.6. For any ¢ € NT U {oo} consider the hypersurface singularity
T =Togro = kla,b]/(b*(a® — b7)).
Observe that R is an overring of T wvia the embedding
T — R, a—r+v, b—y+u

where R is the ring defined by (1.2.9). It was shown in [BD| Section 11.1] that
CM(T) has tame representation type (under the additional assumption char(k) = 0).
This gives another argument that CM(R), and hence CM(P), has either tame or
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discrete Cohen-Macaulay type. The latter case does also occur: if ¢ =1, then T3
15 representation tame whereas

Pool = ﬂ{[[ili',y, Z]]/(x:%y - Z2) = ]k[[l’, Z]]/(.I’Z2) = Doo

is representation discrete [BGS87].

1.3 Indecomposable Cohen-Macaulay modules over P_ and T

In this section we shall explain that the technique of matrix problems, introduced in
the course of the proof of Theorem [1.2.1] leads to a completely explicit description
of indecomposable Cohen-Macaulay modules over P = P = k[z,y, z]/(zy, 2°).
Although P is the “maximal degeneration” of the family (1.2.1)), the combinatorics
of the indecomposable objects in CM(P) are more transparent than for the less de-
generate singularities P, 5,. The reason is that the underlying matrix problem has
the type representations of bunches of chains and not of semichains as for P ,,.
Another motivation to study Cohen-Macaulay modules over P is that it allows to
construct interesting examples of Cohen-Macaulay modules over the hypersurface
singularity T = T = Kk[a, b]/(a®b*). Moreover, the explicit classification of in-
decomposable Cohen-Macaulay modules over P yields a classification for any curve
singularity of type P, o511 0T Poyyq 9541

Until the end of this section we keep the following notation:

o R = Kk[z,y,u,v]/(zy, yu, uv, vz, u®, v?) is the minimal overring of P. The embed-
ding P — R sends z to u + v.

o Let S=S, x S, = k[z,u]/(u*) x k[y,v]/(v*).

e For any | € N* we denote X, = (u,2')g and Y, = (v,9')s. Next, we pose X, = S,,
Yy =Sy, Xo0 = (u)s and Yy, = (0)s.

o Let Q = K(@))[u]/(u*) x k(y)[v]/(v*).
e Denote m = (z,y,u,v)g. Recall that m = anng(S/R) = rad(S).

Observe that Q is the common total ring of fractions of P,R and S. In particular,
we have the following equalities in Q:
= , U= v , ey = (1,0)= and e, :=(0,1) = Y
Tty r+y r+y T4y

(1.3.1)
Next, note that R is also an overring of T. Indeed, we have an injective ring homo-
morphism 7: T — R given by a — x+v and b — y+u. It is also not difficult to see
that j induces an isomorphism of the total rings of fractions Q(T) — Q(R) = Q.

u
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Summing up, we have the following diagram of categories and functors:

CM(P)
CM(R) :fj Tri(R) —= Rep(B) (1.3.2)

x
Q

CM(T

e I and J denote restriction functors. According to Proposition [1.1.9] they are both
fully faithful. Moreover, by Theorem [1.1.11] ind[CM(P)] = {P} U ind[CM(R)].

e F and G are quasi-inverse equivalences of categories from Theorem [1.1.21]

e The functor H assigns to a triple (V, N, (©,, @y)) the pair of matrices (0,,0,),
whose rows are equipped with some additional “weights”. H preserves isomorphism
classes of objects as well as their indecomposability. However, H is not essentially
surjective because ©, and ©, obey some additional constraints, see ((1.3.3]).

The goal of this section is to show how one can translate the combinatorics of

indecomposable objects of Rep(B) into an explicit description of indecomposable
objects of CM(P) and CM(T).

1.3.1 Indecomposable objects of Rep(B)

According to Theorem [1.2.1] the matrix problem corresponding to a description of
isomorphism classes of objects in Rep(8) is as follows.

We are given two matrices ©, and ©, as depicted in Figure with entries from
an algebraically closed field k and the same number of columns. The rows of 6,
and ©, are both divided into horizontal blocks. Any two horizontal blocks in O,
(respectively ©,) connected by a dotted line have the same number of rows.

Transformation rules.
The following transformations of columns and rows of ©, and ©,, are admissible:

e any sumultaneous elementary transformation of columns of ©, and ©,,.

e addition of any multiple of any row of ©, (respectively, ©,) with lower weight to
any row of ©, (respectively, ©,) with higher weight.

e any simultaneous elementary transformation of rows within horizontal blocks of
O, (respectively, ©,) connected by a dotted line.

e any elementary transformation of rows in the horizontal block of ©,, (respectively,
©,) which is not connected to any other block by a dotted line.
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FIGURE 1.3.1. Matrix problem for the case ¢ =

Additionally, there are the following regularity constraints on ©, and ©,:

©, and ©, have both full row rank,

[ (1.3.3)
the matrix @x has full column rank.

y
In this subsection we are going to apply Bondarenko’s result [Bon91]|, which is also
summarized in Appendix [A] to describe the canonical forms of the matrix problem
above.

Definition 1.3.1. Consider the following data The data:
o The index set I = {x,y}.

The set of column symbols € = €, UC,, where €, = {(}, €, = {&}.

The set of row symbols R = R, UNR,, where
mwz{X0<X1<"'<Xz‘<"'<Uoo<"'<vi<"'<vl }’
g}‘y:{1b0<ll)1<"'<1|)j<"'<yoo<"'<yj<"'<yl }

The set B =R U & is equipped with an equivalence relation ~ defined as follows:
C~E, X;~V; and P, ~y, forl€N+.

In addition, we introduce another symmetric relation — on the set B as follows:

C— o, forany o, € R, and & — o, for any o, € R,
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The data B = (R, €, ~, —) is the alphabet of a bunch of chains in the sense of
Definition [A.1.3]

The problem to classify the indecomposable objects of the category Rep(B) up to
isomorphism is exactly the matrix problem above without the “regularity conditions”
in (|1.3.3).

Now, we define strings and bands of the bunch of chains B following Section [A.2]
They describe the invariants of the indecomposable representations in Rep(‘8).

Definition 1.3.2. Let B be the bunch of chains from Definition[1.3.1]
(1) A finite word w of B is a sequence

W= o p1Q0gpPy ... Op_1 P10

of symbols a; € B and relations p; € {~, —} subject to the following conditions:
e the relation a;p;aq holds in B for 1 < j <k —1.

o the sequence of relations alternates, that is, p; # pjq for 1 < j <k —2.

e cither a; € {Xo, Voos W0, Yoo} OT p1 18 ~.

e cither ay € {XO?Uooal-l)OaYoo} OT Pr—1 is ~.

(2) The reversed word of a finite word w as above is defined by

rev
W = QP10 —1Pg—2 - - - XaP107.

(3) A (usual) string of B is given by any finite word w.
(4) Two strings w and v are equivalent if and only if v =w or v =w"".
Definition 1.3.3. Let B be the bunch of chains from Definition [1.3.1]
(1) A cyclic word w is given by a sequence
W=~ Qg — Q3 ~ 0y — ... Qgp_1~ OQgp— (1.3.4)

of an even number of letters o; € gy, where 1 < j < 2k, subject to the following
conditions:

® iy 1 ~ Qy; holds in B for any 1 < j <k,
® (y; — (yjpq, where 1 < j <k, and also ayy, — ay hold in 5.
(2) Let 0 < j < 2k be even. The j-th rotation w9 of w is defined as
whl = Qjyp1 ~ Qg — Qg ~ Qg — oo Qgop 1 ™~ Qjpop—
where all indices are considered modulo 2k.

(3) The cyclic word w is periodic if w = w for some non-trivial even index 2 <
J < 2k.

(4) The reversed word w"™" of w is defined as

WY = Qg ~ Qg — ..y~ Qg — g~y — .

(5) A band (w,m,\) of B consists of a non-periodic cyclic word w, a multiplicity
parameter m € Nt and a continuous parameter \ € k*.
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(6) Two bands (w,m, \) and (v,n, u) are equivalent if and only if both words w and
v have the same length n and if (v,n, p) is given by (W™, m, \) or (W™ m,\)
or (W m, \7Y) for some j € Zoy.

The above definitions are motivated by the following result, which is a special case

of Theorem [A.2.21| by Bondarenko [Bon91].

Theorem 1.3.4. There is a bijection between the equivalence classes of strings and
bands of the bunch of chains B and the isomorphism classes of indecomposable
objects in the category Rep(B) :

[STRINGS and BANDS of B] +—— ind[Rep(B)]

Now we explain Bondarenko’s construction of indecomposable objects in Rep(B)
corresponding to a string or band, which is also stated in Subsection [A.3.1]

1. Let w be a string of *B. The corresponding object ©(w) of Rep(*B) is given by a
pair of matrices ©,(w) and ©,(w) defined as follows:

(1) Let t be the number of times the symbol ¢ (or &) occurs as a letter in w. Then
both matrices ©,(w) and ©,(w) have ¢ columns.

(2) For each o € R, let m, be the number of times the symbol ¢ occurs as a letter
in w. Then the horizontal block ¢ in ©,(w) (respectively ©,(w)) has m, rows.

(3) Next, we assign to every letter a; in w the number of times the letter o; occurred
in the subword ayp; ... p;_ya;. In other words, we number every letter in w by
the time it occurs in w.

(4) Every appearance of the relation — in w contributes to a non-zero entry in ©(w)
in the following way. Let o — ( or ( — p be a subword in w such that o € R and
¢ € €. Let i be the occurrence number of p and j be the occurrence number of
¢. We fill the entries of ©, respectively ©, according to the following rule.

o If ( = C (respectively ¢ = &), the (7, j)-th entry of the p-th horizontal block
of ©, (respectively ©,) is set to be 1. This rule is applied for every relation
— in w.

e All remaining entries of ©, and ©, are set to be 0.

2. Let (w,m, \) be a band. The corresponding object ©(w, m, \) of Rep(B) is given
by a pair of matrices (@x(w, m, \), ©,(w, m, )\)) defined as follows.

(1) First construct the canonical form O(w), where w is viewed as a string.

(2) Replace any zero entry in ©,(w) (respectively ©,(w)) by the zero matrix of size
m and any identity entry in ©,(w) (respectively ©,(w)) by the identity matrix
I of size m.

(3) We consider the last relation p,, = — in w. Then aqy,pyraq in B and either o
or ay, € R. Replace the zero matrix at the intersection of the first m rows of
the horizontal block indexed by «; (respectively ay;) and its last m columns by
the Jordan block J,,(\) with eigenvalue A\ and size m.
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Remark 1.3.5. Let © be the object of Rep(B) associated to a string or band. It
15 straightforward to show, that © satisfies the regularity constraints iof and
only if the following two conditions are satisfied:

e cither w is cyclic or w begins and ends with symbols from €.

e w is neither equal to C ~ & nor equal to & ~ (.

Next, we give some examples of canonical forms of bands and strings.

Example 1.3.6. Consider a band (w, m, \) where w is given by the following cyclic
word:

w= E~C—=Xi~V— O~ & =Py ~yy — E~C U~ — O E =~y —
#L#1 B #1 H#2 #2 Gy owl #3 #3 #2 #2 #4 #4044

Then the corresponding canonical forms (@z(w,m,)\),@y(w,m, )\)) are the follow-
mg:

¢ &
o |L 000 0 1 0 0w,
0 0 0 I 0.0 0 I|w,
w0 T 00 oo T oy,
00 I 0 J 0 0 0]y,

Here, I is the identity matriz of size m and J = J,,(\) is the Jordan block of size
m with eigenvalue \ € k*.

Example 1.3.7. Consider the string given by the word

Then the corresponding canonical forms (@m(w), G)y(w)) are the following:

¢ g
i |1 00 01 0,
v, 0 10 00 1|y,

Example 1.3.8. Consider the string given by the word
w=xXg—C~E—P; ~y;, —E~C—X;~V—C~E—Y, ~ by, —E~C

Then the corresponding canonical forms (@x(w), o, (w)) are the following:

§
¢
100 0fy,
Xo |1 00 0
000 1|y,
X (0100 0100
y,
v; |00 10 .
0010]|y,
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Example 1.3.9. Consider the string given by the word
W=V =~ E=yj o —E~ =X~V — O & — Yo

Then the corresponding canonical forms ((©,(w), ©,(w)) are the following:

C §
xi [0 10 01 0],
v |1 00 00 1|vya
v, [0 0 1 10 0|y,

1.3.2 Indecomposable Cohen-Macaulay modules over P

Consider an object T = (V, N, (@x,@y)) of the category Tri(R). Then we may
assume that

o V=K for some t € N,.

e N=X, & --0X, Y; & -8Y;, C S** for certain indices iy, ..., 4, 1, ..., €
Ny U {00}, see the beginning of Section for the definition of S-modules X; and
Y; for i € Ny U {oo}.

According to Theorem [1.1.21] the corresponding Cohen-Macaulay R-module M =
G(T) is determined by the following commutative diagram in R - mod:

0 --—-- > MmN —--—- y M -y K e > 0
r
L 135)
0 —— mN »y N —— N/mN —— 0

Lemma 1.3.10. Let {61, e ,et} be the standard basis of k. For any 1 < i < t
choose w; € N such that w(w;) = ¥(e;). Then we have:

M = (wy,...,w), CS" (1.3.6)
and t is the minimal number of generators of M.
PROOF. By definition of M, for any 1 <1 <t we have: w; € M. Next, the induced
map &: M/mM — k' is an isomorphism (see the proof of [BD, Theorem 12.5])

and a(w;) = e;. Hence, {71}1, o ,wt} is a basis of M/mM and 1} follows from
Nakayama’s Lemma. U

Lemma 1.3.11. Let T = (k', N, (0,,0,)) be an indecomposable object of Tri(R)

as above and M = G(T) = <w1, e ,wt>R C S Then the following results are
true.

(1) We have either
o T (]k,S, ((1), (1))), in this case M = R, or

o I(M) = (w,... ,wt>P C SM
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In both cases we have:

J(M) = <w1,...,wt,vwl,...,th,uwl,...,uwt>T C sk+,

(2) The Cohen-Macaulay module M, respectively I(M) and J(M), is locally free on
the punctured spectrum of R, respectively P and T, if and only if N contains no
direct summands isomorphic to X or Y.

PROOF. (1) The statement about I(M) is a corollary of Proposition [1.1.13] The
statement about J(M) follows from the fact that J(T) = (1, u,v)g C @ in R -mod.

(2) The Cohen-Macaulay module M is locally free on the punctured spectrum of R
if and only M = SKg M is locally free on the punctured spectrum of S, see Remark
The latter is equivalent that N contains no direct summands isomorphic to
X and Y. Since the rational envelopes of M, I(M) and J(M) are the same, the
result follows. O

Now we can state the final classification of the indecomposable Cohen-Macaulay
P-modules. For any [ € N* introduce the letters Xli and yli as well as x,,X..,¥,
and y_..

Definition 1.3.12. Band modules B = B(w,m, \) have the following combina-
torics:

e w=x;'y;'...X;"y;" is a non-periodic word, where o, 7, € {+,—} and iy, jj, €
Nt for1 <k <n.

emc N and A € k.

Consider the following Cohen-Macaulay S-module
N=X"aY"a -aX ey " CSm

Then B is the following R-submodule of N :

f;i[ 0 0 f{IJ
g}l_f g}’ll 0 0
0 fi;[ 0 0
B = 0 , 0 I, 0 , 0 CN, (1.3.7)
0 0 f{;[ 0
i 0 0 g;-n] g}’nI 1

where for any 1 < k <n the elements f{k, f{;,g;-k g;’k are defined by the tables:

or | fi, | fi s | 9. | 95,
+ | u |z™ + | v |y (1.3.8)
— 2% | — yjk v

Definition 1.3.13. A string module S = S(w) is defined by a word w of the fol-
lowing form. w has a beginning, an intermediate part and an end. The beginning as
well as the end may consist of zero, one or two letters. The following table lists all
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possible beginnings and ends for w (any beginning from the first column can match
any ending from the last column):

Jay ~ T - . AO,, ~
z;,z; intermediate part | z;"z;,
void void
yO XO
Yoo x71y 1 1 Tn-1 | XKoo
) i yjl n—1 y.jn—l XU"
yj() 7’77,

) a
XoY 4, X;"Yo
To Tn
Xooyj() in yoo

where
e n e NT. Forn =1 the intermediate part of w is void.
e For any 0 < k < n we have: iy, j, € N* and o}, 7, € {—I—, —}.

In other words, a string word w is given by an alternating sequence of letters x; or
y; such that a letter of the form x,,x_,y, ory., may only occur as the first or last
letter of w.

Consider the Cohen-Macaulay S-module
N=2,92Z;,®X;, ®Y; & &KX, _,8Y; 87, 87,

where for each i € {io,z’n} and each j € {jo,jn}, we set

g Xi ifz; =%, 7 Y; ifzj:yg‘a
! 0 if z; is void. / 0 ifz; is void.

Then S = S(w) is the following R-submodule of N :

n
/ 1
9o 9o
0 fi,
S = e 2 -, : CN (139
- 0
7! i
/
L 0 gjn 4R

where for any 1 < k < n, the elements f{k, f{;,ggk and g;/k are defined by the tables:

!/ " / "
Ok flk 'ik Tk | Y gjk
+ | ux |z + | vy |yt (1.3.10)
A I — yj’“’Ll VY
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The remaining entries are defined as follows:

1 /

Jio 9,

19=20 x Jn=20 Y

ip = 00 ux Jn = 00 vy

z;, is void | 0 z; s void | 0

(1.3.11)
on| fi | S T | 9 | i
by = x 0 Jjo=0 0 Y
i, e NV [+ | wx |zt Jo € NT |+ | wy |yott

i, e NtV | — |2/t ux Go € NT | — | /ot oy
1, = 00 ux 0 Jo = 00 0 vy

Remark 1.3.14. If the string parameter w contains neither x, nory,, there is a
better presentation of the module S(w): we divide all entries of type fi or fi' by
and all entries of type g;- or g;-/ by y.

Remark 1.3.15. Any string module S in (1.3.9)) has a more compact presentation
by “merging” every odd row with its subsequent row:

/

fio + 9 e 0
0 fi, fi + 95,

N
Il

1

s 0
/ 1 I

fi, fi, +95. /] 1g

The same can be done with the horizontal stripes of any band module B in (1.3.7):

(fi; + 951 g1 0 fid
/
b 0 LI 0 0
1 I "
0 0 (fi, +9;)1 g5, 1 R
2 2

Theorem 1.3.16. For the ring R = k[z,y, u,v]/(zy, zv, yu, uv,u”,v*) the classifi-
cation of the indecomposable objects of CM(R) is the following.

e The modules B(w,m,\) and S(w) are indecomposable. Moreover, any indecom-
posable Cohen-Macaulay R-module is isomorphic to some band or some string
module.

o B(w,m,\) 2 S(0) for any choice of parameters w,v,m and \.

v

e S(w) = S(0) if and only if 0 = w or 0 =w™", where W™ is the reversed word.

o B(w,m,\) = B(0,n,u) if and only if m =n, A = p and 0 is given by a (possibly
trivial) cyclic shift on all letters of w.

PROOF. According to Theorem the classification problem of indecomposable
objects of CM(R) is equivalent to the matrix problem over the bunch of chains B
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from Definition [1.3.1. More precisely, we had a diagram of categories and functors

F
— H
CM(R) ; Tri(R) —— Rep(‘B)
where F and G are mutually inverse equivalences of categories and H is a full functor
preserving isomorphism classes and indecomposability of objects.

1. Indecomposable objects of the category Rep(B) are classified by strings and bands
according to Theorem [I.3.4] The construction of the canonical forms described
below Theorem follows from Theorem [A.3.8 by Bondarenko. Moreover, the
indecomposable objects of Rep(28) lying in the essential image of H are described

by Remark [1.3.5]

2. Let w be the word of a string or band in B, see Definition and Definition
[1.3.3] Note that w is uniquely determined by the symbols in 2R it contains. It follows
that we may delete all subwords of the form { ~ & or & ~ ( and relations — without
loss of information. Now we can translate the remaining subwords as follows:

Xo | Vi ~Xi | Xi ~ Vi | Voo | Wo Ylel)j 11)]"\’1/]‘ Yoo

; X; | Xe|Yo!| ¥; y; Yoo

Xy X

This table allows to pass from a word w to a word w as in Definitions [1.3.12 and
1.o.10)

3. Consider a string w (obeying the constraint from Remark or a band
(w,m,A). In Subsection we explained the construction of the correspond-
ing indecomposable object © = (@x, ©,) of Rep(®B). Now we give the construction
of a triple T' = (V, N, ©) in Tri(R) such that H(T) = ©. Let my, mE, m, n, n;t
respectively n., be the number of times the letter x,, X;©, X__, Vo, yj-E respectively y__
occurs in w. Let ¢ be the number of times ¢ (or &) occurs in w. Then T = (V, N, ©),
where

oV =1k

nf+n;

o N =X 0@ X1 0 XI V0 0@, V)T @ VI,
e 0= (@x, 0,).
4. Now recall the construction of the indecomposable Cohen-Macaulay R-module
M = G(T). Consider a basis of a k-vector space N/mN given by the images of
the distinguished generators of the indecomposable direct summands of N. Let
m: N — N/mN be the canonical projection and 0|y := {8;’3} : V. — N/mN. By
Theorem [L.1.21] we have:

M :=G(T)=n"(im(6)) C N.
To compute M we do the following:
(1) We multiply each entry of ©|;, with its horizontal weight.
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(2) For each subword o' ~ ¢” in w such that o', 0" € R we merge the two corre-
sponding rows in O|;; and add their entries to each other.

(3) We translate all entries of the new matrix ©|;, as follows:

Xo | Xk | Voo Vo [ Wk | Yoo | Vi
k k

e |z u |ule |y | v|w

Vg

ke NT.

Lemma implies that M is generated by the columns of the modified matrix
Oly,. Finally, observe that M = (z 4+ y)M in R-mod. Thus, if w is a string word
containing one of the symbols X, or {,, one has to multiply the columns of O],
with (z 4+ y) to obtain entries which lie in R. After permutation of rows in 0|y,

one obtains exactly the presentations (1.3.7) respectively (1.3.9)) for the words in
Definition [1.3.12l or [1.3.13]

5. The statement about the isomorphism classes of string modules in CM(R) is
a direct translation of the corresponding result for the category Rep(28) stated in
Theorem . Considering all pairwise non-equivalent bands (w,m, \), we may
assume that the last letter of w is ¢ or & by the equivalence conditions in Definition
1.3.3 Then Theorem by Bondarenko yields the isomorphism conditions for
band modules B(w,m, \) as stated above.

6. Summing up, the key point of the proof of Theorem [1.3.16]is that by construction
we have the following isomorphisms in the category Rep(B) :

Ho (F(B(w,m, A))) o (@x(w,m, A),@I(w,m,)\))
for a band module B(w, m, \) from Definition and
Ho (F(S(w))) = (0,(w), 6,(w)).

for a string module S(w) from Definition |1.3.13] O

Remark 1.3.17. By Lemma |1.3.11 any band module B(w, m,\) is locally free on
the punctured spectrum. A string module S(w) is not locally free on the punctured
spectrum if and only if w contains a letter x_ ory.,.

>~

Example 1.3.18. In the following examples we translate the canonical forms of
the preceding subsection into indecomposable Cohen-Macaulay modules over R as

described in the proof of Theorem [1.5.16,

(1) Let (w,m,\) be the band from Ezample[1.3.6,
Then w corresponds to w = x; yj_lxzr yj, and its band module is given by

[ [ 2T ul 0 0
0 0 ul '
B(wam>/\): 0 5 yjll ) ol ; 0
J
i vJ 0 0 Y21 .
N z'1 (u+ )1 vl 0
- v] )’ 0 ’ ul |’ (z' + )1 .
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Here, J denotes the Jordan block with eigenvalue X\ and I the identity matriz,
both of size m.

(2) Let w be the string from Ezample[1.3.7
Then w corresponds to w = X; y; and its string module is given by

[ (0) (2): ()i

(3) Let w be the string from Example|1.5.8.
Then w corresponds to w = x,y; X; y;, and its string module is given by

x 0 0 0
0 2 ux 0
S(w) = i | , ,
Yyt vy 0 0
ot 1
| 0 0 VY Y2 R
~ z+ gy VY 0 0
B i 0 ’ ) ur + vy ’ g2t .

(4) Let w be the string from Ezample[1.3.9

Then w corresponds to w = XOOY;X;YOO and its string module is given by

U 0 0
-~ 0 ' u ~ u+v y 0
S(M)I ) j ) = ) i )
v Y 0 0 T U+ .
0 0 v

R

Our original motivation was to describe indecomposable Cohen-Macaulay modules
over the ring P = k[, y, 2]/(xy, 2*). Theorem [1.1.11} Lemma [1.3.11| and Theorem
1.3.16| yield a complete classification of indecomposable objects of CM(P).

Theorem 1.3.19. An indecomposable Cohen-Macaulay P-module is either P, or
one of the band modules respectively string modules (1.3.9). Moreover, in the
formulae and , the generation over R can be replaced by the generation
over P ()with the only exception of S(X,¥,) )-

Remark 1.3.20. Any string or band module M over R can be translated into a
Cohen-Macaulay module I(M) over P as follows.

(1) Assume that M = B(w, m,\) or M = S(w) where the string w does not contain
X, or'y,. We translate the entries of M as follows:

| u |y
1 1
A R Y R P
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(2) If M = S(w) 2 S(xX,Y,) is a string module such that the string w contains x, or
Yo, we translate all entries of M as follows:

i J
r |uxr |y | vy
i J
T |lxz |y |yz

Remark 1.3.21. Theorem remains valid for the curve singularity Po, 11 9541,
where r,s € Ny U {00}, but string and band modules have to be redefined in the
following way:

(1) The band and string modules over Pq,.. ., are given by the Definitions
and but their string and band words w may only contain letters x; such
that 0 < i <r ory;, where j € Ny U {o0}.

(2) Bands and strings over Py, 1 95,1, where r,s € Ny, may only contain the letters
x; such that 0 <14 <71 ory; such that 0 < j <s.

The method of this section can also be generalized using Bondarenko’s work [Bon91]
(S’ubsection to obtain an explicit classification of the indecomposable Cohen-
Macaulay modules over the remaining curve singularities Py, ,, where r € N* and
q € N* U {o0o}.

Example 1.3.22. In the following we apply Remark[1.3.20 to translate the string

and band modules over R from into indecomposable Cohen-Macaulay modules
over P.

(1) Let (w,m,\) be a band with w = x;y; %, y;. Then its band module B =
B(w,m, \) translates over P into

A (zz +y ™ T xz 1 0
yzJ |’ 0 "\ oyl )\ @ YT o

(2) Let w = x;y; . Then the string module S = S(w) translates over P into

I(B) &

I(S) = (:ci“, zz+ 't yz)p

(3) Let w = x,y;.%; y;,- Then the string module S = S(w) translates over P into

1(S) = z+y yz 0 ‘0
0 ’ gt (x+y)z )’ 2t o

(4) Let w =%y, X; ¥.. Then the string module S = S(w) translates over P into

Tz 0 0
N 0 " Tz -~ z yj 0
I(S> = ) j ) = ) i ’
Yz Y 0 0 T z b
0 0 yz

P
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1.3.3 Restricted Cohen-Macaulay modules over T

Our next motivation was to study Cohen-Macaulay modules over the hypersurface
singularity T = k[a, b]/(a*b?). At the beginning of Section |1.3| we have constructed

a fully faithful functor J: CM(R)~—— CM(T). Its explicit description, adapted to
the combinatorics of bands and strings, was explained in Lemma [1.3.11}
if M = (wy,...,w)r C S then

J(M) = (wy, ..., w,wwy,... ww,vw,... ow)r CS".

Remark 1.3.23. Any string or band module M over R can be translated into a
Cohen-Macaulay module J(M) over T as follows.

e Let M be a band module or a string module S(w) such that w does not contain X,
ory,. Then we replace all entries in every generator of J(M) by the table:

2 | u |y | v

2 | 2 2 2
at a’b | ¥ | ab

o Let M = S(w) such that w contains X, ory,. In this case, we translate all entries
of generators of J(M) into elements of T using the table:

g uz |y | vy
a Py | Y| ab?
Example 1.3.24. Now we translate the string and band modules over R from
wnto indecomposable Cohen-Macaulay modules over T using Remark|1.5.25.

(1) Let (w,m,\) be a band with w = Xi_yj_leyj;. Then its band module B =
B(w,m, \) translates over T into

at?I (a*b+ ") T ab® 1 0
ab®>J |’ 0 "\ a1 )\ (@4 T

(2) Let w =x;y; . Then the string module S = S(w) translates over T into
J(S) = (a”z, a’b+y 72 abQ)T

J(B) =

T

(3) Let w = x,y;.%; y;,. Then the string module S = S(w) translates over P into

3(S) = a? + pt? ab? 0 0 a’b
B 0 N d™ )\ dPbab® )\ ) 0 N

(4) Let w =%y, X; y.. Then the string module S = S(w) translates over P into

[ ([ d®b+ ab? byt 0
J(S) = e |
( ) L ( 0 ) ( CL1+2 ) < a2b + ab? ) ]T

12
/N
SHS
~—
/N
S
N~
N
8 o
N~ —
|

_|
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Remark 1.3.25. The ring R = k[x, y, u, v]/(
o which interchanges x and y, u and v. Restricted to P = K[z, y, 2]/ (xy, 2°

2
TY, TV, YU, UV, U, vV

2 . .
) has an involution

JCR, o

is still an involution such that o(z) = z. The restriction of o to T = k[a, b]/(a’b?) C
A interchanges a and b. QOverall, o induces an involution on the category of Cohen-

Macaulay modules over R, P or T. The corresponding action of o on words w of

strings or bands of CM(R) is given by interchanging x and'y in w.

In the table below, we list all indecomposable Cohen-Macaulay ideals of R and P
(except P itself) and the corresponding ideals of T up to isomorphism and involution
o. For all bands the multiplicity parameter m is set to 1.

TABLE 1.3.1. Indecomposable ideals in R, P and T

string or ideal in R ideal in P ideal in T
band of B
Xo (%) (x) (a®)
X, (u) (xz (a®b)
x @) & 22) (@, o)
Xo¥o (1) (x+y,r2) (a2 62 a’b, ab’)
X'y, (ux, 2 Y) (xz, oy ) ( a4 b ab2)
Xfy; (u, oy, v) (xz, RSP AR yz) ( ba " 4+ H1? ab2)
2 2

X; Yo ("™ uz +y) (@ 2z +y) z ; anéi 22;:5_ 22’ ab?)
X; y; (xi, u+y,v) (xiH, zz+y yz) (a La’b+ 0T, abQ)
X; ¥; (@ utvy) | (@ 2y) (a7’+2 a’b+ ab® v *?)
X, Yo (ux +y) (xz +y) (a®b+ b?, ab?)
X..Y; (u+y',v) (zz + v y2) (a®b+ 62, ab”)
Xy} (u+v,vy’) (z, ) (ab+ ab® b )
X Yo (u+v) (2) (ab)

- | | (@1 + Ayz, (@ + 2ab”, V™ + a0)
(xiy;,LA) | (@ 4+ v,y +u) i1 except ifi =j =\ =1:

v ) (a® + ab?, 0* + a2b, ab®)
(x;y,,1,\) (" + X/ u+0) | (2" + N, 2) (@™ + X1 a%b + ab®)
where i, j € N and ) € k*

Remark 1.3.26. The above list does not contain all indecomposable ideals of T.
For example, the ideal (a2 + A% aPh+ abz) 15 not a restriction of an ideal in R for

any X € k*.

63
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Let w(aQbZ) be the homotopy category of matrix factorizations of a’b®, and let
CM(T) denote the stable category of Cohen-Macaulay modules over T. There is
an equivalence of triangulated categories CM(T) —— MF(a’b*) by a result of

Eisenbud [Eis80]. In the table below, we list the matrix factorizations of a”b* which
originate from an indecomposable ideal in R (up to isomorphism and involution).

TABLE 1.3.2. Indecomposable matrix factorizations of a’b* of

low rank

ideal in Kk[a,b]/(a’b*) | matrix factorization (¢, 1) of a’b?

(a®) | (%) (a®)

2 2 b 0| [a®h O
(™7, a’b) —d b i+2 2
[ab 0 ab 0 0
("™ + 0 a%bab?) | | —a' b ot @’ 0
v 0 af |FT" 0 ab?

(a®,a®b + b?)

—a® a®| |—-a b
b 0 0] [« 0 0O
(ai+3, a’b+ b, abQ) —a™ ab 0 a™ ab 0
| 0 —b af [0 V¥ b’
[ b 0 0] [a® 0 0
(ai“, a’b + bj“, ab2) —a' ab 0 at™ ab 0
oyt 0 v ab?

(a2, 072 a®b + ab®) 0 a 0 0 ab®> 0

(a*b+ b ab?)

"+, a%b + ab®)

(ab) | () (ab)
ab =yt uab Ayt
—atl ab ‘ {)\1 I
where 7 or j or A # 1 " where u is the unit (1 — )Clai_lbj_l)_l
where 7,7 € Nt and A € k*

(a'"* 4 Xab®, a®b + b/?)
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TABLE 1.3.2. Indecomposable matrix factorizations of a’b* of

low rank

ideal in k[a, b]/(a’b?) | matrix factorization (¢, 1) of a’b®
(b 0 0] [¢® 0 0
(a® + ab*,a*b+b*,ab®) | |—a ab 0| | a® ab
0 —b a] |ab B ab’
ab 0 ab 0
—ATE @t ab| AT 't ab
where 7,7 € Nt and A € k*

(ai+2 + )\bj+2,a2b—|— ab2)

Remark 1.3.27. By Knorrer’s periodicity [Kn687| the functor
MF(@®0?) = MF(a®b* + uwv)
¢ —u-l (0 vl
vl Y —u-I ¢

(¢, 0) +—
18 an equivalence of triangulated categories. It allows to get explicit families of matrix
factorizations of any potential of type

a*b® + gy 4 ..+ ugug € Ka, boug, .. ug, vy, 0]
Remark 1.3.28. Let char(k) # 2. Then there is a ring isomorphism
]k[[aa ba C]]/(a2b2 o Cg) = ]k[[il?,y, Z]]/(ZQ - xyz) = Toooo2'

The indecomposable Cohen-Macaulay modules over the surface singularity T, .o
have been classified in [BD]. On the other hand, Knorrer’s correspondence [Kno87|
relates T oo 10 Tooeo by a restriction functor

MF(a*b* — ¢*)—MF(a*b?),

such that every indecomposable matriz factorization of a®b* appears as a direct sum-
mand of the restriction of some indecomposable matriz factorization of a*b* — ¢*.
With some efforts, one can compute the matriz factorizations of a*b* corresponding
to Cohen-Macaulay T . ooa-modules of small rank. However, it is not straightforward

to derive all indecomposable matriz factorizations of a*b* by this approach.

Remark 1.3.29. The approach to classify indecomposable Cohen-Macaulay modules
using the technique of tame matriz problems is close in spirit to the study of torsion
free sheaves on degenerations of elliptic curves. See [BBDGOG| for a survey of the
corresponding results and methods.
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1.3.4 Some remarks on the stable category of Cohen-Macaulay modules

Let (A,m) be a Gorenstein singularity (of any Krull dimension d). By a result of
Buchweitz [Buc87]|, the natural functor

P(A-mo
CM(A) —» Dy (4) i D,ﬁfm)d)

is an equivalence of triangulated categories. If the singularity A is not isolated,
then CM(A) is Hom-infinite [Aus78|. On the other hand, the stable category of
Cohen-Macaulay modules C_M'f(A) is always a Hom-finite triangulated subcategory
of CM(A). By a result of Auslander [Aus78]|, the category CM'(A) is (d — 1)-
Calabi-Yau. This means that for any objects M; and M, of CM"(A) we have an
isomorphism
Hom 4 (M, My) = D(HO_IDA(M% Ed_l(M1)))>

functorial in both arguments M; and M,, where D is the Matlis duality functor and
» = Q! is the suspension functor. In particular, if A is a Gorenstein curve singular-
ity, then for any M € CM"(A) the algebra End ,(M) is Frobenius. Thus, Theorem
1.2.1] gives a family of examples of representation tame 0-Calabi-Yau triangulated
categories and Theorem provides a complete and explicit description of inde-
composable objects in one of such categories CM" (P) for P = k[z,y, 2]/ (zy, 2°).
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Tame matrix problems in Lie theory



CHAPTER 2

Derived Auslander-Reiten theory of Khoroshkin quivers

The Khoroshkin quivers of connected Lorentz groups are given by the following two
series:

(1) Any Khoroshkin quiver of the odd series is “gentle with oriented cycles”™

X X X
/\ /\
(Q [ 2n+1 YC ° ° °
n\_/n 1\_/n 2 2\—/1\—/*

z V4

with relations xy=yz=0 and x*=2z°=0.

(2) Any Khoroshkin quiver of even type is “skew-gentle with oriented cycles”

(Q,Dopyr = = o X\ o 7\ @ o ..\ o ...\ ol

with relations b,a, =b_a_, xb,=a,z=0 and x*=2"=0.
In particular, such a quiver has an involution ¢ interchanging + and —.

The goal of this chapter is to study the derived category of any Khoroshkin quiver
without using combinatorial methods. As mentioned in the introduction, the original
motivation to study these quivers came from Lie theory.

More precisely, for any n € NT let

e (G, =S0O.(n,1) be the identity component of the Lie group SO(n, 1),
e Hy, = Hy(G,,) be the principal block of Harish-Chandra modules over GG, and
e A, be the arrow ideal completion of the path algebra of the quiver (Q, 1),

By a Theorem of Khoroshkin [Kho81]| there is an equivalence between the principal
block of Harish-Chandra modules of the Lorentz group G, and the category of
nilpotent representations of the quiver (Q, I),,

Ho = Ho(G,,) --=-» nil. rep, (Q, ), —— A,, - fd. mod
if k=C
Moreover, the nilpotent representations of the quiver (@, I), may be viewed as

finite-dimensional modules of the order A,,. The main result of this chapter gives a
relationship between the following three notions on the derived category D®(#,) :
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(1) There is an autoequivalence o : D*(Hy) —— D"(H,) such that ¢® 2 Id defined
as follows:

o if Hy=Hy(Gypy1), we set o = Id for simplicity of notation.
o if Hy=Hy(Ga,42), the functor o is induced by the symmetry ¢ in ().

In both cases, the involution ¢ is related to an automorphism of the Lie group

G* =S0(n,1) (see Subsection [C.3).

(2) Let S, be the simple A,-module associated to the vertex x in the quiver (Q, I),,.
For any complex P, € Db(’HO) we define the defect of P, by

25 Zdlm ExtH (P,,S,) ZdlmH

i€EZ €L €L

In Lie-theoretic terms, the module .S, corresponds to the trivial Harish-Chandra
module C while the defect corresponds to the total dimension of the relative Lie
algebra cohomology of the complex P,.

(3) Since the order A,, has finite global dimension, results of van den Bergh [vdB04|
and Iyama-Reiten [IRO8| imply that the category D°(H,) has an Auslander-
Reiten translation. More precisely, there is an autoequivalence 7 of Db('HO) such
that there is a functorial isomorphism:

Hom(X,,Y,) = DExt'(Y,,7(X,)) for any  X,,Y, € D"(H,).
In other terms, the category Db(’HO) admits Auslander-Reiten triangles.

The main result can be stated in terms of the category D”(H,) as follows:
Theorem (Theorem [2.2.3)). As above, let Hy = Hy(G,,) for some n > 2.

(1) The simple module S, is an n-spherical object in D®(H,).
In other terms, the module S, induces an autoequivalence Tg of Db(Ho).
(2) The Auslander-Reiten translation admits the following factorization:

T=20oTy 2Tg' oo: D"(H,) —— D"(H,)

(8) For any P, € D*(M,) the following conditions are equivalent:
(a) 6(P,)=0 (b) 7™(P,) = P, for some m € N*
() 7(P) = a(P,) (d) T(P)=P,
() Ts'(P) =P,

Let us comment on the statements of the theorem:

e The second statement of the theorem gives an “intrinsic” description of the Auslander-
Reiten translation, which can be transferred to analytic categories equivalent to
H,o.

e The third statement implies that the homogeneous tubes in the Auslander-Reiten
quiver of the category D”(H,) have either rank one or two.

Section [2.2) of this chapter contains the following additional results:
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(1) The subcategory T of T-periodic complexes in D”(H,) has several additional
descriptions (Corollary [2.2.9)). In particular, there is a Gorenstein order A° of
infinite global dimension and an equivalence of categories

ﬁd ;> Perffd (Ae)

where Perfiy(A°) is the category of perfect complexes with finite-dimensional
homology.

(2) The projective and injective dimension of any Harish-Chandra module V' depend
only on the defect numbers 6%)(V) (Proposition [2.2.17)).

(3) Anticipating some notions of the next chapter, we divide the indecomposable
objects of D”(H,) into the following four classes:

d(P,) >0, or d(P,) =0, or
T*(P,) % P, *(P,) = P,
o(P,) = P, || “usual string” “band”
o(P,) 2 P, || “special string” | “bispecial string”

P, € ind D"(H,)

We describe some simple examples and basic properties of the four classes (Ex-
ample [2.2.22| and Lemma [2.2.25)).

Finally let us note that all results presented in this summary have analogues for the
Khoroshkin quivers (Q, I)¥ of the disconnected Lorentz groups SO(n, 1).
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2.1 Main properties of Khoroshkin orders
In this section we introduce the Khoroshkin quivers and their orders. Our first goal

is to express the Auslander-Reiten translation on the derived category in terms of a
spherical twist functor.

2.1.1 A representative example
To see what will be going on in the future sections, we consider a basic example first.
In this example we consider the Khoroshkin order A associated to the connected

Lorentz group SO, (4,1). This case shows all phenomena which will appear for any
Khoroshkin order A,, associated to the Lie group SO,(n, 1), where n > 2.

2.1.1.1 The quiver and its normalization

Let (@, ) and Q denote the following quivers:

+
.\b+ X b X
a’&/—\ bia, =b_a_ ~ TN TN
(Q’ [) = a .1\_/: o _ Q - .\_/.// ./\_/.
ﬂ 7 xby =a;z=0 M A
b
o _

We will say that the quiver (Q, ) can be obtained from the quiver @ by gluing the
vertices 1" and 1” of Q, and by blowing up vertex 2 in Q.
This motivates the following terminology for the vertices of the quiver (@, I):

(1) vertex 1 will be called a glued vertex,
(2) the vertices + and — form a pair of special vertices, and
(3) the vertex * is a neutral vertex.

Note that the quiver (@, I) has an involution which interchanges the special vertices.

2.1.1.2 The orders and their matrix algebras

The completed path algebra A of the quiver (@, I) is defined as follows:
e Let A =KkQ/I be the path algebra of the quiver (Q, ),

e Let a denote the arrow ideal of A,

e Let A = A be the a-adic completion of the path algebra A.
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It can be checked that the algebra A is isomorphic to the following matrix algebra:

k[x] (x) 0 0
~ | Klel Kz, l/(zy) () (v) N o %
A 0 ko] Kl () C Maty,q (k2] x k[y])
0 k[y] (y)  Kk[y]

The matrix algebra A is actually a one-dimensional order via the embedding
R =k[t] — A t — { SR 1
Yy

Similarly, let T" = (]k@)A be the completed path algebra of the quiver Q. Then

kE;“]] (2 ) kly] (y) (v)
I'= Matq, o (klz]]) x Mats,5(k
[ Kz] K[z] ] Kyl K[yl K[y] | € Maty,o(klz]) t3x3(kfy])

kly] ky] k[y]

The algebra I is also an order over R. In particular, there is an embedding A C T’
of orders. We will call I' a “normalization” of A.

The following Lemma is a straightforward computation.
Lemma 2.1.1. [t holds that gldim A = pd S, = 4.

In the following let Db(A) denote the bounded derived category of finitely generated
A-modules.

2.1.1.3 Canonical bimodule and Auslander-Reiten translation

Next, we consider the Auslander-Reiten translation on the derived category D"(A) :
e Let ()" denote the functor ()" = Homg(_,R).
e The canonical bimodule w of A is defined as w := AY = Homg (A, R).

e According to Subsection the Auslander-Reiten translation 7 is given by the
left-derived tensor product

_:D"(A) —== D"(A).

T=w®
A
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For the order A above, its canonical bimodule w can be computed as follows:

k[z]" k[z]" 0 0
(@) (k[z,y]/(zy))" k[y]" Kly]’
0 (y)" kly]"  (v)"
0 (y)" (v)" Kly]”
k[x] k[x] 0 0 (x) (x) 0 0
~ @ @+ Kl Kl| . | K] Kryl/(zy) @) (@)
" X whH| 0 k[y] (y) K[yl
0 W ) Kyl 0 K[y] klyl  (y)

In particular, the AR-translation 7 acts on projective A-modules as follows:

(1) 7 sends the projective of the neutral vertex to its radical: 7(P,) = rP,,
(2) 7 preserves the projective of the glued vertex: T(P)) = P,

(3) 7 interchanges the projectives of special vertices: 7(Py) = Pr.

We will see in the next subsection, that these statements hold for any Khoroshkin
order.

2.1.1.4 Twist functor of the neutral simple module

Let S, be the simple module at the neutral vertex x of (Q, 7). We will prove the
following Lemma in a wider context in the next Section:

Lemma 2.1.2. The module S, is 4-spherical in the sense of Definition [B.3.9

Let Tg* be dual twist functor associated to S, (as defined in Subsection . Since
S, is spherical, the functor ']I‘i/g* is an autoequivalence of Db(A). The dual spherical
twist ']I'ng* can be described as a standard functor, that is, as a left-derived tensor
product with a bimodule, as follows.

Let m: A —— S, be the canonical projection. Since A has finite global dimension,
the module S, is simple and spherical, Theorem and Corollary imply
that there are isomorphisms of functors

TS (_) =2 T (A) @ _ Zkerr® _: D"(A) —= D"(A)
(z) (z) 0 0
~ | Kl2] k[z.y]/(zy) () ()

where kerm =

0 kly] kly] ()
0 k[y] (y) K[yl
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2.1.1.5 The Auslander-Reiten translation as a spherical twist
So far, we have seen the following three autoequivalences on D”(A) :
(1) the involution o interchanging P, and P_,

(2) the Auslander-Reiten translation 7 =w ® , and

(3) the dual spherical twist Ty = kerm @ _.

Lemma 2.1.3. There are the following isomorphisms of functors:

T=0oTg ¥Tg oo: D”(A) —— D"(A) (2.1.1)

PROOF. The statement follows from the computations of the bimodules w and ker 7 :

w= | rP, | P |P_| P, and ker(m)= | rP, | P | P, | P_

2.1.2 Khoroshkin orders of the connected Lorentz groups SO, (n, 1)

In this subsection we introduce the Khoroshkin orders A,, which are related to the
connected Lorentz groups SO,(n,1), where n € N*. The goal of the present sub-
section is to give a description of the Auslander-Reiten translation 7 on the derived

category D"(A,,) similar to statement (2.1.1)).
2.1.2.1 Khoroshkin quivers and their normalizations

We begin with the description of Khoroshkin quivers (@, I),,, where n € N*.

(1) For n € Ny a Khoroshkin quiver of odd type is given by the quiver

bn—1 bn—2 bl b0
I = 3 o~ Mo g o o7
(Q7 )2n+1 n n\_/nfl‘\_/nf2 2'\/1\/*
an-1 an—2 a1 do

with relations b,_;a, =a,a,_; =0 and bi_;b;=aa_; =0, (0<i<n).

The quiver above is closely related to the union of the following quivers:

bn—l bn—2 b1 bO
Qont1 = an CO o Yo o Yo e MNe o7 Ve
o n/vn 1" ne1" 2" 2"\/1” 1/\_/*

an_1 dp—2 a do

We will say that the quiver (Q, I),,,,1 has one neutral vertex and n glued vertices.
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(2) For n € Ny a Khoroshkin quiver of even type is given by the quiver

“—b
QT bn 1 n 2 bl bO
(Q, Dgpso = o T Ne T N RS
1+ /2n+2 a_ n\_/n 1\_/n 2 A
an—2 ax do
with relations b,a, =b_a_, b, ;bi= aia,_;=0, and

bi,1 bi = Qa;dj_1 = 0, (0 <i< n).

The quiver above can be “embedded” into the union of the following quivers:

b bn_1 bn—2 b, bo
Qany2 = o e o7 Mo o 7 Mo e e 07 e
0\—/nu n/\—/n—lﬁ 1" n_2" 2/\_/1// 1/\_/*
a dn—1 an_2 a1 a

The quiver (@, I)s,42 has one neutral vertex, n glued and one pair of special

vertices. In particular, there is an involution of the quiver interchanging + and
— in vertices and arrows.

Remark 2.1.4. (1) Any quiver of odd type (Q,I)s,., satisfies the conditions of a

gentle quiver with relations in the sense of [ASS06], Definition I1X.6.1| - except
that it has oriented cycles.

(2) Similarly, any quiver of even type (Q,I)q,,o is skew-gentle in the sense of
IGAIP99| but with oriented cycles.

2.1.2.2 Khoroshkin orders and their overorders

Let (@, I), be a Khoroshkin quiver, we define

° (IkQ/])An to be the completed path algebra of the quiver (@, I),,, where the com-
pletion is taken with respect to the arrow ideal of (kQ/I),,.

In this subsection, we give a matrix description and consider the global dimension
of these completed path algebras.

Let us fix the following notation:

R; = k[z;] m; = (z;) R, = klw,_y, 2] /(21 2;) (1<i<n)
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(1) The Khoroshkin order of odd type is defined as the matrix algebra

P* Pl P2 Pn—2 Pn—l Pn
0 RO my 0
1 RO RO,l my

2 0 Rl R172

Ngpyr =
n—2 Rn73,n72 M2 0
n—1 Rn—2 Rn—2,n—1 my_g
nop 0 Rnfl Rnfl,n |

The order Ay, ,; can be embedded into the order

ﬁ* ﬁll E// ‘Bi/ _

R n—1 R Pn//

m i
1-‘2n+l = ° ° X X [ Rn ]

RO RO i=1 Ri Ri
The orders A,,,; and I'y,,; are the completed path algebras of the quivers
(Q, I)gp11 respectively Qg iy :

e There is a k-algebra isomorphism (kQ/I)q, 1 —— Ag,41 given by
bi — ; (5,5‘_171‘, a; —— 5i,i—1 (0 S < n) and a, —— T, 571,71'
where §; ; is given by the matrix with 1 at entry (i, j) and zero elsewhere.

e Similarly, I'5,,,; is isomorphic to the completed path algebra (k@);n Y1
(2) The Khoroshkin order of even type is defined as

A2n+2 =
n—1 R.2p-1 my_; 0 O
n R._: R my, m,
+ 0 R, R, m,
- 0 R, m, R,

The order Ay, .5 can be embedded into the order

el
et
SO

P, ]51/ Isi// 15;/

=1
S
=]

=
:
12
F &
P g
X
—1
-
R
X
NN
o % 3
o = 2

=1
=}
=1
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As in the odd case, the orders A,,,, and I'y,,, are completed path algebras:

e There is a k-algebra isomorphism (kQ/I)s, 19 — Ay, 1o given by

bi i 51’—1,1" aj —— 51'71'_1 (0 <i< n),

bi » Tpq 6n71,i7 ay ? 5i,n71'

e I'y, ., is isomorphic to the completed path algebra of the quiver C§Qn+2.
For any n € N* let

e nil.rep, (@, I),, denote the category of nilpotent representations of (@, I),, in the
sense of Definition

e A, -fd.mod be the category of finite-dimensional A,,-modules,

e Hy(G,,) be the principal block of Harish-Chandra modules over the connected Lie
group G, = SO,.(n, 1).

By Corollary B.I.8land Theorem|[C.3.1]there are the following equivalences of categories:

nil. rep, (@, I),, —— A, - fd. mod ;f—;—g Ho(G,)

Lemma 2.1.5. Letn € NT.
(1) It holds that gldim A, = pd S, = n.
(2) For any simple A,,-module S it holds that
syz(S) € add{ sy7'(S,) | 1 <j<n}

PROOF. Let A = A, for some n € N*. We recall that gldim A = pd(top A) by
Proposition [B.1.14 The projective resolutions of simple A-modules are given as
follows:

(1) If A = Ay, 4, for some n € Ny, the minimal projective resolution of the simple
module S, is given by

'bO 'bl -b, _2 -b 1 -a
0— P* >P1 >PZ AR Pn—2;>Pn—1 n>Pn ">Pn
2n+1 2n 2n—1 n+3 n+2 n+1 n
*ap An—1 ‘Ap—2 a1 o
—————— »P. "% P y P, > P, > Py > P,
n n—1 n—2 2 1 0

For the other simple modules we note that
syz(S;) = rP. = (a;) @ (bi_1) = syz""'(S,) @ syz*""*7(S,) (1<i<n) (2.1.2)

In particular, the projective resolution of S; is given by some parts of the pro-
jective resolution of S,. We obtain that

pdS;=2n+1—i=pdS, —i (1<i<n)
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(2) If A = Ay, 4o for some n € Ny, the minimal projective resolution of the module
S, is given by

)

: : : : «(=b_)
0 y P, —2, p P p Py Py Py —— P ® P
2n—+2 2n+1 2n n+3 n+2 n+1
Fs)
«(=b_) [+ 2] ‘ap_1 ‘an_2 ‘a1 ‘Ao
————— > P, © P_ > P > P P, > Py > P,
n+1 n n—1 2 1 0
Similarly to the odd case, the following holds:
syz(S) = rP. = syz ' (S,) @ syz”" T 7(S,) (1<i<n)
syz(Ss) = rPs = (by) = sys""(S,) (2.1.3)

In particular, we obtain that

1
pdSizn—i-l:épdS* and pdS;=2n+2—i=pdS, —i (1<i<n).

For any n € N and any simple A,,-module S we obtain that pd S < pd S, = n. This
shows the first claim. The second claim follows from (2.1.2)) and (2.1.3) above. [

2.1.2.3 Canonical bimodule and Auslander-Reiten translation

Let us denote by

° Db(An) the bounded derived category of finitely generated A,-modules,

e DPi(A,) its full subcategory of complexes with finite-dimensional homology.

The next Remark summarizes some technical details on these categories:
Remark 2.1.6. (1) Let Kb(An -proj) be the homotopy category of projective com-
plexes. There is an equivalence of categories Kb(An -proj) —— Db(An) .

(2) Let us note that there are the following equivalences of categories:

Kia (A, -proj) — Dgy(A,) == D*(A,, -fd. mod) fff-g D" (H,(G,))

In particular, the category D*(Ho(G,,)) is a full subcategory of D”(A).

We note that any ring A, is an order over R = k[t]. The canonical bimodule of
A, is defined as w,, = Homg(A,,R). This bimodule induces the Auslander-Reiten
translation

:D"(A,) — D"(A,)

T=w, &
A

n

By Lemma [2.1.5 the global dimension of A, is finite. In this case, Theorem [B.2.12]
of van-den-Bergh and Iyama-Reiten implies that the Auslander-Reiten translation
7 has the following properties:

(1) 7 is an autoequivalence of D”(A,,), which preserves the subcategory Dgy(A,,),
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(2) for any X,,Y, € D"(A,) with X, or Y, € Dg(A,) there is a functorial isomor-
phism

Hom(X,,Y,) = DExt'(Y,, 7(X,)) = DHom(Y,, 7(X,)[1])
where D = Homy(_, k) is the standard duality.

In different terms, D®(A,,) has a relative Serre functor S =7 o [1].
Next, we determine the action of 7 on projective A,-modules.

(1) It is straightforward to compute the canonical bimodule of A, :

rP, Py Py P> P F,
* i my My 0 ]
1 R, Ro,l my
2 0 R; Ry,
Wapt1 =

n—2 Rn—3,n—2 m,_» 0

n—1 Rnf2 Rn72,n71 My
n | 0 Rn—l Rn—l,n _

In particular, the AR translation 7 preserves all projectives except P, :

Y

P

and :

7(P,) =rP, 7(P)

(2) Computing the canonical bimodule of Ay, ., one obtains

(1<i<n).

rP, P P, P, P, P_ P,
. mg my 0 |
1 Ry Rop; m
2 0 R; Ry,

Wonyo =

n—1 Rn—2,n—1 my_g 0 0
n Rnfl R’nfl,n m, m,
+ 0 R, m, R,
-1 0 R, R, m, |

Now the AR translation 7 preserves all projectives except P,, P, and P_ :

T(P,)=rP, 71(P.)=P., and 7(P)

o~

P

: (I1<i<n).

Let us note that for any Khoroshkin order A,,, the Auslander-Reiten translation 7
preserves the projectives of glued vertices, interchanges the special projectives P,
and P_ and maps the neutral projective P, to its radical.
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2.1.2.4 The spherical twist Ty,

Lemma 2.1.7. For any n € N the simple A,,-module S, is n-spherical.

PROOF. Let A = A, for some n € N*. By Definition of n-spherical objects
we have to show that S, is n-Calabi- Yau and n-spherelike.

(1) S, is n-Calabi- Yau:
It is sufficient to show that S(S,) = S,[n|, or 7(S,) = S,[n — 1]. There is the
following morphism ¢ of complexes:

S, [n—1] s Py —s P, —24 P, > 0 ; > 0
e [ L
'bl 'b2
7(S,) > 0 > rP, > Py > Py L > rP,
n+1 n n—1 n—2 0

Let us note that for n = 2 the above picture specializes as follows:

ds dy

Sl P —— P, &P . P, . 0 .
le | | | shere =[]
7(S,) 0 s 1P, dy P &P &» VP, and  dy=[-a; -a_]

It can be verified that H;(¢) is an isomorphism for any j € Z. Equivalently,
7(S,) 2 S,[n — 1] in D*(A,,). So S, is n-Calabi-Yau.
(2) S, is also n-spherelike:
Since pd S, = n and 5, is n-Calabi-Yau we obtain that
’ k ifi=0o0rn
Exty (S,,5,) = ’
X4(5, 5.) {0 ifi<0ori>n.

Let 0 < ¢ < n. Let P, denote the projective resolution of S,. Note that the
projective in P, at degree ¢ does not contain a direct summand of type P,. This

implies that Extf\(S*, S,) = H;(Homy(FP,,S,)) =0. 0

Let us fix some n € N*. Let Tg : D"(A,) —== D"(A,)) be the dual twist functor
associated to S, as defined in Subsection Since S, is spherical, the functor

']I‘Yq* is an autoequivalence by Proposition .3l Next, we want to express Tg* as a
standard functor.

Let =,: A, — S, be the natural projection considered as a morphism of A,,-

bimodules. By Theorem |B.3.12| and Corollary |B.3.13| the spherical twist ’]Tg* can be
expressed as follows:

Ts, (L) = Ts,(An) @ _ = ker(r,) © _
The bimodule ker(7,,) is closely related to the canonical bimodule w,,:

(1) For n € Ny we have that

ket (o) Z | rP | Py | Po| ... | Pyt | Py | 2 wopis (2.1.4)



2.1 MAIN PROPERTIES OF KHOROSHKIN ORDERS 81

(2) For n € Ny we obtain that
ker(mo,10) = | *P, | Py | Py | ... | Py | Py | P_ (2.1.5)

Remark 2.1.8. Let Tg denote the (usual) twist functor associated to the spherical
object S,. Its quasi-inverse is given by the dual twist functor of S, : ’JI‘;} = Té*.

2.1.2.5 The Auslander-Reiten translation as a spherical twist

Definition 2.1.9. Let A = Ay, | or Ay, 5 for some n € Ny. We define a functor
o : D°(A) —== D"(A) such that o° = 1d as follows:

o if A=Ay, ., we set o =1d.

o if A=Ay, o, the functor o is given by interchanging + and — in projectives and
their differentials:

b b
P,—» P, +2s P —P p—4pP 2 PP
PP, 25 PP if )¢ {+ -}

In other words, the functor ¢ is induced from the involution of the quiver (@, I),,.

The following statement is the main result of this subsection:

Proposition 2.1.10. For any n € NT there are isomorphisms of the following
functors:

T T oo =2 goT¢ : D"(A,) —==D"(A,) (2.1.6)

PROOF. Let A = A, for some n € N*. The Auslander-Reiten translation 7 and the
dual spherical twist Tg_can both be expressed as standard functors:

T=w,®  and ’]I‘g* = ker(m,) ®
A A
Now, the statement follows from ({2.1.4]) respectively ([2.1.5):
T{ Zker(rm,) ® 2w,® ooc=To0=gorT
: AT AT

where the last isomorphism holds because the Auslander-Reiten translation com-
mutes with any auto-equivalence of D”(A). O

2.1.2.6 Cohen-Macaulay modules

By Lemma the Cohen-Macaulay modules of any Khoroshkin order A, are
exactly the submodules of projective A,-modules. The indecomposable Cohen-
Macaulay modules of Khoroshkin orders A,, are given as follows:

Proposition 2.1.11. Letn € N.
(1) The indecomposable Cohen-Macaulay modules of Ay, are given by

e the n projective-injective Cohen-Macaulay modules Py, Ps, ..., P,,
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o and the 2n + 1 ideals

(b0)7 (b1)7 te (bn—l)a (bn)ﬁ(an—l)a A (31)7 (aO)'

(2) The indecomposable Cohen-Macaulay modules of Ay, o are given by
o the n + 2 projective-injective Cohen-Macaulay modules Py, P, ..., P,, P, P_,

o and the 2n + 2 ideals

(bO)’ LR (bnfl)a (bi)7 (a+,a,), (anfl)a LR (30)7

We note that (b,) = (b_). The non-projective-injective Cohen-Macaulay mod-
ule are given by

(ao) an >0

P*g{(bo) ifn>0 .
(ap,a_) ifn=0

(by) ifn=0

COMMENTS ON THE PROOF. This statement can be derived using the classifica-
tion method for lattices over one-dimensional orders by [RR79] or [GRT78|. This
method is based on a non-commutative analogue of the category of triples of Subsec-
tion [[.1.2] Alternatively, the classification can be obtained using Auslander-Reiten
theory [Aus99|, Chapter VI, Section 7|. O

and rP, = {

Let us note that the simple module S, also “knows” all Cohen-Macaulay modules:

Corollary 2.1.12. Let n € N*. Any indecomposable Cohen-Macaulay module over
A,, is projective or isomorphic to some syzygy of S, :

ind[ CM(A,) ] = ind[ proj(A,) ] @ [syZ’(S,) | 1<j<n]

2.1.3 Khoroshkin orders of the disconnected Lorentz groups SO(n, 1)

At last, we will briefly discuss the orders A% associated to the disconnected Lorentz
groups G7 = SO(n,1). Again, our main goal is to describe a factorization of the
Auslander-Reiten translation. The difference to the previous cases is only technical.
More precisely, we have to use a generalized twist functor associated to a spherical
collection of several simple modules. We will skip the computational proofs in this
section for brevity.

