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vorgelegt von

Simon Scharffe

aus Bergisch Gladbach
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1 Introduction

In the field of condensed-matter physics the concept of magnetic frustration leads to
fascinating properties which arise from microscopic details of the interplay between
different interactions and geometric constraints leading to the existence of complex
ground states and exotic excitations [1–3]. Among these exotic excitations are frac-
tionalized electric charges in the quantum Hall effect and fractionalized magnetic
dipoles in a class of geometrically frustrated magnets known as spin ice [4]. Pro-
totype spin-ice materials are the pyrochlores Dy2Ti2O7 and Ho2Ti2O7 where the
geometric frustration of magnetic interactions prevents long-range magnetic order
down to lowest temperature. The magnetism of both materials can be well de-
scribed by non-collinear S = 1/2 Ising spins with large magnetic moments of about
µ = 10µB that form a network of corner-sharing tetrahedra. A strong crystal elec-
tric field results in an Ising anisotropy with quantization axes pointing along the lo-
cal {111} directions. Antiferromagnetic nearest-neighbor exchange interactions are
overcome by strong dipolar interactions leading to an effective ferromagnetic cou-
pling. A sixfold degenerate ground state with two spins pointing into and two out
of each tetrahedron originates from the interplay between the geometric constraints
and the effective ferromagnetic coupling. This 2in-2out arrangement is equivalent to
Pauling’s ice rule describing the hydrogen displacement in water ice and results in a
residual zero-temperature entropy of SP = R/2 ln(3/2) [5, 6]. The lowest excitation
in spin-ice systems is a single spin flip which creates a pair of 1in-3out and 3in-1out
configurations on neighboring tetrahedra and due to the ground-state degeneracy
such a pair can fractionalize into two individual excitations that can propagate
almost independently within the pyrochlore lattice. These unique excitations are
described as (anti-)monopoles connected via Dirac strings [4, 7].

The knowledge about the dynamics of these monopoles and their interaction with
phonons is still limited [8–10]. A suitable method to investigate the dynamics of the
monopoles are measurements of the thermal conductivity. However, a possible mon-
opole contribution to the heat transport is under strong debate [11–15]. Refs. 11–13
assume a phonon-dominated heat transport in zero field and a field-induced suppres-
sion of κph by some field-dependent scattering mechanisms of phonons by magnetic
excitations. Ref. 13 attributes a low-field decrease of κ(H) to a possible magnetic
contribution but the description within the Debye-Hückel theory fails which is in-
terpreted to be a lack of evidence for monopole heat transport. In Refs. 14, 15,
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1 Introduction

the interpretation differs and is based on a comparative study of (Dy1−xYx)2Ti2O7

with x = 0, 0.5, and 1. It is found that, in the high-field range above about 1.5 T, a
field-induced suppression of κph(H) is present for both, the spin ice Dy2Ti2O7 and
the highly dilute (Dy0.5Y0.5)2Ti2O7 in which spin-ice behavior is essentially sup-
pressed [16, 17]. In the pure Dy2Ti2O7, however, an additional low-field decrease
of κ(H) is observed. The anisotropic field dependence and the hysteresis behavior
clearly correlate with the spin-ice physics. All these findings evidence a sizable κmag

in zero field, which is successively suppressed by an external magnetic field due to
the field-induced suppression of the monopole mobility. Experimental indication
for a zero-field monopole contribution to the heat transport has also been proposed
from an analysis of κ(T ) of Ho2Ti2O7 at different magnetic fields [18]. However,
the magnitude of κmag estimated for Ho2Ti2O7 is more than an order of magni-
tude smaller than κmag of Dy2Ti2O7. To address the question if the monopoles
contribute to the thermal conductivity of spin ice, in this thesis a detailed com-
parative study of the different thermodynamic properties of Ho2Ti2O7, Dy2Ti2O7

and the corresponding 50% dilute reference materials is performed to clarify the
influence of magnetic excitations on the heat transport. The measurements are
accomplished at temperatures ranging from 0.3 to 10 K and magnetic fields up to
7 T using custom setups. In addition, the thermal conductivity of the dilution se-
ries (Dy1−xYx)2Ti2O7 for various x is obtained in order to get a more quantitative
verification of the monopole contribution to the heat transport. A special emphasis
is also put on the low-field hysteresis and relaxation phenomena observed in the
thermal conductivity of Dy2Ti2O7 at lowest temperature. It is studied in how far
equilibration states are realized.

The long-predicted residual entropy for spin ice [5, 6] has been expanded to a gen-
eralized Pauling approximation for dilute spin ice [19] where the magnetic Dy3+ or
Ho3+ ions are partly replaced by non-magnetic elements. This generalization has
been demonstrated by first studies [19]. But recently, an absence of Pauling’s resid-
ual entropy SP in Dy2Ti2O7 has been reported based on measurements of the specific
heat over timescales of 104 s [20]. To address this discrepancy, the temperature-
and field-dependent change of entropy of the dilution series (Dy1−xYx)2Ti2O7 with
x = 0–0.75 is studied by means of the specific heat and the magnetocaloric effect
in a temperature range from 0.3 to 30 K. Additional information about the low-
temperature thermal equilibration of the systems is gained. Furthermore, Monte
Carlo data on the magnetic specific heat and entropy of dilute spin ice have been
published [21] which are quantitatively compared to the obtained experimental
results.

This thesis is structured as follows. First, a brief overview of the theoretical and
experimental work is given in Chap. 2 and 3. In Chap. 4, the spin-ice materials
are introduced and the most important findings on these systems are summarized.
The sample characterization of the spin-ice compounds is presented in Chap. 5. A

2



comparative study of the spin-ice compounds Ho2Ti2O7 and Dy2Ti2O7 is performed
in Chap. 6 followed by a detailed study on the heat transport and specific heat of
dilute spin ice (Dy1−xYx)2Ti2O7 in Chap. 7 for different directions of the applied
magnetic field. A summary of this work is followed by the appendix where the study
on the quasi 1D Ising-chain system in transverse magnetic field of the diploma thesis
is continued by measurements of the magnetization.
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2 Theory

This chapter gives an introduction into the basic concepts and models that are
employed in the discussions of the spin-ice systems. A broad overview about con-
ventional mechanisms established in literature is given, and some important basic
relations are quoted. More detailed descriptions and further information can be
found in literature [16, 22–36].

2.1 Specific heat

The specific heat is one of the fundamental thermodynamic properties. It can
provide insights into excitations and phase transitions of solids, gases and fluids.
The molar specific heat at a constant volume V or pressure p is given by [24]

cV = NA/N
∂U

∂T

∣∣∣∣
V

cp = NA/N
∂U

∂T

∣∣∣∣
p

(2.1)

with the number of particles N , the Avogadro constant NA and the internal energy
U . In a real experiment, it is very difficult to keep the volume of a solid constant
and that is why cp is the experimentally accessible property. However, the relative
difference between cp and cV is smaller than 1% in solids for T < 300 K. Thus, in
most cases it is not differentiated between both properties. The total differential
of the internal energy U = U(S, V,N) of a system is

dU = T dS − p dV + µ dN (2.2)

with the entropy S, the temperature T , and the electrochemical potential µ. From
Eq. (2.2), the relation between cp and the entropy S is given by

cp =
NA

N

∂U

∂T

∣∣∣∣
p

=
NA

N
T
∂S

∂T

∣∣∣∣
p

. (2.3)

The entropy S is obtained by temperature integration via

S =
NA

N

T∫
0

cp(T
′)

T ′
dT ′. (2.4)
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2 Theory

The specific heat measures the sum of all thermal excitations of a system whereas
a separation of the single contributions can be very difficult. However, elementary
excitations like phonons or magnons show characteristic temperature dependencies
that allow a distinction. The phononic contribution to the specific heat can be
either estimated by models, e.g. the Debye model, or by measurements of non-
magnetic reference materials.

2.1.1 Phonon contribution

The law of Dulong-Petit uses a classical Ansatz and yields a temperature-
independent molar specific heat of

cV =
f

2
NAkB (2.5)

where f are the degrees of freedom. Thus the molar specific heat is obtained via
cV = 3NAkB = 3R with the general gas constant R = 8.31 J/mol K.

Quantum mechanical models are applied to calculate the specific heat in the low-
temperature regime. The models invented by A. Einstein and P. Debye are based
on the same ansatz. Both models use the Ansatz for the phonons to be harmonic
oscillators whose internal energy can be derived via [37]

U =

∫
D(ω)〈n(ω)〉~ωdω (2.6)

with density of states D(ω) and 〈n(ω)〉 as the thermal population value of a 1-
dimensional oscillator with frequency ω.

Within the Debye model, an averaged isotropic linear dispersion relation ω = vsk
is assumed with the average sound velocity vs. Then, the density of states in 3
dimensions is given by D(ω) = V ω2/2π2v3

s with the volume V of the solid. The
molar specific heat is obtained via [24]

cV = 9R

(
T

ΘD

)3

T 3

∫ ΘD/T

0

x4ex

(ex − 1)2
dx (2.7)

with x = (~ω) / (kBT ) and the Debye temperature ΘD. The integral in Eq. (2.7)
can only be solved numerically and for low temperatures (T � ΘD) the equation
converges to the famous T 3-dependence of the lattice contribution to the specific
heat

cV =
12π4

5
R

(
T

ΘD

)3

= βT 3. (2.8)
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2.1 Specific heat

For high temperatures (T � ΘD), Eq. (2.7) yields the classical Dulong-Petit for-
mula cV = 3R.

In the low-temperature range (T � ΘD), the Debye model yields a good description
of the phononic specific heat of solids. Here, the long-wavelength acoustic phonons
are mostly populated which show a nearly linear dispersion. However, systems
that reveal flat optical phonon branches are not well described [24, 37, 38]. These
flat optical phonon branches (ω is almost constant) are often approximated by the
Einstein model in which the phononic contribution is estimated by considering N
oscillators with the same frequency ω. Thus, the internal energy from Eq. (2.6) is
given by [24]

U = 3N〈n〉~ω =
3N~ω

e~ω/kBT − 1
. (2.9)

The factor 3 accounts for the three degrees of freedom of every single oscillator. By
applying Eq. (2.3), the specific heat is obtained via [24]

cV =

(
∂U

∂T

)
V

= 3NAkB

(
~ω
kBT

)2
e~ω/kBT

e~ω/kBT − 1
. (2.10)

In the high-temperature limit, the Einstein model is also equivalent to the law of
Dulong-Petit.

2.1.2 Electronic contribution

The electronic contribution to the specific heat can be obtained from considerations
of the free electron gas in a solid. The molar specific heat of the free electron gas
is given by

cel =
Rπ2

2

T

TF

= γT (2.11)

where TF is the Fermi temperature. The total specific heat ctot = cph + cel in the
low-temperature limit T � ΘD � TF is often expressed in terms of

ctot

T
= γ + βT 2 (2.12)

where β follows from Eq. (2.8).

2.1.3 Schottky anomaly

The Schottky anomaly is an effect which results from the thermal population of
higher-lying discrete energy levels. The internal energy U of N non-interacting

7



2 Theory

particles with energy levels Ei with degeneracy gi is given by

U = N

∑
i

Ei gi exp(−Ei/kBT )

Z
. (2.13)

with the partition sum Z =
∑

i gi exp(−Ei/kBT ). The molar specific heat of a sys-
tems of non-interacting particles with discrete energy levels follows from Eq. (2.13)
by c = NA/N

∂U
∂T

to be

csch =
NA

kBT 2

∑
i

E2
i gi exp(−Ei/kBT )Z −

(∑
i

Ei gi exp(−Ei/kBT )

)2

Z2
(2.14)

In the case of a two-level system, where the first g1-fold degenerate excited state
is separated from the g0-fold degenerate ground state by the energy gap ∆E,
Eq. (2.14) simplifies to

c2,sch =
NA∆E2

kBT 2

g1

g0

exp(−∆E/kBT )(
1 + g1

g0
exp(−∆E/kBT )

)2 . (2.15)

2.2 Thermal conductivity

The thermal conductivity κ of a solid is given by

~j = −κ ~∇T (2.16)

with the heat current ~j and the temperature gradient ~∇T over the solid. The
negative sign is related to the fact that the heat flows from the hot end to the cold
end of the sample. In general, the thermal conductivity κ is a 2nd-order tensor
which reduces to a scalar κ in an isotropic system.

If the kinetic gas theory is applied, the thermal conductivity is determined by heat
carrying (quasi-)particles and it can be expressed via [24]

κ =
1

d
cv` (2.17)

where d denotes the dimensionality, c the specific heat, v the group velocity and
` = vτ the mean free path of the heat carrying quasi-particles (τ is the relaxation
time). In most cases two kinds of excitations are responsible for the heat transport:
phonons and electrons. The theoretical description is usually based on the Debye
model for phonons, and on electronic gas theory for the electrons.

8



2.2 Thermal conductivity

2.2.1 Phonon contribution

The heat carrying quasiparticles in an insulating crystal lattice are phonons. The
phononic specific heat is given by the Debye formula from Eq. (2.7). Using the
Debye model, the phononic contribution to the thermal conductivity follows to
be

κph =
kB

2π2v

(
kB

~

)3

T 3

∫ ΘD/T

0

x4exτ(ω, T )

(ex − 1)2
dx (2.18)

with the mean sound velocity v. The temperature and frequency dependent total
scattering rate is τ−1(ω, T ) = v/`. With assumption that the different scattering
processes act independently, one can write τ−1 as a sum of the different scattering
rates

τ−1 = τ−1
um + τ−1

pt + τ−1
bd + τ−1

mag + . . . (2.19)

Many different scattering rates are found in literature. The scattering rates from
Eq. (2.19) have the following meanings:

• Umklapp scattering:

τ−1
um = Uω2T exp

(
−ΘD

uT

)
(2.20)

This term describes the Umklapp scattering where U and u are free parame-
ters. The temperature range where the Umklapp mechanism sets in is defined
by the parameter u. With raising temperature, the number of phonons rapidly
increases and, thus, this scattering mechanism becomes more and more im-
portant.

• Boundary scattering:

τ−1
bd = v/L (2.21)

This mechanism describes the reflection of phonons at the crystal surface. It
is obtained via τ−1

bd = v/L with the characteristic sample length L. At very
low temperatures, this scattering process is dominant in high-quality crystals
and hence the mean free path ` is only limited by the sample length ` ≈ L.

• Point defect scattering:

τ−1
pt = Pω4 (2.22)

In this case τ−1
pt is the scattering of phonons on point defects with P as a

free fitting parameter and the frequency ω. The frequency dependency of
this scattering mechanism can be qualitatively understood. The probability
of long wavelength phonons being scattered on point defects is less than of
phonons with shorter wavelengths.

9



2 Theory

• Scattering with magnetic excitations:

τ−1
mag = Mω4T 2Cmag(T ) (2.23)

This term describes scattering on magnetic excitations around a magnetic
transition [39, 40] and results in a suppression of κ(T ) around the transi-
tion temperature. M is a free parameter and Cmag(T ) is the temperature-
dependent magnetic specific heat, which reveals a peak around the magnetic
transition.

2.2.2 Electron contribution

The electronic specific heat is proportional to kBT , see Eq. (2.11). The kinetic gas
theory in Eq. (2.17) for the thermal conductivity of quasiparticles is also valid for
electronic heat transport. The Fermi velocity vF is applied for the electrons and
this yields [25]

κel =
1

3
celvF` =

π2nkBT`

3mvF

(2.24)

where n is the electron density, cel = 1/2 π2nkB T/TF is the specific heat of the
Fermi gas and the Fermi temperature TF = εF/kB. The Fermi energy εF can be
obtained via εF = 1/2mv2

F.

2.2.3 Heat transport by magnetic excitations

In addition to the heat transport by phonons and electrons, which is already well un-
derstood, there is a strong interest in finding experimental and theoretical evidence
for heat transport by magnetic excitations predicted in 1936 [41]. The analysis of
the magnetic heat transport focused on the excitations and the scattering processes
by e.g. defects, phonons and electrons. Classical spin wave magnetic heat trans-
port was found for ferrimagnetic yttrium-iron-garnet [42], in magnetically ordered
systems [43] and later in various low-dimensional (quantum) materials [44–46]. A
detailed summary of heat conduction in low-dimensional quantum magnets can be
found in Ref. 47. The basic physics which determines the T -dependence of κ is
calculated via

κ =
1

d

1

(2π)d

∫
ckvklkdk (2.25)

with the dimensionality d of the system, the specific heat ck, the velocity vk and
the mean free path lk of a particle with wave vector k. From Eq. (2.25), a low-
temperature result can be derived for the case of 1D and 2D magnetic systems

κmag ∝ lmagf(T ), (2.26)

10



2.3 Demagnetization

with the magnetic mean free path lmag based on the assumption that lmag ≡ lk
as lk hardly varies as a function of momentum in the relevant energy range and
f(T ) reflects the characteristics of the considered spin system as a function of
temperature.

Concerning the spin-ice compounds (Ho1−xYx)2Ti2O7 and (Dy1−xYx)2Ti2O7, the
aspect of a possible heat transport by magnetic excitations is under strong debate.
It is discussed whether the magnetic monopoles, which are the basic excitations
in the spin-ice systems, contribute to the heat transport or not. A detailed study
on the magnetic contribution to the heat transport will be presented in Chap. 6
and 7.

2.3 Demagnetization

In the analysis of the spin-ice compounds Ho2Ti2O7 and Dy2Ti2O7 demagnetiza-
tion effects have to be taken into account [14, 15, 17, 18, 48, 49]. In many cases
demagnetization effects are neglected. The spin-ice materials, however, exhibit
large magnetic moments of about µ = 10µB per magnetic ion and, hence, these
effects can become important. The demagnetization effect is strongly anisotropic
with respect to the geometry of the sample (shape-anisotropic). Concerning the
thermodynamic measurements of the spin-ice compounds, demagnetization effects
are taken into account if the magnetic field is applied perpendicular to the longest
dimension of the sample. In such a case, the effective magnetic field within the sam-
ple can deviate by 10% in maximum from the applied external field for standard
sample dimension of about 3 × 1 × 1 mm3. By applying the magnetic field along
the longest dimension of the sample, demagnetization effects are neglected because
their influence is basically not visible. The demagnetized field within the sample
accounts for at least 98-99% of the applied external field. Detailed descriptions of
the demagnetization effect can be found in literature [16, 50].
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3 Experimental

This chapter introduces the cryogenic setups, the sample holders and the measure-
ment techniques which were applied to obtain the magnetization, specific heat, mag-
netostriction, thermal conductivity and the magnetocaloric effect data discussed in
this thesis. The experimental data were exclusively measured in custom home-built
devices.

3.1 Cryogenic environments

The Heliox VL, produced by Oxford Instruments, is a 3He system which can
be installed in cryogenic environments with different magnets and allows home-
built sample holders to be operated in a high vacuum and in a temperature range
from ≈ 0.25 K up to 30 K [51]. Hereby, the 3He is captured in a closed cycle and
the base temperature (≈ 0.25 K) is reached by vapor pumping within the closed
system.

Fig. 3.1 shows the Heliox VL insert with the features marked by arrows that are
required to reach base temperature. The sample holders are attached at the bottom
of the insert whereby a distance of 185 mm to the magnetic-field center has to be
taken into account for the standard cryostats. The sliding seal allows to slowly
insert the system into a cryostat. By pumping the sample chamber (closed with
a cone), high vacuum is reached which is essential for specific heat and thermal
conductivity measurements. However, a small amount of 4He is used as contact gas

sliding seal cone seal He pot3
needle ventile

He reservoir3

He sorb3
l-plate

He pipe4He pump4

vacuum pump

vacuum 
feedthrough

sample holder

185 mm to 
magnetic-field center 

Figure 3.1: 3He refrigerator with sorption pump – Heliox VL
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coil
sample

capacitor
plates

H = 0 dH/dz = 0

Hall 
probe

grounded
shield

r

Figure 3.2: Schematic drawing of the Faraday magnetometer. Left: in the ab-
sence of a magnetic field, the sample undergoes no force and d0 remains constant.
Right: a gradient dH/dz 6= 0 leads to a mechanical deflection ∆d.

within this chamber in order to quickly cool down the system to 4 K where the gas is
pumped by a Carbon sorb. Liquid 4He encloses the Heliox VL and is evaporated
by pumping through the 4He pipe. The main cooling power is located at the λ-plate
which reaches a temperature of about 1.8 K. Due to this cooling, the gaseous 3He
condenses and is accumulated in the 3He pot. Base temperature is then reached by
minimizing the vapor pressure of the liquid 3He in the pot by pumping of the 3He
sorb. The cooling power is provided until the 3He is completely evaporated which
leads to an operation time of approximately 20 h at base temperature (0.25 K).
Temperatures in the range of 0.25 K < T ≤ 1.7 K are adjusted by slightly heating
the 3He sorb and thereby reducing its pumping performance. The vapor pressure
is increased and this results in higher 3He pot temperatures. For T > 1.7 K,
the 3He pot is directly heated against the cooling power of the λ-plate. Due to
the change in the heating mode and the anomalies of 4He at low temperatures
and low pressure, the temperature stability of the Heliox VL strongly varies in
the covered temperature range. Around 2 K, the stability has a minimum which
can cause problems in the thermal conductivity and specific heat measurements
requiring stable conditions. When the 3He is completely evaporated and stored in
the sorb, base temperature can be reached again by heating the sorb such that the
adsorbed 3He gas is released. This is accompanied with an increase of the 3He-pot
temperature to ≈ 2 K and, hence, of the sample holder.

14



3.2 Magnetization

3.2 Magnetization

The magnetization data are obtained in a home-built Faraday magnetometer. The
magnetometer can be installed into the 3He system Heliox VL which operates as
the temperature controller. Design drawings and details of the functionality can be
found in Refs. 52–54. Since the completion of the Faraday magnetometer in 2011, it
needed a lot of effort and various measurements techniques were applied to finally
obtain high-quality data. By comparing the magnetization data to corresponding
data of a commercial Superconducting Quantum Interference Device
(SQUID) setup [55], that covers the temperature range from 2 K up to 400 K, the
technique could be improved until only minimal deviations were obtained [52, 53].

The functionality of the Faraday magnetometer is shown in a schematic drawing in
Fig. 3.2. In zero magnetic field and at constant temperature, the distance d0 be-
tween the two capacitor plates connected via two copper beryllium (CuBe) springs
is stabilized and calculated via d0 = ε0πr

21/C0 with the starting capacity C0. The
capacity is measured with a commercial AC capacitance bridge (AH2550/2500 by
Andeen Hagerling) that operates at a fixed frequency of 1 kHz. Here, ε0 is the
vacuum permittivity and r is the radius of the smaller capacitor plates which is
shielded by a grounded frame to avoid stray fields, see Fig. 3.2. Within a magnetic-
field gradient dH/dz 6= 0, a sample with the magnetic moment m experiences a
force F = m dH/dz. This force leads to a deflection ∆d that relates to an induced
change of the capacitance

∆d = ε0πr
2(

1

C
− 1

C0

). (3.1)

As can be seen in Fig. 3.2, the sample is located in the center of an additional coil
which can create a magnetic moment mc = nI · A with the winding number n,
the current I applied by a Keithley 2400/6220 current source and the area A
of the coil. The generated mc compensates or enforces the deflection ∆d. Due to
the linearity F = k∆d, an mc,ex is extrapolated to fully compensate the magnetic
moment of the sample. It turned out that this approach yields the best results [52–
54] and it is named ”compensation method”. In the experiment, the magnetic
field gradient is achieved by simply adjusting the Heliox VL to be located above
the homogeneous field center. This distance from the center has to be adjusted
such that a measurable deflection can be detected in the field gradient, but the
maximum accessible field is still large enough. A distance of 2–7 cm was found to
be applicable. The magnetization data of this thesis were measured with a distance
of 5 cm to the field center which decreases the maximum field by approximately
10% in the operated magnets. The absolute value of the magnetic field within the
gradient dH/dz 6= 0 is measured by a Hall effect probe model LHP-NU [56] which
is attached at the same level as the sample, see Fig. 3.2.
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Figure 3.3: Schematic
drawing of a sample as-
sembled for a steady-state
thermal-conductivity mea-
surement. Inset: real
assembled sample.
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3.3 Thermal conductivity

The thermal conductivity κ of a sample is a physical transport property which can
be measured in an experiment using different methods. The thermal conductiv-
ity data shown and discussed in this thesis are produced by applying the steady-
state method. Information on different methods can be found in literature [57–61].
Fig. 3.3 shows a schematic drawing of a sample which is prepared for a steady-state
thermal-conductivity measurement. A heater is fixed on the top side of the bar-
shaped sample which is connected to a thermal bath on the lower side. By applying
a power P to the heater, a heat current ~j is produced which flows through the cross
section A along the longest dimension of the sample. The resulting temperature
difference ∆T = T2 − T1 is assumed to be linear within the sample which is an
reasonable approximation. It is measured by two thermometers at different levels
of the sample. In the experiment, the actual sample temperature is estimated via
Tsample = 1

2
(T1 + T2). In order to ensure a measurable variation ∆T and a reliable

determination of Tsample, the thermometers are attached at approximately one third
and two thirds of the sample. Afterwards, ∆x is measured under a microscope with
an applicable scale.

According to Eq. (2.16), the thermal conductivity of a solid is given by

κ =
P

A

∆x

∆T
(3.2)

where P/A = j is the heat current. It is assumed that dT/dx is constant within
the sample. The sample geometry (∆x,A) and the applied power P can directly
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3.3 Thermal conductivity

(

(a) (b)

Figure 3.4: Panel (a): expanded view of a Dy2Ti2O7 sample with dimension
3×1.7×1.2 mm3 prepared for a steady-state thermal-conductivity measurement
at low temperatures. The heat gradient ∆T is produced by a SMD heater (1 or
10 kΩ at room temperature) mounted on top of the sample. Panel (b): L-shaped
transport holder that allows to orient the sample with respect to the external
magnetic field.

be measured, but an exact determination of temperature difference ∆T is quite
challenging. Two different approaches are applied to measure ∆T . In the high-
temperature regime for 5 K ≤ T ≤ 300 K, a thermocouple is used which consists
of a chromel and a gold-iron alloy (0.07%Fe). Details about this technique can
be found in Refs. 16, 32. However, the spin-ice physics only occurs in the low-
temperature regime well below 5 K. Hence, the thermal conductivity measurements
is obtained by another approach which is introduced in the following.

3.3.1 Low-temperature sample wiring

All measurements were performed on oriented single crystals and most suitable for
the steady-state method are bar-shaped samples with dimensions of ≈ 3 × 1.5 ×
1 mm3. Fig. 3.4 (a) shows a detailed view of an oriented single crystal Dy2Ti2O7

with dimensions 3 × 1.7 × 1.2 mm3 that is completely wired for a steady-state
thermal-conductivity measurement at lowest temperatures. The typical ∆x varies
between 0.8 and 1.7 mm. The bottom of the sample is connected to a big copper
block that operates as the thermal bath. This block is fixed on the L-shaped
transport sample holder shown in Fig. 3.4 (b). Its L-shape allows to mount the
sample at different orientations with respect to the external applied magnetic field
direction. Fixing the sample on the bottom part leads to an applied magnetic field
along the longest dimension of the sample parallel to the heat current, i.e., ~j || ~H.
The lateral part of the holder is used to orient a magnetic field perpendicular to
the heat current, i.e., ~j ⊥ ~H, along another crystallographic direction. As can
be seen in Fig. 3.4 (a), platinum wires with a diameter of 0.05 mm, produced by
Heraeus [62], are attached to the sample at approximately one third and two thirds
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Figure 3.5: Schematic
drawing of the pseudo 4-wire
technique used to wire the
SMD heater in a thermal-
conductivity measurement.

U I

pin plate

SMD
Heater

copper wires

manganin wires

of the longest dimension. Platinum is used due to its high thermal conductance
(for measuring ∆T ) and its considerably high flexibility (even compared to copper
wires). This flexibility eases to fix the wires to the backside of the small RuO2

thermometers (' 0.2 × 0.5 × 1 mm3) with silver glue. These RuO2 thermometers
are applied for the low-temperature thermal-conductivity measurements (0.25 K .
T . 10 K) and exhibit a resistance of 5.3 kΩ at room temperature. Manganin
wires electrically connect the RuO2 thermometers and the SMD heater to the pins
of the sample holder, see Fig. 3.4 (a). Here, manganin is utilized due to its sufficient
electrical conductivity but very low thermal conductivity. Thus, the majority of
the heat provided by the SMD heater flows homogeneously through the sample
into the bath instead of dissipating through the attached wires. This effect is even
enhanced by spooling comparably long wires to connect the heater and the RuO2

thermometers. The accuracy of the thermometers is not affected by the growing
electrical resistance because the 4-wire technique is applied.

Due to the rather high electric resistance of the manganin wires (' 60−100 Ω) which
electrically connect the heater, it is not possible to prevent them from producing
a certain amount of heating power in the experiment. In order to account for this
additional amount of heating power, a pseudo 4-wire technique is applied to wire
the heater. This wiring technique is depicted in Fig. 3.5. As can be seen, the
heater is wired with 3 manganin cables to the pin sheet. Then, the pin of the single
connection to the heater is connected to a fourth pin with a short copper wire.
This method is equivalent to the standard 4-wire resistivity measurement of the
red dashed box. Consequently, the resistance of the heater and of one supply cable
is measured. The idea is that half of the heat produced by the wires is transferred
to the sample and the other half to the bath. Therefore, the total heating power
can be calculated by the sum of the power of the heater and of one manganin cable.
The magnitude of the possible error σ can be estimated via σ ≤ Rcable

Rheater
≈ 100 Ω

1−70 kΩ
.
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3.3 Thermal conductivity

Adhesives

Due to different requirements for the thermal and electrical properties of the various
parts which are assembled in wiring a sample for a heat-transport measurement
in the low-temperature regime, it is essential to choose suitable adhesives. The
choice depends on whether the sample is an insulator or metallic, on the samples’
compatibility with solvents and on the required mechanical stability. The industry
offers a large number of products with different properties. This is a list of the
adhesives that were used for wiring the crystals:

• Silver Glue:
Leitsilber G3303A Plano GmbH (silver glue) is a solvent-based glue con-
taining silver particles [63]. It is both a good thermal and electrical conductor.
In wiring a sample, it is generally applied to mount the 0.05 mm platinum
wires at two levels of the crystal, as can be seen in Fig. 3.4 (a). In this process,
a da Vinci Maestro Tobolsky-Kolinsky 10/0 brush [64] is utilized to
bring a narrow line of silver glue onto the wires which are stretched over the
sample. The spin-ice crystals are insulating and, thus, silver glue could also be
employed to fix the samples to the thermal bath. Furthermore, it was partly
applied to mount the SMD heater on top of the crystals. The silver glue is
highly soluble by solvents like acetone which is a clear advantage. In Ref. 16,
an arising mechanical instability of the spin-ice crystals mounted with Leit-
silber G3303A in an external magnetic field is reported originating from
an arising torque for particular field directions. However, it turned out that
the stability is sufficient.

• VGE 7031 Varnish:
VGE-7031 Insulating Varnish possesses electrical and bonding proper-
ties which make it an applicable adhesive for heat-transport measurements.
At cryogenic temperatures, it is electrically insulating and exhibits a suffi-
ciently large thermal conductivity of 0.062 W/mK at 4.2 K and 0.034 W/mK
at 1 K [65]. The varnish can be air-dried within 1-2 hours and it can be
additionally baked after assembling all parts in order to reach the maximum
stability. It is completely solvable in aceton and ethanol. The VGE-7031
Insulating Varnish was partly used to mount the SMD heater on top of
the samples. In the case of metallic samples, it is a convenient alternative to
mount the crystals on the thermal bath.

3.3.2 Calibration of RuO2 thermometers

The RuO2 thermometers are calibrated in advance of every single thermal-
conductivity measurement in the low-temperature regime. This is required because
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Figure 3.6: Calibra-
tion curves of the RuO2

thermometers at 0 T
and at 5 T together
with polynomial fits.
The inset shows an ex-
panded view of the low-
temperature field de-
pendence.

1 0 4 1 0 5
0 . 1

1

1 0

 0  T
 5  T
 f i t  ( 0  T )
 f i t  ( 5  T )

 

 

T (
K)

R  ( Ω)

R u O 2  t h e r m o m e t e r s

3 x 1 0 5 3 . 2 x 1 0 5 3 . 4 x 1 0 5
0 . 2 5

0 . 3

 

 

 

their characteristics slightly change by every sample preparation and installation
into the cryogenic environment. The calibration is performed in a separate run
against the Cernox 1030 SD thermometer of the sample holder, see Fig. 3.4
(c). A characteristic calibration curve of the temperature T as a function of the
resistance R of one RuO2 thermometer is shown in Fig. 3.6. It reveals a clear
magnetic-field dependence for temperatures below ' 1 K, see inset. The measured
curves are fitted by polynomials of degree 5–7 (solid and dashed red lines). A
linear interpolation is used to calculate the field dependence between the measured
fields which is found to be a good approximation [16, 32, 66]. In addition, the
quality of the calibration can be improved by separately fitting the data in the low-
temperature (0.25–2 K) and in the high-temperature regime (1.6 K–10 K). Then,
the calibrations have to be switched in the overlapping temperature range.