Khoroshkin quivers of disconnected Lorentz groups
Let us introduce the quivers (Q, I)?, where n € N*:

(].) FOI' any n & NO we set (Q7I)§L+l = (Q,I)2n+1 X (Q,])2n+1.
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(2) For any n € Ny we have

by_1 by by by
. nt o~ n—-1"_——~ n—2" ot 1T+
b [ ] - [ - [ e [ ~___~ [ *__~ [ ]
. e a a, sl ag
a n— n—
(Qv I)2n+2 nt+l @ ° _ _
"oang a2 a EN)
b, o N o 7N, e o g7 TN,
N N o P P
bn—1 bn72 bl bO
(2.1.7)
with relations bfb, =a,al =0 and bijE bﬁl = aﬁl aijE =0
(1<i<n).
(2.1.8)

This quiver has two neutral vertices «* and x~, and 2n + 1 glued vertices.

Remark 2.1.13. For any n € N* the Khoroshkin quiver (Q,I)# is “gentle with
oriented cycles”.

Khoroshkin orders of disconnected Lorentz groups

For any n € NT let A¥ be the completed path algebra of the quiver (Q, I)Z‘f

(1) For any n € Ny it holds that A}, ., = Ag,iq X Agpir.
In this case there are two neutral simple Afn 1-modules which we will denote by

S+=58x0and S - =0x5,.

(2) For any n € Ny there is an isomorphism

Py P Py Poi1 P_ P_ P_

1 R+ mg+ 0

+
1 RO+ R0+71+ m1+

+
2 0 R1+ R1+72+

my,
Ajén+2 = nt1 Rn,n-i—l
Rn+1

2" Rz*,r m, - 0

r R- R m,-

* 0 R07 Rof
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The minimal projective resolution of the simple Afn 4o-module S + is given as

follows:
bF bF bF by by "
0 » P+ > Pr > Pyr > P = »Ps —— P =+
2n+2 2n+1 2n n+3 n+2 n+1
+ + + +
by T a,® ‘an_1 ‘an_o -aj -ag
s p 2Py p S P+ > P+ s P+
n+1 n n—1 2 1 *
n+1 n n—1 2 1 0

For any n € NT we define a semi-simple A¥-module by S, = S+@S,-.
Lemma 2.1.14. Let n € N'.

(1) It holds that gldim A¥ =pdS + = n.
(2) For any simple A¥ -module S it holds that
syz(S) € add{ syz’(S,) |1 <j<n}

As in the previous section, Corollary [B.1.§] and Theorem yield the following
equivalences of categories for any n € N* :

nil. repy (Q, I)# —— A¥ -fd. mod -'ff'é Ho(GT)

where Ho(G#) is the principal block of Harish-Chandra modules over the discon-
nected Lorentz group G = SO(n, 1).

Canonical bimodule and Auslander-Reiten translation
In the following let n € Nj.

(1) The canonical bimodule of A¥ 4 is the direct product wi 1= Wz 1.

(2) The canonical bimodule of A}, ., is given by

Wihio=| rP+ | Py | Py | .| Py | oo | Py | P | PP -

1 2 1

In both cases, the Auslander-Reiten translation 7 preserves the projectives of glued
vertices, and maps each neutral projective to its radical.

The spherical twist T,
Again, let n € N,. For simplicity of the following notation let n € N,

(1) if n is odd, the order A¥ has the two n-spherical modules S +and S -. In the fol-
lowing, we will consider the dual twist functor Tg* associated to the semisimple
module S, = S + @ S, -. This functor is a direct sum of autoequivalences:

T¢ =T, ©T¢ : D°(AF) —=5D"(AF)  where AY = A%
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(2) if n is even, there is a new phenomenon:

Lemma 2.1.15. As above, let n € N™ be even. The collection S, = {S,+,5,-}
15 an m-spherical collection in Db(/\j‘;’£ ) in the sense of Definition .

In the following let

° ’H“\é* be the dual twist functor of the spherical collection S,, and
o T, : Aff —» S+ ®S - be the natural projection.

According to Section the dual twist Tg yields also an autoequivalence,
and can also be expressed as a standard functor:

Ts, () Zker(m,) ® _:  m,: D'(A]) == D"(A])

Remark 2.1.16. The dual twist of the collection is not isomorphic to the dual
twist of the direct sum: ']I‘g* a2 T§*+ oS = T§*+ S Tg*_

Auslander-Reiten translation as a generalized spherical twist
Proposition 2.1.17. Let n € Ny. There is an isomorphism of functors:
T~ Ty : D”(A# -mod) — D"(A¥ -mod)

PROOF. Let A* = AZ .| or A} ., for some n € N*,

(1) if A" = Afnﬂ, the statement follows from the odd case of Proposition [2.1.10

(2) if A* = AT 49, there is a bimodule isomorphism wy,,, 5 = ker(7g,42). O

Remark 2.1.18. Despite the fact that for any n € N the Khoroshkin quiver
(@, 1 )ff has a natural involution (which corresponds to involution functor k in Sec-
tion , it does not occur in the factorization of the Auslander-Reiten translation.
This is related to the fact that such a quiver has no special vertices.

Cohen-Macaulay modules

Proposition 2.1.19. For any n € Ny the indecomposable Cohen-Macaulay modules
of A;%z—i—? are given by

e the 2n + 1 projective-injective Cohen-Macaulay modules P+, Py, ..., P «, P .4,
o and the 4n + 4 ideals
(bg): (bY), -+ (b3) (@), -+, (a¥), (ap).

Corollary 2.1.20. Any indecomposable Cohen-Macaulay module over Ay, o is ei-
ther a projective-injective Cohen-Macaulay module or isomorphic to some syzygy of

S, = S*+ © S*—.‘
ind[CM(Agni0)] = [syZ/(S,) | 1 <j <2n+2] @ ind[proj.inj CM(A)]

The precise relationship between any two Khoroshkin orders A¥ and A, is described
in Subsection [C.3]
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2.2 Derived Auslander-Reiten Theory of Khoroshkin orders

This section contains all results of this chapter. In the first subsection, we introduce
a homological invariant called the defect for any Khoroshkin order A. The main
result shows that objects of the derived category Db(A) with vanishing defect are
exactly the 7-periodic objects.

Then we show that 7-periodic objects can be related to some category of a certain
suborder A° C A of infinite global dimension. It turns out that the defect numbers
also determine the homological dimensions of finite-dimensional A-modules.

At last, we divide the indecomposable objects in the derived category into four
classes which will be characterized by combinatorial terms in Chapter

2.2.1 The defect, the involution and the Auslander-Reiten translation

Definition 2.2.1. Let A = A, or A7 be a Khoroshkin order for some n € NT.
o if A=A, let S, be the simple A-module corresponding to vertex x in (Q,1),,

o if A=A let S, = S +®S - be the direct sum of simple A-modules corresponding
to the two neutral vertices in (Q, 1) .

For P, € D*(A) and any i € Z we set
0V(P,) = dimy Ext}y(P,, S,), and 6(P) =Y 6"(P,)

i€z
The invariants 8% (P,) will be called the defect numbers, and 8(P,) the defect of P,.

Remark 2.2.2. Let P, € D°(A). Without loss of generality, we may assume that

P, is a minimal projective complex. By Lemma the defect §(P,) counts the
number of projectives of type P, respectively P+ in P,.

The following statement is the main result of this chapter:

Theorem 2.2.3. Let A = A, or A¥ be a Khoroshkin order for some n € NT. Let
S, be a collection of objects in DP(A) defined as follows:

{S,} if A = A, for somen € N*
So=1¢ {S+,S-} ifA=Af, for somen € N"
{(S+@S -} if A=A} _, for somen € N*

Let Tg* be the dual twist functor associated to the collection S,.
(1) The dual twist functor TY is an autoequivalence of D(A).
(2) The Auslander-Reiten translation on DP(A) has the following factorization:
T=goT¢ 2T¢ oo:  D°(Hy) — D"(H,)
where the involution functor o was given as follows:
oo =1Id,if A=Ay, , or A=A" for somen e NT | or

e o is the involution interchanging + and —, if A = Ay, for some n € Nt
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(3) Assume that A = A, or A¥ for some n > 2.
For any P, € Db(A) the following conditions are equivalent:
(a) 6(P,) =0 (b) 7™(P,) = P, for some m € N*
() T(P)=0o(P,) (d) T(P) =P,
(e) Ts(P)=P,

PROOF. (1) The first statement follows from Lemma respectively Lemma
2.1. 19

(2) The second statement collects Propositions [2.1.10 and [2.1.17]

(3) Only the third statement of the Theorem is new.
e (a) & (e) : This is stated in Lemma [B.3.14]
e (¢) = (c): This follows from statement (2) of the Theorem.
e The implications (¢) = (d) = (b) are obvious.

e It remains to show that (b) = (e) : Let P, be 7-periodic for some m € N,
Then 72" (P,) = P,. By (2) it follows that

P2 7(P) 2 (00 T4 V™ (P) 2 0™ o (T4 (P.) = (T4 )*" (P,
By Lemma [B.3.14|it follows that Tg (P,) = P.. O

The theorem above has the following consequence:

Corollary 2.2.4. For an order A as above, the homogeneous tubes in the Auslander-
Reiten quiver of D]fod(A) have either rank one or two.

Remark 2.2.5. Let us give a few remarks on the Theorem above:

(1) The defect § and involution o have certain Lie-theoretic interpretations for or-

ders of type A,, (see Section . In particular, Theorem gives a relation-

ship between these Lie-theoretic notions and the Auslander-Reiten translation.

(2) Theorem is slightly more general than its formulation in the introduction
(Theorem , since D°(Hy) —== Dpy(A) —— DP(A).

(3) For any P, € D]f[’d(A), we have 6(P,) = 0 if and only if the complex P, is
contained in some regular component of the Auslander-Reiten quiver of D]fod(A).
In particular, the name “defect” is motivated by the analogous notion in the
representation theory of hereditary algebras ( see Remark for an example).

(4) Theorem[2.2.5 does not hold for n = 1. For ezample, if A = A, = K[t]), it holds
that 6(P,) > 0 and 7(P,) = P, for any P, € D"(A;).

2.2.2 The subcategory of m-periodic objects

As usual, let A be some Khoroshkin order. Next, we study the category 7T of 7-
periodic objects in DP(A) in detail. In the first part of this section we consider a
Gorenstein suborder A of infinite global dimension of A. In the second part we show
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that the category T is equivalent to the category Perf(A°) of perfect complexes of
A°. In particular, 7 can be viewed as the “singular part” of the category D"(A).

2.2.2.1 The restricted Khoroshkin orders
First, let us introduce certain subrings of Khoroshkin orders:
e Let A=A, or A# be a Khoroshkin order for some n > 2,
o let (Q,1) = (Q, 1), or (Q,1)¥ be the corresponding quiver.
e we denote by e, the following idempotent of A :
—if A=A, let e, be the idempotent corresponding to the neutral vertex x,
—if A= Aff ,let e, = e + +e - be the sum of idempotents of the neutral vertices,
e Let e =1 — ¢, and A° denote the subalgebra A° = eAe of A.
e let (Q, I)° be the subquiver of (@, I) on the non-neutral vertices.

The subalgebra A is isomorphic to the completed path algebra of the subquiver
(@, I)° and there is an equivalence of categories

A° -fd. mod — nil.rep(Q, I)°

In the case of Khoroshkin orders of connected Lorentz groups, the subquivers (Q, I)°
have the following form:

(1) (a) assume that A = Ay, for some n > 2. Then

b b b
e _ 7N o 7 N
(@ 1)ans1 = x :\5/,121\5/”!2 T 3*\/2*\/1Qy
with relations bx=xa=b’=a’=yb=ay=0. (2.2.1)

(b) in the special case A = Ay, let us note that A° = kfx, y]/(zy).
For any n > 1, the quiver (Q, I)3,,, has only glued vertices.

(2) (a) Let A = Ay, o for some n > 1. Then

b
Q b b b
SN e )y
ﬂnvn 1\/.1 2 3\_/2\_/1
b

with relations b,a, =b_a_, and bb, =a,a=b’=a’=yb=ay=0.

_l’_

(Q: I)SnJrZ =
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(b) in the case of the Gelfand order A = A, we have

A5 =

R m
m R

] and (Q ])6 X C./}/\.QX X2 = y:F yﬂ:
) 2 + -
‘\y_/ X:I: ij — y¥ Xy-

For any n > 0 the quiver (Q, I)5,,» has only special and glued vertices.

For any n € N¥, the subquiver (Q, I)S, has no neutral vertices.

Remark 2.2.6. (1) Let A = A¥ be some Khoroshkin order for some n > 2. In this
case, the subquiver of A® is given by quivers of the form (2.2.1). More precisely,
it holds that

(Q? I);%{i-l = (Qa ]);n+1 X (Qa ])§n+1 and (Qv I);%‘;j-Q = (Qv I)Zn+3'

In particular, all statements of this subsection hold also for Khoroshkin orders
A

(2) The quiver (Q, )5, in (2.2.1) has another Lie-theoretic interpretation. It has
appeared in the study of cuspidal representations of sl(n + 1) [GS10].

Remark 2.2.7. Let the characteristic of the base field k be different from two. Then
the ring A5 is Morita equivalent to a skew group ring of the nodal singularity:

A5 -mod —— Zy#R,, -mod, where R,, = k[z,y]/(zy).

It is well-known that the category R, -fd.mod is tame |[GP68|. By results of
[Kho81] or [RR85| it follows that A5 -fd. mod is also tame.

Similar arguments show that the category A5 -fd. mod is tame for any n € N*.

Lemma 2.2.8. Let A = A, or A¥ for some n > 2. Its subring A° = eAe has the
following properties:

(1) The ring A° is a Gorenstein order of infinite global dimension.

(2) The canonical bimodule of A® is given by w® = o(A°).
In particular, the Auslander-Reiten translation 7 : D™ (A°) —— D™ (A®) s
given by the involution o and satisfies %~ 1d.

(8) There is the following double centralizer property:
A = End.y.(Ae), where Ae is viewed as a right eAe-module.
PROOF. These statements follow from straightforward computations. 0

Since the suborder A® has infinite global dimension whereas the order A has global
dimension n, the restricted Khoroshkin order A® is “more singular” than A.

2.2.2.2 Further characterization of 7-periodic complexes
Next, we consider the following categories:

e As before, let T be the subcategory of T-periodic complexes in D"(A).
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We recall that a full subcategory in D”(A) is thick if it is closed under cones, the
shift functor and direct summands.

e Let (S,) be the smallest thick subcategory of Db(A) containing S,.
e The left and right-perpendicular categories of (S,) are defined by:
+(S,) ={ P, e D"(A) | Exti(P,,Y,) =0 for any i € Z and any Y, € (S,) }
(S)F ={ P, e D"(A) | Exti(X,,P,) =0 for any i € Z and any X, € (S,) }

o Let Kb(addAe) denote the bounded homotopy category of projective complexes
of A-modules without projectives of type P,

e Let Perf(A®) = K”(A° - proj) be the category of perfect complexes of A°-modules.

Corollary 2.2.9. Let A = A, or A¥ for some n > 2. In the notations above there
are the following equalities and equivalences of categories:

T ="(S,) = (S,)" —= K"(add A e) — Perf(A°) (2.2.2)

This statement restricts to subcategories of objects with finite-dimensional homology.
In particular, the categories T and Tgy are thick subcategories of Db(A).

PROOF. By Lemma [B.2.16| it holds that (S,)" = St and L(S*> = 1S, are thick
subcategories.

(1) The main point is that 7 = S, which is stated in Theorem m (3), the
equivalence of conditions (a) and (b).

(2) Since S, is n-Calabi-Yau, it follows that =S, = S;.

(3) T —— K"(add Ae) :
Let P, € D°(A). We may assume that P, is a minimal projective complex.

Then P, € Kb(add Ae) if and only if P, has no projective modules of type P,.
By Lemma [B.2.17| this is equivalent to 6(P,) = 0.

(4) At last, let us note that there is an equivalence of additive categories:

Ae <§A§ _ rele-proj —— add(Ae)

This functor yields an equivalence of the homotopy categories:

Ae @ :  Perf(A%) = K"(eAe - proj) —— K"(add Ae) .

ele

2.2.3 Projective and injective dimension in terms of defect numbers

In Lemmas|2.1.5|and [2.1.14] we have seen that the global dimension of any Khoroshkin
order A is given by the projective dimension of the module S,. Next, we want to show
that S, determines even the projective and injective dimension of any A-module.
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Lemma 2.2.10. Let A = A, or A¥ for some n>2 and let M € A -mod. Then

id M =max { 1, max{ Ext)(S,,M)#0} } (2.2.3)
=max{ 1, n— Or<m£{ Ext)(M,S,) #0} }. (2.2.4)

PRrROOF. For simplicity of notation, let us assume that A = A,, for some n > 2. Let
M € A -mod. By Proposition we have

id M = sup{ Ext} (top A, M) #0 } > sup{ Ext} (S,, M) #0 }. (2.2.5)

J€Ny J€Ny

e Assume that id M > 2. We have to show the opposite inequality in (2.2.5)).
By assumption there is some simple A-module S and some j > 2 such that
Extj (S M) = Ext’ ' (syz(S), M) 7& 0. We recall that by the statements (2.1.2)
or in the proof of Lemma [2.1.5| there is some k € NT respectively there are
some k:,l e N such that

syz(S) =2 syz"(S,) respectively  syz(S) = syz"(S,) @ syz'(S,). (2.2.6)
In the second, more general, case it follows that
Ext} (S, M) = Ext), ' (syz(S), M) = Ext} " (syz"(S,) @ syz'(S,), M)
=~ Ext) " 71(S,, M) @ Ext{ (S, M)
Since j+k—12>jand j+1— 12> 7, we obtain the inequality
id M = sup{ Ext} (top A, M) # 0 } < sup{ Ext}(S,, M) #0 }.

jEN, JENy
Since gldim A = n and S, is n-Calabi-Yau, we obtain finally
id M = max { Ext(S,, M) #0 }

1<j<n

= max { Ext} (M, S5,)#0}=n— Orgji?n{ Ext)(M,S,)#0}.  (2.2.7)

1<5<n

This proves the equalities (2.2.3]) and (2.2.4)) in the case that id M > 2.

e ifid M <1, we have id M = 1 by Remark|B.1.16 In this case, the equality (2.2.3])
holds automatically, and ((2.2.4) follows by ([2.2.7)).

The proof above can be adapted directly for Khoroshkin orders of type A, where

n > 2, with slightly different notation at (2.2.6)). O
Example 2.2.11. Let A = A,, for somen > 2. Let P be an indecomposable projec-
n if P2 P,

tive A-module. Then id P = :
1 if P#P,

To show an analogous formula for the projective dimension, we need to introduce
the twisted Matlis duality. Note that any Khoroshkin quiver (@, I) can be identified
with its opposite quiver (@, ) by switching the arrows in two-cycles. In other
words, there is a ring isomorphism ¢ : A —=— A’ such that ¥(e) = e for any
idempotent e € A.
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Remark 2.2.12. More precisely, the isomorphism ¢ : A —— A°? is given as fol-

lows.
Aonia Agpia A;%v,—l—Z n € Ny
a [ Yla) || a [¢(@) ]| a ¥
a | by || a | b ||at]| bf 0<i<n
i a; i Ch bii a;
a, | a, | ay| by || a | bF
b | ay bnjE ay

The case that A = A;‘flﬂ for some n € Ny is similar, since A;%Hl = A2,

Definition 2.2.13. Let ¢ : A —— A°? be the ring isomorphism which fixes any
idempotent. Let " : AP -fd. mod —— A,, -fd. mod denote the equivalence of cat-

egories induced by the isomorphism ¥*. The twisted Matlis duality D is defined as
the composition

D:=1¢*oD: A, -fd. mod — A% -fd. mod — A,, -fd. mod,
where D = Homy (_, k) is the standard duality.

Remark 2.2.14. (1) Let us note that the standard duality D is related to the Matlis
duality of orders by Proposition [B.1.17

(2) The twisted Matlis duality D is a contravariant endofunctor such that
D? = Id and IE)(S) =~ S for any simple A,-module S. (2.2.8)

Lemma 2.2.15. Let A = A, or A¥ for some n > 2. For any finite-dimensional
A-module M it holds that

pd M =max{ 1, max { Ext) (M,S,) #0 } }.

1<j<n
PROOF. By (12.2.8) it follows that
pd(M) = id(BOM)) = max{ 1, max { Exth(S..B(M) 20 )
SJsn

and also that Extf\(S*,ﬁ(M)) >~ Ext), (M, S,) for any j € Z. O
Example 2.2.16. For any simple A-module S it holds that pd S = idD(S) = id(S).

Let us recall that the defect numbers and the defect of M € A -mod were given by
0V (M) = dimExt} (M, S,) and §(M)= > 9 (M).
1<j<n
We may summarize Lemmas [2.2.15| and [2.2.10] as follows:

Proposition 2.2.17. Let A = A, or A be a Khoroshkin order for some n > 2.
For any finite-dimensional A-module M the following statements hold:

o if 5(M)=0, thenpd M =id M = 1.
o if (M) #0, then
pdM = max{ 6D (M)#0} and idM=n— min{69(M)#£0}

0<j<n 0<j<n
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At last, let us characterize modules of maximal projective or injective dimension:

Corollary 2.2.18. Let A = A, or A¥ for some n > 2 and let M be a finite-
dimensional A-module.

(1) id M = n if and only if 6O (M) # 0.
(2) pd M = n if and only if 5™ (M) #0 .
Moreover, the invariants above have the following interpretations:

§(M) :=dim Hom, (M, S,) = dim Ext}(S,, M) = [top M : S,]
5" (M) :=dim Exty (M, S,) = dim Hom, (S,, M) = [soc M : 5]

Remark 2.2.19. Lemma Proposition and the Corollary can be

extended to all non-projective finitely generated A-modules using the classification
of Cohen-Macaulay A-modules stated in Propositions|2.1.11] and[2.1.19

2.2.4 Four classes of indecomposable objects

As before, let A = A, or A¥ be the Khoroshkin order for some n > 2. In this
subsection we will divide the indecomposable objects of Dg;(A) into four classes.

2.2.4.1 Lie-theoretic definition and examples

Definition 2.2.20. Let P, be any indecomposable object in Diy(A). Then

usual string if and only if 6(P,) >0 and o(P,) = P,,

P oisa special string if and only if o0(P,) >0 and o(P,)%# P,,
* bispecial string  if and only if §(P,) =0 and o(P,) % P,,
band if and only if 0(P,) =0 and o(P,) = P,.

Obviously, any indecomposable object of DFd(A) belongs to one of the four disjoint
classes. The same division applies to indecomposable finite-dimensional A-modules.

Let us note that the above terminology was originally motivated by a combinatorial
characterization of the four classes which will be given in Theorem in the next
chapter.

Remark 2.2.21. Let A = Ay, or A* for some n € NT. In this case, o = id and

the category D]fad(A) has only two classes of indecomposable objects: usual strings
and bands.

Let us describe some simple examples of strings and bands:
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Example 2.2.22 (String and band modules of the Gelfand quiver). Let A = A, be
the Gelfand order and (Q,1) = (Q, 1), be the corresponding quiver:

P, P, P_
R m m b, b_
W
Ab= | R R m (Q,I)QZI\_/;\/: b,a, =b_a_
R m R at a_

V|| quiver representation projective resolution (V) |a(V)| class
SN TN (—b_ [+ a-] l
s. | o k 0o | P, {MJ ®pr —p, | 2 | 5 |
~— ie{+—} string
TN N : al
S, | Kk 0 0 P2 p, I
~ string
TN TN b_ jal
s || o 0 K P> p 1|, | P
L RN / string
[10]
N T ayb_ bispecial
N string
[}]
[10]
, T N TN a_b, bispecial
~ string
7]
[(1)8] [8(1)] |:'>\afb+ ‘3+b+
N a_b_ a,b_
Vi || K2 k2 s PoP, —— P, OP 0 Vy | band
" S
(2] [63]
where A € k such that X\ # 0 or 1

We refer to Tables|C.2.2 and|C.2.3 for further examples of string representations of
the Gelfand quiver.

At last let us consider the simple modules of some Khoroshkin orders:
Example 2.2.23. Let A = Ay, or Ay, 5 for some n € N.

e the simple A-modules S,, Sy, ...S, are usual strings of defect 2.

o if A=Ay, .5, the simple modules S, and S_ are special strings of defect 1.
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2.2.4.2 Functorial characterization and basic properties

Theorem provides the following “functorial” characterization of the four classes:
Corollary 2.2.24. Let A = A, or A¥ for some n > 2. Let P, be an indecomposable
object in Dgy(A). Then

usual string & 7( (P,) 2 P,
special string & 7P, %P, and o(P,) 2 P,
bispecial string < 7°(F, (P,) = o(
band < 7(P)=o0(P,) =P,

P, is a

The proof of the following Lemma is straightforward.
Lemma 2.2.25. Let C be the additive closure of one of the four classes in D]fod(A).
Let F be any auto-equivalence of Dgy(A) such that

F(S,) = S,[k] for some k € Z, and Foo=ooF on Dg(A).

Then T preserves the subcategory C.
In particular, the additive closure of one of the four classes in D?d(A) is preserved
by the auto-equivalences T, (1], S, o or D.

Remark 2.2.26. Let us recall that there are the following two thick subcategories
in D (A) :

e the full subcategory Tiq of T-periodic complexes in D?d(A),
o the subcategory (S,) of Diy(A) generated by the spherical object S, .
The Auslander-Reiten quiver of these categories has the following components:

(1) We note that Ty is exactly the additive closure of bispecial strings and bands.
In particular, the Auslander-Reiten quiver of Ty is given by homogeneous tubes
of rank one and two. By Remark[2.2.7 the category Ty is representation-tame.

(2) Assume that A = A, for some n > 2. In this case, Theorem by Keller,
Yang and Zhou [KYZ09] and Theorem[B.3.5 by Jorgensen [Jor04] imply that

the AR-quiver of (S,) is given by n — 1 components of type ZA .
In particular, the category (S,) has discrete representation type.

For A = Ay we give an explicit description of the category (S,) in Subsection .

Remark 2.2.27. Let C be the additive closure of one, two or three of the four
classes - except “bispecial strings and bands” or just “bands”. Then C is not a thick
subcategory of D]fod(A).



CHAPTER 3

Reduction techniques for nodal orders

In [Dro91] Drozd characterized the orders A such that the category of finite length
modules over A has tame representation type. Such orders are the nodal orders. We
will not define nodal orders in this introduction but note some of their properties.

First of all, any Khoroshkin order of the previous chapter gives a Lie-theoretic ex-
ample of a nodal order. Second, nodal orders can be considered as non-commutative
generalizations of the nodal singularity k[z,y]/(xzy). At last, nodal orders can be
viewed as infinite-dimensional versions of gentle or skew-gentle algebras in the rep-
resentation theory of quivers.

The goal of the present chapter is to study the classification problem of indecom-
posable A-modules for any nodal order A.

In [BD04| Burban and Drozd have shown that any nodal order A is even derived-
tame. For simplicity of notation, let us assume that A is a nodal order of finite
global dimension. The order A embeds naturally into some ring I', which yields a
radical embedding, that is,

A——T and radA=radl (%)

Moreover, the order I' is a hereditary order. In particular, the derived category Db(F)
has only countably many indecomposable objects. The work of [BD04]| provides a
technique to glue any indecomposable projective complex in Db(A) from several
complexes of the well-understood category D(T).

To state the main results of this chapter, we need to recall the approach of [BDO04|
in more detail. Their approach relies on the following diagram of categories and
functors:

D"(A) —= Tri(A) — Rep(B)

In particular, there is a notion of the category of triples Tri(A) for derived categories.
Any triple of A can be considered as “gluing data” for a complex in the category
DP(A). The functor F in the above diagram is dense and preserves indecomposability
and isomorphism classes of objects.

Furthermore, there is a bimodule category Rep(8) associated to the category of
triples Tri(A). An object of the category Rep(B) is given by a family of certain
matrices.

The functor H is full and dense. Its essential image is given by the category Rep*(%)
of so-called regular representations in the category Rep(*8). The kernel of H is given
by the derived category D"(T',) for some explicit hereditary subalgebra I, of T.
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In other words, the representation-theoretic difference between the category of triples
Tri(A) and the bimodule category Rep(B) is insignificant.

Summarized, the above functors yield bijections between isomorphism classes of
indecomposable objects in the following categories:
F H *
ind[D"(A)] ;27 ind[Tri(A)] ;1 ind[Rep (%B)] U ind[D"(T,)]

G 1

Via this path of bijections, the classification problem of indecomposable objects in
D"(A) is reduced to a matriz problem over some bunch of semichains 5.

At this point, Bondarenko’s combinatorics (Appendix can be used to construct
the canonical forms of the category Rep*(‘B). These canonical forms can be trans-
lated back via the maps I and the gluing map G to an indecomposable projective
complex of the nodal order A.

In this chapter we study the classification problem of the indecomposable modules
of any nodal order A by two approaches.

In the first approach, we aim at a description of the projective presentations of
indecomposable A-modules.

In Theorem [3.5.18| we define a “truncated” bunch of semichains B, and show that
there are bijections of isomorphism classes of indecomposable objects in the following
categories:

F H
ind[A - fd. mod] (L’ ind[Trig(A)] (L ind[Rep®(B)] U ind[T", - fd. mod]

Here the category Trig(A) can be viewed as a “truncated” version of the whole
category Tri(A) of triples. The indecomposable triples in this category correspond
exactly to minimal indecomposable projective presentations. The category Triy(A)
can be defined in the setup of any radical embedding . There is also a method to
pass from a projective presentation obtained in this way, to a projective resolution.
This approach relies on a simple observation and is summarized in Proposition [3.3.1
and Remark

On the other hand, in Proposition [3.3.11] we obtain a direct characterization of
triples in Tri(A) which correspond to projective resolutions in D”(A).

Both methods are applied in Chapter [5] to describe the indecomposable objects in
the abelian category of the Gelfand quiver.

In this chapter we also introduce the notions of defect and involution in the setup
of any nodal order A. We give an intrinsic characterization of the four classes of
indecomposable objects in D(A) in Theorem [3.6.2]

In the first part of this chapter we deal with the category of triples Tri(A). From
Section [3.4] until the end of this chapter we focus on the category of matrix repre-
sentations Rep (B).
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3.1 Introduction to nodal orders

In this subsection, we introduce nodal orders and discuss their representation type.
However let us remark that the methods presented in the later Sections can be
applied to a more general class of rings than the nodal orders.

Throughout this section, let R = k[t] be the ring of formal power series. We refer
to Definition for the notion of orders.

Definition 3.1.1. An R-order A is nodal if and only if the following conditions
hold:

(1) the order I := End,(rad A) is hereditary,

(2) the natural embedding A C ' is a radical embedding, that is, rad A = rad T,

(3) for any simple left A-module S the A-module \I' @, S has at most length two.

We will call the overorder I' the normalization of A.

Example 3.1.2. (1) The nodal singularity A = k[z,y]/(zy) is the only commu-
tative nodal order. In this case, T' = k[z] x k[y] and T is the normalization of
A in the sense of commutative algebra.

(2) Any Khoroshkin order A, or A* from Subsection or in m 18 a nodal
order with finite global dimension. The restricted Khoroshkin orders defined in
Subsection |2.2.2. 1| gives examples of nodal orders with infinite global dimension.

Remark 3.1.3. The following two properties of nodal orders have been shown in
[IDZ13, Proposition 1.3, Corollary 1.10]:

(1) Any nodal order is Morita equivalent to some basic nodal order.

(2) The third condition in the definition of nodal order is equivalent to the same
condition with right simple modules.

The class of nodal orders is distinguished by the following result:

Theorem 3.1.4 ([Dro90]). Let k be an algebraically closed field. Let A be an order
over k[xy, ..., x4] for some d € NT,

Then the category A -flmod of finite length modules over A has tame representation
type if and only if d =1 and A is a nodal order.

In other words, for “most” orders the classification problem of finite length modules
is wild, which is considered hopelessly difficult. Nodal orders are the only orders for
which this classification problem seems feasible.

For simplicity of notation we will consider only nodal orders of finite global dimen-
sion in the following.

Surprisingly, nodal orders are even derived-tame:

Theorem 3.1.5. [BDO04] Theorem 5.2 For any nodal order A the description of
the indecomposable objects in the deried category D°(A) can be reduced to a matriz
problem of some bunch of semichains. In other words, the category Db(A) 15 “tame
n a pragmatic sense”.

The reduction method of this theorem is the topic of the present section.
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Remark 3.1.6. For any nodal order A the category CM(A) of Cohen-Macaulay
modules has finite representation type. This follows from [RR79] or |GRTS|.

Definition 3.1.7. Let A be a nodal order and S a simple A-module.
(1) S is neutral if and only if \' @, S = S.
(2) S is glued if and only if \T @, S = S®S.

[

(3) A pair of simple A-modules S, and S_ is special if and only if \I' ®, S, =
AF®A S_ = S+®S_

A primitive idempotent e; € A will be called neutral or glued if S = top Ae; is a
neutral or glued simple module. Similarly, a pair of primitive idempotents is special
if the two corresponding simple modules form a special pair.

Let us note that we have already used the above notions in the context of Khoroshkin
orders in Chapter [2]

For any nodal order A, the classification of indecomposable objects in Db(A) will be
formulated in terms of the defect and the involution:

Definition 3.1.8. Let A be a nodal order.

(1) Let S, be the direct sum of all neutral simple A-modules (where each neutral

simple module occurs with multiplicity one). For P, € Db(A) and any 1 € Z we
define the defect numbers and the defect of P, by

0V(P,) = dimy Ext'(P,, S,) and §(P) =Y 6Y(R,)

1€EZ

(2) Let < be the automorphism of the ring A which interchanges the two idempotents
in any special pair of primitive idempotents of A. Let o be the involution functor
o: D°(A) —= D"(A) induced by ring involution <.

Remark 3.1.9. Let A be a nodal order.

(1) It is possible that S, = 0, that is, there are no neutral simple modules. In
this case the defect is always vanishing. Examples of this kind are given by the

restricted Khoroshkin orders of Subsection |2.2.2.1].

(2) Is also possible that the involution o is trivial, that is, there are no pairs of
spectal simple modules. This is for example the case for any Khoroshkin order
Aoy_y or A7 where n > 1 (see Subsections|2.1.4 and|2.1.9).

For later use let us note the following two Lemmas:

Lemma 3.1.10. Let A be a nodal order and I" its normalization. Let e be the sum

of all neutral idempotents of A. Then the conductor ideal is given by
I:=ann,(I'/A) =rad A+ AeA =radl' +Tel.

In particular, a simple A-module S is neutral if and only if AJI @, S = 0.

Lemma 3.1.11. Let A be a basic nodal order, I its normalization, I the conductor
ideal and o the involution. For any A/I-module V it holds that

dim o/ ((I'/IT @y V) =dimV +dimo(V) and dimD/I®,, V =2 dimV.
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PROOF. It is sufficient to prove the claim for simple A/I-modules S. Note that S
cannot be neutral by Lemma [3.1.10l In particular, one of the following cases occurs:

o if S is glued, then »,/I'/T ®,,; S = S Since S = ¢(S) the claim follows.
e if S is a special module, then ,,/I'/T ®,,; S = 5 ® o(S). |

3.2 Category of triples for the derived category
Throughout this section let A C I" be a radical embedding:
A and I" be semiperfect k-algebras such that A CI" and rad A =rad' (3.2.1)

In particular, A could be any nodal order but also the finite-dimensional algebra
of any gentle or skew-gentle quiver. As usual, we assume that A and I' have finite
global dimension for simplicity of the notation.

In this section we define a category Tri(A) which is representation equivalent to the
bounded derived category D”(A) following [BD04].

3.2.1 Definition of the category of triples and main Theorem
For two algebras A and I" as in (3.2.1) we consider the conductor ideal
[:=amy(L/A)={a€eA|al CA}.

It can be shown that the ideal I is the biggest common two-sided ideal of A and T'.
Since I D rad A = rad I, the k-algebras A/I and I'/I are both semi-simple.

The data A, I" and I gives rise to a commutative diagram called the conductor square:

In this diagram, the ring A is realized as the pullback

l of the dotted arrows.
¥ The conductor square induces the following diagram of
AT e » /1 bounded derived categories and left-derived functors:
re_
D”(A) —— D"(I) P, yT®P,
A

Al ] |

D°(A/JI) —— D*(T'/I) AJI®P, — I'/JI ® AJI®P, -=+T/I®T® P,
F/[@ B A A/I A Hp, I A
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We note that for any complex P, in Db(A) there is a natural isomorphism fip, in
Db(F/I ). Roughly speaking, the main idea of the category of triples is that the

complex P, can be recovered from the morphism /ip, in D"(I'/I). This statement
will be made precise below.

Definition 3.2.1. Let A C T be a radical embedding as in (3.2.1) and I their
conductor ideal. The category of triples Tri(A) = Tri(A, T, I) is defined as follows:

(1) An object of Tri(A) is given by a triple (V,, P,,9) where
(a) V, is a complex from D°(A/I),
(b) P, is a complez from D°(T"), and

(¢c) 9:T/I ® V, —~T/I® P, is an isomorphism in D*(T'/I).
AJT r

(2) A morphism (V., P.,9") —s (V!', P!, 9") between objects in Tri(A) is given by a
tuple (¢, ) where

(a) ¢: V. —— V. is a morphism in D*(A/I), and

(b) : P, — P! is a morphism in D*(I"),

such that the following diagram is commutative:

I/l e V. —25T/I®P,
AT T

r/I® ¢ l lrﬂ@w
AT r

/e v —2sr/iep!
AT r

There is a natural notion of the composition of morphisms and the direct sum of
triples in Tri(A).

Remark 3.2.2. The category of triples is a full subcategory of the comma-category
of the additive functors I'/I ®,,; _ and I'/I @ _ in the sense of [ML98|, Chapter
I1.6]. In particular, Tri(A) is an additive k-linear category.

Definition 3.2.3. We define a functor F: D°(A) — Tri(A) as follows.

(1) For any complex P, in D°(A) we set F(P,) = (A/I @, P,,T ®, P, 1ip,) where
pip,: /T @pn;p AT @y Py —— T /I @p ' @, P, is the natural isomorphism.

(2) For a morphism ¢: P, —— P} in D°(A) we set F(0) = (A/I ®, 0, I @, o).

The definition of the category of triples is motivated by the following Theorem:
Theorem 3.2.4. [BD04, Theorem 2.4]

The functor F': Db(A) —— Tri(A) is dense, full and respects isomorphism classes
of objects.
Remark 3.2.5. The functor F is not faithful. More precisely, ker F = ker(I'®, ).
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Corollary 3.2.6. The functor F induces a bijection between isomorphism classes
of indecomposable complexes in Db(A) and isomorphism classes of indecomposable
triples in Tri(A) :

ind[D"(A)] «£5 ind[Tri(A)] (3.2.2)

In particular, F is a representation equivalence.

Our next task is to describe the inverse map G of this bijection. Before we define
G let us give two technical remarks.

Remark 3.2.7. Let T, = (V,,P,,@) be any triple from Tri(A). The isomorphism
0 in D’(T'/I) has an adjoint morphism ¥ : V, —— T'/1 ®a/1 P, in D°(A/I). This
morphism is given by the composition V, ——T'/I ®,,1 V, 7, L/T @z p,.

In particular, the adjoint morphism 9 4s a monomorphism.

Let us recall that a projective complex (P,,d,) € D°(A) is minimal if im d; C rad P,
for any j € Z. Since A is semiperfect, any projective complex is isomorphic to a

minimal complex in D”(A) (Remark [B.2.2)).

The corresponding notion in the category of triples is given by the following one:

Definition 3.2.8. Let T, = (V,, P,,9) be a triple of Tri(A). We will call T, minimal
if the following conditions hold:

(1) V, is a complex with zero differentials, and
(2) P, is a minimal projective complex.

(8) T/I @41 Ve and T'/I ®p P, are also complexes with zero differentials, and J is
an isomorphism of bounded complexes of I'/I-modules.

We will show in the next subsection that minimal triples correspond to minimal
projective complexes. For now let us only note the following:

Remark 3.2.9. (1) The first two conditions in Definition[3.2.8 imply the third con-

dition.

(2) Any triple of Tri(A) is isomorphic to some minimal triple.

3.2.2 Definition of the complex of a triple

Let T, = (V, P, V) be a triple in Tri(A). We will define a complex G(7,) in D”(A)
such that there is an isomorphism F G(7,) = T, in Tri(A) in three steps. In the
following let ¥ denote the adjoint morphism of the isomorphism 4.

(1) We may assume that T, is a minimal triple by Remark [3.2.9]

(2) The complex P, gives rise to the short exact sequence

0 s 1P, sy P, ———T/I®P, — 0 (3.2.3)
I
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of complexes of I'-modules.

(3) G(T,) is defined as the pull-back of 7 and the adjoint morphism ¥ in the abelian
category of complexes of A-modules:

[ JE— > [P, —----- » G(T,) ----- Ay V, cmmmmeee3 0
r
E [79 (3.2.4)
0 » IP, s Py, ———T/I® P, — 0
r

Equivalently, the complex G(7') may be defined as the kernel of the following
short exact sequence:

(J— > G(T) -~ s Voo B, 2 1/1e P, — 0 (3.2.5)
r

At last, G(T}) is viewed as an object P, in the derived category D"(A).

Remark 3.2.10. The short ezact sequence (3.2.5)) gives rise to the following long
exact sequence of A-modules:

CH(P) —— H,(V) @ Hy(P,) —— H,(T/I®F,) —— H;((R.). .
(3.2.6)

This sequence will be used frequently to study the homology of P, = G(T,).

The above procedure defines a map G : ObTri(A) — ObD"(A) on objects of
categories. It has the following properties:

Proposition 3.2.11. [BDO04) Proof of Theorem 2.4| Let T, € Tri(A) be minimal
triple. Then the following statements hold:

(1) G(T,) is a complez of projective A-modules.

(2) There are isomorphisms F G(T,) = T, in Tri(A) and GF(P,) = P, in D"(A)
for any P, € D°(A).

Summarized, any projective complex P, € Db(A) is the pull-back G(7,) for some
triple T, € Tri(A).

In the following we will say that a complex P, has length n for some n € N*_ if P,
is minimal and P; # 0 if and only if 0 <7 < n.

Lemma 3.2.12. Let T = (V,, P,,J) € Tri(A) and let P, = G(T).

Then P; = 0 if and only z'f]Sj =0 for any j € Z. In particular, P, has length n for
some n € NT if and only if P, has length n.

In the remaining part of this section we prove some technical statements on triples
which will be needed in the sequel.
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3.2.3 Gluing the complex of a triple

Let T, = (V,, P,,V) be a minimal triple from Tri(A). In this subsection we describe
an explicit construction of the corresponding complex P, = G(T,) in D"(A).

Let us fix some degree j € Z. The projective module P; can be identified with

a submodule of ]3] in a natural way. The difficulty is to describe explicitly the

differential d; : P; —— P;_; between the projectives.

(1) The differential is defined by the following diagram:

]

0 > P sV, © P

9.7, ~
5L e B
I

00
|s2] | B2)
0 —— Py —— Vj,laaf)j,l — F/I?f’j,l — 0

{—%‘71} [Vj—1,7-1]
Bi—1

<

(2) The isomorphism (¢,v) : F(P,) —— T, of Proposition [3.2.11| is given by the
following morphisms:

F/I®a]~

@A/I(%P]—A>A/I(§>VJL>VJ a®p— a® a;(p) —a-o(p)
r/108; - 5
wj:P(%Pj—>F(i§>Pj—>Pj b®p|—>b®ﬁj(p)l—>b-ﬁj(p)

(3.2.8)

. . -1 0
It is straightforward to check that T'® d; = ;= - d; - ;.
(3) Now we claim that each map 1); is “essentially” given by the gluing map 9.

Namely, we have the commutative diagram
I/l ® AI@P —2>T/IoT® P,
A r A

AJT
g | g

9. ~
IV, —=——T/I®P
AJI r

That is, I'/I ® ¥; = 5]' (/1@ o) '/‘;1'

(4) Let us recall that I'/I is a semisimple k-algebra. Now we may identify both
modules of the top row with I'/I ®, P;. Then we may choose such a basis of
I'/I ®, P; that the map I'/] ® ¢; becomes the identity matrix. In other words,
we may achieve that (I'/T ® ¢,) - yi; ' is the identity matrix — without changing
the map 9J,. Let ©; be the matrix of 1% in some basis. Then I'/1 ® 1, = ©;.
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(5) We may extend the matrix ©; to the following matrix (:)j ;
0 — IT®P;)/radlT ® P} —— topI' @ P, —= T'/I®T'® P; —— 0
A A A r A

b e

0 —— IP;/rad P, —— top P} ———— T/IT@ P, —— 0
r

(6) Finally, we may regard the matrix éj as a map (:)j @y P —— 15] .
Summarized we obtain that the differential is given as follows:

d; =07} -d;- 6, (3.2.9)
In other terms, the differential d; in the complex P, is glven by some column and

row transformations of the differential d in the complex P

3.2.4 Minimal triples with finite-dimensional homology

In this subsection we show that the bijection between projective complexes and
triples in (3.2.2)) can be restricted to minimal objects with finite-dimensional ho-
mology.

Lemma 3.2.13. Let V € A/I -mod, PeT -mod, and 9:V —— /I ®r P be

a monomorphism of A/I-modules. Define P to be the following pullback in A -mod:

Then the monomorphism [ : P —— P restricts to an isomorphism
g :Jp —=5 JpP for any subideal J of I.

PRrROOF. Let n: P—— 1T ®, P be given by p—— 1 ®p for any p € P, and let

Y: I @y P—— P be defined via b ® p —— bB(p) forany b € " and p € P. Then
f = 1 on and the map 7 is injective. As mentioned in (3.2.8]) the map v is actually
an isomorphism of A-modules.

Restricting all three maps we obtain that 3’ = on' : JP —— JI @, P —— JP
is the composition of an injective with a bijective map.
We claim that 7' is surjective. Let a € J, b € ' and p € P. Then

abe JT=JCICA and ab®,p=1®, (ab)p=n(abp).
This shows that the maps 1" and 3’ are bijective. 0
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Lemma 3.2.14. The following statements hold:
(1) For any minimal projective complex P, € D(A), the triple F(P,) is minimal.
(2) For any minimal triple T € Tri(A), the projective complex G(T') is minimal.

PROOF. (1) Let P, € D°(A) and let j € Z. Since P, is minimal, we have that
imd; Crad P;_;.

(a) Since I D rad A we obtain A/I®,d = 0. So, A/I®, P, has zero differentials.

(b) Moreover, imI' ®, d; = I'®, imd; € I' ®, rad P;_; = rad(I' ®, P;_;). In
particular, ' ®, P, is a minimal projective complex.

These two statements imply that F(P,) is a minimal triple.

(2) Let T = (Vi, P,,7) be a minimal triple and let j € Z. Let us set P, = G(T}).
The differential d; in P, is defined by diagram (3.2.7). Since P, is minimal, we
have that imd; C rad P;_;. It follows that

By Lemma|3.2.13 ﬁj__ll(rad Igj,l) C rad P;_;. This shows that imd; C rad P;_;.
It follows that P, is a minimal projective complex. 0

Eventually, we shall be interested in the full subcategory Dgy(A) of D”(A) given by
projective complexes with finite-dimensional homology:

Diy(A) = { P, € D’(A) | dimH,(P,) < oo for any j € Z }.
Its counterpart in the category of triples is defined as follows:
Trifd(A) = { (‘/;7 ﬁn{;) € TI‘I(A) | ﬁo € D})d(r) }

Lemma 3.2.15. The following statements hold: Let T, = (V,, P, 5) be a triple from
Tri(A) and P, = G(T,). For any j € Z it holds that

H;(P,) is finite-dimensional if and only if Hj(lg,) is ﬁmte-dimension(al. |
3.2.10

In particular, the following statements hold:
(1) For any triple T, € Triq(A) it holds that G(T,) € D]fDd(A).
(2) For any complex P, € Dy(A) it holds that F(P,) € Trig(A).

PROOF. Let us recall the following basic fact. Whenever we have an exact se-
quence of vector spaces V,_; —— V; —— V,; such that V;_; and V,, are finite-
dimensional, then also V; is finite-dimensional.

In our setup, there is the following long exact homology sequence from ((3.2.6)):

...Hjﬂ(r/f?ﬁ,) — H;(P,) — H,(V,) @ H,;(P,) — Hj(r/@ﬁ,)...

Since A/I and I'/I are semisimple k-algebras, the vector spaces H;;(I'/1 ®p ﬁ,),
H,(V,) and H;(I'/I ®r P,) are finite-dimensional. This implies (3.2.10)). O
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Corollary 3.2.16. The bijection in (3.2.2) restricts to isomorphism classes of min-
1mal objects with finite-dimensional homology on both sides:

ind[D(A)] <22 ind|[Trigg (A)]

PRrROOF. This follows from Lemmas [3.2.14] and B.2.15] O

3.3 Triples corresponding to modules

Let A C T be a radical embedding of semiperfect rings:
A and I' be semiperfect k-algebras such that A CT' and rad A =radl’ (3.3.1)

In this case we may consider the category of triples Tri(A) which is representation
equivalent to the derived category D”(A).

In this section we describe modules over A in terms of triples by two methods.

The first method is based on the fact that A-modules can be represented by min-
1mal projective presentations. The second method uses projective resolutions of
A-modules.

3.3.1 Projective presentations via triples

The statements of this subsection hold for the setup of any radical embedding (3.3.1)).
In this subsection we describe the triples which correspond to the indecomposable
minimal presentations:

F
ind[A - mod] — DP(A) ui__~ Tri(A)
G

Let us recall that by Subsection B.2.2] we may view “minimal projective presenta-

tions” of A-modules as a subcategory A -proj of the derived category Db(A). Its
objects are given as follows:

A-proj={ P, =P, =% P, such that kerd, Crad P, and imd, C rad F,}.
£0

Proposition 3.3.1. Let A C I' be a radical embedding as in (3.3.1)). Let T, =
(Va, P,, ) be an indecomposable minimal triple of Tri(A).

(1) Then G(T,) is a minimal presentation in D"(A), that is, an indecomposable
object in the category A -proj, if and only if the complex P, is given by some

~ d ~
complex P, —— P, of length at most one.
#0
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Assume that ﬁ. satisfies the conditions above. In particular, P, is the minimal
presentation of some indecomposable A-module M. Then the following holds:

(2) The module M 1is finite-dimensional if and only if Ho(ﬁ,) is finite-dimensional.
(3) There is an isomorphism syz” (M) —— kerd, N IP, =: K, of A-modules.

PROOF. (1) Let us set P, = G(7,). By Corollary an indecomposable presen-
tation in A —I_)?gj' is the same as a “minimal indecomposable projective complex
of length at most one”. By Lemma [3.2.14] and Theorem [3.2.4] P, is a minimal
indecomposable projective complex. By Lemma|3.2.12 the complexes P, and 15.
have equal length.

(2) This follows from Lemma [3.2.15]

(3) Let P, be a complex of length at most one. The minimal presentation P, is
defined by the two bottom rows in the following commutative diagram of A-
modules:

id
0 > P [_a1]>1/169151m>1“/[<§>§1 — 0
B1 00
dy [OJI] 0
0 > P, >V069ﬁ0—>1“/l<}§>§0—>0

The two bottom rows induce the row with dashed maps. Let us note that
syz>(M) = ker d, and recall that K; = kerd, N IP,.
We claim that the inclusion f; restricts to an isomorphism kerd; —— [?1.
Equivalently, we have to show that f(kerd;) = I?l.

e DO: The dotted map ¢ : K 1 — ker cAll in the diagram is the natural inclusion.

Since [?1 - 1'131 = ker m,, there is a unique injective map ¢ : I?l —— kerd;
such that 5. =7. It follows that K| =1(K;) = f¢(K;) C B(kerd,).

e C: Obviously, 5 (kerd;) C kercz. Since P, is indecomposable, Lemma m
implies that kerd, C rad P, C IP,. By Lemma the map $3; restricts to
an isomorphism [P, = [ P;. It follows that g(kerd,) C S(IP;) = IP,. Thus,

B(ker d;) lerczﬂIPl. O

Remark 3.3.2. In the notations of Proposition[3.3.1] assume that the overring I' is
also hereditary. Then K, = kerd; N IP, = I'kerd,. This will be shown in Lemma
[2.3.9
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This first statement of Prop(iiti)on already shows the main advantage of the

category of presentations A -proj, the characterization of indecomposable presenta-
tions in terms of triples is very simple.

In the following, let us use the following notation:
e A -mod be the category of finitely generated A-modules, and
e A -fd. mod denote the category of finite-dimensional modules over A.

The above categories of A-modules are related to the following categories:

- -
e Let A -projy denote the full subcategory given by presentations in A -proj with
finite-dimensional homology at degree zero.

e Let Trij o (A) denote the full subcategory of minimal triples (V4, P,,?) in Tri(A)
such that P, = 151 — ﬁo is a projective complex of length at most one.
#0

e Let Trig(A) be the full subcategory of triples (V,, P,,9) in Trip o (A) such that the

homology Hy(P,) is finite-dimensional.

The categories Trig o (A) and Trig(A) yield an analogue of Corollaries and
3.2.16| for the abelian module categories:

Corollary 3.3.3. With the notations above, there are bijections between the iso-
morphism classes of indecomposable objects in the following categories:

ind[A -mod] <X ind[A -proj] XL ind[Trig o (A)]

This bijection restricts to the isomorphism classes of indecomposable objects in the
following categories:

ind[A -fd. mod] +~% ind[A -projg] <% ind[Trig(A)]

PROOF. This follows from Proposition [3.3.1] and Corollary O

Corollary 3.3.4. Under the assumptions above let T, = (V,, ﬁ., 5) be some minimal

indecomposable triple from Tri(A) such that 15, 18 a projective resolution of length
one. Then P, = G(T,) is also a projective resolution of length one.

PROOF. In the notations above, we have that ker d; = ker (71 N 1'131 =0. 0

Corollary 3.3.5. Let M € A -mod. Then there is some I'-module K such that
syz> (M) = K in A -mod.

In other words, for any radical embedding A C I' the second syzygies of A-modules
are given by certain modules of T'.

Remark 3.3.6. Proposition suggests the following approach to describe the
projective resolutions of all indecomposable A-modules:

(1) First, we need to classify all indecomposable minimal triples T' = (V,, P, 5) in

Tri(A) such that P, has length one. This problem is equivalent to some matrix
problem.
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(2) Given a triple T, as above we have to compute I?l = ker 67101151 and its projective
resolution in the category of A-modules.

(8) The result is a projective resolution P, of an indecomposable A-module.

Note that this approach works in the setup of any radical embedding.

3.3.2 Projective resolutions via triples

As above, let A C I' be a radical embedding of semiperfect rings as in (3.2.1)). In
this section we are going to characterize those triples in Tri(A) which correspond to
projective resolutions in D(A) :

F
A -mod —— DP(A) . Tri(A)
M—— PM e 47

We will need to prove three Lemmas before we can characterize the projective res-
olutions in terms of triples.

We need to fix some notation. Let T' = (V, P, 5) be a triple in Tri(A).

o Let 9:V, —— I'/I ®¢ 15, be the adjoint morphism of J.

o Let 7: P, —» ['/1 ®p P, be the natural projection.
e For each degree j € Z these two morphisms give rise to the map

= [FL(0) H, () HL(V) 0 B, () —— H,(/1@ )

The maps 7; determine the homology of G(7}) in the following way:
Lemma 3.3.7. Let T = (V,, P.,9) be a triple in Tri(A). Let P, = G(T,). Then

Y1 1S injective, and
J

H,(P,) =0 j>1 if and only i
(P,) for all j > if and only if {% s bijective  for all j > 2.

PROOF. In the notations above there is the long exact homology sequence (J3.2.6):

LH(P) —— Hy(V) e Hy(R) — H;(T/I© P) — H,,(R,)...

This implies the statement. 0

Next, we are going to study when the maps v; are injective.

Lemma 3.3.8. Let T = (V,, (ﬁ,,g),ﬁ) be a minimal triple from Tri(A). Let P, =
G(T) be the corresponding complex in Db(A) and let j € Z. Letd; : Pj — P;_;
be the differential of the complex P, at degree j. Then the following three conditions
are equivalent:

(1) ~; is injective,
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(2) kerd; N IP; Cimd,,, and im¥; Nkerd;/IP; =0,
(3) kercAl;- ﬂ]ﬁj - ichl;-H and kerd; C IP;.
PROOF. o (1) & (2) :

Let us consider the map

& =H,;(7): H,(P,)=kerd,/imd; , — H;(T/I ® P,) = P;/IP

J

which is given by &;(p 4 im Jjﬂ) =p+ I]Bj for any p € ker JJ It holds that
ker §; = (kerc@- N ]ﬁj)/(imc@+1) and im¢; = ker glv/lﬁ (3.3.2)
Since T is minimal, we have that v; = [H;(7), H;(9)] = [¢;,7,]. It holds that
kery; =0 if and only if kerd; = ker§; = im4J,; Nim¢; = 0.
By assumption 9, is injective. It follows that (1) < (2) by (3.3.2).

Before we show the equivalence of (1) and (3) let us note the following. Since
FG(T,) = F(P,) = T,, there is the following commutative diagram with exact
rows:

KR

0— P, "5 MI@ROT@P 5 T/I@T® P, —— 0
| Iiz2) Joocs
0 s P, 5] >V,GB§.L>F/I®JB,—>O
I

Taking homology at degree j we obtain the following commutative diagram:

[E’Em [ H; )]
H;(P,) — A/I ® P, @ H,(T' ® P,) —— F/I@F@ r ® P;
H;(¢) 0 _
T A b
—H,(5 S0l g -
Hy(P) ——50 Ve Hy(P) — s 1/1e b
In particular, v; is injective if and only if H;(a) = H;() = 0. Let us note that
Hj(a)=0 <« H(r) =0 <« kerd CIP, (3.3.4)
since im H,(7) = ker d; /I P; similarly to (3.3.2).

e (1)=(3):
Let ; be injective. Then kerd; C IP; by (3.3.4). Since (1) = (2) has been shown,
it holds that kerd N IP - 1md

e (3)=(1):
Vice versa, let kerd; C IP; and kerd ayi P C imd, i+1- The first assumption

is equivalent to H;(a) = 0 by - The second assumption is equivalent to

the injectivity of 5] by - Since &, H;(8) = ¥, H;(a) = 0 it follows that
H;(3) = 0. This implies that +; is injective. O
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Any of the conditions in Lemma imply that the homology of ﬁ, has to be
semisimple in positive degrees. More precisely, the following holds:

Lemma 3.3.9. Let (P,,d) be a complex in D(T) and let j € Z.
(1) If kerc@- ﬂlf’j - imc@+1, then Hj(f’.) € I'/I -mod.
(2) Assume that T" is hereditary. Then the converse of (1) is also true.

PROOF. (1) For the first statement let us note that Ikercjj C ker gjﬂ[ﬁj Cim c@+1.
This implies that I H;(P,) = I (kerd;/imd; ;) =0, so H;(P,) € I'/I - mod.

(2) Let I" be hereditary and Hj(lg,) € I'/I -mod. Equivalently, [kerc?j Cim c@+1.
Consider the following short exact sequence of I'-modules:

0 — kerd; — P; ——= imd; —— 0

Since I is hereditary, im g] is projective and so CZ is a split epimorphism. Equiv-

alently, there is an embedding ¢ : imaAl; — ﬁj such that cz -1 =1id.

It can be shown that ﬁj is equal to kerc@- @ im¢.

This implies that kerc@- N1im: C ker&lvj Nim: = 0. Moreover, we obtain
kerc@ﬂ]ﬁj:Ikerc@@(kerc@ﬂlimb):Ikero@. (3.3.5)

By assumption [ ker c@ Cim c@+1. This shows the second statement. 0
Remark 3.3.10. In general, the converse of Lemma (1) is not true :

Let T be the path algebra of the quiver ;—a>;—b>: with the relation ba = 0.

Let I =radl" and let ]5. be the complex ]32 — }~73 at degrees 1 and 0.
Then H,(P,) = (b)~topP, € I'/I -mod and kerd, NIP, = (b) ¢ 0 = imd,.

The following Proposition characterizes projective resolutions of nodal orders via
triples:

Proposition 3.3.11. Let A be a basic nodal order, T' its normalization and I the
conductor ideal. Let T, = (V,, ﬁ,,g) be a minimal triple in Tri(A) and let (P,,d) =
G(T,) be the corresponding minimal projective complex in D°(A). Let us set N; =
Hj(ﬁ,) for any j € Z. Then the following statements hold:

(1) The complex P, is a projective resolution in D(A) if and only if the following
conditions are satisfied:

(a) Py#0 and ﬁ_j =0 for any j > 1, and

(b) N; € T/I-mod  foranyj>1, and (3.3.6)
(c) kerd; C IP; for any j > 1, and

(d) 2dimN; = dimP;/IP; for any j > 2.