3.3.3 Measurement instruments

Several instruments are available to measure the resistances R of the thermometers
and to apply a power P to the sample heater. Here, a list of the instruments applied
for the thermal-conductivity measurements is given:

• Resistance bridges
The Lakeshore 370 [65] is an AC resistance bridge which measures the
resistance of the sample-holder thermometer and of the RuO2 thermometers.
The Lakeshore 370 is set to auto-range resistance and to voltage excitation
mode. It turned out that a voltage excitation of 632 µV is suitable in the

20



3.4 Thermal expansion and magnetostriction

capacitorplates

CuBe
springs sample

screw

fixed

movable

Figure 3.7: Schematic drawing of a
thermal expansion/magnetostriction
cell with an assembled sample
adapted from Ref. 68. The fixed and
the movable part are connected via
CuBe springs. The length change
of the sample is calculated by the
measured change in the capacitance.

temperature range from 0.25 K up to about 10 K. This excitation is low
enough to prevent self-heating by the thermometers and it is high enough for
low-noise data up to 10 K.

• Keithley instruments
A current source and a voltmeter are employed to measure the applied power
to the SMD heater. It turned out that a Keithley 2182 nanovoltmeter [67]
and a Keithley 6220 current source [67] yield the best accuracy. However,
the resolution of the Keithley 182 is still sufficient. The fast operation of
a Keithley 6220 is a clear advantage compared to a Keithley 2400.

3.4 Thermal expansion and magnetostriction

The length change ∆Li along the crystallographic axis i of a crystal can be mea-
sured as a function of the temperature (thermal expansion) or the magnetic field
(magnetostriction). The most common method to detect small length changes is
the capacitance dilatometry. Based on the original design in Ref. 69, different
setups have been developed [68, 70, 71]. A schematic drawing of a thermal ex-
pansion/magnetostriction cell is shown in Fig. 3.7. Its design is similar to the
low-temperature capacitance dilatometer which was applied to obtain the magne-
tostriction data in this thesis. In general, these setups consist of a fixed and a
movable part which are connected via springs. The crystal is clamped with a screw
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between both parts and the length change ∆L can be calculated by the change in
the capacitance ∆C via

∆L = ε0πr
2

(
1

C
− 1

C0

)
(3.3)

with the starting capacity C0, the vacuum permittivity ε0 and the radius r of the
smaller capacitor plate which is shielded by the grounded movable part to prevent
stray fields, see Fig. 3.7. In the experiment, ∆C is measured with a commercial
AC capacitance bridge (AH2550/2500 by Andeen Hagerling) that operates at
a fixed frequency of 1 kHz. Length changes down to 10−10 m can be resolved
because ∆C strongly increases for small distances between the plates and due to
the high resolution of the capacitance bridges. The thermal expansion coefficient
α or magnetostriction coefficient λ can be calculated numerically from the length
change ∆L via

α =
1

L0

∂∆L(T,H)

∂T
, λ =

1

L0

∂∆L(T,H)

∂H
(3.4)

with the initial length L0 of the sample.

3.5 Specific heat

In Chap. 7.2, specific heat data of the dilute spin-ice materials (Dy1−xYx)2Ti2O7

are presented which were obtained using a custom home-built low-temperature
calorimeter. This low-temperature calorimeter was built by O. Breunig during his
diploma thesis [72]. The low-temperature physics of the (Dy1−xYx)2Ti2O7 crystals
strongly vary with its dilution x and, thus, two different methods were acquired to
obtain the specific heat data for all systems. The choice of the method depends on
the equilibration properties. The relaxation method is a standard technique and it is
applicable if the internal equilibration of the phononic and magnetic subsystems in a
crystal are much faster than the equilibration to the bath. At very low temperatures
T . 0.5 K, the specific heat of pure and weakly dilute spin ice (Dy1−xYx)2Ti2O7

with x . 0.1 has to be measured using another approach due to the long-time
internal equilibration of the magnetic subsystems [11, 14, 20]. This approach is
introduced in Sec. 3.5.2

3.5.1 Relaxation method

One of the standard methods to determine the specific heat of a crystal is the
relaxation-time method and a schematic drawing of the experimental setup is shown
in Fig. 3.8 (a). The sample is fixed on a sapphire platform by a small amount of
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Figure 3.8: Panel (a): schematic drawing of the specific heat setup adapted
from Ref. 14. Panel (b): raw data of the relaxation method. At time t1, the
heater is switched on and T (t) = ∆T (t) + T0 increases. At t2, the heater is
switched off and T (t) relaxes back towards T0 with a time constant τ = C/K1.

grease (Apiezon N) which solidifies upon cooling below room temperature. Sap-
phire is a suitable material due to its small heat capacity but large thermal con-
ductivity at low temperatures. K2 denotes the coupling between the platform and
the sample via the grease. A thermometer (Cernox 1030 BC) and a SMD heater
(R ' 27.3 kΩ at room temperature) are mounted to the platform by VGE-7031
Insulating Varnish [65]. The whole setup has a defined coupling to the bath
via a thin platinum wire with the thermal conductance K1. Another established
method to measure the specific heat is the quasi-adiabatic heat pulse method which,
however, was not applied in this thesis. Details can be found in Refs. 72, 73. In
contrast to the relaxation method, it requires K1 to be as small as possible1.

For the relaxation method, it is assumed that K2 = ∞. The schematic tempera-
ture dependence of a single heat pulse as function of time is shown in Fig. 3.8 (b).
Within the Heliox VL temperature controller, T0 does not equal the bath tem-
perature. Instead, T0 is stabilized by an offset power P0 of the heater which yields a
faster temperature control of the sample temperature and lowers the impact of fluc-
tuations of the Heliox VL. When the stabilization criteria at T0 are fulfilled, the
heating power is increased at t1 by applying an additional power ∆P to the heater.
Hence, T (t) = ∆T (t) + T0 rises. At time t2, the additional power ∆P is removed
and T (t) relaxes back towards T0. With K2 = ∞ and T = Tsample = Tplatform, it

1Note that a finite K1 is required to provide a finite cooling power.
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follows from the first law of thermodynamics, that

∆Q = C dT. (3.5)

From Eq. (3.5), a differential equation can be extracted and it is given by

C dT = ∆Pdt−K1(T − T0)dt. (3.6)

Eq. (3.6) is solved by ∆T (t)heat and ∆T (t)cool for the heating and relaxation curves,
namely [73]

∆T (t)heat = ∆P/K1(1− exp(−(t− t1)/τ1)) (3.7)

∆T (t)cool = ∆P/K1 exp(−(t− t2)/τ1). (3.8)

In the limit of t → ∞, the steady-state equation yields ∆P/K1 = ∆T (t → ∞) =
∆Tmax. The relaxation time τ1 is related with the heat capacity via τ1 = C/K1.

The raw data of the heating and relaxation curves are fitted separately which
yields K1 and τ1. Note that reliable results are only obtained if τ1 determined
from the heating and from the relaxation curve are identical. The heat capacity
of the addenda is measured in a separate run and is subtracted from the data in
the same way as the heat capacity of the Apiezon N grease which is known from
literature [74, 75]. In the data analysis, so-called τ2 effects can also be taken into
account which arise from an imperfect coupling of the sample to the platform via
K2 [73]. In general, τ2 is defined by the coupling of the sample to the platform
via the low-temperature Apiezon N grease. In order to minimize these effects in
the experiment, it has to be ensured that the sample is properly attached with the
grease and with a large cross section on the platform.

3.5.2 Heat-flow method

For T . 0.5 K, long-term internal equilibration has been observed in Dy2Ti2O7 [11,
14, 20]. This is related to the fact that the relaxation times τi between the different
sub-systems CP (phononic) and CM (magnetic) and, especially within CM become
very large compared to the equilibration with the platform τ2 and with the bath
τ1, see Fig. 3.8 (a). In order to account for these long-term equilibration pro-
cesses, a new approach has been developed which was named ”constant heat-flow
method” [14]. It analyzes the heating curves over long timescales and is equiva-
lent to the method applied by Pomaranski et al. [20, 76] in which the specific heat
is derived from the long-time temperature relaxation curves. The constant heat-
flow method only differs from the relaxation method by the fact that the raw data
∆T (t) = T (t) − T0 are recorded for a longer period of time and an exponential
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Figure 3.9: Panel (a): heating curve ∆T (t) = T (t) − T0 of Dy2Ti2O7 at
T ≈ 0.36 K. The dashed black line represents ∆Tmax(1%), see text. Panel (b):
1 − ∆T (t)/∆Tmax for different ∆Tmax. Panel (c): constant heat-flow method
for different ∆Tmax. Panel (d): comparison of cp for different ∆Tmax and with
results from Pomaranski et al. [20].

increase of ∆T (t) is not required. In analogy to the relaxation method, the sample
and the platform are raised to a constant temperature T0 above the thermal reser-
voir by an offset power. Then, an additional power ∆P is applied to the heater.
Exemplary raw data ∆T (t) = T (t) − T0 of Dy2Ti2O7 at T ≈ 0.36 K are shown in
Fig. 3.9 (a). In order to ensure measurable variations in ∆T (t) over long times,
the thermal coupling K1 to the bath has to be weak. As can be seen, this setup
allows for measurements up to about 2000 s whereas the variations in ∆T become
too small for t > 2000 s. In order to obtain the heat capacity from the raw data,
∆Tmax = ∆T (t → ∞) has to be determined which is obtained by an exponential
fit to the heating curve in the limit t → ∞ in the relaxation method. Within the
constant heat-flow method, ∆Tmax can either be fixed by ∆T (2000 s) or by an esti-
mation of ∆T (t→∞). Fig. 3.9 (b) presents the time-dependence of ∆T (t) in the
representation 1 − ∆T (t)/∆Tmax whereas ∆Tmax is increased by 0%, 1% and 2%
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with respect to ∆T (2000 s). With increasing ∆Tmax, 1−∆T (t)/∆Tmax is enhanced
and exhibits a linear decrease in the long-time limit. An exemplary ∆Tmax, which
is raised by 1% with respect to ∆T (2000 s), is depicted as the black dashed line in
panel (a). As can also be seen in panel (b), 1−∆T (t)/∆Tmax of Dy2Ti2O7 shows a
clearly non-linear decrease in the semi-logarithmic representation which makes the
standard relaxation method inapplicable. In order to calculate the specific heat via
the constant heat-flow method, the heat applied to the sample as a function of time
is obtained from the difference

∆Q(t) = ∆Pt−
∫
K1∆T (t)dt (3.9)

between the total amount of heat ∆Pt provided by the heater and the heat flown
from the platform to the bath via

∫
K1∆T (t)dt with K1 = ∆P/∆Tmax. Thus,

the thermal coupling to the bath K1 = ∆P/∆Tmax is related to the estimation of
∆Tmax. The heat capacity follows via

C(t) = ∆Q(t)/∆T (t) (3.10)

which is shown in Fig. 3.9 (c) for different ∆Tmax. Naturally, ∆Q(t)/∆T (t) cal-
culated with ∆Tmax(0%) saturates for t → 2000 s. It turns out that C(t) =
∆Q(t)/∆T (t) is highly sensitive to the estimation of ∆Tmax. Thus, a reason-
able estimation of ∆Tmax is required. In the analysis of the raw data of this
thesis, ∆Tmax = ∆T (t → ∞) was obtained by slightly raising ∆T (2000 s) by
0.5-1% such that 1−∆T (t)/∆Tmax reveals a linear decrease in the long-time limit
but almost vanishes, see panel (b). The constant-heat flow method was applied
for (Dy1−xYx)2Ti2O7 with x = 0–0.1 in the low-temperature regime T . 0.5 K.
Fig. 3.9 (d) compares the results of the specific heat cp for different ∆Tmax ob-
tained via the constant heat-flow method to cp determined by Pomaranski et
al. [20]. This group applies an equivalent method which analyzes the temper-
ature relaxation curves over 6 · 104 s after the sample temperature is raised by
≈ 5–10% above the base temperature T0. A weak link of Pt91W9 with conductance
K/T ≈ 2.8 · 10−8 W/K2 was used to connect the sample to a thermal reservoir in
order to ensure measurable variations in ∆T (t) over these long timescales. This ap-
proach reduces uncertainties of ∆Tmax but it is extremely sensitive to the stability
of the base temperature T0 which has to be stabilized over the whole time period
of a single ∆T (t) curve (6 · 104 s). At 0.36 K, cp of Pomaranski et al. exceeds the
result obtained via the constant heat-flow method with ∆Tmax(1%) by a factor of 3.
This deviation might stem from a too large coupling to the thermal reservoir which
restricted the measurements of ∆T (t) to 2000 s in the experiment. However, it is
systematically shown that the determination of cp by integrating over these long
timescales bares several problems and already small uncertainties in T0 or ∆Tmax

lead to large deviations of cp in the long-time limit.
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Figure 3.10: Panel (a): relative deviation from the target temperature (T −
T0)/T0 of Dy2Ti2O7 at various temperatures. Panel (b): antisymmetric curves
of P with increasing and decreasing field at 2 K. The red line represents the
symmetric contribution K∆T calculated from (P↑ + P↓)/2. Panel (c): non-
antisymmetric curves of P at 0.4 K. The background contribution K∆P (green
line) was determined in a separate run.

3.6 Magnetocaloric effect

This section introduces the magnetocaloric effect which was measured for pure and
dilute spin ice (Dy1−xYx)2Ti2O7 with x = 0 and 0.75 at different temperatures. A
special analysis of the magnetocaloric effect data allows to determine the change
of entropy as a function of the external magnetic field. More information about
this field-dependent effect and materials exhibiting magnetocaloric properties can
be found in an review article [77]. The experimental data of the magnetocaloric
effect were obtained using the low-temperature calorimeter which is also applied for
the specific heat measurements, see a schematic drawing in Fig. 3.8 (a). The sam-
ple is equally mounted on the sapphire platform by Apiezon N low-temperature
grease. Then, the sample temperature T is raised to a target value T0 above the
thermal reservoir of the Heliox VL by an SMD heater in zero magnetic field.
When T is stabilized at T0, the magnetic field is continuously increased and then
decreased meanwhile a PID routine steadily controls and stabilizes T to the target
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3 Experimental

temperature. Typical curves of the relative temperature stability (T − T0)/T0 as a
function of the field for Dy2Ti2O7 at different target temperatures T0 are depicted in
Fig. 3.10 (a). It turns out that the deviation from the target temperature amounts
to about 1.2% in maximum for this material. This is a result of the comparably
large heating/cooling of the sample due to the large magnetocaloric effect of the
Dy3+ ions with µ = 10µB. These deviations are clearly smaller for the dilute system
x = 0.75 due to the replacement of magnetic ions by non-magnetic yttrium.

The derivation of the change of entropy ∆S(H) follows Ref. 73. In general, the
entropy S = S(H,T ) of a system depends on the temperature and the magnetic
field. As a consequence, the differential is given by [78]

dS =
∂S

∂T

∣∣∣∣
H

dT +
∂S

∂H

∣∣∣∣
T

dH. (3.11)

As T is kept constant, the first term in Eq. (3.11) vanishes and the internal en-
ergy U(S, V,N) of a magnetic system at constant volume and particle number is
determined by

dU = T · dS = T
∂S

∂H

∣∣∣∣
T

dH. (3.12)

The power P of the heater is adjusted to keep T constant. Furthermore, the heat
provided by the heater and the heat flown to the bath via the conductance K equal
the differential of the internal energy via

dU = P (H)dt−K(H)∆Tdt. (3.13)

Eq. (3.12) and (3.13) can be combined to determine the change of the entropy as a
function of the magnetic field

P (H)−K(H)∆T

γ
= T

∂S

∂H

∣∣∣∣
T

(3.14)

with the sweep rate of the magnetic field γ = dH/dt. The heating power P (H)
can be separated into a background contribution and a contribution of the change
of entropy whose sign depends on the field sweep direction. In the following, P↑
denotes the heating power with increasing magnetic field and P↓ with decreasing
field. Thus, Eq. (3.14) can be rewritten to

P↑,↓(H) = K(H)∆T ± |γ|T ∂S↑,↓
∂H

∣∣∣∣
T

. (3.15)

The first term in Eq. (3.15) represents the background contribution K(H)∆T and
accounts for the heating power to reach the temperature difference ∆T between
the sample and the thermal reservoir. K(H)∆T is independent of the field-sweep
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Figure 3.11: ∆S(H) of
(Dy1−xYx)2Ti2O7 with x = 0.75

for ~H || [001] at 0.4 K. The inset
shows M(H) at 0.4 K obtained
by applying the same field-sweep
rate.

direction. In thermodynamics, a process can be reversible (∆S = 0) or irreversible
(∆S > 0). Thus, ∂S↑,↓/∂H can also be reversible or irreversible as a function
of the magnetic field at constant T . Note that a reversible ∂S↑,↓/∂H is related
to a non-hysteretic magnetization M(H) and vice versa. Additionally, a reversible
∂S↑,↓/∂H results in antisymmetric P↑(H) and P↓(H) with respect to the background
contribution K(H)∆T which is shown exemplarily in Fig. 3.10 (b) for Dy2Ti2O7 at
2 K. Here, spin-ice physics is mainly suppressed and M(H) exhibits no hysteresis
(reversible). In this case, the addenda K(H)∆T cancels out for P↑ − P↓ and the
change of the molar entropy ∆S is obtained via integration

∆S = S(H)− S(H ′) =
mmol

2m|γ|T

∫ H

H′
[P↑(H

′)− P↓(H ′)] dH ′ (3.16)

with the mass of the sample m and its molar mass mmol. This result is independent
of geometric details and a calibration of the empty sample holder is not required.
The background contribution can be determined via (P↑(H) + P↓(H))/2 = K∆T
(red solid line). Fig. 3.11 shows an exemplary curve of a reversible ∆S(H) deter-
mined via Eq. (3.16) for (Dy1−xYx)2Ti2O7 with x = 0.75 at 0.4 K. The curve is
shifted to match ∆S(T, 0 T) obtained from temperature-dependent measurements
in zero field. The results of ∆S(T,H = const.) at fixed magnetic fields are repre-
sented by the closed blue circles. The inset depicts the non-hysteretic M(H) in the
case of a reversible ∆S(H). The agreement between ∆S(H) and ∆S(T,H = const.)
at fixed magnetic fields is considerably well. Slight deviation result from the large
slope in ∆S(T, 0 T) in zero field which exhibits uncertainties in estimating the
absolute value.

If the change of entropy ∆S(H) is, however, irreversible in a magnetic-field loop, its
determination becomes more difficult. Because in this case, the energy of the mag-
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Figure 3.12: Panel (a)
and (c): ∆Sraw(H) at
0.4 K for ~H || [001] and
~H || [111]. The insets
show M(H) determined
with the same field-sweep
rate. Panel (b) and (c):
∆S(H) at 0.4 K deter-
mined from ∆Sraw(H),
see text. The insets show
∆Sdiss, see text.
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netic system is dissipated to the phononic system (sample heats up) with increasing
field. But with decreasing field, this amount of heat is not fully released back to
the magnetic system. Thus, P↑(H) and P↓(H) are non-antisymmetric with respect
to the background K∆T . This is shown exemplarily in Fig. 3.10 (c) for Dy2Ti2O7

at 0.4 K. The background contribution K(H)∆T (green solid line) cannot simply
calculated by (P↑(H) + P↓(H))/2 (red solid line). First, the background K(H)∆T
has to be determined in a separate run with an empty sample holder. Then, it is
separately subtracted from P↑ and P↓ which leads to a raw ∆S↑,↓raw obtained via

S↑,↓raw(H)− S↑,↓raw(H ′) = ± mmol

m|γ|T

∫ H

H′
[P↑,↓(H

′)−K(H ′)∆T ] dH ′. (3.17)

Typical curves for ∆S↑,↓raw(H) are presented in Fig. 3.12 (a) and (c) for Dy2Ti2O7

with ~H || [001] and [111] at 0.4 K. Both curves ∆S↑raw are again shifted to match
∆S(T, 0 T) and the results of ∆S(T,H = const.) are represented by the closed
circles. ∆S↓raw is shifted to match ∆S↑raw at high magnetic fields (2 T) where
the magnetization is saturated. An irreversible process of the magnetic system
as a function of the magnetic field is correlated with a hysteresis in M(H), see
insets of panel (a) and (c). Note that ∆S↑raw(H) does absolutely not reproduce
∆S(T,H = const.). As discussed above, this large discrepancy originates from the
dissipation of energy from the magnetic to the phononic system with increasing
field which is not completely released within a closed field loop. Thermodynamics
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3.6 Magnetocaloric effect

T (K) P I D Imax (A)

0.4 50 0.06 0.002 3 · 10−5

0.7 40 0.05 0.003 3 · 10−5

1 30 0.04 0.009 3 · 10−5

2 25 0.03 0.01 5 · 10−5

5 20 0.02 0.012 9 · 10−5

Table 3.1: PID parameters of the experimental setup with coupling to the bath
via three platinum wires and four copper screws. The first column indicates the
temperature up to which the parameters are applied. The PID controller output
expends a number between 0 and 1 which is multiplied with the maximum
current Imax in the fifth column.

tell that the amount of this heat per mole is given by

∆Udiss(H) = ∆Sdiss(H) · T = NA · µB

∫ H

H′
(M↓(H

′)−M↑(H ′)) dH ′ (3.18)

with the Bohr magneton µB. M(H) has to be measured applying the same field
sweep rate |γ| as used for the magnetocaloric effect data to determine the exact
∆Udiss(H). Curves of ∆Sdiss(H) = ∆Udiss(H)/T , calculated from corresponding
M(H) via Eq. (3.18), are shown in the insets of Fig. 3.12 (b) and (d). The final
step is to obtain the real change of entropy ∆S↑,↓(H) from ∆S↑,↓raw(H) which bares
several uncertainties because ∆Sdiss(H) is determined as a sum for increasing and
decreasing field. Thus, it has to be split into a contribution to ∆S↑raw(H) and to
∆S↓raw(H). As can be seen in the insets of Fig. 3.12 (a) and (c), the hysteresis
in M(H) only occurs in the low-field regime below 0.5 T for both field directions.
Thus, the low-field decrease of ∆S↑raw(H < 0.5 T) is scaled such that the whole
corrected curve ∆S↑(H) matches ∆S(T,H = const.). This reduces the decrease
by ∆S↑raw(0.5 T) − ∆S↑(0.5 T) = ∆S↑,cor. Note that ∆Sdiss(0.5 T) > ∆S↑,cor

is required to obtain reliable results. Then, ∆Sdiss(0.5 T) − ∆S↑,cor = ∆S↓,cor

yields the correction to ∆S↓raw(H < 0.5 T). Afterwards, the low-field increase
of ∆S↓(H < 0.5 T) is scaled such that its magnitude is given by ∆S↓(0 T) −
∆S↓(0.5 T) = ∆S↓raw(0 T)−∆S↓raw(0.5 T) + ∆S↓,cor. The resulting curves ∆S↑(H)
and ∆S↓(H) for Dy2Ti2O7 at 0.4 K are shown in Fig. 3.12 (b) and (d).

In general, it turned out that the change of entropy ∆S(H) of crystals, which reveal
reversible magnetic properties, can be measured applying the magnetocaloric effect
in an efficient way and with a high accuracy, as discussed for (Dy1−xYx)2Ti2O7 with
x = 0.75. However if the magnetic properties are irreversible (e.g. Dy2Ti2O7 below
about 0.6 K), this method bares several uncertainties concerning the background
contribution K∆T and the splitting of ∆Sdiss(H) to P↑(H) and P↓(H). Thus, the
applicability and accuracy is clearly reduced for these systems.
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3 Experimental

During initial experiments, it was observed that the standard coupling of the sap-
phire platform to the bath via one platinum wire, which is applied for the relax-
ation measurements of the specific heat, is not sufficient for (Dy1−xYx)2Ti2O7 with
x ≤ 0.75. Due to the large magnetic moment of µ = 10 µB of the Dy3+ ions, a
considerable large heating of the samples arises while raising the magnetic field. As
a consequence, the power P of the heater is partly switched off by the PID routine
to compensate this large heating. Then, Eq. (3.16) and (3.17) are not applicable. In
order to account for this effect, the coupling of the platform to the bath was accom-
plished by three platinum wires and 4 copper screws in the experiment presented
within this thesis. Hence, the cooling power of the bath is strongly enhanced which
leads to an increased K(H)∆T for both field directions. Therefore, the change of
the temperature can be compensated by the PID controller without switching off
the heater. The PID parameters for the applied setup are given in Tab. 3.1.
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4 Introduction to spin ice

This chapter introduces spin-ice systems and gives an overview about magnetic
frustration, the history of spin ice, the analogy to water ice and theoretical models.
Furthermore, recent literature results on spin ice are summarized.

4.1 Magnetic frustration

In general, frustration is defined as the competition between nearest neighbor inter-
actions or between nearest neighbors and next-nearest neighbors in a many-body
system such that not every atom can minimize its energy due to local constraints.
It usually arises in systems that comprise spins which reside on the sites of a lattice
built of elementary triangular or tetrahedral units and which are coupled antifer-
romagnetically to each other. However, geometric frustration can also occur in
systems with strong single-ion easy-axis anisotropy with non-collinear spins which
are coupled ferromagnetically. This is realized in some pyrochlore oxide materi-
als in which the Ising-like magnetic rare earth moments are located on the edges
of corner-sharing tetrahedra and are coupled via effective ferromagnetic interac-
tions [79, 80].

In order to illustrate the principle of frustration, Fig. 4.1 (a) shows the textbook
example of magnetic frustration. The Ising spins reside on the edges of a triangle
interacting via nearest-neighbor antiferromagnetic exchange. If the first two spins
align antiparallel the third one is frustrated because its two possible orientations,
up and down, possess the same energy. The third spin cannot simultaneously
minimize its interactions with both others. G. Wannier showed in 1950 that this
system remains disordered down to zero temperature and reveals a degeneracy of
the ground state [81]. The ground-state degeneracy is a defining characteristic of
frustration from the theoretical perspective. In the discussed scenario, the number
of ground states grows exponentially with the number of spins possessing a residual
(T = 0) entropy. This is in contrast to the third law of thermodynamics claiming
S → 0 for T → 0. Fig. 4.1 (b) shows that frustration can also arise if ferromagnetic
spins reside on a triangle. The spins are arranged along an easy axis which points
towards the center and the first two spins have a parallel component. Then, the
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4 Introduction to spin ice

Figure 4.1: Illustration
of magnetic frustration with
ferromagnetic and antiferro-
magnetic exchange interac-
tion. Panel (a): textbook
example of magnetic frustra-
tion with antiferromagnetic
coupling. The ferromagnetic
coupling of panel (b) in 2D is
extended to 3D in panel (c)
where the system minimizes
its energy by a 2in-2out con-
figuration. Panel (d): map-
ping of (c) to 2D according
to Ref. 79.

third spin remains frustrated and cannot order ferromagnetically to both others.
The 2D scenario of panel (b) is extended to 3D in panel (c). The spins reside on
the edges of a tetrahedron and point along a local easy axis towards the center
of the tetrahedron. Geometric frustration arises if the coupling is ferromagnetic.
The system minimizes its energy by a configuration where two spins point into the
tetrahedron and two out. This ground state is 6-fold degenerate and it is discussed
to occur in spin-ice materials. The configuration of panel (c) can be mapped to 2D
which is shown in panel (d) [79].

4.2 History

In principle, the history of spin ice began in the 1930s when W. Giauque et al.
measured the heat capacity of common water ice from 15 K up to 273 K and found
an unaccounted residual entropy [82, 83]. L. Pauling explained this result in terms
of a macroscopic number of proton configurations of the H+ ions that are located
around the oxygen ions [5]. A mismatch is present between the crystalline sym-
metry of ice and the local hydrogen bonding requirements of the water molecules.
Pauling’s argument to estimate the proton entropy considered one mole of water ice
which consists of N O2− ions and therefore 2N O-O bonds. By taking into account
that all bonds obey the first Bernal-Fowler ice rule, each O-O bond has two possible
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4.2 History

Figure 4.2: Analogy of water ice and spin ice taken from Ref. 79. Panel (a)
shows the structure of water-ice where the oxygen ions are surrounded by four
protons. Two of these protons are located close to the central oxygen and two
sit close to neighboring oxygen atoms. Panel (b) emphasizes the analogy to spin
ice. Two spins of a single tetrahedron point towards its center while two point
out of the tetrahedron to the center of neighboring tetrahedra.

proton positions. Thus, there are 2(2N) possible proton positions in the considered
system and 16 possible proton configurations for each oxygen ion. 10 out of these
16 configurations are energetically unfavorable, namely the OH2+

4 configuration,
the 4OH+

3 configurations, the 4OH− configurations and the O2− configuration. As
a consequence, there are six configurations according to the Bernal-Fowler rules
which are energetically favorable around each oxygen ion. This leads to an upper
bound on the number of ground states, Ω, by simply reducing the 2(2N) possible
states by a weight factor of 6/16 for each oxygen ion. Hence, Ω is estimated by

Ω ≤ 22N(6/16)N = (3/2)N . (4.1)

As a result, the residual entropy per H+ ion (which introduces an additional factor
of 1/2) can be obtained via

S =
R

2
ln(Ω) =

NAkB

2
ln(3/2) = 1.69 J mol−1K−1. (4.2)

This model reproduced the results of W. Giauque et al. published in Ref. 83 within
1-2%.

A class of insulating magnetic materials in which the configurational disorder of the
magnetic moments is analogous to the disorder in water ice was intensively studied
during the last two decades. Due to this analogy, these materials were named
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4 Introduction to spin ice

Figure 4.3: Cubic
unit cell of the py-
rochlore lattice which
contains 16 lattice sites
(dark blue spheres).
The gray spheres rep-
resent sites which arise
from the periodicity
of the lattice. As
a guide-to-the-eye,
the tetrahedra are
highlighted in brown.

spin ice. Fig. 4.2 (a) shows the structure of water ice where the oxygen ions are
surrounded by four protons. Two of these protons are located closer to the central
oxygen and two reside close to neighboring oxygen atoms. This ground state is 6-
fold degenerate. Panel (b) depicts the situation in spin ice which is built of corner-
sharing tetrahedra that form a pyrochlore structure which will be discussed in the
following. One single tetrahedron consists of four spins where two point towards
its center while two point out of the tetrahedron to the center of a neighboring one
in order to minimize its energy. The most prominent representatives of spin-ice
materials are Dy2Ti2O7 and Ho2Ti2O7 whose thermodynamic properties will be
investigated in Chaps. 5-7.

The name pyrochlore originates from the mineral NaCaNb2O6F whose structure
was first reported by von Gaertner in 1930 [84]. The name, literally ’green fire’,
originates from the fact that the mineral shows green color upon ignition. The spin-
ice materials such as Dy2Ti2O7 and Ho2Ti2O7 crystallize in this cubic pyrochlore
structure with space group Fd3̄m [79, 85, 86] which is shown in Fig. 4.3. The
magnetic Dy3+ (Ho3+) ions and the non-magnetic Ti4+ ions reside on two interpen-
etrating pyrochlore lattices, respectively. Here, it will be focused on the magnetic
system whose unit cell contains 16 sites which are represented by the dark blue
spheres. The corner-sharing tetrahedra are highlighted in brown. The gray circles
represent the sites which arise from the periodicity of the lattice and are shown
for a better illustration of the 3D structure. The lattice constant is found to be
a = 10.124 Å for Dy2Ti2O7 and a = 10.1041 Å for Ho2Ti2O7 [87].
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4.2 History

In Refs. 85, 88, it was found that an effective ferromagnetic nearest-neighbor cou-
pling is present in Ho2Ti2O7, characterized by a positive Curie-Weiss temperature
θW ≈ 1.9 K which indicates a coupling between the Ho3+ ions with J ≈ 1 K1. Fur-
thermore, no magnetic transition was found down to 0.05 K. The surprising result
was explained by a strong crystal electric field of trigonal symmetry that forces
the magnetic Ho3+ moments to point strictly along the local {111} direction to the
center of a tetrahedron. This anisotropy allows to describe the Ho3+ moments as
effective classical Ising spins Szii with local quantization axis {111} at the site i.
For a single tetrahedron with such {111} Ising spins sitting on each corner and
interacting with a nearest-neighbor ferromagnetic coupling, the minimum energy is
found to be one of six states with two spins pointing into and two spins pointing
out, see Fig. 4.2 (b).

In 1999, Ramirez et al. found an analogy between the frustrated pyrochlore
Ho2Ti2O7 and the compound Dy2Ti2O7 by determining its residual zero-point
entropy which is similar to the residual entropy of water ice [90]. It was the first
experimental evidence for the existence of the spin-ice state. During the following
years, several groups measured the specific heat of Dy2Ti2O7 and partially con-
firmed these results [19, 91, 92]. Recent specific-heat data support an absence of
Pauling’s residual entropy in Dy2Ti2O7 which will be discussed in Sec. 4.5.

However, it turned out that the simple ferromagnetic model with strong anisotropy
along local {111} directions is not sufficient to explain all characteristics of the spin-
ice materials Dy2Ti2O7 and Ho2Ti2O7. Due to the large magnetic moment µ ≈ 10µB

of the Dy3+ and Ho3+ ions [93], it is found that the scale for the magnetostatic
dipolar interactions between nearest neighbors, which refers to the direct interaction
between two magnetic dipoles, can be calculated to be D ≈ 1.4 K [80, 93]. Thus, D
and J are of comparable magnitude. Hence, the dipolar interactions must be taken
into account. Furthermore, the nearest neighbor exchange interactions in Dy2Ti2O7

and Ho2Ti2O7 were actually found to be antiferromagnetic [79, 80], which would
by itself cause a phase transition to a long range ordered state with TN ∼ |ΘW|
distinguished by Monte Carlo simulations [85, 88]. As a consequence, a model of
{111} Ising pyrochlore magnets with antiferromagnetic nearest-neighbor exchange
and long-range magnetic dipole interactions was successfully introduced and led to
a convenient description of the experimental results [79, 94–96]. The corresponding

1The Curie-Weiss temperature of Dy2Ti2O7 is obtained from dc susceptibility to be θW ≈
1.1 K [89].
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Hamiltonian is given by [96]

H = − J
∑

〈(i,a),(j,b)〉

~Sai · ~Sbj

+Dr3
nn

∑
i>j
a,b

~Sai · ~Sbj
|~Rab

ij |3
−

3(~Sai · ~Rab
ij )(~Sbi · ~Rab

ij )

|~Rab
ij |5

. (4.3)

The vectors ~Sai = θai ẑ
a represent the Ising spins of the Dy3+ or Ho3+ ions at site ~Ri

which point along the local easy axis ẑa in one of the {111} directions. The Ising

variable is θai = ±1 and the ẑa are normalized to |ẑa| = 1. The vector ~Rab
ij = ~Rij+~r

ab

connects the spins ~Sai and ~Sbj . The exchange energy J is antiferromagnetic and
D is the dipolar energy scale. Due to the local {111} easy axes, it follows that
ẑa · ẑb = −1/3 and therefore Jnn = J/3 if the exchange interaction is restricted to
nearest neighbors. The dipolar interaction energy can be obtained via

D =
µ0

4π

µ2

rnn3

. (4.4)

The magnetic moments of the Dy3+ and Ho3+ ions in the pyrochlore lattice were
experimentally determined to be µ ≈ 10µB by magnetization [97] and neutron
scattering [98]. The typical nearest-neighbor distance of the systems is given by
rnn ≈ 3.54 Å. The dipole-dipole interaction at nearest neighbor distances can be
calculated to be Dnn = 5D/3, since ẑa · ẑb = 1/3 and (ẑa · ~Rab

ij )(ẑb · ~Rab
ij ) = 2/3

following from Eq. (4.3). Thus for both systems Ho2Ti2O7 and Dy2Ti2O7, the
dipole-dipole interaction is given by Dnn ≈ 2.35 K. From these results, an effective
nearest-neighbor energy scale can be introduced

Jeff = Jnn +Dnn. (4.5)

In literature the exchange couplings are found to be Jnn ≈ −1.24 K for Dy2Ti2O7 [80]
and Jnn ≈ −0.52 K for Ho2Ti2O7 [99]. Hence, Jeff > 0 and, thus, ferromagnetic for
both Dy2Ti2O7 with Jeff = 1.1 K and Ho2Ti2O7 with Jeff = 1.8 K. The effective
Hamiltonian is given by

H = −3 Jeff

∑
〈(i,a),(j,b)〉

~Sai · ~Sbj . (4.6)

In the presence of an external magnetic field Eq. (4.6) expands to

H = −3 Jeff

∑
〈(i,a),(j,b)〉

~Sai · ~Sbj − µ
∑
i

~Si · ~Hext. (4.7)

38



4.2 History

Concerning the crystal electric field level scheme of the Dy3+ ions (4f9) in Dy2Ti2O7,
which is created by the surrounding O2+ ions, an Ising-type |J = ±15/2〉 Kramers
doublet is found to almost completely form the ground state [89]. In Ref. 100, the
exact level scheme is obtained by fitting of nuclear quadrupole resonance (NQR)
experiments and the ground state wave function |Ψgs,Dy〉 consists of the following
contributions

|Ψgs,Dy〉 = + 0.9861 |±15/2〉 − 0.1561 |±9/2〉 − 0.041 |±3/2〉
+ 0.035 |∓3/2〉+ 0.007 |∓9/2〉 . (4.8)

Obtained results for the gap to the first excited doublet state vary between 140 K
and 380 K in literature [100–104]. Due to the strong Ising character of the ground
state, the total angular momentum of the Dy3+ ions can be calculated via

mz = gsµBSz + gLµBLz ≈ 2µB
5

2
+ 1µB5 = 10µB (4.9)

with gS ≈ 2 and gL = 1 as the Landé factors of the spin and the orbital momen-
tum.

The crystal electric field scheme of Ho2Ti2O7 is very similar to that of Dy2Ti2O7.
The electric field acting on the magnetic ions also gives rise to an almost ideal
classical Ising spin. The J = 8 multiplet of the Ho3+ (4f10) ion splits into ten levels
due to the D3d local symmetry [98, 105]. The ground state almost purely consists of
the |J = ±8〉 doublet. In Ref. 106, the exact level scheme is determined by fitting
neutron scattering experiments and the ground state wave function |Ψgs,Ho〉 is given
by

|Ψgs,Ho〉 = − 0.979 |∓8〉 ± 0.189 |±5〉 − 0.014 |±2〉 − 0.070 |∓1〉
− 0.031 |∓4〉 ± 0.005 |∓7〉 . (4.10)

Slightly different results of the ground-state wave function, which also almost purely
consists of the |J = ±8〉 doublet, can be found in Ref. 107. The first excited state of
the crystal-electric field multiplet is well separated from the ground state by a gap
of ∆E = 240 K determined by magnetic susceptibility measurements [101]. This
yields the same value for the total angular momentum like in Dy2Ti2O7, namely

mz = gsµBSz + gLµBLz ≈ 2µB2 + 1µB6 = 10µB. (4.11)

In summary, Ho2Ti2O7 and Dy2Ti2O7 are 3D realizations of a spin ice. The influ-
ence of quantum mechanics on the classical Ising spins in Dy2Ti2O7 and Ho2Ti2O7

is studied in literature [108, 109]. An estimate of quantum effects in the systems is
found to be well below experimentally relevant temperatures.

39



4 Introduction to spin ice

Figure 4.4: Energy lev-
els of the single-tetrahedron
approximation with effective
coupling Jeff = 1.1 K for
Dy2Ti2O7 [80] and Jeff = 1.8 K
for Ho2Ti2O7 [99] at zero
magnetic field. 2in – 2out

3in & 1out
or

1in & 3out
2.2 K - Dy2Ti2O7

3.6 K - Ho2Ti2O7

6.6 K - Dy2Ti2O7

10.8 K - Ho2Ti2O7

4in & 0out
or

0in & 4out

4.3 Single-tetrahedron approximation in external
magnetic field

The single-tetrahedron approximation is often applied to describe the phenomena of
spin-ice materials [10]. Here, only the four spins of one tetrahedron are considered.
The splitting of the possible states can easily be calculated which is depicted in
Fig. 4.4 at zero magnetic field. The ground state is sixfold degenerate, represented
by the 6 black lines at the bottom. Above this ground state, the 8-fold degenerate
first excited state 3in-1out or 1in-3out is found. The highest-lying spin configuration
is 4in-0out or 0in-4out which is located 6.6 K (10.8 K) in Dy2Ti2O7 (Ho2Ti2O7)
above the first excited state. Spin-ice physics occurs around 1 K and, thus, the
4in-0out and 0in-4out configurations will not be taken into account.

For spin-ice materials, the field-dependence of the physical properties is of high
interest. Therefore, the competition between the external field and the magnetic
moments with easy axes along the local [111] directions has to be discussed. Fig. 4.5
shows the spin-ice pyrochlore structure with a magnetic field applied along the main
crystallographic axes. The red arrows indicate the spins which are in the 2in-2out
ground-state configuration. The external magnetic field is represented by black
arrows.

The Zeeman splitting of the single-tetrahedron configurations for the different field
directions is shown in Fig. 4.6 (a)-(h). For ~H || [001], one out of the six degenerate
ground states is energetically favorable having components of all four spins along
the field direction, see panel (c). The ground-state degeneracy is lifted for finite
fields along [001].
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4.3 Single-tetrahedron approximation in external magnetic field

a

b

Figure 4.5: Py-
rochlore structure with
the corner-sharing
tetrahedra of magnetic
Dy3+ or Ho3+ ions
in external magnetic
field. The red arrows
represent the spins.
The α and β chains are
highlighted as dashed
lines.

For ~H || [111] however, the field-dependence of the energy levels is more complex.
For this particular field direction, the spin-ice structure can be best visualized by
alternating triangular planes (green) and Kagomé-ice planes (blue), see Fig. 4.7. At
finite fields, the spins within the triangular planes point parallel to the field in [111]
direction. Within the Kagomé-ice planes, the spins only have a component parallel
or antiparallel to the applied field. Starting in zero field with the 6-fold degenerate
2in-2out configuration as the ground state, a 3-fold degenerate state with 2in-2out
configuration is entered for 0 < H < 1 T in Dy2Ti2O7 and 0 < H < 1.5 T in
Ho2Ti2O7. Here, the triangular planes are fully polarized whereas one out of the
three spins within the Kagomé plane still exhibits a component antiparallel to the
field. The ice-rule is still fulfilled. At 1 T for Dy2Ti2O7 and at 1.5 T for Ho2Ti2O7,
a level crossing occurs. Here, the ground state changes from the 3-fold degenerate
2in-2out state into a non-degenerate 3in-1out (1in-3out) state where the last spin
with component antiparallel to the field is flipped, see Fig. 4.6 (d) and (e).

If the magnetic field is applied along [110], the 6-fold degenerate 2in-2out ground-
state configuration splits into three 2-fold degenerate 2in-2out states, see Fig. 4.6
(i). The ground state is given by a 2in-2out configuration where two spins have a
component parallel to the field and the other two point perpendicular to the field.
Considering the pyrochlore structure for ~H || [110], so-called α and β chains are
formed. Within the α chains, the spins have a component parallel to the applied
field whereas the spins in the β chains are arranged in a plane perpendicular to the
field, see Fig. 4.5.
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Figure 4.6: Energy of the single-tetrahedron approximation in applied mag-
netic field along [001], [111] and [110] for Dy2Ti2O7 and Ho2Ti2O7 adapted from
Ref. 16.
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4.4 Internal thermal equilibration

[111]

Figure 4.7: Visualization of the spin-ice
structure for ~H || [111]. For this field di-
rection, the structure consists of alternat-
ing triangular planes (green) and Kagomé-
ice planes (blue). Taken from Ref. 110.

4.4 Internal thermal equilibration

It has been discovered that the spin-ice systems Dy2Ti2O7 and Ho2Ti2O7 reveal
long-time thermal-relaxation phenomena in different physical properties at lowest
temperatures. Below about 0.6 K, these phenomena set in and signal strongly
increasing timescales for the internal thermal equilibration. This section will give
an overview about the most important results concerning this topic in literature.

Matsuhira et al. observe relaxation processes in the ac susceptibility and dc mag-
netic relaxation measurements in Dy2Ti2O7 [111]. They find that the spin dynamics
is well described by using two relaxation times [τs (short time) and τl (long time)].
Both parameters increase on cooling. In order to get an insight in the energy in-
volved in these relaxation processes, τ(T ) is described by an Arrhenius law in the
temperature range 0.5 K-1 K. From the temperature dependence of τs and τl, an
energy barrier of E ≈ 9.2 K (8-9Jeff) is obtained. The system shows relaxation on
time scales of τl = 102 − 105 s between 0.25 K and 0.5 K.

Revell et al. discuss the time-dependent magnetic relaxation in Dy2Ti2O7 and
show that it decays with a stretched exponential followed by a very slow long-time
tail [112]. They give experimental evidence that the rapidly diverging timescale
originates from a temperature-dependent attempt rate proportional to the mono-
pole density. They measure relaxations of about 102 s at T ≈ 0.5 K. The data are
in good agreement with Ref. 111.

Yaraskavitch et al. performed low-temperature magnetic ac susceptibility measure-
ments of single-crystal Dy2Ti2O7 [113]. The relaxation is found to exhibit thermally
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4 Introduction to spin ice

activated Arrhenius behavior with an activation energy of 9.79 K (≈ 9Jeff). For
Ho2Ti2O7, the description by an Arrhenius law yields an activation energy close to
6Jeff [114]. Distinct quantifiable differences between Ho2Ti2O7 and Dy2Ti2O7 are
found in the absorption spectra. Clear deviations between these iso-structural spin
ices are also found in the field dependence of the heat transport, see Chap. 6, and
in ultrasonic investigations [115, 116].

Long-time relaxations were also observed in the thermal transport κ of Dy2Ti2O7.
Li et al. observe relaxations of κ(t) in Dy2Ti2O7 in zero field and at finite magnetic

field after successive field sweeps for ~H || [001] and [110] [13]. The time dependence is
fitted by a single exponential function and is obtained to be τ[100] = 1100−1600 min

and τ[110] = 900 min. Relaxations for ~H || [111] are not not observed which is in
clear contrast to the results on κ(t) presented in Sec. 7.1. Klemke et al. focused
on the anomalous relaxation times in the low temperature regime (T < 1.1 K)
by analyzing the temperature-dependent specific heat and thermal conductivity
measurements [11]. The time-dependent temperature relaxation curves are found
to be non-exponential concerning one single relaxation time. The data were fitted
with a thermodynamic field theory model including multiple relaxation times. It
is discussed that the magnetic system of Dy2Ti2O7 consists of different subsystems
which reveal different relaxation times. Kolland et al. also measured the specific
heat and the thermal conductivity of Dy2Ti2O7 [14–16]. The time-dependent heat

transport κ(t) after successive field sweeps for ~H || [001] was measured in the low-
temperature regime at 0.4 K and it can be described by two relaxation times τ1 ≈
8 min and τ2 ≈ 100 min. Furthermore, they introduced a new method to measure
the specific heat for T . 0.6 K in order to account for the slow equilibration
processes. The constant heat-flow method, which has already been introduced
in Sec. 3.5.2, was applied and the specific heat was measured up to 1000 s to
reach thermal equilibrium. This method yields enhanced values of the specific heat
compared to the standard relaxation method [90, 117]. In Ref. 20 a similar method
is used by measuring the thermal equilibration of Dy2Ti2O7 up to 60,000 s. The
consequences of this long-term measurements compared to previous results will be
discussed the following.

4.5 Pauling’s residual entropy

In 1935, a residual entropy was found to be present in water ice [82, 83]. Due
to the analogy between water ice and spin ice, Ramirez et al. determined the
residual entropy of Dy2Ti2O7 by measurements of the specific heat [90]. The c(T )/T
data in zero field and at 0.5 T are shown in Fig. 4.8 (a). The entropy S(T ) is
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Figure 4.8: Panels (a) and (b) show C(T )/T data and the entropy S(T ) of
Dy2Ti2O7 determined in 1999 [90]. Panel (c): Pomaranski et al. published new
specific heat data of Dy2Ti2O7 in 2013 [20]. Panel (d): The entropy S(T ) clearly
falls below R/2 ln(3/2).

obtained via integration of c(T )/T , see panel (b). S(T ) exhibits no temperature-
dependence for T . 0.7 K and differs from the value for a two-level system R ln(2)
by 1/2R ln(3/2). This difference corresponds to the predicted value for the residual
entropy of water ice [5]. The residual entropy of 1/2R ln(3/2) in Dy2Ti2O7 seemed
to be confirmed by various specific heat measurements [19, 91, 92, 117, 118]. In
2013, Pomaranski et al. published specific heat data c/T of Dy2Ti2O7 [20] which
are shown in Fig. 4.8 (c). In contrast to previous approaches, they measured the
thermal equilibration of Dy2Ti2O7 in order to determine the specific heat. In the
experiment, the sample temperature was raised by ∆T ≈ 5% to 10% above the
temperature of the thermal reservoir. By measuring ∆T (t) up to 60,000 s, non-
exponential long-time thermal relaxation was observed below about 0.5 K. Then,
the specific heat was obtained via integration over the entire relaxation curve [76].
Due to the non-exponential long-term relaxations, they gain enhanced values of the
specific heat and c/T even increases for T ≤ 0.5 K which is in complete contrast to
the previous results [19, 91, 92, 117, 118]. Thus, the entropy of Dy2Ti2O7 falls below
Pauling’s residual entropy. The question whether the entropy completely vanishes
in the long-time limit or converges towards a finite but smaller residual entropy
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4 Introduction to spin ice

Figure 4.9: (a) The
ground state with the
2in-2out configuration. (b)
Flipping a single spin creates
a pair of a magnetic mono-
pole and anti monopole. (c)
The spin-ice ground state
can be transformed into an
energy ”dumbbell” model
with different charges. (d)
Monopole excitation in the
”dumbbell” model. Taken
from Ref. 4.

a b

c d

cannot be clearly answered and is still under debate. A discussion of the specific
heat and entropy of the dilution series (Dy1−xYx)2Ti2O7 in magnetic field will follow
in Sec. 7.2. The results will also be compared to the data of Refs. 20, 90.

The study on the residual entropy of Ho2Ti2O7 is more difficult due to an additional
nuclear spin contribution, known to also exist in other Ho3+ salts2. This nuclear spin
contribution is well described by a Schottky anomaly with a theoretical maximum
of 0.9 R in the specific heat for Ho(I = 7/2). The effect originates from a splitting
of the eight nuclear levels [99, 120]. The subtraction of the nuclear contribution
leads to a considerably large uncertainty in the temperature range of 0.6–0.9 K
where the nuclear specific heat rises sharply [99]. Thus, a reliable study on the
residual entropy is very complicated. Both, the nuclear contribution and a possible
residual entropy would appear at similar temperatures.

4.6 Magnetic monopoles & dumbbell model

In spin-ice materials, the first excited state from the ground state is created by a
single spin flip of a spin between two tetrahedra which results in a violation of the ice
rule by a transition from a 2in-2out state (see Fig. 4.9 (a)) to 3in-1out and 1in-3out
states of neighboring tetrahedra depicted in Fig. 4.9 (b). A pair of a monopole and
an antimonopole is established. These lattice excitations are topological defects
with properties which are similar to Dirac’s magnetic monopoles and are introduced

2Recently, a nuclear contribution in Dy2Ti2O7 is also discussed [119] which however does not
account for the increase of c/T found by Pomaranski et al. [20].
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4.6 Magnetic monopoles & dumbbell model

by Castelnovo et al. [4]. Within the model, the dipole interactions of Eq. (4.3) are
be replaced by energy ”dumbbells” that consist of equal and opposite magnetic
charges. These charges are located on the ends of the diamond bonds and are
shown in Fig. 4.9 (c). The charges on each diamond bond can be adjusted in two
ways and reproduce the two orientations of the original dipole. This constraint
fixes the value of the charge at Q = ±µ/ad, with the diamond lattice bond length
as ad =

√
3/2 rnn.

The Hamiltonian of the energy of a configuration of dipoles which is a result of the
pairwise interaction energy of magnetic charges is then given by [4]

H =
µ0

4π

∑
α<β

QαQβ

rαβ
+

1

2
υ0

∑
α

Q2
α (4.12)

with Qα as the total magnetic charge at site α and rαβ as the distance between
two sites. The finite self-energy υ0/2 is introduced in order to reproduce the net
nearest-neighbor interaction. In Ref. 4, it is shown that Eq. (4.12) is equivalent to
the dipolar energy Hamiltonian in Eq. (4.3) up to very small corrections that vanish
at least with 1/r5. In the model, the system minimizes its energy if each diamond
lattice site is net neutral, i.e., Qα = 0. This restriction is only accomplished if
the ice rule 2in-2out is respected and leads to the ground state of the system,
see Fig. 4.9 (c). Within the dumbbell model, the residual entropy in the low-
temperature range directly follows and agrees with the Pauling entropy. Excited
states are introduced via flipping a single dipole/dumbbell which generates a local
net dipole moment of 2µ. In this case, two adjacent sites with net magnetic charge
of Qα = ±qm = ±2µ/ad are created. This configuration is equivalent to a pair of a
monopole and an antimonopole, see Fig. 4.9 (b) and (d).

This monopole and antimonopole pair can be separated from each other without
further violations of the ice rule 2in-2out. Within this separation, the neutrality
of the tetrahedra is kept, see Fig. 4.10. However, there is a small energy cost to
separate such a pair due to Coulomb interaction which is given by

F = −µ0

4π

q2
m

r
. (4.13)

As a consequence of the finite energy cost to bring the monopoles to infinity, the
local dipolar excitation of a single spin flip fractionalizes. The so-called Dirac string
which connects the separated monopoles in Fig. 4.10 is highlighted in white. The
energy of such a Dirac string does not diverge with its length as there are no
domain walls along the string. This leads to the deconfinement of the monopoles.
The magnetic field lines turn from red to blue by connecting the monopole and
antimonopole. The elementary excitations of spin ice with properties similar to
Dirac’s monopoles were introduced according to Castelnovo et al. [4]. However,
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4 Introduction to spin ice

Figure 4.10: A pair of
separated monopole and an-
timonopole (large red and
blue balls). The Dirac string
is highlighted in white and
the lines represent the mag-
netic field [4].

there are differences between the Dirac condition [7] and the dumbbell model. In
Dirac’s theorem, it is stated that the electric charge e and any magnetic charge qm

must fulfill the following equation

e · qm =
nh

µ0

(4.14)

with an integer n. As a consequence, any monopole must be quantized in units of
qm = h/µ0e ·n. Within the dumbbell model [4], no reference to Dirac’s quantization
condition Eq. (4.14) is given. The magnitude of a spin ice monopole is given by

qm =
2µ

ad

=
2µ

µB

αλC

2πad

qD ≈
qD

8, 000
(4.15)

with λC as the Compton wavelength for an electron and α as the fine-structure
constant. The quantized magnetic charge is qD. The charge of a monopole in spin
ice can be continuously tuned by applying pressure, because this changes the value
µ/ad [4]. In standard electromagnetic theory, the source of a magnetic field can
either be a moving charge or a static dipole, but never a static magnetic charge.
This is expressed by the Gauss’ theorem

∇ · ~B = ∇ · ( ~M + ~H) = 0 (4.16)

which, however, allows for excitations like in spin ice that correspond to divergences
in the magnetic field ~H or in the magnetic moment ~M . Thus, the monopoles can
be considered as sources and sinks of ~H.
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4.7 Monopole dynamics

4.7 Monopole dynamics

The physics of spin ice are governed by the dipolar model Hamiltonian in Eq. (4.3).
Within this model, the magnetic moments of the Dy3+ and Ho3+ ions are considered
to be classical Ising spins pointing along their local easy axis in [111] direction with
a nearest-neighbor exchange J and a dipolar energy scale D. Both are considered
to be purely Ising type. The model is found to be applicable to describe the
thermodynamic properties on a quantitative level [4, 80, 94, 99]. Due to the rise
in the specific heat below 0.5 K observed by Pomaranski et al. [20], a discussion
about possible influences of quantum effects arose [121, 122]. However, Rau et al.
formulate an estimate of the scale of quantum effects in Ho2Ti2O7 and Dy2Ti2O7,
finding it will below experimentally relevant temperatures [108]. Thus, quantum
effects are neglected and the strong Ising character of the spin-ice systems results
in a dispersionless excitation spectra, as can be seen schematically in Fig. 4.4. As a
consequence, the monopole excitations do not possess a group velocity [108, 123]

vk = ∂ε/∂k = 0 (4.17)

with the dispersion relation ε(k). Due to the absence of vk, the dynamics of the
deconfined quasiparticles (monopoles) in spin ice are diffusive [10, 103]. These
quasiparticles are localized in real space rather than in reciprocal space. Thus,
the kinetic gas theory can be applied to describe the dynamics of the magnetic
monopoles and antimonopoles. The diffusion coefficient is related via

Dmag =
κmag

cmag

=
vmag`

3
= µkBT (4.18)

with the magnetic contribution to the heat transport κmag, to the specific heat cmag,
the velocity vmag, the mean-free path ` and the mobility of the monopoles µ. The
dynamics of the anomalous monopole excitations is subject of intense research [4, 8–
10, 14, 49, 92, 103, 111, 113, 124–129] and will also be intensively studied in the
following.

In contrast to the above discussed spin-ice materials with strong Ising character
like Dy2Ti2O7 and Ho2Ti2O7, several studies also focus on so-called quantum spin
ices which exhibit enhanced quantum effects. Within these systems, the Hamilto-
nian consists of a matrix of exchange couplings with Jµνij = Jνµji and a dispersion
relation ε(k) with vk 6= 0 is observed [130]. Among the magnetic pyrochlore mate-
rials, Yb2Ti2O7, Er2Ti2O7, Pr2Ti2O7 and possibly Tb2Ti2O7 are quantum spin-ice
candidates [130–133].
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Figure 4.11:
Thermal con-
ductivity κ of
Dy2Ti2O7 and
(Dy0.5Y0.5)2Ti2O7

in comparison with
the magnetization
M(H). Inset:
expanded view
of the low-field
regime. Adapted
from Ref. 16.
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4.8 Literature heat transport

In literature some results about the heat transport of Dy2Ti2O7 and Ho2Ti2O7

are found whereas the dilute spin ice is hardly studied. Klemke et al. measured
the thermal conductivity of Dy2Ti2O7 using the steady-state method and a heat
pulse technique in a temperature range from 0.3 K to 30 K in magnetic fields
applied along the [110] direction [11]. The heat transport below 10 K is interpreted
to be phononic. The temperature dependence of κ(T ) is attributed to scattering
of phonons on magnetic excitations (monopoles) due to a quadratically varying
κ(T ) instead of a cubic temperature dependence expected for boundary scattering
in a pure single crystal. Note that even the non-magnetic iso-structural reference
compound Y2Ti2O7 exhibits a power-law behavior of T 2.4 below about 4 K [14]. The
interpretations of Klemke et al. are also not supported by the thermal conductivity
data shown in Chaps. 6 and 7.

Sun et al. investigate the magnetic-field dependence of low-temperature heat trans-
port of Dy2Ti2O7 for different magnetic field directions [12, 13]. In Ref. 12, it is

observed that κ(H) displays an irreversibility in the Kagomé-ice phase for ~H || [111]
which has no direct correspondence in the magnetization hysteresis. Possible ori-
gins of this irreversibility are discussed including a field misalignment effect and
a pinning effect of the magnetic monopoles by the weak disorders. In addition,
an estimation of the mean free path of phonons at low temperatures suggests that
the magnetic excitations (magnetic monopoles) do not make a sizable contribu-
tion to heat transport because the experimentally obtained κ is smaller than the
phonon term in a boundary scattering limit. In Ref. 13, κ(H) of Dy2Ti2O7 is stud-
ied in magnetic fields up to 14 T along [001], [111] and [110]. Experimentally, it
is found that the low-T κ(H) isotherms do not only exhibit a steplike decrease

50
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at the low-field (< 2 T) magnetic transitions but also a field dependence in the
high-field regime (>7 T). A monopole thermal conductivity is extracted from the
κ(H) curves for all three magnetic field directions from the suppression of κ(H)
up to 0.5 T at 0.36 K. These results are compared to Debye-Hückel theory [10]
which yields unreasonably too large values for the monopole velocity. This finding
is interpreted to be a lack of a descriptions in terms of monopole heat transport.
However, the Debye-Hückel theory fails to describe the specific heat of Dy2Ti2O7

below ≈ 0.5 K [20, 92] and, thus, is not applicable in this temperature range. As
will be discussed below, the thermal conductivity data within this thesis contradict
this interpretation and support the existence of a sizable monopole contribution to
the heat transport.

Kolland et al. also studied the heat transport of spin ice Dy2Ti2O7 [14–16] for a
magnetic field along the crystallographic axes [001], [110] and [111]. The main find-
ings are a strongly anisotropic thermal conductivity and an experimental evidence
for monopole heat transport [14]. Fig. 4.11 shows the corresponding κ(H) data for
~H || [001] together with the dilute reference compound (Dy0.5Y0.5)2Ti2O7 and the
magnetization M(H) of Dy2Ti2O7. The κ(H) curve of Dy2Ti2O7 on raising field
(closed black symbols) strongly decreases to ≈40% of the initial value by raising the
field from 0 T up to 0.5 T. Then, κ(H) reveals a plateau-like feature until it further
decreases at about 1.5 T. In the high-field regime, κ(H) remains essentially constant
up to 7 T. The curve measured with decreasing magnetic field (open black symbols)
reveals a low-field hysteresis. The inset shows an expanded view of the low-field
hysteresis together with M(H) and it turns out that both properties systemati-
cally correlate here and, thus, with the lifting of the ground-state degeneracy for
~H || [001]. As M(H) is essentially saturated for magnetic fields larger than ≈ 0.5 T
(except van Vleck susceptibility), it is concluded that the complete suppression of
κ(H) in a magnetic field of about 0.5 T arises from the loss of monopole mobility or,
in other words, the large κmag(0 T) is a consequence of the zero-field ground-state
degeneracy. The kink around 1.5 T is discussed to be a phononic feature that arises
from lattice distortions [15]. This interpretation is also supported by the κ(H) data
of (Dy0.5Y0.5)2Ti2O7 in the main panel of Fig. 4.11 (open green symbols). The cor-
responding data do not show a strong low-field drop, but κ(H) slightly decreases
up to ≈ 2 T and match the curves of Dy2Ti2O7 in the high-field range. In addition,
no low-field hysteresis is present. It can be concluded from κ(H) and M(H) data
that spin-ice physics is essentially suppressed in (Dy0.5Y0.5)2Ti2O7 [15, 16, 129].

A microscopic model to qualitatively explain this zero-field heat transport of mag-
netic monopoles in Dy2Ti2O7, which is based on the correlation between the field-
dependent thermal conductivity κ(H) and the magnetization M(H) for ~H || [001],
is introduced by Kolland et al. [14, 16]. Fig. 4.12 (a) shows the mapping of the 3D
pyrochlore structure containing the corner-sharing tetrahedra to 2D represented by
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(a) (b)

Figure 4.12: 2D mapping of the 3D pyrochlore structure. The white squares
represent the corner-sharing tetrahedra. The arrows indicate the spins which
can either point into or out of one tetrahedron. Panel (a): creation of a pair
of monopole and antimonopole via a single spin flip. Panel (b): monopole (an-
timonopole) propagation through the crystal via spin flips. The yellow line
symbols the Dirac string of the excitation. Taken from Ref. 16.

the white squares. The arrows indicate the spins. This is not an exact mapping of
the 3D structure, however it is a suitable representation to explain the spin-flips in
Dy2Ti2O7 [79]. Note that the orientation of the spins is randomly distributed with
respect to the majority of the tetrahedra being in the 2in-2out spin-ice ground state.
One single spin flip (green arrow) creates a pair of monopole and antimonopole (blue
& red ball). Once this excitation is created and in zero magnetic field, it can frac-
tionalize and propagate independently through the crystal via additional spin flips
without further violating the ice rule, see Fig. 4.12 (b). A finite Coulomb attrac-
tion is present −µ0q

2
m/(4πr) with the distance r between a monopole/antimonopole

and the magnetic charge qm according to the dumbbell model [4]. This attraction
is obtained from Monte Carlo simulations of a dipolar spin ice [4, 134]. Thus,
the monopoles cannot be regarded as completely independently propagating ex-
citations but as weakly confined particles which does, however, not influence the
qualitative model. The spins flipped in order to separate the monopole and anti-
monopole are highlighted in green and form the Dirac string of this excitation [4].
This high mobility in zero magnetic field in spin ice for one excitation originates
from the sixfold degenerate ground state, i.e. all the 2in-2out configurations are
energetically equivalent. Hence, the configuration in panel (a) has the same energy
like the configuration shown in panel (b). Note that the estimation is based on
the single-tetrahedron approximation introduced in Sec. 4.3 which only includes
nearest-neighbor interactions.