In the following let P, be a projective resolution and set M = Hy(P,).
(2) The A-module M is finite-dimensional if and only if Ny is finite-dimensional.
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PROOF. (1) Let us first note that by Lemma |3.2.12
Py#0 <= P #0 and P,=0 <= P ;=0 foranyj>1.
We recall that the homology of P, was determined by the maps

v =W, H®)]: Ve N, — P;/IP; (3.3.7)
The following conditions are equivalent by Lemma [3.3.7}

s ¢ o
H;(P,)=0forany j >1 <« Vi ?S me%Ctl\"e or anyj. > 1,
7; is surjective  for any j > 2.

{fyj is injective for all j > 1, (3.3.9)

dim V; + dim N; = dim ﬁ/[ﬁ for all j > 2.
The last equivalence follows because the modules in are finite-dimensional

k-vector spaces if 7; 18 injective.

e The injectivity of the maps 7; for any j > 1 is equivalent to the conditions
(b) and (c) in (3.3.6) by Lemmas [3.3.8 and [3.3.9]

e Let j > 2 and assume that the conditions (b) and (c¢) hold. By Lemma
3.1.11f we have dimI' ®, S = 2 dim S for any simple A/I-module S. Since
J:T/I ®pyr V; —— P/[P it follows that dlmP/IP =dimI'/I®V; =
2 dim V}. This implies that

dim V; + dim N; = dim P;/IP; if and only if 2 dim N, = dim P,/TP;. (3.3.9)

It follows that the conditions in ([3.3.8)) are equivalent to conditions (b), (c)
and (d) in (3.3.6).

Summarized, we obtain that P, is a projective resolution if and only if the four

conditions in are satisfied.

(2) The last statement follows from Lemma [3.2.15] O

Corollary 3.3.12. In the notations of Proposition|5.5.11] Py is a projective resolu-
tion of length one if and only if P, is a projective resolution of length one.

PROOF. o =:
Let P, be a projective resolution of length one. Then P, is a complex in Db(f‘)

of length one by Lemma m On the one hand, the module N; = ker dl is a
submodule of projective module. Since I' is heredltary, N is projective. On the
other hand, condition (b) holds which implies that N; is semi-simple. Since I is
an order, it follows that N; = 0.

o =:
Let P, be a projective resolution of length one. Then N; = kerd; = 0 and
conditions (a), (b) and (d) are satisfied. It remains to show that condition (c)
holds for j = 1. It holds also that im ¢, Nkerd, /I P, = 0. In particular, condition
(2) of Lemma is satisfied. By Lemma3.3.8|this implies that kerd; C IP,. O
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Remark 3.3.13. In the notations above, the following holds for any nodal order A :

If T is a minimal, indecomposable triple in Tri(A) satisfying conditions (a), (b)
and (d) in (3.3.6]), then condition (c) holds also.

Thus means that indecomposable triples of projective resolutions are completely de-

termined by the normalization complex P,. This statement will be shown in the proof
of Theorem |5.1.11| for the Gelfand order using the classification of indecomposable
objects in D°(A).

3.3.3 Homological invariants via triples
Next, we want to express the defect and the involution which were introduced for
nodal orders in Definition via triples.

Definition 3.3.14. Let A be a nodal order, I' its normalization and let T, =
(Vo, P,,0) be some triple from TriiAi. Let S, denote the “neutral semi-simple mod-

ule” of A according to Definition . Set §* =I'® S,. Moreover, for any j € Z
we set

09N(T,) = 6V (P,) = dimExt].(P,,S,) and §(T,)=d(P) =Y ¢9(P,)
JEZ
Lemma 3.3.15. Let A be a nodal order and P, € D°(A).
It holds that 69 (F(P,)) = 0Y)(P,) for any j € Z. Hence, §(F(P,)) =d(P,) .

PROOF. We recall that the derived functor I' ®,  : D°(A) —— D”(I') is left
adjoint to the derived forgetful functor ,( ). Since S, is neutral, we have that
AS, =A'®) S, = S,. For any j € Z we obtain that

Ext] (P,,S,) = Ext) (P,, ,S,) = Ext.(T ® P,,S,) = Extl(P,,S,).

This shows that 6V (P,) = 69(B,) for any j € Z, and 6(P,) = §(P,) = 6(F(P,)). O

Having characterized projective resolutions via triples, it is natural to describe ho-
mological invariants of modules in terms of triple data.

Lemma 3.3.16. Let A be a basic nodal order. Let T, = (V,,ﬁ,,g‘) be a minimal
triple in Trigg(A) such that P, = G(T,) is a projective resolution in D?d(A). Let us

set M = Hy(P,) and N; = H;(P,) for j = 0 or 1. Then the following statements
hold:

(1) pd(M) = length of P,.
(2) top(M) = Vy @ 1P,/ rad By,
(3) The Jordan-Hélder multiplicities of M are given by
dim(M) = dim (Ny @ o(V4)) — dim (N, @ o(Vp)), (3.3.10)
where Ny and Ny are considered as A-modules.

PROOF. (1) This follows from Lemma [3.2.12]
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(2) We have that top(M) = top(Fy) = (A/I ®, By) & (IF,)/rad By. Since T, =
F(P,) it follows that V; = A/I ®, P,. By Lemma [3.2.13| the monomorphism

B Py—— ]30 restricts to isomorphisms [P, = [ ﬁo and rad P, = rad ]50. It
follows that (IP,)/rad P, = I P,/ rad .

(3) Because H;(P,) = 0 and T, is minimal, the long exact homology sequence (3.2.6)
of A-modules yields an exact sequence

0— ViedN, —T/IoP, — M — Vo Ny —> T/JI® Py — 0
T T

Since I'/1 ®r ﬁj =T /I ®y V;for j =0or 1 we obtain the dimension formula

dim(M) = dim (Vo @ Ny @ (T'/1 K V1)) —dim (V; & Ny & (/I g Vo))-

By Lemma [3.1.11) we have dimI'/I ® V; = dim V; + dimo(V}) for j = 0 or 1.
AT

This implies the claim. O

Remark 3.3.17. In the notations above the homological invariants of the module
M do not depend on the gluing map 9 of the corresponding triple T,.

3.4 The matrix problem of the abelian category of the Gelfand quiver

In Subsection , we defined the category of triples Tri(A) which is representation
equivalent to the derived category DP(A) for any nodal order A. For simplicity of
notation we still assume that A is a nodal order of finite global dimension.

In the next step, we define a bunch of semichains 8 = B(A) and a bimodule category
Rep (B) which is closely related to the category Tri(A) :

ind[D"(A)] «*2 ind[Tri(A)] — ind[Rep (B)]

By this construction, the classification problem of the derived category DP(A) can
be reduced to a matrix problem of the bunch of semichains B.

Our main goal is to restrict this bijection to the abelian category of a nodal order.
In this section, we give an example for the case of the Gelfand order.
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3.4.1 Category of triples for the derived category of the Gelfand order

Let (@, I) be the Gelfand quiver and Q its normalization:

b, b_ b
e e
+ * — < *

a, a_ a

b+ a+ — b_ a_

Let A and I" be the arrow ideal completions of the path algebras of (Q, I) respectively
@. Then the conductor ideal of the Gelfand order A is given as follows:

I'=am(I'/A)={acA|al CA}=Ae,A=Te,TT.

The data A,T" and I gives rise to the following conductor square:

P, P, P_ P, P, P,

R m m R m m
A= R R m|—I= R R R
R m R R R R

S, S_ So 8,

k 0 k k

AT = — /I =

0 k k k

Since I is hereditary, the indecomposable objects of the derived category Db(F) are
given by shifts of projective resolutions:

D) = [Jadd {{ B, == B, |iris€ QuneN"} @ (P |i€Qp}} (341)
de?. d+1 d d

In the following, we denote the path in the differential of an indecomposable reso-
lution P, € D”(I) by its length A = 2n (if i; = i,) respectively 2n — 1 (if i; # i):

( (

P, p P, 2L B, ifiy=iy=o

~ on_1 ~ ~ b(a b)n71 ~ p - .
~ 7.3 )P —P )P ——P ifii=xand i,=9
Pil —>P1'2 - ~ op_1 =~ o ~ .(ab)"_la ~ AP .

P, —— P, P,—— P, ifiy=9¢ and 1, =%

~ ~ ~ . n—1 ~

P2 P | BB i —iy =«

\

Let Tri(A) be the category of triples of the Gelfand order A (as introduced in Defi-
nition [3.2.1). We are going to describe the objects of Tri(A) in detail. Namely, we
may assume that any object from the category Tri(A) is given by a minimal triple

T, = (Vi, ﬁ,, ) of the following form:

+ —
(1) Vo = (V},d;)jez = (K™ x K™ | 0),;¢7 is a bounded complex of pairs of k-vector
spaces of some dimensions mj and m; € Nj and with zero differentials.
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(2) P, is a direct sum of shifted projective resolutions in D*(T') as described in

(3.4.1)

(3) 9 = (9 : T/ T @y V; —=T/I ®p 153 )jez is given by isomorphisms of

Maty, o (k)-modules. Let us note that I'/T®,,, V; = S where m; = m;r +m;
for each j € Z. Since Maty, (k) is Morita equivalent to k, we may actually
assume that the maps (9;),cz are given by regular matrices ©,; € GLmj(Il{).

3.4.2 From the classification problem of triples to a matrix problem

Next, we consider the classification problem of indecomposable objects in the cate-
gory Tri(A) in a general setup.

First, we need to clarify when two triples are isomorphic.

(1) Let T, = (V!, P,,0") and T/ = (V!', P!, 9") be two minimal triples in Tri(A).
By definition 7, is isomorphic to 7, if and only if there are isomorphisms
¢: V! —=» V! inD"(A/I)and o: P, — P} in D"(I") such that for each
degree 5 € Z the following diagram commutes:

9" ~
I/ @ Vi ——=T/To P

AT
"o a9 '71
p/zﬁqajlz zlpﬂ% O = (C/T@w) 05 (0T 8 6)7" (342)
9" ~
I/l @V —25T/[oP
/ A(%I ;=T ? J

(2) Without loss of generality we may identify V, with V," and P! with P/.

(3) Since I'/I is a semisimple k-algebra, it is Morita equivalent to some product
of the field k. In particular, we may view the modules in diagram (3.4.2)) as
k-linear vector spaces and the maps between them as matrices.

(4) In this context, we view for each degree j € Z the operation

o U —— ;- (I/I ®p/r gbj)fl as column transformations of ¥}, and

o U —— (D/I®r;)-V; as row transformations of ;.

Summarized, the triples T, = (V,, P,,?') and T, = (V,, P,,9") are isomorphic if and
only if for each degree j € Z the matrix 19;-' can be obtained from 19;- by column or
row transformations which were “induced” from any automorphism ¢ of V, or any
automorphism ¢ of P,.

Let us also note that a triple (V ﬁ., ¥) is decomposable if and only if it is isomorphic
to some direct sum (V' @ V", P, @ P, ;9 @ v¥") for two other triples (V', P,, ') # 0

and (V" ﬁ.”,ﬁ”) # 0. In particular, the decomposability of the triple (V, P,, )
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is equivalent to decomposability of the matrices (1J;);cz via the “induced” row or
column transformations described above.

The main conclusion is that the problem to classify indecomposable triples is equiv-
alent to the problem to find canonical forms of certain matrices using certain special
column or row transformations.

3.4.3 Matrix problem of Gelfand quiver representations

In this subsection we describe the matrix problem which is essentially equivalent to
the classification problem of nilpotent representations of the Gelfand quiver.

In the matrix problem of the Gelfand quiver representations, we begin with two,
regular partitioned matrices ¥ € GL,,, (k) and CIE GL,,, (k), where mg, m; €
N*. These matrices are depicted in Figure and have the following properties:

FIGURE 3.4.1. Matrix problem of the Gelfand quiver

oW e
b a4
. [ I
Bs a3
= P
B s
]

- [ I

\r/B
o0

5 ¢

e the columns of the matrix O are divided into two vertical stripes labeled by (11)

and C(_l). Similarly, the columns of 0 are split into vertical stripes do) and C(_O).

e the rows of the matrix ©© are divided into horizontal stripes which are labeled
by a,,, where n € N*. The rows of oW are split into horizontal stripes f3,,, where
n € N* and an additional horizontal stripe 3,,. In both matrices, only finitely
many horizontal stripes have a non-zero number of rows.

e for every n € N* the even-numbered horizontal stripes o, in 0 and Bay, in oW
are required to have the same number of rows.

There is an additional constraint for technical reasons:

e there is some n € NT such that the horizontal stripe 3, in the (3.4.3)

matrix © or the horizontal stripe «,, in the matrix 0 is not empty.
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Let us note that any pair of vertical stripes or any pair of horizontal stripes of the
matrices in Figure [3.4.1] may have different numbers of columns respectively rows —
except any pair of horizontal stripes connected by a dashed edge.

The additional constraint (3.4.3|) states that a regular representation may not consist
of the bottom horizontal stripe ., of the matrix 0W alone.

The following transformations of the block matrices O and ©© are admissible:
(1) elementary transformations inside stripes:

e We may perform any elementary transformation of columns in one of the
vertical stripes CJ(FI), C(,l), CJ(rO) or C(,O).

e we may perform any elementary transformation of rows of the horizontal stripe
Boo OT Po,_1 in oW for any n € NT, or any elementary transformations of rows
of the horizontal stripe as,,_; in 0 for any n € N*.

(2) simultaneous elementary transformations of different stripes:

e we may carry out any elementary transformation of rows in the horizontal
stripe with label ay,, together with the same transformation of rows in the
horizontal stripe f3,, for any n € N*.

(3) row transformations of different stripes inside one matrix:

e in the first matrix O we may add a scalar multiple of any row of stripe £,
to any row of 3, with m < n, or to any row of stripe 5.

e in the second matrix 0 we may add a scalar multiple of any row of stripe
a,, to any row of stripe a,, for any m,n € N* such that m > n.

In Figure [3.4.1] these transformations are indicated by the arrows on the left
and on the right.

The matrix problem is the problem to find canonical forms for the matrices oW
and 6 using only admissible transformations.

Let us make a few remarks on the formal framework of the matrix problem above:

e The problem above is a matrix problem over some bunch of semichains B in the

sense of Definition The bunch of semichains 9B is described below.

o A regular representation of the bunch of semichains B is given by any two matri-
ces ©© and oW satisfying the conditions described above — without the technical
constraint in (3.4.3)).

e The regular representations of B form the objects of a bimodule category which
will be denoted by Rep (By).

e There is a natural notion of morphisms in Rep*(% ). However, we will only

need to know that isomorphisms of objects in Rep (B) are given exactly by the
admissible transformations of matrices.

e The category Rep (B,) is additive and has the Krull-Remak-Schmidt-property.
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For the complete definition of the bimodule category Rep*(%o) and its properties
we refer to [BD04l, Appendix B| or [BD) Section 6].

Let us consider the bunch of semichains 28, in more detail.

Remark 3.4.1. The structure B = (C, R, ~ ) corresponding to the matrix problem
in[3.4.1) is defined by the following data:

(1) The set of column labels € is given by € = €O UeW where ¢ = {Q(rd), C(_d)} is
a partially ordered set with two incomparable elements for d =0 or 1.

(2) The set of row labels R is given by R = RO URDY with the totally ordered sets
9%(0):{a1>a2>...>an>an+1>...} and

RO = {81 < By <. < Bp<Bups <o < Boo ).

The underlying set of the bunch of semichains is also denoted by B and given
by the set of all labels B = € UR.

(8) There is an equivalence relation on B given by oy, = [y, for anyn € NT.
This data defines a bunch of semichains B in the sense of Definition[A.1.3

In the following, we will denote the full subcategory of reqular representations of 5
satisfying the additional condition (3.4.3)) by Rep®(B,). The indecomposable objects
of Rep®(By) will be also called canonical forms of B,.

Next, we are going to describe the relationship between the bunch of semichains B,

and the Gelfand quiver (Q, I).

As usual, by a nilpotent representation of the Gelfand quiver we will mean a k-linear,
nilpotent and finite-dimensional representation.

For any n € Nt let W, be the following nilpotent representation of the Gelfand
quiver:

J J
TN T N
W,= k" k* k*  wheren € NT (3.4.4)
BT

In this context, the matrix J denotes the nilpotent Jordan block of size n.

With the terminology above we can formulate one of the main statements of this
chapter:

Proposition 3.4.2. Let (Q, I) be the Gelfand quiver and B be the bunch of semichains
of Remark[5.4.1]

There is a bijection between the isomorphism classes of indecomposable nilpotent
representations of the Gelfand quiver and the isomorphism classes of canonical
forms over B, together with isomorphism classes of nilpotent representations W,

of L)
ind[ nil. rep(Q, I) | +=% ind[ Rep®(B,) | Uind[ W, | n € N* |

Summarized, the classification problem of nilpotent representations over the Gelfand
quiver is essentially equivalent to the matrix problem in Figure [3.4.1]
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The proof of this statement is one of the goals of the present section. Actually, we
will prove this statement in the setup of an arbitrary nodal order.

Remark 3.4.3. The first formulation of the classification problem of the Gelfand
quiver in terms of some bunch of semichains is due to Nazarova and Roiter [NR73].

3.5 Matrix problems of a nodal order

Next, we describe the bunch of semichains 28 associated to the derived category
D"(A) of any nodal order. The matrix problem of 9B is essentially equivalent to the
classification problem of indecomposable objects in Db(A).

In subsection we describe also the matrix problem corresponding to the clas-
sification problem of indecomposable finite-dimensional A-modules.

3.5.1 The bunch of semichains for the derived category of a nodal order

The construction of the bunch of semichains 8, can be found in Section 5 of the
paper [BDO04].

For the sake of completeness, we recall this construction in an equivalent terminology.

Let us assume for simplicity that A is a basic nodal order. We fix the following
notation:

e Let I' be the normalization of A and I = ann,(I'/A) be the conductor ideal.

e Let R denote an index set for the isomorphism classes of minimal indecomposable
complexes in the derived category D°(T').

Since I' is a hereditary order, its derived category Db(A) is representation-discrete

and the set R is countable. Let us also recall that the quotient algebras A/I and
['/I are semi-simple in our setup.

e Let C be the set of isomorphism classes of simple A/I-modules.

e Similarly, let C be an index set for the simple I /I-modules.

o Let @0 denote the set of isomorphism classes of all simple I'-modules.

For the general definition of bunches of semichains we refer to Definition [A.T.3]

The bunch of semichains B = B(A) of the derived category D"(A) is given by the
data B = (€, R, ~) which is defined by the following steps:
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(1) The index set I of B is given by I = Z x C. This means that the set of row
labels € and the set of column labels R are given by the unions

c=Je=J Je? and m=Jn=J Jn,

dez deZ e dez deZ @

where the sets (’:Ed) and %Ed) have yet to be defined. In addition, we also have
to introduce an equivalence relation ~ on the set of all labels 8 =R U €.

(2) The sets of column labels QEd) are defined by the following procedure.
Let ¢ € C. There are two cases for the corresponding simple module 5;:

e The module S; is glued, that is I'/I ® S; = gi/ @giu for some pair ', " € C. In
this case, we set Ci,d) =1 C;,d) } QE,G,Z) =1 Ci(,(,i) }, and Ci(,d) ~ Ci(,fl) for any d € Z.

e The module S; is special. Let us denote j+~: i. Then there is some index
j~ € Csuchthat I'/T® S+ =1'/I® S~ = 5; for some index j € C.
In this case we define a semichain €§»d) ={ Cﬁ), CJ(,C,I) } for any d € Z. In other

words, the row labels (J(i) and CJ@ are not comparable.

This procedure is carried out for each vertex ¢ € C.

In this way, we obtain a bijection between the isomorphism classes of simple
A/I-modules and the equivalence classes of €¥ for each d € Z

¢/ ¢ Xy ind[A/T - mod] (3.5.1)

~

(3) Next, we build the sets of row labels R for each d € Z and 1 € C.
Let o € R and P,[g] denote the corresponding indecomposable complex in D”(I").
There are two cases concerning the homology of P,[¢] :
(a) If P, ¢ DEy(A), then P,[g] = P, is given by the indecomposable projective
d
[-module of some vertex ¢ € Q) and shift d € Z.

In this case, the projective 13, [o] contributes one or zero row labels to the
set fR:

e if L € C, then r/I® P, = S, and we include a symbol Bfi)o into the row
label set EREd) with vertex ¢ and degree d.

e if 1 ¢ C, then I'/I ® P,[o] = 0 and there is no contribution to the set 9.

(b) If ﬁ.[g] S D?d(f‘), then ﬁ.[g] = ﬁn AN EQ is given by a projective res-
d+1 d

olution for some degree d € Z, vertices 11,19 € @0 and some differential

o.
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In this case, the resolution ﬁ,[g] contributes the following row labels to :
I'/I ® P,[o] | row labels in R | 6(P,[0])

oif s € 5’, Ly € C: §L1 -2, §L2 Bfldzl) ~ afi)g 0
oif  €Ci¢C:| S, — 0 gLty 1 (3.5.2)
oileéc,LQGC: 0 — sz Oéf;l’)g 1
oif 1, ¢C.10¢C:| 00— 0 (none) 2
More precisely, any row label of the form B(dﬂ) above is included into the

L1,0
label set D%E:Hl), while any label of type afj?g is included into %E?. In the
first case, we set up an equivalence relation between the two elements.

For later use, we also keep track of the defect § of P,[g] in (3.5.2)).

This procedure is carried out for every index g € R.

In other words, there is the following bijection between row labels and isomor-
phism classes of “induced” simple I'/I-modules:

R« { simple summands of I'/I ® P,[o] | 0 € R }. (3.5.3)

Moreover, the procedure above sets up a bijection between the equivalence
classes of % and isomorphism classes of indecomposable objects in D"(T') :

R/~ L R ind[DP(D)] (3.5.4)

(4) At last, we need to introduce an order relation on the row label set 8. This
relation is induced by the morphisms of the category Db(F) in the following way.

Let ¢ be a morphism of two non-isomorphic complexes in Db(F) such that

T/I®1 0.

(a) In this case, there are some indices o', 0" € R such that o # 0", and some
degree d € Z such that ¢ : P[] — P,[¢"] and T'/I ® ¢4 # 0.

(b) Moreover, there is some label v € R® which is the index of the simple
module (I'/I® P,[¢])4 by the bijection (3.5.3)). Similarly, there is some row
label § € €@ which corresponds to the simple module (I'/I ® P,[0"]),.

(c) With the notation above, we set v < 4.

This procedure is carried out for every morphism v of two non-isomorphic in-
decomposable complexes such that I'/T @ ¢ # 0.

The outcome is the bunch of semichains B = B(A) associated to derived category
Db(A) of the nodal order A.

Remark 3.5.1. For any nodal A the bunch of semichains B(A) has the following
properties:

e For any d € Z the set of row labels RD s the disjoint union of three subsets
R =R URY URY, (3.5.5)
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d)

where 9%5 is given by labels of type BLQ, the set 9% @ by labels of type B, and

similarly ?ﬁm contains only labels oz for certain 1 € C' and 0 € R.

e More precisely, for any d € Z and v € Z each row label set f)‘if has a partition
R = 1Y URY, URY,

into three sets of labels of different types. The set ‘ﬁfj@o 18 gwen by one single
element Bff?o. Since I' is a hereditary order, the row label set %Ed) 15 a chain such
that chs, < Bffi)o < Ozfdg),, for any triple of labels from the three disjoint sets above.

For later use, we define also a slightly smaller bunch of semichains B¢ = Bgy(A).

This will be the bunch of semichains associated to the derived category D]fad(A) of
complexes with finite-dimensional homology.

e The bunch of semichains By is obtained from the bunch of semichains B by
deleting of all labels of type ., ,.

Equivalently, the bunch of semichains By is constructed by the same rules as the
bunch of semichains B, but using only complexes P,[g] from Di(I') with finite-
dimensional homology.

Remark 3.5.2. In the terminology of Subsection a label a of a bunch of
semichains is free if o is only equivalent to itself, and « is not contained in the
two-point link of some semichain. Let By = Bg(A) be the bunch of semichains
of a derived category D?d(A) of a nodal order A. Then the free labels in B arise
only in the second and the third case of . That is, any indecomposable object

P.[o] € DY(T) of defect one induces a free label:
{ free labels in By } <=2 { P,[o] has defect one | o€ R }. (3.5.6)

This observation will play a role in the characterization of strings and bands by
functorial terms.

Next, we consider some examples of the construction above.

Example 3.5.3. Let A be the Gelfand order. Its normalization T is Morita equiv-
alent to the two-cycle quiver. An explicit description of the indecomposable objects
of the derived category Db(F) and their morphisms can be found in Section

Using this description, the bunch of semichains 8 = (@, R, ~ ) associated to the
derived category Db(A) . can be determined as follows:

(1) The set of column labels € is given by € = J, ey, ¢ where €9 = {Cid), C(_d)} is
a semichain for each d € 7Z.

(2) The row labels R are given by R = |J ey, RD where for each d € 7 the set of
row labels R'Y is the chain

DD < <@ <p <. <D< . <P <P <. . <al?}

3) The equivalence relation on B = RUC is given by o)~ BT g5 anyn € N*
2n 2n

and any d € 7.
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The matriz problem over the bunch of semichains B is depicted in Figure|3.5.1].

The bunch of semichains By of the derived category D?d(A) is obtained from the
bunch B above by deleting the elements ﬁgﬁf) foralld e Z.

Remark 3.5.4. The matrixz problem of the nilpotent representations of the Gelfand
quiver in Figure can be viewed as a subproblem of the matriz problem of the
derived category of the Gelfand order A in Figure[3.5.1]

In other words, the bunch of semichains B, for the Gelfand quiver is a truncation
of the bunch of semichains B for the derived category Db(A).

We will see in Theorem that this holds for any nodal order A.

Example 3.5.5. Next, we consider the bunches of semichains associated to the
derived category of some Khoroshkin order.

(1) Let Ay, 1o be some Khoroshkin order for some m € Ny as defined in Subsection

Let By, = (Qf, R, ~ ) be the bunch of semichains of the derived category
Db(A2m+2). It is given as follows:
(a) The set of column labels € is given by

2m—+1

¢ = U U ng) where Q:,Ed) = {Q(d)} for any 1 <i<2m

dez i=1
@ )y o
and Q:2m+1 {&7, 7} is a semichain for any d € Z.

(b) The set of row labels R are given by

2m~+1
R = U U S{Ed) where D‘%Ed) is the chain
ez i=1
= {8 <. <BW <pW <. <ph <. <l <al? <. <V}

foreachd e Z and 1 <1 <2m + 1.
(¢) The equivalence relation on B = RU € is given by aEdQn ~ /BZ%: ) for any
1<i<2m+1 and d € Z, and by

~ @ o pld+D) (d) ~ pld+D)
21 1~ sz y  Ogion 1~ ﬁ2z+1 on_1 and Q911201 ~ 622 2n—1
foranyl1<i<m ,neN" andd€Z .

Since any column label set egf,{H is a semichain, the bunch B, .5 is a proper
bunch of semichains.

(2) Let Ay, 1 be the Khoroshkin order for some m € Ny. The bunch of semichains
‘BQmH of its derwed category can be obtained from B, .o by deleting the sets

€2m+1 and %2m+1 and setting al? 52d+1) for anyn € N and d € Z.

ZmnN

In particular, B, 1 s actually a bunch of chains.
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FIGURE 3.5.1. Matrix problem for the derived category D"(A)
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3.5.2 Projective complexes, triples and matrices

Next, we describe the relationship between the nodal order A and its associated
bunches of semichains B and By.

More precisely, this is a relationship between the following three categories:

e the derived category D”(A) of the nodal order A,

e the category of triples Tri(A), and

e the category Rep*(‘B) of regular representations of the bunch of semichains 5.

Definition 3.5.6. The homology functor on triples H : Tri(A) — Rep (B) is
defined as follows:

(1) for any triple T, = (V,, P,, V) € Tri(A) we set H(T,) = (Hj(ﬁ))jez,

(2) for any morphism (¢,v) : (V,’,ﬁ.’,@) — (V,",ﬁ.",g") of triples in Tri(A)
we set H(o,¢) = (H;(T/I @1 ¢), H;(T/1 @pyr ),y
Remark 3.5.7. If T is a minimal triple, then H; (5) = {9; for any 5 € Z.

In other words, the homology functor maps triples to partitioned matrices, which
are representations of the bunch of semichains 5.

The relationship between the category of triples Tri(A) and the category Rep (B)
of matrix representations is described by the following Proposition.

Proposition 3.5.8. [BD04] The functor H : Tri(A) — Rep (B) is additive,

full and dense.

The approach of [BD04] to the classification problem for D”(A) is based on the
following diagram of categories and functors

D°(A) —E— Tri(A) —2 Rep (B)

Since the composition of functors H o F is dense and full, there is an equivalence of
categories:

D"(A)/ker(H o F) —~ Rep (B)

In other words, the canonical forms of the matrix problem over 8 correspond to
all indecomposable objects in Db(A) - except those contained in the kernel of the
composition H o F. To describe this kernel we need the following notation:

e Let e, € A be the idempotent of the neutral semi-simple module S,. The module

S, was introduced in Definition [3.1.8)).
In particular, the conductor ideal is given by I =rad A + Ae,A =rad " 4+ I'e,I.
e Weset A, =e,Ae, and I', = e, l'e,.

Let us note that the ring A, can be identified with I',, and both rings are hereditary
orders. In particular, the category Db(A*) is a representation-discrete subcategory
of the tame category D”(A) for any nodal order A.
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The kernels of the functors H and H o F are given as follows:

Lemma 3.5.9. In the notations above, there are equalities and equivalences of the
following categories:

kerHoF —— kerA/I® —~— K"(add P,) —=— D"(A,)

I TR

kerH —=— ker'/I ® —=— K"(add P,) —— D"(I,)
T

In particular, any category in the above diagram is representation-discrete.

The proof of the lemma above is simple but rather formal.

Example 3.5.10. Let A be the Gelfand order. In this case, A, = T, = Kk[t] is the
formal power series ring, Moreover, the indecomposable objects in the kernel of the
composition Ho ¥ are given by the following complexes:

kerHoF —— K"(add P,) = [Jadd{{ P, =+ P,, |[neN"} @ {P,}}
d

dez att d

As indicated in the Lemma above, there is only a formal difference between the
kernels of the functors HoF and H :

ker H— K"(add P,) = [Jadd {{ P. -2+ P,, |ne N"} & {P,}}
de7, d+1 d d

Remark 3.5.11. There are nodal orders A without neutral simple modules. In this
case A, =T, = 0.

The following Theorem was shown by Burban and Drozd [BDO04] in a different
formulation:

Theorem 3.5.12 ([BDO04|). Let A be a nodal order, I' its normalization and B be
the bunch of semichains associated to the derived category Db(A).

There is a bijection between the “isomorphism classes of indecomposable objects in
the category D*(A)” and the “isomorphism classes of canonical forms in Rep (B)”
together with the “isomorphism classes of indecomposable objects in Db(F*)”:

ind[D”(A)] «X ind[Rep (%B)] U ind[D"(T,)] (3.5.7)

Corollary 3.5.13. The bijection in restricts to isomorphism classes of ob-
jects with finite-dimensional homology and the between the isomorphism classes of
indecomposable objects with finite-dimensional homology and canonical forms of the
bunch of semichains By

ind[DR(A)] «2 ind[Trig(A)] +2 ind[Rep (Byy)] Uind[DEy(T,)]  (3.5.8)

PRrROOF. This follows from Theorem together with Corollary [3.2.16] O

The canonical forms of bunches of semichains have been described by Bondarenko in
[Bon88, Bon91|. We give a summary of his results in Appendix . In particular,
there is the following consequence:
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Corollary 3.5.14. There is a bijection between the isomorphism classes of inde-
composable objects in Db(A) and regular strings and bands of B together with the
isomorphism classes of indecomposable objects in Db(F*):

ind[D"(A)] +X1s [STRINGS* and BANDS of B8] U ind[D"(T,)]

3.5.3 From matrices to triples

Let © = (09) oz be a family of matrices from Rep (B). We define a triple I(M) =
(V4, P,,9) € Tri(A) in the following way:

(1) the complex V, € D*(A/I) :
e Let d € Z. We define the semi-simple module V as follows.

For each column label ¢ € ¢ let m¢ 4 be the number of columns of the
vertical stripe labeled by ( in the matrix 0w,

For every equivalence class [(] of € = €/ ~ let S[¢] denote the corresponding
simple A/I-module according to the bijection (3.5.1]).

We include the module S[¢] with multiplicity m, 4 into the semi-simple A/I-
module Vj :

Va =€ Slqe
[cle€

This is well-defined, since my ; = m» , whenever ¢' =~ (" in B by Definition
of the representation ©.

The above construction is carried out for every degree d € Z.

e We set the differentials in V, to be zero. That is, V, is the complex V, =
(Va)gez, 0)-

(2) the complex P, € D*(I") is defined in a similar way as the complex V, :

For every degree d € Z and every row label p € R Jet m, be the number of
rows of the horizontal stripe labeled by o in the matrix 0w,

For every equivalence class [g] of R = R/ ~ let P,[g] be the corresponding
indecomposable projective complex via the bijection (3.5.4). We may assume

that the complex P,[¢] is minimal.

The projective complex ﬁ, is defined as the following direct sum
P, = P P.lo™
[e]leR

As above, this complex is well-defined, since m ; = m, for any pair of equivalent
row labels ¢', 0" in R.
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(3) the isomorphism 9 in D(I'/1) :
For each degree d € Z we may view the matrix ©, as a map
O4:T/T @\ Vy—>T/I & ]Sd of simple I'/I-modules. Finally, we set ¢ =
(©d)aez-

In this way, we obtain a minimal triple I(6) € Tri(A). It is not hard to check that
H(I(©)) = 0.

In the following we consider an explicit example for the construction of a triple from
a matrix representation.

3.5.4 Example for the Gelfand order

Let A be the Gelfand order and 8 the bunch of semichains of the derived category
DP(A).

Let © = (04)4cz be a family of regular matrices from Rep*(iB). The triple I(M) =
(V,, P,, 19) € Tri(A) is constructed as follows:

(1) the complex V, € D*(A/I) :
For each d € Z let m3 be the number of columns of the horizontal stripe Cid) in

the matrix ©, and my = m +m;. We set V, = ST; @ S™ for each d € Z and
(V;a d) = ((‘/;l)dGZv 0)

(2) the projective complex P, € D*(I") :
For each d € Z and each row label o € R, let m, be the number of rows of
the vertical stripe indexed by g in the matrix ©4. For each equivalence class
[0] € R =R/ ~ let P,[g] denote the indecomposable complex in DP(I") according
to the following table:

ol | 5

equivalence | comp exb I'/I® P,[o]
class [o] in R | P[] € ind[D”(T")] g

5] P, g
bl | RERE 08
B =[] | BB | 503
[ gl:ll)] p=Lp S ——0
a 4 d+1 d
neN' and dez

The minimal complex ]5, of Db(F) is given by
P =P Pl
[e]eR
(3) the isomorphism 9 in D*(I'/1) :
For each d € Z we view O, as a map O,: /I @, V; —=T'/I ®r P, and set
U= (@d>dez~
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This completes the construction of the minimal triple I(©) € Tri(A) from a regular
representation © of Rep (%B) in the case of the Gelfand order A.

3.5.5 The bunch of semichains for the abelian category of a nodal order

Let A be any nodal order and 8 = B, be the bunch of semichains of the derived
category D(A) as defined in Subsection [3.5.1}

In the following we will define two “truncations” of the bunch of semichains 8 which
will be related to

e the category A -mod of finitely generated A-modules, and
e the category A -fd. mod of finite-dimensional A-modules.

Let us recall that the bunch of semichains B of D”(A) is given by B = (€, R ~)
where the set of column labels as well as the set of row labels admit partitions

¢=Je¥ and R=[JnY

deZ deZ

Moreover, according to (3.5.5) for any d € Z the row label set |/ can be written
as disjoint union of three sets:

R = n{ URY URY

where each set contains labels only of one particular type.

Definition 3.5.15. Let A be a nodal order and B be the bunch of semichains of the
derived category Db(A). In the notations above, the bunches of semichains of the
abelian categories of the order A are defined as follows:

(1) The bunch of semichains B of finitely-dimensional A-modules is given by B, =
(€y, Ry, ~ ) with the sets of column and row labels set to

G=cW ue® amd R%=% u Ry u xRV,

The equivalence and the order relations in these sets remain the same as in the
bunch of semichains B.

(2) The bunch of semichains 9B of finitely generated A-modules is given by By~ =
(€57, Ry, ~) with column and row label sets

er=e¢V U e ad RF=ny unY urPur?.

Again, the all relations are inherited from the bunch of semichains B.

Example 3.5.16. Let A be the Gelfand order and B the bunch of semichains of
the deriwed category Db(A). The bunch of semichains B was described in Example
[7.5.3.
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(1) Then By = (€, Ry, ~ ) where
¢ = v e = (. u (.,
ne =Ry U RY UKD U R, where
Ry U RY =Y <. <M <l <. <8P}, and

RO U RO {9 <. < <P <. . <o}

The equivalence relation on By is given by 045?1) ~ BSJ for any n € N,

(2) The bunch of semichains B is obtained from By by deleting the row label ng).
Note that B is given exactly by the bunch of semichains of nilpotent represen-
tations of the Gelfand quiver in Remark (if we drop the superscripts in the
notation).

Definition 3.5.17. Let Rep*(‘Bo) be the category of reqular representations of By.

Let Rep®(B,) be the full subcategory of the category Rep (By) given by a pair of
reqular matrices (6(1), G)(O)) satisfying the following additional condition:

e there is some row label o € D‘i(ﬂl) URY such that the horizontal stripe (3.5.9)
with label o in the matrix oW respectively 0 s not empty.

In other words, any representation © given by the empty matriz 09 and a reqular
matriz OV where all non-empty horizontal stripes are labeled by elements of i)f{g),
is not an object of Rep®(By).

The category Rep®(Bg°) for the bunch of semichains By is defined in exactly the
same way.

Theorem 3.5.18. (1) There is a bijection between the isomorphism classes of inde-
composable finitely generated A-modules and the isomorphism classes of canon-
ical forms in Rep®(Bg°) together with the isomorphism classes of indecomposable
I',-modules:

ind[A -mod] +* ind[Rep®(B°)] U ind[I, - mod]
(2) This bijection restricts to isomorphism classes of finite-dimensional A-modules

and canonical forms in Rep®(B,) for the bunch of semichains B, together with
1somorphism classes of indecomposable finite-dimensional I', -modules:

ind[A - fd. mod] «= ind[Rep®(B,)] U ind [T, -fd. mod]
PrOOF. 1. By Theorem [3.5.12 Corollaries [3.2.6] and |3.3.3| there are the following

maps on isomorphism classes of indecomposable objects in the following categories:

ind[D(A)] T ind[Tri(A)] —— — ind[Rep” ()] U ind[D (A, )]

T FG T 1; T (3.5.10)

ind[A - mod] 1Gr1 ind[Trig o (A)] ;:I__/:i ind[Rep”(By°)] Uind[A, - mod|
To show the first statement we have to show that the restricted maps H and I' are
well-defined.
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(1) Let T, € ind[Trig oo (A)]. This means that 7, = (V4, P,, V) is given by a triple of
the following form:

(a) The complex V, = V; —2= ¥}, has at most length one.

(b) The projective complex 15. is given by some minimal complex

ﬁ, = ﬁl — ﬁo of length at most one.
£0

¢) The map J is given by two matrices oW and ©©.
(c)

o If H(T,) = 0, then 7, = (0, P,,0) with P, € D*(T",). Since T, is indecom-
posable, the complex P, is the projective resolution of some indecomposable
I',-module. The application of functor G to the triple 7T, yields a projective
resolution of some indecomposable A,-module. Vice versa, any A,-module
is mapped by F to a triple in the kernel of H'. In other words, there is a
bijection:

ind[A, - mod] «++%+ ind[ker H'] +*1 ind[T", - mod]

e Assume that H'(T,) # 0. In this case, H'(T,) is given by pair of matrices
(@(1),@(0)). Since P, has at most length one, and P, # 0 the translation
in (3.5.2) yields that there is some label o from 9‘{8) or 9%((10) such that the

horizontal stripe ¢ has a non-zero number of rows. This shows that H' is
well-defined.

(2) Vice versa, let © = (@(1), @(0)) be a canonical form of B;° satisfying the con-
straint (3.5.9). By the construction in Subsection the corresponding triple

T, = I'(©) satisfies (a) and (c) above. The complex P, of T, has also the form
P, = 151 — ]30. Now the constraint (3.5.9)) implies that }Njo # 0.
#0

Summarized, we have shown that the bijections in diagram ((3.5.10|) of the “derived

level” restrict to the “abelian level”.

2. To show the second statement, we restrict the bijection of the bottom row in

(3.5.10) further:
ind[A - fd. mod] ¢5--» ind[Trig(A)] <> ind[Rep”(By)] U ind[A, - fd. mod]

The bijection on the left follows from Corollary and the bijection on the right
by Corollary [3.5.13 O

Corollary 3.5.19. For any nodal order A there is a bijection between isomorphism
classes of finite-dimensional A-modules and reqular strings and bands of B together
with isomorphism classes of finite-dimensional T', -modules

ind[A -fd. mod] +—2—— [ STRINGS® and BANDS of B, | U [ind(T, -fd. mod)].
(3.5.11)
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3.6 String and band complexes over nodal orders

The precise definitions of strings and bands are given in Appendix[A] In the present
subsection it will we sufficient to note that string and band complexes can be char-
acterized completely via the defect ¢ and the involution o :

Definition 3.6.1. Let © be a regqular representation of B.

(1) The defect 0(©) is given by the total number of rows of all horizontal stripes
labeled by free labels of B.

(2) The involution ¢(©) is given by interchanging is given by interchanging the
labels of vertical stripes which are labeled by pairs of special labels.

The next theorem relates the combinatorial description of the indecomposable ob-
jects in Dgy(A) to the defect § and the involution o of any nodal order.

Theorem 3.6.2. Let A be a nodal order. Let By be the bunch of semichains as-
sociated to the derived category D?d(/\). Let P, be an indecomposable complex in
DY (A) with finite-dimensional homology such that P, ¢ Diy(A,). According to The-
orem there is some usual, special or bispecial string, or band €2 of B such
that P, = P,().

In the setup above, the following statements hold:

(1) Q is a usual string w < O(P,) = 2,
(2) Q is a special string (w,e;) & 6(P,) =1,
(3) Q is a bispecial string (w,m,eq,&9) < 0(P,) =0 and o(P,) % P,,
(4) Q is a band (w,m, \) < 0(P,) =0 and o(P,) = P,

PROOF. In the following we assume that 2 is a regular string or a band of 8. This
means that the representation ©(€2) is given by regular matrices. Let P, = P,(Q2)
in the notations above. Let us recall that the complex P,(£2) is constructed by the
following operations:

F *
. b L N, . CH * STRINGS™ and
ind[D”(A)] lGl ind[Tri(A)] : > ind[Rep (B)] [ BANDS of B ]

P,(Q) «—— T,(Q) +—— O0(Q) +—— Q
(3.6.1)
We claim that these operations preserve the defect and commute with the involution:
0(Fe(2)) =6(Q2)  and  o(P()) = F(0(2))
(1) It holds that §(Q2) = 6(6(Q2)) by Lemma [A.4.4 The number §(O(12)) is the

total number of rows labeled by free elements in ‘B,,.

To construct I(O(€2)) = 7,(2) and Remark every row of a free element

gives rise to one direct summand of P, with defect one. Let P,(£2) be the
normalization complex in the triple 7,(€).

Then we obtain that §(0(2)) = 6(F,(£2)) which is 6(7,(€2)) by definition of the
defect for triples.
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Finally, Lemma yields that 6(G(7,(2))) = §(F.(£2)).

In other words, all operations preserve the defect.

(2) Concerning the involution we have that ©(c(2)) = ¢(0(£2)) by Lemma [A.4.2]

that is the involution o commutes the construction of canonical forms.
On the other hand it is not hard to check that H(F(o(P,))) = o(H(F(P,))).

Now the statement follows from the characterization of the four classes of regular
representations of B in Proposition [A.4.7] O

Remark 3.6.3. Let P, be an indecomposable complex from bed(A*). In this case,
(P,) = 2 and o(P,) = P,. In particular, we will view such complexes as usual
strings.

Corollary 3.6.4. Let A = A, or A7 be a Khoroshkin order for some n > 2. Let
B be the bunch of semichains associated to A. Let Q be a string or band of By

and P, = P,(Q) be the corresponding indecomposable complex in Diy(A). Then the
following statements hold:

(1) Q is a usual string w < 0(P,) >0 and o(P,) = P,
& 0(P,) =2
& P, is not T-periodic and o(P,) = P,
(2) Q is a special string (w,e;) & 0(P,) >0 and o(P,) 2 P,
& 0(P,) =1
& P, is not T-periodic and o(P,) % P,
(3) Q is a bispecial string (w,m,ey,e9) < 0(P,) =0 and o(P,) 2 P,
& 73(P,) 2 P, and 7(P,) % P,
(4) Q is a band (w,m, \) < 0(P,) =0 and o(P,) = P,
& 7(P,) =P,
where eq,e06{+,—},meNT and Aek\A
PROOF. The theorem follows directly from Theorems [3.6.2] and [2.2.3] O

The above theorem states that the four classes of indecomposable objects in D]fod(A)
can be characterized in combinatorial terms (strings and bands of By), by Lie-
theoretic notions (the defect § and the involution o) or via some natural functors
(Auslander-Reiten translation 7 and involution o).



CHAPTER 4

Derived Category of the Gelfand quiver

In the present and the next chapter, we focus on the combinatorics of the Gelfand
quiver
b, b_
o ¥ o

i NN
a, a_

b+ a+ — b_ a_.

From now on, we will denote by A always the Gelfand order, that is, the arrow ideal
completion of the path algebra of the Gelfand quiver. The present chapter deals
with the bounded derived category D"(A) of finitely generated A-modules.

At the beginning of this chapter, we recover the classification of indecomposable
objects in the derived category DP(A) by Burban and Drozd [BDO04]. More pre-
cisely, the indecomposable complexes are parametrized by usual, special and bispe-
cial strings and bands of a matrix problem of type bunch of semichains. We give a
proof of the gluing rules for string and band complexes of Db(A) in Subsectionm

The explicit description of the indecomposable complexes in Db(A) is central for the
study of their functorial properties. There are two natural autoequivalences on the
derived category D"(A) :

(1) The involution functor ¢ interchanging + and — in projectives and their mor-
phisms.

(2) The Auslander-Reiten translation 7 which is described as follows:

p, PP, P,
R m m by - b m
A— R R m P*:)Pi — TP*TP¥ R
R m R P.— P P¢—I>TP* R

A description of the involution functor on strings and band complexes can be derived
from Bondarenko’s combinatorics of bunches of semichains (Lemma [4.3.3)).

The main result of this chapter is a description of the Auslander-Reiten translation
7 in terms of strings and bands (Theorem {4.3.10)).

As an application of this result, we determine all fractionally Calabi-Yau objects in
Db(A) (Proposition {4.3.22|), show that S, is the only “generalized” spherical object
(Corollary |4.3.26]) and give an explicit description of the thick category (S,) gener-
ated by the simple module S, (Corollary [4.3.29).

In Subsection we summarize these statements together with the main results
of Chapter [2] for the case of the Gelfand order.
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4.1 Strings and bands of indecomposable projective complexes

In this section we recall the description of indecomposable objects in Db(A) due to
[BDO04].

4.1.1 Notation for projective complexes of the Gelfand order

Let R = k[z] be the ring of formal power series and m = (z) its unique maximal
ideal. Throughout this chapter, let (Q, ) be the Gelfand quiver and let A be the
arrow ideal completion of the path algebra kQ/I :

P, P_. P_
b, b_ R m m
N SN _
at a R m R
b,a, =b_a_=:c

The ring A is an R-order (in the sense of Definition [B.1.12)) and will be called the
Gelfand order.

Remark 4.1.1. By Corollary[B.1.§ there is an equivalence of categories:
nil. rep, (Q, I) —— A -fd. mod

That is, we may study finite-dimensional A-modules instead of nilpotent representa-
tions of the Gelfand quiver.

In this chapter we will study the bounded derived category Db(A) of finitely gener-
ated modules over the Gelfand order.

First, we need to fix some notation for the projective complexes of Db(A). This
notation uses the following properties of the Gelfand quiver:

o Let i,j € { +,% — } be two vertices of the Gelfand quiver and n € N*. Then
there is exactly one path p;; from vertex j to vertex ¢ of length 0, where

~ {2n if i=j=x or 4,je{+,—}

" lon-1 if i=xandj=4+ or i=xandj=x%

e let P, and P; be the corresponding indecomposable projectives. Then any map

d: P, —— P; is actually given by right multiplication d = -A p;; for some scalar

A € k and some path p;; in the Gelfand quiver. We will abbreviate d by n;;.

In more detail, we will use the following notation:

TABLE 4.1.1. Notation for differentials of projective complexes

(@)4e=(20)p  =-a, by @) =(m— 1), = by (@) = (2n)_,  =-a_c" b,
(Bl = (01— (@), —(20), - |[@B.=(a-1 ,—-ac’

@), = (2n),. =-a, b |@),=2n—1),_=- b |@)__=(2n)_ _ =—-ac b
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We will also skip the subscripts in differentials if they are clear from the context.
For example, the projective resolutions of simple A-modules translate to the new
notation as follows:

by ['(*bf)} [ay 2]
P,—— P, —» S, P— P &P — P, —»S,
1 0 2 1 0
\ \
. [1] [11]
P,— P, —» S, P— P &P — P, —» S,
1 0 2 1 0

In particular, the Gelfand order has global dimension two.

4.1.2 The normalization of the Gelfand order

The normalization of the Gelfand order A is given by the ring I' = End, (rad A).
We recall that the Gelfand order is nodal in the sense of Definition 3.1.1] and there
is an embedding

P, P, P_ P, P, P,
R m m R mm
A= R R m|—I= R R R
R m R R R R

The ring I' is Morita equivalent to the arrow ideal completion of the path algebra
k@ of the two-cycle quiver @) :

b, b_ b
By e T Ere
v i
b,a, =b_a_

Informally speaking, the method of [BD04] tells us “how to glue any indecomposable
projective complex in the derived category Db(A) from a direct sum of complexes
from the derived category D”(I).”

The crucial point here is that the representation theory of Db(F) is well-known.
Since I' is a hereditary ring, Theorem implies that the indecomposable objects
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of the derived category Db(F) are given by shifts of projective resolutions:

D*(I) =[Jadd{{ B, "= P |ijeQuneN"} @ {P|iecQy}} (411)

L=/ d+1
( ( n
P, -2 P, p, %, p,
5 a5 ) B ELE B p
where P, —— P, = * ¢ = * e
ﬁo 2n—1 ﬁ* ﬁo (ab)” "a ﬁ*
| B2 h (B2 R

As in the case of the Gelfand order, we will denote the differential -p;; of an inde-
composable resolution P, = IDVJ SCIN ]3Z from D”(I') by its length 7 = 2n (if j = )
respectively 2n — 1 (if j # 4).

4.1.3 Words and their gluing diagrams

In this subsection we introduce some formal expressions called “words of B or B,
These words will be visualized by gluing diagrams.

A gluing diagram is given by some complex ﬁ, € Db(F), some “gluing edges” between
direct summands of P, and some additional parameters which will be specified below.

4.1.3.1 Gluing diagrams of cyclic words

Definition 4.1.2. A cyclic word w of B is given by some sequence

W= ([do]n[lddn[zdz} - ‘n[;fi—li]n[;;k})

of an even number of natural numbers n; € N+, where 1 < j <2k and k > 1, and
degrees dy € Z, where 0 < j < 2k, such that dy = dy and

ed;;=dy—1 or djyy =d;+1 forany0<j <2k

Let us consider an example how some cyclic word translates into a gluing diagram:
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Example 4.1.3. Let w = (4[1]3[015[1}5[2]). Then the gluing diagram of w has the
form:

b,—2 P,

U

SIS

P<> 10

2

o T oY

0

In general, cyclic words are translated into gluing diagrams in the following way.

Let w be some cyclic word of length 2k :

W= ([do]n[lddn[zdz] B ‘n[zcifi—li]n[;ka})

The gluing diagram of w is obtained as follows:

(1) transformed word:
First, we define a new word

W= ([d"]ﬁ[ldl]ﬁ[zdz] . ,ﬁ;fi’li],ﬁ%k]), where n; = 2n; for any 1 < j <2k.  (4.1.2)

(2) the normalization complez:
We define a complex P, = @?il PY e DP(I') such that for any 1 < j < 2k :

ﬁ.(jﬂ) _ . B
dy+1 4 d;—1
Each complex PY9*Y is uniquely determined by the subword [dj]ﬁgdﬂd of w.

(3) gluing edges:
j+1

For each index 1 < j < 2k the projective module of ﬁf ) at degree dj;q is

connected to the projective module of ﬁ.(“g) at the same degree by an edge.

Note that there is also a gluing edge connecting the last complex to the first complex
in the gluing diagram of any cyclic word.

4.1.3.2 Gluing diagrams of finite words
Definition 4.1.4. Let € denote the following set of formal symbols:
¢ ={p. P P }-
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A finite word w of B is given by a sequence

W= (p[do}n[dﬂn[dz] n}[{di ﬂnLdk]pB)

consisting of two ends p,,pg € €, a sequence of natural numbers ny € N* and a
sequence of degrees d; € Z , where 1 < j <k and k > 1, such that

ed;;; =dj—1ordy; =d;+1 foreach0<j<k-—1

There are also words of length zero which are given by p[d] and pLd] for some d € Z.

Example 4.1.5. Let w = (pg]B[O]QmS[Q]p*). Then the corresponding gluing diagram
has the following form:

PP
P,—% P,
pP—5p,
2 1 0
Let w be a finite word of %,
W= (p[do]n[d1]n[d2] ) n[dk dn[dk]pﬁ)

such that the length k is not zero and w # p*d"]n i p, for any dy,d; € Z andn € N7,
Next, we consider the translation of finite words into gluing diagrams:

(1) transformed word:
The transformed word of w is given by

w :(pfdﬁ[ldl]ﬁ[;ﬂ ﬁl[(dkll]nl[{ }pg) where n; = 2n; for any 1 < j <2k (4.1.3)
n; = fh 1 Po= P and 1, = N 1 Po =P (4.1.4)
2111 if Pa = Po 2nk if Ps = Po-
(2) the normalization complex:
We define a complex P, = @ ) e D"(I") as follows.

a) The first summand is determined by the beginning dol20:] of w. We set
P, i

N P,—2 P, ifd, =d,—1
pM ~ N ~
° PO—1>PQ/ 1fd1:d0+1
do+1 d, do—1

(b) For each index j with 1 < j < k the intermediate subword 4 }Agﬂd of w
defines a projective complex in the same way as for cyclic words:

PO — P —>P where d = min{d;,d;;,}.
i1
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(¢) The last summand is defined by the ending "™* [ }nL ps of w by setting
PBL)PO ifdk_lzdk_l
poo_J) .
. P, —2 . p, ifd, ;=d,+1
a,+1 a4y a,—1

(3) gluing edges:
For each index 1 < j < k the projective module of ﬁ.(j) at degree d; is connected
to the projective module of ﬁ,(j“) at the same degree by an edge.
In contrast to the cyclic case, the last complex is not connected the first complex in
the gluing diagram of any finite word.
Remark 4.1.6. The following finite words were not covered by the translation above:

word w pLdO} pgd"] pLdO}n[dl]p* where dg,d; €Z,neNT

gluing diagram P* P, | P.—2,P, and d=min{dy,d, }
d, d, | a+1 d

4.1.4 Strings and bands

In this subsection we introduce the invariants which parametrize the indecomposable
projective complexes in D(A).

Definition 4.1.7. Let w be a cyclic word of B of length 2k as in Definition :
= ([do]n[ldﬂn[;z] N n[dzk—1]n[d2k])

w ‘Do 1 Doy

(1) The reversed word w™" of w is defined as

O — ([dzk]n[gctk_l}HQkfl o [dQ]n[Qdﬂn[ldo}).

(2) Let 0 < j < 2k. The rotation of w by j is defined as

) (45] [d511]_[dj42] (54 ox—1]_[dy4o]
B = (% Jﬁlnjjj ...njfrﬁff_f Jﬂf{k)

where all indices are considered modulo the length 2k.
(8) The word w is periodic if w = wh! for some non-trivial rotation 1 < j < 2k.

(4) The word w is symmetric if w™ = w3 for some rotation 0 < j < 2k.
Example 4.1.8. Let us note the following examples of cyclic words:

0] 1[1 1[0) (1]32]31]40]4[1])
[0] 1[1 2[2 3[3 3[2}2[1}1[0}) ( (1] 2]3 3]3 2]2[1]1[0]1[1])
(2131241114 )plt] 3[21 4111 1ol

non-periodic, symmetric :

(
(

periodic, non-symmetric : | ({11121 [tlol011 115001
(0111900l gitl 4 014 0ol ({114 it glal 4 g2l )

Definition 4.1.9. Let k be an algebraically closed field.

non-periodic, non-symmetric .

(1) A band word is given by any cyclic and non-periodic word w of B.
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(2) A band (w,m,\) of B is given by a band word w, some “multiplicity” m € N and
some “eigenvalue” X € kK* such that \ # (—1)kJrl if w is symmetric with length
2k.

(8) Two bands (w,m,\) and (v,n,p) are equivalent if m = n, w and v have the
same length 2k, and there is some index 0 < j < 2k such that
(3]

o v=wVandpu=X, or

rev

o v =l and j1= \"".

Next, we are going to define three classes of strings.
Definition 4.1.10. Let w be a finite word of B of length k > 0 as in Definition

L4

ol 1d1]_[da A1) [dx
w = (pnfnf?  nnp,)
(1) The reversed word w™" of w is defined as
rev k dk—l dk—2 1 0
W = (p g nfnllp,).

ev

(2) The word w is symmetric if w = w"

(3) The left end p, of w is special if a = o. Similarly, the right end ps of w is
special if § = ©.

(4) Assume that both ends of w are special. Set & = (n[ldi]ngdz] e [dk”]nl[(df[dnk).
The word w is quasi-symmetric if there is some subword v = (n[ldi]n[;?] . [djfi]nj)

of w of shorter length 1 < j <k such that d; =dy and

O = v [dj] Urev [do] v [dj] Urev [do] v

v

where v appears an odd number and V' an even number of times.

Words of zero length will be considered as non-symmetric.
Example 4.1.11. Let us note the following examples of finite words:

symmetric : p£1]2[2]1[3]3[4]3[3]1[2]2[1}1)* p<[>1}2[0}1[1]3[2]3[1]:|_[0]2[1]p<>
p£1]2[2] 1 [1]3[0]3[1] 1[0} 2[1] pLﬂ 2[0} 1[1]3[2]3[1] 1[0] 2[1]p<>

non-symmetric .

Px

(1190014 (11 Ol glo] [, pltT 40l oltIgl2l 311 00] 11114 it 52

quasi-symmetric : | P

Po P
P P

Po

[1]2[0] 1 [1]2[01 1[1]2[0] 1[1]

not (quasi-)symmetric . | Po

[11500] 1113001 ¢ [t 500),

Definition 4.1.12. In the following let w be a finite word of B.

(1) (a) A finite word w is usual if w has no special ends and is not symmetric.
(b) A usual string is given by any usual word w.
(¢) Two usual strings v and w are equivalent if v =w or v = wW"™".

(2) (a) A finite word w is special if w has exactly one special end. (if w has length
zero, the only end of w counts as only one end).

(b) A special string (w, €) is given by a special word w and one sign € € {+, —}.
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(¢c) Two special strings (v,6) and (w,e) are equivalent if (v,d) = (w,e) or
(v,0) = (W, €).

(3) (a) A finite word w is bispecial if w has two special ends and w is neither
symmetric nor quasi-symmetric.

(b) A bispecial string (w, m, €1, &5) is given by any bispecial word w, some “mul-
tiplicity” m € N* and two signs €1,&5 € {+, —}.
(¢) Two bispecial strings (v,n) and (w,m) are equivalent if
(Ua n, 517 52) = (W, m,éy, 82) or (U7 n, 617 52) = (wreva m, &y, 61),
A string of B is given by any usual, special or bispecial string. By a string word we

will mean any usual, special or bispecial word. A string of one of three types cannot
be equivalent to any band, or any string of another of the three types.

Definition 4.1.13. Strings and bands of By are defined as follows:

(1) A string of By is given by any string of B such that its string word w has
non-zero length and does not contain an end of type po-

(2) A band of Biy is the same as a band of B.

The definitions of strings and bands are motivated by the following result:

Theorem 4.1.14 ([BDO4]). There is a bijection between the equivalence classes of

strings and bands of B and the isomorphism classes of indecomposable complexes in
D"(A) :

[STRINGS and BANDS of B] +—— ind[D"(A)]

This bijection restricts to strings and bands of By and indecomposable complezes in
DEy(A).

Since our formulation of strings and bands is different from the formulation in
[BDO04] we give a proof of Theorem [4.1.14] in the next subsection.

4.1.5 Abbreviation of strings and bands of B

In this subsection we apply the results on combinatorics of bunches of semichains

from Appendix [A] to prove Theorem [4.1.14]

Let 9B be the bunch of semichains of the derived category D"(A) as described in
Example . As noted in there is a bijection between the isomorphism
classes of indecomposable complexes in D" (A) and equivalence classes of strings and
bands of B.