Fig. 4.13 (a) shows an equivalent mapping of the 3D pyrochlore lattice to 2D in
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(a) (b)

Figure 4.13: 2D mapping of the 3D pyrochlore structure in finite magnetic
field ~H || [001]. Panel (a): creation of a pair of monopole and antimonopole
upon a field-induced non-degenerate ground state which consists of one single
type of 2in-2out configuration for all tetrahedra. Panel (b): suppressed monopole
mobility in a finite field along [001]. Taken from Ref. 16.

a magnetic field ~H || [001]. Note that in a finite field along [001], a field-induced
non-degenerate ground state is entered, i.e., the system consists of one single type
of 2in-2out configuration for all tetrahedra. This is realized by a configuration
in which all the spins have a component parallel to the applied field along [001]
represented by the black arrow in the right upper corner. Then, the energy to
create an excitation by a single spin flip is increased due to the Zeeman splitting.
Hence, the energy cost for the creation of a pair of monopole and antimonopole is
increased compared to the same scenario in zero field in Fig. 4.12 (a). This increase
of energy is indicated by the red arrow in Fig. 4.13 (a). Fig. 4.13 (b) highlights
that the mobility of this excitation is suppressed for this particular field direction
because every additional spin flip costs Zeeman energy. Thus, the monopoles and
antimonopoles are confined which would result in a suppressed κmag for ~H || [001].
Hence, the model qualitatively explains the results shown in Fig. 4.11.

The heat transport of the iso-structural spin ice Ho2Ti2O7 is less investigated.
Toews et al. measured the temperature-dependent thermal conductivity for
~H || [111] down to 0.1 K [18]. A magnetic contribution is obtained via κ(0 T) −
κ(8 T) which is discussed to both transfer heat and scatter phonons. These mag-
netic excitations are interpreted as monopole-like excitations whose behavior is
described via the Debye-Hückel theory [10]. But the Debye-Hückel theory fails to
describe the specific heat below about 0.5 K and, thus, it is not applicable to de-
scribe the monopole dynamics there. The field-dependent κ(H) data of Ho2Ti2O7

in Chap. 6 systematically show that the method applied by Toews et al. is not
reasonable to extract the monopole contribution to the thermal conductivity.
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5 Sample characterization

5.1 Crystal growth

In order to investigate the thermodynamic properties of the spin-ice compounds
Dy2Ti2O7 and Ho2Ti2O7, single crystals of the two mother systems are required.
Large single crystals of Dy2Ti2O7 were grown by M. Valldor [135] using the floating-
zone technique in a mirror furnace and during the diploma thesis of V. Cho [136].
Doping is a powerful tool to separate the different contributions to the specific
heat and thermal conductivity. Therefore, single crystals of (Dy1−xYx)2Ti2O7 with
x = 0.05–0.4 were grown by P. Laschitzky [137], with x = 0.5 by M. Valldor [135]
and with x = 0.75 by J. F. Welter [138]. The same approach can be applied
for Ho2Ti2O7. V. Cho synthesized Ho2Ti2O7 and the dilute reference systems
(Ho1−xYx)2Ti2O7 with x = 0.2–0.5. Within these systems, the magnetic Dy3+ or
Ho3+ are replaced by non-magnetic yttrium ions which exhibit similar ionic radii.
Hence, the magnetic contributions are dilute whereas the phononic properties are
essentially conserved. Similarly, the phonon contribution can be disturbed by partly
replacing the non-magnetic Ti4+ (titanium) by non-magnetic Zr4+ (zirconium).
Thus, single crystals of Dy2(Ti1−xZrx)2O7 with x = 0.1 were grown and analyzed
by M. Valldor [135]. Dy2(Ti1−xZrx)2O7 with x = 0.05–0.1 and Ho2(Ti1-xZrx)2O7

with x = 0.05 were synthesized by J. F. Welter [138]. The quality of all crystals was
analyzed using X-ray powder diffraction and X-ray Laue diffraction. Another effi-
cient tool in characterizing the samples’ quality are magnetization measurements.
The corresponding results will be shown in the following.

For the sample growth, the floating-zone method was applied in a mirror furnace.
Hereby, the floating zone was run twice through the bars to obtain crystals without
cracks. Subsequently, these bars were tempered for approximately 70 hours within
an oxygen atmosphere [136–138]. This technique was utilized in order to account
for an oxygen deficiency known to occur in spin ice materials [139]. The influence
of this oxygen deficiency is investigated in Ref. 139 by comparing magnetization
and neutron scattering measurements of as-grown and oxygen-tempered Dy2Ti2O7

crystals. It is found that oxygen-vacancy defects suppress magnetic moments on
neighboring rare-earth sites and, thus, the saturation magnetization is slightly re-
duced. Furthermore, these magnetic distortions slow down the long-time monopole
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5 Sample characterization

Figure 5.1: Panels
(a)-(d): samples of pure
spin-ice materials and
of yttrium-doped com-
pounds.

Dy2Ti207 (Dy0.6Y0.4)2Ti2O7

Ho2Ti207 (Ho0.5Y0.5)2Ti2O7

(a) (b)

(c) (d)

dynamics at sub-Kelvin temperatures. After being tempered in oxygen atmosphere,
the single crystals were oriented in the X-ray Laue camera and cut into samples
with dimensions of approximately 3× 1× 1 mm3. Fig. 5.1 (a)-(d) shows single
crystals of the pure spin ice materials Dy2Ti2O7 and Ho2Ti2O7 in comparison with
yttrium-doped crystals. Slight variations in the samples’ color are observed after
applying the floating-zone method twice and tempering in oxygen atmosphere.

5.2 Dilute spin ice: (Dy1-xYx)2Ti2O7

5.2.1 Literature

In order to characterize the samples of the different spin-ice compounds and the
dilute systems, magnetization measurements are a powerful method to determine
the single-crystal quality. The magnetization data can be checked concerning its
saturation value and the magnetic anisotropy. Fig. 5.2 (a) shows literature magneti-
zation data of Dy2Ti2O7 for a magnetic field applied along the three high-symmetry
directions [100], [110] and [111] at 1.8 K [89]. The single-tetrahedron approxima-
tion including the Kagomé-ice value are denoted and plotted as solid and dashed
lines. The data reveal the strong magnetic anisotropy of Dy2Ti2O7 because of the
different high-field values of M(H). For all three field directions, the high-field data
roughly agree with the model of the single-tetrahedron approximation but all curves
reveal a finite slope there. The finite slope originates from the non-collinear local
quantization axes of the magnetic ions at the different corners of each tetrahedron.
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Figure 5.2: Panel (a): comparison of the magnetization of Dy2Ti2O7 for a
magnetic field applied along the three high-symmetry directions [100], [110] and
[111] at 1.8 K, taken from Ref. 89. The theoretical saturation values and the
Kagomé-ice plateau value of the single-tetrahedron approximation are denoted
and plotted as lines. Panel (b): magnetization of Dy2Ti2O7 along [111] in a
temperature range from 0.48 K up to 1.65 K, taken from Ref. 117.

Thus, for any direction of the external field the magnetic ions feel a symmetry-
breaking transverse field component, which mixes the higher-lying levels into the
ground state doublet, that in zero field almost completely consists of |±15/2〉 for
Dy2Ti2O7. This effect causes a van Vleck susceptibility which is seen as the finite
slope in the high-field magnetization data. In literature, this slope varies between
about 0.3 to 1%/T with respect to the absolute value of M(H) [15, 89, 140, 141].

Fig. 5.2 (b) presents the field-dependent M(H) data of Dy2Ti2O7 for ~H || [111] in a
temperature range from 0.48 K up to 1.65 K [117]. These curves are measured down
into the low-temperature regime where the spin-ice physics occurs in Dy2Ti2O7. At
0.48 K, M(H) strongly increases on raising the magnetic field and at about 0.2 T
the systems enters the 3-fold degenerate Kagomé-ice phase which is observed as a
plateau-like feature. The Kagomé-ice phase has already been discussed in Sec. 4.3
and a visualization of the pyrochlore lattice for a field along [111] is shown in Fig. 4.7
on page 43. A finite slope is observed within the Kagomé-ice phase which arises
from a mixing of 3in-1out and 1in-3out configurations to the 2in-2out ground state
at finite temperatures. The slope decreases on lowering the temperature. At 1 T,
the curve exhibits a sharp jump in M(H) which can be attributed to the transition
into the fully-polarized non-degenerate phase. With increasing temperature, the
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Figure 5.3: Magnetization of (Dy1−xYx)2Ti2O7 with x = 0—0.75 at 0.3 K

with ~H || [001] in panel (a) and with ~H || [111] in panel (b). Linear fits to the
high-field regime to obtain the yttrium content are represented by the dashed
lines in panel (a).

Kagomé-ice plateau smears out and is hardly visible at 1.65 K which is consistent
with the data in panel (a). Above about 1 K, spin-ice physics is essentially sup-
pressed. Furthermore, the van Vleck susceptibility is also observed in the high-field
regime of Fig. 5.2 (b).

5.2.2 Magnetization

All the presented M(H) measurements were performed after zero-field cool-
ing. As can be seen in Fig. 5.3 (a), the M(H) curves of the dilute materials
(Dy1−xYx)2Ti2O7 with x = 0.05–0.75 reveal a similar field-dependence like the

mother compound Dy2Ti2O7 for ~H || [001]. The absolute values of M(H) correlate
with the degree of dilution x in the high-field regime above 1 T because the M(H)
data are shown in units of µB/site (equivalent to µB/Dy for Dy2Ti2O7). Hence,
the saturation value can be used to check the degree of dilution and, thus, the
sample quality which will be discussed in the following. For x = 0, it turns out
that the literature data shown in Fig. 5.2 (a) are reproduced. For high magnetic
fields (H > 2 T), a finite slope is observed where higher-lying levels are mixed into
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the ground state doublet |±15/2〉. This van Vleck susceptibility is also observed
for the dilute systems.

Magnetization data M(H) are shown in Fig. 5.3 (b) with ~H || [111] at 0.3 K. Again,
the literature data of Fig. 5.2 (b) are well reproduced. At 0.3 K, the Kagomé-ice
plateau is even more pronounced. The data also reveal the van Vleck contribution
in the high-field regime. Due to this van Vleck susceptibility, which is found in
all M(H) curves of the spin ice materials, the yttrium content cannot be simply
determined by comparing the saturation value of the M(H) curves to the prediction
from the single-tetrahedron approximation. Thus, the yttrium content was checked
the following way. In the high-field regime (5 T < H < 7 T), a linear fit was applied
to all M(H) curves. Thus, an y-intercept is obtained for all x. If the y-intercept
value for x = 0 is considered to be correct, then its relative change for x > 0 can
be compared to the nominal yttrium content. This method is applied exemplarily
to the curves for x = 0 and 0.5 represented by the dashed lines in panel (a). It is
found that yx=0 = 5.62 and yx=0.5 = 2.76 which yields an experimentally obtained
content of x = 0.0509. Thus, the deviation to the nominal content accounts for
about 1.7%. The nominal and the experimentally obtained content agree within
1-2% for all dilutions x [136–138]. Furthermore, the data in Fig. 5.3 (b) show that
the Kagomé-state plateau appears in the M(H) data for x ≤ 0.1. At a dilution
level of x = 0.2, it is already smeared out and hardly visible. For x > 0.2, the
Kagomé-ice phase has vanished. This originates from the statistical replacement
of the magnetic Dy ions by non-magnetic Y ions according to the dilution x which
systematically suppresses spin-ice physics.

5.3 Zirconium doping: Dy2(Ti1-xZrx)2O7

Another approach to influence the properties of Dy2Ti2O7 is to replace the titanium
Ti4+ ions by zirconium Zr4+. This is supposed to manipulate the phononic proper-
ties of the crystals. Due to similar ionic radii, the Zr4+ ions (89.904 g/mol) will be
located on the sites of the Ti4+ ions (47.949 g/mol) [142]. Fig. 5.4 depicts M(H)

data of Dy2(Ti1−xZrx)2O7 with x = 0–0.1 for ~H || [111] at 0.3 K. The field depen-
dencies are similar for all x but it is observed that the Zr doping systematically
shifts the transition temperature into the fully-polarized phase to higher magnetic
fields. It is shifted from approximately 0.96 T (x = 0) to 1.05 T (x = 0.1). Hence,
the effective nearest-neighbor coupling Jeff = Jnn + Dnn seems to be increased, see
Eq. (4.5) and (4.6). This can be explained by the increased ionic radii of the Zr
ions r = 0.72 Å compared to the Ti ions r = 0.61 Å [142]. In Ref. 53, the magnetic
Grüneisen ratio of Dy2Ti2O7 is determined and under considerations of Jeff being

59



5 Sample characterization

Figure 5.4: Magnetiza-
tion of Dy2(Ti1−xZrx)2O7

with x = 0–0.1 for ~H || [111]
at 0.3 K.
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the dominant energy scale it follows

∂ ln Jeff

∂pi
= −0.29%GPa−1. (5.1)

In Eq. (5.1), the negative sign symbols that Jeff decreases by applying pressure on
the crystal. Note that Dnn > 0 whereas the nearest-neighbor coupling is antifer-
romagnetic Jnn < 0. By applying pressure on the system, Dnn increases because
Dnn ∝ 1/r3, see Eq. (4.3). Thus, the increase of Jnn must be comparably larger as
Jeff increases in total. Because rZr > rTi, local lattice distortions arise for x > 0 and,
thus, a negative chemical pressure is created. According to Eq. (5.1), a negative
chemical pressure leads to an increased Jeff and as a consequence the transitions
into the fully-polarized phase shift to higher magnetic fields with increasing x, see
Fig. 5.4. This finding is also consistent with literature where Jeff is found to be
sensitive to the lattice constant [143, 144]. For example, a reduction of the lattice
constant by approximately 1.68% from Dy2Ti2O7 to Dy2Ge2O7 results in a decrease
of Jeff from about 1.3 K to 0.67 K [143]. It will be discussed in the following that
the Zr doping also influences the magnetic contribution to the thermal conductiv-
ity. For x = 0.05 and 0.1, a slope is observed within the Kagomé-ice phase whose
origin is unclear. It is most likely related to the fact that the magnetic field was
increased too fast. Hence, the systems could not equilibrate. As will be discussed
for Ho2(Ti0.95Zr0.05)2O7, the M(H) data reproduce the data of Ho2Ti2O7 concern-
ing the slope within the Kagomé-ice phase. All curves reveal a low-field hysteresis.
This remnant magnetization originates from the Kagomé-ice phase which is entered
by increasing the magnetic field. Within this phase the triangular planes are fully
polarized whereas the ice rule is not violated. Thus with decreasing field, the sys-
tem remains in this configuration which exhibits a net-magnetization along [111]
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5.4 Dilute spin ice: (Ho1-xYx)2Ti2O7

Figure 5.5: Field dependence of the
magnetization of Ho2Ti2O7 for magnetic
fields applied along the three high sym-
metry directions [100], [110] and [111] in a
temperature range from 1.6 K up to 18 K.
Taken from Ref. 145.

and results in the low-field hysteresis.

5.4 Dilute spin ice: (Ho1-xYx)2Ti2O7

5.4.1 Literature

The magnetization of Ho2Ti2O7 is already known from literature [145–147]. Fig. 5.5
shows the magnetization data as a function of the external magnetic field along the
three high-symmetry directions [100], [111] and [110] taken from Ref. 145. All
the curves reveal the finite slope originating from the van Vleck susceptibility in
the high-field regime above about 3 T where higher-lying levels are mixed to the
almost purely |±8〉 ground state of the Ho3+ ions. For ~H || [100] and at 1.6 K,
M(H) exhibits a strong increase in the low-field range and almost saturates at ≈
6 µB/Ho. With increasing temperature, the low-field slope decreases and the curves
approach a Brillouin-like shape. For a magnetic field along [111], M(H) strongly
increases towards the Kagomé-ice plateau which reveals a finite slope at 1.6 K. This
plateau has vanished at higher temperatures (T ≥ 4.5 K). Due to the larger effective
nearest-neighbor coupling Jeff = 1.8 K of Ho2Ti2O7 compared to Jeff = 1.1 K in
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Figure 5.6: Magnetization of (Ho1−xYx)2Ti2O7 with x = 0–0.75 at 0.3 K with
~H || [001] in panel (a) and with ~H || [111] in panel (b).

Dy2Ti2O7, the transition into the fully-saturated phase shifts to higher magnetic
fields and occurs at about 1.5 T. The absolute values of the M(H) curves in Fig. 5.5
clearly exceed the predictions of the single-tetrahedron approximation 5.78 µB/Ho

for ~H || [100], 5 µB/Ho for ~H || [111] and 4.08 µB/Ho for ~H || [110], respectively. On
the one hand, this is related to the van Vleck susceptibility. But on the other
hand, it can be seen that this deviation is too large to originate purely from this
contribution. The magnetization data of Ref. 145 were obtained using an Oxford
Instruments vibrating sample magnetometer (VSM). The absolute accuracy is
indicated to be ≈ 3% whereas the deviation accounts for ≈ 7%. Literature high
quality magnetization data for all three field directions would be desirable1.

5.4.2 Magnetization

The magnetization of (Ho1−xYx)2Ti2O7 was obtained after cooling in zero magnetic
field. As can be seen in Fig. 5.6 (a) and (b), all the curves reveal the finite slope in
the high-field regime originating from the van Vleck susceptibility. For Ho2Ti2O7,
the field dependence is consistent with the literature data but the absolute values

1In Ref. 147, the magnetization is only measured for ~H || [111].
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Figure 5.7: Magnetiza-
tion of Ho2(Ti1-xZrx)2O7

with x = 0 and 0.05 for
~H || [111] at 0.3 K.

of M(H) are slightly reduced which is however consistent with the M(H) data of

Dy2Ti2O7, compare to Fig. 5.3. For ~H || [111] and x = 0, M(H) is almost constant
within the Kagomé-ice phase and the transition into the fully-polarized phase occurs
in form of a sharp kink at about 1.6 T which is in good agreement with literature and
the enhanced effective nearest-neighbor coupling Jeff = 1.8 K. For x = 0.5, similar
field dependencies are observed compared to the pure system but the absolute
values are clearly reduced due to the statistical replacement of Dy3+ ions by Y3+.
Furthermore, the characteristics of the Kagomé-ice phase have essentially vanished
with ~H || [111] and no transition feature is observed. As discussed in Sec. 5.2.2,
the nominal yttrium content was checked by applying a linear fit to the high-field
(5 T < H < 7 T) magnetization data for all x. Then, the relative decrease of
the y-intercept with increasing x is compared to the value of the pure compound
Ho2Ti2O7 which is considered to be correct. This yields a relative yttrium content
which can be compared to the nominal content. They agree within 1-2% for all
dilutions [136, 138].

5.5 Zirconium doping: Ho2(Ti1-xZrx)2O7

Fig. 5.7 compares the magnetization of Ho2Ti2O7 with the zirconium-doped
compound Ho2(Ti1-xZrx)2O7 with x = 0.05 at 0.3 K for ~H || [111]. The M(H)
curves with increasing and decreasing field of both compounds nearly exactly
match each other below about 1.6 T where the data show an almost constant
Kagomé-ice plateau and a low-field hysteresis with a remnant magnetization. As
discussed above, the remnant magnetization originates from the fully-polarized
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Kagomé-ice planes which results in a net magnetization along [111]. Similarly to
Dy2(Ti1−xZrx)2O7 in Sec. 5.3, the transition into the fully-polarized phase shifts
to a distinct higher field from 1.6 T for x = 0 to 1.8 T for x = 0.05 by partly
replacing Ti4+ by Zr4+. The origin of this effect can be explained straightforwardly
by the Grüneisen ratio which was determined for Dy2Ti2O7, see Eq. (5.1), and is
also applicable for the iso-structural Ho2Ti2O7. A rising negative chemical pres-
sure is created by an increasing x due to the enhanced ionic radii of the Zr ions
which locally distort the lattice. This results in an enhanced Jeff. In Ref. 138,
it is reported that a single crystal with x = 0.1 could not be synthesized for the
Ho-based materials due to an arising instability of the growth process within the
mirror furnace. The grown crystals were extremely fragile and Laue X-ray diffrac-
tion proved the absence of single crystallinity. Up to now, it is unclear why the
Dy-based compounds Dy2(Ti1−xZrx)2O7 allow for higher doping with Zr.
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As already discussed, a finite magnetic contribution in zero field was extracted for
Dy2Ti2O7 by consideration of the field-dependence of the heat transport κ and
a comparative study with (Dy0.5Y0.5)2Ti2O7 by Kolland et al. [14, 16]. Toews
et al. extracted a κmag for Ho2Ti2O7 by measurements of κ(T )/T at different
fixed magnetic fields [18]. On the basis of these results, a comparison of the heat
transport between the two spin-ice compounds Ho2Ti2O7 and Dy2Ti2O7 is of great
interest. A comparative study with the dilute compounds (Ho0.5Y0.5)2Ti2O7 and
(Dy0.5Y0.5)2Ti2O7 is performed in order to fully understand the dominant mecha-
nisms in κ of both compounds. The interpretations are additionally supported by
magnetization M(H) and magnetostriction ∆L/L data. Furthermore, the thermal
conductivity of the pure spin-ice systems is compared to the corresponding data of
the zirconium-doped compounds Ho2(Ti1-xZrx)2O7 and Dy2(Ti1−xZrx)2O7.

6.1 Literature results

The comparative study between the heat transport of Ho2Ti2O7 and Dy2Ti2O7 can
be motivated by the presentation of previous results on Ho2Ti2O7, namely tem-
perature dependent κ(T )/T data of Toews et al. [18] which are shown in Fig. 6.1
(a). The corresponding data for Dy2Ti2O7 are depicted in panel (b). Comparable

scales are applied. Note that ~H ||~j || [111] is applied for Ho2Ti2O7 and ~H ||~j || [001]
for Dy2Ti2O7. Toews et al. observed that κ(8 T)/T is suppressed compared to
κ(0 T)/T in the low-temperature regime T . 0.65 K and a magnetic contribution
to κ is extracted via κ(0 T)− κ(8 T). This magnetic contribution is interpreted to
originate from monopole-like excitations and their behavior is described via exist-
ing Debye-Hückel theory [10]. As can be seen in Fig. 6.1 (b), the field dependence
of the corresponding κ(T )/T data of Dy2Ti2O7 is much more pronounced and per-
sists up to higher temperatures T > 1.1 K. Note that the κ(T )/T data of Dy2Ti2O7

are consistent with the data of Kolland et al. [14, 16] where the magnetic contri-
bution to the heat transport is extracted by consideration of the temperature-
and field-dependent thermal conductivity and additional measurements on the di-
lute reference material (Dy0.5Y0.5)2Ti2O7. Kolland et al. finally extract κmag by
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Figure 6.1: Panel (a): thermal conductivity κ(T )/T of Ho2Ti2O7 at different
fixed magnetic fields obtained by Toews et al. [18]. Panel (b): thermal conduc-
tivity κ(T )/T of Dy2Ti2O7. Comparable scales are applied.

obtaining κ(0 T)− κ(0.5 T) for Dy2Ti2O7 with ~H || [001] due to a significant low-
field suppression of κ(H) which systematically correlates with M(H) data and the
spin-ice physics [14]. Because of these discrepancies, a comparative study of the
field-dependence of Ho2Ti2O7 and Dy2Ti2O7 is performed.

6.2 Experimental results

6.2.1 Magnetic field || [001]

Fig. 6.2 compares representative measurements of κ(H) for both materials Ho2Ti2O7

(blue) and Dy2Ti2O7 (black) in the temperature range from 0.4 to 4 K. The curves
reveal that the overall field dependencies of κ(H) in the higher field range are
very different. Dy2Ti2O7 shows a continuous decrease of κ(H) above about 1.5 T,
whereas κ(H) of Ho2Ti2O7 increases with magnetic field. As can be seen in

Fig. 6.3, the magnetization of both materials for ~H || [001] is essentially saturated
above about 1 T in this low-temperature range. The opposite field dependencies of
κ(H) are not related to the spin-ice physics, which mainly takes place below 1 T.
In the field range below about 0.5 T, κ(H) of both materials are essentially similar.
Both show a rapid drop, which can be attributed to a field-induced suppression
of κmag(H). In particular towards higher temperature, this effect is significantly
less pronounced in Ho2Ti2O7 than it is in Dy2Ti2O7. On this qualitative level, the
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Figure 6.2: Thermal conductivity κ(H) of Dy2Ti2O7 (black) and Ho2Ti2O7

(blue) as a function of the magnetic field ~H || [001] in the temperature range
0.4 K ≤ T ≤ 4 K. The inset of panel (a) shows an expanded view of the low-field
range at 0.4 K. The arrows indicate the field-sweep direction.
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Figure 6.3: Panel (a): Magnetization M(H) with R = Ho or Dy. All the data
were measured with increasing and decreasing magnetic field, but hysteresis
effects only occur below about 0.6 K, as can be exemplary seen in the inset for
0.4 K. Panel (b): M(H) of the half-doped compounds (Ho0.5Y0.5)2Ti2O7 and
(Dy0.5Y0.5)2Ti2O7. Even at 0.4 K no sizable hysteresis is present (see inset).

data of Fig. 6.2 seem to confirm the previous result of Toews et al. [18] shown in
Fig. 6.1 (a).

In order to get a more quantitative estimate of κmag(H) of Ho2Ti2O7 from the ther-
mal conductivity data, the field dependence of the underlying phonon contribution
κph(H) is required. Therefore, heat transport measurements on the highly di-
lute compounds (Dy0.5Y0.5)2Ti2O7 and (Ho0.5Y0.5)2Ti2O7 were performed. Within
these materials, half of the magnetic ions are replaced by non-magnetic Y3+. It is
expected that the spin-ice physics is essentially suppressed in the half-doped crys-
tals [14, 16]. This is confirmed by the magnetization data for ~H || [001]. The M(H)
data of the spin-ice materials in Fig. 6.3 (a) are very similar and reveal a hysteresis
in the low-field regime below 0.5 T at 0.4 K, see inset. The corresponding M(H)
curves of the dilute systems in Fig. 6.3 (b) do not show any hysteresis even at low
temperatures of T = 0.4 K (inset). Furthermore, the characteristic Kagomé-ice

plateau in the M(H) curves for ~H || [111] has vanished in the dilute material, see
Fig. 5.3 (b) on page 58.

In Fig. 6.4, characteristic κ(H) curves of (Dy0.5Y0.5)2Ti2O7 and (Ho0.5Y0.5)2Ti2O7

are compared in the temperature range of 0.4 K ≤ T ≤ 4 K. It is found that κ(H)
of (Dy0.5Y0.5)2Ti2O7 monotonically decreases in the whole field range up to 7 T.
In contrast, all (Ho0.5Y0.5)2Ti2O7 data reveal a monotonic increase in the high-
field range whereas κ(H) exhibits a small low-field drop at 0.4 and 0.6 K which
has completely vanished at 1 K. At 4 K, κ(H) decreases up to ≈ 2 T and then
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Figure 6.4: Thermal conductivity along the [001] direction of RYTi2O7 with
R = Dy (violet) and R = Ho (green) as a function of the magnetic field ~H || [001]
for different temperatures.

also shows the high-field increase. As the spin-ice physics in these materials is
almost completely suppressed, these data yield clear evidence that the opposite
field dependencies of κ(H) of the Dy- and the Ho-based materials arise from dif-
ferent field dependencies of the phononic background. This raises the question
why κph(H) decreases with increasing field in (Dy0.5Y0.5)2Ti2O7 and increases in
(Ho0.5Y0.5)2Ti2O7. As localized magnetic moments may serve as scattering centers
for the phonons and because spin flips are suppressed in large magnetic fields, this
mechanism can explain an increase of κph(H) as it is observed in (Ho0.5Y0.5)2Ti2O7,
but it cannot explain the decreasing κph(H) of (Dy0.5Y0.5)2Ti2O7. As it has already
been discussed by Kolland et al. [15], the decrease of κph(H) is probably related
to magnetic-field induced lattice distortions. These distortions arise from the fact
that the local quantization axes of the magnetic ions at the different corners of
each tetrahedron are not collinear. Consequently, for any direction of the external
magnetic field at least 3/4 of the magnetic ions feel a symmetry-breaking transverse
field component, which mixes the higher-lying levels into the ground state doublet,
which in zero field almost completely consists of the ±Jmax

z state [100–102]. This
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Figure 6.5: Field dependent measurements of the magnetostriction ∆L(H)/L
of (Dy1−xYx)2Ti2O7 and (Ho1−xYx)2Ti2O7 for ~H || [001] at 0.4 K.

effect causes a van Vleck susceptibility, which is seen as a finite positive slope in the
high-field magnetization data, see Chap. 5. A further consequence is a pronounced
anisotropic magnetostriction, i.e. field-induced length changes ∆Li(H).

A significant elongation of ∆Li‖H and weak contractions of ∆Li ⊥ H were found
for Dy2Ti2O7 in Ref. 15. Within a simplified classical picture, such field-induced
lattice distortions may be visualized as resulting from the finite torques ~µ × ~H,
which tend to align the non-collinear localized magnetic moments towards the field
direction. With respect to the phononic heat transport, κph(H) may decrease
with increasing field due to the reduced lattice symmetry. In addition, the spin-
flip rate may also increase due to the stronger mixing of the ±Jmax

z states with
other Jz levels, but this effect should vanish towards larger fields when spin flips
are suppressed by the enhanced Zeeman splitting. Summarizing the discussion so
far, there are different mechanisms which may either increase or decrease κph(H)
and it is difficult to predict which of them dominates. Experimentally, it is found
that the Dy- and the Ho-based materials are very different in this respect and
this difference is not restricted to κph(H). As is shown in Fig. 6.5 for ~H || [001] at
0.4 K, the magnetostriction for the Dy-based materials (Dy1−xYx)2Ti2O7 is about
≈ 4 times larger than that of the corresponding Ho-based ones. Moreover, ∆L/L
correlates for both compounds with the degree of the dilution x, i.e. with the
content of the magnetic Dy3+ (Ho3+) ions, respectively. The low-field contraction
of (Dy1−xYx)2Ti2O7 for 0 ≤ x ≤ 0.5, which results in a minimum at about 0.75 T,
also correlates with the dilution and probably originates from the fact that the
systems enter a non-degenerate ground state for finite fields along [001] and are
magnetized up to ≈ 0.75 T. This rearrangement of all the spins pointing along
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their local {111} direction in order to have a component parallel to the external
field results in this low-field minimum. In general the magnetostriction in the Dy-
based materials is much stronger and seems to make the distortion-induced decrease
of κph(H) the dominant process, whereas in the Ho-based materials the decreasing
phonon scattering by spin flips is dominant.

Because the electronic configurations of Dy3+ and Ho3+ just differ by one electron
(4f 9 vs. 4f 10) in the inner 4f shell, it may appear surprising that the magnetostric-
tion ∆L(H) and the magnetic-field dependent phonon heat transport κph(H) of the
Dy- and the Ho-based materials are so different. However, both quantities depend
on various material parameters and, in particular, the differences in the crystal-field
level schemes of both ions may become important [100–102, 148], e.g. the fact that
there is a Kramers protection of the zero-field doublet states of Dy3+ but not for
those of Ho3+. In Ref. 115, the ultrasound properties of Ho2Ti2O7 and Dy2Ti2O7

are investigated and it is found that the overall temperature dependence is similar
at high temperatures, however pronounced differences appear at low temperatures
and low magnetic fields, i.e. close to and in the spin-ice state. It is claimed that
magnetoelastic interactions are relevant for the physics of these spin-ice materials,
but no detailed explanation for the differences is given.

With respect to the question of a possible heat transport via magnetic monopoles,
the different κph(H) in the high-field range are of minor importance because the
spin-ice behavior is restricted to low fields. Therefore, the main question in this
context is, whether it is possible to obtain a reliable estimate of the phononic
background. In Fig. 6.6, κ(H) measurements at different temperatures of the spin-
ice materials Ho2Ti2O7 and Dy2Ti2O7 are compared with κ(H) of (Ho0.5Y0.5)2Ti2O7

and (Dy0.5Y0.5)2Ti2O7. Unfortunately, it is not possible to simply subtract the
κ(H,T ) curves of the reference material from the respective pure spin-ice curves.
The main reason is that the absolute values of κ of different samples differ, which is
partly due to experimental errors as, e.g., the exact determination of the sample’s
geometry. This uncertainty should however not exceed 20% and could be treated by
a temperature- and field-independent scaling factor. More important for a transport
property is, however, its dependence on defect and impurity scattering. Because κ
usually increases with increasing sample quality, one may expect somewhat lower
values of κ for the dilute reference compound than for the pure spin-ice. This
is more or less fulfilled for the Dy-based materials, see Fig. 7.20, but not for the
Ho-based ones. If, however, the above-described spin-flip scattering is a dominant
scattering mechanism for κph in a certain temperature and field range, its decrease
due to the lower Ho content may overcompensate an increasing Ho/Y-disorder
scattering in the dilute material. In addition, κph can be reduced by scattering via
crystal-field excitations of the partially filled 4f shells of Ho and Dy, but due to
the rather large energy splitting this effect should become relevant towards higher
temperatures and, indeed, κ(T ) of Y2Ti2O7 significantly exceeds that of Dy2Ti2O7
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Figure 6.6: Comparison of the thermal conductivity κ(H) of the Ho-based
(left) and the Dy-based (right) spin-ice materials R2Ti2O7 with the correspond-
ing κ(H) of the respective non-spin-ice reference materials RYTi2O7. The inset
of panel (a) shows the low-field range of the Ho-based materials at 0.4 K .
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in the range of about 2 to 100 K [14]. Due to all these reasons and the possibility
that even the half-doped materials may still show some remnant spin-ice behavior it
has to be concluded that an unambiguous quantitative determination of the phonon
background κph(H) is not possible.

The influence of 50% dilution with non-magnetic yttrium on the heat trans-
port of Ho2Ti2O7 and Dy2Ti2O7 is studied. In order to further investigate
κmag and κph, thermal conductivity measurements on zirconium-based com-
pounds R2(Ti1−xZrx)2O7 with R= Dy,Ho were performed. The zirconium ions
(Zr4+,89.904 g/mol) will reside on the sites of the titanium ions (Ti4+,47.949 g/mol)
in the pyrochlore lattice due to the similar ionic radii of rZr = 0.72 Å and
rTi = 0.61 Å. In Fig. 6.7, κ(T ) of Dy2(Ti0.9Zr0.1)2O7 is compared to Dy2Ti2O7

in the temperature range from about 2 K up to 250 K taken from Ref. 16. It is
indeed found that the κ(T ) data of Dy2(Ti0.9Zr0.1)2O7 is suppressed in comparison
with Dy2Ti2O7 in the whole temperature range. It shows a glassy behavior origi-
nating from defect scattering due to the Zr doping into the phononic system. The
maximum in κ(T ) of Dy2Ti2O7 located at about 25 K with κ(25 K) ' 8.2 W/Km
is suppressed down to κ(25 K) ' 2.4 W/Km in Dy2(Ti0.9Zr0.1)2O7.

Fig. 6.8 (a)-(f) compares the field dependence κ(H) of Dy2Ti2O7 (black squares)
with Dy2(Ti0.95Zr0.05)2O7 (blue triangles) and Dy2(Ti0.9Zr0.1)2O7 (green triangles)
in a temperature range from 0.4 K up to 4 K. The magnetic field is applied along
~H || [001] for all crystals. The heat current is sent along [001] for x = 0 and 0.05
whereas ~j || [11̄0] for x = 0.1. As mentioned above, the κ(H) curves of Dy2Ti2O7

reveal a low-field drop up to ≈ 0.5 T for T ≤ 2 K before entering a plateau-like
feature in the intermediate field range. At ≈ 1.5 T, κ(H) shows an additional
shoulder-like feature and slightly decreases in the high-field range (not shown here,
see Fig. 6.2). The low-field drop, which has vanished at 4 K, is attributed to the
reduced mobility of the magnetic excitations, i.e. the (anti-)monopoles. For finite
~H || [001], a non-degenerate ground-state is entered. As can be seen in Fig. 6.8
(a)-(f), it is found that the absolute value of κ decreases with an increase of Zr
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Figure 6.8: Heat transport of Dy2(Ti1−xZrx)2O7 with x = 0 and 0.05 for
~H ||~j || [001] and with x = 0.1 for ~H || [001] and ~j || [110]. The curves for x = 0.05
and 0.1 are shifted to the match the zero-field phononic backgrounds at 0.5 T
(black dashed lines) of the Dy2Ti2O7 curves.
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doping because defect scattering is enhanced. Furthermore, the κ(H) curves also
show a low-field drop up to ≈ 0.5 T for T ≤ 2 K and a second shoulder-like
decrease in the intermediate field range. In the high-field range, κ(H) only slightly
decreases with field as observed for Dy2Ti2O7. The black dashed lines in panels
(a)–(f) represent the estimated zero-field phononic backgrounds at ≈ 0.5 T in the
pure Dy2Ti2O7. The Dy2(Ti1−xZrx)2O7 curves with x = 0.05 and 0.1 are shifted
such that they match these backgrounds at 0.5 T. As a consequence, it turns out
that the shoulder-like decrease in the intermediate field range clearly shifts towards
smaller fields from ≈ 1.5 T in Dy2Ti2O7 towards ≈ 1 T in the Zr-doped compounds
and it is almost smeared out for x = 0.1. Furthermore, the suppression of κ(H) in
the low-field range is clearly less pronounced than in the pure spin ice Dy2Ti2O7.
The low-field decrease in Dy2Ti2O7 is more pronounced for ~H || [001] and ~j || [11̄0],

see Fig. 4.11 on page 50, than for ~H ||~j || [001] in Fig. 6.2. As a consequence, the
low-field decreases for x = 0.05 and 0.1 reveal comparable magnitudes which is
most likely a result of the different directions of the heat current.

A similar study to investigate the influence of Zr doping was performed for the Ho-
based materials. The corresponding field-dependent κ(H) data of Ho2(Ti1-xZrx)2O7

with x = 0 and 0.05 are shown in Fig. 6.9 (a)-(f) in a temperature range from 0.4 K
up to 4 K. As observed for the Dy-based materials, the absolute values of κ are
suppressed for x = 0.05 compared to the pure system Ho2Ti2O7 which is consistent
with the enhanced defect scattering. In addition, the x = 0.05 curves are shifted
in the same manner like the Dy-based compounds such that they match the x = 0
curves at 0.5 T. It is observed that the low-field drop and especially the high-field
increase are both systematically reduced for x = 0.05 compared to x = 0.

Summarizing the κ(H) data of the Zr-doped compounds shown in Figs. 6.8 and 6.9,
it is found that the Zr doping manipulates κph due to enhanced scattering on defects.
But as already discussed in Sec. 5.3, the replacement of Ti by Zr applies a negative
pressure on the system and according to the Grüneisen ratio from Ref. 53, this
results in an increase of the effective nearest neighbor energy scale Jeff between
the magnetic moments, see Eq. (4.5). The increase of Jeff is confirmed by the
magnetization data M(H). Hence, it is not surprising that the Zr doping also
suppresses the magnetic contribution κmag to the thermal conductivity, namely the
low-field decrease up to 0.5 T of κ(H) for the Ho- and Dy-based materials.

6.2.2 Magnetic contribution

Based on the results for the thermal conductivity derived in the previous sec-
tion, an extraction of κmag for Dy2Ti2O7 and Ho2Ti2O7 can be accomplished. It
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Figure 6.9: Heat transport of Ho2(Ti1-xZrx)2O7 with x = 0 and 0.05 for
~H || [001] and ~j || [001]. The curves for x = 0.05 are shifted to the match the
zero-field phononic backgrounds at 0.5 T (gray dashed lines) of the Ho2Ti2O7

curves.
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Ho2Ti2O7 together with κmag data from Toews et al. [18] for Ho2Ti2O7. The
κmag for Dy2(Ti1−xZrx)2O7 with x = 0.05–0.1 and for Ho2(Ti1-xZrx)2O7 with
x = 0.05 are also shown. The lines are guides to the eye.

appears reasonable to assume an essentially field-independent κH→0
ph in the low-

field range for Dy2Ti2O7. Because κ( ~H || [100]) of Dy2Ti2O7 shows a step-like de-
crease to a pronounced plateau starting around 0.5 T, which anticorrelates with
the rapid saturation of the magnetization for this field direction, κH→0

ph was esti-
mated by these plateau values. Then, the magnetic heat transport can be derived
via κmag(H) ' κ(H) − κH→0

ph which is also applied for the Zr-doped materials
Dy2(Ti1−xZrx)2O7 with x = 0.05 and 0.1. An analogous analysis is more difficult

for Ho2Ti2O7 with ~H || [001], because the κ(H) curves do not show plateau-like fea-
tures around ≈ 0.5 T (see Fig. 6.2). Concerning the comparison with the data of
(Ho0.5Y0.5)2Ti2O7, it can be seen that again considering just the difference of both
data sets does not yield reliable results for κmag. Nevertheless, this comparison
reveals that the low-temperature κ(H) curves of Ho2Ti2O7 show a sharp low-field
decrease suggesting the presence of a sizable κmag in zero-field, whereas the cor-
responding κ(H) curves of (Ho0.5Y0.5)2Ti2O7 only weakly change with field below
1 T (see Figs. 6.4 and 6.6). Thus, it appears again reasonable to assume an es-
sentially field-independent κH→0

ph for Ho2Ti2O7 and in order to get at least a rough
estimate of κmag(H) ≈ κ(H) − κH→0

ph , it is assumed that κH→0
ph ≈ κ(0.5 T). The

same equation is applied for Ho2(Ti1-xZrx)2O7 with x = 0.05. These differences
at various fixed temperatures then yield an estimate of the temperature-dependent
zero-field κmag(T ), which is compared to the corresponding κmag(T ) of the Dy-based
materials in Fig. 6.10. In addition, the estimated κmag(T ) of Ho2Ti2O7 from Toews
et al. [18] is displayed, which, as already mentioned above, is much smaller. Note
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that all three estimates of κmag(T ) refer to zero magnetic field, but the result from

Ref. 18 was determined with ~H ||~j || [111] whereas the results for κmag(T ) within

this thesis were extracted for ~H ||~j || [001] due to the lifting of the ground-state
degeneracy for this particular field direction. With respect to a possible monopole
heat transport, the direction of the heat flow should be of minor importance, be-
cause an isotropic monopole mobility can be expected in zero field. Moreover, it
may also be naively expected that a possible monopole contribution κmag(T ) should
be of comparable order of magnitude for the two spin-ice materials Ho2Ti2O7 and
Dy2Ti2O7 as they are iso-structural and because of the very similar energy scales
characterizing their spin-ice behavior. In view of the above-described experimen-
tal uncertainties, the comparison of the κmag(T ) data of both materials essentially
confirms these expectations, which is a basic result. Moreover, the data indicate
that κmag(T ) of Ho2Ti2O7 is significantly smaller than κmag(T ) of Dy2Ti2O7. This
difference can be naturally explained by an enhanced spin-flip/phonon scattering
in Ho2Ti2O7, which would simultaneously explain the reduced κmag and κph in zero

field and the observed increase of κph(H) with increasing magnetic field ~H. Con-
cerning the κmag(T ) of Ho2Ti2O7 an important question is why the estimate from
Ref. 18 is so much smaller than the corresponding results in Fig. 6.10. In Ref. 18,
temperature-dependent measurements of κ(T ) at constant fields H = 0, 6, 8, and
10 T were performed, see Fig. 6.1 (a), and because the κ(T ) data in the field range
between 6 and 10 T are identical, these high-field data were assumed to represent
a field-independent background κph. The measurements of κ(H) shown in Figs. 6.2
and 6.4 of the Ho-based materials confirm such a field-independent κph(H > 5 T),
but there is a pronounced field dependence in the intermediate field range between
0.5 T and 2 T. Concerning the magnetic contributions of the Zr-doped materials,
it is found κmag(T ) is already strongly suppressed for a doping of x = 0.05 both
for the Ho- and Dy-based systems. For Dy2(Ti1−xZrx)2O7 with x = 0.1, κmag(T ) is
even further reduced. The magnitude of this suppression is most likely related to
an enhanced monopole scattering on defects.

6.2.3 Magnetic field || [111]

A pronounced field dependence of κ(H) is not only observed for the configura-

tion ~H ||~j || [100] discussed in the previous section, but also for the configuration
~H ||~j || [111] studied by Toews et al. [18]. The corresponding data are shown in

Fig. 6.11. For ~H || [111], the κ(H) measurements of the Ho(Dy)-based spin ice
show additional features up to about 1.5(1) T, which are related to the occurrence
of the Kagomé-ice phase for this field direction and are absent in the respective κ(H)
data of the reference materials. The data in Fig. 6.11 (a)-(f) clearly show that ap-
plying the high-field data κ(T,H > 6 T) as an estimate of κH→0

ph overestimates this
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Figure 6.11: Comparison of the thermal conductivity κ(H) of the spin-ice
materials Ho2Ti2O7, Dy2Ti2O7 and the reference material (Ho0.5Y0.5)2Ti2O7 for
~H || [111]. Inset of panel (e): Magnetization of Ho2Ti2O7 and (Ho0.5Y0.5)2Ti2O7

at 0.4 K. The Dy2Ti2O7 data are taken from Ref. 16
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Figure 6.12: Field dependend measurements of the magnetostriction
∆L(H)/L of (Dy1−xYx)2Ti2O7 and (Ho1−xYx)2Ti2O7 for ~H || [111] at 0.4 K.

background considerably and causes a drastic underestimate of the corresponding
zero-field κmag(T,H = 0). In Ref. 18, a finite κmag(T,H = 0) > 0 is only found
for T < 0.65 K, because for higher temperature the high-field data of κ(T ) exceed
those in zero field. As can be seen from Figs. 6.2 and 6.11, the high-field data of κ
for both configurations of ~H and ~j are larger than the corresponding zero-field data
down to our lowest temperature of 0.4 K. Nevertheless, the shown data agree to
those of Ref. 18 concerning the difference κ(T,H > 6 T)− κ(T,H = 0) is system-
atically decreasing with falling temperature and a sign change may be suspected at
somewhat lower temperature.

As already discussed above, there are at least two mechanisms that either increase or
decrease κph(H). Experimentally, it has been found that there are huge deviations
between the Dy- and the Ho-based materials and this difference is not restricted
to κph(H). Fig. 6.12 compares the magnetostriction ∆L/L for ~H || [111] at 0.4 K
of (Dy1−xYx)2Ti2O7 with (Ho1−xYx)2Ti2O7 for different dilution x. It is observed
that ∆L/L is also larger for the Dy-based materials than for the corresponding

Ho-based ones with ~H || [111] but the difference is much smaller than for ~H || [001],
compare Fig. 6.5. In the dilute systems (Dy1−xYx)2Ti2O7 with x ≥ 0.5 in panel (a),
∆L/L scales with the degree of the dilution, whereas the curve for x = 0.5 and 0.75
match. The curve with x = 0 reveals a kink at about 1 T which signals the transition
into the fully polarized phase. This transition is smeared out for the higher dilute
systems with x ≥ 0.4 which is in good agreement with the magnetization data
M(H) in Fig. 5.3 (b) on page 58. The magnetostriction of the Ho-based compounds
in panel (b) is, however, more difficult to study. For x = 0 and 0.5, ∆L/L is much
smaller than for the Dy-based materials and supports the interpretation of the
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reduced lattice distortion in the Ho-based systems. A kink occurs at ≈ 1.5 T for
x = 0 also signaling the transition into the fully polarized phase similar to the data
in panel (a). However, the curves with x = 0.5 and 0.75 show a comparably large
∆L/L compared to the Dy-based crystals and additionally differ in the sign.

This comparable large ∆L/L for (Ho1−xYx)2Ti2O7 with x = 0.5 and 0.75 and
the sign change most likely originate from a highly sensitive magnetostriction with
respect to the orientation of the sample to the applied field. This sensitivity seems
to be much more pronounced for ~H || [111]. The interpretation is confirmed by the
data shown in Fig. 6.13 which are taken from Ref. 138. It depicts ∆L/L data of
a (Ho1−xYx)2Ti2O7 crystal with x = 0.2 whose crystallographic axis was aligned
parallel to the applied magnetic field in [111] direction within the magnetostriction
cell by eye in comparison with a crystal whose crystallographic axis was tilted by
roughly 3− 5◦ with respect to the field at 0.4 K. It turns out that the deviation of
the field from the crystallographic axis has a huge effect on the magnitude of ∆L/L
which is about 6.8 times larger in maximum for the tilted crystal. Furthermore, the
sign of ∆L/L has changed. Hence, it has to be stated that the magnetostriction data
of the spin-ice materials bare experimental uncertainties. This uncertainty includes
a possible misorientation of the samples within the X-ray Laue diffractometer. As
a consequence an exact quantitative analysis of the data is difficult, especially for
~H || [111]. But nevertheless, it is observed that ∆L/L is essentially larger for the
Dy-based compounds than for the Ho-based compounds which yields an explanation
for the different field dependencies of κph(H).
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6.3 Conclusion

In conclusion, a clear experimental evidence for a sizable magnetic contribution
κmag to the low-temperature, zero-field heat transport of both spin-ice materials
Ho2Ti2O7 and Dy2Ti2O7 was observed. This κmag is attributed to the magnetic
monopole excitations, which are highly mobile in zero field and this mobility is ef-
fectively suppressed in external magnetic fields causing a drop of κmag(H) in the low-

field range for ~H || [001]. The results for κmag of Toews et al. [18] could be system-
atically disproved. Towards higher magnetic fields, a significant field dependence
of the phononic heat conductivities κph(H) of Ho2Ti2O7 and Dy2Ti2O7 is found,
which are, however, of opposite signs. This field dependence was also observed in
the highly dilute reference materials (Ho0.5Y0.5)2Ti2O7 and (Dy0.5Y0.5)2Ti2O7. It
is found that the decreasing κph(H) in the Dy-based materials probably arise from
field-induced lattice distortions, which are seen in magnetostriction data. This
effect seems to be less important in the Ho-based materials, which show a signifi-
cantly smaller magnetostriction while at the same time the scattering of phonons
by spin flips appears to be significantly stronger than in the Dy-based materials.
Consequently, both κmag and κph in zero field are smaller in Ho2Ti2O7 than they are
in Dy2Ti2O7 and the field dependences of κph are of opposite signs. A comparative
study of the heat transport of Dy2Ti2O7 and Ho2Ti2O7 with the doped compounds
Dy2(Ti1−xZrx)2O7 and Ho2(Ti1-xZrx)2O7 (x ≤ 0.1) reveals that the Zr doping sys-
tematically reduces κ due to an enhanced defect scattering. A glassy behavior is
observed. Furthermore, both κmag and the κph are clearly suppressed compared
to the pure compounds Dy2Ti2O7 and Ho2Ti2O7. The Zr doping increases defect
scattering in the phononic system but it also results in a reduced κmag.
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This chapter concerns the thermal conductivity, specific heat, and magnetocaloric
effect of spin ice Dy2Ti2O7 and the influence of increasing yttrium dilution on these
quantities. The low-temperature relaxation effects are studied in the heat transport
as well as the specific heat. In literature, a non-monotonical residual entropy SP(x)
is predicted to be present within the dilute materials (Dy1−xYx)2Ti2O7 which is
highly questionable and will be investigated in detail. In Chap. 6, clear evidence
for a magnetic contribution to the heat transport of Ho2Ti2O7 and Dy2Ti2O7 is
observed. Its magnitude is estimated from the low-field behavior of κ(H) and
an investigation of the corresponding 50% dilute systems (Dy0.5Y0.5)2Ti2O7 and
(Ho0.5Y0.5)2Ti2O7. Additionally, it turned out that the phononic contributions κph

of both systems are of opposite sign. According to the field dependence of κ(H),
a quantitative extraction of κmag with a high degree of accuracy is more promising
for Dy2Ti2O7 than for Ho2Ti2O7. Thus, the heat transport of the whole dilution
series (Dy1−xYx)2Ti2O7 with x = 0–0.75 is studied. The extraction of κmag along
with results of cmag enable to determine the diffusion coefficient Dmag for the dilute
spin-ice systems.

7.1 Hysteresis and relaxation effects

The exotic magnetic excitations discussed as (anti-)monopoles in spin ice Dy2Ti2O7

have already been investigated by thermal conductivity measurements and experi-
mental evidence for zero-field monopole heat transport in Dy2Ti2O7 and Ho2Ti2O7

was found. For finite magnetic fields with ~H || [001], κmag decreases and is essen-
tially suppressed at a field around ≈ 0.5 T which is associated with a suppression
of the monopole mobility. Furthermore, pronounced hysteresis effects are observed
between the κ(H) curves measured with increasing or decreasing magnetic field

for all three field directions ~H || [001], [110] and [111] [12–16, 48, 129]. Within the
low-temperature regime below about 0.6 K, it is found that the initial zero-field
cooled value κ0 = κ(H = 0) is basically not recovered by κ(H → 0) measured with
decreasing magnetic field. These reduced κ(H → 0) values then slowly relax back
towards the corresponding initial κ0 as a function of time [14]. As introduced in
Sec. 4.4, slow relaxation phenomena are also present in the specific heat at low
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Figure 7.1: κ(H)/κ0 curves for ~H || [001] and ~j || [11̄0] measured with different
field-sweep rates. The order of the successive field sweeps is marked by the
numbers 1-4, where the initial sweep was started after cooling in zero field.
Panel (b) shows the relaxation of the reduced zero-field value towards the initial
κ0. The data are taken from Ref. 16.

temperatures [11, 14, 20, 149], and additionally in other physical properties of
Dy2Ti2O7, like the magnetization [111] and the ac susceptibility [113, 150].

In this section, the unusual hysteresis effects of κ(H) for the magnetic field direc-
tions along [001] and [111] are studied. Thus, the main question is in how far the
different κ values obtained by thermal conductivity measurements represent equi-
librium values. Therefore, κ(H) for different magnetic-field sweep rates and the
influence of different cooling procedures are investigated. In addition, relaxation
measurements of κ as a function of time were performed after different field-sweep
cycles and the influence of the direction of the heat current on the hysteresis effects
for ~H || [111] is examined.

7.1.1 ~H || [001] and ~j || [11̄0]

In Fig. 7.1 (a)-(d), κ(H) curves as a function of the external field are presented for
varying magnetic field-sweep rates. Note that the curves are normalized to κ0 and
the heat current ~j is applied along [11̄0]. The initial κ0 is obtained after zero-field
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cooling. Fig. 7.1 (a) shows that after sweeping the magnetic field up and down
at 0.35 K the final κ(H → 0) only recovers about 90% of its initial zero-field κ0,
see curves (1) and (2). A subsequent field cycle results in κ(H) curves (3) and
(4) with equal endpoints, where curves (2) and (4) perfectly match each other. As
can be seen in Fig. 7.1 (b), the reduced zero-field κ(H → 0) slowly relaxes back
towards the zero-field-cooled κ0. The data are fitted with two relaxation times
and this yields large relaxation of τ1 ' 8 min and τ2 ' 100 min. In the complete
high-field range above 0.3 T, however, no such slow relaxation effects are observed.
Here, κ(H) is non-hysteretic. These low-field relaxation processes raise the question
how the measured κ(H) values also depend on the magnetic field sweep rate. The
corresponding results are shown in Fig. 7.1 (c)-(d) at different temperatures. At
0.4 K in panel (c), the initial field cycle curves (1) and (2) were measured with
a sweep rate of about 0.01 T/min and the κ(H → 0) curve (2) recovers about
95% of the initial κ0. Then, for the subsequent cycle the field-sweep rate was
increased up to 0.1 T/min. This increase causes additional features in κ(H). Curve
(3) measured with increasing field reveals a clear minimum around 0.3 T, but
nevertheless approaches the initial κ(H) curve (1) around 0.55 T. Decreasing the
field again results in the κ(H) curve (4), which matches curve (2) down to ≈ 0.3 T.
For smaller magnetic fields however, an even larger hysteresis opens and κ(H → 0)
only recovers about 80% of the initial κ0. Thus, the κ(H → 0) values highly depend
on the magnetic field-sweep rate.

The data of Fig. 7.1 (a) and (c) suggest that even comparable small field-sweep
rates of ≈ 0.01 T/min may be too large to reach equilibrium states in the low-
temperature range of spin ice. At higher temperatures, these slow equilibration
vanishes, as is expected and shown in Fig. 7.1 (d) for 0.8 K. Here, the subsequent
cycles with curves (1)-(4) match each other in the whole field regime up to ≈ 0.55 T
and κ(H) is non-hysteretic. However, the hysteresis effects can also disappear in the
low-temperature range by increasing the magnetic field above about 0.5 T. This con-
clusion can be drawn from the data of Fig. 7.1 (a) and (c) and it is consistent with
the high-field thermal conductivity and magnetization data presented in Chap. 6.
The magnetization M(H) unveils a hysteresis below about 0.5 T for ~H || [001] and it
is essentially saturated for higher magnetic fields. As a consequence, it appears nat-
ural that the relaxation/hysteresis effects rather rapidly vanish for H > 0.5 T. One
might suspect that the slow equilibration in the low-temperature/low-field region
is a single-ion property of the large Ising spins of the Dy3+ ions, which only slowly
equilibrate because of the rather large splitting to the higher-lying crystal-field
states. This can be ruled out, however, from measurements of the thermal con-
ductivity and magnetization on the related half-doped material (Dy0.5Y0.5)2Ti2O7,
which does not show such hysteresis effects [15, 16, 53, 129]. Hence, it can be
concluded that the slow equilibration is a particular spin-ice feature which is at
least vanished in (Dy0.5Y0.5)2Ti2O7. A detailed study on the influence of yttrium
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Figure 7.2: Panel (a): alternating triangular and Kagomé-ice planes for
~H || [111] taken from Ref. 110. Panel (b): corresponding magnetization curves.
Panel (c): field dependence κ(H) for ~H || [111] and ~j || [11̄0]. The κ(H)/κ0 curves
for different temperatures are shifted with respect to each other. The data are
taken from Ref. 16.

dilution on the slow equilibration in (Dy1−xYx)2Ti2O7 will be performed in Sec. 7.2
by specific heat measurements.

7.1.2 ~H || [111] and ~j || [11̄0]

The interpretations of the low-temperature slow relaxation in spin ice for ~H || [001]
were in principle straightforward. By applying an external field along [111], the
situation gets more complex. For this field direction, κ(H) exhibits a hysteresis
in the so-called Kagomé-ice state, which is realized at low temperature below ≈
1 T. As can be seen in Fig. 7.2 (a), the pyrochlore structure for ~H || [111] can be
best visualized as alternating triangular (highlighted in green) and Kagomé planes
(highlighted in blue) of Dy3+ spins, which point along their local {111} directions.

The spins of the triangular planes are fully aligned already by small fields ~H || [111],
but within the Kagomé planes a competition between the 2in-2out ice rule and the
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Zeeman energy occurs. This results in a threefold degenerate Kagomé-ice state,
where in every tetrahedron 1 out of the 3 Dy moments of the Kagomé plane has
a finite component opposite to the magnetic-field direction. At low temperatures,
the Kagomé-ice phase is characterized by a plateau in the magnetization M(H) up
to about 1 T, where a transition to the fully polarized state occurs, see Fig. 7.2 (b).
In contrast to the M(H) data that do not reveal a hysteresis within the Kagomé-ice
state, κ(H) is strongly hysteretic according to Kolland et al. [15] and Sun et al. [12].
In Ref. 12, the heat current ~j was applied along and perpendicular to the magnetic
field, i.e. with ~j perpendicular and within the Kagomé planes, respectively. In
Ref. 15, ~j was applied along [11̄0]. However, there are also deviations between the
results of Ref. 12 and Ref. 15. According to Ref. 12 no hysteresis of the zero-field
values κ(H = 0) seems to be present. This means that the initial value κ0 is fully
recovered by κ(H → 0) measured with decreasing field for both directions of ~j. In
contrast, it is found in Ref. 15 that the zero-field values κ(H = 0) reveal a hysteresis
for ~j || [11̄0].

Fig. 7.2 (c) displays κ(H)/κ0 for ~H || [111] with a heat current ~j along [11̄0] at
various temperatures from Ref. 15. The data were measured with a field-sweep rate
of ≈ 0.006 T/min. The plateau-like feature of κ(H) below ≈ 1 T clearly signals the
Kagomé-ice phase. As already mentioned above, below ≈ 0.6 K the κ(H) data show
a clear hysteresis in the Kagomé-ice phase, whereas no such hysteresis is present
in the plateau region of the corresponding magnetization curve at 0.4 K shown in
Fig. 7.2 (b). Moreover, the initial κ0 obtained after zero-field cooling is clearly
not recovered within the low-temperature field cycles. Here, κ(H → 0) results in
reduced zero-field values, which as a function of time slowly relax towards κ0 [16].

This zero-field relaxation is present for all three field directions ~H || [001], ~H || [110],

and ~H || [111], where in all cases the heat current is driven along [11̄0] [15, 16, 48].
In the high-field region H > 1 T, where the magnetization is essentially saturated,
no slow relaxation or hysteresis occur in analogy to ~H || [001].

The origin of the relaxation processes and hysteresis within the Kagomé-ice phase
is still unclear. That is why, complete low-field hysteresis loops of κ(H) for positive
and negative magnetic field were performed at 0.4 K which are shown in Fig. 7.3 (a).
Concerning the reduced zero-field values, the observed systematics of κ(H) in panel

(a) are analogous to that already discussed above for ~H || [001]. Again ≈ 90% of
the initial value are recovered. In addition, it turns out that the hysteresis in
the Kagomé-ice phase in the initial field cycle, curves (1) and (2), is smaller than
in the subsequent cycles. In particular, the minima in the κ(H) curves (3) and
(5) are more pronounced than the minimum in the initial curve (1). In order
to further investigate these phenomena, relaxation studies within this field region
were carried out and are depicted in Fig. 7.3 (b)-(c). First, the time dependence
κ(t) was measured at constant field and temperature starting from the κ(H) curve
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Figure 7.3: Low-field hysteresis loops of κ(H) are displayed in (a), where the
order of the successive field sweeps is marked by the numbers 1-6. An expanded
view of κ(H) in the Kagomé-ice region is displayed in (b), which also shows the
κ(t) curves (7) and (10) and the additional field sweeps (8) and (9); see text. The
relaxation curves κ(t) with corresponding fits as a function of time are displayed
in (c). The data are taken from Ref. 16

(5). Similar to the zero-field case, slow relaxation occurs with a time constant
τ ≈ 100 min and the κ(t) curve seems to relax towards the initial κ(H) curve (1).
Thus, the relaxation measurement was stopped after 4.5 hours and the field was
cycled up to 0.8 T and back to ≈ 0.58 T. The corresponding κ(H) curves (8) and (9)
do, however, not follow the initial field dependent κ(H) curves (1) and (2). Instead,
the κ(H) curve (8) approaches curve (5) and the field-decreasing κ(H) curve (9)
essentially follows curve (6). At ≈ 0.58 T, κ(t) was again measured and a weak,
almost linear increase of κ(t) yielding a very large relaxation rate of τ ≈ 520 min.
These data suggest that the relaxation within the Kagomé-ice phase is not directly
related to the zero-field relaxation and also reveal that, depending on the field
and temperature region, a true thermal equilibrium can be hardly reached under
typical experimental conditions. This seems exclusively possible in regions where
the magnetization M(H) is also saturated. No relaxation or hysteresis have been
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spect to each other.

found within these regimes so far.

7.1.3 ~H || [111] and ~j || [111]

Fig. 7.4 displays the field-dependence κ(H)/κ0 for the same magnetic-field direction
[111] as in the previous section, but in this case with the heat current ~j || [111].
Again, within the Kagomé-ice phase the data reveal a hysteresis of κ(H) which has

no analogue in the magnetization curves for ~H || [111], see Fig. 7.2 (b). However,
there are also systematic differences between κ(H)/κ0 curves for the same field but
different heat current directions. First of all comparing the data of Fig. 7.2 (c)
and Fig. 7.4, the hysteresis width with respect to the different absolute values of
κ(H) in the Kagomé-ice phase is significantly larger for ~j || [111] than for ~j || [11̄0].
Secondly, the upper critical field, where the hysteresis closes, strongly decreases with
increasing temperature for ~j || [111], while it is essentially temperature-independent
for ~j || [11̄0]. Finally, for ~j || [111] the initial zero-field κ0 is recovered in the field-
decreasing runs despite the fact that there is a finite remnant magnetization, when
M(H) is measured with a comparable sweep rate, see Fig. 7.2 (b). This fact is very

surprising as the κ(H) with ~H || [111] and ~j || [111] is the only combination were the
initial κ0 is recovered.
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Figure 7.5: Successive field sweeps (1)-(3) at 0.6 K together with a relaxation
curve (4) are shown in panel (a). The inset displays the κ(t) curve (4) as a
function of time, while in panel (b) the κ(H)/κ0 curve (2) is compared to different
κ(H)/κ0 values obtained by field cooling and to a field-decreasing run measured
after field cooling in 3 T.