. . . q
ind[Db(A)] PERLEEN ind[Rep (B)] U ind[Db(A*)] 1:1 [ STRINGS anv ]
BANDS of B

The definitions of strings and bands for any bunch of semichains are stated in Ap-
pendix A, Section [A.2] Next, we will describe how to translate strings and bands
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of the bunch of semichains 9B into strings and bands of B as defined in 4.1.12 and
4.1.9

4.1.5.1 The alphabet 2 of the bunch of semichains B

First, we need to consider the alphabet 2y associated to the bunch B. According
to Definition the alphabet Ay = (C, R, ~, —) of B is given as follows:

(1) The column letters € are given by € = |J €, where &; = {{'?} for each d € Z.
ez

(2) The row letters R are given by R = (J where for each d € Z we have a chain
ez

Ry={ PP <. . <BP<p <«  <yD< <o <o <. <a?}

(3) There are two symmetric relations — and ~ on the set 2y = R U € given by
o (D~ for any d € Z, and O‘éﬁ? ~ gfjl) for any n € N* and any d € Z.

A string or band of B has some finite respectively cyclic word of the alphabet 2y
as main datum. Words of g will be defined next. For the sake of brevity, we will
not recall all notions from Section such as (quasi-)symmetry of finite words, or
periodicity of cyclic words. These definitions will only play a technical role in the

proof of Theorem 4.1.14]

4.1.5.2 Cyclic words

The following Definition is an adaptation of Definition of cyclic words to the
particular case of the alphabet 2y :

Definition 4.1.15. A cyclic word w of the alphabet Uy is given by a sequence
W=~y —Qg~ Oy — ... Qgp_g ™~ Qop— (4.1.5)

of letters a; € Aoy, where 1 < j < 2k, subject to the following conditions:

® a1 ~ Qy; holds in Uy for any 1 < j <k,

® (y; — iy, where 1 < 5 <k, and also g, — ay hold in A

Let w be a cyclic word of 2y. Let us note that w has length 8k for some k € N*.

The cyclic word w of 20y is translated into a cyclic word w of B as follows:

(1) we erase all relations of type — in w

(2) we translate the remaining subwords o’ ~ o of w by the following table:

subword of w || @ ~ ¢ | B ~ oV | oD~ gl

. d
parameter 1m w g n n

deZ, neNT.

(3) if the new word w’ starts (respectively, ends) with ¥ for some d € Z we add
another symbol @ after the right end (respectively, before the left end) of w'.
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The outcome is some cyclic word w of B :

W= ([do]n[lcldn2 o [dzj}ng?ﬂdnﬁﬂ o [dzk’ﬂn[ﬁfi’f]ngtk])
with n,,n,,...,n, € NT and certain degrees dy, d;, ..., dy € Z, where dy = dy,.

Example 4.1.16. Let w be the following cyclic word of Uy :
w :C(Q) ~ C(Q) _ (2) -~ (Xél) _ C(l) ~ C(l) _ (1) (Xé )
(O~ - 0‘10 ~ ﬁ10 (W~ - 0‘10 ~ BlO

Then w translates into the cyclic word w = ([2]4[1]3[015[1]5[2]) from Ezxamplel|4.1.5,

Remark 4.1.17. [n the notations above, the cyclic word w of Uss is periodic (respec-

tively symmetric) in the sense of Definition [A.2.11] (respectively Definition

if and only if the word w of B is periodic (respectively symmetric) .

4.1.5.3 Finite regular words

The next Definition is a specialization of Definition of finite regular words to
the alphabet 2y :
Definition 4.1.18. Let 2y be the alphabet defined above.

(1) A finite regular word w of 2y with length k € NV is given by a sequence
W=0Q] —Qyg~Q3— 0y~ ... Qgp_q— Qo
of letters a; € Ao, where 1 < j < 2k, subject to the following conditions:
e the ends of w satisfy oy, gy, € {a2n 1 an LYY, @ |d € Z,n e Nt },
o the relation ;1 — ay; holds in Ay for any 1 < j <k,
o the relation agj ~ iy holds in Ry for any 1 < j < k.

(2) The left end o of w is special if oy = D for some d € Z.
Similarly, the right end agyy, of w is special if agy, € €.

The word w of Ay is translated into a word w of B as follows:
(1) we erase all relations of type — in w

(2) the left end of w is abbreviated as follows

left end of w | BSY | P | D] y@ X
T, A1 @ | e [ [ & | @ deZ, neN".
beginning of w || p; o] pdl | pld

(3) the intermediate part of w is translated by the same rules as for cyclic words:

subword of w || {? ~ @ éﬁ? ~ (Xgi b (Xén) ~ ﬁ(dﬂ)

. d
parameter in w g n n

deZ, neNT.
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(4) finally, the right end of w is abbreviated similarly to the rules of the left end:

right end of w g,?_l chi)_l C(d) Y(d) +
: @ a1 (A (W [ deZ, neN".
ending of w o VU, | s | e | Y Peo
The outcome is some finite word w of B :
w= (plnlnfe @ np). where o, € { %,0,00 }

Example 4.1.19. In the following we abbreviate some finite reqular words of Ay
which are actually string words in the sense of Definition[A.2.9

(1) Let w be the usual word:
W — cho) _ C(O) ~ C(O) _ 510) ~ 511) _ C(l) ~ C(l) _ océl) -~ ((32) _ C(Z) ~ C(2) _ 6%3)
Then its translation is given by the word w = (p[*l]1[012[1]3[2]2[1]p*).
(2) Let w be the special word:
w= W B ql® (O Oy @ g0 ) ) ),
Then w = (pl'392033p ) the word from Example .
(3) Let w be the bispecial word:
w= W — Bél) ~ (ng)_C(O) ~ O %(10) -~ il)_
(0 (™ @ B @ (@ @ )
Then w translates into w = (pit 11%213=l 5y,
Remark 4.1.20. Let w be some word of B and w be the translated word of B.
(1) The words w and w have the same number of special ends.

(2) The word w is (quasi-)symmetric in the sense of Deﬁm’tz’on‘A.Qa) if and only
if w is (quasi-)symmetric in the sense of Definition of |4.1.10)).

e By Remark |A.3.20| each end of w is given by some letter of type ocg,?_l or Bgi)_l

for some n € NT and d € Z.

4.1.5.4 Proof of Theorem [4.1.14] on strings and bands of the derived cat-
egory

At last, we define a map on the equivalence classes of strings and bands of 93 :

(): [STRINGS and BANDS of B] —— [STRINGS and BANDS of B]

Namely, we abbreviate only the words in strings and bands of B according to Sub-
sections [4.1.5.2 and 4.1.5.3¢
Q w (w7€1) (w7m7 é\1762) (w7m7 )‘) e1.82€{+,—},

. (4.1.6)
Q|| wl| (wer) | (wym,ep,e) | (w,m,A\) meNT, Aek"\A

For the sake of completeness, we give a proof of Theorem [{.1.14}
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PRrROOF. The claim is that there is a bijection between the equivalence classes of
strings and bands of B and the isomorphism classes of indecomposable complexes
in DP(A)

ind[D”(A)] «-“L [STRINGS and BANDS of B]
By [3.5.14] there is the bijection
ind[D"(A)] «=2= ind[D"(A,)] U [STRINGS and BANDS of B]

Therefore it is sufficient to show that there are the following two bijections of equiv-
alence respectively isomorphism classes:

ind[D"(A,)] U [STRINGS of B] ¢-“*+ [STRINGS of B] (4.1.7)

[BANDS of B] «-“1+ [BANDS of B] (4.1.8)

(1) By Lemma(3.5.9/the indecomposable objects in Db(A*) are given by P, —2 P,
d+1 d

and P, for some n € N* and d € Z. By Remark [4.1.6 these objects are repre-
d

sented by the usual strings p[*d]n[dfl]p* and pLd] of $B. Let us call these strings of
B,. So we have a bijection:

ind[D"(A,)] X% [STRINGS of B,]

(2) We consider the abbreviation from (4.1.6)) on strings:

(") : [STRINGS of B] —— [STRINGS of B] (4.1.9)

(a) Let Q be a string of B. Then ) is a string of B by Remark |4.1.20, Note

that for any regular finite word w of Ay it holds that (w™") = w"™". This

implies that two strings ', " of B are equivalent if and only if Q) and Q"
are equivalent. That is, the map ( ) in (4.1.9) is injective.

(b) Let v be some finite word of B which is not a string of B,. The main
observation is that there is some unique finite regular word w of 21y such
that w = v. In other words, a word w of 2y is uniquely determined by the
sequence of natural numbers of its row letters and degrees of its column
letters.

By the arguments above there is a well-defined bijection between the equivalence
classes of the following strings:

[STRINGS of B, or B] —» [STRINGS of B]

Together with step (1) of the proof this yields the first bijection of (4.1.7)).

(3) It remains to consider the abbreviation on bands:

(7): [BANDS of B] —— [BANDS of B] (4.1.10)
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Note that any band of 9B is equivalent to some band (w,m,A) of B such that
w begins with some column letter ¢ € €. In the following we will consider only
representatives of this type in the equivalence classes of bands of 5.

(a) Let Q = (w,m,\) be some band of B. We claim that Q = (w,m, ) is a
band of B. The word w of B is non-periodic by Remark m Let 2k
denote the length of w for some & € N* . Then w has length 8k. Moreover,
since  is a band, it holds that A # (—1)*™*! where ¢(w) is given by
Definition . Let us recall that ¢(w) = 1 -(w) , where

(w) =#{2 <i <2k even | a;_; # o and «o;_; ~ @ is a parallel subword }.

For the bunch of semichains 8 any subword of the form o’ ~ o is parallel.
It follows that ¢(w) = k. This shows the claim.

(b) Let v be some cyclic word of B. As in the case of finite words, the main
point is that there is a unique cyclic word w of [y such that w begins with
some column letter ( € € and w = v.

(c) Next, we derive the equivalence conditions in Definition [4.1.9 for bands of
B from the equivalence conditions of bands in Definition |A.2.18|for B. Let
(v,m, \) be some band of B. Let 2k denote the length of the cyclic word
v. and let w be the cyclic word of 2l beginning with a column letter such
that w = v.

(i) Let 0 < j < 2k. It holds that v/ = (w!*). By Definition |A.2.18
the band (w,m,\) of 2y is equivalent to (w[4ﬂ,m,/\§(4]’w)), where
E(47,w) = (~1)"*) and

v(dj,w) :=#{ 2 <i<4jeven | o;_; ~ q; is a parallel subword in w }.

We note that v(4j,w) = 2j, hence (45, w) = 1. This implies that the
bands (v, m, \) and (wm,m, \) of B are equivalent.

(ii) For the second equivalence condition, we note that v = ((wm)rev)v.
Since v(2,w) = 1 it holds that £(2,w) = —1. It follows that the band
(w,m,\) is equivalent to (w® m, A7) and ((w[Q])rev,m, )\_1). This

shows that the bands (v, m, A) and (0", m,A\™") of B are equivalent.

Finally let us note that there are no further equivalence conditions for bands
of B, or bands of B in which the cyclic words begin with a column letter.

It follows that the abbreviation in (4.1.10)) is a well-defined bijection and proves
the second bijection of (4.1.8]).

Summarized, the abbreviation of strings and bands of ‘B of the preceding subsections
together with the strings of B, yields exactly Definitions [4.1.12 and [4.1.9] of strings
and bands of ‘B. U
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4.2 Gluing of indecomposable projective complexes

Our next goal is to describe the construction of indecomposable projective complexes
in D”(A) from strings or bands of B.

As described in Subsection [4.1.3]strings and bands can be viewed by gluing diagrams
with some additional parameters.

4.2.1 Gluing arrows in words

To pass from gluing diagrams to indecomposable complexes, we need to assign to
every gluing edge in the gluing diagram an orientation first.

Let w be a string word of length k, or a band word of even length k. Let & denote
the word w with altered numbers nj as defined in (4.1.2) respectively (4.1.3). In
particular, & has the form

. (p[o(j"]ﬁ[ldi]ﬁ[;ﬂ L e Q]A[dk 1]ﬁLdk]p ) if wis a string word
w =
([d"]ﬁ[ldl]ﬁ[;ﬂ . [dk*]ﬁl[{dfli]ﬁl[{dk]) where k € 2N* | if w is a band word.

In this section, we are going to transform @& into a new word of the form

“ (p,, [dolgy dl] indz} T.. nl[{kld iﬁl[{dk ps) if wis a string word
W =
(A[di iﬁ[dQ 1. A[dff] iALdk] 1) if wis a band word

where each symbol ] stands either for an oriented arrow 1 or J.

Let j be any index with 1 < j <k — 1 for string words, respectively 1 < j <k for

[45] & ~ldj4a]

band words. To determine the orientation in nj n;;; we have to distinguish

between two cases:

(1) the case of a “non-symmetric subword”
Assume that d;_; # d;;4 or nj #1;,, in the word &.
This is the simpler case. We recall that d;_;,d;44 € {d; —1,d; +1}. The ori-
entation at degree d; is set up as follows:

(29 v a4 > >,

o) e or dj_; >dj <dj;q and ﬁj < %H,
n;” Inj; = or dj_y <dj>djyy andny >0, (4.2.1)
a;
L dj_y #djpq O Dy #nyyy

i} ﬁgdf[l] in any other case such that
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In terms of gluing diagrams, the gluing edges are oriented as follows:

~ n. ~ ~ n. ~ ~ n. ~
P—2p, P—2p, P—2-P
T T T
| boifng <mnypq | ifn, >n
| | |
~ n. ~ ~ n ~ ~ n.
pOJ_“> p’| pr_Stt P, pOJ_“> P
~ n; ~ ~ n; ~ ~ n; ~
P——pP | P—2>P pP—> 5P
| | |
1 [ ! .
i i if n; >njy, i if n; <njyy
v v v
~ n. ~ ~ n. ~ ~ n. ~
P// j+1 P<> P// j+1 P<> P<> j+1 P//

(2) the case of a “symmetric subword”:
Assume that d;_; = dj;; and n; = n;,, in the word w.
This case is more technical.

v rev

(a) If w is not cyclic, let us denote by @ and W™ the subwords

o ~dg]ala dy_ o]l y ~dq]~ld dy]~ld
O = n[1 1]n[22] ld] [ildnlm and o = nl[(k ﬂnLilz]_”[z]n[Ql]ni

We define an “ambient word” @ as follows:

( w if w is a band word
[do] i ] if w is a usual word
= [ grev [l 5 fad if w is a special word with special left end
o] 5 1ol rev ol 3¢ ) i5 a special word with special right end
\ Al rev (ol i [ gyrev [do] 3¢ is a bispecial word

In the following we view the subword n[ ]ng jjd of @ as a subword of @.

(b) Let T be the mazimal symmetric subword of @ with n; [dj}ﬁj +1 in the middle
and with degrees as ends. In particular, T = (v!%!¢™") for some subword

vofw:
v rev
7 % % N
—_ [dj—m—l]/\ [dj—m]/\ [dJ 2]/\[dj 1]/\ [d } [ J+1]A[dj+2} A[dj+m] /\[dj+m+1]
Ww=... Ny _pn Dy mi1 - nyZy 0y j+1 Bj42 ce jm Djdmpr -
N o

T
(4.2.2)

(¢) There are two cases concerning the maximal symmetric subword Y :

e Assume that T = @. In this rather special case, the word w must be a

symmetric band word such that n;_; =n;; 4 and d;_; = d;; for any
(4] ,\[ sl ~ld4] \l/’\[dj+1]
J j+1 T j+1 -

e Let T # w. Let 2m denote the length of T. In this more common case

. o il s, Jdiin ) )
we consider the values of &= gjm land g i ++11]. Since T is symmet-

ric, it holds that dj;, = d;_,. By the maximality of T, we have that

0 <1i < 2k. In this case, we set n.



152 4. DERIVED CATEGORY OF THE GELFAND QUIVER

Nj_p 7 Njipiq OF dj_p g 7 djiprg. Now we set

ﬁgdj] T Agdﬂd if dj_py > djun > djqmys,
ﬁgdj} iﬁgdj-?] _ or dj—m—l > djim < dj+m+1 and ﬁj—m < §j+m+1a
or dj_p_q < djuy > djinpq and 0y > Dy
ﬁgdj] 1 ﬁgdﬂd otherwise.

(4.2.3)

In other terms, the orientation in ﬁgdj} iﬁgﬁ?] is the same as the ori-

entation in & 2= $ﬁgdj:f11] which is determined by the rules (4.2.1)) for

Jj—m

non-symmetric subwords.

The rules above are applied for any index j such that 1 < j <k — 1 for string words
respectively 1 < j <k for band words.

The new word & translates directly into a gluing diagram with oriented edges.

Example 4.2.1. (1) a band word without symmetric subwords:
Let w = (PaM300512) - Then = (81t 4 61 4 101t | 1012 1)

p—2% ,p, P,—2 5P,
. BB | Bs.p
| o |
i p—,p i p—1 .p
! ! 4 4
P,— P P,—* P
2 1 0 2 1 0

(2) a symmetric band word:
Let w = ([2]3[1]2[0]2[1]3[2]>‘ Then & = ([2]6[1]4[014[1]6[2]).
Using (4.2.1)) we get 6l 1 4 and 4 | 612 4p &. The remaining gluing arrows
are at symmetry azes, so W = (6[1] 14l 40 | 6P 1).

(3) a usual string without symmetric subwords:
Let w = (plM112M3R191p ) e the usual string of B from Ezample|4.1.19. Then
its gluing word is given by © = (pM11 1 48 | 61 4 35 ) according to [@2.1)).
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(4) a special word without symmetric subwords:
Let w = (pL1]3[0]2[1}3[2}p*). Then W= (pLI]G[O] l 4 i 5[2]p*) :

B3P, B P,

B—2.p = B—tp,
B3P, PP,

1 0 1 0

(5) a special word with one symmetric subword:
Let w = (pL1]2[2]2[1}2[0}1[1}1[0}p0). Then o = (pL1]3[2]4[1]4[0]2[1]2[0}p0>.
By ([A.2.1) we have w= (3@ | 4l 440 | ot 120, To determine the last gluing
arrow in & we consider the ambient word
(14000 | ol

= (115 [0 grev 1y — (1) 312 42 410l 9ltl 0] o121 pll gl 412 3 12

-
w

v rev
w

In the notations of (4.2.2) the maximal symmetric subword is given by T =
It 1y particular, [dj_m_dﬁgdi;m] = Mgl gng ﬁgﬁ;"_‘;’f] =2l By @23) it
follows that ol!] + 2l i &5

(6) a bispecial word with two symmetric subwords:
Let w = (p<[>1]3[°]1[1]1[0}3[1]3[0}2[1}130)' Then & = <p<[>1]6[0]2[1]2[0]6[1]6[0]4[1112)0). By

2.1) we obtain that & = 1 glo] d oltl 4 ol0] 0 6l 1 6l° 4 4Ms ). To orient
(4.2.1 b h Po Ps
the remaining arrows we consider the ambient word of w :

[11509] 4 411

Ve

= (1) grev 1) g 1) grev 1)) _ (111 4l0]  oft] olol 11 glo] o [11500] glt] glo) 4 (4] 4l0] g (1)
—_— N S N——

. rev . rev

@ (115001 4 411 @

By (4.2.3)) it follows that 2l 4 20 gnd 611 4 61 4y 9.

4.2.2 Gluing rules for string and band complexes

In this subsection, we pass from the gluing word & in a string or band of B to an
indecomposable projective complex in D" (A) -

string or band Q of B » P,(Q) € ind[D"(A)]

\\’\—\—\’S gluing diagram with ’Prr/?g/?uing rules

P, € D"(T")
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4.2.2.1 Usual, special and bispecial strings with trivial multiplicity

In the following let w be some finite word of B
w= (pEO]n[ldl]n[Qd"’] . .nLdf?]nl[{dk}pﬁ), where o, € { x,¢ }.

Let © be one the following strings of B :

e a usual string ) = w. In this case, w is non-symmetric and a = § = *.

e a special string Q = (w, ¢), where ¢ € { +,— }. In this case, either a or 8 = o.

e a bispecial string Q = (w, 1,¢1,¢,), where ey, € { +,— }, with trivial multi-
plicity. In this case, the word w is neither symmetric nor quasi-symmetric and
a=p=o9.

We refer to Definitions [4.1.10] and |4.1.12| for the notions of strings of B.

Let & denote the word of w with gluing arrows as defined in Subsection .
The string complex P,(€2) is obtained in two steps from the gluing diagram of W :

(1) new differentials:
Whenever we have one of the following two situations in the gluing diagram of

W we apply the following rules:

first gluing rule second gluing rule
PR R Y R S -y
3 e | N
P, P, P, P,
i€{x0}

In particular, we obtain additional differentials in the gluing diagram.
After application of these rules, there can be new subdiagrams of the above
form. In this case both gluing rules are applied again.

(2) new projectives:

(a) The ends of the gluing diagram are changed into projective A-modules as
follows:

e if () = w is usual, both projectives ﬁ* at the ends of the gluing diagram
are replaced by P,.

o if O = (w,¢) is special, then the end of type P, in the gluing diagram is
changed to P, while the other end P, becomes the projective P..

o if ) = (w,m,eq,&,) is bispecial, the first end ﬁo is changed into 1552 while
the last end of type 150 obtains the sign P., .
(b) alternating signs at gluing edges:
At this point, we ignore the orientations of the gluing edges. We replace
any projective ﬁo at the top of a gluing edge by P,, while any projective
15<> at the bottom of an edge becomes P_.
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We note that after this step, we obtain wuniquely determined differentials of
projective A-modules, where we use the notation from Table

The outcome is some projective complex P, () of D°(A).

Example 4.2.2. Let w = (pl*'112143R21Yp ) be the usual string of B from Example
4.2.1. Then & = (le]l[o] 14| 62 4 3[1]p*) and the gluing diagram is obtained as
follows:

LN

JoC IR ¥
/

i /:/
| ~ e
R#é P+L>]5,
ﬁ 3 . p PI_;)P*
5 N o 2 1 0

Example 4.2.3. Let Q be the special string (w,+) of B where w = (p131°21132p ).
According to Example its gluing word is given by W = (p£1]6[°] Jalthy S[Q]p*) and
the gluing diagram has the following form:

+
PO#PO P+L>p+
i e
x :
4 p = P 2/~ P

/"

!

- e
\

= |FU<_______

p—5 p_s
9 *

0 2

In this case the gluing rules have been applied twice.

4.2.2.2 Bands

Let Q = (w,m,\) be a band of B in the sense of Definition More precisely,
let

[do] Il[idd n[zdz] [dy—4] n[dk} )

w=( Somg oy

be a non-periodic cyclic word of some length k € 2N*, m € N¥, and A € k* such
that A # (—1)27" if w is symmetric.

Let & denote the word with gluing arrows as defined in Subsection m
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We are going to define the corresponding band complex P,(£2) in D"(A).
For the shortest possible band of length 2, we refer to Remark [£.2.5] In the following
we assume that w has even length k > 4.

(1) new differentials with eigenvalue X :

The projective at degree d, of the first complex in the gluing diagram of W is
decorated by the eigenvalue \. At this gluing edge the gluing rules are modified

as follows:
X N B ) B
p,—4 p p—4.p p—%,p p—4 P,
| = To= R
i i e SN |
P, P, P, P,
) )
P, P, P, P,
RN . L
p—< p p—%5p p—< sp p—< p
(4.2.4)

(2) Next, we carry out the same steps as described for strings in Subsection [4.2.2.1]

(3) Blowing up:

We replace every projective P, by its m-fold direct sum P}" and every projective
P_ by P™. Every differential of type +(n) in the gluing diagram is replaced by
the square matrix £(@)Id,, of size m. Finally, every differential £\ () is
replaced by the square matrix +(8).J,,(A\*"), where J,,(A*") denotes the Jordan

block with eigenvalue \.
Example 4.2.4. Let () =

(w,2,\) be the band of B with w = (4! 131 1 51 | 512
and A € k*. According to Example the gluing word of w is given by W

(8 161 110! | 10 1). The band complex P,(Q) has the following form:

e

lc,

JO---—--» SN

L

>
e P
P o

0

4

Remark 4.2.5 (Shortest band). Let Q =

cyclic word of length 2.

81d
P> ==, p?

I

: AN i

1 —8Id, !

: i 61d,

1 ! N

6 I

| P? P;
: —61d T
gy TEIAE

! |

! |

i P2 101d, P2
| | -
| ya : e

I /—10ld, 1 10Idy

]
ié,{;ld ¢é,//
2

(w,m, \) be a band of B such that w is a
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e By passing to an equivalent band we may assume that w = ([d+1]n[1d]n[2d+1])

d€Z andny,n, € N* with n, <n,.

for some

The remaining data of Q0 is given by some multiplicity m € N and an eigenvalue

A€ k* with A # 1 if n; =n,.

The gluing word of w is given by o= (ﬁ[ldﬂ] ! ﬁ[zd] 1.

In the following we skip the identity matriz of size m on differentials and indicate
only the Jordan block J = J,,(—\).

The gluing diagram and the band complex of Q) are given as follows:

)\~ _ /ﬁz\

PQ —ﬁl—>p<> Pjn_Jﬁ1—>Pln

T : T \ﬁ / | m m d m m

| ! = P ! = P" @ P! —— P P" |
| | | B |

L x Im/ R vm

P,—8,—P, Pl—a—P

d+1 d d+1 d

where the differential is given by

g J, (M)yy ld|  |(@c™ b)) J+(ac™ b)) Id (ayc™ tby) Id
@) Id (B),_ Id| (a_c™ b ) Id (a,c™ b ) 1d

Remark 4.2.6. As a special case of Remark [A.3.13 there is one exceptional case
in the construction of symmetric bands of B. Let Q = (w,m,\) be some band of

B with symmetric band word w. Let & be the word with gluing arrows. Then §) is
equivalent to Q' = (W, m,\""). In the construction of P,(Q') all gluing arrows in

ore . <> . .

the word w  are set to be the opposite arrows of w. This convention ensures that
there is an isomorphism P,(w,m,\) = P,(w"",m,A\"") of the glued complezes for
symmetric bands.

4.2.2.3 Bispecial strings with any multiplicity
Let Q = (w, m, e, €,) be a bispecial string of B as defined in[4.1.12, More precisely,

the word w is neither symmetric nor quasi-symmetric and has the form

w = (plolnltilpldel T o),

m €Nt and €,,¢, € {+,— }. Asusual, let & denote the word with gluing arrows

(Subsection {4.2.1)).

In the following we assume that w has length k > 2. For the case that k = 1, we
refer to Remark [4.2.8

We will need the following notation:
e Let £, and &, denote the opposite signs of £, respectively &,.

e Let §;; denote the square matrix of size m with 1 at entry (4, j) and zero elsewhere.
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e Let A,, and B,,, denote the following square matrices of size m :

A,

LmJ 10 11
> ar e,

=1Id,, + > 090111 = 1 10
i=1

L]
! | B,, =1d,, + 21 0gi12i =

The bispecial string complex P,(f2) is obtained as follows:

(1)
(2)

First, we perform the same steps as for strings described in Subsection [4.2.2.1}
Blowing up:

Similarly as for bands, every module P, at the top of a gluing edge is replaced by
P, while every module P_ at the bottom of an edge is changed into P”". Any
differential £(n;) is replaced by the matrix +(n;) Id,, for each 2 < j <k — 1.

Twisting the beginning:
The projective P, at the beginning of the gluing diagram is replaced by

- P, if7isodd
P =EPP, here P, = { " ° ’ 4.2.5
@ ’ Where {P81 if 7 is even. ( )

The next rule depends on whether P7 is a source or a sink in the gluing diagram:
e if d; = d, — 1, every differential 40, starting in P is replaced by 40, A,,.
e if d; = d, + 1, every differential +1; ending in P. is changed into £, AL

Twisting the end:
Similarly, the last projective P, at the end of the gluing diagram is replaced by

PR
PL=@P,  where P, = { - i odd, (4.2.6)

P, ifiis even.
The next rule depends on whether P, is a source or a sink in the gluing diagram:
e if d;_; = dy — 1, every differential 40, starting in P, becomes +n, B,,.

e otherwise, every differential £n, ending in P, is renewed by +n, B

The outcome is the bispecial string complex P,(€2).

If m = 1 for the multiplicity of €2, the above algorithm yields the same complex as
the construction of Subsection £.2.2.7]

Example 4.2.7. Let Q = (w,3,+, —) be a bispecial string of B, where the word is
given by w = (le] 100513kl Po). Then & = (pgﬂ 2[00 4 41l | g2 4 4t Po), and the
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bispecial string complex P,()) is given as follows:

51f+

~ * 2A 3
P<> —>2 P<> P€1 . P+
+ .
! 2 A, E
I I
~ . L 3 4Id3\‘ B
P,———P, P, ——P°
| S0/
: = —61d; 1 4ld;
<4 1
~ ., = 57 61d; "3/
P,——— P, P, ——P°
0 '.\\
i ! 1
! | 4Bg
A A ~ | 4Bl
PQ—> o PE—3>P8*2

€2

In the right diagram the ends are given by P. = P, ® P_® P, and P, = P_ ®
P,aP.

Remark 4.2.8 (Shortest bispecial string).

Let Q) = (w, m,eq,&59) be a bispecial string of B such that the word w has length one.

Without loss of generality we may assume that w = p<[>d+1}n[d}p<> for some d € Z and

n € N*. Let P! and P, be defined as in (1.2.5) and ([£.2.6). Then the bispecial
string complex of 2 is given by

P(Q) = P: — P with differential d = (2n) A,, B!

d+1 d

4.2.3 The gluing theorem by Burban and Drozd

Theorem 4.2.9 (|BD04]). Let A be the Gelfand order and let P, be any indecom-
posgble indecomposable complex from Db(A). Then there is some string or band §2
of B such that P, is isomorphic to the string or band complex P,(§2) as constructed

in Subsection [4.2.3,

The following remark lists the main properties of the “glued complexes” in Db(A) :

Remark 4.2.10. Let P, = P,(Q) be the indecomposable complex in DP(A) for some
string or band 2 of %B. Let w be the string or band word in ). Let k be the length
of w and dy,dy, . ..d, denote all degree integers in w. Then the following statements

hold:
(1) The complex P, is minimal.

(2) The complex P, has length n for some n € Ny if and only if maxo<j<,d; = n
and ming< <, d; =0 E| .

(8) The following numbers are equal:
number of projectives of type P, in P, = number of ends of type p, in w (4.2.7)

IWe refer to Subsection for the notions of minimality and length of a complex.
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For the sake of completeness, we give a proof of the Theorem above.

PROOF. By Theorem [4.1.14] there is a bijection of equivalence classes of strings and
bands of B and indecomposable complexes of D"(A)

[STRINGS and BANDS of B] «+= ind[D"(A)]

In more detail, this bijection is given by the composition of the solid arrows in the
following diagram:

[STRINGS and BANDS of B] ¢<----- » gluing diagrams ------ s ind[DP(A)]
l@ rules H (4.2.8)

~

ind[Rep (B)] Uind[D"(A,)] —— ind[Tri(A)] —E— ind[D"(A)]

Let Q be a string or band of B. We will recall the abbreviation ©, the construction
of a triple I, and the gluing functor G in detail below.

We claim that the translation of € into a gluing diagram and the application of
gluing rules yields the same indecomposable complex in Db(A) as the application of
the operations ©, I and G to 2 :

P,(2) = G(1(6(Q)))
In other words, we have to show that the above diagram commutes.

A. Let us first deal with the simpler case. Assume that € does not correspond to an
object of the category Rep*(‘B). This means that €2 corresponds to some complex
P, = ©(Q) of D"(I,).

e On the one hand, let T, = I(]B,) be the triple constructed from 2. Since P, €
D"(add P,), the triple T, is given by (0, P,,0). The application of the functor G

to P, yields a complex P, € Db(add P,). The complex P, is given by replacing
any projective module P, in P, by P,.

e On the other hand, the gluing diagram of () is given by the same complex 13, from
Db(add P,). The application of gluing rules is trivial. That is, P,(€2) is given by
the similar complex P, in D”(add P,).

This yields that G(T,) = P,(1).
B. In the main case, the datum 2 corresponds to some canonical form in Rep*(%).

We will prove the commutativity of the diagram (4.2.8]) for a representative case
and give some remarks on the general case at the end of the proof.

Let w denote the string respectively band word in €. We will consider a subword of
the following type in w :

1] [o] (] [0] [1] )

w=(... “ny'ny'ny'n," ... where ny,ny,ns,n, € N*
(1) The translation © of Q is given by the following steps:

By Subsection the datum € is just a compact notation of some string or
band € of the bunch of semichains 8. The datum € of B corresponds to some
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regular representation ©(€) in Rep (B). The representation ©(€2) is given by
the canonical forms constructed by the algorithm of Subsection [A.3.2]

Next, we apply the translation © to the representative subword of w. In the
case above, the subword of w is the abbreviation of

w= (.. (W= B o) (O (O Q0 gD D
_5%) Nag;) O O _O‘ﬁi Nﬁm ¢y

To construct the representation O(2) we pass first to the word W with arrows
and signs:

AN OGN OBIPIONN C(_o? —al® g — (D C(ﬁ

n n +

nq

1 0 0 0 0 1 1
—ﬂég)wa(ﬁ;—ci)fvc(_g—a%j~5é4)—c”---)

The orientations of the arrows are determined by the rules described in Subsec-
A xed
tion |A.3.2.1} The compact notation of the word w is given by

<> ~|0 ~[1 ~|0 ~[1
w= (... n[l] in[Q] ing] inp... )
It is straightforward to check that the rules for the gluing arrows in & described

in Subsection are exactly the translation of the rules for & of Subsection
A321]

. . e . e
More precisely, upward arrows in w correspond to right arrows in w, for example
it holds that

A[O To n2 in & ifand only if a(ﬁol) —C ©) ¢ 0 — a(ﬁ? in & and
%
A[O ln n2 in & if and only if ozg]l) — O~ O agl) in w

In the following we will use the following d-symbols to keep track of the gluing
arrows:

4 1 A[O] 11, Al in & 1 0 if nl] T, Al in &
51 = A[O] A[i] PN and 51 = ] . PN
01f1¢21nw 1 ¢n21nw

We will assume the same definitions for 83,83, 05 and 63

Finally, the construction of canonical forms in Subsection yields the fol-
lowing two matrices in the representation ©(Q) = (), of Rep (B) :

¢ @ ¢ @ P

g1 0 0 0 oL 1 6 000
om _ | 0 1¢ 5 0 md 60— g1 0 0¢
a0 0 6 10 10 0 14

g0 0 0 0 1 0 0 6 1

(4.2.9)
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(2) The representation ©(€2) gives rise to some triple 7,(£2) = I(©(2)) according to
the definition of the functor I in Subsection 3.5.4]

In the case above, the triple is given by T,(€2) = (V,(Q), P, (), ©(12)), where
e the complex V,(Q) of simple A/I-modules is

LSS S @S, 255, a5 @S, ®S5_...
1 0

e the projective complex P, () of the category D"(T") the minimal complex

(1) (1) (1) (1)
ny 552 Bﬁs iy

OtSO) ﬁl 0 O 0
~4 4 = ~ 900 m, 0 0

.. P} BN P}... where d; = "™ i R
1 0 210 0 mny O

0l 0 0 0 1§,

(4.2.10)

e the gluing map ©(Q) in Db(I‘/ I) is given by the matrices above. More pre-
cisely, these matrices yield the isomorphisms

O T/I®y\, Vi —=T/Ter P, and 09 :T/I®,,V, =T/l F

In the matrix of the differential (4.2.10)), the rows and columns are indexed
by the corresponding basis vectors of I'/I ® P,.

So far, we have translated the datum € into a triple 7,(2). We want to establish
first the commutativity of the left square in (4.2.8) as an intermediate step.

(3) Going the other way, we may translate the datum Q first into a gluing diagram.

More precisely, we translate the word w in € into a gluing diagram as described
in Subsection L.1.3l

In our main example, the gluing diagram of w is simply given by the left diagram

of ([@2.14).

We may decorate any gluing diagram with the additional signs, multiplicity or
eigenvalue of the datum €. This yields a bijection between “decorated” gluing
diagrams and string and bands of 9B. In other words, gluing diagrams are just
a visual way to write strings and bands of 8.

Next, we may define the dotted arrow in , that is, the passage from gluing
diagrams to triples simply by translating the decorated gluing diagram into a
string and band of 8 and then applying © and I. This yields commutativity
of the left square in and also a bijection between gluing diagrams and
indecomposable triples.

As above, let T, = T,(Q) be the triple of the gluing diagram of .

In the final step, we have to show that the complex G(Z,) in D"(A) can be also
obtain by application of gluing rules to the gluing diagram of €.
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(4) Next, we apply the gluing operation G.

The complex P,(§2) = G(T,) is constructed according to the description in
Subsection [3.2.3l

In our guiding example, the projective modules of P,(2) are given by “lifting”
the simple modules of V,(2) :

..P.®P, &P &P, -2sP &P &P &P ... (4.2.11)
1 0

The main point is that the differential of the complex P, is given by the formula
(3.2.9). In our particular case, this formula boils down to the expression

d = (©")7".d, -0V (4.2.12)

Using the canonical forms (1.2.9) and the differential (#.2.10) of the complex P,
for the three matrices in question we obtain the differential

P_ P, P_ P,
P+ ﬁl _6% ﬁ2 _611' 5§ ﬁQ 0
g -8, 5, 6im, 0 (42.13)
b 0 518 8,  —0m -
P o N3 g 31y
P 0 —d6léla, —ola a
- 2 V3 3 343 4

(5) At last, we apply the gluing rules of Subsection to the gluing diagram of
Q.

For the word w as above we obtain the following picture:

P,—2 P, P p
: S
b,—" D, P
| = s (4.2.14)
i —Bp,
pan o n

All eight possibilities for the glued diagram on the right are displayed in Figure
[4.2.1] In all eight cases the gluing rules yield exactly the differential of the form

(14.2.13)).
It remains to discuss why the above example was representative:

e For any string or band € of B the canonical forms O(f2) are sparse (see Remarks
IA.3.20| and |A.3.14). For the particular case of the bunch of semichains 9B, any

column or any row of any canonical matrix of ©(£2) has one or two non-zero entries
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FIGURE 4.2.1. Column-complete part of gluing diagrams

T M R L R M N W e M L R R G

P —a—P, P —a—P, P.—5—P, P —8—P,

N TN T Wi

| Y | YA

5,— P_ P, —u,—P P —3,—P_ P, —3a,—P
W\ -/

P, —5,—P P, —5,—P P,—a3,—P P,—8—P
A T8 18y 48 |8 48y 18y VRS )R] 1Ry LAy LRy LAy 8y L8y
P —111—>P+ P_ —ﬁ1—>P+ P —1'11—>P+ P —1’11—>P+

0 : 0 //‘:

\ | / v | / 72¢

P, —a8—P P, —a8—P P, —a8—P P, —a,—P_
i N | Ay

N AN Y Y

P —s—P, P —s,—P, P —a,—P, P —a—P,

v S S S

P, —a,—P P, —a,—P_ P, —a3,—P_ P, —a3,—P_

(respectively one or two non-zero blocks of size m if () is a bispecial string or band
with multiplicity m).

e By the formula (4.2.12)) the row or column of any differential of the complex
G(T'(€2))) has at most four non-zero entries (respectively four non-zero blocks of
size m).

e In particular, the second and third column of the “local” differential matrix in
(4.2.13) contains all non-zero entries of the whole differential.

By these arguments the main example above was the “local case” in the proof.
There are some modifications necessary in the following cases:

e For usual and special strings Q) there are projectives of type 15* in the complex ]3,
of the triple T,(€2). In this case, the formula (4.2.12)) has to be modified according
to (3.2.9). Any projective module P, translates directly into a projective module
P, in P,(Q).
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e In the construction of bands it can happen that formula (4.2.12)) yields an inverse
Jordan block J(A\)™! at some entry of the differential. By the combinatorics of
bunches of semichains, such blocks may be replaced by J ()\71) in the canonical
forms. This explains the additional gluing rules for bands.

Summarized, the above arguments give a proof of the gluing rules of Subsection

422 O
The sparsity argument of the proof above translates into the following statement for
gluing diagrams:

Remark 4.2.11. For any string or band Q0 of B its gluing diagram has at most
four arrows starting or ending in each vertex.

In particular, any continuation of the gluing diagram in Figure will not have
additional arrows starting in the second left and the third left projective.

4.3 Functorial properties of string and band complexes

In the previous section, we have seen that the indecomposable complexes of the
category Db(A) are parametrized by strings and bands of B. Moreover, we described
how to construct the string and band complexes.

In this section, we consider two natural autoequivalences of the derived category
DP(A) : the involution functor ¢ which is induced by an involution of the ring A and
the Auslander-Reiten translation 7. We describe the action of these two functors in
terms of strings and bands of B :

ind[D"(A)] «=2= [STRINGS and BANDS of B]
ind[D"(A)] «*2 [STRINGS and BANDS of B]

The description of the Auslander-Reiten translation is the main result of this section.

4.3.1 The defect and the involution on strings and bands

In this subsection, we describe the defect 0 and the involution ¢ on strings and
bands of B. Let us recall these two notions:

Definition 4.3.1. Let A be the Gelfand order and S, = top P,.
(1) For any P, € D°(A) and any i € 7 we set
09(P,) = dimy Ext'(P,, S,), and 6(P,) =) _d"(P,)

1€Z

The invariants 6 (P,) are the defect numbers, and §(P,) is the defect of P,.
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(2) Let o :D°(A) —== D"(A) be the involution which interchanges + and — in
projectives and their differentials:

P, P, P_
R m m by - b

A~ R R m P, :> P, —— P, T> P
R m R P, — P, +—"— P — P,

Remark 4.3.2. Let P, be any complex from DP(A).

(1) Byl3.2.9 we may assume that P, is minimal. In this case, the defect 6(P,) counts
the number of projectives of type P, in P, (according to Lemma .

In particular, there is a simple description of the defect for string or band complexes:

(2) Let Q2 be a usual string w, a special string (w,€), a bispecial string (w,m,e;,&5)
or a band (w,m,\) of B. Let P, = P,(Q2) be the corresponding indecomposable
complex in D°(A). Then the defect of P, is given by

d(P,) = number of projectives of type P, in the complex P,
= number of ends of type p, of the word w (4.3.1)

(3) In particular, for any indecomposable complex P, € Db(A) it holds that the
defect §(P,) is zero, one or two.

Lemma 4.3.3. Let Q be a string or band of B and P,(2) be the corresponding

complex in Db(A). In the following, for any sign € = + we denote by € = F the

opposite sign. Let () be defined by changing the sign data of € :

usual string | special string | bispecial string band

Q W (wvgl) (w’m7 €1a52) (W,m, )‘)

(4.3.2)

a(Q) w (w, ;) (w,m,1,8) | (w,m, )

( where e1,65€{+,—}, meN" and Aek™\A )

Let P,(c(2)) be the complex corresponding to the string respectively band o(€2).
Then o(P,(2)) = P,(c(2)). In other words, the involution o changes the signs in
any special or bispecial string, and preserves any usual string or band.

D"(A,). For all other strings and bands of B the claim follows from Lemma
by the translation of strings and bands in Subsection [4.1.5] O

PRrROOF. The claim of the Lemma is obviously true for strings €2 such that P({2) €
ﬁ

As noted in Subsection 2.2.4]the defect and the involution can be used to characterize
string and band complexes in D?d(A). We will recall this characterization in the
summary in Subsection |4.3.6

4.3.2 Auslander-Reiten translation on strings and bands

Next, we describe the Auslander-Reiten translation on strings and bands of B.
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Let us recall that the derived category Db(A) has an Auslander-Reiten translation
according to Theorem [B.2.12| by [vdB04] and [IR08], since A is an R-order of finite
global dimension.

More precisely, let w = Homg (A, R) be the canonical bimodule of A. Then the left-

derived tensor product 7 = w® _ : D°(A) === D"(A) defines an autoequivalence
such that

Hom, (X,,Y,) = DExt; (Y., 7(X,)) for any X,,Y, € D"(A)
such that X, or Y, € Dgy(A).

In different terms, the category D”(A) admits a relative Serre functor S =7 o [1].
For the Gelfand order A, the canonical bimodule w and the action of the Auslander-
Reiten translation 7 on projectives and their morphisms are given as follows:

rP, P_ P,

m m m Pt p . p P p
w® | R m R L e (4.3.3)
R R m P, 25 p, s PP,

where rP, = rad P, denotes the radical of the projective P,.

In particular, the Auslander-Reiten translation is given by the involution on any
complex with vanishing defect:

Remark 4.3.4. Let P, € D’(A) such that 6(P,) = 0. Then 7(P,) = o(P,).
In particular, this holds if P, € K*(add P, @ P_), or P, = P,(Q) for some bispecial
string or band Q0 of B.

Before we define the Auslander-Reiten translation on arbitrary strings let us consider
some basic examples. We recall that the subcategory DPd(A) admits Auslander-
Reiten triangles.

Example 4.3.5. Figure[{.5.1] shows the Auslander-Reiten triangles of the Gelfand
quiver representations which correspond to some classical representations of SL(2, R)
from Tables|C.2.2 and|C.2.5,

Example 4.3.6 (Some short usual strings). The Auslander-Reiten translations of
the indecomposable complexes in Db(A*) are given as follows:

(1) Let w = p*"n¥p, for some d € Z andn € NT. Then P,(w) = P, —2 P,

and there are isomorphisms

P—t P,
\—1 T \2n
T(P.(w)) = (TP*AH“P*) = \PI 2—n1\>‘P+
d+1 d / |
_q i
Sl
pPp—1pP
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FIGURE 4.3.1. Auslander-Reiten triangles of standard repre-

sentations
(rP, == P.) (P, == Py). J&—QR)
0=k« k\ Tk—=0400 0+ k—k
\\4/ )/; // \4/ X* ///
(... )P, 2 rP) (P, 2 ) (P, 25 P ... )

-~ \ 9 EN \
P k—akekV k2k Sk ke k- k

T, // \\ S, //I \\ R,
(rP, - P,) (P, = P.) (P. - P,)
k—-k<+0 0—=0+5k k+<k—0

Note that the new complex 7(P,(w)) is isomorphic to some string complex
in D°(A).  More precisely, it holds that T(P,(w)) = P,(1(w)) with T(w) =
pla2l g lartlplal gla+aly

(2) Let w = p for some d € Z. Then P,(w) = P,[d] and the same arguments as
above yield that 7(P,(w)) 2 P,(1(w)) where 7(w) =p*T1p, |

Next, let us consider the Auslander-Reiten translation of some “arbitrary” string
complex:

Example 4.3.7. Let w = (p[*l}n[o]n[;]n[z]p ) for some nl,nz,ng, e N* with n, < n,.

Then w is a usual string of B and &= ( g TAM 1 nf po) Let P,(w) be the
corresponding string complex. According to ) the complex 7(P,(w)) is given as
follows:

Py(w) 7(Fe(w)) Py(7(w))
p——p
NCOTN
-1 ! 2n,
2n;—1 2n;—1 \ : 2n \
P2 po p2mlp p—2sp
N7 N o B
-@2m-1) 1 = —@m-l b= —(2ny)
2n \ : 2n \ : 2n :
p 22 .p p —225p, p 2 .p
e S S
—2n3 | 2n, —2n3 | 2n, —2n3 ! 2n,
o v . . v
P —=—=P P ——=P, P —=—>P

It can be checked that T(P,(w)) is isomorphic to the string complex P,(T(w)) where

(W) = (p[f]l[l] [Oln[l]n[Q]p ).
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In the example above the Auslander-Reiten translation has changed only the ends
of the gluing diagram. We will see that this holds in general.

Definition 4.3.8. The Auslander-Reiten translation of finite words of B is defined
as follows:

(1) Let w be some finite word of B of some length k € N :

(p[ofjo] (d4] [dz] :[3 3l o nl[{diaz]nl[(diil]nl[{dk}pﬂ)

o Let us assume that k > 2 and that w is not equivalent to the usual string
pLdO]l[d”l]n[dﬂp* for any dy € Z, d, € {dy,do + 2} and any n € N*. For the
definition of T(w) in these special cases we refer to Remark below.

We define a new word T(w) by changing only the first and the last part of w.
(a) The first part of w determines the first part of T(w) by one of the following

SIT cases:

W= p[*d‘)] o1l p[*d"} o1l with n, #1
T(w) = p[*d"“]l[%]n[ldo 1. p[*d°+1]1[d°} (n, — )[d°+1] o

w = p[*d"]l[dﬁl}n[;‘)] - p[*d‘)} 1[d°+1] dot2] pgd‘)] - pgi"} -
T(w) = pLdOH] (n, + 1)[%} . pLdOH] [d°+2] .. pgd"] . pg’} .

(b) The last part is defined similarly to the first part:

w=| ... 1% 1}nLdk}p* o [dk+1]n1[{dk]p* with n, # 1
T(w) _ B [dx— 1}nLdk]1[dk+1]p* N [di+1] (nk B 1)[dk}1[dk+1]p*

oo | B, B R RD [ Gl | B
W) = | oy + 1) Hp, [T [

(c) The remaining intermediate part of w yields the intermediate part of T(w).

Let us note that T(w) = w if both ends of w are given by p, OT Puo-
The gluing diagrams for the cases with usual ends are shown in Figure [{.3.2

Remark 4.3.9. The action of T on usual and special strings of length one and usual
strings of length two which are not covered by Definition can be computed as
follows:

w pl | plnltp, =l
[ — q)la-1l4Ma T
7(w) i 1lp pfd](r[ld—l] ) P WB > ler) -ty
J R N ifn=1.
w p[*d} [d— 1]p0 p[*d}l[d+1} [d}p* p[*d}l[dﬂ} [d+2]p*
() | P, L e S I e e

The following theorem is the main result of this section:
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FIGURE 4.3.2. Auslander-Reiten translation on gluing diagrams

w T(w) w T(w)
_ ——= _ —
P———P, P——P,
| |
] ]
I I
] ]
! !
> 2n—1 5 ~ ~ ~ on_1 = ~ _ ~
P,——P, = P,—2P, | P,—7+P. = P,-%P,
I I | I
| | i |
I 1 I ]
I 1 I ]
I 1 I ]
do d—1 d+1 d d—1 d+1 d d+1 d
w T(w) w 7(w)
P,——P, pP,——P,
= e
]
! = | =
I
2 ~ o o1~
g p 2=ty ... 2P L2 P
d+1 a d+1 d a+2 d+1 a d+2 d+1

Theorem 4.3.10. Let Q be a string or band of B and let P,(Q2) be its glued complex
in DP(A). Let 7(Q) be defined by application of T to the word in ) :

usual string | special string | bispecial string band

Q w (wagl) (w7m7€1752) (wama )‘>
T(Q) T((.U) (T((,U),§1> (w7m7g1782) (W,m, )\)
( where eq,69€{+,—}, meNT and Aek™\A )

where T(w) is given by Definition respectively Remark .
Then 7(P,(Q2)) = P,(7(R2)), where P,(7(R2)) is the glued complex of the string re-

spectively band 7(£2).

(4.3.4)

In different terms, the theorem states that the Auslander-Reiten translation changes
only the ends of the gluing diagram of any string complex and preserves its inter-
mediate part. We will give a proof of Theorem in the next subsection.

Let us note the following consequences of the theorem above:

Remark 4.3.11. Let Q be a usual string w or a special string (w, ) of Biq. In this
case, the word w has an end of type p[*d} for some d € Z. Then 7" (w) has an end of
type pLdJ”“}. In particular, 7™ (w) cannot be equivalent to w.

In other words, usual and special strings of By are not T-periodic.

Remark 4.3.12. Let Q be a usual string w or a special string (w,e) of B, but not
of Bya. In particular, the corresponding complex P, = P,(Q) of D*(A) has infinite-
dimensional homology. Then one of the following three cases occurs:

(1) Q is a usual string given by a non-symmetric word w with both ends of type Poo-
In this case, the complex P, satisfies 7(P,) = o(P,) = P, and 6(P,) = 0.
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(2) Q2 is a usual string given by any word w with ends of type po and also p,. This
case occurs if and only if o(P,) = P, and §(P,) = 1. In this case, the complex
P, is not T-periodic.

(3) Q is given by a special string (w,e) with any word w with ends of type ps, and
Po. In this case, it holds that 7(P,) = o(P,) ¥ P, and 6(P,) = 0. In particular,
the complex P, has T-period two.

This means, that in the big derived category Db(A) there are T-tnvartant usual
strings, there is a functorial characterization of usual strings of type (2), and there
are special strings with T-period two (3).

The two remarks above yield the following description of 7-periodic objects in
DP(A) :
Corollary 4.3.13. Let Q2 be any string or band of B and let P, = P,()) be the

corresponding complex. Then §(P,) = 0 if and only if P, is T-periodic.
In this case, T(P,) = o(P,) and P, is T-invariant or has T-period two.

This statement was also shown without combinatorial methods in Theorem 2.2.3]

4.3.3 Proof of Theorem 4.3.10| on the Auslander-Reiten translation

Let 9B be the bunch of semichains for the derived category D”(A) of the Gelfand
order. To prove Theorem [4.3.10| we need to define the action of the Auslander-Reiten
translation 7 strings of the bunch of semichains 8.

We recall that a string of 28 has a word of the associated alphabet 2y of B as main
datum.

As stated in Subsection m, the alphabet 2y = (E, R, ~, —) of B is given as
follows:

(1) The column letters € are given by € = |J €, where &, = {{'?} for each d € Z.
deZ

(2) The row letters R are given by R = | J 2R, where for each d € Z we have a chain
ez

Ryi={ PP <. . <BP<p <«  <yD< <o <o <.  <a?}

(3) There are two symmetric relations — and ~ on the set Ay = R U € given by
° g(d) — 9 for any Q(d) € R, and any d € Z,
o (W~ for any d € Z, and océ‘fl) ~ g‘fjl) for any n € N* and any d € Z.
In addition, we will need the following notation. For any d € Z we define

e sub(a!?) = ,(ﬂl) and sub(Bﬂl) = BYD) for any n € NT.
Remark 4.3.14. For any d € 7Z let us note the following statements:

(1) The chain R has the mazimum element ocgd) and the minimum element Bgd).
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(2) For any o', 0" € %d\{ﬁ(ld)} it holds that o' < ¢" if and only if sub(¢’) < sub(o").
Definition 4.3.15. Let w be some finite word of Az. We define a new word 7(w)
by changing the first and the last part of w as follows.

(1) The first part of T(w) is defined as follows:

w= ocgf;ll) .
T(w) = ocgd) — DD gi) ~ ocgi_l) .
w= giill) e
() = ST (A N
W — B§d+1) B C(d+1) ~ C(d+1) N éiﬂ) N ch? o o
m(w) = O - -
W — Bgd+1) - C(dH) N C(d+1) - o(g(fj-l) N giﬂ) o
7(w) = s

Finally, if w begins with D or y(d), then T(w) begins with the same end.
(2) The last part of T(w) is defined analogously.

(3) The remaining intermediate part of w defines the intermediate part of T(w).

Let us remark that the translation of Definition [£.3.15] via Subsection K.1.5 above
yields Definition [4.3.8]
Remark 4.3.16. Let us consider the four cases in (4.3.5)).

e In the first two cases the first letter o of w is replaced by the letter sub(p) in 7(w).

o In the last two cases the first letter of T(w) is given by sub(g) for some letter o at
the same position in w.

This will play a role in the proof of the next lemma.
x4

Lemma 4.3.17. Let w be a usual or special word of Usy. Let W and T(w) be the
words with oriented arrows of w respectively T(w) as defined in Subsection|A.3.2.1].
<>

Then the arrows in the common part of the words w and 7(w) have the same ori-
entations.

PROOF. In the following we will use some terminology from Subsection [A.3.2.1]
(1) First, we need to fix some notation:
o Let (9 ~ D pe any common subword of w and 7(w).

e Let w be the ambient word of w. Let T be the maximal symmetric subword
of w with the subword C(d) ~ C(d) in the middle. Let 7; denote the predecessor
of the first letter of T in w and ~, the successor of the last letter of T in w.

Since w is a regular word, any end of w is either special or free. In particular,
no end of T can be an end of w. Tt follows that there is some d € Z such that
v; and v, € R, and either v, < v, or v, > 7,.
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%
By (A.3.3) it holds that (¥ ~ ¥ in W if v, < 7, and that (P ~ c<d§ in w if
Y > Vr-

e Let 7(w) be the ambient word of 7(w). Let Y7 be the maximal symmetric
subword of 7(w) with the same subword (¥ ~ ¥ in the middle. Let 7] and
And

7, denote the predecessor of Y7 respectively the successor of Y7 in 7(w).

Let us note that 7(w) is symmetric if and only if w is symmetric. In particular,
since w is a string word, also the word 7(w) is a string word. As above, it
follows that there is some d” € Z such that 4/ and 7] € R, and both symbols
are comparable but not equal.

To show that the common subword C(d) ~ C(d) has the same orientation in w as
<>

in 7(w), it is sufficient to show the following claim:
Y <Yy if and only if v <y (4.3.6)
Let us note that there are the following three cases for the letter 7/ :

e cither (a) 9/ =7, or (b)y =sub(y), or
(c) 7/ is the left end of 7(w) and ~; is the left end of w.

The same is true for the letter , :

e cither (a) 9, =7,, or (b)y =sub(y,), or
(¢)y, is the right end of 7(w) and ~, is the right end of w.

Next, we show claim (4.3.6) case-by-case:

e cases (aa) and (bb): in these cases the claim is obviously true.

e case (ab): let 4/ =, and 7, = sub(y,).
— if v, < 7,, then 7/ =7, <sub(y,) =~,. But 7/ # 7, since 7(w) is a string.
— if 7, > #,, then of course 7] =, > sub(v,) = 7,.

e the case (ba) with v/ = sub(v;) and v, = 7, is dual to the previous one.

e in the cases (ca) and (cb) we assume that 7, and 7, are the left ends in their
respective words and that v, = =, or 7, = sub(+,). Then one of the following
two cases occurs:

— Let ~ = cxgd) for some d € Z. Note that this case is only possible if
sub(v;) = 7,. In particular, v, > ~,. Since «/ is the maximum element it
follows that +/ > ~,.

— Let v = [356’) for some d € Z. In this case it holds that 7] = sub(y,). It
follows that v/ < 4, as well as v, < 7,, since ~; is minimum.

e The cases (ac) and (bc) are dual to the previous two.

e in the case (cc) there are again two possibilities:
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— Let v/ = ocgd) for some d € Z. We have that either v, = cx(ld) or 7y, = ng)

for some j € Z. Since 7] # 7/, it follows that ~, is minimum. In particular,
we obtain that v, > 7, as well as 7] > ~,.

— The case that v, = Bgd) for some d € Z is similar. We have that v, = ocgj)
for some j € Z, because v; # ~,. It follows that 7, < ~, and v/ < ;.

This shows claim (4.3.6) and proves the Lemma. O

We may reformulate Lemma [4.3.17] as follows:
. “~
Lemma 4.3.18. Let w be a usual or special word of B. Let W and T(w) be the words

with oriented arrows of w respectively T(w) as defined in Subsection|A.3.2.1. Then
nd

the arrows in the common part of the words w and T(w) have the same orientations.

PROOF. If w is a usual string of B such that P,(w) € D”(A,) there is nothing to
show. In any other case, the statement follows from Lemma by the abbrevi-
ation of strings as described in Subsection [4.1.5] O

Finally, let us prove the theorem on the Auslander-Reiten translation of strings:

PROOF OF THEOREM E.3.10. Let Q be some string or band of B and let P,(£2) be
the corresponding complex in D(A). We have to show that

T(P(Q)) = P (r(Q)),

where 7(P,(€2)) is obtained via the rules (4.3.3)), while P,(7(£2)) is the glued complex
of 7(€2) which was defined in (4.3.4)).

e The main case is that € is some usual string w or special string (w, ) of B such
that P,(€) is not a complex from D"(A,).

(1) By the complex 7(FP,(£2)) is given by interchanging signs and replacing
P, by rP, in P,(Q). There is a minimal projective complex 7(P,(€2))" isomor-
phic to 7(P,). To obtain the complex 7(P,(Q2))’, one has to resolve the radical
rP, “locally” in the diagram of 7(P,(f2)) (as shown in Example [£.3.7).

(2) The main point is that the complex 7(P,(€2))’ can be viewed as the glued com-
plex of some finite word of B, that is, by a gluing diagram. It is straightforward
to check that the gluing diagrams of the usual string 7(w)"™" respectively the
special string (7(w)™", ), and the complex 7(P,(€))" coincide if we ignore the
orientations of the gluing edges. By passing to an equivalent string we may
replace 7(w)™ by 7(w) in the following.

It remains to show that the gluing diagrams of 7(P,(Q2))" and 7(Q) have the same
gluing arrows.

(3) The resolution of any r P, in 7(P,(Q))’ corresponds to an end of type pLd] 141l 0
<

in 7(Q2). Such ends have a canonical orientation in both gluing diagrams.
Note that the gluing edges of the common part of the gluing diagram of P,(2)
and the gluing diagram of 7(P,(f2))" have the same orientation. By Lemma

4.3.18 we have that the arrows in the common part of the decorated words W
a4

and 7(w) are also the same. This implies that the intermediate parts of the
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gluing diagrams of P,(Q), 7(P,(Q)) and P,(7(Q2)) coincide. It follows that
the complex 7(P,(Q))’ is exactly the glued complex of the string 7().

Summarized, we obtain that 7(P,(Q2)) = 7(P,(Q)) = P,(7(Q)).

e If Q2 is a bispecial string or a band, the complex P,(2) has vanishing defect. In

this case, Remark and Lemma imply that 7(P,(?)) = o(FP,(Q)) =
P0<0(Q>> = P-(T(Q))'

e Let Q be some usual string of 9B such that P,(Q) € D"(A,).
Then 7(P,(Q2)) = P,(7(€2)) by the computations in Example [4.3.6] O

4.3.4 Fractionally Calabi-Yau objects and spherical autoequivalences
Next, we will classify all indecomposable fractionally Calabi-Yau objects in Db(A).

First, let us recall some terminology. Let P, € DP(A) be any complex.

e For any n € NT the complex P, is n-Calabi- Yau if S(P,) 2 P,[n], where S = 70][1]
is the relative Serre functor on D"(A).

e For any m,n € N* the complex P, is (n, m)-Calabi- Yau if S™(P,) = P,[n).

Y

Let us note that the complex P, is (n,m)-Calabi-Yau if and only if 7™ (P,) =
P,[n —ml].
Remark [4.3.12] and Corollary [4.3.13| can be reformulated now as follows:

Remark 4.3.19. Let Q be a string or band of B and P, = P,(Q) be the correspond-
ing complez in D"(A). Then the complex P, is (m, m)-Calabi- Yau for some m € N*
if and only if 6(P,) = 0. More precisely, the following holds:

(1) The complex P, is 1-Calabi-Yau if and only if Q0 is a band or  is a usual
string w with both ends of type poo-

(2) The complez P, is (2,2)-Calabi- Yau (but not 1-Calabi- Yau) if and only if 2 is a
bispecial string or € is a special string (w,e) such that w has one end of type
Poo-

Let us introduce the following usual strings of Bi.

e For any t € N* and d € Z let c;[d] denote the usual string

C:[d] _ pLd+t+1]1[d+t]1[d+tf1] o 1[d+2]1[d+1]1[d]p*

The usual string c;[d] has length t + 1 > 2.

e For d = 0 the corresponding string complex C;° = P,(c;[0]) has the form

1 2 2 2 2
cr— P A, P+@P_[ﬁ>]...P+®P_[_2_2]P+@P_ HELIN
t 2 1

t+1

P,

0

(4.3.7)
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The homology of this complex is given by H,(C,’) = ,
0  otherwise

N{& fo<j<t—1

Let us note that the complex C.! is the projective resolution of S,.

Theorem 4.3.10] or a direct computation implies the following statement:
Remark 4.3.20. For anyt € N* and any d € Z it holds that 7(C[d]) = CF[d+1].

Example 4.3.21. To make the proof of the next proposition more accessible, let us
consider a few iterated applications of the Auslander-Reiten translation T to some
usual string w of B :

o P PIP PTT T T Blar T Py
T(w) p[*2]5[3]n[12}n[2d4] . .nLdf?]nl[{a]S[q 10 1[2]p N
(W) p[*3]1[2]4[3]n[12]n[2d4] . .nl[(d_k]dnl[f}Sm 1[3}p* n,,n,...n, € N,
(W) pl1 Bl Elg Bl PIplal - .nl[{dle]nfb[qp* dy...des €EZ.
™ (W) pll114 Bl 1[2]4[3]n[12]n[2d4] . nl[{df[dnE}QW 1[5}p*
() | P 1 E PP PR T T Bl BT

In particular, the usual string w has a “big” intermediate part which is invariant
under 7. Moreover, the length of the complex T (P,(w)) is increasing for m > 0.

Proposition 4.3.22. Let Q be some string or band of B such that the corresponding
complex P, = P,(2) is (n,m)-Calabi- Yau for some n,m € N*. Then one of the
following two cases occurs:

(1) P, is 1-Calabi- Yau or (2,2)-Calabi- Yau and ) is a band or a string as described
in Remark[{.3.19, or

(2) P, is 2-Calabi-Yau and ) is equivalent to some usual string ci[d] for some
teN' andd € Z.

Let us note that this proposition gives a description of all indecomposable fraction-
ally Calabi-Yau objects of the category D"(A).

PROOF. In view of Remark [4.3.19] we may assume that () is given by some usual
string w or some special string (w, ) of Byy. Without loss of generality let

W= pLd"]n[ldl]n[zdz] . .nl[{dk]pﬁ, where  pg = p, or p,.

The main idea is to consider the following invariant [(P,) of the string complex P,:
I(P,)=|max{i€Z|P;#0}—min{i€Z | P,#0}|
= [max{ 0< j<k|d;#0}—min{ 0<j<k|d;#0}

Since P, is (n, m)-Calabi-Yau, it holds that 7 (P,) = P,[n — m|. In particular, this
implies that

L(r"™(R,)) = l(P,Jrn—rm]) =1(P,) for any r € Z. (4.3.8)

In other words, 7" preserves the invariant [(P,) of the fractionally Calabi-Yau object
P,.
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e Assume that ( is a special string (w, £).In this case, ps = p,. Then for any r € N*

it holds that 7" ™(w) = pl*™™™  &p  For r > 0 it follows that I(r"™(P,)) =
I(P,)+rm > I(P,), a contradiction to (4.3.8]).

e So w must be a usual string, that is, ps = p,.

(1) We have that 7™ (w) = p®™™ . &y Since 7™(P,) = P,[n — m] it holds
that the string 7™ (w) or (7™ (w))™" is equal to pl& ™™ ===l 1y both
cases it follows that n = 2m. In particular, 7"(P,) = P,[m| and P, must be
(2m, m)-Calabi-Yau.

(2) Condition (4.3.8) and Theorem [4.3.10] imply that w or w™" is equal to the

string
d—1 d—2 d—k+14m|_ |d—k4m|, [d—k—1+m d—k41 d—k
v = p[*d]n[1 ]n[Q I ‘anlfm ]nl[{,m ql T L ]p*.
for some d € Z and n,,...,n, , € NT. In other words, any other string

complex has some T-invariant homology (as indicated in Example (4.3.21))).
This is the crucial point in the proof.

(3) Without loss of generality let w = v. Then

W) = p[*d+m} pla—t+m[a—2+n] 1[d}n[1d—1}n[2d—2} y 'nLd:lkj-mi—&—m}nLd:mk-&-m]p*.

On the other hand, the complex P,[m]| is the string complex of

w[m] _ p[*d+m]n[1d—1+m] - .nl[{d:lk:nlJr?m]nl[(d:kaer] 1[d7k71+2m] o 1[d—k—1] 1[d—k]p*.

Y

Since 7"(P,) = P,|m| the strings 7" (w) and w[m] must be equivalent. Note
that 7" (w) # w[m]"". So 7" (w) = w[m]. Then 1 =n; =n,=...=mn,_,. In
other words, w is given by the usual string ¢, *[d — k]. O

Next, we consider spherical objects and generalized spherical collections in the de-
rived category D”(A).

The simple module S, is also distinguished by the following result:

Corollary 4.3.23. The module S, is the only spherical object in D*(A) up to shift.
In other terms, the twist functor Tg_is the only spherical autoequivalence of Db(A).

PROOF. Let P, be an n-spherical object in Db(A) for some n € Ny. By Proposition
[4.3.22] it holds that either n = 1 or n = 2.

e Assume that n = 1. Then P, is 1-Calabi-Yau and P, = P,(2) for some band 2 of
By or some string w of B with both ends of type p,,. We may assume that the
minimal complex P, has length [ for some [ € Ny, that is, P; # 0 if and only if
0 < 7 <l. By construction of the complex P, both projectives P, and F, have a
direct summand P, & P_. It follows that dim Extix(P., P,) > 2, so P, cannot be
1-spherelike, a contradiction.

e Assume that n = 2. Then P, is 2-Calabi-Yau and P, = C[d] for some t € N* and
some shift d € Z. We may assume that d = 0. Then P, has length t 4+ 1 and the
projectives P, and F, have both a direct summand of type P,. It follows that
Exti™(P,,P,) # 0. Since P, is 2-spherelike, it follows that t = 1 and P, = S,
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which is the projective resolution of S,. It is straightforward to check that the
module S, is indeed 2-spherical (see also Lemma [2.1.7)). O

In the last part of this subsection, we want to show that Corollary [£.3.23] can be
generalized to spherical collections in the sense of Definition [B.3.9

For P, € DP(A) let us recall the following notion:

e The complex P, is exceptional if End,(P,) = k and Ext}(P,, P,) = 0 for any
jEeZL.

Remark 4.3.24. Let C} be the 2-Calabi-Yau complex for some t € NT. The

complex C,° has length t + 1. The projectives Cy'q and Cy are both given by P,.

This implies that ExtTl(Cf, Cr) # 0, so CF is not exceptional. In the following,

such an argument will be frequently used to show that an object is not exceptional.

To generalize Corollary [£.3.23 we need the following Lemma:

Lemma 4.3.25. Let Q be string or band of B such that its complex P, = P,(Q)
has vanishing defect. Then P, is not exceptional.

PROOF. Since §(P,) = 0, we have that P, € K’(add P, ® P_). Assume that the
complex P, is exceptional. We may assume that the minimal complex P, has length

leN,.

(1) We claim that [ = 1. If [ = 0, then P, is given by some projective A-module
P,, which is not exceptional. So [ > 1. Since ExtlA(P.,P,) = 0, it holds
that P, € addP. and Py € addP;. This implies also that P, € Dp(A)
has finite-dimensional homology. It follows that Ext(P,,¢(P,)) # 0. Since
7(P,) = o(P,), the Auslander-Reiten formula yields that Exty '(P,, P,) =
D Ext) (P,,o(P,)) # 0. Since P, is exceptional, we obtain that [ = 1.

(2) By the classification of indecomposable complexes in Section , there is only
one series of complexes of length one with P, € add P, and F, € add P, that
is, P, = P, -2 P_ for some n € NT. Since Exty(P,,P,) = 0, it follows that
n = 1. It remains to note that End,(P,) = k?, so P, cannot be exceptional. [

Corollary 4.3.26. Let S = (S}, 55, ...S;) be a generalized n-spherical collection of

objects in DP(A) for some d € N* and n € N,.
Then d =1 and S is given by the spherical object S, up to shift.

PROOF. e Assume that d > 2. As noted in Remark the object S; must be
exceptional and fractionally Calabi-Yau for any 1 < j < d. However, Proposition
[4.3.22] Remark and Lemma [4.3.25] imply that there are no exceptional
fractionally Calabi-Yau objects in D"(A).

o [t follows that d = 1. In this case § is given by a single n-spherical object. The
statement follows now from Corollary [4.3.23] U

Remark 4.3.27. There is a further generalization of spherical collections given by
exceptional cycles in the sense of [BPP13|. Corollary generalizes also to

exceptional cycles.
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Summarized, the above results state there is only one generalized spherical autoe-
quivalence on Db(A), that is, only one autoequivalence given by some generalized
twist functor Tg associated to some spherical collection S in D(A). This only
autoequivalence is given by the twist Tg associated to the simple module S,.

4.3.5 The subcategory generated by the spherical object S,

Let (S,) be the thick subcategory of D’(A) generated by the 2-spherical object S,.
In other words, (S,) is the smallest subcategory in D”(A) which contains S, and
is closed under cones, shifts and direct summands. In this subsection, we give an
explicit description of the subcategory (S,).

A special case of Theorem by Keller, Yang and Zhou together Theorem
by Jorgensen yields the following statement:

Proposition 4.3.28 ([KYZ09|, [Jor04]|). The Auslander-Reiten quiver of the cat-
egory (S,) is given by one component of type ZA .

Using the Proposition above and Remark [4.3.20| we can derive the following descrip-
tion of the category (S,).

Corollary 4.3.29. (1) Any indecomposable object in (S,) is isomorphic to the com-
plex C.[d] for some t € NT and d € Z as defined in ([£.3.7).

(2) The Auslander-Reiten triangles in (S,) are given up to shift as follows:
o The Auslander-Reiten triangle at Cl = S, is given by
S,[1] y 02 —— S, —— S,[2] (4.3.9)

o For any t > 2 the Auslander-Reiten triangle at S; is given by
CHl — CF o O 1] — 0 — CF[2] (4.3.10)

In particular, a complex P, € DP(A) is 2-Calabi- Yau if and only if P, € (S,).

PROOF. (2) First, we show the second statement by induction on t € N*. Remark
4.3.20| states that any object S; is 2-Calabi-Yau, that is, 7(S)) = S}[1] for any
t e NT.

e Let t = 1. There is a short exact sequence in D(A) of the following form:

0 — S,[1] s C2 > S, > 0

This short exact sequence gives rise to a distinguished triangle in Db(A) of
the form ([#.3.9)). Since Exty(S,,7(S,)) = DEnd,(S,) = k, this distinguished

triangle must be the Auslander-Reiten triangle ending in S,.

e Assume that the Auslander-Reiten triangle ending in C, is given by (4.3.10)
for some t € N*. Then the Auslander-Reiten triangle ending in CF*" is given
by

CIH ] — P O] — CF —— 02 (4.3.11)
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for some complex P, € D’(A). We claim that P, = SF™ in DP(A).

Proposition implies that the middle term in the Auslander-Reiten tri-
angle is given by two indecomposable objects, that is, the complex P,
must be indecomposable. The long exact homology sequence of the triangle

(4.3.11]) yields that

1 < i<
H,(P) = H,(C5) = {S* ==t

0  otherwise

Using the classification of indecomposable complexes in D" (A) of Section
it can be shown that the complex P, is uniquely determined by its homology.
It follows that P, = C'*** in D(A). This shows the induction step.

(1) The second statement yields that C € (S,) for any d € Z and t € N*. By
Proposition the Auslander-Reiten quiver of (S,) has only one component.
So the Auslander-Reiten triangles described above contain all indecomposable
objects of (S,) up to shift. This shows the first statement. O

4.3.6 Summary on the derived category of the Gelfand order

At last, we summarize the results of Section [4.3] together with the main results from
Chapter [2| specialized to the Gelfand order.

First, string and band complexes can be characterized without combinatorics:

Theorem 4.3.30. Let Q be a string or band of By and P, = P,(Q) be the corre-
sponding indecomposable complex in DFd(A). Then the following statements hold:

(1) Q is a usual string w < 0(P,)>0ando(P,) =P, < 0(P,)=2
& P, is not T-periodic and o(P,) = P,

(2) Qs a special string w,, < d(P,)>0ando(P,) 2 P, & 46(P,)=1
& P, is not T-periodic and o(P,) % P,

(3) s a bispecial string w_} ., < 0(P,) =0 and o(P,) % P,
& 7(P,) = P, and T(P,) % P,

(4) Q is a band WY & §(P,)=0and o(P,) = P,
< 1(P,) =P,

where e1,60€{+,—} and Aek\A

This statement was shown in Corollary for any Khoroshkin order.

PROOF. Let us remark that the Theorem above follows also from the purely combi-
natorial statements about the defect in (4.3.1)), the involution in Lemma and

Corollary [4.3.13] 0

Remark 4.3.31. Theorem|4.53.30) is not true for the whole derived category Db(A),
that is, for all string complexes with infinite-dimensional homology. See Remark

4-3.12
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Second, the main combinatorial results on the derived category D”(A) are given by
the following:

(1) There is an explicit classification of the indecomposable complexes in D”(A) by
Theorem [4.2.9) of Burban and Drozd. These are parametrized by strings and

bands (Theorem {4.1.14]).

(2) There is an explicit description of the Auslander-Reiten translation on strings

and bands (Theorem [4.3.10)).

Third, let us summarize what we know so far about the Auslander-Reiten quiver of

Dii(A) -

(1) The subcategory Tgy of T-periodic complexes is given by homogeneous tubes of
rank one (bands) or rank two (bispecial strings).

(2) It is possible to compute the Auslander-Reiten translation of any string (or

band) of DP(A).

(3) The subcategory (S,) generated by the 2-spherical object S, is given exactly
by the 2-Calabi-Yau objects of D”(A). The Auslander-Reiten quiver of (S,) is
given by one component of type ZA .

(4) The thick categories Tgy and (S,) contain all fractionally Calabi-Yau objects of
DR (A).

(5) As shown in Figure there are Auslander-Reiten triangles with three middle
terms in Dp;(A).

Let us also mention some results of Chapter [2|on the derived category of the Gelfand
order.

The Auslander-Reiten translation 7 of D’(A) has the following intrinsic description:
The simple module S, of the Gelfand order is distinguished by the following result:

Proposition 4.3.32. (1) The simple module S, is 2-spherical. In particular, the
dual twist functor ']I‘g* associated to S, is an autoequivalence of D?d(A)..

(2) There are isomorphisms of functors

T>goTg ¥Tg oo: D(A) —== D"(A)

(3) Any generalized spherical collection in DP(A) is given by the 2-spherical object
S,. That s, the tunst Tg_1is the only generalized spherical autoequivalence of

D"(A) or Diy(A)
This isomorphism restricts to the subcategory DFd(A) in Db(A).

Let us comment on these statements:

e Taking the definition of the defect into account, the spherical module S, “knows”
the main homological properties of objects in the derived category D" (A).

e The second statement yields an intrinsic description of the Auslander-Reiten trans-
lation. This description can be transferred to the derived category D°(H,) of the
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principal block of Harish-Chandra modules over SL(2,R) or any equivalent ana-
lytic category.

e By the third statement the derived category seems to have no further “symmetries”
than the twist Tg and the involution o.

Since we can compute the involution ¢ and the Auslander-Reiten translation 7,
hence, also the twist Tg_all known autoequivalences of Db(A) are well-understood.

Fourth, the category Ty of T-periodic objects in D]Ed(A) admits various interpreta-
tions. To state them we need the following notations:

e The left and right-perpendicular categories of (S,) are given as follows:
S, ={ P, eDy(A) | Exti(P,,X,) =0 for any X, € (S,) and any i € Z }
()t ={ P, e Dyy(A) | Exth(X,,P,) =0 for any X, € (S,) and any i € Z }
e Let KFd(add P, @ P_) denote the bounded homotopy category of projective com-

plexes of A-modules with finite-dimensional homology and without projectives of
type P..

e Let A°=eAe where e = e + e_. In particular, the subalgebra A is isomorphic
to the arrow ideal completion of the path algebra of the following quiver:

R m X =Yy
A = and (Q, X, ¥
[m R] C Q Xiy$:y$x¥‘

The subring A is a nodal Gorenstein order and has infinite global dimension.

e Let Perfy(A°) denote the category of perfect complexes of A°-modules with finite-
dimensional homology.

The subcategory Ty, of T-periodic complexes in DPd(A) has the following descriptions:
T = (S0" = l<S*> — Kpy(add P, @ P) — Perfy(A%)

In other words, the additive category T, of bispecial string and bands is orthogonal
to the category generated by the 2-spherical object S,. Moreover, the category Ty
can be described in terms of a “very singular” of the Gelfand order A.

Since the category Ty contains all continuous series of indecomposable objects in the
category DFd(A), the subquiver (@, I)¢ views the “tame part” of the Gelfand quiver.



CHAPTER 5

Abelian Category of the Gelfand quiver

In this final chapter we apply the techniques of the preceding chapter to obtain
an explicit description of the nilpotent representations of the Gelfand quiver, their
homological invariants and their functorial properties.

In the last section we describe an algorithm to glue any indecomposable represen-
tation of the Gelfand quiver from cyclic representations.

5.1 Strings and bands of nilpotent representations
5.1.1 Main theorem

In this section we introduce the invariants which parametrize the indecomposable
nilpotent representations of the Gelfand quiver. These will be called strings and
bands of By, or just strings and bands of the Gelfand quiver. We begin with the
definitions for bands since they are less technical.

Definition 5.1.1. Let k be an algebraically closed field.
(1) A cyclic word w of B is given by a sequence
W= ([d] Ny, Ny, ... Tgg_1, 0ok [d]>

of one parameter d € {0,1} and a sequence of 2k natural numbers n; € N*,
where 1 < j <2k andk > 1.
Given a cyclic word as above, we set nj ;.00 =1y for alli € Z and 1 < j < 2k.

In the following, let w be a cyclic word of length 2k as above.
(2) Let 0 < j < 2k. The j-th rotation w¥ of w is defined as

1—d ifjis odd,

- 4, d, _
whl = <[ | Djype;Dy4, - Dyqog1,Dyq0x [ ])> where d, = { d if 3 is even

(3) The reversed word w™" of w is defined as

rev __ (][d] [d]
w = Dok, Nog—1, -.- DN,y .

4) The word w is periodic if w = Wbl for some non-trivial rotation 1 < j < 2k.
J
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(5) The word w is symmetric if W' = Wb for some rotation 0 < j < 2k.
Example 5.1.2. Let us note the following examples:

. GRS 73,223
non-periodic, symmetric:

%1,2,3,32,10) 2331110

( (*
( ("

periodic, non-symmetric: ([O] 1,2,1,2,1,2 [O]), ([1} 3,4,1,2,3,4,1,2 [1})_
(©1,2,21,1,20) (1231238,

non-periodic, non-symmetric:

Definition 5.1.3. Let k be an algebraically closed field.
(1) A band word of B, is given by any cyclic and non-periodic word w of B,.
(2) A band (w,m, )\) of By is given by some band word

— (M [d]
W Ny, Ny, ... Mgk g, oy )
some “multiplicity” m € N and some “cigenvalue” X € k* such that A # (—1)*"!
if w is symmetric and has length 2Kk.

(3) Two bands (w,m,\) and (v,n,pu) are equivalent if m = n, the words w and v
have the same length 2k, and there is some 0 < j < 2k such that

o v=ul and =X\, or

o ' — w[j]

and ="
There is only one series of bands of the Gelfand quiver up to equivalence:
(w,m,\) where w= <M Ny,0o, ... Do 1, 0oy [1]> is non-periodic (5.1.1)

m e N, and A € k* with A # (=1)*" if w = ™.

Next, we give the necessary definitions for strings:
Definition 5.1.4. (1) Let €, and &4 denote the following sets of formal symbols:

e, ={ o B Pl el P}
¢, :{ R e O O }
(2) A finite word w of B is given by a sequence
w= (p[;a] Ny, 0o, ... 0y q,0y [dﬁ]pﬁ> (5.1.2)
consisting of two ends pgi“} e €, and [dﬁ]pﬁ € & and k natural numbers

n; € N*, where 1 < j <k and k > 1, such that k has the following parity:

k is even ifd, =dz=0, ord,,dse{1,2},
k is odd  otherwise.
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In other terms, a finite word w of B, can be divided into three parts. The following
Table lists all possibilities for these:

first part intermediate part last part
pl “lp,
[0] [0]
Po Po +
[1] 3,095,053 ...,Ngk o, ok 1] No,Ny,...,0p €N
Px " Do, Nok+1  Px
(1 5 n (1]
P Do, 2k+1 Po
[2] (2]
Px " Do, Dok+1 P«

In the word w any of the five beginnings can match any of the five ends of the Table.
In the following let w denote a finite word of the form (5.1.2]).

(3) The reversed word w™" of w is defined as

wrev — ( Eﬁ]a Dy, Nge—q, ... Np, 1y, [da]pa>'

(4) The word w is symmetric if w = w"™".

(5) The left end p[o‘f"‘] of w is special if o = ©.
Similarly, the right end [df’}pﬁ of w is special if = o.

(6) Assume that both ends of w are special. The word w is quasi-symmetric if there

18 some subsequence v = (nl,n27 e ,nj) of w with 1 < j < k such that
w = (n171’12, N 7nk): (n]_,nz’...,nj’ Ilj,...,n2,n1,
N TV 7 ~ TV
v Urev
N4, Ny, 7nj7 nJ7 -5 g, Ny, Iy, Ny, >n3)
N TV - ~ TV - ~ TV -
v rev v

On the right hand side, the sequence v appears an odd number, while V" appears
an even number of times.

Example 5.1.5. Let us note the following examples of finite words:

symmetric: | pl! 1,2,3,3,2,1 Up,, pll 2,1,3,3,1,2 “p,.

non-symmetric: | p\! 1,2,3,3,2,1 Pp,, pl¥ 2,1,8,3,1,2 l'p,.

qua’sz_symmetrzc p<[>1] 27 17 17 27 27 1 [1]p<>7 p<[>1} 17 27 37 37 27 17 17 27 3 [0]p<>.

not (quasi-) symmetric: pg] 2,1,2,1,2,1 Mpm pLﬂ 2,1,3,1,2 [O]po.

Remark 5.1.6. Any symmetric word w has ends of same type and even length.

Next, strings of B, are defined in a similar way as strings for the derived category

of the Gelfand quiver (Definition 4.1.12)):
Definition 5.1.7. In the following let w be a finite word of By.

(1) (a) A finite word w is usual if w has no special ends and is not symmetric.
(b) A usual string is given by any usual word w.

(¢c) Two usual strings v and w are equivalent if v =w or v =w"™".
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(2) (a) A finite word w is special if w has exactly one special end. (if w has length
zero, the only end of w counts as only one end).

(b) A special string (w, €) is given by a special word w and one sign € € {+, —}.

(¢c) Two special strings (v,6) and (w,e) are equivalent if (v,d) = (w,e) or

(v,0) = (W, e).

(3) (a) A finite word w is bispecial if w has two special ends and w is neither
symmetric nor quasi-symmetric.

(b) A bispecial string (w, m, €1, &5) is given by any bispecial word w, some “mul-
tiplicity” m € N* and two signs 1,5 € {+, —}.

(¢) Two bispecial strings (v,n,d;,d,) and (w, m,e,e9) are equivalent if
(Ua n, 517 52) = (CU, m,é&y, 82) or (U7 n, 517 52) = (wrevu m, &y, 61)'

A string of B is given by any usual, special or bispecial string. By a string word we
will mean any usual, special or bispecial word. A string of one of three types cannot
be equivalent to any band, or any string of another of the three types.

Table lists all possible strings of nilpotent representations of B, up to equiva-
lence.

TABLE 5.1.1. Strings of the Gelfand quiver

Usual strings Special strings Bispecial strings
w (w,€) (w,m, €1, )
(PLO}a Dy,... Doy, [O]P*> (Po y Dy, ... Doy, P*a +) (P<[>O]> Dy, ... o, © }pmm + +)
(p[*o]’ g, Do 1, Py (Po y D,y - 'n2k—17 P*a +) <P<[>O]> 0y, ... oy, © }pmm +-)
(PLO]a Dj,.. Ty 1, Py (Po » Iy "n2k—17 P*a +) <p<[>0]v Dy Nog—y, Hpo,m +,£)
(pL1]7 Ny, ... Doy, MP*) (P<> RETRE 'n2k—17 P*a +) <P<[>0]7 Dy Nog—y, . }po,m + F)
( [*1}’ Ng,... T, QP*) (Po y Mgy e Doy, P*ai) (PL1]7 Ny, ... Tog, b }po,m +, +)
(p[*z}’ ny,... Dy, P.) (Po y Dy, oo Doy, P*a +) (P<[>1]7 Dy, ... oy, . }pmm’ + )
w # W' (no further conditions) wW#w and @A vV . v
ny,n,...,0y € NT,meNF

The definitions of strings and bands of B are motivated by the following result:

Theorem 5.1.8. As above, let k be an algebraically closed field.

There is a bijection between the equivalence classes of strings and bands and the
isomorphism classes of indecomposable finite-dimensional nilpotent k-linear repre-
sentations of the Gelfand quiver:

[STRINGS and BANDS of B] ++*— ind [nil. repy (Q, 1) ]
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In other words, strings and bands defined in this section parametrize the indecom-
posable representations of the Gelfand quiver. We will give a proof of this theorem in
the next subsection. In section the construction of the indecomposable nilpotent
representation of the Gelfand quiver from any string or band.

Remark 5.1.9. There are generalizations of Theorem[5.1.8 to the following setups:

(1) The base field k does not have to be algebraically closed. In this setup, bands and
their equivalence conditions have to be redefined according to Remark [A.2.20.

(2) We recall that nilpotent representations of the Gelfand quiver correspond to
finite-dimensional modules of the Gelfand order A :

P, P, P_
R m m
nil. rep, (@, I) —— A -fd. mod A= | R R m
R m R

There is an analogue of Theorem also for indecomposable finitely gen-
erated A-modules. The additive subcategory of finitely generated but infinite-
dimensional A-modules has discrete representation type.

5.1.2 String and bands of projective resolutions

Let 2 be a string or band of the Gelfand quiver. Then ) corresponds to some
nilpotent representation, or finite-dimensional A-module over the Gelfand order A.

In this subsection, we translate €2 into a string respectively band O of the bunch of
semichains B. The datum Q corresponds to a projective resolution in the derived
category D?d(A).

In particular, the present subsection links the present chapter to Chapter 4| on the
derived category of the Gelfand quiver.

Within the formalism of derived categories, we give two proofs of Theorem [5.1.8]

5.1.2.1 Expansion of strings and bands of nilpotent representations
Let w be a cyclic or finite word of the Gelfand quiver.
We translate the word w into a new word w!*! as follows:
e Let w be a cyclic word of the Gelfand quiver (in the sense of Definition :
w= ([d} ny,Ny, ... Ny 4, Ny [d}>7 where d € {0,1},
We define 2k + 1 parameters dg,dy,...,dy € {0, 1} as follows:

dpj_y =1—d for any index 0 < 2j —1 < 2k,
d,; =d for any index 0 < 2j < 2k.
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The word with degrees is denoted by

W[*] - <[dO]nE-d1]7n[2d2]7 st n[2d1(2i11]7n[2(1{2k]> .

e Now, let w be a finite word of the Gelfand quiver (in the sense of Definition |5.1.4)):
w= (p[;“}, Ny, N, ... M0y 4,0, [dﬁ]p[g), where d,,,dg € {0,1,2}.

We define k — 1 parameters dy,d,,...,dy_4 € {0,1} as follows. For any j € N*
such that 1 <2j —1 <k — 1 respectively 1 < 2j <k — 1 we set

1 ifd, =0 0 ifd, =0,
dpj_1 = . and doj = .
0 ifd,#0 1 ifd, #0.
The outcome is denoted by

w[*} — <p§a]n[ld1}’n[2d2} L ’nl[{dj?}’n{{dﬁ]pB)

Moreover, we expand the ends w in the following cases:

— if d, = 2, we change the beginning p,[f}n1 into p,[f}lm

]

n, .

[

— similarly, if d3 = 2, we replace the end nE p. by n

P

In both cases, the word wh is a cyclic or finite word in the sense of Definition m
respectively Definition [4.1.4]

The following table lists all expanded finite words of ‘B :

first part intermediate part last part
[0] [0]
Px P
pe [ _[o] 1] (1] “p, +
[1]_f0o] | Ry Do Nz ...Noe 5Nox g | [o] 1] Do, Ny, ... Ny € N
Px 1o Dok Px
PLl]nLO] [O]nzkmpo
p[*2} 1 [1]ng0] [Olnzk[ll 1 [2]p*
(5.1.3)

For any string or band (2 of the Gelfand quiver, we define Q! by expansion of the
word in 2 :

usual string | special string | bispecial string band
Q A
g o (7*’161) (O[J*’lm’ghgz) (i’}m’ : (5.1.4)
Q w (W™ ) (W™ myeq,e9) | (W, m,\)

( where e1,e5€{+,—}, meNT and Aek™\A )

Note that Q) is a string or band of By, (in the sense of Definition [4.1.12] or 4.1.7)).
For example, the series of bands 2 from ((5.1.5) is translated to
O = (WM m,A) where Wi = ([1]n[10}n[21] n[z(ﬂ,in[zg is non-periodic  (5.1.5)

m e N, and A € k* with A # (=1)*" if w = ™.
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Let us note that the datum QU corresponds to an indecomposable projective com-
plex in the derived category D]fDd(A) with finite-dimensional homology.

5.1.2.2 Indecomposable projective resolutions of the Gelfand order
The goal of this subsection is to prove Theorem [5.1.8|

More precisely, we will characterize the strings and bands of B which correspond to
indecomposable projective resolutions in Db(A). Then we will restrict to projective
resolutions with finite-dimensional homology.

—
Let A -proj be the full subcategory of minimal presentations in Db(A) as defined in
Subsection [B.2.2

—
According to Corollary [B.2.10| the indecomposable objects in A -proj are given ex-
actly by the “indecomposable projective complexes of length at most one™

ind[A -proj] = {P, € ind[D"(A)] with P, = P, =% P, and imd C rad P, }.
#0
(5.1.6)

— —
Let A -projgy denote the full subcategory of A -proj given by projective presentations
with finite-dimensional homology in degree zero.

As a_ﬁ>rst step, we describe the strings and bands of the indecomposable objects in
A -proj and A -projg :

Theorem 5.1.10. Let Q) be a usual string w, a special string (w, €), a bispecial string
(w,m,eq,€9) or a band (w,m,\) of B. Let w be given by some string respectively
band word of length k € NT :

(p([j"]n[ldl]n[;ﬂ .. .nl[{dk}pﬁ) with p,,Ps € {Po» Px> Poo ), if W is a string word
W=
([d"]n[ldl]ngdﬂ . .nl[(dk]) with k € 2NT, if w is a band word.

Let P, = P,(Q) be the corresponding indecomposable complex in D°(A).
Then the following statements hold:

—
(1) the complex P, is an indecomposable object in A -proj if and only if d; € {0, 1}
for any 0 < j <k.

(2) it holds that P, € A -Ef(z]kfd if and only if w has no end of type p% or [O]poo

s
Assume that P, is an indecomposable object of A -proj. Let w' be the word obtained
from w as follows:

(1]

® if p, = Poo and dy = 1, replace the left end psy of w by p[f]lm,

® if ps = poo and dy = 1, replace the right end mpoo of w by [1}1[2]p*,

o if w is a band word, then W' = w.
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Let Q) be the datum with the new word ' :

usual string | special string | bispecial string band

Q w (wagl) (C‘)?maglag?) (w7m7 )‘>

Q W' (W', &) (w,m,eq,89) | (w,m, A)

Let V- = Hy(P,) be the homology of the minimal presentation P,. Then the following
statements hold:

(3) The datum Q' is a string or band of B.
(4) The module V is finite-dimensional if and only if Q' is a string or band of Byy.
(5) The glued complex P,(QY) of ' is the projective resolution of V.

The fifth statement is the main statement of the theorem. It states that strings and
bands of projective presentations can be canonically transformed into strings and
bands of projective resolutions of the Gelfand quiver.

PROOF. (1) According to (5.1.6) we have to characterize strings and bands 2 such
that the complex P,(€2) has length at most one. Now the first statement of the
theorem follows from the second statement of Remark [£.2.10l

(2) By Theorem [4.1.14] the complex P,(£2) has infinite-dimensional homology if and
only if €2 is a string of B but not of By, if and only if w has an end of type p..

(3) Let Q be a usual string. The new word w’ is symmetric if and only if w is
symmetric. It follows that Q' is also a usual string of B. In the other cases
there is nothing to check.

From now on we assume that the word w satisfies the condition of the first statement
of the Theorem.

(4) The homology V is finite-dimensional if and only if w has no end of type pg or
(0]

Peo-
(5) Let P, = P,(Q) = P, U Py be the projective complex in DP(I') associated
to 2 according to the definition of gluing diagrams in Subsection [4.1.3]

By Proposition and Lemma the second syzygy of V' is isomorphic to
I'kerd; in the category of A-modules, where I = (e,) is the conductor ideal.

Let m,, be the number of ends gf type pg or mpoo in w. By construction of
the complex P, it holds that kerd; = P,"<. In particular, syz*(V) = I kerd, =
P,

e If my, = 0, then syz*(V) = 0, which means that P, = P,(Q) is already the

projective resolution of V. Since m,, = 0, it holds also that Q = Q' and the
claim follows.

e Let m., = 1. Then syz*(V) = P,. In this case Q = (w,¢) and Q' = (W', ¢) are
special strings. Let P, be the minimal projective resolution of V. Let " be
the string or band of B such that P, = P,(Q"). We have to show that Q" is
also a special string and that Q' is equivalent to ”.
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Since syzQ(V) is projective, the module V' has projective dimension two. This
implies that the gluing diagram of €” is given by the gluing diagram of  at
degree zero and one, and by P, at degree two.

Let w” be the word in Q. By the shape of the gluing diagram of " it follows
that w” has exactly one end of type p[*]7 and contains the number and degree
sequence of the word w. Moreover, " must be a special string with the same
sign as Q.

Without loss of generality we may assume that w begins with p[l] n[l], that is,

w= (P! ap).  aepn

Then «” must have the form
W = (pPmMnPnl . n*p,) for some m € N*.

Let us consider the glued complex P,(f2 ) of Q" :

The main observation of the proof is that ([Eg*fb C kerd,; for the first

differential d, in P,(Q"). Since P,(Q)") is a projective resolution it follows that
m=1.

Finally, we obtain that w' = w” and ' = Q".
e The same arguments as above apply to the case m,, = 2. U

FIRST PROOF OF THEOREM [5.1.8. The following Table shows all possible finite
words «' in strings of projective presentations of Gelfand quiver representations.

first part intermediate part last part
(o] (0]
p* p*
P | i ol o “p, N
[, [0] DNy Ny N3 .05 o0og1 | o] [1] Ny, Ny,...N0y € N
Py 1 Nox Px
pnk o g, Wp,
pgnﬁ O, g

By the definition of the word ' for the strings of projective resolutions in Theorem

5.1.10] we obtain exactly the list of words in [5.1.3]

Bands of projective presentations are already identical to bands of Gelfand quiver
representations. ]
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Theorem 5.1.11. Let Q) be a usual string w, a special string (w, €), a bispecial string
(w,m,e1,89) or a band (w,m,\) of Byy. Let w be given by some string respectively
band word of length k € NT :

(pf"]n[lddn[;z] .. .nLdk]pﬁ) With Py, Ps € {Po, Pu}, if w is a string word
W —
([d"]n[ldl]n[;?] .. .nLdk]) with k € 2NT | if w is a band word.

Let T, = T,(Q) = (V., P,,9) be the indecomposable triple in Trigg(A) corresponding
to Q, and let P, = G(T,) be the corresponding complez in Dgy(A). Then the following
conditions are equivalent:

(1) the complex P, is an indecomposable projective resolution in D'Ed(A),

(2) the complex P, € Diy(T) has length two and H,(P,) € T'/I -mod. Equivalently,

P,cadd{{P, =5 P} o {P, —> P, |i1i€QyneN'} (517
2 1 1 0

(8) The word of the string respectively the band €) : satisfies the following conditions:
e it Q is a band, then dy,...,dy € {0,1},
o if Q) is a string, then dy,...,dy € {0,1}, and d,,dg € {0,1,2}.
Moreover, there are the following additional constraints:
—ifd, =2, thenp,=p., 0y =1andd; =1
—ifdg =2, then pg =p,, ny = 1 and dy_; = 1.
This Theorem describes all strings and bands of projective resolutions in the derived
category Dj(A).

PROOF. We note that by the assumptions, 7, is a minimal indecomposable triple
and P, a minimal indecomposable complex.

e (1)=1(2):
Let P, be a projective resolution in Dfy(A). By Proposition [3.3.11} condition (b)
of it holds that H;(P,) € I'/I -mod. Since gldim A = 2, the length of P, is
at most two. This implies that Hy(P,) = 0 and yields the list in (5.1.7)).

e (2)=(3):

Let f’, have only direct summands from the list in (5.1.7). Then the translation
of words to gluing diagrams in Subsection yields the following statements:

— if the length of ﬁ, is one, then d,,...,d, € {0,1}.

— if the length of ﬁ. is two, then word w is usual or special. Moreover w may only

begin with p[f] 1M or p[fa], contain as subwords only W0 o [O]nm, and end only

with [1]1[2]])* or [dﬁ}pi, where d,,,ds € {0,1}.

Note that the restrictions in (3) describe all possible gluing diagrams built from
these subwords.



5.1 STRINGS AND BANDS OF NILPOTENT REPRESENTATIONS 193

* (3)=(1):
This is the main point. Obviously, conditions (a), (b) and (d) of Proposition
are satisfied. Let n be the length of P, and let 1 < j < n. We have to show
that kerd; C IP;.

— assume that 7 = n. Since P, is a minimal indecomposable projective complex
of length 7, Lemma implies that kerd; C rad P; C IP;.

— let j =1 < n = 2. For the last step, we consider the brutal truncation

tr(P,) == (... > Py
We claim that ¢r(P,) is indecomposable.

Similar as above, let tr(T,) = (tr(V,),tr(P,),tr(1)) be the truncated triple.
Since n = 2, the datum (2 is given by some usual or special string w with d, = 2
or dg = 2. Let tr(w) denote the truncated word defined as follows:

d

> 0 — B, »0...)

w | @M1 nlps) | (eamy gl i1%p,) | (PP 0 1%y
0 1 0 1 0 1
tr(w) | (pEny’ . nfpg) | (a0l ip..) (pnd . nip)

Note that tr(w) is a symmetric word if and only if w is symmetric.

Since

w is non-symmetric, it follows that ¢r(w) defines a usual or special string of
the bunch of semichains ®B. The string ¢r(w) corresponds to the truncated
triple ¢tr(7,). In particular, tr(7,) is an indecomposable triple. It follows that
G(tr(1,)) = tr(G(1,)) = tr(P,) is indeed indecomposable.

At last, Lemma implies that kerd; Crad P, C IP;. O
Remark 5.1.12. The proof of Theorem[5.1.11) shows that condition (c) in Propo-
sition [3.3.11] is automatically satisfied if we assume the triple to be indecomposable.
In particular, the indecomposable triples corresponding to projective resolutions can
be described essentially in terms of the normalized complex P,.

SECOND PROOF OF THEOREM [5.1.8 The strings and bands described in Theorem
5.1.11] are exactly expanded strings and bands of the Gelfand quiver of (5.1.3). O

In the next section we will describe how to construct an indecomposable nilpotent
representation of the Gelfand quiver from any string or band.

The gluing diagrams of strings and bands of projective resolutions of the Gelfand
quiver are depicted in Figure [5.1.1{ and Figure [5.1.2]

5.1.3 String and band words with gluing arrows

Let w be a usual, special or bispecial string word or band word of the Gelfand quiver.
In Subsection we defined the word w*! with degrees and expanded ends. In
the present subsection we convert wl into a new word & which contains an altered
number sequence and additional arrows. This step is necessary for the construction
of projective resolutions.

In fact, we have described this procedure for the construction of projective complexes
in Subsection [4.2.1] The reader familiar with the latter subsection may skip the
present one.
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FIGURE 5.1.1. Gluing diagrams of projective resolutions I: Bands
([1} [1])

ny, N0y, N3, Ny, g, Ng, s an2kf3an2kf2an2kflvn2k

P —2,p,

Let k denote the length of w™ and assume that k > 2.

wh = <p§a}n[1dl1n[2d21 n}[{dillnl[(da}pﬁ> or ([d}n[lddn[;z] nLdi;”nLdk]>

Note that n[ldd = 10 jf pga] = p[f] and [dk*]nk = [y [dﬂ]pﬁ = [Q]p* )
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FIGURE 5.1.2. Gluing diagrams of projective resolutions II:
Strings

Beginning of the gluing diagram (5 types):

[2] (1] (1] [0] (]
Px g, Ny . .. Po g, Ny ... Px g, 0y ... Poe g .. Px o ..
P*—1>P+
: 2n, 2n, 2n;—1
p-2,p | pb—2,p, | P2 p,
P+ 2n, P_ P+ 2n, p'_ P+ 2n, P_ P_|_ 2n, PQ P+ 2n,—1 P*

the intermediate part is given by an iteration of the following diagram:

o+ Dojq1, Nojpo, Nojya, Nojia, - - - where 3<2j+1<k—5

205541

|w“‘
---J:U

2n2j 42 R

o

2n2j43

|

203544 15

Endings of the gluing diagram (5 types)

2] (1] (1] [0] [0]
oDy q, Dy Py oo D1, 0 Po | -v Mg, D Pre |- D 4P R e
: 2ny, 4 : 2ny 4 : 2ny, 4 : 2n, 4 : 2n,_,—1
pP—pP | P——P | P——P |P—P | P ——>P,
2n; : 2ny : 2n,—1 :
P ——=P | P.——P | P—/5P_
P—1t.p
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First we transform w! into a new word

o= (pga}ﬁ[ldd,ﬁ[;ﬁ] ) nLdkll],ﬁLdk]p > respectively <[ ]n[l i [2d2] . ,ﬁl[{df]d,ﬁ{{dk])
with new values 0y, 0y, ...,y _4, 0 € NT,

e If wis a band word, we set n; = 2n; for any 1 < j < k.
e If wis a string word, we set n; = 2n; for any 1 < j < k as well as

R {2:11—1 if @ = %, ~ {2nk—1 if 8=,

n, = and n, =
! 2n, if a =0, : 2n, if f=o.

In the final step, we are going to define a word of the form
w _ ( a] d1] indz] i ﬁl[{dkll] iﬁLdk P )

where each symbol J stands either for 1 or |.

There are the following special cases for the first and last arrow in wh
e if d, = 2 then n; = 1 and we set n; T 10, in @,

e similarly, if dg = 2, then n, = 1 and we set n,_; | 1y in &.

In the following, we add an arrow 1 or | between every two consecutive numbers
A[- and A jjd in the word w!, where j € NT such that 1 < j < k respectively

1 § j <k We have to distinguish between two cases:
(1) Assume that n; # nj,,. In this case we set

Ja] , dgea S
n, " o)y if dy <djy and ny <7y,

Jd5] o g ord; >d.,, and n, > 1,
n[-dJ] i ngditl] — ~Alas] | Aldid] J I+ AJ AJ-H (518)
;7 dngyyt if dy <djpq and ny > nyyg,
or dj; > dj;q and 0y < Njyy;
(2) Assume that n; = 0;,,. In this case we need the following notation.
If w is a string Word we denote by w and w™" the following sequences:
o= <ﬁ[1d1}ﬁ[2d2] o ﬁl[{dizdﬁidﬁ]) and WY — (nl[{dk 1}nk71 o [dz]/ﬁ[;ﬂﬁ[lda])’

We define a bigger word w as follows:

( (w) if w is a band word,
(W) if w is a usual word,
w=< (W W) if w is a special word with special left end,

if w is a special word with special right end,

if w is a bispecial word.

In the following we consider w as a subsequence of @.
Let v be the maximal symmetric subword in @ with n; 417 n;., in the middle.
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In particular, v has the form (Wev{dj]z/;) for some subsequence 1 of @ :

0= a [d;_n] ﬁ[dj7m+1} A[djfl}ﬁ [d5] ~ldj41]~[dj42] ~ [d5-fn] ~[dy4npa]
—_ ... J—m J—m+1 “e . J—l J J+1 J+2 “e . J+m J+m+1 e
Tev v
P P

Let 2m denote the length of the symmetric subword v. In other words:

~

m_mln{IEN | nJ+1_nJ7 nj+2:nj_1, nj+i:nj_i+17 nJ+1+17£IlJ_l}

The number m is well-defined except in the following case:

(a) assume that w is a symmetric band word such that n;,; = n;_;_, for all
i € Ny. In this case we set ng s { ﬁgdﬂl].

The word v begins with the number n;_,.; and ends with the number n;,.
Regarding the position of these numbers in w only the following case remains:

(b) 0_ptq is not the first and 1j,,, is not the last number in @.

J+m+1]

In this case we consider the values of n[ - | and & 0y a1 - Namely, we set

4], ~ldgea] . . ~
ny ) Ny if dy_n <djpyr and 0y < Djynyg,

A[d ji/\[dJ_'_l] or dj—m > dJ+m+1 and nj_m > nj+m+1.

Dy = ~las] ) Aldjea] = =
nj \L nj+1 if dj—m < dj+m+1 and I]-j—m > nj+m+17

or dj_p > djypes and 0y, < Njypig;
(5.1.9)

Let us note that nj_, # 0,44 by definition of the number m.
Summarized we obtain some word of the form

( el 1] i’\[dﬂ o dk 1 in ) or <ﬁ[1d1] iﬁ[ng] o ’\[dk 1] iAdk] i)
with alternating degrees and gluing arrows 1 or | between the numbers.

Let us consider some examples.

Example 5.1.13 (Band words). Let us consider the following band words of B:

(1) a non-symmetric band word:
Let w = ([”2,1,2,3“]>. Then & = <4[°]2[1]4[°]6[1]>.

According to (5.1.8) we obtain w w (4[O] i ol + 400 T 6[1] )

(2) a symmetric band word:
w = ([”3,2,2,3[”). Then & = (6[0],4[1],4[01,6[1]).

Using we get W= (6[01 i e i4[o] T 6l i) The other gluing arrows are
given by : W = (“16[0] + 4] + 400 T 6! i)
Example 5.1.14 (Usual word). Let w be the usual word ( [0}2 2 2mp*) Note
that w is not symmetric. Then O = (pLO}3[1}4[0}3[1}p*>. According to W =
(p[*O] 30t | 400 | 3mp*>'
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Example 5.1.15 (Special word). Let w be the special word (p[*212,2, 1, 1mp0). It
holds that & = <p[*2]1[1]4[014[1]2[012[1]p0).
We get 1M 440 by and 4 1 29 in & by (5.1.8).

To determine the arrows in 4 $4[1] and 2'° iQm in 0 we consider the ambient
word

41114 0
——
o= (w wrev) — ( 1[1] 401 4[1] 5[0] 5[1] 5[0] 5[1] 4[0] 4[1] 1 [2] )
{0 e

By (5.1.9) the gluing word of w is given by O = <PL2]1[1} 1 4l0] 1 a1 + 5l0] 1 2[1]P<>>.
Example 5.1.16 (Bispecial word). Let w be the word <po[1}37 1, 173’372[1]%)' n
this case, & = <p0m6m2[1}2[016[116[01 4[1]p0>'

The ambient word of w is given by

29 4 4l

D= (0 @ ) = (4290 61t 6l ol 9 gl 00 4l 4] gl

-~

-~
.rev . rev
w w

29 4 411

We obtain that & — (po[l]G[O] i} oll] 0 ol0] 1 glll 1 glo! ! 4[1]p<>>.

5.2 Functorial properties of indecomposable representations

In this section we describe the action of three natural functors on strings and bands
of the Gelfand quiver.

5.2.1 The involution, the contragredient dual and the Matlis dual
In this subsection we study some natural functors on the following categories:

e the category nil. rep(Q, I) of nilpotent finite-dimensional k-linear representations
of the Gelfand quiver

e the category A -fd. mod of finite-dimensional modules over the Gelfand order A,
and

e the full category D]fod(A) of projective complexes with finite-dimensional complexes
in the bounded derived category Db(A)

More precisely, we introduce the involution o, the twisted Matlis duality D and the
contragredient duality IL on these categories.
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One of the goals of this section is to describe the action of these three functors on
strings and bands of the Gelfand quiver:
ind[nil. rep(Q, I)] ++1— [STRINGS and BANDS of B]
|
laor]?)or]l‘ :cror]l~))or]L
+

ind[nil. rep(Q, I)] ++1— [STRINGS and BANDS of B]

5.2.1.1 Nilpotent representations

For a matrix A we will denote its transpose by A”. The k-linear dual of a vector
space V will be denoted by V™.

For any representation M € nil. rep(Q, ) we define o(V'), D(V') and (V) as follows:

B D AT E_T\
TN N ~ o
M = U\_/V\/W —— D(M)= U" v w*
w__“ N
A C BT pr
D B /Ci A"
TN T N TN
o(M)= W \% Ur——LM)= W* 7 U
A A N 4 \ ~— T
C A DT BT

In other words, the representation o(V') is given by a “vertical flip”, while ﬁ(V) is
given by “taking duals”. At last, LL is simply the composition of these two operations.

The definition of o, D and L extends naturally to morphisms of representations in
nil. rep(Q, I). In particular, we obtain the following diagram of categories :

nil. rep(Q, I) % nil. rep(Q, I)
Zla L Zlo‘ L=Dooc=0coD

'~

=Ty
nil. rep(Q, I) ——> nil. rep(Q, I)

The three functors have the following properties:

e It holds that o> = D* = L? = Id. In particular, the functors D and L are
contravariant equivalences, while o is an autoequivalence of nil. rep(Q, I).

e The composition of two of the three functors gives the third one:

L=Dooc=coD, D=Looc=colL and oc=LoD=DoL.
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5.2.1.2 Finite-dimensional modules

Let A be the Gelfand order, that is, the arrow ideal completion of the path algebra
of the Gelfand quiver. In the following, let F' will denote the equivalence functor

b, b .

F: A -fd. mod —— nil. rep(Q, I) F(M) = e+M/_\;*M/_\e_M

Next, we will view the three functors o, D and L as endofunctors of A - fd. mod.
(1) The following map defines an automorphism of A of order two:
¢: AN——A e — eq e, —— e,
ag — ag by —— by

The ring involution ¢ gives rise to an equivalence ¢*: A -mod —— A -mod.

Restricting the equivalence ¢* to finite-dimensional modules, we obtain the fol-
lowing diagram of categories and functors:

A -fd. mod —— A -fd. mod
Flz Flz Fo¢" ¢ oF.
nil. rep(Q, I) —=— nil.rep(Q, I)

In other words, the functor ¢* corresponds to the involution ¢ on nilpotent
representations. We will denote ¢* also by ¢ in the following.

(2) Let A’ be the opposite ring of the Gelfand order A. There is the following
isomorphism of rings

w A —5 AP given by aL —— b:l: b:l: > ay

and ¢ (e) = e for any idempotent e of A. The isomorphism 1 gives rise to
an equivalence of categories 9" : A”” -mod —— A -mod. We may restrict and
compose the equivalence 1" with the standard duality D = Homy(_, k):

P ol A—fd.mod%AOp—fd.modwT*>A—fd.mod

In the following we will call the composed functor D the twisted Matlis duality.
As for the involution, there is the following diagram of categories and functors:

A -fd. mod —2%5 A -fd. mod
Flz Flz Fo(y"oD)=DoPF.
nil. rep(Q, I) % nil. rep(Q, I)

As above, we will identify D with 1" oD. Let us note that ]ﬁD(S) = S for any
simple A-module S.

(3) The functor L : A -fd. mod —— A -fd.mod is given again by L. = Do o or
ooD.
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Remark 5.2.1. The three functors have the following interpretations:

(1) The involution o comes from an involution of the Lie group SL(2,R) = SU(1,1).
This involution is given by the complex conjugation on the Lie group SU(1,1).

(2) The standard duality D on finite-dimensional A-modules is isomorphic to the
Matlis duality. This explains the name for D.

(3) Finally, the functor L corresponds to the contragredient duality of Harish-
Chandra modules or admissible Hilbert representations of SL(2,R).

We refer to[C.3 for Lie-theoretic details.

5.2.1.3 Projective complexes with finite-dimensional homology

Let A be the Gelfand order. The indecomposable projective A-modules are given by
the columns of the matrix algebra A :

P, P. P_
R m m
A= R R m
R m R

In the following we will denote by r P, the radical of the projective A-modules P,.

For technical reasons we will need to consider the three functors on projective resolu-
tions of finite-dimensional A-modules. More generally, we may extend the definitions
of o,D and L to the category DFd(A) as follows. We recall that there is an equiv-

alence of categories Dfj(A) —— K (A - proj), where K (A - proj) is the bounded
homotopy category of projective complexes.

(1) The involution o is given as follows:

by - b

P, —— P, —Z P. —— P,
At o ax

P, =, P — P, %5 p,

d+1 d d+1 d

(2) The twisted Matlis duality gives rise to a derived functor

D : DE(A) —== Di(A). According to Lemma [B.1.19, this functor admits the
following factorization:

Dy(A) —=— Dgy(A) _
HomA(,,w)lz [HTZ D= [1] o o RHomy (_,w)

*

o P
Dy (A%) —— Dp(A)

Since w is an injective Cohen-Macaulay module, the functor Hom,( , w) is exact
on projective A-modules. In particular, the twisted Matlis duality D is given by
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the following prescriptions:

b = .
P — P, —2 P —% 5 1P,

- 5 b 5.2.1
P, —— P, e rP, —— P, (5:21)
d+1 d —d+1 —d

(3) Again, the contragredient duality L : D]Ed(A) — le’d(A) is given by the com-

position of ¢ and D:

'bﬂ: ‘ag
P2, p, — P, P,
a4 'b:l:

P:I: E— P* — TP* E— P:t
d+1 d —d—+1 —d

5.2.2 The involution and the duals of strings and bands

Before we describe the action of the twisted Matlis and the contragredient duality
on strings and bands, let us consider some examples:

Example 5.2.2. Let w be the usual string of B, given by (pLi]l n[z]p*) for some

n € N, Then its gluing word is given by = (p[*l]l[o} Tn[l] i 1[2]p*). The string
resolution P, = P,(w) and its contragredient dual are given as follows:

P, L(P,) L(P,)

P,—t—P, P —1—rP,
NI S
NN\ oS
P-—2.p o P 2P ~ p—2,p
VA B I
AU AN

pPp— P P —Yt P,

2 1 0 1 0 —1 1 0

IL(P,) is isomorphic to the glued complex of the string w' = (p,[f}n[o}p*), that 1s,

L(P,(w)) = P.(«).

Let V(w) = Hy(P,(w)) be the string representation corresponding to w. and V (w') =
H,(P,(w")) the representation of w'. These representation can be computed as follows:

V V(W)

J J Id Id
7N T N RN
Kk Kk kK -t K Kk Kk
x_ N A X~ N A
Id Id J J

In particular, we obtain that L(w) = w'.
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Example 5.2.3 (Self-dual string).

P, L(P,) L(P,)
P,—1 P, P.—1rP,
\—1 /Ek\2n71 = 2n—1/ i —1/ o
N\ A I G
p -xlip rp -2ty p. ! 0
2 1 0 1 0 —1

It is straightforward to check that P, is isomorphic to IL(P,)". More precisely, both
projective resolutions have the following homology:

G G

N 00...00 . 0
k™t k" k* ' where G= b and H= U
~~__“ N 1 1 0

H H 1 o

In other terms, L(w) = w.

Example 5.2.4. Let Q) be the band (w, m, ) of B with the word w = ([1]2 13 4[1]),
multiplicity m = 1 and some X\ € k*. Then the gluing word of w is given by W=
(4[01 1 20 | 6% 4 gl T). The complex P, = P,(Q2) and its contragredient dual are
given as follows:

P, L(F,) P (L(5))

/}’ —as— P, P,—as—P_ P —i— J/\D_
N/ U N
,’, / \:( E \l \\\ : \ \‘\
P,—2—P_ P_—\2—>P+ P — 9 \

SBBINS

3
/
o

\"\

Tk ol n—eor
\ 1 1 / 1 !
\\ Iqs : : 6 )i4 /I | )\\4 /I
\ 1 1 ! : 6 /
\

WA S\ | \ /
P,—s—P P —s—P

A P.—s—P,
The complex IL(P,) can be identified with the glued complex of the band 1L(Q) :=
(L(w),m, A1), where L(w) = ([0]2 13 40 ).

In the above examples, the contragredient duality I can be described by the following
operations on gluing diagrams:

(1) taking the radical of projectives of type P,,
(2) inverting all differential and all gluing arrows, and
(3) inverting the eigenvalue in band diagrams.

The Matlis dual o is given by the same operations together with
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(4) interchanging + and — in projectives
We will see that these operations describe the dualities in the general case.

First, we have to define the contragredient dual on words of strings and bands:
Definition 5.2.5. (1) Let w be a finite word of By :

a a
w=( t[xO]nlvn27n3 . .nk_17nLk]p5).

If w has length k = 1, we refer to Remarkfor the definition of L(w).

In the following we assume that w has length k > 2. The contragredient dual
word L(w) is defined by the following operations on w :
(a) The beginning of w is changed by the following rules:

pil s ploh pl ksl le}ln...<L>p[*1}(n+1)...

for anyn € N*

(b) The ending of w is altered by similar rules:

.mp<> PN ...[O]p<> ...[2]p* PN ...[O}p* ...nl[l]p* PN co(n+ 1)[1]p*
for anyn € NT
(¢) The remaining intermediate part of w is reversed.
This yields the word L(w).
(2) Let w be some cyclic word of By :
w= ([d]nl,nz, . .an,l,ngﬂ), where d = 0 or 1.
The contragredient dual of w is defined as
L(w) = ([d*]nl,nz, . .nzk,l,n[gi*]), whered®*= 1—d= 1 orO0.

Remark 5.2.6. The action of the contragredient dual I on words of length one can
be computed as follows:

pinCp, «—— pnPp,  pl(n+1)p, == pl'1np,

[0] 1] L, 520140

pPnltp, Ly pPInOlg My plgllp B Pl

The special string ) = (w,+) with w = p[*l]l[o]p<> corresponds to the simple module
Sy. Since L(S1) = S+ we have that L(Q) = (w,F). This is an exceptional case for

contragredient duals of special strings.

The following Theorem describes the action of the three functors on strings and
bands of the Gelfand quiver:

Theorem 5.2.7. Let ) be a string or band of B, such that 2 is not equivalent
(w,£), where w = p[*l]l[o]po. Let V() be the corresponding nilpotent representation
of the Gelfand quiver.

In the following, we will use the following notation for sign data:
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e for any sign € = + we denote by € = F the opposite sign.
e for the signs in bispecial strings (w,m, ey, &) we set for each j =1 or 2

. {gj if m is odd, and = {Ej if m is odd,

if m s even, g; if m is even.

Let o(), L(Q) and D(Q) be defined by the following table:

usual string | special string | bispecial string band
Q w (w,e1) (w,m,eq,€9) (w,m, )
o(Q) w (w,?) (w,m,&1,8) (w, m, )\) (5.2.2)
L(&) L(w) (L(w)e) | (L(w),m,ei,€5) | (L(w),m, A7)
D(€2) L(w) (L(w),8) | ([L(w),m,&1,5) | (L{w),m, A7)

( where 1,e5€{+,—}, meNT and Aek™\A )
Then there are the following isomorphisms of glued representations:
o(V() 2 V(e(Q) L(V(Q)=V(LE) and DV(Q)=V(D(Q)).

In particular, any of the four classes of indecomposable representations is preserved
by the functors o, I and D.

Of course, the action of the involution on strings and bands of the Gelfand quiver

is a special case of the corresponding statement for the derived category (Lemma
4.3.3)).

We will prove Theorem in the next subsection.

Next, we determine the self-dual strings and bands.

Corollary 5.2.8. Let V' be an indecomposable representation of the Gelfand quiver.
Let §) be the string or band of B, such that V =V (Q).

(1) It holds that V = 1L(V') if and only if Q is given by one of the following strings
or bands:

e a usual string 2 = w such that w or W™ is given by

2 [0]

|4 1]
pPil7ng,ny, . Ny g, My, Ny g, .. Ny, 05 P,

(1]

(5.2.3)
Px ( +1)7n27"'ank71>nk7nk717"'n27n171[]p* or p[](n +1) 1[1]P*

for some ny,n,,...n, € NT and k > 1.

e a bispecial string Q = (w,m, ey, &,) with a bispecial word w or W' given by

[1] (0] +
PNy, Do, ..., Ny 4,0, Ny 4,...05,0; P, for someny,n,,...n, € N" and k > 1.