Relaxation and zero-field-cooled measurements of κ(H)/κ0 for ~H ||~j || [111] reveal
that in the hysteresis region of κ(H)/κ0 the curves measured with decreasing field,
are closer to thermal equilibrium than the curves with increasing field. This is
confirmed by the data shown in Fig. 7.5 (a) where κ(t) relaxes from the lower
κ(H) curve (1) to the upper curve (2) at T = 0.6 K. A single exponential fit to
the κ(t) data yield a relaxation time τ ≈ 52 min, see inset. Moreover, the κ(H)
values obtained either by field-cooling in various fixed fields or by field-cooling in
3 T and decreasing the field to 0 T well agree with the initial field decreasing κ(H)
curve (2), as shown in Fig. 7.5 (b). Qualitatively, this hysteresis and relaxation of
κ(H) can be understood by assuming that disorder within the Kagomé-ice phase
causes an additional suppression of κ, because starting from the fully polarized
high-field state will cause less disorder in the Kagomé-ice phase than entering this
phase from the entropic zero-field spin-ice ground state. In addition, it was found
that the presence or absence of a zero-field hysteresis of κ(H → 0) for ~H || [111]
depends on the direction of ~j and this indicates that the strength and the direction
of a heat current through spin ice is most likely an additional parameter to influence
its thermal equilibration.
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Figure 7.6: Thermal conductivity of (Dy1−xYx)2Ti2O7 with x = 0–0.5 for
~H || [111]. The heat current is applied along [111] (~j || [11̄0] for x = 0.5). In-
sets panels (a)-(c): expanded view of the low-field regime. Inset of panel (d):
comparison of κ for ~H || [001] with ~j along [001] and along [11̄0].
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In order to further study the hysteresis within the Kagomé-ice phase in the thermal
conductivity of Dy2Ti2O7 for ~H || [111], κ(H) was also measured for the dilute spin-
ice compounds (Dy1−xYx)2Ti2O7 with x = 0.05–0.5. The corresponding data of the
pure crystal and the dilute systems are shown in Fig. 7.6 (a)-(d) in the temperature
range from 0.4 K up to 1 K. The insets of panel (a)-(c) show an expanded view
of the low-field range. The heat current was basically applied along [111], whereas

for x = 0.5 the data were obtained with ~j || [11̄0]. It was checked for ~H || [001] with
~j || [001] and ~j || [11̄0], that the direction of the heat current can be neglected at a
dilution level of x = 0.5 which is shown in the inset of Fig. 7.6 (d) for different
temperatures. The data represented by the open symbols were measured with
~j || [001] and the closed symbols depict data with ~j || [11̄0]. Both data sets well
agree in the whole temperature range. As can be seen in the inset of panel (a),
the huge hysteresis within the Kagomé-ice phase in κ(H) of the pure Dy2Ti2O7

is already strongly reduced by a dilution of x = 0.05 at 0.4 K. For x = 0.1, no
hysteresis is present and κ(H) decreases in the low-field regime up to about 1 T.
The curve for x = 0.5 does not show a strong field dependence as κ(H) weakly
decreases up to 6 T. As naturally expected, the hysteresis in the x = 0 and 0.05
curves reduces with increasing temperatures and has vanished in both compounds
at 1 K, see panel (d). In addition, the transition into the fully-polarized phase,
which occurs around 1 T in Dy2Ti2O7, broadens with increasing temperature and
is hardly visible at 1 K. These data reveal that the Kagomé-ice phase hysteresis
in κ(H) is highly sensitive to dilution with non-magnetic yttrium and has already
vanished for x = 0.1 at 0.4 K.

The above findings support the interpretation that disorder of the magnetic mo-
ments within the Kagomé-ice planes strongly suppresses the thermal conductivity
in this region. In contrast to the curves of Dy2Ti2O7 measured with decreasing
field, which show enhanced values of κ(H) in the Kagomé-ice phase, the curves for
x = 0.05 and 0.1 do not reveal this tendency but nearly follow the reduced values
measured with increasing field which most likely originates from an increasing disor-
der with increasing dilution x. Furthermore, it is a surprise finding that κ(H → 0)

recovers the initial value κ0 for ~H ||~j || [111] which is confirmed for all x. Here, the
heat current is applied perpendicular to the Kagomé-ice planes which would naively
lead to reduced κ values due to the polarized triangular planes in-between for finite
fields along [111]. In contrast the initial value κ0 is not recovered by κ(H → 0)

for the configuration ~H || [111] and ~j || [11̄0] in which the heat is sent through the
Kagomé planes. The origin of this effect is unclear and it could be speculated that
the coupling between the polarized triangular planes and the Kagomé is larger than
expected. Hence, the monopole heat transport is not reduced along this direction
compared to the transport in the Kagomé planes.
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Figure 7.7: Angle depen-
dent thermal conductivity κ
as a function of the mag-
netic field of Dy2Ti2O7 for
~j || [111] at 0.4 and 0.6 K.
The angle θ indicates the de-
viation of ~H from the [111]
direction within the [111]-
[11̄0] plane.

Angle-dependent heat transport

This section concerns κ(H) of Dy2Ti2O7 for ~j || [111] whereas the magnetic field can
be applied along any direction within the [111]-[11̄0] plane. This was accomplished
by a solenoid magnet which was operated in a custom cryostat. In this setup, it is
possible to change the direction of the magnetic field within the [111]-[11̄0] plane
by simply turning the insert from outside the cryostat.

This experiment is motivated by the occurrence of this low-field hysteresis in κ
within the Kagomé-ice phase for ~H || [111] which has also been observed in Refs. 12,
15, 48, 129 and has no analogue in the magnetization M(H). Relaxation processes
and the influence of non-magnetic dilution by yttrium on the hysteresis were already
investigated. The Kagomé-ice phase, which is realized at low temperatures for
~H || [111] below about 1 T, is only threefold degenerate if the magnetic field is
exactly applied along [111]. Fig. 7.2 (a) shows an illustration of the alternating
triangular and Kagomé planes with respect to the [111] direction. The threefold
degeneracy is a result of the triangular planes which are fully polarized already
by small fields ~H || [111] and the competition between the 2in-2out ground state
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and the Zeeman energy in the Kagomé planes where in every tetrahedron 1 out of
the 3 Dy moments has a finite component opposite to the field. However, a small
misalignment of the applied field from this [111] direction would lift the degeneracy
because in this case one out of the three configurations for every tetrahedron within
the Kagomé planes would be energetically favorable. Hence, the target of this angle-
dependent study is to find out whether the presence or absence of the threefold
degeneracy is related to the hysteresis of κ in the Kagomé-ice phase.

In the experiment, it was possible to measure κ(H) with different directions of the
applied magnetic field within the [111]-[11̄0] plane whereas the heat current j is al-
ways sent along [111] which is the longest dimension of the sample. The correspond-
ing data are displayed in Fig. 7.7 (a)-(b). The angle θ determines the deviation of
the applied field from the [111] direction in the [111]-[11̄0] plane. Panel (a) shows

κ(H) at 0.4 K. For θ = 0◦, κ(H) reveals the expected behavior for ~H ||~j || [111]. A
hysteresis is observed within the Kagomé-ice phase and close to 1 T the transition
into the fully polarized phase occurs. Furthermore, κ(H) measured with decreasing
field recovers the initial values κ0 obtained after zero-field cooling which is observed
for ~j || [111] in contrast to ~j || [11̄0], compare Fig. 7.2 (c). But as can be seen in
Fig. 7.7 (a)-(b), the hysteresis of κ(H) within the Kagomé plane is not influenced
for different angles θ. The size and shape of the hysteresis stay constant and the
zero-field value is recovered for all shown θ. Furthermore, κ(H) was also measured
for additional angles between −2◦ ≤ θ ≤ 4◦ in steps of 0.2◦ (not shown). No
visible change was observed within the additional measurements. Thus, it can be
concluded that a the lifting of the ground state degeneracy for ~H || [111] due to
a small misalignment of the applied field is not related to the hysteresis in κ(H).
As a consequence, another mechanism has to be the origin. As discussed above,
it is most likely that the disorder in the Kagomé-ice phase results in an additional
suppression of κ, as less disorder will be present coming from the fully-polarized
phase with κ(H → 0) than entering the Kagomé-ice phase from the entropic 6-fold
degenerate spin-ice ground state in zero magnetic field.

7.1.4 Conclusion

The thermal conductivity κ of the spin-ice compound Dy2Ti2O7 shows strong
hysteresis and slow relaxation processes towards equilibrium states in the low-
temperature and low-field regime. In general, the thermal conductivity in the
hysteretic regions slowly relaxes towards larger values suggesting that there is an
additional suppression of the heat transport by disorder in the non-equilibrium
states. The degree of hysteresis does not only depend on temperature and the
magnetic-field direction, but also on the rate of the magnetic-field change and,
for ~H || [111] even on the direction of the heat current. The observation that the
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rate of thermal equilibration in spin ice can be influenced by a finite heat current
along certain directions may yield important information about the dynamics of
monopole excitations and their interaction with phonons. In addition, the hystere-
sis within the Kagomé-ice phase in κ was studied for the dilute spin-ice materials
(Dy1−xYx)2Ti2O7 with x ≤ 0.5 and for the pure compound Dy2Ti2O7 at different
angles of the applied field within the [111]-[11̄0] plane. An increasing dilution x
leads to a rapid suppression of the hysteresis whereas the initial κ(0 T) is recovered

for all x for the configuration ~H ||~j || [111]. The magnitude and shape of the hys-
teresis did not reveal an angle-dependence for small θ. The above findings support
the interpretation that the hysteresis within the Kagomé-ice phase in κ most likely
originates from disorder instead of a misalignment of the applied magnetic field
which would lift the 3-fold ground-state degeneracy there.

7.2 Specific heat and entropy

7.2.1 Literature results

One of the hot topics concerning spin ice Dy2Ti2O7 is a possible residual entropy of
1/2R ln(3/2) for T → 0 K in analogy to water ice. A residual entropy for water ice
was predicted by L. Pauling in 1935 [5]. Later, the water-ice lattice was mapped
onto the pyrochlore structure and, thus, the question arose whether this residual
entropy can also be observed for spin ice Dy2Ti2O7.

Refs. 90–92, 118 report a practically temperature-independent low-temperature en-
tropy Sex(T < 0.4 K) ' SP where Sex is the experimentally obtained entropy and
SP = 1/2R ln(3/2) denotes Pauling’s entropy. As discussed in Sec. 4.4, very slow-
relaxation effects were observed for Dy2Ti2O7 at lowest temperatures in different
physical properties [11, 14, 14, 20, 48, 111–113, 151]. The observation of the low-
temperature slow equilibration processes led to an experiment by Pomeranski et
al. which confirmed the absence of Pauling’s residual entropy in Dy2Ti2O7 [20],
see also Sec. 4.5. These relaxation processes typically set in below ≈ 0.6 K and
are related to strongly increasing timescales for the internal thermal equilibration.
Another open issue is the influence of non-magnetic dilution on the spin-ice ground
state. Sen et al. introduced a microscopic Hamiltonian that predicts a topological
spin glass for spin-ice materials with small non-magnetic dilution [152]. Features
such as the simultaneous appearance of topological spin liquidity and glassiness
appear along with the presence of small frozen moments alongside a sizable fluc-
tuating component within this model. They predict that weakly-dilute spin ice
undergoes a crossover into a topological Coulomb phase below ΘW coming from
a paramagnetic state. By further decreasing the temperature, the free monopoles
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Figure 7.8: Panel (a): Generalized Pauling approximation of the residual en-
tropy Sp(x) in comparison with experimental results of Dy2Ti2O7 and Ho2Ti2O7

taken from Ref. 19. Panel (b): Sp(x) together with Monte Carlo results for
0.4 K ≤ T ≤ 0.7 K from Ref. 21.

freeze and become impurity monopoles before the topological spin glass phase ap-
pears at TC. In Ref. 152, it is claimed that (Dy1−xYx)2Ti2O7 and (Ho1−xYx)2Ti2O7

are possible candidates to confirm this topological spin glass phase. However, the
specific heat results on (Dy1−xYx)2Ti2O7 within this thesis can neither confirm nor
negate the existence of this phase as the transition temperatures are well below the
experimental accessible regime. The model would be applicable for x . 0.1 with a
transition temperature TC ≤ 0.087 K.

The influence of non-magnetic dilution in spin ice has also been investigated by
Ke et al. in 2007 where Pauling’s model was generalized and a non-monotonic
residual entropy SP(x) as a function of the dilution content x was predicted [19].
This generalized Pauling model is depicted in Fig. 7.8 (a) together with the experi-
mental results Sex(x, T = 0.4 K) of Dy2Ti2O7 and Ho2Ti2O7 obtained from specific
heat data. The experimental data more or less confirm the model. But there are
several reasons why this result is highly questionable. Firstly, they do not take
the slow-thermal equilibration in the low-temperature regime into account. Sec-
ondly, the data reveal huge uncertainties in estimating the phononic specific heat
to high-enough temperature. Thirdly, a strong slope of c/T for the highly-dilute
systems at lowest temperatures (≈ 0.4 K) is neglected which can be clearly observed
in the data. In 2014, Monte Carlo (MC) simulations of dilute spin ice were pub-
lished by Lin et al. which are interpreted to confirm the non-monotonic dependence
SP(x) [21]. The corresponding data are shown in Fig. 7.8 (b). However for x > 0.2,
the numerically obtained entropy SMC(x, T < 0.7 K) (colored symbols) falls below
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the predicted SP(x) (dashed black line) and decreases further towards lower temper-
ature. The MC data is not quantitatively compared to experimental data Sex(x, T )
because of uncertainties in estimating the phononic background [21]. The nota-
tion of Refs. 19, 21 differs from this thesis (Dy2-xYxTi2O7 vs. (Dy1−xYx)2Ti2O7).
Because the results of Ke et al. [19] and Lin et al. [21] are questionable and the
influence of yttrium dilution on the low-temperature slow equilibration is not inves-
tigated, a detailed specific-heat study of the dilution series (Dy1−xYx)2Ti2O7 with
x = 0–0.75 is presented.

7.2.2 Experimental results

The measurements have been performed on oriented (Dy1−xYx)2Ti2O7 single crys-
tals of ≈ 20 mg using the home-built calorimeter presented in Sec. 3.5. In the high-
temperature regime, the standard relaxation-time method is applied for the specific
heat which was introduced in Sec. 3.5.1. However, this method only yields reliable
results if the internal equilibration within the crystal is much faster than the equi-
libration to the bath. That is why, the relaxation method is only applicable in the
high-temperature regime for the pure and weakly dilute systems (Dy1−xYx)2Ti2O7

with x < 0.2. It fails if the internal thermal equilibration becomes too slow. In
this regime, the constant heat-flow method is used, see Sec. 3.5.2. This method
analyzes the heating curve over a longer timescale [14] and is equivalent to the
method applied by Pomaranski et al. [20] where the specific heat is derived from
temperature-relaxation curves.

Thermal equilibration

Fig. 7.9 compares typical heating curves of the normalized temperature difference
1−∆T (t)/∆Tmax where ∆T = T −T0 and T0 is the stabilized base temperature. At
T0 ' 0.8 K, the heating curves over the entire dilution range in (Dy1−xYx)2Ti2O7

are straight lines in a semi-logarithmic representation. This is expected if the in-
ternal thermal equilibration, where internal means inside the sample as well as
between the sample and the platform, is much faster than the thermal relaxation
to the external heat bath. Then, the heat capacity is obtained via C = τK from
the standard relaxation method with the relaxation time τ and the thermal con-
ductance K = ∆P/∆Tmax between the sample platform and the thermal bath. For
lower base temperatures T0 ' 0.5 K and 0.36 K, however, the relaxation curves of
pure Dy2Ti2O7 become non-exponential as a consequence of the slow internal ther-
mal equilibration. Here, the heat capacity is obtained via the constant heat-flow
method. A weak thermal coupling K to the bath is necessary to resolve varia-
tions of ∆T (t) using the constant heat-flow method over long time. The K of the
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Figure 7.9: Heating curves 1−∆T (t)/∆Tmax of (Dy1−xYx)2Ti2O7 with x = 0–
0.75. Here, ∆T (t) = T (t)− T0 is measured relative to the base temperature T0

and ∆Tmax is its limiting value. The dashed red lines are fits to those data
showing an exponential decay with a single relaxation time.
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actual setup is however relatively large and therefore restricts the measurements
up to ≈ 2000 s. Concerning the dilute (Dy1−xYx)2Ti2O7 systems in Fig. 7.9, the
low-temperature heating curves for x = 0.05 and 0.1 also show non-exponential
behavior. Thus, the constant heat-flow method had also been applied below 0.6 K.
These relaxation effects are, however, much less pronounced than in pure Dy2Ti2O7,
and for x ≥ 0.2 the heating curves remain exponential down to the lowest temper-
ature. Thus, it can be stated that the data reveal that the ultra-slow thermal
equilibration in Dy2Ti2O7 is drastically suppressed by comparatively weak dilution
with non-magnetic Y.

Specific heat

Fig. 7.10 (a) shows the specific heat c of (Dy1−xYx)2Ti2O7 measured in zero mag-
netic field as a function of the temperature for different degrees of dilutions x. Above
≈ 1 K, c(x, T ) continuously decreases with increasing x. For 1 K < T < 10 K, c(T )
is dominated by its magnetic contribution cmag. The corresponding decrease in c
is essentially reflecting the decreasing amount of magnetic Dy ions with increasing
x. The phonon contribution to the specific heat cph starts to dominate in the high-
temperature regime above 10 K. Here, the data show a systematic decrease with
increasing x which can be explained by the fact that yttrium is much lighter than
dysprosium. The molar mass per formula unit (fu) of (Dy1−xYx)2Ti2O7 decreases
from 533 to 386 g/molfu between x = 0 and 1, respectively. That is why, a larger x
enhances the eigenfrequencies of the acoustic phonon branches. Therefore, the low-
temperature increase of cph sets in at higher temperature. The phonon contribution
cph to the specific heat of the Dy-containing compounds is determined by rescal-
ing the temperature axis of the measured c(T ) of the non-magnetic Y2Ti2O7. The
measured c(T ) curve of Y2Ti2O7 is shown in Fig. 7.10 (a) represented by the red
balls. It confirms the trend that cph decreases with increasing x. The rescaling of
Y2Ti2O7 enables to match the specific heat of (Dy1−xYx)2Ti2O7 in the temperature
range around 25 K, i.e. via

c(x = 1, rx · T ) = c(x < 1, T ' 25 K) (7.1)

with x-dependent scaling factors ranging from rx = 0.8 to 0.95 for 0 ≤ x ≤ 0.75,
respectively. As an example, the resulting cph of the pure Dy2Ti2O7 is shown as a
dashed red line in Fig. 7.10 (a) and the magnetic contributions are derived via

cmag(x, T ) = c(x, T )− c(x = 1, rx · T ). (7.2)

The curves of cmag for all x ≤ 0.75 are shown in Fig. 7.10 (b). Here, the data are
normalized to the amount of the magnetic Dy ions and are presented as cmag/T as
a function of the temperature T . In this representation, the data for all x almost
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Figure 7.10: (a) Specific heat c(T ) per formula unit (fu) of (Dy1−xYx)2Ti2O7

for selected x with an expanded view of the low-temperature range for all x in the
inset. The phononic contributions cph(x, T ) were estimated by the specific heat
of non-magnetic Y2Ti2O7 after rescaling the temperature axis such that the data
sets match around T ' 25 K, as is shown for x = 0 by the dashed line. In (b), the
resulting magnetic contribution cmag(x, T ) = c(x, T ) − cph(x, T ) normalized by
the Dy content is displayed in the representation cmag/T versus T for T ≤ 2.5 K.
For Dy2Ti2O7, cmag/T obtained either by a standard relaxation measurement
(+,[92]) or after extremely long-time equilibration (N,[20]) are included.
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7.2 Specific heat and entropy

coincide above 2 K whereas below ≈ 0.7 K a drastic increase of cmag/T with increas-
ing x is found. Thus, the temperature dependence of the entropy ∂S/∂T = cmag/T
strongly increases with x for T < 0.7 K. This finding is independent from the un-
certainty in estimating the phononic background. In the entire temperature range
of Fig. 7.10 (b) any realistic cph is negligibly small compared to cmag. Furthermore,
the strong increase of ∂S/∂T = cmag/T for T < 0.7 K is also essentially independent
from the slow thermal equilibration effects, which are only present in the weakly
dilute samples at very low temperatures, see Fig. 7.9. The obtained specific heat
data of Dy2Ti2O7 agree well with the low-temperature (T . 0.6 K) data of Kolland
et al. [14] and those of Klemke et al. [11, 153] (not shown) which have in common
that they were all measured over comparable timescales of about 103 s. These
data are significantly larger than the data measured with the standard-relaxation
method by Morris et al. [90, 92] represented by the black crosses. Pomaranski et
al. report that the timescales to reach thermal equilibrium in Dy2Ti2O7 drastically
increase below ≈ 0.4 K up to 104 s [20]. As a consequence, the specific heat data of
Fig. 7.10 (b) (as well as those of Refs. 11, 14, 153) lie below the data of Ref. 20 for
T < 0.6 K who considered the thermal equilibration over these longer timescales.
Above 0.6 K, all the shown datasets merge up to the highest temperature shown.
The thermally equilibrated cmag/T data of Dy2Ti2O7 from Ref. 20 show a strong
increase below 0.4 K and exceeds cmag/T of x = 0 and 0.05 of this thesis. However,
the data clearly remain below the corresponding data for x ≥ 0.2. Even the curve
of x = 0.1 reveals a similar tendency and yields higher values than the data of
Ref. 20.

Fig. 7.11 compares the specific heat divided by temperature c/T of the whole di-
lution series x = 0–0.75 in zero magnetic field with the corresponding curves in a
magnetic field of 0.5 T and 1 T applied along [001]. This direction was chosen as the
ground-state degeneracy can already be lifted by small fields. It is symmetry equiv-
alent to all four local {111} quantization axes and field strengths between 0.5 and
1 T are already sufficient to reach a fully saturated magnetization at T ' 0.5 K, see
Fig. 5.3 on page 58. In addition, such fields enable that around 25 K the full entropy
S∞ of a two-level system should approximately be reached and the thermal popu-
lation of higher-lying crystal field levels is still negligible. The experimental curves
in panels (a)-(g) reveal that the low-temperature maximum in c, which essentially
reflects the amount of magnetic Dy3+, systematically shifts to higher temperatures
for all x. This is also consistent with the calculations from the single-tetrahdron
approximation in magnetic field, see Fig. 4.6 on page 42. In the high-temperature
regime for T & 25 K, the obtained c/T data exhibit no field dependence for all
x and, thus, field-independent phonon contributions cph(x, T )/T are estimated by
the specific heat of non-magnetic Y2Ti2O7 after rescaling the temperature axis such
that the data sets match around T ' 25 K, represented by the red dashed line. The
insets of Fig. 7.11 (a)-(g) show an expanded view of the low-temperature regime
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Figure 7.11: Specific heat over temperature c(T )/T in magnetic field along
[001] of the dilution series (Dy1−xYx)2Ti2O7. The field-independent phonon
contributions cph(x, T )/T were estimated by the specific heat of non-magnetic
Y2Ti2O7 after rescaling the temperature axis such that the data sets match
around T ' 25 K, represented by the red dashed line. The insets show an
expanded view of the low-temperature regime.

102



7.2 Specific heat and entropy

where c is suppressed with increasing magnetic field.

In literature, cph is often estimated by the Debye model or a simple power-law, e.g.
βT 3 + β′T 5, which match the measured total c(T ) around 15 K [19, 21, 90, 91].
However, these models systematically overestimate the phononic background. As a
consequence, the obtained entropy changes for finite magnetic fields do not reach the
full entropy S∞ = R ln(2) ' 5.76 J/mol K of a two-level system [19, 21, 90, 91], even
though the fields are large enough to fully lift the ground-state degeneracy. This
latter problem can be avoided when cph is estimated by the measured c of a suitable
non-magnetic reference material such as Y2Ti2O7 in this thesis and Eu2Ti2O7 in
literature [118, 154, 155].

Entropy

The magnetic entropy S(T ) in zero field is obtained by temperature integra-
tion of cmag/T in Fig. 7.10 (b). The zero-field magnetic entropy Smag of the
series (Dy1−xYx)2Ti2O7 with x = 0–0.75 together with Smag obtained from the
c(T )/T curves in magnetic field from Fig. 7.11 are depicted in Fig. 7.12. The
red dashed lines highlight the generalized Pauling approximation SP(x) [19]. As
described above, the temperature-rescaled cph of the non-magnetic Y2Ti2O7 was
used to check the reliability of the procedure by measuring the specific heat of
all (Dy1−xYx)2Ti2O7 samples at 0.5 T and 1 T applied along the [001] direc-
tion. For all the curves in Fig. 7.12, Smag was shifted to match the full entropy
S(25 K) = S∞ = R ln(2) and for each x a magnetic-field independent cph was
used. As shown in Fig. 7.12, the corresponding low-temperature extrapolations
S(T → 0, H ≥ 0.5 T)→ 0 confirm the expected vanishing residual entropy in finite
magnetic fields for all x.

The main question that should be answered in this section is whether there is
experimental evidence for a degenerate zero-field ground state in the dilute spin ice
(Dy1−xYx)2Ti2O7 or not. This means, is it justified to extrapolate the derived low-
temperature entropy to a finite zero-temperature residual entropy? As the slow
thermal equilibration processes complicate the interpretation of the data in the
low-temperature regime, the following discussion is restricted to T ≥ 0.4 K for the
weakly dilute samples with x ≤ 0.1. As is shown in the inset of Fig. 7.12 (a), the
low-temperature entropy of pure Dy2Ti2O7 is close to the expected SP and has a
weak, but finite temperature dependence. This approximate plateau-like feature of
the entropy may be interpreted as one justification for the description of Dy2Ti2O7

in terms of a spin ice down to these temperatures. It remains, however, an open
issue, whether or not the remaining entropy would finally vanish towards lower
temperature in a fully thermally equilibrated Dy2Ti2O7. According to Ref. 20,
the slope of Smag further increases below 0.4 K, thus indicating that some kind
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Figure 7.12: Entropy Sex(T ) of (Dy1−xYx)2Ti2O7 obtained by integration
of cmag/T measured in H = 0, 0.5, and 1 T ‖[100]. All curves are shifted
to match the full entropy S∞ = R ln(2) of a two-level system at T = 25 K.
The red dashed lines mark the zero-field residual entropy SP(x) predicted by a
generalized Pauling approximation [19].
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of ordered ground state ultimately evolves in Dy2Ti2O7. It is expected that this
low-temperature increase of Smag arises from quantum effects, additional weaker
interactions and/or magnetoelastic coupling. The real ground state of Dy2Ti2O7

and other (quantum) spin ice materials of the rare-earth pyrochlores are in most
cases not known [108, 109, 119, 156, 157]. In Ref. 122, quantum and classical
Monte Carlo simulations are applied to establish a phase diagram of the ground
state as a function of quantum tunneling. As discussed above, a small amount of
non-magnetic dilution may induce a so-called topological spin glass phase [152].

With increasing dilution level x in (Dy1−xYx)2Ti2O7, the experimental entropy
at lowest temperatures clearly falls below SP(x) and its temperature dependence
systematically increases. For weaker dilution like x ≤ 0.1, a linear extrapolation
Sex(x, T → 0) would still lead to a finite zero-temperature residual entropy. This
finding may be interpreted as some reminiscence of spin-ice behavior in this tem-
perature regime. But for higher dilutions x ≥ 0.2, the deviation between SP(x)
and the experimental Sex(x, T ) as well as the slope ∂Sex/∂T = cmag/T become so
large that a consideration with a finite residual entropy is absolutely not justified.
This conclusion is in strong contrast to the early interpretation of Ke et al. [19] in-
troducing the generalized Pauling approximation SP(x). Within this discussion, it
has to be emphasized that SP(x) is a zero-temperature result and it is significantly
larger than Sex(x, T ) especially for x ≥ 0.2. Furthermore, it has to be noticed that
a detailed analysis of the data from Refs. 19, 21 yields similar results. The cmag/T
data exhibit a comparable low-temperature increase like the data within this sec-
tion for x ≥ 0.2 and, thus, the strong slope of the low-temperature entropy already
rules out an interpretation in terms of a finite residual entropy.

Pauling’s approximation and Monte Carlo data

In addition, Ref. 21 compares the model of the generalized Pauling residual en-
tropy SP(x) to the low-temperature entropy SMC(x, T ) obtained by Monte Carlo
simulations. In Fig. 7.13, the experimental low-temperature entropy Sex(x, T )
of (Dy1−xYx)2Ti2O7 is compared to the corresponding MC simulation [21] and
SP(x) [19]. For x ≥ 0.2, it is found that the lowest-temperature values of both,
SMC(x, T ) and Sex(x, T ) significantly fall below SP(x). Note again that SP(x)
is a zero-temperature result. The data show a good quantitative agreement be-
tween the MC simulation and the experimental results at T = 0.7 K. Sex(x, T ) is
nicely reproduced by SMC(x, T ) in the entire dilution range 0 ≤ x ≤ 0.75 of the
(Dy1−xYx)2Ti2O7 compounds. This result confirms the quality of the specific heat
data and of the crystals, because the values are obtained via subtracting cph from
the raw data c and integrating cmag/T over the whole temperature regime. In the
low-temperature range, the Monte Carlo data SMC(x, T = 0.4 K) overestimate the
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Figure 7.13: Com-
parison of the low-
temperature en-
tropy Sex(x, T ) of
(Dy1−xYx)2Ti2O7

(symbols) with the cor-
responding SMC(x, T )
from Monte Carlo
simulations (dashed
lines,[21]) and the zero-
temperature residual
entropy SP(x) (solid
line) expected from
a generalized Pauling
approximation [19].
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experimental results and essentially reproduce the experimental Sex(x, T = 0.5 K).
Thus, an extension of the Monte Carlo simulations down to lower temperatures and
including quantum effects would be of high interest. Refs. 19, 21 predict the non-
monotonic x dependence of SP(x) and a shallow maximum of the entropy around
x ≈ 0.2. This can be seen in the data shown in Fig. 7.13 for Sex(x, T ≥ 0.4 K),
while below that temperature the slow thermal equilibration for x ≤ 0.1 prevents
a definite conclusion. In the high-dilution regime for x = 0.5 to 0.75, the entropy
increases again and this might reflect that with increasing x the average dipole-
dipole interaction decreases. Hence, the temperature-dependent drop of the en-
tropy continuously shifts towards lower temperature and consequently the entropy
at constant temperature continuously increases with x.

Magnetocaloric effect

Within the previous section, the temperature-dependent entropy of the dilute spin-
ice materials (Dy1−xYx)2Ti2O7 was determined via integration of the magnetic
contribution to the specific heat data cmag/T . But measurements of the specific
heat are comparable time consuming and a reliable estimation of the phononic
background is required. Another approach to investigate the change of entropy
is a special analysis of the magnetiocaloric effect data according to Ref. 73. This
approach is less time consuming as the magnetic field is continuously changed and
requires no estimation of a phononic contribution. Hence, the magnetocaloric effect
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Figure 7.14: Entropy change ∆S of (Dy1−xYx)2Ti2O7 with x = 0 and 0.75 as
a function of the magnetic field applied along [001]. The closed symbols represent
results from ∆S(T ), see text. The insets show the magnetization M(H) at 0.4 K.

of the dilute spin ice (Dy1−xYx)2Ti2O7 with x = 0 and 0.75 for an external mag-
netic field applied along the [001] and [111] direction was measured by stabilizing
the temperature while sweeping the magnetic field. The suitable setup for these
measurements is the low-temperature calorimeter which was operated in a custom
cryostat with magnetic fields up to 9 T. The experimental details and the analysis
of the raw data are introduced in Sec. 3.6. According to Eq. (3.16) and (3.17), the
change of entropy ∆S(H) can be obtained from the change in the heating power P
while sweeping the external field whereas the temperature T of the sample is kept
constant.