(5.2.4)

any multiplicity m € NV, and signs €,,e4 such that e, = ey if m is odd, and
€1 # €9 if m is even.
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e any symmetric band ), that is, any band Q2 = (w, m, \) where w is a symmetric
band word, m € N and X\ € k* such that X # (—1)*", where 2k is the length

of w.

(2) It holds that V = ]]5(\/) if and only if Q is given by one of the following strings
or bands:

e any usual string of the series in (5.2.3) or any symmetric band.

e a bispecial string Q = (w,m, e1,&,) with w or W™ is given by (5.2.4), m € N*
and signs €1, €9 such that €, # €9 if m is odd, and €, = €4 if m is even.

e the special string of some simple module S.

In particular, symmetric bands are exactly the self-dual bands with respect to the
duality I or D:

A band Q of B is symmetric if and only if L(V) =V or fD(V) =V,

PROOF. These statements follow directly using the equivalence conditions for strings
and bands. U

The last statement yields a functorial characterization of symmetric bands.

Remark 5.2.9. The derived category of the Gelfand order A has an Auslander-

Reiten translation T : D°(A) —== D"(A). However, the Auslander-Reiten transla-
tion does not preserve the abelian category A -mod of finitely generated A-modules.
More precisely, the following holds:

(1) Let M, N € A -mod such that 6(M) = §(N) = 0. Then there is a functorial
isomorphism

Hom, (M, N) = D Exty (N, 7(M)), where T = 0.

In other terms, the abelian subcategory e A e -mod, where e = e, + e_ has an
Auslander-Reiten translation o induced by an involution of the ring e Ae.

(2) For any module M € A -mod the following holds:
e 7(M) € A -mod if and only if pd(M) = 1.

o if 6(M) >0, then 7°(M) ¢ A -mod.
Remark 5.2.10. Let V be a finite-dimensional A-module of projective dimension
one. Let the dimension vector of V be denoted by dimV = (n,,n,,n_), where
n.,n,n_ € Ny. Then 7(V) € A -fd.mod and dim7(V') = (n_,n,. —n, +n_,n,).
If pd(r(V)) = 1, then also 7°(V) € A -fd. mod and dim 7*(V) = dim(V/).

5.2.3 Proof of Theorem on dualities of strings and bands

The Matlis duality D on D (A) can be described as D = Homyer(_, A%) o 7. Next
we will define “transpose dual” ()" = Homer(_, A”?) on words of 2y.
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Definition 5.2.11. Let w = 21 — 29 ~ ...x,_1 — z}, be some word of the alphabet
Wy, We set '™ = ol —al ~ .2l | — i, where the letters are defined as follows:

letter x € Ay ¢? 'yd ol | pl

In other terms, to obtain w' we replace any degree d by its negative ~ and inter-
change all symbols o and [ in w.

Remark 5.2.12. Let ¢, 0" in R for some d € Z. Then o < 0" in R if and

only if Qm > Q,/tr in R That is, the operation ()" reverses the order relation.

Lemma 5.2.13. Let w be a string or band word of B, and w' its transpose. Let w
tr

and & be the gluing words of w respectively w' .

tr

. . . .
(1) The arrows in w are given by reversing all arrows in w.

PROOF. (1) First, we need to fix some notation:

o Let o, ~ 7,1, = C(d) ~ C(d) be some subword of w for some even index
2<j<k Leta] ~af,, = (=D ~ ¢ be the subword in the word w'.

e Let w be the ambient word of w. Let T be the maximal symmetric subword
of w with the subword ¢ @ ~ ¢ @ in the middle. Let v, denote the predecessor
of the first letter of T in @ and ~, the successor of the last letter of T in w.

Since any end of w special or free, there is some d € Z such that v, and 7, € Ry

d d) s &
and either v; < 7, or v, > ~,. We recall that (( )~ (( ) in W if v, < 7, and that
(D (D in & iy >, by (33

° Let_wtr be the ambient word of w'". Let Y’ be the maximal symmetric subword
of w' with the subword z§ ~ 27, = ¢ ~ ¢=9 in the middle. Let ~, and
<>

7, denote the predecessor of T’ respectively the successor of T’ in 7(w).

We note that since w is a string or band word, also the word w™ is a string

respectively band word. As above, it follows that 7, and ~,. € R " and both
symbols are comparable but not equal.

(2) To show that the subword x; ~ ;. has an orientation in & which is opposite

. . t t Loetr .
to the orientation of ;" ~ 7 in w , it is sufficient to show that

Y < Yy if and only if > A (5.2.5)

Since the operation (_)" preserves symmetric words, it follows that Y/ = T"".
This implies that 7] = ~;" and 7. = 77". Now claim (5.2.5)) follows from Remark
0.2.12] [

The idea of the proof is similar to the proof of Theorem [£.3.10] which describes the
action of the Auslander-Reiten translation on string and band complexes.
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PROOF OF THEOREM [B.2.7 Let Q be some string or band of B, and let P,(Q) be
the corresponding resolution in D(A). We have to show that

D(P.(2)) = P.(D(Q)),

where D(P,(2)) is described by (5.2.6), while P,(ID(2)) is the glued complex of the

string or band D(£2), which was defined in (4.3.4). The complex D(P,(£2)) is given
exactly by the application of Auslander-Reiten translation, transposition and some

shift P, (9).

by b () a
P —— P, — rP, —— P —_— P — rP,
At T ax (_)tr b
P —25 P Py — P, rP—— Py
d+1 d d+1 d —d+1 —d

(5.2.6)

It is straightforward to check that the gluing diagrams of D(P,(€2)) and P,(D(R))
coincide if we ignore the signs of some differentials. The technical details are given
as follows:

e if = w is a usual or special string, then it is straightforward to check that
the complex D(P,(w)) coincides with the string complex of the gluing diagram of
D(w).

e if O is a bispecial string or band, the diagram of D(P,(w)) is isomorphic to the

gluing diagram of P,(ID(2)) after appropriate changes of signs. In the case of

bands, the change of the eigenvalue \ into A™' can be seen by application of D to
the gluing rules for bands in [4.2.4]

In all cases, it follows that there is an isomorphism D(P,(Q)) 2 P,(D(2)) in D (A).
U

Remark 5.2.14. In the proof above, we have used that the twisted Matlis duality
has factorization into Auslander-Reiten translation, transposition and shift. This
factorization can be derived rigorously as follows. By Lemma the twisted

Matlis duality D = " oD admits the factorization

D= 4" o [1] o Homy(_A) o T D?d(A) % D]fod(A) — D]fad(Aop) ﬁ bed(A)
where " is the induced equivalence of the natural isomorphism 1 : A —— A .
Since D* 2 1d it follows that
DD '~7o( )": D°(A)—> D"(A)
where (_)" :=(¢" o [1] o Homy (_, A) ™" = [1] o (¢71)" - Homy (_, A).
At last, it can be checked that the functor ()" is given by the shifted transposition

in (25).

k
)
-
=
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5.3 Invariants of indecomposable representations

Next, we determine basic homological invariants of string and band representations
of the Gelfand quiver.

5.3.1 Homological dimensions of an indecomposable module

The defect of a nilpotent representation V' of the Gelfand quiver is defined as

5(V) =Y _69(V) =) dimExt(V,S,),

j=0
where S, is the simple quiver representation at the middle vertex .

In this subsection we will relate the defect of a module to its projective and injective
dimension.

Lemma 5.3.1. Let V € A -mod and let P, be a minimal projective resolution of
V. Let us denote the nilpotent representation of V' by

7N T N
x_ “ N A
A, A

Let U, :==ker Ay NkerA_ and W, :=V,/(imB, +imB_).
Then the following equalities hold:
5 (V) £ dim Hom,(V, S,) = dim Ext3(S,, V) = [topV : 5,] = dim W,  (5.3.2)
5P (V) = dim Ext}(V, S,) = dim Hom, (S,,V) = [socV : S,] = dimU,.  (5.3.3)
PROOF. (1) The first and third equalities in (5.3.2)) follow from the definitions. The
second equality follows because S, is 2-Calabi-Yau. For the fourth equality, let
f=00,f£,0):V=(V,V,V.)— S, =(0,k, 0) be a morphism of quiver

representations. Then f is uniquely determined by some vector v € W, such
that f,(v) # 0. It follows that dim Hom(V, S,) = dim W,.

(2) The second formula is proved exactly in the same way. O

Let us note that it is possible to compute the homological invariants 5(0)(V) and
6 (V) via linear algebra of the quiver representation of V by the formulas (5.3.2)
and (5.3.3).

Proposition 5.3.2. For any V be a nilpotent representation of the Gelfand quiver.
Then the following statements hold:

(1) pd(V) =2 if and only if §* (V) # 0.
(2) id(V) =2 if and only if 6@ (V) +£0.
In particular, if (V) =0, then pd(V) =id(V) = 1.

PROOF. These statements follow immediately from the formulas of homological di-
mensions in Proposition [2.2.17] U
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TABLE 5.3.1. Homological dimensions of usual and special strings

Usual string pd V]id V Special string pd V]id V
P 0y, .. ng, Yp)| 1 2 (p[i]7 n,,... ny, Up)| 1 2
P n,, .. .ngy 4, Pp)| 1 2 (p[i], ng, ... 0y 4, Up)| 1 1
(P[*O], D, ...0p 4, [Q]p*) 2 2 (pﬁ], ng,...0p 1, [Z]p*) 2 1
Y ongong, Ul 1|1 0 ny o ngey, Op)| 1] 2
PY, 0y, ong, Pp)| 2 1 (pgi]7 n,,... ngy, Up)| 1 1
(P[f], n,,... Dy, Py | 2 1 (p[il]7 N, ... Ny, mp*) 2 1

5.3.2 The defect via Hom-spaces

In this subsection we will describe the defect without higher extensions.
We will use the following notation:

e for any M, N € A -mod we will denote |(M, N)| := dim Hom, (M, N).

The following Lemma expresses the first defect number of a module in terms of
standard representations which were introduced in [C.2.2]

Lemma 5.3.3. Let M € A -mod. Then
6£1)(M) :|(S* S S:taM)‘ + |(M7 S* S S:F)‘ - ‘(R:PMM - |(M7T:I:)’ (534>

PrROOF. We are going to express 5(1)(M ) via dimensions of Hom-spaces. There is
the following short exact sequence of standard representations:

0 > Sy » R > S, > 0. (5.3.5)

Let us note that pd R~ = 1. Moreover, 7(Sy) = T, and 7(R;) = S: are both
A-modules.

Applying Hom(_, M) to (5.3.5) yields a long exact sequence

0 —— Homy(S,, M) —— Hom, (R, M) —— Hom, (S, M)
Exty(S,, M) — Exty(Ry, M) —— Extj(Sy, M) (5.3.6)

Ext}(S,, M) —— Exti(Ry, M) ——— ...
By the Auslander-Reiten formula it holds that
dim Exty (L, M) = |(r~'(M),L)| = |(M,7(L))| for L=R or L=S5..
Concerning higher extensions we have
dim Ext3}(S,, M) = dim Hom, (M, S,) = |(M, S,)|, and
Exti(RjF, M)=0 since pd Ry = 1.
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For the dimensions of the k-vector spaces in (5.3.6) it follows that
0 =|(S,, M)| = |(Rg, M)| + (S, M)
— 80 (M) + (M, 7(Re))| = |(M, 7(S))| + (M, 5.)].
Since 7(R+) = S+ and 7(Sy) = T this is equivalent to
SV (M) =|(S, ® Sy, M)| + (M, S, @ S)| — [(Rs, M)| — |(M, T2)|. 0
For the total defect we obtain the following formula in terms of Hom-spaces:
Lemma 5.3.4. Let M € A -mod. Then the defect of M can be expressed as
O(M) = |(S° @ Suy M)| + (M, S5 @ Sg)| — [(Re, M)| = [(M, T2)]. (5.3.7)
PROOF. Let M be an A-module. Then its defect is given by
6(M) = dim Homy (M, S,) + dim Exty (M, S,) + dim Ext} (M, S,)
= (M, 8,)] + 87 (M) + (S, M)).
Combining this expression with (5.3.4)) yields (5.3.7). O

5.3.3 Homological invariants of indecomposable modules

Next, we describe some homological invariants like Jordan-Holder-multiplicities, top
and socle of the string and band modules over the Gelfand order.

We will also consider the Euler form of indecomposable modules:
Remark 5.3.5. Let M, N € A -fd. mod. Then the Euler form of M, N is given by

(M,N):=Y (~1)" dim Exty (M, N) = (dim M)" - E, - dim N

€L
1 -1 0
with Ex = ( (S, 9)) Jijeoy = | -1 2 —1
0 -1 1

In particular, if dim M = (n,,n,,n_), for somen,,n,,n_ €Ny, then the Euler char-
acteristic of M s given by

x(M) := (M, M) = (n, —n,)* + (n_ —n,)* (5.3.8)

Theorem 5.3.6. Let V € A -fd. mod be indecomposable. Let ) be the string or
band of the Gelfand quiver such that V =V (Q).

(1) The involution o(V'), the defect §(V') and the possible values for the projective
and the injective dimension pd(V') and id(V'), the Jordan-Hélder-multiplicities
dim(V') and the Euler characteristic x(V') are given by Table[5.3.9

In particular, (V') and x(V) € {0,1,2}.

(2) the precise values of the projective and injective dimension of V' are listed in

Table
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(8) the complete description of Jordan-Holder multiplicities, the top and the socle
of indecomposable representations can be found in the tables on page
and below.

TABLE 5.3.2. Homological invariants of indecomposable rep-

resentations
0 (V) Jo()[pd(V)[ia(v) dim V (V)
1 1 1 0
usual string Lor2 10r2(n+ nttntt)
c(V)y=v| 2 ( 'n, n+1, n ) 5
“ 1 1 [(n+1, n, n+1)
1 1 1 (n+17 n? n )
special strin n, n, n+1
P & c(V)y2v| 1 ( . 1) 1
(w,e1) lor2|lorgfl & BFLA+L)
(n+1,n+1, n )
) _ ] (n+1,n+1,n+1) O
bispecial string
cV)2Vv,| 0 1 I [(n+2,n+1, n )
(w7‘€17€2) 2
( n, n+1,n+2)
band
o(V)=2v| 0 1 I |[(n+1,n+1,n+1) O
(w,m,\)
for some n € N

Remark 5.3.7. The possible values for the dimension vector dim(V') of any inde-
composable representation V' of the Gelfand quiver are completely described by the
restriction that the Euler characteristic x(V') is zero, one or two.

ProoOF. All statements follow from case-by-case computations with the string and
band data using the following arguments:

e The functorial behavior with respect to o and the defect 4 and the defect follow
directly from Theorem [3.6.2

e The projective and injective dimensions have been described in [5.3.1]

e The dimension vector follows using the dimension vector formula for triples in

Lemma (3.3.16/ (3).
e Also the formula for the top follows from Lemma [3.3.16/ (2).

e The Euler characteristic x (V') is computed by the dimension vector dim(V')by
G33).

e The socle can be computing using duality: dim socV = dim top ﬁ)(V)

Many computations can be omitted using using Theorem [5.2.7 on the the action of
the involution ¢ and the contragredient duality IL and with the help of Remark|[5.2.10
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the Auslander-Reiten translation 7 according to on the various classes of strings and

bands. [l

Also the Euler form of any two indecomposable modules is bounded:
Corollary 5.3.8. Let M, N € A -fd. mod be indecomposable. Then |(M,N)| < 2.

Bands
Band ((ni)?;l, m, \)
dim(V) || ( mn, mn, mn )
dim(top V)||( mk, 0, mk )
dim(socV)||( mk, 0, mk )

2
where n=) 7" n;
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Usual strings
swing| (pF, (0020, "p.) | (. @020 Mp.) | (PP (02, )
dim(V)|| (n—1, n, n—1)|(n—1,n—2n—1) | (n—1, n, n—1)
dim(topV)|| (k—1, 2, k—1)|( k, 0 'k )|( %k 0, k)
dim(socV)|| ( 'k, 0, k )|(k+1, 0, k+1)'|(k—1, 2, k—1)
String (p[f]> (ny) 354, > (p[f]> ()54, Mm) (p[f}, (ny)i53, [O]p*>
dim(V)[(n—1,n—1,n—1)*|(n—1,n—1,n—1) | (n—1, n, n—1)
dim(top V)| (k—1, 1, k—1) [( k, 0, k ) |(k—1, 1, k—1)
dim(socV)||( k, 0, k P|( k 1, k )*|(k—1, 1, k—1)
Spemal Strlngs
String (p[*o], (n:)3s, ”ps, +> ( ng e 11, ‘.. —) (p[ﬁ,( ) Opes +>
dim(V)|| ( n, =n, n—1) (n—ln n ) | ( n n, n—1)
dim(top V)|l ( k, 1, k—1) [(k—1, o, k )| ( k 0, k—1)
dim(socV)|| ( k, ©0, Xk )|( %k, 0 k )| (k—1, 1, k—1)
String <p[*°], ()75, Olpo, —) (p H ()3 Yp, +> (pf]’( D Ope, —)
dim(V)|| (n—1, n, =n )|( n, n—1,n—1) | (n—1, n, n )
dim(topV)| (k—1, 1, k ) |( k, 0, k—1) [(k—1, 0, k )
dim(socV)|| ( 'k, 0, k ) |( Kk, o, k Pl (k—1, 1, k—1)
String (p[f}, (n:)355, Ppe, +> <p Y0, Ppe, —> (pf}, (n:)3s, Mp, +>
dim(V){ (n—1, n, n ){( n n—1n—1) | (n—1, n, n )
dim(topV)| (k—1, 1, k—1)[( kx, 0 k )| ( kX 0 k)
dim(socV)|| (k—1, 0, k ) |[(k+1, o, k )| (k—1, 1, k)
String (p[*],( ) Py, —) (p Y, )y, Py, +> (pf], (ns)3s, Up, —)
dim(V)|| ( n, n, 1)|(n—=1n—1, n )|( n, =n n—1)
dim(top V)|l (k—1, 1, 1)|( kx, 0 k )|( k 0 k)
dim(socV)|| ( k, 0, k—1)|( k 0, k+1)"|( k 1, k—1)
where n = Zf;l n; respectively n = ka 0y
Ldim soc(V) = {(k,O,k) ?f either n; =1 or ny, = 1,
(k— 1,0,k —1) ifn; =ny, =1.
2dim(V) = (n,n,n) if k = 1.
3dimsoc(V) = (k — 1,0,k — 1) ifn; =1 and k # 1
ddimsoc(V) = (k — 1,1,k — 1) ifn; = 1
®dim(socV) = (k — 1,0,k — 1) if n; = 1.
bdim(soc V) = (k,0,k — 1) if n; = 1.
"dim(soc V) = (k — 1,0,k) if n; = 1.
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Bispecial Strings
(w7m7€17€2)
String <p<[>0}’( 1)1 15 : ]P<>>m -+, +> <p<[>0}’( 1)?;17 [O]pmmv ) _>
dim(V) (mn+1, mn, mn-—1)! (mn—1, mn, mn+1)!
2 2
( mn, mn, mn ) ( mn, mn, mn )
k+1, 0 k—1)! k—1, 0 k+1
dim(top V) (mk+d, T )2 (= 7 Lo )2
( mk, 0, mk ) ( mk, 0, mk )
dim(socV)|| (  mk, O, ) ( mk, 0, nk )
String <p<[>1]7( 1)1 17 p<>7m -+, +) <p<[>1]7( 1)?1;17 mpmmu B _>
dim (V) ( mn—1, mn, mn—i—l); ( mn+1, mn, mn—l):
( mn, mn, mn ) ( mn, mn, mn )
dim(top V)|| ( mk, 0, mk ) ( mk, 0, nk )
k—1, 0 k+1 k+1, 0 k—1)!
dim(soc V|4 (WE- L 0 mkt )2 (mk+1, 0, m )2
( mk, 0, mk ) ( mk, 0, mk )
String (p[ol]a (ni)il;zl7 Po, m, + > <p<[>1]7 (ni)gizla [O]pmma B +)
dim(V) (mn—1, mn, mn+1 ); (mn+1, mn, mn-—1 );
( mn, mn, mn ) ( mn, mn, mn )
k — okl 0 k — n=1)1 k — o=t 0 k — ntiyl
T (T
(mk—73, 0, mk — 7) (mk—7, 0, mk — 7
, (mk -2 0, mk—21)! (mk—22, 0, mk—=)!
dim(soc V) ) 5
(mk—3, 0, mk — %) (mk— 3, 0, mk — %)
String < Li]a(ni)fli_llv[o}pmma_'—?—i_ < Li]a(ni)?;_lla[o}pmm R
dim(V)[| ( mn, mn, mn ) ( mn, mn, mn )
, (mk—22, 0, mk—=)! (mk—22 0, mk—21)!
dl_m(tOpV) 2 2
(mk— 7, 0, mk — 7) (mk—7, 0, mk — 2
, (mk -2 0, mk—22) (mk -2, 0, mk-—2)!
mE— 3 ) m&—5 mE— 5 . mX—5
String)  (pl, ()2, pom+, ) (¥, @2, Ypoym, +,—)
dim(V)[| ( mn, mn, mn ) ( mn, mn, mn )
dim(top V)| ( mk, 0, nk ) ( mk, 0, nk )
dim(socV)|| (  mk, 0, mk ) ( mk, 0, nk )
where m € N and n = 231:11 n; respectively n = Zfil n;
Lif m is odd
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5.4 Indecomposable representations of the Gelfand quiver

In this section we describe all indecomposable nilpotent representations of the Gelfand
quiver in terms of generators and relations.

In this construction algorithm, we begin with any string or band €2 of the Gelfand
quiver. By Theorem Q) corresponds to an indecomposable representation V :=
V() of the Gelfand quiver. The representation V' is defined in two steps:

(1) We define a direct sum V = @V, of some cyclic representations. This step
defines the generators of V.

(2) Then we define some quotient V = V'/I. In other words, we describe the relations
I of the generators of V.

This process will be called gluing of cyclic representations of the Gelfand quiver.

First, we need to fix some notation and list all cyclic representations.

5.4.1 Cyclic representations of the Gelfand quiver
As usual, (@, I) be the Gelfand quiver and A its completed path algebra:

P, P, P_
PN Romom
@D=s__n_ - A= |RRmy
a, a_ R m R
bia,=b_a_=:c where R = k[z] and m = (z).

We will use the following notation for basis vectors of cyclic projective A-modules
and their quotients:

TABLE 5.4.1. Notation for basis vectors of cyclic modules

P, V.=e.P, | V,=e.P, | V.—ec P

(1)

v = e = (O) _ —
p v + ++ W®  — g = (20— 1), b® —a_ b, = (20)_
' US:IH) a,c" by = (2n), ¢ + = sl +=(20)
(1 _ _

(@) _ . a1 _ _ vl =6, =(0),. @ . a1 B

P* Cat =a,c - (211 1)+* U£n+1) = _ (21_1)** v- =a.c - (211 1)—*
€
n—1 n n—1 v_ = e_ = (O)——

P U+) =a,c" b_=(2n),_ o =T = (2n—1),_ SO oty (2n)

Cyclic representations of the Gelfand quiver are given by strings with only one
parameter:

Lemma 5.4.1. Let V € nil.rep(Q,I) be a cyclic representation of the Gelfand
quiver. Then there is some usual, special or bispecial string with trivial multiplicity
w= (p([;i“]n[o]pﬁ) such that V = V(w), where a, € Qy, n € N* and d, =1 or 2.
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[da
a,

In the following we will write n ﬁ] = (pga]n[o]pﬁ) for the string of a cyclic repre-

sentation.

To describe the cyclic quiver representations we need to introduce the following
matrices:

e Let Id denote the identity, and J the nilpotent Jordan matrix of some size n € NT.

00...00 00 ... 00

\ Lo
o LetG= . = and H= o= Id,_,
: 1
1

OO

Id,_, :
1 " 9
1

In particular, G: k' — k® and H: k® — k"' for some n € N*.

[=l=1K)

The size parameter n of the matrices will become apparent from the context.

Table [5.4.2] lists the strings, projective resolutions and quiver representations of all
cyclic finite-dimensional A-modules. In all cyclic representations of the Gelfand
quiver - except the two series n[f*] and n[*l*] - there are one or two distinguished basis
vectors, which will be called gluing vectors. These gluing vectors will be important
in the construction algorithm of indecomposable representations.

TABLE 5.4.2. Cyclic representations of the Gelfand quiver

Quotients of P,

string w projective quiver gluing
(p[;‘*]n[dﬁ]pﬁ> resolution P,(w) representation V (w) vectors v(w)
J J
5 R N
nl! pP—= .p, k™ K® K® %
N
Id Id
G J
. on 1 7N ¥\
nlt, PP, It I IS N
S N
I__jl Id
on - 1 R Y
"l p-2"".p K IS Kt o™
" N
Id H
e G
fakal 7N T N o
1 ]kn_l ]kn ]kn—l
—1 [21’1—1 2n-1] ~ 7
P——P. &P — 3P, H H

Quotients of P,

w P,(w) Vi(w) v(w)
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w P,(w) V(w) v(w)
H J
R RN
nill P* 2n—1 P+ K™ ot kot Uf), vgl—n
xS N
& g
9 R ¥\
nlt p,—= ,p, K - K" - K" o®
i
N RN
nt p—= ,p, Kot K* It o™
iyl
2] Id G
s SN N @
1 Ikn lkn lkn_i *
-1 [Qn Qn] - N AT
P*'—>P+ SP) P_—>P+ J H
Quotients of P_
w P,(w) V(w) v(w)
J H
7N T N
nill P* 2n — 1 E{n—l :[kn—i :[kn ,Ugfl—l)’ 81)
L NG
3
R ¥ N\
nl pP—=2 P I " It o™
v o
J Id
R ¥ N\
! P> .p K I I® o™
i
02 G Id
*— N RN U(n)
1 Kt I I'g *
-1 [Qn Qn] - N A
P— P, P — 5P H J

At last, let us consider a basic example of gluing in much detail.

Example 5.4.2 (Gluing of two cyclic quiver representations).

Let n;,ny € NV such that n; < n,. Let w = <p£‘0}n17n[20}p0>

and Q = (w,+) The

representation V := V() of the special string 2 is constructed as follows:

(1) According to|4.2.1| the gluing word of w is given by = (p[*o]ﬁ[ll] iﬁ[gpo» where

n; = 2n; — 1 and n, = 2n,.
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(2) The gluing word w yields a gluing diagram. Applying the gluing rules to this
diagram we obtain the projective resolution P, = P,(w) of the representation V :

ﬁo_/rh_)ﬁ* P+_ﬁl_>P* |:(ﬁ1)+* (ﬁl)**]
i i 0 (m)_4
| = P= | @ = PP — P, ®P,
ﬁo_ﬁ2_>ﬁ<> Pf_ﬁz_>P+
+

(3) To compute the representation V we consider the homology of P, in degree zero:
Vomny = (p ) md e ma=( [5]. [57] ),
= (P, /(@) @ P) /([ &)
As in the notation of Table let us set

U£n171) — |:(2n162)**:| , 1}(_11171) — |:(2n161)7*i| and U£n272)

Il
[ —
—
N
5
(=
AR
Nt
>+
+
—_

There are two relations in the module V :

A+%&M>ZA+,Pn%aH}:[um?uﬂ::Q and

n,,2) 0 o 0 o (2ny—1)_, | (n4,1)
Af'UE*Q )—Af'[(2n2—1)*+]_[(2n2)_+}__[ 0 ]__UJr :

Summarized, we have obtained an isomorphism:
VV/I  where V=V(n),, ®V(n,)_,,
and = (A_ov™? 4 vﬁf“l))A.

That 1s, V is given by a direct sum of cyclic representations modulo one relation

with the gluing vector U£n2’2). The quiver representation of V' is viewed in Figure

B41

5.4.2 Usual, special and bispecial strings with trivial multiplicity

Let w be a usual string or special string of the Gelfand quiver, or let w = w' be a
bispecial string with trivial multiplicity. We may assume that w is given by some
finite word of length k :

W= (p([;}a} Ny, Ny, ... Ny _q,N [dﬁ}pﬁ)

We recall that the word w may not be symmetric or quasi-symmetric as defined in
[A2.9

5.4.2.1 Generators of string representations

We define k cyclic representations Vi, ..., Vi as follows:
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FIGURE 5.4.1. Gluing two cyclic representations

n1 S n2 nl = n2 ey 1
G J 0
R ¥\ TN ¥\
Vin,),, | k™7° k™ K™ 0 k k
_vgllvi) —v(l 1)
relations:
A_ A_
U£n2,2 U£1,2
H G [10]
N ¥\ 7N ¥\
Vin,)_, || k=" k™ kbt Kk k 0
L N/ L AN /
G H [7]
5ol 08l [0] 3]
0 H 0G 10 0
TN T N TN TN
1% k* K* k! k? k? k
Y A -
[08] [ng?*} (891 (1 -1]
n—n;+n,

e Assume that d, = 0. Then we set

V(nl)Jraa
V(ny; )[1] for any 2 <2j <k —1,

VQJ-H = V(nzjﬂ)[ﬂ, forany 3<2j+1<k—1, and

]

V- V(nk)mﬁ if k is even (or, equivalently, dg = 0),
L V(nk)gﬂ if k is odd (or, equivalently, ds = 1 or 2).

e Ifd, =1 or 2, we set:

[da ,0]

=V(ny)at
:V(n )[1] for any 2 <2j <k —1,
Vajp1 = (ngﬁl)m forany 3<2j+1<k—1, and

B V(nk)gf’ i k is even (or, equivalently, dg = 1 or 2),
‘ V(nk)[jgiﬁ] if k is odd (or, equivalently, ds = 0).

In both cases we set V(w) = @?:1 Vi.
We need to fix the notation for basis vectors of V(w) :

Let 1 <j <k, i€ {+,%—} and n < ¢;V;. We recall that the basis vectors of the
cyclic representation Vj are enumerated according to Table [5.4.1]
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For the indices above the vector vi(n’j) denotes the n-th basis vector of the vector

space e;V; of the cyclic representation V; in the direct sum V.

5.4.2.2 Relations of string representations

Let & be the gluing word of w as defined in m

We need to introduce the following d-symbols:

+ )1 ifa=ocande == + J-1 iff=ocande ==
—— ) and 05 = ,
0 otherwise 0 otherwise
For any 1 < j <k we set
P = P =
5T -1 ifn; Ty inw and 5t -1 ifn; |0y inw
j : j .
0 otherwise 0 otherwise

Moreover let us define

™

N ~ .+
B if n; 71544 70y, in w,
Jyi+1

1
{ 0 otherwise.

Beginning of a string representation

We consider first the beginning of the gluing word = ( dl] i/\[dzl c).

There are three cases to distinguish:

(1) Assume that d, = 1. In this case, w= (pi'n n1 $n )
There are two possible begmmngs of the projective resolution P,:

SO0 2T | 4 y
POC ﬁl—>P+ Pa_ﬁl—>P+ Pa Pi
i i P | @, 6rn,
ni\ i "2 i P_ 5I ﬁl /ﬁQ
| W
P—a,—P | PP—a,—P_

The relations of the gluing vectors in the first cyclic representation V| are given

as follows:
o if a =x%: B+v$11_1’1) = B ™Y = = 0] ™2
eifa=09: Aelvinl’ = (5T n1+5a 2,
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(2) Assume that d, = 2. In this case w= (p2 1M 2l iﬁg], o).

A 4yt o’ | af d
P—1—P, P—1—P,
—1 i \ 1 \—1 i , Py P_ F;
\ : \Fi - p Py n, n, (ﬁﬁz
P ‘_“17 * 58, 0B, 1,
<—n2—)P -P’i_ﬁ2—>P*

In this case, the relations on the gluing vector in V) are given by

A o®) = 6Tl and  A_v{ = g @)

(3) Assume that d, = 0. For the case that w has length k = 2, we refer to Example

5.4.3 Let k > 3. In this case, we have w= (p,a} iAo] i/\[l ...) and P, begins
as follows:

8 18y 185 |8 18y L6y |8 U8 18] |8 )6 L6
P+'_n1_>Pa P '_n1_>Pa P+—n1_>Pa P+—n1_>Pa
P ——P | P—8—P | P—8—P | P—8—PFP,
PL_na—>P Pl_ﬁ3—> P_ Pz_ﬁg—> P_ Pl_ﬁs—> P_

The corresponding part of the first differential is given as follows:

P, P_ P,

~

P n, &8, 0

o

~

d=p, | 618, 1@, 0in,

p | 608, oln, o,

In particular, there are the following relations of the gluing vectors in V; and V5:

+
A+/U£n27 — 5»1/ (n1+6a11) _I__ 5T (n2+173)7 and
A vt = §Ty nﬁ” + 011

n273)

Intermediate part of a string representation

For any je {O k 4} such that d; = 1 we consider the subword

(... in in inJ Ya .) of &. There are 8 possible corresponding gluing
diagrams Wthh are hsted in Flgure b.4.2] In any of the 8 cases, the differential of
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FIGURE 5.4.2. Intermediate part of gluing diagrams

N O ETON N )
J-&-lT J+2T J+3T j+4

sl

J+1‘L J-!—2T J-&-3T j+4

s TRy 40545 THy 1y

qlol | 4l
J+1‘L J+2J’ J+3T J+4

Pz" —ﬁj+1—> P+
N

Pr—as Py

Pi' —ﬁj+1—> P+
N

Pz" —ﬁj+1—> P+

I
1 I 1
0j+1 E Oj+2 i Tj+1 E nj+2
| v |
P+ —ﬁj+2_>P_ P+—HJ+2—>P_ P+—ﬁj+2—>P_ P+ —nJ+2—>P
A AN | |
N\ | \ o | /
b\ M3 AN R R ) Lo/ n
L\ N\ | . Ve
P —Dhji3— P+ P_ —nj3— P+ P_ —nj3— P+ P_ —HJ+3—>P+
A A A A
I I I I
~ I ~ I ~ I ~ I
nj+3 : Ilj+3 : nj+3 : HJ-+3 :
I I I I
I I I I
P// —ﬁj+4—) P_ Pill —ﬁj+4—) P_ PZ'N —ﬁj+4—) P_ P’L‘” —ﬁj+4—> P_
g0l agltl 4glo] 2] zlol Sl sl
Rty 1By 1ol iyts | BlL Bl MR oA, | Bl 1 liala, | Al Ia el

f)i' —ﬁj+1—> P+
N

Py —tu— P,

Pi/ —0j1— PJF
N

Py =iy Py

I I i
I I ~
By41 ! 0j+2 ! Bj+1 ! Oj+2 :
| . | YA
P+_ﬁj+2_>P_ P+—nj+2—>P P+—ﬁj+2—>P_ P+_ﬁj+2_>P_
A~ ~ | I /‘
I I | I
I PN I ~ | —~ I —~
b B3 b B3 R & v/ it
| RN - v/
P _ﬁj+3_>P+ P —n3+3—>P+ P —DJ+3—>P+ P _ﬁj+3_>P+
! s s s
~ | ~ I —~ I —~ I
D14 ! Nj4q ! 014 ! D14 !
S e S S
Pi” —ﬁj+4—} Pf Pi” —ﬁj+4—} Pf ]Di” —ﬁj+4—} Pf Pi” —ﬁj+4—> Pf
P, is given by
Pi/ Py P_ Pi”
~ PN PN
Py Dy+1 0311 Dj 4 5‘+1j+2 042 0
0 ~ ~ ~
i= 0541 Dy4q 0, (5J+2 0
= 1+~ ~ 1 -~
P, 0 0512043 nj.3 0743044
/\ T o~ ~
P_ 0 (5J+2 j430 05430543 N,
,j+2 n,13,J+3)
We consider the two gluing vectors vi 232 g vi T 0 v i+2 respectively

V.

J

( J+27J+2
A v, = (5J+1 vy

A /U(nj+37j+3

— U 5J+1,J+2

+3. Their relations are determined as follows:

(nj40+1,j+1) (nj+3+1’j+3 (ny43,3+4)
+5J+2 Ut 5J+2 j+3 Uy
( J+27j+1) (n3+2+17j+2 J+3+17J+4)
+ 5J+2 : + 6J+3 :

This step is carried out for each 0 < j <k — 4 such that d; = 1.
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Ending of a string representation

The cases for the ending are “dual” to the beginning cases.
: : : P Alde1] 4 ~ldg]
We consider the ending of the gluing word w= (... m, 1" T 0, “'pg).

(1) Assume that dy = 1. In this case o= (.. .ﬁl[{oll ﬁl[{l]pﬁ).
There are two possible ends of the projective resolution P, :

S Y ;
-Pi_ﬁk71_>P+ B_ﬁk71_>P+

SN [ﬁ 51&131

ny gy

T o~ —~
\ | Op— 1M1 ny
I

PIB——ﬁk—>P_ Pﬁ——ﬁk—>P_

The relations on the gluing vectors in V), are given as follows:

o if B =% B+U_(fk_1’k) — B_Ug‘kvk) _ 5}{71 Uink,k—1)’
+ —
eif f=0: Aivinkvk) _ 5&71 U$k+65 k 1).

(2) Assume that dy = 2. In this case o= (.. A%, iﬁl[{l] 1 1%p,).

i, val T, 1l ;
P_ﬁk71_>P+ P_nk71—>P+
P/ P*:” P \Pi N,y 51£71/ﬁk O—1 D
—a—P_ —a—P_ ~ ~
/ :+ / :+ Og—1 Dy Ny
/_1 i /ﬁk 4 /Ak
P—1—P_ P—i1—P_

In this case, the relations on the last gluing vector are given by

A_v£nk,k) _ _(53;71 U(_nk,k—l) and A+U£nk,k) _ _&71 U$1R+1,k—1)‘
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(3) Assume that dg = 0. We recall that k > 3. In particular, o= (.. Al in[o] 5)-
and there 4 possible ends of the gluing diagram of P, :

T, ValT, VA (o, 1A, a0 [, Ll a0 2, T, T

Ny o Ny o Ny o

Pi —h PJr Pz —0 PJr PZ _ﬁk72—>P+ PZ —D o> P+

In any case the differential at the last projectives in the gluing diagram is given
by

P; Py P
~ Voa oo
Py Ny o Oy o My_4 5k—2,k—1 Ny
— T = ~ o~
d= P | Oy oDy Ny 4 Og—1 D4
Pﬂ O 511;_1 ﬁk /ﬁk

This leads to the following relations on gluing vectors:

(e +1k—2) 5t (nk+6§,k)

k—1
A_,_Uink v ) _53{’ 2 + k—1 + 9 and
Ao = g Y gt e,

Example 5.4.3 (Short strings). Let w = (pL?}nl,n[Qo}pﬁ) be a usual or special string,
or bispecial string with trivial multiplicity. There are two cases for the gluing
diagram:

ﬁl ﬁ2 ﬁl \l, ﬁ2 d V(CU) - V/I
P,—a—P, | P.—a—P, s sa V=V o Vin),
N | n n
: B ! R [(STlA v 1] I s generated by the relations
! i, ! oy 1 o n, n4o+
| . o] o
P _32—>P,8 P _ﬁ2—>PB and A_U£n2,2) = —5% U(_nﬁ_(;;’l)
5.4.3 Bands

Let Q2 = (wm, A) be some band of the Gelfand quiver. In particular, w is given by
some cyclic word

w = <[d] nl,n27 e n2k717n2k [d}> fOl" some d e {07 1}’

some multiplicity m € N* and some eigenvalue A € k\A, Where A is some finite set.
We note that w has to satisfy the conditions in Definition of band words.
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Let us recall that the band (w®, \) is equivalent to the shifted band ((w™)® \). In
particular, we may assume without loss of generality that d = 1.

5.4.3.1 Generators of band representations

For each j € NT such that 1 < 2j — 1 < 2k respectively 1 < 2j < 2k we define a
cyclic representation by

1% U ifa=o0 Vin ), ifd=o0
V(nzj,i),Jr ifd=1, Ving),  ifd=1.

For any j € {1,...,k}andany 1 € {1,...,m} weset V;, = V.

Then V is defined as the following direct sum of 2km cyclic representations:
2k m 2k
Gm
-PDv. =DV
j=1 1=1 j=1
The basis vectors of V(w", \) are indexed as follows:

For any j € {1,...,2k}, 1 € {1,...,m}, i € {+,x,—} and n < dime,;V}, the vector

29 denotes the n-th basis vector of the vector space ¢;V; in the [-th copy Vj; of

KA
the direct sum Vj@m inV.

5.4.3.2 Relations of band representations
Intermediate part of a band representation

For any even number je€ {O ... 2k — 4} we look at the subword

<
(- J+1 0 n3+2 0 n3+3 0 n3+4 )ofw

. . Niyo0,j+2,1 niy3,74+3,0) . .

We consider the two gluing vectors TP q (T gy Vi o respectively
V.

J+3-
Relations:

A eI 2D sl et i) o (e lihs1) o (ny4a,3+4,1)

+Ux = —0j41 - Uy j+2 " Uy j+2.3+3 " U+
(ny 3,3 +31) _ (5123 +1.) B hi+2) (Ryrat1,3+4.2)

A_v,e 5J+1,J+2 i - 5J+2 i - 5J+3 v

This step is carried out for each 0 < j <k — 4 such that d; = 1.

Gluing the end and the beginning of a band representation

It remains to consider the part (.. ald in[;}l nl” inm ...)of .

differential
Dok—1 52%1(71 ok 52%71,21( Al O
d = 6gk7 1Tk 1 Ty 6§k Ay, 0
0 621{ >\_ 'a o 6% 1,

0 ST 5 8, T,
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We consider the two gluing vectors vi"”“’%’l) and vi"l’l’l) in V5, respectively V;.
Relations:
A+,U£n2kv2kvl) — _ 5%1{71 . U$12k+172k_171) _ 5;1: . (/\*1 U$11+17171) + U£:11+1,171_1)>

- 53}1\71 : <)\_1 ’U_(:ll’2’1) _|_ U—(;11,2,171)>

A_pltd) — _ 5%_1,21{_ (AU(anQk—l,l) +v(n2k,2k—1,1—1))

_ sk (A pE2ct1261) | U@Qkﬂ,zk,l—l)) — sl pE+L20)

Example 5.4.4 (Shortest band).

Let w be the cyclic word (mnl,n[;}) where n; <mn,. We consider the band (w™, )
with some multiplicity m € N and some eigenvalue X € k with A\ # 0 respectively
A #0,14fn, =n,. Its gluing word is given by o= (ﬁ[ll] l ﬁ[zo} i} ﬁ[ll]). In the following
let us set X == —\.

A _ A By

P,—s,—P, P-—km->P,

A MR L T Gy N -

| ! | B ya Cod=1g)" SE where J© | = Jx (ny) 4 + 1d, (y)_ 4
I N

P,—#,—P, P{—&m—P"
The A-module is given by
V(w™ N\ 2V/I where V= (V(nl)[_i]Jr)m ® (V(nQ)E]_)m,

and I is generated by the relations
A U£n1,1,1) — ! (Ugazﬂ,z,l) X 08:12+1,1,1) I v(_nl,1,171)>

(np,2,1) __ (ny+1,1,1)
A, v = —v]

Remark 5.4.5. Similarly to the derived setup (Remark , there is an exception
concerning the symmetric bands of By. Let Q = (w, m, \) be some band of B. Let

rev

& be the word with gluing arrows. Then Q is equivalent to Q' = (W™, m, )\_1). In
the construction of the representation V(') all orientations of the arrows in the

word & have to be opposite to the corresponding arrows in the word &. This con-
vention ensures that there is an isomorphism of glued representations V(w, m, \) =
V(W m,\"") for symmetric bands.

5.4.4 Bispecial strings with higher multiplicity

Let w™ be a bispecial string with some multiplicity m € N=2.

Let « denote the left and  denote the right end of the bispecial word w. Then w is
some bispecial word

w = <p([;ia]7 N4,09, ... 0 4,0, [dﬁ}Pﬁ) where Oé,ﬁ € {+7 _}

Let @ and (8 denote the opposite signs of a respectively £.
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5.4.4.1 Generators of bispecial string representations

We define cyclic representations V; ;, where 1 < j <k and 1 <1 <m as follows:
(1) For any 1 € N* such that 1 < 21 — 1 < m respectively 1 < 21 < m we set:

Vo)) ifd, =1,
V1,21—1 :{ ( 1) +)

respectivel Ve =
V(M)EQ) if d, =0, p y 1,21 {

(2) For any 1 € {t,...,m} and any j € N* such that 1 < 2j — 1 < k respectively
1 <2j <k we set:

V(ngj)[_l]_;'_ lf da — O,
sz,l = [1] . i
Ving)y— ifd, =1,

V(n2j+1)[’]_-}_ lf da == O7

respectively  Vaypaa = {V(nz‘ﬂ)[ll ifd, =1
J - «a ’

(3) At last for any 1 € N such that 1 <21 —1<m respectively 1 < 21 < m we set:

1Y if g, — 1 V(im)l ifdy =1,
211 = V(nk>[51]—> 1 p " respectively Vg = ( k)fdr ‘ A
Ving) ) ifdg =0, V(nk)+5 if dg =
Finally, we define V(w™) to be the direct sum
k m m k—1 m
V™) = DDV =Prae D™ e D
j=1 1=1 1=1 j=2 1=1
As in the case of bands, the basis vectors of V(w(m)) will be denoted by
v§j’1’“), where 1<j<n, 1<1<m i€ {+ % —}andn<dimeV];.

5.4.4.2 Relations of bispecial string representations

We use the following notation:

e Let @ and  denote the opposite signs of a respectively f.

e Let §;; denote the square matrix of size m with 1 at entry (4, j) and zero elsewhere.

Let A,, and B,,, denote the following square matrices of size m :

10 11
L5] L L3] 1o,
Am = Idm + Z (521'722‘4_1 = 1 % Bm = Idm + Z (521—1 2t — ! (1)
i=1 . i=1
- P, ifiis odd
P = P, h P, = ¢ ’ 5.4.1
“ ZG? ’ where {Pa if 7 is even. ( )
-~ P, if i is odd
P* — Pi’ here R — B ’ 542
A ze:? v {PB if 7 is even. ( )

(1) Twisting the beginning.
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(1]

° pr 4ol = p., then
Ay 1 Ay Ay | Ay d

P, —5; A,» P | P, —5; Ax» P Py P

0 Lo e | @A, ora, Id,
8 A, | B, Id, % R

! d ! P (5I n; A, n,Id,
| N

P"—8,1d,» P" | P -8, 1d,» P™"

Relations:
Aivinlalvl) — 5I (n1+6a )2, 1)
A$U£n1,1,21 o 5T n1+5a ,2,21)

(n1+§a ,1,21—2)

Aiv,((nhl’Ql_l) —

[0]

(ST ( (n;+6, ,2,2i—1)

_ Bt 2:2i-2)

o If p. [da] — = py, then
A[1 0]~ ~[1] A[1 o] | A[] A[1 o]~ A1] 1] ~o] | A[]
0, 7o 10, | ng 10y 7o 40y’ | ng
Pl -5, A;"» P, | Pl'-5, A;"» P, | Pl'-5, A;"+ P, | P"-5,A,'+ P,
A A | I
I I I I
I N I —~ I — 1 I ,\ 21
: n, Id, : n, Id, Lo AL .Y Ay
i i - v
P -8, 14,5 P{" | P"" -8, 14,5 P" | P —8, 14,5 P{" | P"" -5, 1d,» P}"
A | A |
| | |
7, Id, i fy1d, | fi, Id, fyId,
I I I

)

P -1, 14, P™

~

P -1, 14, P™

)

Pm_ﬁ?, Idm—> Pin

2

<~

P -1, 14, P™

(2

Relations:

A et
*

(n171721 J—

(n2 ’2721 1 —
A_ v

(ng,2,21) _
A_v? =

(2) Intermediate part:

P*

m

+

d =

+
5T ,U(n2+17272i)

5¢ (n1+6a ,1,2i— 1

5\L (n1+§a )1721

This step is the same as for bands.

(3) Twisting the end:

,U(nlJr(Sav 72172) _

P P P
o, Ayt orm ALl 0
oln, Id, B,Id, 635, 1d,
olla,1d, 6@, Id, 7@, Id,
5T (n2+17272171) _ 6TT —(‘:127372:]'71)’
5TT n313 21)
5,L n1+6a, ,2i—2) (ST n2+1 3,2i—1)

n2+1,3,21)

(5T
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o If p[ﬁll = p[il}, then

e | A i
Pl.m Oy Idy- Pj,n sz Ny Id, Pin
T ﬁkfl Idm 6}%—1ﬁk Bm

511—1ﬁk—1 Idm ﬁk Bm

ﬁk— 1 Idm

\

|
i
Pg—ﬁkBm_>P:n Pg—ﬁkBm—>P:n

i1\}{ Bm

T _ _
(0 k,2i) (nx+05 k,2i—1) 1 (nx+05 k—1,21) (ng+05 k—1,2i—1)
Azv™ - Tl — 01 (v + v )
(ny,k,2i—1) _ 1 (nk+6ﬁ Jk—1,2i—1)
Agv™ = —0¢ 104

o If p[;] = p[i}, then

T, L, LAl A, Tl Vel A, el el A, Al Tl

.Pim 'ﬁk72 Idm' P+ PZm 'ﬁk72 Idm' PJ’T_"L .PZm 'ﬁk72 Idm’ P_T_n Hm 'ﬁk72 Idm' P_"f_n

A / | \ A

I ]
oy | By ld, By Id,
I I

8, Id

I
I I
I I
I I
I I
I I
~ I
P8y 1d,- P P8 1d, P P8, 1d, P P 8 14, P
/ i / o \ T \
! -~
k—1 Idy ! — 8, B
/ v /

1

| 1 1
| 1 1
| 1 B 1
! 1 n 1
! 1 1
+ ! !

P -5, B, P P -5, B, P P -5, B, P P™ -5, 8.% Pj

P P, P_
~ PN oo
Py o, Id, O—oby—1 Idn Oxlop 1Dy Idy
T~ ~ 1 o~
P | Og oDy Idy o, Id, Og_1 My Idy
~ 1 ~ 1
P, 0 61,3, B, 1, B;
(nek2i—1) _ ¢l (ng_1+1,k—1,2i—1) m (ny_1,k—2,2i—1)
A_v™ = =04 v — 0 2k—1 V- )
(n, k,2i) (ny+dg k,2i—1) 1 (nk 1+1,k—1,21) ) (ny_1,k—2,21)
A_U* k — _U_ - 5k 1 - (51{ 2 k—l U_
and for the gluing vectors in V27
. + . .
(ng—g,k—1,2i—1) ot (n+g k,2i—1) 1 (nk 1+1k—22i—1)
A+U* — _51{ 1 /U_;’_ - 51{ 2 +
— < + .
(my_q,k—1,2i) nk 1+1,k—2,21) 1 (nx+d5 k,21) (ny+05 k,2i—1)

Example 5.4.6 (Shortest bispecial string). Let w = pnl® ps with o, 8 € {%},
d€Zandn € N". Let m € N" and Q = w™. Let P: and Pj; be defined as in
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(5.4.1) and (5.4.2). Then P,(Q2) = P, SN P; where
1 0
®ap —@)ag —@ag 0 0
0 ([@lgy @a5 O 0
~ _ 0 0 (@ag —@as —@)a
C,=n; A, B,' = 0 0 0" (ﬁ)a; (ﬁ)a;
0 0 0 0 ®ap

5:{0 if o # B o 3:{1 ifa# 8

1 ifa=p 0 ifa=p
Set
Vi1 = V(n)g]ﬂ, where 1 < 2i —1 < m,
Vo = V(n)[a%, where 1 < 2i < m.

Finally, we set V = (@, Vi) /1, where I is generated by the following relations:

Aavin,Qi—l) :v&n—‘r&,Qi—l) _ U&n+5,2i—2)’ where 1 < 2 —1 < m and U((ln+6,o) = (),

Aavin’zi) —pEHO2Y e 9 < 21 < m.

o ?

5.4.5 Main result

Theorem 5.4.7. LetV be an indecomposable nilpotent representation of the Gelfand
quiver. Then there is some string or band datum ) such that V is isomorphic to the
string or band representation V() constructed above.

PROOF. Let V be an indecomposable object from nil. rep(Q, I'). Then there is some
string or band 2 of B such that the indecomposable projective resolution P,(2) has
homology H(P,(£2)) = V. The generators and relations of V follow by computation
of the homology Hy(P,). O
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5.4.6 Examples of string and band representations

Example 5.4.8 (A usual string). Let w = <pL]n1,n2,ng]p*>, where n; < n, > nj.

Its gluing word is given by = (p n1 L Al i n3 p*>. The gluing diagram and the

projective resolution have the following form:

gluing diagram P,(w) Viw)=V/I
V=vELeveeve)l,

I is generated by the relations

A, vl? = —vf“l) and

Y

,U(n37173) — B ,U(n3v3) — _U(n3’2)-

P
e A_ vt =,
P
By vy SV = T

The quiver representation V(w) is depicted in Figure .

Example 5. 4 9 (A special string) Let w = (p,[f]nl, n,, n3,n£11}p,), wheren; < n, >nz; < n,.
Then W= ( 21 1] T n[o] T n T n[o] T n[l] _). The gluing diagram and the projective
resolution have the form:

gluing diagram P,(w) differential
P,—1—P, Po—1—=Py (e () O 00
AN (A1) - (@)= () O 0O
-1 i, 0 0 (M3)44 (M3)—y O
N\ ! \ 0 0 (Ag)4— (Rg)—— (Ra)_—

<>’~U Tt
|
3)
1
ey
~
i)
R

AN T V(w)=2V/I

V=V(n)4 e Vin)il

TR AN & V(o) & V(gL
i i\ I 1s generated by the relations
]~-'I’<>—A3—>§<> P — 3—>P Aot = P2
’:* | A_vin“l) _ _111+1,2)’
i ki A, o) = Bt (ms)
P,—a,—P, P —3—P A v£n3,3) (n3+1 4)7 and
A,vﬁn“"}) =0.

The quiver representation is viewed in Figure[5.4.4)

Example 5.4.10 (A bispecial string with trivial multiplicity).
Let w = (p[+]n1,n2,n3,n4,n5,n€[5]p ), where ng > ny >n, > nz < ng > N > Ng > N,.
Then W= ( B 0] in[l 0 nO] TA[l 0 nO] i/\[l ) The gluing diagram and the
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projective resolution of w are given as follows:

P,(w)

gluing diagram

D,—a,—D,
|
I
]
|

N

——mmmoy
[9-mmmy O
1/

P,—a,—P, — 7 ]i +
TN ]
ﬁo_n‘l_)ﬁo ﬁ"r—n‘}_)P
T N
| AN
P,—a—P, P-—%—F,
| / |
L
p,—a—p, P-—8%—FP_

differential
(n1)++ (n2) 0 0 0 0
0 (n2)+, 0 0 0 0
0 (83)44 (Bz)—y O 0 0
0 (f3)4— (Hz)—— (Bg)y- O 0
0 0 0 (8s)4+ (Bs)—y (Be)—y
0 0 0 0 0 (f)__
V(w)=V/I
V=Vm)1 e Vin)
o V(ns)m & V(g
1 is generated by the relations
14+ U£n272) . _v$2+171) _ U$3+173) _ ,US:lSv‘l)?
A vin&s) _ —U913+1’4),
AL p@e®) = —vfﬁl’s), and
A_ U£n676) — _,Ugle»s).

The quiver representation is shown in Figure[5.4.5.

Example 5.4.11 (A typical Band). Let w be the cyclic word (

where
n; >n, <ng<ng >n,.

We consider the band (w™, X

n[o]n[;}ngo}ngl]> 7

\) for some multiplicitym € N

and some eigenvalue X € k with X # 0. Then = (A[f iA[l] iA[o] TAM T) The
gluing diagram and projective resolution have the following form:

gluing diagram P,
= - = m ~ m
R
; Y
/ | / o, !
/ \:r / / ~
= = 1 m ~ m
! <>—n2—>P<> ! P+ —ng/—>P_
I | | 1
L R4
I ! | ! np
l ! \ 1
L4 v
\ Po—ﬁ3—>P<> \ P’ Tﬁ3_>P+
| 0 \ ) 0
\\\ : \\\ J)\ﬁl ﬁs :
I I
\ LM N\
m m
P,—a—pP,  Pi—a—P]
A

differential
(0y) 4 Idy (M) 44 Idy (B2) 4 Id J>\ (M) 4+
0 (By)4-Idy (By)__ 0 ]
0 0 (M3)_+ 0
0 0 (@) <ﬁ4>+_ 1d,
V(w)=V/I

V=V e Vo) e Vm) e v,

I 1s generated by the relations

A 2D = _ypatidn)

*

A ,U(n37371) — _,U(n271’1) _ ,U(n2+17271) _ ,U(n3+17471)
(n474 l) — (n1+17171) _ (n1+1=171_1)

AL v, =—-\-vy vy

A Pt —

The quiver representation is shown in Figure|5.4.60,
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FIGURE 5.4.3. A usual string representation

n; <n, > n,3 (nlan27n3) = (272a2)
G J [7] [70]
VU RN 7N TN
V) || = ™ |k K? K2
xS N xS A
H Id [10] [07]
ECIR) _,0
//7 - /)7 -
<AL AL
v£n2,2) vim)
H G [698] 9]
N RN SN TN
Vo), || ket K™ K=t | K K2 k
xS SN xS A
G H [(1) 8] [10]
—p"a?) 011 @2
B, A « B_ B, ~ ~_B_
// \\ \(// \\
RCEEE) (3% H(13) M)
—_ + p—
J H 0 [10]
TN T N TN T N
Vi)t || k7t k™! kK | k k K2
xS A L. |
Id G 1 [9]
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FIGURE 5.4.4. A special string representation
n1§n2>n3§n4 n1:n2:2 n3:n4:1
Id G [67] 1
¥ N ) SN e N
v | e e e
~_ 7 >~ xS N
J H (98] [10]
vinl’l) v£2’1)
v(n1»2) 7’[}(n1+1’2) _U(B,Z)
y i o
G H 1] [690]
R RN N N
Vo) || K™ k" It k k> Kk®
~__~ N x__“ N
H G [10] [(13 8}
P Lofe L0
S /
s ! R
P I [S
o (n3+1,3) ! _,U(2a3)
Y+ ; / + :
H G/ [19]
Vi), | &= ke kK K 0
S N \0/ N~
_;"G H [1]
v$‘3+1,3)<:;_ ___ v£n3’3) ’,’
\\\ ’
v s v a v
gy (gt (n3t+14) —v(1’4)
Ut Vx v_ +
J Id 0 1
PR TN TN
Vg™ | xm k™ K™ Kk k
Id J
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FIGURE 5.4.5. A bispecial string representation with trivial

multiplicity
n,>n, >n, >nz;<n, >ng >ng>n, (nq,ny,n3,04,05,06)=(3,1,1,3,3,2)
Id J Id, J5
R ¥\
Vi)t | k™ K™ K™ k° k° I
__~ N x__ N A
J Id J5 Idy
U(n2+1,1) 71)(2,1)
+ +
3 r
LG H [10]
Vi) | w5 ke k™| o0 4k K2
H" G (9]
e e
v(n3+1,3) _p(23)
* : * :
H G [10]
V(n3)[_1]+ lkn3+1 lkns lknsfl 1k2 lk 0
G H 7]
: o8 : o3
v T v “a
_,U(n374) _U(na+1a4) 7,[](114) 7,[)(274)
+ - + 0 -
G H [1d,]  [1450]
7N T N TN T N
V (n4 ) EL kn4 —1 kn4 lkn4+ 1 lk2 lks 1]:{4
__~ N ~__“ N
H G [z 0] [ ]
v£n4,4) v£3,2)
& L///
st . (a3)
_ =+ 0
WG o] [,]
TN T N SN e N
V (115 ) [_1]+ E{n5 +1 E{n5 ]kns —1 ﬂ(4 ]k3 E{Q
__~ N x__ N A
G H (5] (0]
e _,(29)
k2 A B
vine,e) : U£2,6) g
Ving™ | Ko I P k2 &> %
__~ N x__ N A
Id J [a9] (0]
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FIGURE 5.4.6. A band representation

n; <n, (n=n,=n)m=1
H G H G
S N T N TN T N
Ving)t || Kt k™ k| K 'S k
S X~ S
G H G H
vins,B,l) viz,a)
O -
G “H G H
V(n4)[+1L Ikn4*1 ™4 Ikn4+1 ]1{2 ]k3 ﬂ{4
H ‘G H G
OREIN oG
& v s A\l
w$1+1’1> —ym2 Y —/\vf’l) —p
H G H G
AN - N R
G H G H:
_plr2 L) ENCRY)
+ + .
¥ v :
- v . v
vin2,2,1) _v812+1,2,1) Uim) 71}(_2,2)
G H G H
R R TN TN
Vi) | xt I ot 0 k K2
_ _— x__ S N
H G H G
w(n1+1,1).__A'v(n1+1,1,1)_/U(n1+1,1,171)
+ = + +
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APPENDIX A

Combinatorics of bunches of semichains

In this appendix we recall first the definition of bunches of semichains and their
representations. The problem to classify the indecomposable representations of a
bunch of semichains is a tame matrix problem. This problem has been solved by Bon-
darenko in [Bon88|. The indecomposable representations of a bunch of semichains
are parametrized by so-called strings and bands. At last, we present Bondarenkos
construction of the canonical forms for bunches of semichains from strings or bands.

A.1 Matrix problems of bunches of semichains

To describe the matrix problems we are interested in, we need to recall the definitions
of bunches of semichains.

Definition A.1.1. A partially ordered set (poset) S is a semichain if & =
for some I C 7 subject to the following conditions:

ZEI

o for any i € I the set ©; is given by one element or two incomparable elements

e For any 1,5 € I such thati < j it holds that s; < s; for any s; € G, and s; € G,.

Remark A.1.2. FEquivalently, a poset G is a semichain if G is any full subposet of
the maximum semichain which is depicted in Figure|A.1.1]

FIGURE A.1.1. Hasse Diagram of the maximum semichain
of ,  afy ot ot

z+1 z+2
142 z'fl i z+1 z+2

Roughly speaking, a bunch of semichains is given by two collections of semichains
and an equivalence relation on some elements of these collections.

Definition A.1.3. A bunch of semichains B = ((€;);c;, (R;)ier, =) is given by the
following data:
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(1) A finite or countable index set I,

(2) For each i € I there are pairwise disjoint semichains €; and R;, that is,
CNR, =0 for alli € I, and also

Before we proceed with the third datum, we make the following definitions:

o We define the set of column labels €, the set of row labels R and the set of labels
B of the bunch of semichains by setting

¢={]Je, and R =|JR, B =CUNR.
iel el
In particular, we denote the bunch of semichains ((€;)cr, (R;)icr, =) as well as

its set of labels € UR by ‘B.

o Let o« € B. Let i € I be the index such that o € €; or a € R;. The element
a will be called special if there is some [ € €; (respectively € R;) such that
a and [ are not comparable to each other with respect to the partial order in &;
(respectively in R;).

As third datum of the bunch of semichains we have a “stratification” on B :

(3) There is an equivalence relation = on B subject to the following conditions:
(a) Each equivalence class has only one or two elements,
(b) Any special element of B is only equivalent to itself.

Moreover, we will distinguish between the following types of bunches of semichains:

Definition A.1.4. Let B be any bunch of semichains.

o ‘B is separated if for any ¢ € € and any o € R we have ( # p.

e B is a bunch of chains if for each i € I the sets €; and R, are totally ordered.

o Otherwise, if B contains a special element, B will be called a proper bunch of
semichains.

The following examples of bunches of semichains are related to some well-known
quivers.

Example A.1.5. (1) Let B = ((€1,€,), (R, Ry),~ ), where the sets of labels
are given by the one-point sets
SG={G}) G={G}) R={a} ad R={o0}
and the stratification is given by (3 ~ (5 and 0, ~ 0y .
We will see below that this bunch of chains is related to the Kronecker quiver.

(2) Let B2 = ((Qﬁl, ), (R, Ry), ~ ), where the sets of column labels are two-point
semichains and the sets of row labels are one-point sets:

¢1:{C1+7 ¢t C2:{C2+7 G}, Ri={o} ad Ry={0},

The stratification on B3 s given by 0, =~ 0, .
B s a proper bunch of semichains and related to the four subspace quiver.
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Both bunches of semichains BY and B are separated.

From now on, we fix a bunch of semichains B and a field k. Next we will define
representations of the bunch 28 and say when two representations are isomorphic.

Simply put, a representation of 8 is given by a collection of partitioned matrices,
and the partitioning of each matrix is determined by the column and row label sets

of B.

Definition A.1.6. A k-linear representation M of a bunch of semichains B is
given by block matrices M = (M;);cr of the following form:

e For each v € I we have a block matriz M; with entries from k and finitely many
rows and columns.

e The vertical stripes of M; are indexed by column labels ¢ € €;, while the horizontal
stripes of M; are indexed by row labels o € $R;.

For every 1 € I and every ( € €; let n, € Ny denote the number of columns in
the horizontal stripe labeled by (. Similarly, for every ¢ € I and every o € *R; let
n, € Ny be the number of rows in the vertical stripe with label o. The size numbers
(Ng)aew have to fulfill the following conditions:

e For any o, B € B such that o = 3 we have n, = ng,
o There are only finitely many o € B such that n, # 0.

In other words, stripes labeled by equivalent elements of the label set B should have
the same amount of rows respectively columns. Moreover, the total number of rows
and columns of the block matrix M; is finite for every i € I.

Example A.1.7. (1) A representation of B s gwen by two matrices A, B €
Mat,, ., (k) with the same number of rows and columns.

(2) A representation of B3 s gen by two matrices with two horizontal stripes and
the same number of rows.

An isomorphism of two representations of the bunch of semichains 8 is given by
certain transformations of matrices:

Definition A.1.8. Let M be a representation of 8. An admissible transformation
of M = (M;);er is a transformation of one of the following three types:

(1) Independent transformations:
Let a € B be such that o % (8 for any B € B with a # .

o Assume that o € € is a column label. Let i € I such that o € €;. In this case,
we may perform any elementary transformation of columns inside the vertical
stripe labeled by o in the matriz M;.

o Ifa € R is a row label, there is an i € I such that o € R;. Similarly, we may
perform any elementary transformation of rows inside the horizontal stripe
with label o in the matriz M,;.

(2) Simultaneous transformations:
Let a, f € B such that o ~ 3 and o # 3.
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o Assume that o € R, for some i € I and B € R, for some j € I. Then we
may perform any elementary transformation of rows in the horizontal stripe
labeled by « in the matriz M, together with the same transformation of rows
in the horizontal stripe with label 8 in the matriz M.

o Similarly, if € €; for somei € I and 8 € €; for some j € I, we may perform
any simultaneous elementary transformation of columns in the vertical stripe
a of the matriz M; and the vertical stripe 3 in the matriz M;.

The next case can only occur if B is not separated.

o Assume that o € R, for some i € I and B € &; for some j € I. Then we
may perform any elementary transformation of rows in the horizontal stripe
with label v in the matrix M; together with the contragredient transformation
of columns in the vertical stripe labeled by 3 in M;.

(3) Transformations between stripes:

o Let a, 8 € B be such that o, 8 € €; for some i € I and o < [ in the partial
order of €;. We may add a scalar multiple of any column of the vertical stripe
with label o to any column of the vertical stripe labeled by B in the matrixz M;.

o Similarly, if a, 8 € R, for somei € I and a < B, we may add a scalar multiple
of any row in the horizontal stripe o to any row in the horizontal stripe 3 of
the matrixz M.

Definition A.1.9. Let M’ = (M});c; and M" = (M;"),c; be two representations of
B.

(1) The representations M' and M" are isomorphic if the representation M" can be
obtained from M' by any composition of admissible transformations.

(2) The direct sum of M’ and M" is defined componentwise by M' & M" := (M] @
1
M; )ier
(3) A representation M is indecomposable if M is not isomorphic to some direct
sum of two non-trivial representations of B.

With these notions we may formulate the classification problem which is the topic
of the present appendix:

Let B be any bunch of semichains.
Classify the indecomposable representations of B up to isomorphism.

The classification problem for a bunch of semichains is an example of a matriz
problem. Indecomposable representations of B will also be called canonical forms.
Let us return to the examples above:

Example A.1.10. Let BY and B? be the bunches of semichains from Ezxample
[A.1.5.

(1) Let (A, B) € Mat,,.,(k)* be a representation of the bunch of chains BY.
Admissible transformations of (A, B) are given by

(A,B)—— (S-A-T',S-B-T),
where S € GL,, (k) and T € GL,,(k). The classification problem of B is the
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FIGURE A.1.2. Matrix problem of the Kronecker quiver

) e o

problem to describe canonical forms for the matrices (A, B) using only admissible
transformations. In this case, this problem is equivalent to the classification
problem of the Kronecker quiver ().

(2) The matriz problem of B s depicted in Figure . In particular, the matriz

FIGURE A.1.3. Matrix problem of the four subspace quiver

GG 5 G

problem of B8P s equivalent to the classification problem of the four subspace
quiver Q5.
Remark A.1.11. (1) By any bunch of semichains B gives rise to a bi-

module category Rep(B). The objects of Rep(B) are given by representations
of B as defined above.

(2) It is well-known that the category Rep(B) is an additive k-linear category with
the Krull-Remak-Schmidt property.

Example A.1.12. In each of the examples above there is an equivalences of cate-
gories Rep(%(i)) —— Rep(Q;), where i =1 or 2.

A.2 Strings and bands

Let B be any bunch of semichains. Our goal is to construct the indecomposable
objects in Rep(B). In the next step, we describe the invariants that parametrize the
canonical forms of 8. These are divided into strings and bands. Strings are given
by certain discrete parameters, while the definition of bands involves a continuous
parameter from the base field k.

We will distinguish between the case that 8 is a bunch of chains and the case that
B is a proper bunch of semichains. The first case already shows what is going on,
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while the latter case is more technical. The definitions and examples which are
relevant only for proper bunches of semichains are marked by the symbol x.

A.2.1 The alphabet of a bunch of semichains

Definition* A.2.1. Let & be a semichain. Then & = |,

I C Z, and some one-point or two-point links &,. We define the associated chain &
by setting

S, for some index set

- < [& we—{a}
s-||s, here S, =
Us.  uhere & {{ai} 16, ={af.a; }

Moreover, for any i,j € I such thati < j and any o; € S; and any o; € S; we set
a; < Q.

el

In other words, to define & we replace any two incomparable elements in S by one
new element with the same relations. The new elements in & will be called special.

Definition A.2.2. Let B = ((€)ics, (Ri)icr, =) be any bunch of semichains. We
define the alphabet Ay = ((€,)icr, (Ri)icr, ~, —) associated to B as follows:
(1) o If B is a bunch of chains, we set R; = R; and €; = &; for any i € I.

« If B is a proper bunch of semichains, the set of column letters €, is given by
the associated chain of €; for each v € I . Similarly, for any ¢ € I the set of
row letters SR; is the associated chain of *R;.

(2) We define the set of letters g by setting
EIUEH gzugw and QI%ZEU%

el i€l

(3) we introduce two new symmetric relations ~ and — on Ag. For any o, f € Ay
we set

o o — [ if there is some i € I such that either o € ¢, and f € R, or a € N,
and B € €.

ea~pf if ax~f inB and o #B;

in this case, the letter o as well as the letter 5 will be called tied.
The next definition is only relevant for proper bunches of semichains. We set
x a~a if a €Uy is special.

At last, a letter a € Agy will be called free if o is neither tied nor special.
Example A.2.3. The alphabets of the bunches of semichains BWY gnd B from
Example are given as follows:

(1) ng) = ( (€1, &), (R, Ry), ~, —), where the sets of letters are given by one-point
sets

61:{@}» E2:‘{4"2}, ﬁ1:{91} and ﬁ2:{92}> (A.2.1)
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with relations (; ~ (o and oy ~ 0y , (i — 01 and (, — 0o. All letters of ng) are
tied.

(2) ng) = ( (€1, &), (R, Ry), ~, —) with the same sets of letters as in (A.2.1]) but
the relations are given by (; ~ ¢, (o~ Cy and 0, ~ 09, ¢ — 01 and (3 — 0.
In particular, the letters ¢, and (y are special, while o, and oy are tied.

A.2.2 Strings
Definition A.2.4. Let B be any bunch of semichains and Ay be its alphabet.
(1) A finite word w of Ag with length k € N* is given by a sequence

W = QP10 P2030300404 ..  Op_1Pp_ 10

of letters a; € Ay, where 1 < j < k, and relations p; € { ~, — }, where
1 < j <k, subject to the following conditions:

The relation apja;q holds in Ry for any 1 < j <k,

The relations alternate, that is, p; # p;_y for any 1 < j <k,

If the first letter a is tied, then the first relation p, is equal to ~,

Stmilarly, if the last letter «y, is tied, then the last relation py,_q is ~.

(2) For a finite word w as above the reversed word w"™’ is given by

re

W' = P Qg - QP10
Example A.2.5. (1) A finite word of ng) is given by
W=0;1~0—C~C—01~0—C~C =01~ 0

(2) A finite word of Q[g) is given by
W=01~0—C~C—0~01—C~C—01~0

Definition A.2.6. Let ‘B be a bunch of chains.

(1) A usual string of B is given by any finite word w.

(2) Two usual strings v and w are equivalent if either v =w or v =w"".

Example A.2.7. There are four series of usual strings of the bunch of chains B
up to equivalence:

GG —(o1~o—G~G—) "0 ~ 0
G~ G (mo2~ 01— G~ () ;.92 01 (n € N)
(01~ 02— C~G—)"01~ 0
GG (-o~o—G~G@)"
We will translate these strings into representations of the Kronecker quiver in the

next subsection.

Definition* A.2.8. Let B be a proper bunch of semichains and Ay be its alphabet.
Let w be a finite word of Aoy with length k.
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(1) The word w is symmetric if w = w"™".
Equivalently, there is some proper subword v of w such that

W=~ "~~~ v~

(2) The word w is quasi-symmetric if there is some proper subword v of w such that

Ww=v~0 "~~~ v~V ~v

(3) The left end oy of w is a special end if ay is a special letter and p; is —.

(4) Similarly, the right end oy, of w is a special end if o, is special and pj,_; is —.
Definition* A.2.9. Let B be a proper bunch of semichains.

(1) (a) A finite word w is usual if w is not symmetric and has no special ends.

(b) A usual string is given by any usual word w.

(¢) Two usual strings v and w are equivalent if either v =w or v =w"".

(2) (a) A finite word w is special if w has exactly one special end;
(if w has length one, the only letter of w counts as only one end).

(b) A special string (w, ) is given by a special word w and one sign e € {+, —}.
(¢) Two special strings (v,0) and (w,e) are equivalent if (v,d) = (w,e) or

(v,0) = (W, e).

(8) (a) A finite word w is bispecial if w has two special ends and is neither sym-
metric nor quasi-symmetric.

(b) A bispecial string (w, m, ey, €5) is given by a bispecial word, a “multiplicity”
m € N and two signs €,,e9 € {+,—}.
(c) Two bispecial strings (v,n,d;,d,) and (w,m,e,, &) are equivalent
Zf (UJ n, 517 52) = (w7 m,éeq, 62) or (Ua n, 517 52) = (wrev7 m, &y, 81)'
A string of B is given by any usual, special or bispecial string. By a string word

we will mean any usual, special or bispecial word. A string of one of the three types
cannot be equivalent to any string of another of the three types.

Example A.2.10. Let us consider some strings of the bunch of semichains B3,

(1) The finite word w = 0y ~ 03 — (o ~ G — 02 ~ 01 — (G ~ ( — 01 ~ 0, from
Ezample is a usual string of B,

(2) The finite word w = (; — 01 ~ 09 — (o ~ (o — 09 ~ 01 — (1 ~ (; is special. In
particular, (w,—) is a special string of B,

(3) The finite word w = ; — 01 ~ 0y — (s is bispecial.

In fact, any bispecial string of B s equivalent to the bispecial string 1 =
(w,m, e1,&5) for the bispecial word w above, some m € Nt and e,,e5 € {+, —}.
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A.2.3 Bands
Definition A.2.11. Let B be a bunch of semichains.
(1) A cyclic word w is given by a sequence
W= ~Qy— Qg ~ 0y — ... Qgp_1~ Qogp— (A.2.2)

of an even number of letters a; € ™Ug, where 1 < j < 2k, subject to the following
conditions:

® iy ~ Qy; holds in Ry for any 1 < j <k,
® qy; — Qiyiq, where 1 < j <k, and also ag, — oy hold in RAsy.

In the following, let w be a cyclic word of length 2k as above. For any 1 < j < 2k
and any i € Z we set o = o and p;iop; = pj, that is, we consider the indices
i w modulo the length 2k.

(2) Let 0 < j < 2k be even. The j-th rotation w9 of wis defined as
wh = Qjpr ™~ Qjpg = Qjyg ~ Qg — oo Qo ™~ Qjgop — .

(8) The cyclic word w is periodic if w = w!! for some non-trivial even index 2 <
J < 2k.
Equivalently, there is some proper subword v of w such that w = vv ... v.

(4) The reversed word w"™" of w is defined as

WY = Qg ~ Qg — .. Oy~ Qg — g~y — .

Example A.2.12. Let us consider some cyclic words of the alphabet Qig).

(1) Let w = 0y ~ 01 — (1 ~ (o—. Obuviously, w is a non-periodic word of ng).

(2) Another cyclic word of Q[%) is given by
w=C~G=0~01—C~G— 0~ 01—

[4]

Since w™ = w, this word is periodic. Actually, any cyclic word of mg) with
length bigger than four is periodic.

Definition A.2.13. Let w be a cyclic of word of B with length 2k :
W= O ~ Qg — Qg ~ Oy — e Qgp_1 ™~ Qg —
Let us fix some even index 2 < 7 < 2k.

(1) The subword oy ~ o of w is called parallel if Either a;_y and a; € €,
or a;_y and a; € R.
(2) Let v(j,w) be the number of parallel subwords in w between indices 1 and j :
v(jyw)=#{2<i<j even | a;_; ~ «; is a parallel subword }.
We define a sign parameter €(j,w) = (—1)"0*),

Remark A.2.14. For j = 0 we set v(0,w) := v(2k,w) which is even. Then
£(0,w) = 1.

Example A.2.15. Let w be the non-periodic word oy ~ 0, — (; ~ (3— of Q[g).
Then v(2,w) =1 and £(2,w) = —1.
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Definition* A.2.16. Let B be a proper bunch of semichains and w a cyclic word
of Uy with length 2k.

(1) w is symmetric if " = w9 for some, possibly trivial, even index 0 < j < 2k.
(2) We set ¢(w) =1 -c(w), where
Slw) =#{2 <i <2k even | a;_1 # a; and o;_; ~ «; is a parallel subword }
Example* A.2.17. A cyclic word of the alphabet Ql(g) s given by
W=C~C =0 ~0—C~G—0~0—.

Note that w is symmetric, non-periodic and ¢(w) = 1.

Definition A.2.18. Let B be a bunch of semichains and let k be an algebraically
closed field.

(1) A cyclic word w is a band word if w is not periodic.

(2) A band (w,m,\) of B is given by a band word w, a “multiplicity” m € N* and
an “eigenvalue” N € k* subject to the condition:

x If B is a proper bunch of semichains and w is a symmetric word,
then also X # (—1)"®)*1,

(3) Two bands (w,m,\) and (v,n,pn) are equivalent if m = n, the band words w
and v have the same length 2k and (v,n, u) can be obtained from (w,m,\) by
some sequence of the following operations :

(a) We may replace (w, m,\) by (w"™" m,\)
(b) For any even index 0 < j < 2k We may replace (w, m, \) by (w[j], m, Af(j’w)),

A string of B cannot be equivalent to any band of B.

Example A.2.19. (1) Any band of the bunch of chains B s equivalent to some
band

(w,m, ),  where w= 0y~ 0 —(G~G—, meNY  and M€k’

(2) Any band of B3 s given up to equivalence by (w, m,\), where
W=C~C—01—0—C~G— 0~ 01—, meN" and Xek"\{1}.
Remark A.2.20. Let B be any bunch of semichains and let k be any field. In this

general setup, Definition[A.2.1§ has to be changed as follows:
(1) Instead of (w,m,\), a band is given by (w, m, f), where f € k[z| is any monic
irreducible polynomial such that f(x) # @ and also f(x) # x + (—=1)*™) if w is

symmetric.

(2) In the equivalence conditions for bands we have to replace (w,m,\™") by (w, m, f)

with f(z) = 2987 . f(z7Y) - f0)7

The definitions of strings and bands are motivated by the following theorem:
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Theorem A.2.21 (|[Bon88|). Let B be a bunch of semichains. Then there is a
bijection between the equivalence classes of strings and bands of B and isomorphism
classes of indecomposable objects in Rep(‘B) :

[STRINGS and BANDS of B] +———— ind[Rep(B)]

A.3 Construction of canonical forms

In this section we are going to describe how to construct an indecomposable repre-
sentation from a string or band. First we deal with the case of bunches of chains.
Then we give the general construction for bunches of semichains.

A.3.1 Canonical forms for bunches of chains

Throughout this subsection, let 8 be a bunch of chains and let %l denote its
alphabet.

A.3.1.1 String representations
Let w be some finite word of 2y in the sense of Definition [A.2.4}

W = Q1P1002 - .. Op_1 P10

We are going to define an indecomposable representation M (w), associated to the
usual string w. To define the representation M (w) of *B we have to describe a
collection of block matrices (M;);c; such that the vertical stripes of the block matrix
M; are labeled by the column labels ( € €;, while the horizontal stripes of M, are
labeled by row labels ¢ € R, for each i € I.

or every letter a € et n, denote the total number of times « appears as a
(1) F y lett 2y let n, denote the total b f ti 19)8)
letter in the word w.

(2) For every i € I the horizontal and vertical stripes of the block matrix M; of M
have the following size:

e For each ( € €; the vertical stripe labeled by ¢ of the block matrix M; has
exactly n, columns.

e Similarly, for each p € fR;, the horizontal stripe ¢ of the block matrix M; has
n, TOWSs.

(3) For each letter a; of w, where 1 < j < k, we count its occurrence number, that
is, the number of times «; appears as a letter in the subword a; ... a; of length
J in w.
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(4) Every subword o — 8 of w, where «, € 2y, contributes a non-zero entry in
some block matrix M; of M in the following way:

(a) For any index 1 < j < k such that p; = — we consider the subword a; — ;4
in w. Then either a; — a1 = (—por 9g—( for some p € Rand ¢ € €. In
both cases, there is some index 7 € [ such that ¢ € €; and g € ‘R;.

Next, we consider the matrix M, in the intersection of the horizontal stripe ¢
and the vertical stripe o of the block matrix M,;.

(b) Let p be the occurrence number of the letter o and ¢ be the occurrence
number of ¢. Then the (p, g)-th entry of the matrix M, of the block matrix
M; is set to be 1.

The two steps above are carried out for every subword o — 3 in w.
(5) All remaining entries of the block matrices (M;);c; are set to be zero.

The resulting block matrices (M;),c; constitute the string representation M (w).

Example A.3.1. Let®B = BWY . We construct the representation M (w) of the usual
string

W=0;~0—C~C =05 ~0—C~C — 0~ 09
#1 O H#1 H#1 H#1 H#2 #2 H2 #2 #3 #3

We have written the occurrence number under the respective letter. The algorithm
above yields the following matrices:

G & qr

A1 0 0 110
A= 221 1 0 B= | 0 1
L 0 1 7L 00

A
These canonical forms correspond to the preprojective representation k* — Kk of

the Kronecker quiver.

The next Remark collects some properties of string representations.

Remark A.3.2. Let w = aypiay...peoy be some usual string of the bunch of
chains B. Let M (w) = (M,);c; be the string representation of w.

(1) For every i € I any row or any column of the block matriz M; has at most one
non-zero entry. In other words, the block matrices M; are “sparse”.

(2) the block matrices M; have full row rank for all i € I if and only if the ends of
w satisfy the following two conditions:

(a) Either oy € € is a column letter, or «; € R is a row letter and p; = —.
(b) Either oy, € € is a column letter, or «; € R is a row letter and p,_; = —.

(3) The block matrices M; are invertible for all i € I if and only if p; = — and
Pr—1 = —-
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Remark A.3.3. Let us recall the notion of defect for the Kronecker quiver. Let'V be
a representation of the Kronecker quiver with dimension vector dim(V') = (n;,ny).
The defect of V' is defined by §(V') = 2 (ny — ny). The defect §(V') is related to the
position of V' in the Auslander-Reiten quiver:

0(V) <0 if and only if 'V is preprojective

0(V)=0 if and only if V is reqular

0(V) >0 if and only if 'V is preinjective

We refer to [SS07, Section XI.1| for details on the defect for hereditary algebras.
Example A.3.4. Let BWY be the bunch of chains from Example of the Kro-

necker quiver. The usual strings of DA correspond to the following representations
of the Kronecker quiver:

usual string w M (w) type
Id
n n —> .n
GrG—(or~0—CG~G=)" or~o0 | k i — k™ reqular
A/
(01~ 02— G~ G—)" 01 ~ 0 k — k" | preprojective
J
n n —> .n
G~G—(0o~o—G~G)" 0o~o | k i 1 N regular
A//
G~ G (moe~ 01— G~ () I — k preinjective
where n € Ny

The matrices in the representations M (w) are given as follows:

rol, 00 .. 0 L 01 1 0
J = 0. A=| 1 B'= A= [0 b ] B”={ b O}
. . . : . .o

L 0 1 00 .. 0 0 1 10

Remark A.3.5. There are two series of string representations M such that 6(M) =
0, or, equivalently, (M) = M, where T is the Auslander-Reiten translation of Kro-
necker quiver representations. This means, that the usual strings cannot be charac-
terized in terms of the defect alone.

A.3.1.2 Band representations

In this subsection we assume again that k is an algebraically closed field. Let €2 be
some band of the bunch of chains 8 in the sense of Definition [A.2.1§ In particular,
Q is given by (w, m, \), where

W= 01 ~ 0y —...0,_1 "~ Oy—

is a cyclic and non-periodic word of even length, m € Nt and A € k*.
The band representation M (S2) is constructed as follows:

(1) Representation of the finite subword:
First, we view the subword w = a; ~ ay... ~ ag;, as a finite word of 2y and
construct the representation M (w) as described in Subsection |A.3.1.1]
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(2) Blowing up with multiplicity m:
Next, for every i € I we replace every zero entry in the block matrix M; of M (w)
by a square zero matrix of size m and every identity in M; by an identity matrix
of size m.

(3) Placing the Jordan block with eigenvalue X:
At last, we consider the subword as, — a; in w. There is an index ¢ € [ and
there are ( € €; and p € ‘R, such that
cither  (a) og—m=C—g o (b) om0y =g—C
In both cases we consider the block matrix M, :
(a) In the first case, we replace the zero matrix at the last m columns of the

vertical stripe ¢ and the first m rows of the horizontal stripe o in the block
matrix M; by the Jordan block J,,()\) with size m and eigenvalue \.

(b) Similarly, in the second case, we place J,,,(A) at the last m rows of the
horizontal stripe o and the first m columns of the vertical stripe { in the
block matrix M,.
The block matrices (M;);c; yield the band representation M ().
Remark A.3.6. Let Q be some band of the bunch of chains B and let M(Q2) =
(M;);cr be the band representation of Q). Then for every i € I the following holds:

(1) Any row (or any column) of the block matriz M; has one or two non-zero entries,

(2) The block matriz M; is invertible.

Example A.3.7. The only band representation of the bunch of chains B s given
as follows:

band word w M(w,m,)\) wherem € N" and A € kK" | type
X1
A Id A1
02~ 01 — G o~ C—, | K" k™ where J,, = A reqular
#1 #1  #1 #1 I .. /1\

At last, let us note that the present example together with example yield a
complete description of indecomposable representations of the Kronecker quiver via
bunches of chains.

A.3.1.3 Main Theorem

The construction algorithm of canonical forms described above yields all represen-
tations of any bunch of chains:

Theorem A.3.8. [Bon88, Bon91| Let B be any bunch of chains.

(1) Let M be an indecomposable representation of B. Then there is some usual
string 2 = w or some band Q0 = (w,m,\) of B such that M = M(Q2), where
M () denotes the canonical representation as constructed in Subsection[A.3.1.1]
respectively [A.3.1.9

(2) Two string or bands 2 and Y of B are equivalent if and only if there is an

[

isomorphism M(Q2) = M(Y) of the corresponding string respectively band rep-
resentations.
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A.3.2 Canonical forms for bunches of semichains

Let B be any bunch of semichains. Let €2 be some string or band of 8 and let w
denote the word of (2.

Before we can describe the canonical form M (£2) of *B we need to convert w into a
new word @ in two steps:

7 N

(1) Every special subword a ~ « of w will be decorated an arrow o ~ « or o ~ av.

(2) Every special letter o in w will be supplied by a sign o or o™

The new word w will be the main input for the construction of the canonical form

A.3.2.1 Word with arrows and signs

As above, let w be a string or band word of 2Ay.

Arrows of special subwords

Let k denote the length of w. The arrows of special subwords in w are oriented as
follows:

(1) First, we define the ambient word w of w as follows:

w if w is usual or cyclic,
_ W™ ~w if only the left end of w is special,
w =

w~w™® if only the right end of w is special,

w™ ~w~w" if w is bispecial.

(2) Let 1 < j < k be an index such that o;p;a;,1 = o ~ a for some special letter
a € Ay We view w as a subword of its ambient word w. Let T be the maximal
symmetric subword of w such that p; is the relation in the middle of T. In
particular, T has the form v"p;v for some subword v of w :

W= ... mPjm¥—mi1Pj—m+1 - ¥j-1P;-1Q5 Pj

-~
Tev

~

Qi 1P41%542 - - - Pjtm—1%4m Pj4+mYj4m41 - - -
NS -~ >
v

In the notations above, the subword YT has some even length 2m > 2 and
Oé] - Oéj+1, Oéj_]_ - Oéj_;’_Q, e aj—m+1 - aj_;’_m.
We have to distinguish between two cases, where the first case is rather rare:

(a) Assume that T = w. In this case, it follows that W = w and w must be
a cyclic symmetric word such that o;_; = a;,,., for all i € Ny. In other
words, the relation p; lies at the symmetry axis of the cyclic word w. In
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this case, we set

o~ s,y Lo e
0~y =BGy RS (A3.1)

(b) From now on, we consider the case that T # w, that is, T is a proper
subword of w. In this setup, we are going to define two symbols v, and
v, which will satisfy an order relation v, < =, or 7, > ~,. There are the
following three possibilities:

(i) If the left end a;_,,,1 of T is also the left end of W, we set 7, = oo
and 7, = @4, +1. In particular, this means that v, > ,.

(ii) Similarly, if the right end «;,, of T is the same as the right end of
w, we set v, = a;_,,, and v, = oco. That is, we obtain that v, < ~,.

(iii) At last, if no end of T is an end of w, we set v, = a;_,,, and 7, =
Qjim+1- In this case, it holds that 4, # v, and there is some i € [

such that either 7, and ~, € €;, or 7, and v, € ;. This means that
7; and 7, are comparable. It follows that either 7; <, or 3 > 7, in
the total order of €; respectively *R;.

In all three cases above the orientation of a; ~ a4 is determined as follows:
e Assume that a; € €, then we set

—— o
aj ~ gy if either v, < 7, and 7,7, € RU {0},

L or ;> 7, and 7,7, € €U {oo}; (A.32)
! s aj ~ gy if either v, > ~, and 7,7, € RU {0}, o

or 7 <7y and TV € cu {OO}

o If a; € R, we reverse the orientations in the cases above:

— -
a; ~ gy if either v, < 7, and 7,7, € RU {0},
— or 7, >, and 7,7, € €U {oo};

a; ~ gy if either 4, > =, and 7,7, € R U {0},

or 7, < 7, and 7,7, € €U {oo}.

Step (2) is carried out for every index 1 < j < k such that a; = a; in w.

Example A.3.9. We consider some string and band words of B3,

1) Let w be the only non-periodic word o A2 Since w is symmetric we obtain
Yy % Y

that
@HU:QzN&—m—Ql—Qz— g~ G,
(2) Let w be the usual word from Ezample[A.2.7. Then
{_U):\ ~ 0y — CQ C2—92—91 m—&”@m

"= 00>% G
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(8) Let w =, — 01 ~ 05— (G~ (o — 03 ~ 01 — ( ~ (; be the special word. In this
case W= w"" ~w. The arrows are oriented as follows:

B 01<©
w:C1NC1—---Q2NQ1—§1NC1—Q1NQ2—<2NC2—Q2NQ1—C1NC;
01<©

It follows that %: G — 01~ 02— éz ~Cy— 03~ 01 — 21 ~ (

(4) For the bispecial string Q@ = (w,m,+,—) with w = {; — 0, ~ 05 — (, and any
m € NT it holds that W= (; — 01 ~ 0y — G5 .

Signs of special letters and elementary subwords

Special letters in W are decorated by signs as follows:

. L . + L
(1) Every special subword o ~ « in w is changed into o™ ~ o .

(2) If w has a special end, there are two cases to consider:

e Assume that Q@ = (w, ) is a special string, where w is some special word and
e € {+,—}. In this case, the only special end « of w is changed into o°.

e Assume that Q = (w, m,e,&,) is bispecial string, where w is a bispecial word,
m € N" and ¢,,&6, € {+,—}. Then the left end «; in w is replaced by o
while the right end ay, becomes a;2.

In other words, the signs of special ends in W are determined by the sign data
of the string (2.

The outcome is again denoted by W. Let us note that every special letter a € 2y
has been replaced by some special label o™ or a~ € B.

At last, we will need the following notions for the construction algorithm of string
and band representations.

Definition A.3.10. Let W be the decorated word of some string or band Q). A

subword v of w is elementary if v is given by one of the following four subwords of
w:

—_ — Y

a—p, a”~a = f, a—p"~p" or a’~at =T~

where o, 8 denote arbitrary labels of B, while at, o™, 57, 3~ denote special labels of
B.

A.3.2.2 Usual, special and bispecial strings with trivial multiplicity

Let Q = w be a usual string, Q2 = (w, ) a special string or let Q = (w, m, e, &,) be
a bispecial string of 8 with trivial multiplicity m = 1. Let  be the decorated word
as constructed in the previous subsection.
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The construction of the string representation M (£2) = (M;);c; is described below.
We note that all steps except the fourth step are the exactly same as for string
representations of bunches of chains.

1) For every letter a € 2y let n., denote the total number of times « appears as a
( y » a pp
letter in the word w.

(2) For every i € I the horizontal and vertical stripes of the block matrix M; of M
have the following size:

e For each ( € €, the vertical stripe labeled by ¢ of the block matrix M; has
exactly n, columns.

e Similarly, for each ¢ € fR;, the horizontal stripe o of the block matrix M, has
n, TOWS.

(3) For each letter a; of w, where 1 < j < k, we count its occurrence number, that
is, the number of times «; appears as a letter in the subword a; ... a; of length
j in w.

(4) Every elementary subword of w contributes a non-zero entry in some block
matrix M; of M in the following way:

(a) Let v = a;...a;4; be any elementary subword of w. In particular, the
subword v has one of the four types

ey
Oéj—aj+1, O{j"\-’a]’+1_o{j+2,
L ¢

Oéj—Oéj+1NOéj+2 or O{jNOéj+1—O{j+2NOéj+3.

In any case, we have that a; — ;4 in %g. This implies that there is an
index 7 € I and there are labels ¢ € €;, o € R, such that either a; = ¢ and
Qjp = 0, 0r a; = g and oy = C.
Next, we consider the matrix M, in the intersection of the horizontal stripe ¢
and the vertical stripe o of the block matrix M,.

(b) Let p be the occurrence number of ¢ and ¢ be the occurrence number of (.
Then the (p, ¢)-th entry of the matrix M, of the block matrix M; is set to
be 1.

The two steps above are carried out for every elementary subword in w.
(5) All remaining entries of the block matrices (M;);c; are set to be zero.

This yields the string representation M(€2) of B.

Example A.3.11. Let B be the bunch of semichains of the four subspace quiver.
We consider the strings from Ezample [A.2.10.

(1) In the first case of a usual string we have

o I —
W= 01~ 0y —C~C —0~0 —C ~C — 0~ 0y
#1 #1 #1 #H1 #2 #2 #1 #1 #3  #3
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Then M(w) is given by

&« G G
o'l 0 0 gt 1 0
A= g2 1 | 1 B=o]1 | 1 T { } K
- 01 — 02 - N 4
210 |1 210 | 0 K’

M (w) corresponds to the preprojective representation V = T_lPO of the four
subspace quiver.

(2)
<~ _ _
w:CfL—Q1N02—C2+NC2—QzNQl—CfNCﬁ
#1 #1 #1 #1 #1 #2 #2 #2 #1

Then M(Q) is given by

G & o & G
7110 0 A1 1 k* k k k
A=" B = V=
9?2[0 L gf[o 1 ~NLET

(3) Let Q = (w,1,+,—) be the bispecial string with the word W= G —o1~o0,—0C.
Then M (QY) yields the following representation of the four subspace quiver:

G o3
0 k

1=a[1] mea[1] =R 0

The construction described above will also serve as first step in the construction of
band representations as well as bispecial string representations of higher multiplicity
of B. We will describe some properties of string representations in Subsection [A.3.3]
below.

A.3.2.3 Bands

Let k be an algebraically closed field and let 2 be some band of the bunch of
semichains 9B. Then () is given by (w, m, \), where

W= 01 ~ 0Oy —...0_1 "~ Oy—

is a band word of even length, m € N* and A € k* such that X # (—1)*™)"" if w is
symmetric.

Let © be the decorated word of w. Next, we describe the construction of the band
representation M (Q) = (M;);e;-

(1) Representation of the cyclic word w:
First, we construct the representation M (w) of the cyclic word w as if w was
a usual string by the rules of Subsection [A.:3.2.2l Note that we consider the
indices in the word w modulo its length 2k.
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(2) Blowing up with multiplicity m:
Next, for every i € I we replace every zero entry in the block matrix M; of M (w)
by a square zero matrix of size m and every identity in M; by an identity matrix
of size m.

(3) Placement of the Jordan block with eigenvalue \:

We reconsider the mazimal elementary subword v in w containing the last rela-

tion py, = —. In particular, v is given by one of the following four words:

—> <—
Qo — Qp,  Qgp_q ~ Qg — (¥, Qg — Qp ~ Qg O Qigp._q ~ Qg — Q] ™~ (g,

Let a; denote the left end, and a;,; the right end of v, where | = 1,2 or 3.
There is an index ¢ € I and there are ( € €, and p € R, such that

either (a) aj—ajy=C—0 or (b) o —a;=0-C.

In both cases we consider the block matrix M, :

(a) In the first case, we replace the identity matrix at the last m columns of

the vertical stripe ( and the first m rows of the horizontal stripe o in the
block matrix M; by the Jordan block J,,(\) with size m and eigenvalue A.

(b) Similarly, in the second case, we place J,,(A) at the last m rows of the
horizontal stripe ¢ and the first m columns of the vertical stripe { in the
block matrix M,.

The block matrices (M;);c; yield the band representation M(€2).

Example A.3.12. Any band of’B(z) is given up to equivalence by Let QQ = (w,m, \),

where

o T Er—— " i \el

W=( ~C —0—0—C ~C — 0y~ 01—, m €N an e k"\{1}.
#1 #1 #1 A1 #1 H#1 A2 #2

Then M () is given by two matrices

¢ < & ey
. o1 0 Id,, B o | 1d,, Id,,
01 Idm ']m()\) Q2 0 Idm

which can be viewed as a representation of the four subspace quiver:

k™ lkmA 5 k™ k™
.

Remark A.3.13. There is one exceptional case in the construction of symmet-
ric bands. Let Q = (w,m,\) be some band of B such that the band word w

1s symmetric. Let W be the word with oriented arrows of w. Then Q is equiv-

alent to ' = (W™, m,)\). However, in the construction of the canonical form
rev
M(Q') the word W with arrows has to be redefined. The arrows of the decorated
—rev

word w  are giwen by reversing all arrows of w. This convention ensures that
M(w,m, \) = M(w",m, \) for symmetric bands.
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Remark A.3.14. Let k be an arbitrary field and Q = (w, f™) be some band of B.

(1) In this setup, the band representation M () is constructed in the same way as
describe above but instead of the Jordan block J,,(\) we use the Frobenius block
with characteristic polynomial f™ in the last step.

(2) Let M(S2) = (M;);cr be the corresponding band representation. Then for every
1 € I the following holds:

(a) The block matriz M; of the band representation M(Q2) is invertible.
In other terms, M(S2) € Rep (B).

(b) Any row (or any column) of the block matriz M; has from one to five non-
zero entries.

(3) Any band of B is equivalent to some band Q2 = (w, f™) such that the mazimal
elementary subword v in the last step of the algorithm is given by a subword of
length two. In this case, the block matrices of the band representation M (2)
have even at most four non-zero entries in any row or any column.

A.3.2.4 Bispecial strings of higher multiplicity
Let Q = (w,m,e;,€5) be a bispecial string, where
w:Oél—OfQNag—a4N...Oék 1—O{k

is a bispecial word of g, the multiplicity m € N is arbitrary and €,,&, € {+, —}.
As usual, let @ denote the word with arrows and signs as defined in Subsection

A321

To define bispecial string representations we need the following notation:

e Let £, and g, denote the opposite signs of ¢, respectively e,.

e Let §;; denote the square matrix of size m with 1 at entry (4, j) and zero elsewhere.

e Let A,, and B,,, denote the following square matrices of size m :
5] '

1
A, =1d, + Z 0241 = Y

i=1

5] o
B, =1 19 = 1
% ‘ m dm_‘_Zl(SQz—l,Qz 1(1)

(A.34)

For bispecial words w of length k& = 2, we refer to Remark for the construction
of M(Q). If the word w has length k > 4, the bispecial string representation M ((2)
is constructed as follows:

(1) String representation with trivial multiplicity:
We construct the string representation M (€2) as for bispecial strings of multi-

plicity one following Subsection

(2) Blowing up by multiplicity m :
Similarly to the case of bands, we replace identity entries in all block matrices of
M () by identity matrices of size m and all zero entries by square zero matrices
of size m.
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(3) Twisting the beginning :
We reconsider the first elementary subword «; — a5 in Z)}, where oy € B is a

special end. Then there is some index ¢ € I, some labels ( € €, and p € R, such
that

(a) Either oy —ap =( —p
(b) Oray —a; =0—(.

In both cases, there is an identity matrix Id,,, at the first m rows of the horizontal
stripe ¢ and the first m columns of the vertical stripe { in the block matrix M;.
This identity matrix is replaced by the square matrix A,, from (A.3.4]).

(a) In the first case, the column label ( is special and is actually decorated by
the first sign: ¢ = ¢°'. In this case, every even-numbered column in the
first m columns of the vertical stripe (°! in the block matrix M, is relabeled

by Cgl.

(b) In the second case, the row label ¢ = ¢! is special and decorated by the
first sign ;. Similarly to the case above, every even-numbered row in the
first m rows of the horizontal stripe ¢! in the block matrix M; is relabeled
by o°'.

For the sake of completeness let us list the relabeled matrices A,,, for both cases:

case (a): case (b):
S S ¢ ¢ ¢ ¢ <
of 10 | sl 10 |
0 1 1 o1 1
A = 0 1 0 A = gil 1 0
0 1 o1 1
0 1 o°! 1

(4) Twisting the end:
We reconsider the last subword «;_; — a4 in w. Similarly to the previous step,
there are some index ¢ € [ and labels ( € R; and ¢ € €, such that

(a) either a1 —ay, =0 —C(,
(b) or a1 —ay =( — .

In both cases, we replace the identity matrix at the last m rows of the horizontal
stripe ¢ and the last m columns of the vertical stripe ¢ in the block matrix M,;.
by the second square matrix B,,, from (A.3.4]).

(a) In the first case, ( = (™ is actually decorated by the second sign €,. In
this case, every even-numbered column of the last m columns in the vertical
stripe (2 of the block matrix M; is relabeled by (2.
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(b) Similarly, if w has right end ¢ = 02, we relabel every even-numbered TOW
in the last m rows of horizontal stripe p°* of the block matrix M, by o0°2.

The relabeled matrices B,, have the following form in the two cases:

case (a): case (b):
¢z (2 ¢ ¢ ¢ ¢
of 1 1 o2 1 |
Y 1 0 02
B, — ° ! B~ !
0 1 0 02 1 0
) 02

The outcome is the bispecial string representation M (€2).

Example A.3.15. Let Q = (w,5,+,—) be the bispecial string with the word W=
(=01~ 0y —C . Then M(Q) is given by the following partitioned matrices A and
B

a & G a o« & G G G G
(1 0 0 | 0 0] 1 0| 1 0 0]
0O 1 0 1 0 1 0 0O 0 O
A= 0O 1 O 0 O B = 0 1 0O 1 0
0 0 1 0 1 0 1 0O 0 0
L0 0 1|0 0] 0 0| 0 0 1|

These matrices give rise to the following quiver representation:

k? K3

kK K
A_ B

The representation M () of DA 1% corresponds to a representation V' in a homoge-
neous tube of rank two of the four subspace quiver Q5.

Remark A.3.16. Let Q be a bispecial string (w,m, e, &,), where w = a; — ay 18
the shortest possible bispecial word, m € NT, and €,,e4 € {+,—}. Then either
oy —ay =0—C( or ¢ — o for some index it € I, labels ( € €; and p € R;. In both
cases, the bispecial string representation M () has only one only non-empty block
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matriz M;, which is given by the following square matrix:

¢ttt

m—1
C,=1d,,+ Z Oii1 = .
i=1 e

A.3.3 Main theorem and properties of canonical forms

As above, let B be any bunch of semichains.
Theorem A.3.17. |[Bon88|, Bon91| Let B be any bunch of semichains.

(1) Let M be an indecomposable representation of B. Then there is some usual
string 0 = w, some special string Q = (w,e), some bispecial string 2 =
(w,m,eq,e5) or some band Q = (w,m, \) of B such that M = M(QQ), where
M (§2) denotes the canonical representation as constructed in Subsection[A.3.2.5,
respectively [A.3.2.]).

(2) Two string or bands 2 and Y of B are equivalent if and only if there is an
isomorphism M(Q) = M(Y) of the corresponding string respectively band rep-
resentations.

Remark A.3.18. Let V' be a representation of the four subspace quiver Q(Q) with

dimension vector dim(V') = (ng,ny,ny,n3,ny) where ny is the dimension of the

vector space at the only sink. The defect of V' is defined by 6(V) = ny; —ny — ng —
ny — 2ngy. The defect 6(V') tells us the position of V' in the Auslander-Reiten quiver:

(V) <0 if and only if 'V is preprojective

d(V)=0 if and only if V is regular

0(V) >0 if and only if 'V is preinjective
More details on the defect in the representation of hereditary algebras can be found
in [SSO07, Section XI.1]

Example A.3.19. Let B be the bunch of semichains of the four subspace quiver

Q5. Strings and bands of B correspond to the following indecomposable represen-
tations of Qy:

Q type of quiver representation V(2)

usual string | preprojective or preinjective or T-periodic of rank two

special string | preinjective or preinjective

bispecial string | T-periodic of rank two

band T-invariant
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There is no direct correspondence between the four classes and the homological
classes of quiver representations.

The following remark summarizes the properties of string representations of B :

Remark A.3.20. Let Q = w be usual string, 2 = (w,e) a special string, or ) =
(w,m,e,e5) be a bispecial string of B. Assume that the word in Q is given by
W = Q1P1Qy . .. p_10y. The corresponding string representation M () = (M,;)cr
has the following properties:

(1) the matrix M; has full row rank for every i € I if and only if the ends of w
satisfy the following two conditions:

o Kither oy € €, or ay € R and p; = —.
o Lither oy, € €, or «y, € R and pj,_; = —.
(2) The matriz M; is invertible for every i € I if and only if p; = — and p_, = —.

(3) The block matrices of M () are “sparse” in the sense that for any i € I any row
or any column of the block matriz M; has at most four non-zero entries.

A.4 The involution and the defect of regular strings and bands

Let B be any bunch of semichains. The bunch of semichains B carries a natural in-
volution ¢. This involution can be viewed as a functor on its matrix representations:
Definition A.4.1. Let M be a representation of 8. The representation (M) of B
is defined by interchanging the labels a* and o in all matrices of M for any pair
of special elements of B.

The action of the involution ¢ on strings and bands of B can be described as follows:

Lemma A.4.2. Let Q be any string or band of B and let M () be its canonical
form in Rep(B). In the following, for any sign ¢ = + we denote by € = F the
opposite sign. Let () be defined by changing the sign data of € :

usual string | special string | bispecial string band
Q w (wvil> (w’maflaiZ) (wama )‘) (A41)
J(Q) w (w7€1> (wama 81752) (’U},m, )‘)

( where e1,e9€{+,—}, meNT and Aek™\A )

Let M (o (2)) be the canonical form of the string respectively band o(£2).
Then o(M(2)) = M(o(9)).

PROOF. Let w be the string respectively band word of w.

We note that the representation o (M (£2)) is given by interchanging labels o and
o~ in all matrices of the canonical form M (2) for any pair of special labels of B.
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The main observation is that o(M(£2)) is the same as the canonical representation
of 2 except that we interchange all signs in the string or band word w.

Equivalently, we may construct the representation from the reversed word w™" and
orev

take opposite signs of the ends in w

In particular, o(M(£2)) is equal to the string or band representations in the second
row :

usual string | special string | bispecial string band
Q w (w,e) (w,m,eq,&9) (w,m, \)
a(M(Q)) M (w™) (W™, %) M(w™,m,gy,8,) | M(w™,m,\)
M(o(Q2)) M (w) (w,g) M(w,m,,,&,) M (w,m, \)

By the definition of the equivalence relation of strings and non-symmetric bands the
representations of the second row are isomorphic to the representations of the third
row. This implies the statement. [l

By the Lemma above, the involution o preserves any any usual string or band of B,
but no special or bispecial string.

Beside the involution, there is the following natural invariant of representations of

B :

Definition A.4.3. (1) Let M be a representation of B. The defect §(M) is given
by the sum of the total number of columns of all vertical stripes indexed by free
column labels and the total number of rows of all horizontal stripes indexed by
free row labels.

(2) Let Q be a string or band of B. The defect §(Q2) is given by the number of free
ends of w.

Lemma A.4.4. Let Q be a string or band of B. Let M() be its corresponding
canonical form in Rep (X). Then 6(€2) = 6(M(2)).

PROOF. Let w denote the word of the string respectively band 2. Any subword
a ~ [ of w is given either by tied letters (if aw # () or special letters (if « = f3). In
particular, any free letter of w must be a free end of w. This implies the claim. [

At last, we consider the following type of matrix representations:

Definition A.4.5. (1) A representation M = (M;);c; of B is regular if the matriz
M; s invertible for any i € 1.

(2) A string or band 2 of B will be called regular if its canonical form M () is a
reqular representation.

In the following let Rep*(%) denote the full subcategory of Rep(*B).

By Remark any band of B is regular.
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Lemma A.4.6. Let ) be a regular string or band of 6. Then the following holds:
=2 < Q2 is a usual string
=1 < Q2 is a special string
(=0 <& Q is a bispecial string or a band

PROOF. e If () is a band, then 6(£2) = 0, since the word w has no ends.

e Otherwise, let w = a;p; ... pp_1y be the string word in Q. Since M () is regular
the relations p; and p,_; are given by — and it holds that £ > 2 by Remark
[A.3.20] This means that any end of w is free or special. It follows that

2 — 0(£2) = number of special ends of w

These considerations imply the claim. 0

Finally, we obtain the following intrinsic characterization of the four classes of string
and band representations in Rep (B) :

Proposition A.4.7. Let B be any bunch of semichains, ) be a reqular string of

band of B and M = M(Q) be the canonical form in Rep (B) constructed from Q.
Then the following statements hold:

(1) Q is a usual string w S O(M)>0ando(M) =2 M < §(M) =2
(2) Q is a special string (w,e;) S IM)>0ando(M)ZE M < 6(M)=1
(3) Q is a bispecial string (w,m,eq,e5) < (M) =0 and o(M) 2 M
(4) Q is a band (w, m, \) & 0(M)=0ando(M) =M

where e1,e5€{+,~} and Aek\A
PRrROOF. This follows from Lemmas [A.4.6l and [A.4.2 O

This characterization shows that the category Rep*(’B) has better functorial prop-
erties than the category Rep(‘B).



APPENDIX B

Semiperfect rings and derived categories

This appendix contains technical preliminaries for Part [2] of this thesis. Throughout
this appendix all rings will be Noetherian and all modules finitely generated.

B.1 Semiperfect rings and orders
B.1.1 Projective covers and characterizations of semiperfect rings

Definition B.1.1. Let M be any A-module and P be a projective module. An
eptmorphism w: P —» M s a projective cover of M if kerm C rad P.

In some literature projective covers are defined via superfluous submodules:

Definition B.1.2. Let K C P be A-modules. The submodule K is superfluous in
P if and only if for any submodule U of P the equality K + U = P implies that
U=P.

Lemma B.1.3. Let w: P—>» M, where P € A -proj and M € A -mod. Then
kerm C rad P if and only if ker 7 is superfluous in P.

Projective covers are “minimal” epimorphisms in the following sense:
Lemma B.1.4. Consider the following diagram:
P where P’ and P are projective A-modules, M is any A-module,
«~ T is a projective cover and T is an epimorphism.
P M Then P = P'@® P" for some P" € A -proj such that P" C kerm.

Definition B.1.5. A ring A is semi—perfect if any A-module has a projective cover.

Theorem B.1.6. A ring A is semi—perfect if and only if there are pairwise orthog-
onal idempotents eq, ..., e, € A such that

Zei =1,, and e; Ne; is a local ring for any i € {1,...,n}.

i=1

Let A be semi-perfect. Then the following statements hold:

(1) Any indecomposable projective A-module is isomorphic to P, = ANe; for some
idempotent e; in the decomposition of 1,.
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(2) There is a bijection between isomorphism classes of indecomposable projective A-
modules and isomorphism classes of simple A-modules. This bijection is given
by sending an indecomposable projective A-module P to top P.

(3) The category A -mod has the Krull-Remak-Schmidt property, that is, every A-
module has a direct sum decomposition into indecomposable A-modules, which is
unique up to permutation and isomorphism of summands.

B.1.2 Completed path algebras of quivers

Let us introduce some notation for this subsection:

e Let (@, I) be any finite quiver (possibly with oriented cycles).

e Let A =KkQ/I denote its path algebra, and let a be the arrow ideal in A.

e Let A be the completion of the path algebra A with respect to the ideal a.

Definition B.1.7. (1) A finite—dimensional representation V' of (Q, I) is nilpotent
if all cyclic paths in kQ/I act as nilpotent operators on V.

(2) A finite-dimensional A-module N is nilpotent if there is an n € N* such that
a" N =0.

Let us note that we assume any nilpotent representation to be finite-dimensional.

Let nil.rep(Q, I) denote the category of nilpotent representations of the quiver
(Q,I). Let A-fd. mod be the category of finite-dimensional A-modules.

Proposition B.1.8. In the notations above, the following statements are true:
(1) The completed path algebra A is semi-perfect.

(2) There is an equivalences of categories:
A -fd. mod —=— nil. rep(Q, I). (B.1.1)

Remark B.1.9. If (Q,I) has no oriented cycles, then A = A and the above Propo-
sition states the well-known equivalence of categories A -mod —— Rep(Q, 1) .

B.1.3 Standard duality for infinite-dimensional algebras

Let A be any (possibly infinite-dimensional) associative k-algebra. In this subsection
we consider the standard duality

D = Homy(_, k) : A -fd. mod —— A% -fd. mod , D* ~1d.

The following Lemma is well-known in the context of finite-dimensional algebras:
Lemma B.1.10. Let M € A -fd. mod. Then for any i € N* it holds that

D(soc’ M) = (DM)/(rad' DM)  and D(M/rad’ M) = soc’ DM.
In particular, the radical and the socle series of M have equal length 11(M).
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Remark B.1.11. Let us note that for any module M € A -fd.mod and any n €
N* .

IH(M)>n < rad"M=0 <= Mec(A/rad"A)-mod
In particular, the Loewy length 11(M) can be seen as “nilpotency degree” of M.

B.1.4 Orders and Cohen-Macaulay modules

Let R be a regular Noetherian ring of Krull dimension d.

Definition B.1.12. Let A be a ring and let C(A) denote its center. The ring A is
an R-order if the following two conditions are satisfied:

(1) There is a ring homomorphism f: R —— A such that f(R) C C(A),

(2) A is a finitely generated and projective as an R-module.

Proposition B.1.13. Let R be a complete local ring and A be an order over R.
Then A is semiperfect.

Proposition B.1.14. [IR08| Proposition 2.1] Let A be any R-order. Then the
following holds:

gldim A = pd(top A) = max{ pd S | S is a simple A-module }.

The following statement is attributed by Goto and Nishida in [GNO02| to Auslander:
Proposition B.1.15. [GN02] Corollary 3.5 (3)| For any V € A -mod it holds that

idV = sup{ Ext} (topA, V) #0 }

JENy

Remark B.1.16. Any R-order A has no finitely generated injective A-modules.

B.1.5 Matlis duality

Let R = k[xy, ..., z4] be the ring of formal power series of Krull dimension d. Let A
be an R-order and w = Homg (A, R) its canonical bimodule. Any Hom-functor on
a derived category will be actually a right-derived Hom-functor in this subsection.

Proposition B.1.17. [00i76l, Proposition 1.1| Let A be an R-order. Then there
18 an isomorphism of the standard duality D to the Matlis duality

D := Homg(_,E) 2 Homy( k) : R -fd. mod —~— R -fd. mod

where E = E(k) is the injective hull of the residue field k = R/m.
Remark B.1.18. The isomorphism above extends to an isomorphism of functors
D= Homg( ,E) = Homy( ,k): A -fd. mod —— A® -fd. mod .

Moreover, the Matlis duality is an exact functor satisfying D? >~ 1d.

Next, we consider the derived Matlis duality
D : DP(A - fd. mod) —— DP(A? - fd. mod) .
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Using Lemma we may view Matlis duality as a functor on derived categories
with finite-dimensional homology:

D"(A - fd. mod) —2 DP(A” - fd. mod)

2 2

|

|

|
v

D}f)d(A) 2 > D]fod(AOp)

~

On these categories the functor D admits the following description.

Lemma B.1.19. [IRO08| Under the assumptions above, there are isomorphisms of
functors

[—d] oD = RHom,(_,w) (B.1.2)
>~ Homy(_,A) o7 ' : DY(A) —== D (A?) (B.1.3)
PROOF. In the following all isomorphisms will be isomorphisms of functors.
(1) By [IR08|, Lemma 3.6] it holds that
[—d] o D = Homg(_,R) : D’(R - fd. mod) —~ D"(R - fd. mod)

It is noted in the proof of [IR08), Theorem 3.8| that the last isomorphism com-
mutes with the right action of A. That is we obtain

[—d] o D = Homg(_,R) : D”(A - fd. mod) — D"(A? - fd. mod) .
By [FoxT79] there is another way to express the functor Homg( ,R):
Homg(_,R) = Homg (A (}AQ _,R) =2 Hom,(_,Homg(A,R)) = Hom,(_,w)

This yields the first isomorphism in (B.1.2]).

(2) For the second isomorphism, by the proof of [IR08, Proposition 3.5 (2)] it holds
that

Hom,(_,A) 2 Homg( ,R)o7: D7 (A) —— D™ (A) —=— DT (A™).
This implies that
Hom,( ,w) = Homg(_ ,R)
>~ Homy(_,A)o7™': D7 (A) == D (A) —= D (A®)

Restricting this isomorphism to D]fod(A) yields the second isomorphism in (B.1.2)).
O

If the global dimension of A is finite, the above Lemma describes how to compute the
Matlis duality in terms of projective complexes with finite-dimensional homology.
Corollary B.1.20. Let M be a finite-dimensional A-module. Then the standard
dual of M is given by

D(M) = Homy (M, k) = Ext} (M, w)

Let us note that there is an analogous statement in the commutative setup.
Lemma B.1.21. For any M € A -fd. mod it holds that pd M = id D(M).
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Assume that A = A°?. Then D can be viewed as a contravariant endofunctor
D = Homy(_, k%) : A -fd. mod —== A - fd. mod, D*=~1d, D(S)=S.

Corollary B.1.22. Let A =2 A’. Then pd S =1id S for any simple A-module S.

Definition B.1.23. Let A be an R-order and let L € A -mod.
The module L is a maximal Cohen-Macaulay module if and only if L is finitely
generated and projective as an R-module.

In this thesis we call “maximal Cohen-Macaulay modules” just “Cohen-Macaulay
modules”.

Lemma B.1.24. Let R = k[z] and Q(R) = k((z)). Let A be an isolated one-
dimensional R-order, that is, let Q(R) ®@g A be semisimple.

Then a A-module L is Cohen-Macaulay if and only if L is isomorphic to some
submodule of some projective A-module.

B.2 Derived categories of semiperfect rings

Throughout this section, let A be a semiperfect ring of finite global dimension.

B.2.1 Main definitions
By a projective complex P, of A-modules we will mean a chain complex of projective
A-modules

ditq d; di_1
P.: > i+1 >P1, > i71—>“'7 dldl+1:O

The shifted complex P,[1] is given by shifting P, to the left:

—d; —d;_y —d;_o
Pl = ... » P, >PZ-',1 » Py —— ...,

i+1 7 i—1

Let us introduce the following three categories:
e Let DP(A) := D”(A - mod) denote the bounded derived category of A-modules.
e Let K°(A - proj) be the bounded homotopy category of projective complexes.

e Similarly, let Kb(A -mod) be the bounded homotopy category of complexes of A-
modules.

Proposition B.2.1. Since A has finite global dimension and enough projectives,
there are the following equivalences of categories:

K"(A -proj) —— D"(A) +=— K"(A -mod)
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In fact, we will always work with the homotopy category Kb(A - proj) of projective
complexes instead of the derived category Db(A) whenever possible.

Remark B.2.2. Since A is semiperfect, any complex in Db(A) 15 1somorphic to
some minimal complex, that is, a projective complex P, such that for any i € Z it
holds that imd;,, C rad F;.

The following fact is one of our main motivations to study the derived category
DP(A) :
Proposition B.2.3. Since A has finite global dimension, there is a full and faithful
functor

A-mod <B5 DP(A)
M ——  PM .= projective resolution of M
Moreover, for any A-modules M and N and any j € Z it holds that
Ext) (M, N) 2 Homp (P, RY[])  for any j € Z.

The structure of derived categories is quite explicit for rings of global dimension 0
and 1.

Proposition B.2.4. Let A be a semisimple ring. Then there is an equivalence of
categories:

D°(A) —=— HA - proj
i€z
Moreover, any object in Db(A) 18 1isomorphic to a bounded projective complex with

zero differentials.

Theorem B.2.5 (|Dol60|). Let I' be a hereditary ring. Then the indecomposable

objects in Db(F) are given by shifts of projective resolutions of indecomposable I'-
modules:

ind[D"(I)] = [[{ A"[d] | N € ind[l -mod] }

deZ

Next, let us assume that A is a semiperfect k-algebra of finite global dimension.
This assumption ensures that a A-module has finite length if and only if it is finite-
dimensional.

e Let D(A -fd. mod) be the bounded derived category of finite-dimensional A-
modules.

e Let D(A) denote the full subcategory of projective complexes P, in Db(A) such
that the homology H;(P,) is finite-dimensional for any degree i € Z.