The field-dependent entropy change ∆S(H) of Dy2Ti2O7 with ~H || [001] for 0.4 K ≤
T ≤ 4 K is shown in Fig. 7.14 (a). The curves are shifted such that they match
∆S(T, 0 T) of the temperature-dependent measurements from Sec. 7.2.2. The re-
sults of ∆S(T,H = const.) at fixed magnetic fields (0,0.5 T and 1 T) are represented
by the closed symbols. As can be seen, the field-dependent ∆S(H) curves show
a strong low-field decrease for T ≤ 2 K which correlates with the increase in the
magnetization M(H) in this field regime, see inset of panel (a). For finite fields
~H || [001], the system enters a non-degenerate ground state which results in a sup-
pression of the entropy. Above about 0.5 K, the magnetization M(H) of Dy2Ti2O7

is non-hysteretic which is also observed in ∆S(H). At 0.4 K, M(H) exhibits a
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Figure 7.15: Panel (a): specific heat c(T ) of Dy2Ti2O7 as a function of the
temperature with a magnetic field of 2 T applied along [111]. Below about 0.6 K,
specific heat data are applied from Pomaranski et al. [20] depicted by the black
triangles in all panels. The phonon contribution cph is taken from Sec. 7.2.2
and is represented by the red dashed line. The inset depicts cmag/T where
the phononic background is subtracted. Panel (b): entropy S(T ) calculated by
integration of cmag/T . The data is shifted such that it matches R ln(2) at 30 K.
The inset shows an expanded view of the low-temperature regime.

hysteresis in the low-field regime, see inset of panel (a). The size of the hysteresis is
related to the amount of heat Udiss which is dissipated from the magnetic system to
the phononic system with increasing field and which is not fully released back with
decreasing field. Thus, the change of entropy had to be corrected by Sdiss = Udiss/T
which is discussed in detail in Sec. 3.6. In Fig. 7.14 (a), the hysteresis in M(H)
coincides with the hysteresis in ∆S(H) and reflects that the full entropy of the zero-
field ground state is not fully released with decreasing field at 0.4 K. In general, it
can be concluded that the field-dependent ∆S(H) and the temperature-dependent
∆S(T,H = const.) are in good agreement. The agreement between ∆S(H) and
∆S(T,H = const.) is even enhanced for the highly-dilute crystal (Dy1−xYx)2Ti2O7

with x = 0.75 as can be seen in Fig. 7.14 (b). Again, the curves of ∆S(H) are
shifted such that they match the values of specific-heat-based ∆S(T, 0 T) in zero
magnetic field for each temperature. For 0.4 K ≤ T ≤ 2 K, both data sets nearly
perfectly match. For all temperatures, ∆S(H) decreases with increasing magnetic
field and is completely suppressed at 1.5 T for T ≤ 1 K which reflects the sup-
pression of the ground-state degeneracy. At 0.4 K, ∆S(H) and ∆S(T,H = const.)
slightly deviate. This deviation originates from the large slope of ∆S(T, 0 T) for
T . 1 K, see Fig. 7.12.
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In order to compare the change of entropy ∆S(H) as a function of the magnetic field
along [111] with the temperature-dependent ∆S(T ), the specific heat c(T ) in zero

field and at 2 T with ~H || [111] is obtained which is shown in Fig. 7.15 (a). Note that
these curves (0 T and 2 T) are measured on a different sample cut out of the same
single crystal like the curves shown in Fig. 7.10. Below about 0.6 K, the specific
heat data of Pomaranski et al. [20] are applied which are depicted by the black
triangles and lead to the increase in c and especially cmag/T in the low-temperature
regime. The red dashed line is the estimation of the phonon contribution cph which
has already discussed in the previous section. It was distinguished by rescaling the
temperature axis of the non-magnetic Y2Ti2O7 such that the data match those of
Dy2Ti2O7 in zero magnetic field around T ' 25 K. It turns out that c(T ) at 2 T
slightly exceeds cph in the temperature range of 25 K ≤ T ≤ 30 K. A comparably
large magnetic field of 2 T induces a non-degenerate ground state in Dy2Ti2O7

for ~H || [111] but it also shifts the magnetic contribution to higher temperatures

and, hence, the full entropy R ln(2) is not reached at 25 K. For ~H || [001], the
magnetic fields of 0.5 T and 1 T are already sufficient to reach a non-degenerate
ground state and, thus, the full entropy S∞ = R ln(2) of a two-level system is
obtained at 25 K. The inset of Fig. 7.15 (a) depicts cmag/T which is determined
via cmag/T = c(T )/T − cph(T )/T . The temperature integration of cmag/T yields
the change of entropy which is shown in Fig. 7.15 (b) whereas the inset shows an
expanded view of the low-temperature regime. The data ∆S(T, 0 T) is shifted
such that it matches R ln(2) at 30 K. The curve ∆S(T, 2 T) does not completely
saturate up to 30 K. The shift is estimated such that a linear extrapolation yields
∆S(T → 0, 2 T)→ 0.

The entropy change ∆S(H) data of Dy2Ti2O7 as a function of the magnetic field

with ~H || [111] are shown in Fig. 7.16 for 0.4 K ≤ T ≤ 4 K. The curves are again
shifted such that they match ∆S(T, 0 T). The closed symbols represent the values
of ∆S(T,H = const.) at 0 T and 2 T. It turns out that there are slight differ-
ences between the temperature- and field-dependent ∆S above 1 K. Note that
both quantities are obtained by integration over the whole temperature- or field-
range. Thus, already slight experimental uncertainties lead to comparably large
deviations in ∆S(T,H). The transition into the fully-polarized phase is found as
a maximum in ∆S(H) at about 1 T which is consistent with M(H), see inset. At
0.4 K, M(H) reveals a low-field hysteresis. Here, the magnetocaloric effect data
are corrected as discussed above, see also Sec. 3.6 for details about the data anal-
ysis. It turns out that ∆S↑(H) and ∆S↓(H) are hysteretic below about 1.5 T.
The origin of this hysteresis, which has no analogue in the magnetization, is un-
clear. It most probably stems from the fact that the magnetic field is changed
too fast (rate of 0.03 T/min) which leads to possible delays in the reaction of
the magnetic system in Dy2Ti2O7. The Kagomé-ice phase is seen as a plateau
in ∆S↑(H) and ∆S↓(H) between 0.3 T < H < 0.9 T at 0.4 K. In this plateau
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Figure 7.16: Entropy
change ∆S of Dy2Ti2O7 as
a function of the magnetic
field applied along [111]
at temperatures between
0.4 K and 4 K. The closed
symbols represent results
from ∆S(T ). The inset
shows the magnetization
M(H) at 0.4 K.

0 . 0 0 . 5 1 . 0 1 . 5 2 . 0
0

2

4

6

0 . 0 0 . 5 1 . 0 1 . 5
0

2

4

0 . 4  K

1 . 5  K

4  K

D y 2 T i 2 O 7
H  | |  [ 1 1 1 ]

2  K

1  K
0 . 8  K

 µ0 H  ( T )

∆S
 = 

S(T
,H)

+S
(T,

H=
0T

) (J
 m

ol-1 Dy
 K-1 )

 

M 
(µ B/Dy

)

 

r a t e  =  0 . 0 3  T / m i n

0 . 4  K

 

state, the 3-fold degeneracy arises from the Kagomé planes in which 1 out of the
3 spins of every single tetrahedron has a component opposite to the applied field
~H || [111]. The entropy within this Kagomé-ice phase is experimentally obtained to
be 0.4–0.8 J/molDyK [91, 117, 118, 155, 158] and calculated for the nearest-neighbor
spin-ice model to be 0.672 J/molDyK [159]. At 0.4 K, the experimentally obtained
curve ∆S↑(H) yields an entropy of about 0.82 J/molDyK and ∆S↓(H) of about
0.50 J/molDyK. Both values are found to be in the right order of magnitude but
uncertainties remain because of the present hysteresis. In general, it is found that
∆S(H) essentially reproduces ∆S(T,H = const.) in the whole temperature range.
The curves for x = 0.75 exhibit the best agreement. This is related to the fact
that the corresponding M(H) curves are non-hysteretic and additionally the slow
relaxation has vanished. The suppression of the entropy with increasing magnetic
field was observed for both systems (Dy1−xYx)2Ti2O7 with x = 0 and 0.75 as well as

the Kagomé-ice plateau and the first-oder transition for ~H || [111]. Thus, it can be
concluded that this approach is a reliable and fast tool to determine the change of
entropy as a function of the magnetic field. The accuracy is clearly enhanced if the
field-dependent process is reversible and, thus, the magnetization is non-hysteretic.
Moreover, the absence of slow relaxation processes improve the data quality.
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7.2.3 Conclusion

In conclusion, it is found that the ultra-slow thermal equilibration in pure spin ice
Dy2Ti2O7 is rapidly suppressed upon dilution with non-magnetic yttrium and van-
ishes completely for x ≥ 0.2 down to lowest accessible temperatures (≈ 0.3 K).
In general, the low-temperature entropy of (Dy1−xYx)2Ti2O7, considerably de-
creases with increasing x, whereas its temperature dependence drastically increases.
Thus, there is no experimental evidence for a finite zero-temperature entropy in
(Dy1−xYx)2Ti2O7 above x ' 0.2, in clear contrast to the finite residual entropy
SP(x) expected from a generalized Pauling approximation [19]. A similar discrep-
ancy is also present between SP(x) and the low-temperature entropy obtained by
Monte Carlo simulations [21], which reproduce the experimental data down to 0.7 K.
The specific heat data suggest a rapid crossover from spin-ice physics in Dy2Ti2O7

towards weakly interacting single-ion physics in (Dy1−xYx)2Ti2O7 at intermedi-
ate dilution. The change of entropy as a function of the magnetic field ∆S(H)
obtained by magnetocaloric effect data agrees with the temperature-dependent
∆S(T,H = const.) with a high degree of accuracy whereas small deviations occur in
the low-temperature regime of Dy2Ti2O7 where the change of entropy is irreversible
(hysteresis in M(H)) and slow relaxation processes arise. The field-dependence of
∆S(H) coincides with the magnetization M(H) and the suppression of the ground
state degeneracy of (Dy1−xYx)2Ti2O7 is observed as well as the transition into the

fully-polarized phase for ~H || [111]. The hysteresis in M(H) roughly agrees with
an irreversible entropy ∆S(H). Thus, it can be concluded that measurements of
the magnetocaloric effect are a reliable and rapid method to obtain ∆S(H) with a
high point density but without great experimental effort. The accuracy is strongly
enhanced for crystals whose magnetic system exhibits reversible properties in the
measured temperature and field range.

7.3 Heat transport

7.3.1 Literature results

As already briefly introduced in Sec. 4.8, recently Sun et al. published heat trans-
port data of Dy2Ti2O7 [13] for a magnetic field applied along [001], [110] and [111].
It is found that the temperature dependence κ(T ) of Dy2Ti2O7 in zero field follows
a power-law behavior ∝ T 2.5, see Fig. 7.17 (a). This value is smaller than the stan-
dard T 3 behavior of phonon thermal conductivity at the boundary scattering limit.
Note that even the non-magnetic iso-structural reference compound Y2Ti2O7, in
which the thermal conductivity is purely phononic, exhibits a power-law behavior
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(a) (b)

Figure 7.17: Literature result of the termal conductivity of Dy2Ti2O7.
Panel (a): κ(T ) in zero field for heat current along [100], [110] and [111]. The
inset shows phonon mean free path divided by sample width. Panel (b): κmag

at 0.36 K for ~H || [001], [110] and [111] assuming that the low-field decrease of
κ(H) from 0 to 0.5 T is just a decrease of κmag. Taken from Ref. 13.

with T 2.4 below about 4 K [14]. Via the kinetic formula, a ratio of the sample width
and the phonon mean free path l/W is determined, see inset. It is claimed that
a large magnetic monopole contribution to κ would lead to a smaller mean free
path. This result is in contrast to the κ(T, 0 T) of Dy2Ti2O7 shown below which
reveal no power-law behavior in the low-temperature regime but a distinct shoulder
compared to κ(T, 0.5 T). Furthermore, Sun et al. make the assumption that the
low-field decrease of κ(H) from 0 T up to 0.5 T for magnetic field along [100], [110]
and [111] is purely a suppression of κmag at 0.36 K. The corresponding data are
shown in Fig. 7.17 (b). By applying the Debye-Hückel theory to the extracted κmag,
the monopole velocity vm is determined to be of the order 104 m/s. It is concluded
that vm is unreasonably too large since monopoles are known to be dispersionless.
Firstly, it is absolutely not reasonable to consider the low-field decrease of κ(H) up

to 0.5 T for ~H || [111] as the full suppression of κmag. Because for this particular field
direction, Dy2Ti2O7 enters the Kagomé-ice phase between 0 T and 1 T where the
monopole density is increased in total and additionally the magnetization M(H)
only saturates for fields larger than 1 T, see Fig. 7.6 on page 91. Secondly, the
Debye-Hückel theory is applied to calculate the monopole velocity vm at 0.36 K
which clearly fails to describe the enhanced specific heat of Dy2Ti2O7 below about
0.6 K obtained by Pomaranski et al. [20]. Thus, the applicability of the theory is
unreasonable. As will be discussed below, the interpretation is not supported by
the study presented within this thesis.

Tokiwa et al. introduce a simple model for the monopole density in spin ice [123]
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Figure 7.18: Panel (a): literature model of the monopole density ρ31(h) as
a function of magnetic field h = gµBH calculated from the nearest-neighbor
spin-ice model. Panel (b): h2 coefficient α31 plotted against the normalized
temperature kBT/J ; see text. Taken from Ref. 123

with a magnetic field along [001] and [111]. Within this model, the field dependence
of the monopole density ρ31(h) with h = gµBH is obtained from considerations of
the energy of all spin configurations in the effective nearest-neighbor spin-ice model,
see Eq. (4.7) on page 38. The resulting field dependencies at different temperatures
kBT/J are shown in Fig. 7.18 (a). Here, J denotes the nearest-neighbor exchange

coupling. For ~H || [001], the energy of one 2in-2out configuration decreases most
which simply originates from the Zeeman effect. This leads to the non-degenerate
2in-2out ground state and the monotonic decrease of the monopole density ρ31(h) for

this field direction. For ~H || [111], the energy for one of the 3in-1out configurations
decreases the most and crosses the lowest energy of a 2in-2out configuration at
gµBH/J = 3 indicated by the black vertical dashed line. Because of this crossing,
ρ31(h) strongly increases with the magnetic field for this particular direction. But in
the low-field region, ρ31(h) reveals a slight decrease as a function of h. In the model
ρ31 is expanded around h = 0. For both field directions, h-linear term vanishes and
the h2 is identical. Then, the isotropic field dependence of ρ31(h) at zero-field limit
is given by

ρ31(h) = ρ31(0)− α31h
2. (7.3)

The coefficient α31 is plotted against kBT/J in Fig. 7.18 (b). It exhibits a maximum
at kBTmax,α31/J = 0.8. For the relation between Tmax,α31 and the energy to create
a monopole-antimonopole pair ∆31 = 2J follows ∆31 = 2J = 2.5kBTmax,α31 . This
model will be applied to the low-field κ(H) data of the pure spin ice Dy2Ti2O7 and
the dilute systems.
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Figure 7.19: Panel (a): temperature-dependent κ(T ) of (Dy1−xYx)2Ti2O7

( ~H || [001]) with x = 0 in zero field and 0.5 T (closed and open black circles) and
with x = 0.75 in zero field (blue circles). Panel (b): κ(T ) of Y2Ti2O7 at 0 T in
comparison with Dy2Ti2O7 in zero field and at 0.5 T.

7.3.2 Experimental results

Magnetic field || [001]

In order to get an insight into the magnetic contribution κmag to the heat transport
of Dy2Ti2O7, the system is doped with non-magnetic yttrium. An increasing Y
content leads to a successive dilution of the magnetic system. As a consequence,
these materials were named dilute spin ice.

Fig. 7.19 (a) shows the temperature dependence of the thermal conductivity of
(Dy1−xYx)2Ti2O7 with x = 0 in zero field and at 0.5 T in comparison with the
highly dilute system with x = 0.75 in zero field. The magnetic field and the heat
current are applied along [001]. It turns out that the κ(T ) for x = 0 reveals a
distinct field dependence below about 4 K. Here, κ(T ) at 0.5 T is clearly reduced
compared to the zero-field curve. Furthermore, the curve for x = 0.75 in zero field
resembles the x = 0 curve at 0.5 T. Both curves exhibit a power-law behavior in a
large temperature range below about 2 K with very similar exponents whereas the
zero field curve for x = 0 reveals an additional shoulder within this temperature
range and does not follow a power law. These data reveal a further signature
of a magnetic contribution κmag to the heat transport of Dy2Ti2O7 in zero field
on top of a phononic contribution κph. Fig. 7.19 (b) shows a similar comparison
between κ(T ) of Dy2Ti2O7 (0 T,0.5 T) and Y2Ti2O7 (0 T). The non-magnetic
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Figure 7.20: Ther-
mal conductivity κ(H)
in absolute values of
the dilution series
(Dy1−xYx)2Ti2O7 for
~H ||~j || [001] in a tem-
perature range from
0.4 K to 4 K.

system Y2Ti2O7 also reveals a power-law behavior in the low-temperature regime
but the corresponding exponent is slightly enhanced compared to those of x = 0
at 0.5 T and x = 0.75 which suggests a phononic background with a finite x
κph(x > 0). At about 2 K, κ(T ) of Y2Ti2O7 exceeds κ(T ) of Dy2Ti2O7. This
behavior is observed for 2 K < T < 110 K [14, 16] and it is related to the fact that
κph in Dy2Ti2O7 is reduced due to phonon scattering via crystal-field excitations
of the partly filled 4f shell of Dy3+.

These above findings are supported by the field-dependent thermal conductivity
κ(H) of (Dy1−xYx)2Ti2O7 with x = 0–0.75 which is depicted in Fig. 7.20. The

magnetic field ~H and the heat current ~j are again applied along [001] which is the
longest dimension of all crystals. The data for x = 0 has already been discussed
in Chap. 6. In summary, κ(H, x = 0) reveals a strong low-field decrease by raising
the external field from 0 T up to 0.5 T followed by a plateau-like feature in the
intermediate field range. Around 1.5 T, an additional step-like decrease occurs. In
the high-field range above 2 T, κ(H) weakly decreases with increasing field. At

115



7 Dilute spin ice (Dy1-xYx)2Ti2O7

Figure 7.21: Nor-
malized κ(H)/κ(0.5 T)
of the dilution series
(Dy1−xYx)2Ti2O7 with
~H ||~j || [001]. The insets
show the low-field range
up to 0.5 T.

0 . 6
0 . 8
1 . 0
1 . 2
1 . 4
1 . 6

0 . 6
0 . 8
1 . 0
1 . 2
1 . 4
1 . 6

0 . 6
0 . 8
1 . 0
1 . 2
1 . 4
1 . 6

0 . 0 0 0 . 2 5 0 . 5 0
1 . 0 0

1 . 2 5

1 . 5 0

0 . 0 0 0 . 2 5 0 . 5 0
1 . 0 0

1 . 2 5

1 . 5 0

0 . 0 0 0 . 2 5 0 . 5 0
1 . 0 0

1 . 2 5

1 . 5 0

0 1 2 3 4 5
0 . 6
0 . 8
1 . 0
1 . 2
1 . 4
1 . 6

0 . 0 0 0 . 2 5 0 . 5 0
1 . 0 0

1 . 2 5

1 . 5 0

0 1 2 3 4
0 . 6
0 . 8
1 . 0
1 . 2
1 . 4
1 . 6

0 . 0 0 0 . 2 5 0 . 5 0
1 . 0 0

1 . 2 5

1 . 5 0

0 . 6
0 . 8
1 . 0
1 . 2
1 . 4
1 . 6

0 . 0 0 0 . 2 5 0 . 5 0
1 . 0 0

1 . 2 5

1 . 5 0

( a )

 

 

0 . 4  K

κ(H
)/κ

(0.
5 T

)

( c )

0 . 8  K

 

 

    x  =  0 . 2
    x  =  0 . 4
    x  =  0 . 5
    x  =  0 . 7 5

    x  =  0
    x  =  0 . 0 5
    x  =  0 . 1

( b )
 

0 . 6  K

 

 

H  | |  [ 1 0 0 ]

 

 

 

 

 

 

 

µ0 H  ( T )
( f )

4  K

 

 

 

 

 

 

( e )

2  K

 

 

 

 

 
( d )

1  K

 

 

 

 

4 K, the low-field decrease has vanished in contrast to the step-like decrease which
is predominantly temperature-independent. For the weakly dilute systems with
x ≤ 0.2, similar field dependencies are observed whereas both the low-field drop
and especially the step-like decrease around 1.5 T decrease with x. The higher
dilutions x ≥ 0.4 exhibit no distinct field-dependence. Here, a weak decrease of
κ(H) is observed with increasing field.

As can be seen in Fig. 7.20, the absolute values of κ(H) vary for the different di-
lutions. This originates from experimental uncertainties and varying sample qual-
ities. The experimental uncertainties originate from difficulties in determining the
geometric factors of a sample and the field-dependent calibration of the RuO2 ther-
mometers. These uncertainties should not exceed 20%. Furthermore, the thermal
conductivity is highly sensitive to the sample quality. Possible impurities strongly
affect the absolute values of κ. As a consequence, the magnetic contributions of
the dilution series (Dy1−xYx)2Ti2O7 can not calculated by simply subtracting a
phononic background, e.g. the curves of (Dy0.5Y0.5)2Ti2O7, (Dy0.25Y0.75)2Ti2O7 or
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Y2Ti2O7. As already discussed in Chap. 6, the low-field decrease of Dy2Ti2O7 is
attributed to a suppression of κmag for ~H || [001] due to the anticorrelation with
M(H) resulting in a suppressed monopole mobility and density for this particular
field direction. In order to compare this decrease for the different x, the κ(H) curves
of (Dy1−xYx)2Ti2O7 are depicted in the representation κ(H)/κ(0.5 T) in Fig. 7.21
(a)-(f). It is found that the low-field decrease correlates with the degree of dilution
in the whole temperature range up to 4 K which is visualized in the insets of panels
(a)-(f). Here, an expanded view of the low-field range below 0.5 T is depicted. In
other words, the magnetic contribution to κ of (Dy1−xYx)2Ti2O7 reveals a system-
atic correlation with the dilution x. At 2 K, the magnetic contribution has almost
vanished which also agrees with an increasing suppression of the spin-ice physics
there and it is completely absent at 4 K. As already discussed, spin-ice physics is
essentially suppressed within the highly dilute system with x = 0.5 and 0.75. But,
both systems still exhibit a weak decrease of κ(H) in the low-field regime, see insets
panels (a)-(f). This suggests a phonon background which slightly depends on the
dilution. An x-dependent κph can be determined via

κph,[001] = [κ(0 T, x = 0.75)− κ(0.5 T, x = 0.75)] · 4(1− x). (7.4)

The factor 4(1− x) accounts for the fact that Dy2Ti2O7 contains four times more
Dy3+ ions than (Dy0.25Y0.75)2Ti2O7. Then, κph,[001] is applied to obtain the magnetic

contribution κmag for ~H || [001] via

κmag,[001] = [κ(0 T)− κ(0.5 T)]− κph,[001](x) (7.5)

in units of W/Km. The results for κmag,[001] will be discussed in Sec. 7.3.2.

Furthermore, it is found that the low-field κ(H) decreases as κ(H) = κ(H =
0)−αex,001H

2 which is shown in Fig. 7.22 (a)-(e) for (Dy1−xYx)2Ti2O7 with x = 0–
0.4. The insets show the data and the linear fits at 2 K and 4 K. Note that the
data are presented in κ/T in order to enhance the visibility of the field dependence.
As can be seen, the low-field decrease is well described the linear fit (solid lines) in
this representation at almost all temperatures and for all dilutions x. At 4 K, the
slope αex,001 has almost vanished. It is reasonable that the thermal conductivity of
monopoles is systematically determined by its number. Thus, αex,001 is a measure
of the suppression rate of the monopole thermal conductivity in the low-field regime
according to the model of Tokiwa et al. [123], which was introduced in Sec. 7.3.1.

The temperature dependence of the obtained αex,001 of (Dy1−xYx)2Ti2O7 with x =
0–0.4 is shown in Fig. 7.23. It turns out that αex,001 decreases in the low- and high-
temperature regime, but reveals a distinct maximum between approximately 1 K
and 2 K. This temperature dependence of αex,001 agrees well with the theoretically
determined α31 in Fig. 7.18 on a qualitative level. In general, it is found that αex,001

correlates with the degree of dilution and it has almost vanished for x = 0.4. For
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Figure 7.22: Linear
fit of the low-field de-
crease of κ(H)/T as
a function of H2 for
(Dy1−xYx)2Ti2O7 with
x = 0–0.4 at differ-
ent temperatures. The
insets show the corre-
sponding curves at 2 K
and 4 K.
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x = 0.05 however, the experimentally obtained αex,001 exceeds the corresponding
results for x = 0. The origin of this deviation is unclear and might originate from
experimental uncertainties. Note that the absolute value for αex,001 is of minor
importance. Because according to the model, the maximum in α31 is related to
the cost for the creation of a monopole via ∆31 = 2J = 2.5kBTmax,α31 [123]. In
the case of Dy2Ti2O7, the monopole cost is indicated to be ∆31 = 4.35 K [10]
which leads to a theoretical Tmax,α31 ' 1.7 K. The exact value of the experimentally
obtained Tmax,αex,001 is difficult to determine because of the low density of points.
But, a systematic agreement between the experiment and the model is found on
a qualitative level. This finding further emphasizes the indication of a monopole
heat transport in spin ice Dy2Ti2O7 which is suppressed by an external magnetic
field along [001].
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Figure 7.23: Temperature depen-
dence of the initial slope of κ(H) de-
termined by fitting κ(H) = κ(0) −
αex,001H

2 of (Dy1−xYx)2Ti2O7 with

x = 0–0.4 for ~H || [001].

Magnetic field || [111]

The field-dependent thermal conductivity of (Dy1−xYx)2Ti2O7 for ~H ||~j || [111] at
different temperatures has already been discussed concerning the influence of non-
magnetic dilution on the hysteresis of κ(H) within the Kagomé-ice phase, see
Fig. 7.6 on page 91. Although the determination of κmag is more instructive for
~H || [001], these data can also be investigated to obtain an estimate of κmag to the
heat transport in zero field which is, however, more difficult due to the complex
field characteristics which do not correlate with M(H) below 1 T. But, it is ob-
served that the high-field dependence of κ(H) is similar for all x, see Fig. 7.6 on
page 91. Furthermore, M(H) is essentially saturated above about 1.5 T (except
van-Vleck susceptibility). In general, the phononic background contribution in zero
magnetic field should be isotropic and, thus, the same κph should be applied like for

the data from the previous section with ~H ||~j || [001]. But as discussed before, the
absolute values of κ and consequently also of κph slightly vary because of the dif-
ferent crystal qualities and experimental uncertainties. Hence in order to get only
a rough estimate of κmag, Fig. 7.24 shows κ(H)−κ(1.5 T) for ~H || [111] at different
temperatures. For clarity only the curves with decreasing field are depicted which
are closer to equilibrium than the data obtained with increasing field, see discussion
in Sec. 7.1. It turns out that the low-field decrease (up to 1.5 T) again correlates
with the degree of dilution x and the high-field regime reveals similar dependencies
for all x. For x = 0.05, the high-field κ(H) − κ(1.5 T) is slightly enhanced for
T > 0.4 K. This most likely originates from the field-dependent calibration of the
thermometers. An x-dependent κph is determined for this field direction analogue
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Figure 7.24: Thermal conductivity κ(H) − κ(1.5 T) of the dilution series
(Dy1−xYx)2Ti2O7 with ~H ||~j || [111] at different temperatures.

to ~H || [001] via

κph,[111] = [κ(0 T, x = 0.5)− κ(1.5 T, x = 0.5)] · 2(1− x). (7.6)

Because κph,[001](x = 0.5) = 2 · κph,[001](x = 0.75) for ~H || [001], κ(H) for x = 0.75

is not required to determine the x-dependent phonon background for ~H || [111] via
Eq. (7.6). Then, κph,[111] is applied to calculate κmag in zero magnetic field from the
κ(H) data via

κmag,[111] = [κ(0 T)− κ(1.5 T)]− κph,[111](x) (7.7)

in units of W/Km. The results for κmag,[001] from the previous section and for
κmag,[111] will be discussed in the following Sec. 7.3.2.

As studied in the previous section for ~H || [001], it is observed that κ(H) for ~H || [111]
also decreases with κ(H) = κ(H = 0)− αex,111H

2 in the low-field regime. The cor-
responding data are shown in Fig. 7.25 (a)-(c) for (Dy1−xYx)2Ti2O7 with x = 0–0.2.
Note that the data are presented in κ/T in order to enhance the visibility for differ-
ent temperatures. The low-field decrease is well described by the linear fits (solid
lines) in the representation κ(H2)/T at all temperatures and for all x. Panel (d) de-
picts the experimentally obtained αex,111 as a function of temperature. The results
for αex,111 are represented by the closed symbol and αex,001 is additionally shown by
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Figure 7.25: Panels (a)-(c): linear fit of the low-field decrease of κ(H)/T as
a function of H2 for (Dy1−xYx)2Ti2O7 with x = 0–0.2 at different temperatures

for ~H || [111]. Panel (d): temperature dependence of the initial slope of κ(H)
determined by fitting κ(H) = κ(0)−αex,111H

2 of (Dy1−xYx)2Ti2O7 with x = 0–
0.4. The closed symbols are results for αex,111 and the open symbols represent
αex,001.

the open symbols. It can be seen that αex,111 is clearly reduced compared to αex,001

which is consistent with the qualitative model of Tokiwa et al. [123]. According to
the model, αex is a measure for the monopole heat transport due to the correlation
to the monopole density ρ31 whose decrease is much more pronounced for ~H || [001]

than for ~H || [111], see Fig. 7.18 (a). The maximum of αex,111 cannot be determined
from the κ(H) data due to the restriction of the data to T ≤ 1 K.

Magnetic contribution

As discussed above, a zero-field magnetic contribution of the dilute spin-ice systems
(Dy1−xYx)2Ti2O7 are extracted from the heat transport data for a magnetic field
parallel [001] and [111]. Under additional considerations of κph, this is accomplished
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Figure 7.26: Panel (a): cmag of the dilution series (Dy1−xYx)2Ti2O7 with
x = 0–0.75. The low-temperature data from Ref. 20 are included. Panel (b):
absolute values of κmag as a function of temperature. The open symbols represent

results for κmag from ~H || [001] and the closed symbols from ~H || [111]. The inset

depicts the κ(0 T)/κ(0.5 T) for ~H || [001]. The lines connecting the data points
are guides to the eye.

for both field directions via Eq. (7.5) and (7.7). The corresponding data of κmag

are shown in Fig. 7.26 (b). The relative decrease κ(0 T)/κ(0.5 T) for ~H || [001] is
depicted in the inset. The open symbols represent κmag,[001] and the closed symbols
κmag,[111] for the different dilutions x, respectively. For x = 0, κmag,[001] was deter-
mined from the temperature-dependent data shown in Fig. 7.19 which leads to the
enhanced density of points. For x > 0, the corresponding data are extracted from
the field-dependent curves depicted in Fig. 7.20 for which an interpolation from
2 K up to 4 K bares too large uncertainties. As can be seen from Fig. 7.26 (b),
a vanishing κmag is found for x = 0.5 and a small contribution is conserved for
x = 0.4. For x ≥ 0.2, there is a finite monopole contribution in zero magnetic field
which is maximum at about 1.3 K. A correlation is found between the degree of
dilution x and the corresponding magnetic contribution whereas κmag,001(x = 0.05)
and κmag,001(x = 0.1) almost coincide. At 4 K, κmag has vanished. Furthermore, it is

found that κmag,[001] with ~j || [001] and the rough estimate of κmag,[111] with ~j || [111]
nearly agree for x = 0 and 0.05 which signals an almost isotropic monopole mo-
bility in zero field whereas the determination of κmag,[111] bares uncertainties which
prevents a definite conclusion. The deviation for x = 0.1 is up to now unclear.