Lemma B.2.6. [IR08, Lemma 2.5|, [BK12, Lemma 2.4| For a k-algebra A as
above, there is an equivalence of categories DP(A -fd. mod) —— D (A).

In particular, we may view finite-dimensional A-modules by projective complexes
with finite-dimensional homology:

A -fd. mod —— D"(A -fd. mod) —=— Dg;(A) —= Kg;(A - proj)
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B.2.2 Projective presentations as a subcategory of the derived category

In this subsection, let A be any semiperfect ring. We will view the minimal projective
presentations of A-modules as a subcategory of the derived category D" (A).

For any projective complex P, of the derived category Db(A) let us say that
e P, is a minimal complex if imd; C rad P;,_; for any j € Z.

e P, has length n for some n € NT, if P, is minimal and

d, d,y_ d
P,= ...0 sy P, sy P, —— ... sy P, —— P, > 0...
0 0 40 #0

. . S d
e P, is a minimal presentation if P, = P, —— P, has length at most one,
£0
imd; Crad Py and kerd; C rad P;.

In the following we will call indecomposable minimal presentations just indecompos-
able presentations for brevity. Next, we consider the following two subcategories in
D"(A) :

—
e Let A -proj denote the full subcategory of minimal presentations in Db(A).

— —
e Let A -projg; denote the full subcategory of minimal presentations P, in A -proj
such that the homology Hy(P,) has finite dimension.

—
The categories A -proj and A -mod are related in the following way:

—
Lemma B.2.7. The homology functor Hgy: A -proj —— A -mod s full, dense
and respects isomorphism classes of objects, that is:

P, P if and only if Hy(P,) 2 Hy(P)) for any P,, P, € A —I;;(;]k.

— —
The homology functor restricts to the full subcategory A -projeq of A -proj and the
category A -fd. mod of finite-dimensional A-modules. O

Corollary B.2.8. There is a bijection between isomorphism classes of mdeconﬂs-
able A-modules and isomorphism classes of indecomposable presentations in A -proj :

ind[A -mod] «+= ind[A -Pr—OJ)']

This bijection restricts to isomorphism classes of indecomposable objects of the fol-
lowing subcategories:

. —
ind[A - fd. mod] «*1 ind[A -proj]

Next, we are going to describe the indecomposable presentations in more detail.

Lemma B.2.9. Let P, = (P, —=> P, , — » B,) € D"(A) be an
indecomposable minimal complex of length n for some n > 1. Then kerd,, C rad P,.

PrOOF. We prove that kerd,, C rad P, by contradiction.
Assume that kerd,, ¢ radP,. Let m: P, —— M = P,/kerd, be the canonical
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epimorphism and let 7': P, — M be a projective cover of M. By Lemma [B.1.4
P, = P, @ P for some module P! such that P, C kerm = kerd,,. Since kerd,, ¢
rad P,, it holds that P, # 0. It follows that there are the following isomorphisms of
chain complexes:

P~ @Eaop =% p o p)

~(p P . — P)® P

Since P # 0 and imd], = imd, C rad P,_;, this yields a decomposition of the
complex P, into non-zero objects in the category D (A). This is a contradiction to
the indecomposability of P,. 0

Setting n = 1 in Lemma yields the following statement:

—
Corollary B.2.10. The indecomposable presentations in A -proj are given ezxactly
by the “indecomposable minimal complexes from Db(A) of length at most one™

ind[A —1;(;3’] ={P, ind[D"(A)] with P, = P, S BN Py and imd, C rad Py}
#0

In particular, the indecomposable presentations in A -projsy coincide with “indecom-

posable minimal complexes from Db(A) of length at most one with finite-dimensional
homology at degree zero”.

Remark B.2.11. The category A -pr—oﬁ of minimal presentations can be seen as
an “intermediate step” between A-modules and projective resolutions in the derived
category.

More precisely, there is the following diagram of categories and resolution or homol-
oqy functors:

A -mod < R, Db(A) where R' = RoHj, and Hy = HyoR/.

%
N HO
N H), V// The dashed arrows define maps on
baking min.pres. > k" truncation — ghjects, but are not functorial.
A -proj

B.2.3 Auslander-Reiten translation for one-dimensional orders

Throughout this section, let R = k[[z] denote the local ring of formal power series,
and let A be an R-order of finite global dimension. In this subsection we recall the
Auslander-Reiten formula for the order A.

Let w = Homg (A, R) be the canonical or dualizing bimodule of A.

The bimodule w induces the left-derived tensor product

T=w (%) _:D°(A) —— DP(A).

This functor is called the Auslander-Reiten translation.
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Theorem B.2.12. [vdB04, Lemma 6.4.1|, [IR08, Theorem 3.7| Let A be an R-
order of finite global dimension.

(1) The functor T is an auto-equivalence of D°(A) and preserves the subcategory
Dis(A)-
(2) For any X,Y € DP(A) such that X or'Y € Dgj(A) there is a functorial isomor-
phism
Homyy , (X,Y) 2 DExty (Y, 7(X)),  where D = Homy(_, k).

In different terms, the theorem states that the triangulated category Db(A) has a
relative Serre functor S=71o[l]=w® _[1].
A

Definition B.2.13. Let T be a triangulated category and X,Y,Z € T. A distin-

guished triangle X > Y » 7 —2 = X[1] in T is an Auslander-Reiten triangle
if the following conditions hold:

(1) g #0, and X and Z are indecomposable.

(2) for any indecomposable object W € T and any non-isomorphism f: W —— Z
it holds that ¢g- f = 0.

Theorem has the following important consequence:

Corollary B.2.14. Let X, € D?d(A) be any indecomposable complex with finite-
dimensional homology. Then there is an Auslander-Reiten triangle

7(X) > B > X > T(X)[1].

B.2.4 An invariant of left-perpendicular categories

Let 7 be any triangulated category and S € 7. In this subsection we consider an
invariant which characterizes objects from the left-perpendicular category

TS :={ X eT|Exthr(X,5)=0 foranyiecZ}.
Definition B.2.15. Let S € T. For any X € T and k € Z we set
057 (X) = dimy Extf(X,, S),  and  d5(X) = 85 (X).

kEZ

We recall that a full subcategory in T is triangulated if it is closed under cones and
the shift functor. A triangulated subcategory of T is thick if it also closed under
direct summands.

Let us note some basic properties of the invariant ¢:

Lemma B.2.16. Let S € T and let X,Y,Z € T. Then the following statements
hold:

(1) 6(X) =0 if and only if X €*8S.
(2) 0s(X @Y) = 05(X) + d5(Y).
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(3) Let us assume that there is a distinguished triangle
X > Y 4 > X[1].

In particular, LS is a thick subcategory of T . 0

(4) Let (S) be the smallest thick subcategory in T containing S.
Then there is an equality of categories:

S ={ X eT | Ext‘«(X,Y)=0 foranyicZ and anyY € (S) }
1
="S.

For simple A-modules S the invariant dg is a Betti number in the following sense:

Lemma B.2.17. Let P be an indecomposable projective A-module. Set S = top P.

For any minimal projective complex P, € Db(A) and any k € Z the following holds:
5(Sk)(P.) = number of direct summands of type P in P,.

In particular, 5g(P,) is the total number of direct summands of type P in P,. 0

B.2.5 Representation theory of the two-cycle quiver

In this section we will recall the well-understood representation theory of the fol-
lowing quiver:

B.2.5.1 Abelian category of the two-cycle quiver

Let I" denote the completion of the path algebra ]k@ with respect to the arrow ideal
(b,a). Let R be the local ring of formal power series k[z] and m = (x) its maximal
ideal. The algebra I' is isomorphic to the following subalgebra of Mats,(R):

B, B
R
r_~ m
R R
In the following we set ¢ := ba and f := ab. The indecomposable projective modules
of I and their radicals are given as follows:

- R ~
P,=Te, = <R> = (e, b, f" | neNT) rad P, = (g)

P, =Te, = (m) =(e,ac" " |neN) rad P, = (m) ~p
R m
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Both radicals are maximal submodules and projective. Equivalently, I is a hereditary
Nakayama algebra. The modules of such algebras are well-understood:

Theorem B.2.18 (|[Dro81]). Let H be a hereditary Nakayama algebra (of possibly
infinite dimension). Let M be an indecomposable non-projective H-module.

Then there is some indecomposable projective H-module P and some n € NT such
that

M = P/rad"(P).

In particular, hereditary Nakayama algebras have discrete or countable representa-
tion type.

Corollary B.2.19. Let M be an indecomposable finite-dimensional module over the
completed algebra T of the two-cycle quiver. By the theorem there is some
n € N such that M is isomorphic to one of the following four modules:
module | P,/(¢""'0) P,/(f") P./(ac"™") P./(c")
notation| 2n—1), (2n), (2n-—-1), (2n),

Let us comment on the above notation.
The indecomposable I'-module M denoted by (n); for some n € N and i € {o,*}
is isomorphic to the quotient

(n); = P,/ rad"(F).
Here, the number n is equal to the following parameters:
e the length of M or the dimension of M as k-vector space.

e The Loewy length of M, that is, the smallest number such that that rad" (M) =0
and rad™ ' (M) # 0.

e the nilpotency degree of M; that is, the smallest n € Nt such that ¢* M = 0 and
f"M=0

Let nil. rep(@) denote the finite-dimensional representations of the quiver @ on which
c acts as a nilpotent operator. By Corollary [B.1.8] the category of finite-dimensional
[-modules is equivalent to the category of such representations:

I - fd. mod — nil. repy (Q) . (B.2.1)

To present the indecomposable nilpotent representations of the quiver () we need
some notation.

Let n € N*. Let Id, denote the identity matrix of size n and J,(0) denote the
Jordan block of size n and eigenvalue 0. Furthermore, let G, : k"' — k™ and
H, € k" — k"' be the following matrices:

00 ... 0
1
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Corollary implies the following statement:

Corollary B.2.20. Let V' be an indecomposable nilpotent finite-dimensional repre-
sentation of Q. Then there is an n € N such that V is isomorphic to one of the
following four representations:

(2n o 1)0 (271)0 (2n o 1)* (ZTL)*
H, Id, G, J,
7 TN " TN
Ikn Ikn_ 1 lkn lkn ]kn— 1 ]kn Ikn ]kn
~— — | N ~—
G, J. H, Id,

With the description above it is straightforward to compute the following invariants
of each indecomposable module:

M dim(M) top(M) soc(M) rad(M) M/soc(M) 1(M)

2n),  (n,n) S, S, 2n—-1), (@2n-1), 2n

(2n),  (n,n) S, S, 2n—-1), (2n-1), 2n
(2n+1), (n+1,n) Se Se (2n), (2n), 2n+1
2n+1), (n,n+1) S, S, (2n), (2n), 2n-+1

At last, we will describe the morphism structure in I' - mod. For each indecompos-
able finite-dimensional I'-module M we have the natural morphisms

rad(M) —— M and M —» M/ soc(M)

In fact, the radical embeddings and the socle projections are exactly all irreducible
morphisms in I' -fd. mod. The Auslander-Reiten quiver of I' - fd. mod is given by
one homogeneous tube of rank two:
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The derived category of the two-cycle quiver

Next, we will describe the structure of the bounded derived category D°(I" - mod) of
I'-modules. The category I' - mod can be viewed as a subcategory of Db(F -mod):

I'-mod —— D"(I" -mod)

The functor between these categories maps a I'-module to its projective resolution.

By Theorem of Dold any indecomposable projective complex P, e Db(F -mod)
is isomorphic to some shift of a projective resolution of some indecomposable I'-

module. Using the description of indecomposable I'-modules in we obtain
the following statement:

Corollary B.2.21. Let f’, be an indecomposable projective complex in Db(F -mod).
Then there is some shift d € Z such that P, is isomorphic to some projective reso-
lution of the following list:

notation ﬁ, notation P,
Pld 0—>P, Pld 0——P,
©@n—1),0d P. <% P (@n-1),[d P B,
(2n)Jd] P, L5 P, @)l P =< P,
degree: d+1 d degree: d+1 d

Let us describe the morphisms in D”(I" - mod).

First, there are the morphisms coming from irreducible homomorphisms of modules
over I' at each degree d € Z:

(1),1d] P, —— P,

-b

( ) [d] :P: f2 ﬁ (2)o[d] ﬁo —f> ﬁo
4 o o — 7 1%

o p-t.p O RomR

o * o b

b + ~ g =

(2) [d] ﬁ f ﬁ (4><>[d] P<> B— P<>
S o r L
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There is the dual picture:

(1)Q[d] P —— P,
<4) [d] 115’ o2 ﬁ (2)*[d] ﬁ* —C) ﬁ*
* * * b
b <+ -
oug B, p M BB
o B, p W@ PR
) | |

WL B —s B

(2n —1),[d] 0 y P, 2 P,
b

(2n),[d] 0 y P, -1 P,
P,[d+ 1] 0 > P, > 0
(2n),[d + 1] P, -1 b, y 0
(2n —1),[d + 1] p <% p . 0

Of course, there are the same morphisms with ﬁ* in the middle degree of the diagram,
indicated below:

(2n —1),[d] ——— (2n),[d] ——— P,[d + 1]

Pld+1] —— 2n—1),[d+ 1] —— (2n),[d+ 1]
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At last there are non-bijective endomorphisms of shifted projectives:

P,[d] P,[d] P,[d] P,[d]
lwl wal Lw lgab
P,[d] P,[d] P.[d] P,[d]

Let us remark that any morphism which starts or ends in a shifted projective module
P,[d] or P,[d] is not an irreducible morphism in D®(I" - mod).

Lemma B.2.22. Let ¢ be a morphism of indecomposable projective complezres in
Db(F -mod). Then 1 is a composition of some morphisms from the diagrams above.

Remark B.2.23. Let ¢ : A —== T be an isomorphism of rings. Then 1 gives

rise to an equivalence of categories " : I' -mod —— A -mod as follows. For any
[-module M the module )" (M) has M as underlying set. The ring A acts on the
module " (M) by (a,m) — ¥(a) - m.

B.3 Spherical twist functors

Throughout this section let A be some ring of finite global dimension and 7 = DP(A).

B.3.1 Spherical twists

Let S € T. We will recall some properties of the dual twist functor T associated
to S.

We need to introduce the following notation:
e Let X, Y € T. We denote by Hom%(X,Y) the complex in 7 given by
Hom(X,Y) = @D Extir(X,Y)[~i]
i€z
and zero differentials.
Definition B.3.1. The dual twist functor associated to S is given by

T{(X) := cone( X —— Homyper (Hom% (X, S), 5) ) [—1] forany X € T,
(B.3.1)

where E := End+(S) and ev is the natural evaluation map.

Definition B.3.2. Let S € T and n € Ny. Then S is n-spherical if and only if the
following two conditions hold:

(1) S is n-Calabi-Yaw:  Homy(S,Y) = DHom4(Y, S[n]) for any Y € T.
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k i€ {0,n}

(2) S is n-spherelike:  Homy (S, S[i]) {0 i ¢ {0,n}.

The notion of spherical objects is motivated by the following result:

Proposition B.3.3 (|[STO01, Proposition 2.10]). Let S € T be an n-spherical object
for some n € Ny. Then the dual twist functor T is an autoequivalence of T .

B.3.2 The subcategory generated by a spherical object
In this subsection we will consider the following setup:

o Let T = Db(A -mod) be the bounded derived category of some order A of finite
global dimension.

e Let S be an n-spherical object in 7~ with n € N=2,

e Let (5) denote thick category generated by S, that is, the smallest full subcategory
of T containing S and closed under cones, shifts and direct summands.

The results cited in this subsection describe the thick subcategory (S). These state-
ments are formulated in terms of differential graded algebras. However, the for-
malism of dg-algebras can be treated as a black box and will not be needed in the
sequel.

e We will consider the polynomial ring k[¢] as a dg-algebra with trivial differential
and degt = —n + 1.

e Let D(k[t]) denote the derived category of dg-modules over k|t].

e let Dy (k[t]) be the full subcategory of D(k[t]) of dg-modules with homology of
finite total dimension.

Theorem B.3.4. [KYZ09, Section 2| There is an equivalence of categories:

() —— Dp(k[t])

There is an explicit description of the category on the right:
Theorem B.3.5. |Jor04l Proposition 8.10, Theorem 8.13],

(1) The indecomposable objects of Dy (Kk[t]) are given by k[t]/(t™)[d] for some shift
d €N and m € N

(2) The Auslander-Reiten quiver of Dey(Kk[t]) is given by n — 1 components of type
ZA...
Remark B.3.6. Jorgensen’s result on the Auslander-Reiten components Dgy(k[t])

was actually proven under the assumption that the field k has characteristic zero.
His result was extended to arbitrary fields by Schmidt [Sch10].
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B.3.3 Generalized twist functors

There is another type of autoequivalences on triangulated categories beside spherical
twists. These autoequivalences are twist functors associated to some sequence of
certain special objects. They have been studied under the names tubular mutations
[Mel97|, generalized spherical collections [vR12| and exceptional cycles [BPP13.

We review the definition and main properties of generalized twists following [vR12].

Definition B.3.7. Let S = { S,5,,...5; } be a collection of some objects from
T.

(1) The twist functor Ts: T —— T associated to S is defined as

Ts(X) = cone (@ Hom%(S;, X) @ S;

J=1

X) for any X € T.
(2) The dual twist functor Tg: T —— T associated to S is defined as
|:C0€V1 ]
coev,,

Proposition B.3.8. For any collection S of objects in T the functor Té is left
adjoint to Tg.

éHomﬂ'{(Hom}(X, S;),S;)[-1])  for any X € T.

J=1

Ts(X) = cone (X

Generalized twist functors are interesting for the following type of collections:

Definition B.3.9. Let S = (51,5,,...,54) be a sequence of objects from T for
some d € Nt and let n € Ny. The sequence S is a generalized n-spherical collection
if it satisfies the following two conditions:

(1) S(S;) & Sjialn] for any j € Zy,
(2) for any i,j € Z4 it holds that

k ifq=0andj=1, orq=nandj=1i+1,
0 otherwise.

In the following let us call “generalized spherical collections” just “spherical collec-
tions” for brevity.

Theorem B.3.10. |[vR12| Theorem 3.11] Let S be an n-spherical sequence of ob-

jects in T for some n € Ny. Then the twist functor Tg is an auto-equivalence of T

with quasi-inverse T.

Remark B.3.11. (1) A single object forms a n-spherical collection if and only if it
is n-spherical in the sense of Definition [B.53.2.

(2) Let S = (S1,54,...,54) be a n-spherical collection with d > 2. Then for any
i € Zg the object S; is exceptional and fractionally (dn,d)-Calabi-Yau:

k ¢g=0

d S4S.) = S.[dn).
0 q#0 an (S;) = S;ldn]

Ext7-(5;, S;) = {
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(3) Vice versa, let S € T be exceptional and (dn,d)-Calabi-Yau for some n € Ny
and d > 2. Then the sequence (S,S(S),S*(S),...S"°1(S)) is generalized n-

spherical.

We recall that 7 = D" (A) was the bounded derived category of a some ring A with
finite global dimension. In this context, it is possible to express twist functors as
“standard functors”, that is, as tensor products with bimodules:

Theorem B.3.12. [TR08|, Theorem 6.14| Let A be an order of finite global dimen-
sion and let S be a generalized spherical collection S in D’(A). Then there is an
1somorphism of functors

1%

TY( ) ']I‘Z»(A)@A@_ on D"(A).

This theorem was proven by Iyama and Reiten for spherical twists. Their proof
generalizes directly to the setup above.
We will apply the theorem above frequently in the following special situation:

Corollary B.3.13. For A as above, let S = (5,,5,,...,S) be a generalized n-
spherical sequence of simple A-modules. Let mg denote the canonical projection

d
s N —» @Sj
j=1
considered as a morphism of A-bimodules. Then there is an isomorphism of functors

T4( ) = ker(ms) Q/? ~ on D"(A).

PRrROOF. Under the assumptions above, we need to show that
Ts(A) = ker(s)

coevy
coevy
EE—

where A is considered as a stalk complex in degree zero and E = End,(S) = k“.
Since A is projective it follows that

Homj (A, S;) = Homy (A, S;) =2 S;  forany 1< j<d.
It is straightforward to check that there is an isomorphism of A-bimodules

Homj(S;,5;) = Homy(5;, 5;) = S,

7770 7770

coevy
coevy

Ts(A) = cone( A ———— @Sj)[—l],

We have to compute

@D Homer (Hom} (A, S)), S;)) [~ 1],

j=1

Ts(A) = cone( A

It follows that

where both complexes are stalk complexes of A-bimodules at degree zero. It can be
checked that the map coev; is the natural projection A —» S; for any 1 < j < d,
which implies the claim. 0
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B.3.4 A Lemma on generalized spherical twists

There are many examples of triangulated categories 7 with Auslander-Reiten trans-
lation 7 and objects X € T of higher 7-period:

7™(X) = X for some m € N™ and 7(X) ¥ X
Next, we show that this cannot happen for generalized n-spherical twists with n # 1:
if (T$)™(X) = X for some m € N, then T4(X) = X.
Let & be a collection of objects from 7. Let us recall our notation for the left-
perpendicular category associated to S :
TS ={XeT|ExtH(X,S)=0 forany i€ Z and forall SeS }.

We recall the following basic property of the dual twist functor T4. Let X € 7.

if X €S, then TY(X) = X. (B.3.2)
The converse is true in the following setup:

Lemma B.3.14. Let X € T and let S be a generalized d-spherical sequence of
objects from T for some n € Ny with n # 1. Then the following conditions are
equivalent:

(1) X € *8,
(2) Ts(X) = X,
(3) there is some m € NT such that (T$)™(X) = X,

PROOF. Obviously, (1) = (2) = (3). It remains to show that (3) implies (1):
Let X € T and let S ={ S5},5,,...,5; } be a generalized n-spherical sequence of
objects from 7 with n # 1. Let i € Z and m € N* such that (T$)"™(X) = X. Let
S be the direct sum of all objects in S. We claim that Ext’-(X, S) = 0.
Since T is bounded from the right, there is some [, € Z such that ExtlT(X ,S) =10
for all [ < [,. In the following we choose k € Z to be “small enough”, more precisely,
let k € Z be such that i +km (n — 1) < lj.
Since T is fully faithful and T4(S) = S[n — 1], it follows that

Ext} (X, §) & Exth (T4 (X), (T)*7($)) & Exty (X, Slkm (n — 1))

— Ext; "D (x, §) = 0.

It follows that X € *S. O

Remark B.3.15. For 1-spherical twist functors the converse of (B.3.2)) is not true
i general. Consider the following setup:

o Let T = Db(R), which is 1-Calabi- Yau, that is, S = [1],

o Let S=1X%k. Then S is a 1-spherical object in T such that T§ = 7= Id.

e Now, let X € Db(R) be the stalk complex of any non-zero R-module.

In this case, Tg(X) = 7(X) 2 X but Hom(X,S) = Homg (X, k) #0, so X ¢ =S,



APPENDIX C

General facts in Lie theory

In the present appendix we collect some facts from the representation theory of
semisimple Lie groups and Lie algebras.

C.1 Harish-Chandra’s correspondence

In this section we recall the relationship between admissible representations of Lie
groups and their Harish-Chandra modules.

C.1.1 Generalized Lorentz groups of rank one
In this Appendix we will be concerned with the following setup:

e Let G be a linear semisimple group in the sense of [Kna86|, that is, G is a
closed subgroup of GL(n, R) or GL(n, C), which is stable under complex conjugate
transpose and has finite center.

e Let K be a mazimal compact subgroup of GG. Such a subgroup may be given as
the fixed points of the Cartan involution 6 :

K=G"={geG|09=@G) =g}

The choice of the maximal compact subgroup of GG is not essential, since any two
maximal compact subgroups of G' are conjugate.

e Let gy denote the Lie algebra of G considered as a real Lie algebra. Let g denote
the complexified Lie algebra of g.

Our first goal is to describe Harish-Chandra’s correspondence: a relationship be-
tween certain analytic representations of the Lie group G and certain algebraic
modules associated to the Lie algebra g and the compact group K.

In fact, we shall be concerned mainly with the following classical Lie groups:

Example C.1.1. (1) Our main example will be the simplest non-compact Lie group

b
SL(2,R)={<a d) la,be,d€R: ad—be=1}
C
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(2) We will view the special linear group SL(2,C) as a real Lie group.
(3) any n € N* let SO(n, 1) denote the generalized Lorentz group of rank one:

-1
SO(n,1)={ AcSL(n+1,R) | ADA" =D} whereD:[ 11.' ] (C.1.1)
1

The Lie group SO(n, 1) has two connected components. Its identity component
SO.(n,1) is given as follows:

SO.(n,1) ={ AeSO(n,1) |a;; > 1}

In these cases, the Lie algebra g and a maximal compact subgroup K are given as
follows:

G g K
SL(2,R) s((2,C) SO(2)
SL(2,C) || sl(2,C) & sl(2,C) | SU(2)
SO.(n, 1) so(n+1) SO(n)
SO(n, 1) so(n+1) O(n)

Let us note that we do not assume that the Lie group GG or K is connected. More-
over, Harish-Chandra’s correspondence holds in the more general framework of real
reductive groups, which have a more technical definition.

C.1.2 Admissible Representations of Lie groups

In this section we define the main class of analytic representations of Lie groups we
will be interested in. Then we will consider some of these representations for the
Lie group SL(2,R).

First, we need to define representations of Lie groups in general. Roughly speaking, a
representation of a Lie group GG on a topological space F is given by some continuous
action of G on E. The technical details are given as follows:

Definition C.1.2. As above, let G be a real linear semisimple Lie group.
(1) Let E be a complex topological vector space which is locally convez, complete and

Hausdorff. Let Aut(E) denote the linear homeomorphisms of E. A represen-
tation (m, F) of G is a group homomorphism w: G —— Aut(E) such that the

action G x E —— E given by (g,v) —— m(g) v is continuous.

(2) A representation (w, E) of G is a Hilbert, Banach or Fréchet representation of
G if E is a Hilbert, Banach respectively a Fréchet space.

(3) A Hilbert representation (7, E) is unitary if w(g) - n(g9)" = 7(9)* - 7(g) = Id for
any g € G, where w(g)* denotes the adjoint operator of 7(g).

Morphisms of representations of G are given by continuous linear G-equivariant
maps.
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The topological space for a representation of G will not be essential in the follow-
ing. More importantly, we will distinguish between #rreducible and indecomposable
representations:

Definition C.1.3. Let (7, E) be a representation of G.
(1) A subrepresentation of (w, E') is given by any closed subspace F of E such that

w(g)F C F for any g € G. Note that such a subspace F' yields a representation
(7|p, F) of G.

(2) (m, E) is irreducible if its only subrepresentations are given by the trivial sub-
representations 0 and E.

(3) (m, E) is completely reducible, if E' has a direct sum decomposition into irre-
ducible subrepresentations:
E=PE;

el
If the index set I is infinite, the above direct sum s topological, that is, the
algebraic direct sum @, ; E; is meant to be dense in .
(4) (m, E) is indecomposable if any direct sum decomposition of E is given by the
trivial subrepresentations 0 and E.

Obviously, any irreducible representation is indecomposable.

Remark C.1.4. Any unitary representation is completely reducible. In particular,
any unitary representation is indecomposable if and only if it is irreducible.

Over non-compact Lie groups there can be indecomposable representations which
are neither irreducible nor completely reducible:

Example C.1.5. Let G = SL(2,R). There is a natural action of G on R*\{0} by

matriz multiplication:
a b r\ [ax+by
c d Yy cr+dy

Let e € {0,1} and v € C, and let F = F_(v) be the following function space:

o(—z,—y) = (—1)° p(z,y), and }

F = : RA\{0} —— C smooth
{ P p(La,ty) =t oz, y) for any t € R

There is a representation m : G —— Aut(F) defined by

m(g) - elz,y) =¢( g - (z,)")

The space F' of smooth functions carries a natural Fréchet topology. It can be checked
that 7 defines an indecomposable Fréchet representation of SL(2,R).

Before we define admissible representations, let us first recall the representation
theory of compact Lie groups.

For a compact Lie group K let us introduce the following notation:

e Let K denote the set of isomorphism classes of irreducible representations of K.
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e Let (7, E') be any representation of K and 7 € K be an irreducible representation
of K on some space E_.. Then we define the K-multiplicity of 7 in @ by m,. =
dim¢e Homg (E,, EY). We note that the multiplicity m, may be infinite.

The representation theory of compact Lie groups is well-understood:

Theorem C.1.6 (Peter-Weyl). Let K be a compact Lie group.

(1) Any irreducible representation of K is finite-dimensional and unitarizable.

(2) Any representation (w, E') of K can be decomposed into a (possibly infinite) direct
sum of irreducible subrepresentations:

E = @E;”f

TEI?

In other words, any representation of K is completely reducible.

Let us note that for a representation F of K the multiplicity m, describes “how
often the irreducible representation E. appears as a subrepresentation of E”.

Example C.1.7. Let K = SO(2), which is isomorphic to the circle group:

cos(d)  sin(v¥)

8O(2) = {4y = <_Sjn(19) cos(?)

) o< <2m}=s'={"|0<v<2r}

For any k € Z let (my, E,,) denote the one-dimensional representation of K given by

Wk(Aﬁ)w:ein for any v € E, = C.

Then the following statements hold:
(1) Any irreducible representation of K is given by (my, E,) for some k € Z.
(2) By the Peter-Weyl Theorem any representation E of K has a decomposition

E = @E,T’“ for some m;, € Ny U {oo}

kEZ

From now, on let G again be any linear reductive group.

Definition C.1.8. (1) A representation (7, E) of G is weakly admissible if the
multiplicity m, = dime Homg (E., E) is finite for any irreducible representation
TEK.

(2) A weakly admissible representation (7, E') of G is admissible if it is Noetherian,
that is, every ascending chain of subrepresentations of E becomes stationary.

We will note in the next section that any admissible representation of GG satisfies also
the decreasing chain condition on its subrepresentations. In other words, admissible
representations have finite length.

The following theorem ensures that there are enough admissible representations of
interest:

Theorem C.1.9 (Harish-Chandra). Fwvery irreducible unitary representation of G
15 admaissible.
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Remark C.1.10. There is an example of an irreducible but not admissible Ba-
nach representation of SL(2,R) by Soergel. On the other hand, according to W.
Schmid “all irreducible representations which have come up naturally in geometry,
differential equations, physics, and number theory are admissible.” [Sch05|

Let admrep(G) denote the category of admissible representations over G.

Definition C.1.11. (1) A morphism ¢ : E —— F of admissible representations
of G has closed range if coim ¢ = ¢(F) is homeomorphic to im ¢ = ¢(E), the
closure of ¢(E) in F.

(2) A sequence of representations 0 v E-2oF Y m > 0 1s topologically
exact, or an ezact sequence in admrep(G), if ¢ has closed range.

The following remark summarizes the properties of the category admrep(G)

Remark C.1.12. (1) The category admrep(G) is an additive category which admits
kernels and cokernels.

(2) Not every morphism in admrep(G) has closed range. In particular, admrep(G)
is not abelian. The category admrep(G) is quasi-abelian in the sense of P.
Schneiders.

(3) It follows by the Harish-Chandra correspondence that the category admrep(G) is
Hom-finite and every object in admrep(G) has finite length.

C.1.3 Harish-Chandra modules

To define Harish-Chandra modules we need to define (g, K')-modules first.

Definition C.1.13. Let (w, E) be a representation of the compact subgroup K.
Then the subspace of K-finite vectors of E s given by

EX —fyeE| dime( n(K)v) < oo }.

Definition C.1.14. A (g, K)-module V is given by a Lie algebra representation g
on 'V and a Lie group representation of K on V' such that

(1) any vector is K-finite, that is, V = K Ain

(2) the differential of the group representation of K coincides with the action of g
restricted to the real Lie algebra €, of K.

(3) the action of g is K-equivariant, that is,
(k) (zv) = w(Ad(k)x)m(k)v for any k € K,z € g and v € V. (C.1.2)

Remark C.1.15. Assume that G is connected. Then also K is connected, and the
third condition (C.1.2)) is automatically satisfied.

To define Harish-Chandra modules we need to introduce some finiteness conditions.
In the following Z(g) denotes the center of the universal enveloping algebra U(g).

Definition C.1.16. Let V be a (g, K)-module.
e V' is finitely generated if V' is finitely generated as a U(g)-module.
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o IV is weakly admissible if the K-multiplicities m.. are finite for each T € K.

o V is Z(g)-finite if there is an ideal I C Z(g) of finite codimension such that
IV =0.

o V' has finite length if every descending and every ascending chain of (g, K)-
submodules becomes stationary.

Remark C.1.17. Any finite-dimensional representation of the Lie algebra g is
a Harish-Chandra module. However, most Harish-Chandra modules are infinite-
dimensional.

These finiteness conditions are related in the following way:
Proposition C.1.18. For any (g, K)-module V' the following conditions are equivalent:

(1) V is finitely generated and admissible,
(2) V is finitely generated and Z(g)-finite,
(3) V is weakly admissible and Z(g)-finite,

(4) V' has finite length.

Definition C.1.19. A (g, K)-module V is a Harish-Chandra module if V' satisfies
any of the equivalent conditions in Proposition [C.1.18,

Definition C.1.20. Let V' be a Harish-Chandra module. Then the contragredient
or K-finite dual L(V) of V is defined as

L(V) := Homg(V,C)* ™ = { ¢ € V* | dimg(K - ¢p)¢c < 00 }
That is, the module IL(V') is given by the K-finite vectors of the algebraic dual of V.

In the following let #H(g, K') denote the category of Harish-Chandra modules. This
category has nice algebraic properties:

Theorem C.1.21. (1) The category H = H(g, K) is an abelian category.
(2) Let V. and W be Harish-Chandra modules.

o It holds that the space Homy, (V, W) as well as Ext}, (V, W) is finite-dimensional
for any j € N*.

e Moreover, it holds that Ext},(V, W) = 0 for any j > m = dim(g/¥¢).
In other words, H(g, K) is a Hom-finite category of finite global dimension.
(3) The contragredient duality L : H —— H satisfies L* =2 1d.

In particular, the category H(g, K) has the Krull-Remak-Schmidt property.
Remark C.1.22. The category H does not have projective objects.

We will describe further properties of Harish-Chandra modules in Section [C.2]below.
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Harish-Chandra modules of SL(2,R)

Let G = SL(2,R). Its complexified Lie algebra is given by g = s[(2,C) and a
maximal compact subgroup by SO(2). Let e, f, h be the standard basis of g :

le, h] = 2e, [fih] =2, le, f]1=h.

In particular, the subspace (h) is a Cartan subalgebra of g. Let U(g) denote the
universal enveloping algebra of g.

Remark C.1.23. A finitely generated U(g)-module V is a Harish-Chandra module
of G, or the pair (g, K), if and only if V' has a vector space decomposition

V = @V,\ such that hly, = A1d and dimcVy < oo for any A € Z.

AEZ

Let H = H(g, K) denote the category of Harish-Chandra modules of G. Let V' be an
object in H. For a weight A € Z it holds that e(V)) C V)., and f(V)) C V)_,. For
each A € Z we define the restricted operators of e and f as ey = e!VA and f\=f ‘V)\.
In particular, a Harish-Chandra module V' can be viewed by the following diagram:

oa foage Ia Fre
™t ™ VR N
Viea  Vage Vi Vica  Vau
X xS N w__
Ext2 5 €x—2 €x—4

A morphism of Harish-Chandra modules ¢: V' — W is given by morphisms ¢, :
Vy — W,, where X\ € Z, which commute with the restricted operators.
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Example C.1.24. The following five series are well-known Harish-Chandra mod-
ules V' in H with the property that dimVy < 1 for all A € Z.

notation basis relations
e(vy) =0
M (k), where {0, | i € N} e(vipy) = (1 + 1)(k —1) v
keZ f(vi) = v

M*(k), Z)here {0, | i € Ny} f(v) :i)
€z figa) = =@+ 1)k +14)v;
h(v;) f Ek + 21) v — (C13)
W.(7), where | e(v) = (1 — (e +2i+1)") vy
) foli e} | (o) =vi
e=0orl, 7eC. .
hv) = (¢ + 20)
* e(v;) = Vg
WZ(T), where , .
= (il €T} | flo) = Hr— (e +2i - 1) 0,
e=0orl, 7eC. .
h(v;) = (e + 2i) v;
e(v;) = 5(v+ (k +2i + 1)) viyy
Xelv): where g i e z) | fu) = Mo - (k+ 20 - D)oy

veCkel.

Modules of type M (k) are the Verma modules with highest weight k and M* (k) are
the modules with lowest weight k.

C.1.4 Harish-Chandra functor

Let G be any semisimple Lie group as at the beginning of this Appendix. Next,
we define the Harish-Chandra functor H : admrep(G) —— H(g, K) between the
“analytic” category of admissible representations and the “algebraic” category of
Harish-Chandra modules.

Definition C.1.25. Let (7, E) be an admissible representation of G. Let H(E) be
the K-finite vectors of E :

H(E)={ve F| dimc(n(K)v) < oo}

The definition of the functor H on morphisms of admissible representations is given
by restriction to their K-finite vectors.

Remark C.1.26. Let (7, E) be an admissible representation of G. By the Peter-

Weyl Theorem the restriction (|, E) of the representation to the mazimal compact
subgroup K is given by a topological direct sum of finite-dimensional irreducible
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representations of K :

E = @ETT =  H(E) =PE™
TEI? TEI?

The K-finite vectors H(E) of E are given ezactly by the algebraic direct sum of the
same representations of K.

The following Theorem is one of the main motivations to study Harish-Chandra
modules:

Theorem C.1.27 (Harish-Chandra). The functor H :admrep(G) — H(g, K)
has the following properties:

(1) H is well-defined, that is, H(E) is indeed a Harish-Chandra module in the sense
of Definition[C-1.19. Moreover, the functor H is faithful and exact.

(2) More precisely, the following statements hold for any admissible representation

E of G:
(a) H(E) is a dense subspace of E.

(b) The lattice of closed G-invariant subspaces of F is the same as the lattice
of (g, K)-submodules of H(F).

(8) For any irreducible Harish-Chandra module V' there exists an irreducible admis-
sible representation E such that H(E) =V in H(g, K).

(4) two unitary irreducible representations Uy, U, are isomorphic in admrep(G) if
and only if there is an isomorphism H(U,) = H(Us,) in H(g, K).

Corollary C.1.28. Let E € admrep(G). Then E has the same Jordan-Hélder-

multiplicities as H(E).

Remark C.1.29. The Harish-Chandra functor extends to the categories

H: adm. Rep(G) — (g, K') -Mod

of weakly admissible representations of G and arbitrary (g, K)-modules. In this
setup, Theorem remains valid.

The above Remark and Proposition yield the following characterization of
admissible representations:

Corollary C.1.30. For any weakly admissible representation E of G the following
three conditions are equivalent:

(1) E is admissible, that is, E is Noetherian,
(2) H(E) is a Harish-Chandra module.

(3) E has finite length.
Remark C.1.31. There is the notion of contragredient duality L : adm. Banach. rep(G) —— adm.

on admissible Banach representations. Let L : H(g, K) —— H(g, K) be the con-
tragredient duality of Harish-Chandra modules.. Then these two dualities commute
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with the Harish-Chandra functor:

adm. Banach. rep(G) —— (g, K)
l]LG lﬂ“ HoL=LsoH

adm. Banach. rep(G) —— (g, K)
We refer to [BK14]| for the definition of Lg and a proof of this statement.

C.1.5 Globalizations of Harish-Chandra modules

Definition C.1.32. Let V be a Harish-Chandra module in H(g, K). An admissible
representation (w, E) of G is a globalization of V if H(E) =V in H(g, K).

By Theorem any irreducible Harish-Chandra module has a globalization.
This is also true in general:

Proposition C.1.33 (Casselman). Let V' be any Harish-Chandra module in H(g, K).
Then V' has some globalization (w, H) in admrep(G), where H is a Hilbert space.

In other words, the Harish-Chandra functor H : admrep(G) —— H(g, K) is also
dense.

Remark C.1.34. Let V be any Harish-Chandra module in H(g, K).

o As seen before, all globalizations of V' must have the same lattice of closed G-
mvariant subspaces.

e In general, there can be infinitely many globalizations of V. In particular, the
Harish-Chandra functor H is not full.

However, if we restrict to certain admissible representations we get an equivalence
of categories. To introduce these representations we need the following notions

Definition C.1.35. Let (7, E) be some representation of G and v € E.

e The vector v is C™ if the orbit map ~,:G —— E , g—— w(g)v is a C™
map.

o Let (m, E) be a Banach representation. The vector v is analytic if the orbit map

v, 18 real analytic;

In the following let E denote the subspace of C™-vectors, and EX ™ the subspace

of K-finite vectors of E. Similarly, E* will denote be the space of analytic vectors,
in this case we will assume without comment that (7, E') is a Banach representation.

We recall that we assumed that G C GL(n,R) is some linear semisimple group.
Definition C.1.36. (1) For any g € G the norm of g is given by

_ N
lgll = trace (g- 9"+ (™" (47))

(2) Let (m, E) be a Fréchet representation of G. Then (m, E) has moderate growth
if for any semi-norm p on E there is a semi-norm q on E and some n € NT
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such that

p(r(g)v) < |lgll" - q(v) for all g € G.

(3) A Fréchet representation (7, E) of moderate growth is smooth, if E = E~.

Theorem C.1.37 (Casselman-Wallach). There is an equivalence of the following
categories:

SAF(G) —— H(g, K),
E EK —ﬁn

where SAF(G) denotes the category of smooth admissible Fréchet globalizations of
moderate growth.

Let us note that the category SAF(G) is a category of certain topological represen-
tations of GG which is equivalent to a category of certain algebraic representations of

g.

Kashiwara and Schmid introduced minimal and maximal globalizations of Harish-
Chandra modules. They have the following properties:

Theorem C.1.38 (Kashiwara-Schmid). There are two functors mg and MG

mg
L

admrep(G) —— H(g, K)
~~~—
MG
with the following properties:

(1) MG(V') is a nuclear Fréchet representation and mg(V') is a dual nuclear Fréchet
representation.

(2) Let V € H(g, K) and let E € admrep(G) be a globalization of V. Then there

are inclusions

V Cmg(V) C ECMG(V).

(8) the functor mg is left adjoint to H and the functor MG is right adjoint to H.
(4) the functors mg and MG are both exact and fully faithful.

C.2 Blocks of Harish-Chandra modules

We return to the algebraic setup of the pair (g, K) and the category of Harish-
Chandra modules H(g, K).
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C.2.1 General block decomposition

Let Z(g) denote the center of the universal enveloping algebra U(g).

Definition C.2.1. A character of Z(g) is given by some homomorphism
x:Z(g —— C

Let us denote the set of characters by Z(g)*.

Definition C.2.2. Let x € Z(g)" be some character and let V' be a (g, K)-module.

(1) V' has infinitesimal character x if
(x(2) —2)v=0 forallveV,z e Z(g).

(2) V has generalized infinitesimal character y if there is some n € N* such that

(z—=x(2)"v=0 forallveV,z e Z(g).

(3) V' is quasi-simple if V' has some infinitesimal character.
(4) The x-primary component of V' is given by
V, ={ v eV | there is some n € N such that (z — x(2))"v =0 for all z € Z(g) }

For every x € Z(g)" we denote by H, (g, K) the full subcategory of Harish-Chandra
modules with generalized infinitesimal character y.

Theorem C.2.3. The category of Harish-Chandra modules H(g, K) admits a de-
composition into blocks:

Hig. K)= P Hlo,K) (C.2.1)

x€Z(g)"

In other words, the following statements hold:

e Any Harish-Chandra module V' € H(g, K) has a x-primary decomposition

V @ V.,
x€Z(g)"

where every subspace V, is a Harish-Chandra submodule of V.

e For any two characters X' # X", it holds that Extgi(VX/, V) =0 forall j € Z.
Remark C.2.4. Any block H, (g, K) may decompose further into blocks.

Let Hy denote the principal block of H, that is, the smallest block containing the
one-dimensional representation C of the Lie algebra g.

Remark C.2.5. By a result of Zuckerman there are many equivalent blocks in
the block decomposition . In particular, any block H, containing a finite-
dimensional representation of the Lie algebra g is equivalent to the principal block
Ho.

Theorem C.2.6 (Harish-Chandra). Let x be some infinitesimal character of Z(g)".
Then there are finitely many irreducible Harish-Chandra modules with infinitesimal
character x.
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Theorem C.2.7 (|BBG97|). Let x € Z(g)" and let d be the real rank of the Lie
group G. Then there is some order A, (G) over the reqular ring Clxy, ..., x,] of
Krull dimension d such that there is an equivalence of categories

H, (9, K) —— A, -fd. mod,
where A\, -fd. mod is the category of finite-dimensional modules over the order A, .

Summarized, any block H, of Harish-Chandra modules has only finitely many simple
objects and admits a ring-theoretic description.

C.2.2 Blocks of Harish-Chandra modules of SL(2,R) via quivers

Let Z(g) be the center of the universal enveloping algebra U(g). In fact, the center
Z(g) is given by the polynomial ring C[Q], where Q is the Casimir operator of
s((2,C) :

e Q=(h+1)P+4fe=n"+1+2fe+2ef.

Let us note that () acts as the identity on the trivial representation C of g.

In this setup, any infinitesimal character x : Z(g) —— C can be identified with a
complex number.

Definition C.2.8. Let V = &p,_, Vi be a Harish-Chandra module of G.

(1) For § =0 or 1 we set Ve = Doz Va-

(2) For any x € C the x-primary component V, of V' is given by
Vo,={veV|(Q—xid)"v=0 for somen € N" }.

(8) For any £ € {0,1} and § € C we set VX =V, NV*.

Remark C.2.9. Let V€ H, x € C and { € {0,1}. Then the subspace V¢ of V' is
a Harish-Chandra module.

For any xy € C and ¢ € {0,1} let 7—[2‘ denote the full subcategory of objects V in H
such that V' = V,X.

Proposition C.2.10. The category H admits a block decomposition
H=EPHionr.

x€C

Theorem C.2.11 (Gelfand). Let R = C[z] and m = (x). For any x € C and £ €
{0,1} there is a quiver (Q, I)%‘ and an R-order Ag‘ such that there are equivalences
of categories:

Hy —— nil. rep(Q, I)f —— A -fd. mod
For a more precise description let us set
Ag={(@2n—-1)°|neN"}={1,9,25...} and
Ay ={(2n)’|neN"} ={4,16,36...}.
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Then the the quivers (Q, ])2‘ and their orders are given as follows:

conditions on & and x (@, 1)f A¥ gldim A}
f € =0 and x € C\A
FE=0 and x € C\ o " 1
oré =1 and x € C\A,
R m
e _ TN 1
if & and x =0 o R R
b, b_
R m m
e SN
if € =0 and x € Ay, o R R m 9
oré=1and xy € A at a_

Let us denote by H,, := ngl the principal block containing the trivial representation
C of g.

Assume that x € A,. Then there is some n € Nj such that x = (n + 1?and € ~n
mod 2.

C.2.3 Classical admissible representations of SL(2,R)

In the following we introduce some notation for classical admissible Hilbert repre-
sentations of G = SL(2,R):

e for n € Ny let @,, denote the finite-dimensional representation with highest weight
n. In this notation dim¢ ®,, =n + 1.

e For m € Ny, let D} and D, be the holomorphic and anti-holomorphic discrete
series.

e Let DI and Dy denote the limits of discrete series.

e For v € C let Py(v) and P,(v) denote the principal series of G.
More precisely, the principal series is the induced representation

P.(v) = Indfyan (e ® exp(v) ® Id)

with sign representation € on M = {41} and representation exp(~) on the abelian
subgroup A = R*.

Here are some well-known facts on principal series:

(1) A principal series P;(v) is irreducible if and only if v ¢ 2Z.

(2) There is the special case P;(0) = D; @ D in admrep(G),

(3) A principal series Py(v) is irreducible if and only if v ¢ 27 + 1.

(4) If a principal series P, (v) is irreducible, then there is an isomorphism

P.(v) 2 P.(—v) in admrep(G).
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Let n € N. Let ¢ be the parity of n. Then the principal series P.(£(n+ 1)) are not
irreducible, but indecomposable. In particular, these principal series appear in the
following short exact sequences in admrep(G):

2\
=}

n

0 —— D, @D}y —— P.(n+1) >y
(C.2.2)

0 » O, » P.(~n—1) —— D, ,,®D; , —— 0

The two sequences can be related to each other via the duality L on admrep(G).
There are two more analytic representations, which may be defined as quotients of
principal series:

0 —— Df, — P.(n+1) — RE, —— 0 (C.2.3)

Using Lie duality we may define 77 := L(Ri). In particular there are the two short
exact sequences:

0 —— Ty — P(-n—-1) —— D}, —— 0 (C.24)

So far we have three closely related categories:

admrep(G) —— H(g, K) —— nil.rep(Q, I)

In this section, we recall the description of Harish-Chandra modules and quiver
representations of some well-known analytic representations of SL(2, R).

The following tables list all irreducible admissible representations of G, their Harish-

Chandra modules and the corresponding quiver representations.

TABLE C.2.1. Irreducible admissible representations of G and

their algebraic counterparts

Blocks with one simple object

admissible rep. Harish-Chandra module | quiver representation
P,(v) veC\{0,2,4,...} X, (%)
Po(v) veC\{13,...} Xo () (x

Blocks with two simple objects

Dy M(-1) 0 k
A g
x TN
DY M*(1) k 0
_“
Blocks with three simple objects
LT T TN
2 M(—n —2) S_.=0 0 k
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admissible rep.

Harish-Chandra module

quiver representation

, PO N
P, (O S, =0 k 0
Y'\‘_,/ \\__,1
" . A U N
D, s M (n—{—2) S+— lk» 0. 10

Let us note that the principal block H, = ngl contains the K-finite vectors of the
following admissible representations :

EX™ ey,  where FE=D7, &, Py(1), Po(=1), Ry or Ty.

C.2.4 Standard representations of SL(2,R) and the Gelfand quiver
In this subsection we list some low-dimensional modules of the Gelfand quiver.

The K-finite vectors of some principal series P.(r) have infinitesimal character v
and support type € :

P )™ ey’ and  (Po(v)S ™ e 2

The main series of examples are the standard representations in Tables [C.2.2] and

[C.2.3 below. They correspond to K-finite vectors of well-known analytic represen-
tations of SL(2, R).

Remark C.2.12. Standard representations of the Gelfand quiver can be character-
ized as follows.

Let M be some finite-dimensional module over the Gelfand order A. Then the fol-
lowing conditions are equivalent:

(1) M is isomorphic to some standard representation from Table or Table

(2) M is quasi-simple, that is, End, (M) = Kk,
(3) M is an indecomposable A/I-module, where I = (a by, c,a_b_).



TABLE C.2.2. Standard representations of the Gelfand quiver

Gelfand quiver analytic representation
1% - _ projective resolution || (V) | 7(V) | (V) class
representation representation of G of sl(2,C)
b
g T T one-dimensional one-dimensional P [~(—bt)] OF [2+ .a_]P s, sl e usual
* x 7 e G a8 * *
Taooet T representation @, representation C ie{+,~} string
ST 7T holomorphic lowest weight by
S+ v » A . + % P* —> P+ S_ T+
DT P discrete series D, module M,
g TR T anti-holomorphic highest weight P b P g T
_ — I _ _
R discrete series Dy module M_, i i
LTI T lowest weight a_
R_ [...] P —— P, R,
~ T module M . special
*
STTNy T _ highest weight a, string
Bl 0, X . Onet(D) module M, e
by
N Wo(1)/soc Wy(1) [~(—b,)} [-atby a_b]
T LN [...] P,— .@PZ— — P, T, S_
or X0<1)/M2 ie{+,-}
.b+
SN Wi/ s0e Wi (1) | [can)] o Laeb b
T [...] P — @F — P_ T | S
+ Yot A or X;(1)/M; i ie{+,~} .

« means that the complex 7(V') has homology in some non-zero degree.




TABLE C.2.3. Standard representations of the Gelfand quiver 11

Gelfand quiver analytic representation
4 projective resolution || (V) [ 7(V) | o(V) class
representation representation of G of s1(2,C)
SSTTN T T incipal series byia
X, | Kk K PHEEIPat 5eH X,(1) P22 p | x| v
~— Po(1) 9 usual
{ .t?+ } by -arby 'a*bﬂ string
TN TN principal series (=b_) b apb_abo
YV, ||k IS Xo(=1) Po— @Fh — @h | Y. | =
Yo_ .t Se__7 Po(—1) i€{x,+,—} ie{+,—}
TN T a1y
B, |k k Whittaker model Wo(1) P, — P, B__
Tt NS 0 bispecial
LCTTL TN . a b string
B__ |k Lk Whittaker model Wy (1) P —— P B,

dashed arrows denote zero maps and solid arrows denote identity maps.

+ means that the complex 7(V) has homology in some non-zero degree.
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C.3 Principal blocks of Lorentz groups of real rank one

Next, we consider the following setup:

We need to fix some notation. Let n € NT.

e Let G be the Lie group G¥ = SO(n, 1) or its identity component G,, = SO, (n,1).

e Let g be the complexified Lie algebra of GG, and let K be the maximal compact
subgroup of G.

e Let Hy(G) be the principal block of Harish-Chandra modules of the Lie group G.

e Let (Q,I) = (Q, 1), respectively (Q, )¥ be the corresponding Khoroshkin quiver
as defined in Subsection respectively Subsection [2.1.3]

e Let A = A, respectively A¥ (if G = G,, respectively G* ) be the Khoroshkin order
over R = C[t], that is the arrow ideal completion of the path algebra of the quiver

(Q, I),, respectively (Q, ).

The following result was obtained by Khoroshkin:
Theorem C.3.1 ([Kho81|). There are the following equivalences of categories:

Ho(G) —— A -fd. mod —— nil. rep(Q, I)

Under this equivalence, the trivial Harish-Chandra module corresponds to the simple
quiver representation at the vertex marked by x.

C.3.1 The defect and the relative Lie algebra cohomology for SO(n,1)

Let us fix some connected Lorentz group G,, = SO.(n, 1) for some n € N*. Let
A = A,, be the Khoroshkin order of the principal block Hy, = H,(G,,)

In this subsection we relate the defect of a Harish-Chandra module to its relative
Lie algebra cohomology.

On the one hand there is the following Lie-theoretic notion (see [KV95, Chapter
I, Proposition 2.117])

Definition C.3.2. Let G be a semisimple Lie group and V' be a (g, K)-module. For
any 7 € Z the j-th relative Lie algebra cohomology of V' is defined as

H) (V) = Ext] (C,V)
where C is the trivial (g, K)-module.

Let us recall the notion of defect from Chapter [2}
Definition C.3.3. Let V' be a finitely generated A-module, where A = A,,.

e For any j € 7 the j-th defect number of V' is given by
§9(V) = dim Ext’, (V, S,),

where S, is the simple A,,-module corresponding to the Harish-Chandra module C.
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o The total defect of V' is given by

5(V) = dimsP(V) = Zn: dim 69 (V)

JEL
There is the following diagram of categories and functors:
A -mod +— A -fd. mod —— Hy(g,K) —— (g, K) - Mod

Proposition C.3.4 ( Casselman [BW80, Proposition 1.5.5] ). Let G' be any semi-
simple Lie group and V,W € H(g, K). For any j € Z it holds that Exty, (V, W) =
Ext] (V. W).

The proof of Casselman’s Proposition can be adapted to the following setup:

Proposition C.3.5. Let A be a semiperfect k-algebra. Let V,W be finite dimen-
sional A-modules. For any j € Z it holds that Ext’y y .oV, W) = Ext), _ (V,V).

Now we can relate the defect to the relative Lie algebra cohomology:

Corollary C.3.6. As above let A = A,,. Let V' be some finite-dimensional A-module

Then the defect of V is the total dimension of the relative Lie algebra cohomology
of V:

S(V)=> dimH (V)
JEL
where on the right hand side the module V' is viewed as a Harish-Chandra module.

PROOF. Let j € Z. By Lemma the simple module S, is n-Calabi-Yau. Using
Propositions [C.3.5] and [C.3.4] it follows that

D EXtZ\ —m0d<v7 S*) = EXt?\i]r.nod(SH V) = Ethi]fd mod(S*7 V)
=~ Exty, 7 (C,V) = H (V).

This shows that 69 (V) = dim H;}](V) This implies the statement. O

C.3.2 Involutions on Harish-Chandra modules over SO(n, 1) and SO, (n,1)

Next, we consider the involution on Harish-Chandra modules for Lorentz groups of
real rank one.

Remark C.3.7. To prevent some confusion about the various Lie groups encoun-
tered in this Appendiz, let us note there are the following morphisms of Lie groups:

SL(2,R) 22 SU(1, 1) —» PSL(2, R) = SO,(2,1) — PGL(2,R) = SO(2, 1)

SL(2,C) —» PSL(2,C) = SO,(3,1) — SO(3,1)
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Moreover, the following non-isomorphic Lie groups have equivalent principal blocks
of Harish-Chandra modules:

Ho(SL(2,R)) — H,(SO0(2,1))  and  Hy(SL(2,C)) — Hy(SO,(3,1)) .

In particular, this explains why the Khoroshkin quiver for SO.(2,1) is the same as
the Gelfand quiver.

Let G = SO,(n, 1) denote the identity component of the Lie group G* =SO(n, 1).

In this subsection we recall Khoroshkin’s results on the relationship between the
categories of Harish-Chandra modules over the Lie groups G and G7.

Let K = SO(n), respectively K* = O(n), denote a maximal compact subgroup of
G,,, respectively G . The complexified Lie algebra of both Lie groups G,, and G¥ is
given by g = so(n + 1).

In this subsection let us denote the category of Harish-Chandra modules over G by
H(g, K), and similarly we will write (g, K*) instead of H(G¥).

The compact group K is a normal subgroup of K¥# of index two. In particular,
the Harish-Chandra modules over the Lie groups G and G are related by certain
induction and restriction functors:

ind
H(ga K) S H(Q? K#)

res

There is a natural action of the component group K # /K on both categories. Since
K* /K = Z,, this action is actually an involution.

More precisely, this Zsy-action can be described as follows.

In the notation (C.1.1) for the Lie group G* a non-trivial representative of K* /K
is given by the matrix
-1
1
1
-1

Since k? = Id, the matrix k gives rise to an involution of the Lie group G* :

Ad, :GF = G" via g——k-g- k!
The automorphism Ad,, preserves the compact subgroups K and K # and induces
an involution of the Lie algebra g.

Furthermore, the involution of the pair (g, K) gives rise to an autoequivalence k
of the principal block H(g, K) of order two. Similarly, the involution of the pair
(g, K7) gives rise to an involution functor x* on the category H,(g, K).



C.3 PRINCIPAL BLOCKS OF LORENTZ GROUPS OF REAL RANK ONE 307

Since both principal blocks can be described by Khoroshkin quivers or their orders,
we obtain the following diagram of categories and functors:

K7 K
V. VA
G* =380(n, 1) : Ho(g, K7) —"= nil.rep(Q, I)# — A¥ -fd. mod , o=id
reSlTind reS\LTind reSlTind
G =S0,(n,1) : Ho(g, K) —=— nil.rep(Q, I),, —— A,, - fd. mod

Remark C.3.8. For any n € N, there is a functorial isomorphism k = o :
A, -fd.mod —— A,, -fd. mod where o is the trivial involution if n is odd, and
the involution of the special symmetry of the Khoroshkin quiver, if n is even.

Remark C.3.9. The involution k™ is given as follows:

e if n 1s odd, the quiver (Q,I)ZﬁE 1s the direct product (Q,I)f. The involution k¥
corresponds to the symmetry interchanging both copies of (Q, I )# :

o if n is even, K" cow’esponds to the symmetry interchanging + and — in all but
one vertex of (Q, 1% (see [2-1.7)).

In both cases, we have that k % o = Id.

Example C.3.10. Let G = SL(2,R) C G = SL*(2,R) In this case, K = SO(2) C
K% = 0(2). A non-trivial element of K¥ /K is given by k = [91]. Conjugation
with k induces an involution of SL(2,R). Under the isomorphism G = SU(1,1) the
involution Ady, corresponds to complex conjugation. The involution Ad,, induces the
following involution on the g = sl(2,C) :

er—— f
Ady,: sl(2,C) —— sl(2,C) f v e

h+— —h

where e, f and h denote the standard basis of sl(2,C).
Theorem C.3.11. [Kho81| Consider the following categories and functors:

C A -fd.mod /= e A* ~fd. mod Qn#

The functors (ind, res) form an adjoint pair.
(1) let N be some finite-dimensional A" -module.

o If N 2 k"(N), then res(N) = res(k™ (N)) is an indecomposable finite dimen-
sional A* -module.

o If N = k*(N), then there is a direct sum decomposition res(N) = M & r(M)
for some indecomposable finite-dimensional A-module M such that M %
K(M).
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(2) the analogous statements hold for the induction functor ind.

The next two remarks are valid for Khoroshkin orders A and A¥ defined over any
base field k with characteristic different from two.

In this case, the Khoroshkin orders A and A% are related as follows:

Remark C.3.12. The involution o of the Khoroshkin order A, which interchanges
interchanging + and —, gives rise to a skew group ring Zo#NA. It can be shown
that this ring is Morita equivalent to the ring A% :

Zy#A -mod —— A* -mod

Remark C.3.13. Let us recall that the order A* had “gentle” type, while A was
“skew-gentle” by Remarks |2.1.15 and |2.1.4. By [Kho81| the natural restriction
functor

res: A7 -mod —~= A -mod.

has the following property:

e Fvery indecomposable A-module N is isomorphic to some direct summand of the
restriction res(M) for some indecomposable A¥ -module M.

In particular, Khoroshkin’s method proves tameness of A and yields a parametriza-
tion of the indecomposable A-modules. However, it is not straightforward to derive
all indecomposable A-modules by this approach. This situation is very similar to
Kndérrer’s correspondence for matriz factorizations described in Remark[1.3.28. For
further results on skew group algebras we refer to the work of Reiten and Riedtmann

[RRSH|.
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