In Refs. 11, 12, the zero field κ(T ) of Dy2Ti2O7 was interpreted to be purely
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7.3 Heat transport

phononic and its field dependence has been attributed to phonon scattering by
magnetic excitations. The data shown in this thesis do not yield the same in-
terpretation. There are several reasons why the heat transport cannot be purely
phononic but also has a finite magnetic contribution below about 4 K. The phonon
heat conductivity κ(T ) of the highly dilute system with x = 0.75 shows a very simi-
lar power-law behavior like the thermal conductivity of Dy2Ti2O7 in a field of 0.5 T
for ~H || [001], see Fig. 7.19. In contrast, the zero-field κ(T ) of Dy2Ti2O7 exhibits a
distinct shoulder below about 4 K. Because of this qualitative difference, it can be
concluded that κ(T, 0.5 T) of Dy2Ti2O7 essentially yields the phononic background
to the thermal conductivity whereas in zero field an additional magnetic contribu-
tion is present on top of κph. This interpretation is supported by the field-dependent
κ(H) data in Fig. 7.21 at constant temperatures where κ(H) is strongly suppressed
in the low-field range up to 0.5 T. This low-field drop systematically correlates with
the degree of dilution and anticorrelates with the magnetization for ~H || [001]. In
addition, a hysteresis is found in both quantities below 0.6 K for x & 0.2 and the
anticorrelation of κ(H) and M(H) is explained straightforwardly by the monopole
confinement due to an external magnetic field along [001] introduced in Sec. 4.8.
Furthermore, the low-field decrease is compared to the theoretical predictions of
the field dependence of the monopole density which is a measure for the mono-
poles contributing to κ. The experimentally obtained temperature dependence of
αex agrees well with the theoretically calculated α31 for Dy2Ti2O7 [123]. The max-
ima in κmag and cmag are both located around 1.3 K, see Fig. 7.26 (a) and (b).
Furthermore as discussed in Chap. 6, the field dependent κ(H) data of the iso-
structural spin ice Ho2Ti2O7 reveal an obvious low-field decrease which is similar
to that of Dy2Ti2O7. The phononic contributions of Dy2Ti2O7 and Ho2Ti2O7 are
found to be of opposite sign by a comparative study with the highly dilute systems
(Dy0.5Y0.5)2Ti2O7 and (Ho0.5Y0.5)2Ti2O7 which, however, do not exhibit a distinct
low-field κ(H) dependence. In summary, all the data give evidence for a finite
magnetic contribution κmag in zero magnetic field in Dy2Ti2O7 and in Ho2Ti2O7

originating from the magnetic excitations (monopoles).

Diffusion coefficient

The magnetic contributions to the specific heat cmag and to the heat transport κmag

of (Dy1−xYx)2Ti2O7 have been extracted, see Fig. 7.26 (a) and (b). The diffusion
coefficient of these systems is calculated via

Dmag =
κmag

cmag

· Vmol. (7.8)

The corresponding data are shown in Fig. 7.27 together with Dmag determined by
applying cmag from Pomaranski et al. [20] below about 0.5 K (closed black triangles)
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Figure 7.27: Dif-
fusion coefficient
Dmag = κmag/cmag ·Vmol

of (Dy1−xYx)2Ti2O7

together with Dmag

calculated with cmag

from Ref. 20. The lines
are guides to the eye.
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and κmag from this thesis. In general, it is observed that Dmag basically decreases
with increasing yttrium dilution. Slight deviations are found for x = 0.05 and 0.1
above T ≥ 0.8 K. For x = 0.5, Dmag is essentially suppressed which is correlated
to the absence of spin-ice physics. For x = 0.4, the mobility is clearly suppressed
which might originate from an enhanced defect scattering on non-magnetic yttrium
ions as the monopoles can only propagate via spin flips of the magnetic ions. For
0.05 ≤ x ≤ 0.2, an interpretation of Dmag is difficult for T > 1 K due to the
weak point density. But in the low-temperature regime below about 0.8 K, Dmag

systematically vanishes for all three systems. For x = 0, a weakly-pronounced
maximum is found at about 1.6 K. Here, the monopoles are highly mobile and
propagate via single spin flips. In this regime, the temperature seems to be high
enough to create a sufficient number of monopole excitations but their mean-free
path is still large enough resulting in a large Dmag. In the low-temperature regime
for x = 0, Dmag reveals a distinct maximum at about 0.7 K which is observed in
both data sets. By further lowering the temperature, Dmag is suppressed if the data
from Pomaranski et al. [20] are applied. The origin of this additional maximum
is unclear but it signals an evident increase of the monopole density and/or the
mean-free path there. It has vanished for x ≥ 0.05. Thus, Dmag seems to be
highly sensitive to dilution there. The suppression of Dmag at lowest temperatures
originates from the increase of cmag and, hence, from the non-degenerate ground
state which is established in the long-time limit [20]. At 4 K, Dmag has essentially
vanished for all x because κmag ' 0 which correlates with the suppression of spin-ice
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7.3 Heat transport

physics.

Due to the Ising-like magnetic moments in classical spin ice, the dynamics of the
monopoles are predicted to be diffusive [10, 92] and described by an effective theory
of quasiparticles, in this case a Coulomb gas of magnetic charges [4, 103, 160]. The
dynamics can be considered as purely stochastic and the properties are almost
identical to those of its electronic equivalent. Thus, the kinetic gas theory can be
applied in which the diffusion coefficient Dmag is related via

Dmag = vmag`/3 (7.9)

with the mean velocity vmag and the mean-free path ` of the monopole particles.
However, this relation has to be treated with caution due to the following reasons.
The number of monopoles is not conserved and their interaction with each other
or with phonon excitations is not well understood. However, a rough estimate
of the monopole velocity and the mean-free path can be given. Assuming the
monopole velocity to be vmag = teff/(~π/ad) ≈ 20 m/s [14] with ad = 4.34 Å as the
distance between neighboring tetrahedra and the effective bandwidth for monopole
hopping teff which is of the order of 1 K. Then, the mean-free path is determined
via ` = 3Dmag/vmag. According to the results in Fig. 7.27, a mean-free path of
` ≈ 0.3 µm is obtained for Dy2Ti2O7 at about 1 K. It turns out that Dmag only
slightly decreases for 0 ≤ x ≤ 0.2. This finding might be explained by an insensitive
mean-free path to weak dilutions whereas the scattering in the highly dilute system
x = 0.4 is strongly enhanced and Dmag has almost vanished.

7.3.3 Conclusion

An experimental evidence for a magnetic contribution κmag to the heat transport
of Dy2Ti2O7 was found which reveals a maximum around 1.3 K and also scales
with the degree of dilution with non-magnetic yttrium. It is observed that spin-
ice physics has completely vanished for x ≥ 0.5. The maximum of the relative
decrease κ(0 T)/κ(0.5 T) is located at about 0.8 K for ~H || [001]. Furthermore,
the κ(H) data qualitatively agree with a microscopic model developed by Kolland
et al. [14, 16], see also Sec. 4.8, which supports the interpretation in terms of a
magnetic monopole contribution on top of κph below about 4 K. A model from

Tokiwa et al. [123] is found to be applicable in the low field range for ~H || [001] and
[111]. From the experimental data, it was calculated that the energy of a monopole
excitation is related to the decrease of κ(H) as predicted in the model and the
density of monopoles is suppressed by an external field in the low-field regime.

By means of cmag and κmag, the diffusion coefficient Dmag of the monopole excita-
tions is obtained whose dynamics are predicted to be diffusive [10]. Dmag reaches
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7 Dilute spin ice (Dy1-xYx)2Ti2O7

a maximum at about 1.5 K originating from an increased κmag in this interme-
diate temperature regime. A suppression of Dmag at low temperatures signals a
non-degenerate ground state for the whole dilution series and even for the pure
spin ice Dy2Ti2O7 which has already been predicted experimentally and theoreti-
cally [20, 122]. However, the data for x = 0 reveal an additional distinct shoulder
in Dmag at about 0.7 K which is not observed for x ≥ 0.05. The origin of this
additional contribution is up to now unclear but it is highly sensitive to the dilu-
tion x. At 4 K, spin-ice physics has vanished. Applying the kinetic gas theory to
describe Dmag and with the assumption of the monopole velocity vmag ≈ 20 m/s, a
mean-free path is estimated to be in the order of about 100 unit cells which equals
` ≈ 0.3 µm for Dy2Ti2O7 at about 1 K. Above 0.7 K, Dmag is insensitive to weak
dilutions x, but for x = 0.4 it has almost vanished.
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8 Summary

In this thesis the low-temperature magnetism of the spin-ice systems Dy2Ti2O7

and Ho2Ti2O7 was investigated. A detailed comparative study of the heat trans-
port of both compounds and of the dilute reference systems was performed to
distinguish the magnetic and the phononic contributions. Due to the more in-
structive characteristics in Dy2Ti2O7, a special focus was put on the dilution series
(Dy1−xYx)2Ti2O7 whose thermodynamic properties are studied in detail with re-
spect to spin-ice physics.

Dy2Ti2O7 and Ho2Ti2O7 are prototype spin-ice materials where the geometric con-
straints prevent long-range magnetic order down to lowest temperatures. The low-
temperature magnetism is described by non-collinear S = 1/2 Ising spins that
form a network of corner-sharing tetrahedra. Due to the remarkable Ising char-
acter, which originates from a strong crystal electric field, an easy-axis anisotropy
arises that leads to quantization axis along the local {111} directions. An effec-
tive nearest-neighbor ferromagnetic coupling favors a six-fold degenerate ground
state with 2in-2out arrangement. Pauling’s ice rule describing the hydrogen dis-
placement in water ice is equivalent to this 2in-2out configuration and predicts
a residual zero-temperature entropy of SP = (NAkB/2) ln(3/2) for T → 0. This
model was even expanded to a generalized Pauling approximation SP(x) for dilute
spin ice [19]. Anomalous excitations are realized via single spin-flips which can
fractionalize into pairs of monopoles and antimonopoles. In literature, the pres-
ence of Pauling’s residual entropy was reported for Dy2Ti2O7 [19, 90] whereas a
recent long-time study of the thermal equilibration (104 s) confirmed an absence
of SP. Additionally, it is argued whether these monopole excitations contribute to
the heat transport in spin ice or not [11–15, 18]. In this thesis, the prediction of
the generalized Pauling approximation and a monopole contribution to the heat
transport are studied by different thermodynamic properties. The measurements
were performed applying custom home-built setups in a temperature range from
0.3 to 30 K and in magnetic fields up to 7 T.

A study of the two most prominent spin-ice materials Ho2Ti2O7 and Dy2Ti2O7

revealed that both systems exhibit equal characteristics, but also offer remarkable
differences in the thermodynamic properties. In general, a clear experimental ev-
idence for a sizable magnetic contribution κmag to the zero-field heat transport of
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8 Summary

both spin-ice materials Ho2Ti2O7 and Dy2Ti2O7 is determined below 4 K. This
κmag of both system is of comparable magnitude whereas it is more pronounced for
Dy2Ti2O7. It can be attributed to the magnetic monopole excitations, which are
highly mobile in zero field. Their mobility is effectively suppressed in external mag-
netic fields causing a drop of κmag in the low-field range according to a qualitative
microscopic model [14, 16] which supports the interpretation in terms of a magnetic

monopole contribution on top of κph for ~H || [001]. Towards high magnetic fields
(> 4 T), significant field dependencies of the phononic heat conductivities κph(H) of
Ho2Ti2O7 and Dy2Ti2O7 are found, which are, however, of opposite signs. This was
confirmed by studies of the highly dilute reference materials (Ho0.5Y0.5)2Ti2O7 and
(Dy0.5Y0.5)2Ti2O7 in which spin-ice physics is essentially suppressed. The decreas-
ing κph(H) in the Dy-based materials most likely arises from field-induced lattice
distortions, which can be clearly seen in magnetostriction data. It turned out that
this effect is less important in the Ho-based materials, which show a significantly
smaller magnetostriction. Here, the scattering of phonons by spin flips appears to
be more dominant than in the Dy-based materials. Consequently, both κmag and
κph in zero field are smaller in Ho2Ti2O7 than they are in Dy2Ti2O7, and the field
dependent κph increases with field while the magnetization is identical. In addi-
tion, a comparative study of the thermal conductivity of the pure spin-ice systems
with the zirconium-doped compounds R2(Ti1−xZrx)2O7, where the non-magnetic
Ti4+ ions are partly replaced by Zr4+, was performed. The dominant magnetic
energy scale Jeff of spin ice systematically increases with the Zr content which can
be explained straightforwardly by the Grüneisen ratio [53]. The magnitude and
field dependence of κmag and κph are clearly reduced compared to the pure systems
which most likely originates from the enhanced defect scattering of the monopoles
and phonons due to local lattice distortions.

The heat transport κ of Dy2Ti2O7 within the low-temperature and low-field regime
has also been investigated concerning strong hysteresis effects and slow-relaxation
processes towards equilibrium states. It turned out that κ in the hysteretic regions
slowly relaxes towards larger values which suggests that there is an additional
suppression of the heat transport by disorder in the non-equilibrium states. The
size and degree of the hysteresis do not only depend on the temperature and the
magnetic-field direction, but also on the rate of the magnetic-field change. The
equilibration can even be governed by the heat current for particular configura-
tions. Thus, it can be concluded that the equilibration can also be controlled by
the heat current which most likely yields important information about the dynam-
ics of monopole excitations and their interaction with phonons. In addition, the
hysteresis of the thermal conductivity within the Kagomé-ice phase was studied for
the dilute spin-ice materials (Dy1−xYx)2Ti2O7 with x ≤ 0.5 and for the pure com-
pound Dy2Ti2O7 at different angles θ of the applied field from the [111] direction
within the [111]-[11̄0] plane. An increasing dilution x leads to a rapid suppression of
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the hysteresis whereas the initial κ(0 T) is recovered for all x for the configuration
~H ||~j || [111]. The degree of the hysteresis did not reveal any angle-dependence for
small θ. These findings strongly suggest that the hysteresis within the Kagomé-ice
phase originates from disorder and is not related to a misalignment of the applied
magnetic field which would lift the 3-fold ground-state degeneracy there.

The specific heat study of (Dy1−xYx)2Ti2O7 revealed that the ultra-slow thermal
equilibration in pure spin ice Dy2Ti2O7 is rapidly suppressed upon dilution with
non-magnetic yttrium and has vanished completely for x ≥ 0.2 down to the lowest
accessible temperatures. A phononic background was estimated by measurements
of the non-magnetic Y2Ti2O7 which yields a much better description than the De-
bye model or a simple power-law. As a consequence, the low-temperature entropy
of (Dy1−xYx)2Ti2O7 is obtained which systematically decreases with increasing x,
whereas its temperature dependence strongly increases. Thus, it can be concluded
that there is no experimental evidence for a finite zero-temperature entropy in
(Dy1−xYx)2Ti2O7 above x ' 0.2, in clear contrast to the finite residual entropy
SP(x) expected from the generalized Pauling approximation SP(x) [19]. A similar
discrepancy is also present between SP(x) and the low-temperature entropy de-
termined by Monte Carlo data [21]. The simulations reproduce the experimental
data from 25 K down to 0.7 K, whereas the entropy at 0.4 K is overestimated.
Thus, the classical spin-ice model is applicable to the intermediate temperature
range, but a fundamental model including quantum effects would be highly desir-
able to unravel the true ground state of (Dy1−xYx)2Ti2O7. Generally, it turned
out that spin-ice physics in Dy2Ti2O7 changes towards weakly interacting single-
ion physics in (Dy1−xYx)2Ti2O7 at intermediate dilution. The change of entropy
has also been obtained by means of the magnetocaloric effect. The suppression of
S in (Dy1−xYx)2Ti2O7 with increasing magnetic field was systematically observed

as well as the Kagomé-ice phase for the pure compound with ~H || [111]. A good
agreement was found between the temperature- and field-dependent entropy.

Because of the more instructive field dependence of κ(H) in Dy2Ti2O7, a spe-
cial focus was additionally put on the thermal conductivity of the dilution series
(Dy1−xYx)2Ti2O7 which was measured for various x < 1. It was found that the mag-
netic contribution κmag of the whole dilution series systematically scales with the
degree of dilution and exhibits a maximum around 1.3 K. Hereby, an x-dependent
phononic background κph was applied which results in a vanishing κmag for x ≤ 0.5.
Additionally, a model from Tokiwa et al. [123] is found to be applicable in the

low field range of κ(H) for ~H || [001] and [111]. The suppression of the monopole
density correlates with κ(H) in the low-field range which is a further signature of
monopole heat transport. Moreover, it was calculated from the experimental data
that the energy of a monopole excitation is related to the decrease of κ(H) as pre-
dicted in the model. The diffusion coefficient Dmag of the monopole excitations was
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calculated by means of cmag and κmag. It also correlates with the degree of dilution
x and reveals a broad maximum around 1.5 K. Below about T ≤ 0.5 K and in
the high-temperature range for T ≥ 4 K, Dmag vanishes for all x. This is related
to the fact that the even the pure system Dy2Ti2O7 enters a defined ground state
at very low-temperatures in the long-time limit and at 4 K, the spin-ice physics
has essentially vanished. Via the kinetic gas theory, a mean-free path of Dy2Ti2O7

was estimated to be ` ≈ 0.3 µm at about 1 K. Furthermore, it turned out that
Dmag is hardly sensitive to weak dilutions x . 0.2 whereas it has almost vanished
for x = 0.4. However, some questions remain open and an applicable model to
describe the monopole dynamics in spin ice is strongly required.
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A 1D Ising-chain system CoNb2O6

Quantum phase transitions are exclusively driven by quantum fluctuations and
appear at absolute zero temperature. Hence they may seem like an abstract theo-
retical idea which is of little interest for experimental work, however the influence
of the quantum critical point extends over a wide regime even at finite temperature
and is one of the most exciting subjects in condensed-matter physics [161–166]. The
prime example for a quantum phase transition and the corresponding quantum crit-
icality is the ferromagnetic Ising chain in transverse magnetic field. Experimentally
it can be realized exemplary by LiHoF4 where the transverse field case has already
been studied in detail [167–169]. However, since some single-crystal neutron scat-
tering experiments performed by Coldea et al. [170] and further studies [171–176],
an emphasis is put on the columbite CoNb2O6. The system is the closest realiza-
tion of a transverse 1D Ising-chain system found to date. In addition, it exhibits
3D magnetic order below about 3 K due to a small antiferromagnetic inter-chain
coupling. Coldea et al. discovered the first experimental evidence for the long
predicted E8 symmetry in the excitation spectra of an Ising chain with small inter-
chain coupling near its quantum critical point. Within this chapter, the study on
the 1D Ising-chain system CoNb2O6 from the diploma thesis [54] is continued by
measurements of the magnetization. The phase diagram of the 3D order regime is
derived including additional specific heat data taken from Ref. 54. The 3D order
exhibits an interplay with the quantum criticality and vice versa. Furthermore, the
analytical results of the 1D Ising chain in transverse field are compared to both
thermodynamic properties.

A.1 Introduction

A.1.1 Crystal structure

The columbite CoNb2O6 is an electric insulator and crystallizes in the orthorhom-
bic space group Pbcn with lattice parameters: a = 14.1337 Å, b = 5.7019 Å,
c = 5.0382 Å [177]. The crystal structure is shown in Fig. A.1. The system con-
tains layers of CoO6 octahedra separated by two non-magnetic NbO6 layers (not
shown) in a direction. The edge-sharing oxygen octahedra link the Co2+ spins
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Figure A.1: Crystal
structure of CoNb2O6.
The easy axis is located
within the ac plane and is
alternating by ±31◦ with
respect to the c axis for
neighboring chains. Taken
from Ref. 176.

–31
31 c
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through Co-O-Co super-exchange and form 1D ferromagnetic zigzag chains along
the orthorhombic c axis. A strong crystal electric field compresses the CoO6 oc-
tahedra which leads to an easy-axis anisotropy of the Co2+ moments. These easy
axes of the ferromagnetic chains lie within the ac plane and are alternately tilted
by ±31◦ with respect to the c axis for neighboring chains in a direction [178].
The strong easy-axis anisotropy leads the system to be considered as an effective
spin-1/2-system described by the Ising model. Additionally, CoNb2O6 reveals long-
range antiferromagnetic (AF) order due to a small coupling between the chains with
J ≈ 0.01 · J1, J2 [179] where J denotes the intra-chain coupling and J1, J2 are the
inter-chain couplings. Below TN1 = 2.95 K, an incommensurate order sets in which
becomes commensurate at TN2 = 1.97 K [180]. A magnetic field parallel to the
b axis is normal to the easy axis of both types of chains. It allows to study the
quantum phase transition of an Ising-spin chain in a transverse field. The sys-
tem is driven through its quantum critical point from a quasi 1D ferromagnet to a
quantum paramagnet.

A.1.2 Sample growth

The single crystal of CoNb2O6 was grown by the floating-zone technique during
the diploma thesis of J. Frielingsdorf [181]. The crystal was oriented in a X-ray
backscattering Laue camera and bar-shaped samples were cut which had dimensions
1.5 × 1.7 × 3 mm3. The intermediate dimension was the b axis along which the
magnetic field was applied. The magnetization was measured in a capacitance
Faraday magnetometer whose experimental details were introduced in Sec. 3.2.
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Considering initial results, it was found that an exact orientation of the sample with
respect to the applied magnetic field is absolutely necessary to obtain data which
captures all features connected with the 1D magnetism. This was accomplished in
the diploma thesis [54] by building a bracket which allows to mount the calorimeter
into the X-ray backscattering Laue camera to orient the sample in-situ on the
sapphire platform for measuring the specific heat. The crystal for the magnetization
measurement was carefully aligned under a microscope.

A.1.3 Literature results

In literature the transverse field case of the 1D system CoNb2O6 is studied applying
various methods. From neutron scattering data of Wheeler et al., an effective g
factor of g = 3.55 and an intra-chain coupling J/kB ≈ 23.2 K are obtained [182].
Kinross et al. performed nuclear magnetic resonance (NMR) measurements with a
transverse field and determine a critical field of 5.25±0.15 T. From the temperature
dependence of the 93Nb longitudinal relaxation rate 1/T1, a power-law behavior
1/T1 ∝ T−3/4 is observed at the critical field of the NMR data, which is predicted
by quantum critical scaling. Furthermore, the intra-chain coupling is calculated by
exponential fits 1/T1 ∝ exp(∆/T ) to be J/kB = 17.5+2.5

−1.5 K. Liang et al. measured
the specific heat of CoNb2O6 in transverse field [176]. The critical field is estimated
to be H3D

C = 5.24 T taken from the peak position of c/T at 0.45 K, which is
indicated to be the closest approximation to the critical peak profile for T → 0.
The obtained phase diagram from the specific heat of Liang et al. will be directly
compared to the phase diagram of this thesis, see Sec. A.2.3.

A.2 Experimental results

A.2.1 Magnetization

Fig. A.2 (a) displays zero-field cooled M(H) curves in a temperature range from
0.5 K up to 4 K (symbols). In addition, the calculations of the 1D Ising model
are shown which will be introduced and discussed in Sec. A.3. The curves are
shifted by an offset of 0.5 with respect to each other. Considering the experimental
data, the 0.5 K curve starts in the commensurate AF phase [178] and shows a first
plateau at ≈ 2.7 T. On further raising the magnetic field the curve exhibits a kink
at ≈ 5.2 T. In the high-field regime, the finite slope in M(H) originates from a
van Vleck susceptibility due to a mixing of higher crystal field levels to the ground
state |±1/2〉. The curve on lowering the magnetic field reveals no hysteresis at
≈ 5.2 T, however, a broad hysteresis occurs at the lower plateau-like feature. This
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Figure A.2: Panel (a): zero-field cooled M(H) data of CoNb2O6 (symbols).
The red lines are calculation within the 1D Ising model, see text. The arrows
indicate the field-sweep direction. Curves are offset with respect to each other.
Panel (b): dM/dH at different temperatures. The arrows indicate the shift of
the peaks with increasing temperature.

hysteresis reduces and shifts to smaller magnetic fields with increasing temperature.
At 2 K > TN2, the hysteresis has completely vanished. The 3 K- and 4 K-curves are
located in the paramagnetic regime above TN1 = 2.95 K and possess Brillouin-like
shape without any transition features. As can be seen in panel (b), the kinks in
M(H) measured with increasing magnetic field appear as sharp peaks in dM/dH.
The arrows indicate the shift of the peak with increasing temperature.

The corresponding temperature-dependent M(T ) curves at various fixed magnetic
fields are shown in Fig. A.3 (a) and (b). The curves are measured with decreasing
temperature. Taking a look at the experimental data, it is found that the 7 T curve
does not show any anomalies, see panel (a). It is located in the paramagnetic regime
above the critical field and, thus, M(T ) continuously increases with decreasing
temperature. At 4 T, the curve exhibits a kink at≈ 2 K indicated by the arrow. The
2 T- and 1 T-curves in panel (b) also show kinks which shift to higher temperatures
with decreasing magnetic field. However, the curve at 1 T exhibits an additional
feature at ≈ 1.9 K.

Fig. A.4 (a) shows M(H) data (symbols) of CoNb2O6 which were measured on a
different single crystal grown during the diploma thesis of V. Cho [136] in com-
parison with M(H) data (solid lines) with increasing field of this thesis. Curves
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Figure A.3: Experi-
mental M(T ) data for
various magnetic fields
measured with decreas-
ing temperature (sym-
bols). The kinks are
highlighted by arrows.
The solid red lines are
calculations within the
1D Ising model.

are offset with respect to each other. It turns out that the field- and temperature-
dependencies of both data sets are similar, but the data also reveal differences.
Firstly, the low-field plateau-like feature occurs at different magnetic field and is
systematically less pronounced in the data from Ref. 136. At 1 K, it has already
completely vanished which is not observed in Fig. A.2 (a). This low-field hysteresis
is related to a metastable phase which will be briefly introduced in the discussion
of the phase diagram in Sec. A.2.3 and has been studied in detail in the diploma
thesis [54]. This phase is found to be highly sensitive to the sample quality and
its size strongly varies for different CoNb2O6 crystals [48, 136, 183]. Secondly, the
high-field kink seems to be sharper in the data from this thesis which results in
slightly enhanced values of M(H) around the anomaly. This can be better seen in
panel (b) where the corresponding dM/dH data are depicted. For reasons of clar-
ity, only the curve at 0.5 K (solid line) of this thesis is shown. The position of the
high-field kinks coincides but it is clearly more pronounced for the data from this
thesis which most likely originates from a more precise orientation of the external
field with respect to the b axis of the samples. As can be also seen in panel (b), the
low-field kink occurs at slightly different magnetic field as discussed before.
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Figure A.4: Panel (a): field-dependent M(H) data (symbols) of CoNb2O6

taken from V. Cho [136] in comparison with the results of M(H) (solid lines)
obtained in this thesis. Curves are offset with respect to each other. Panel (b):
corresponding dM/dH curves determined from M(H) measured with increasing
field. For reasons of clarity, here only the curve at 0.5 K from this thesis is
shown.

A.2.2 Specific heat

Zero-field cooled measurements of the specific heat c(T )/T at magnetic fields be-
tween 0 T and 9.6 T are shown in Fig. A.5 (a) and (b) which are taken from the
diploma thesis [54]. In addition, the calculations of the 1D Ising model are shown,
see Sec. A.3. On raising the temperature in zero magnetic field, c(T )/T exhibits a
first step-like feature at ≈ 1.97 K, see panel (a). With increasing temperature, a
sharp peak is observed at ≈ 3 K. Both features are marked by arrows. The plateau-
like anomaly signals the commensurate-incommensurate (C-IC) transition whereas
the sharp peak occurs at the transition into the paramagnetic regime. Both transi-
tion temperatures are in very good agreement with literature [170, 176, 179, 180].
Above 1 T, the plateau-like feature cannot be exactly resolved in the c(T )/T data.
The sharp peak of the order transition strongly broadens with increasing magnetic
field and can be localized up to 3.8 T. The curve at 5.3 T does not exhibit any
transition features. In general, c(T )/T is systematically suppressed with further
increasing magnetic field which can be seen in panel (b) where no anomalies are
observed.

Experimental c(H)/T from the diploma thesis [54] obtained after cooling in zero
field are shown in Fig. A.6 (a)-(i). The data exhibit three anomalies for T < 2 K.
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Figure A.5: Zero-field
cooled c(T )/T of CoNb2O6

in a magnetic field range
from 0 T up to 9.6 T. The
anomalies in zero field are
marked by arrows. The
solid red lines are calcula-
tions within the 1D Ising
model.

In the low-field regime, a shoulder occurs at small fields for T < 1.4 K and below
1 K even a sharp jump is observed in c(H)/T (marked by arrows). The c(T )/T
data contain a similar shoulder in zero field, see Fig. A.5 (a). Thus, this feature
most likely signals the C-IC transition and it has vanished for T > 2 K. The two
other anomalies can clearly be seen in c(H)/T in form of two separated maxima, of
which the lower one is much more pronounced. With decreasing temperature, both
maxima start to merge and can hardly be resolved at 0.9 K. Above the magnetic
ordering temperature (TN1 = 2.95 K), the data only exhibit one maximum. Here,
c(H)/T continuously decreases, except showing a shoulder, e.g. at ≈ 7 T in the 4 K
curve. It is observed that this high-field maximum shifts to higher magnetic fields
with increasing temperature. The existence of those high-field features in c(H)/T
in the vicinity of a quantum critical point is expected from the model of the 1D
Ising chain in transverse magnetic field [163, 170].

Fig. A.7 (a) and (b) also depict field- and temperature dependent specific heat
data c/T at different temperatures obtained by Liang et al. [176]. The maximum
of the curve measured at the lowest temperature (0.45 K) is highlighted by the dark
blue solid line and Hc marks the corresponding magnetic field, see panel (a). The
data were measured using the ac calorimetry [184] which results in the high density
of data points compared to the relaxation method, see Sec. 3.5.1. Within the
field-dependent curves in panel (a), two maxima are resolved above about 0.8 K.
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Figure A.6: Zero-field cooled specific heat c(H)/T at fixed temperatures. The
data is compared to the 1D Ising model which was fitted to the curves beyond
the 3D order (solid red lines). An additional maximum is found for H > H3D

C

that is also predicted by the 1D model. A shoulder occurs at small fields for
T < 1.4 K and below 1 K even a sharp jump is resolved in c(H)/T (marked by
arrows).
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Figure A.7: Panel (a): field-dependent specific heat data of CoNb2O6 at
different temperatures. Hc denotes the location of the maximum at the lowest
temperature T = 0.45 K. Panel (b): temperature-dependent curves at different
magnetic fields with H < Hc. Taken from Ref. 176.

The occurrence of these maxima is consistent with the data from this thesis in
Fig. A.6 where they can only roughly resolved at 0.9 K. In Fig. A.7 (a), the low-
temperature curves (T < 1.18 K) are not shown below 4 T which cuts out the
low-field shoulder. The temperature-dependent c/T curves in panel (b) exhibit a
pronounced peak which can be resolved up to 5 T. This is in contrast to the data in
Fig. A.5 where the peak can only be exactly resolved up to about 2.8 T. The low-
temperature shoulder is also more pronounced. These deviations can originate from
the different measurements techniques that were applied or from the orientation of
the external magnetic field with respect to the b axis. In the latter case, Liang et al.
accomplished to orient the magnetic field more accurate than an in-situ installation
in the X-ray backscattering Laue camera. The transition temperatures obtained
from Liang et al. will also be compared to the results of this thesis within the phase
diagram of CoNb2O6 in the following section.

A.2.3 Phase diagram

Panel (a) and (b) of Fig. A.8 compare c(H)/T data to dM/dH(H) at ≈ 0.7 K
and 1.5 K. The anomalies in both properties are marked by arrows. The c(H)/T
data in panel (a) contain a low-field shoulder at about ≈ 2.5 T which signals the
first-order C-IC transition followed by a broad maximum at ≈ 5 T. The positions
of the shoulder and of the maximum match the peaks in dM/dH. At 1.5 K,
the low-field shoulder in c(H)/T still matches the dM/dH data, however, it is
found that the broad maximum in c(H)/T does not match the peak position in
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Figure A.8: Panels (a) and (b) compare dM/dH(H) to c(H)/T at 0.7 K and
1.5 K. Panel (c) shows the phase diagram obtained fromM(H,T ) and c(H,T )/T .
The black crosses are obtained from specific heat data from Liang et al. [176]
and the green triangles originate from neutron scattering data by Wheeler et
al. [182]. The red line is the power-law fit for H3D

C .

dM/dH, see panel (b). There is a discrepancy of about 0.8 T between both features.
Furthermore, the c(H)/T data at 1.5 K exhibit another maximum which is located
within the paramagnetic (P) phase. This additional maximum is much smaller
than the low-field one and belongs to the 1D magnetism of the system. There
is no corresponding feature found in the M(H) which is consistent with the 1D
model [163, 185].

Fig. A.8 (c) presents the phase diagram of CoNb2O6 which is obtained from the
magnetization measurements M(T,H) and the specific heat c(H,T )/T data. The
red circles represent the peaks in dM/dH, see Fig. A.2, and the kinks in M(T ), com-
pare Fig. A.3. The transition features in c(H,T )/T are depicted by the blue circles.
The black crosses are transition temperatures into the paramagnetic regime from
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Liang et al. [176] obtained by specific heat data and the green triangles originate
from neutron scattering experiments data by Wheeler et al. [182]. The transition
features from V. Cho [136] are not included because the data yield similar results
at the transition into the P phase on which the emphasis is put. Within the 3D or-
dered phase and below about 1.95 K in zero magnetic field, the commensurate (C)
phase sets in. It is confirmed by the magnetization and specific heat data which are
consistent here. In Ref. 54, the C phase including a metastable regime is studied
in detail. The C phase is suppressed at an external field of about 3 T. Consider-
ing the results for the C phase from V. Cho [136], it is found that the transition
temperatures do not agree. However, especially the metastable phase exhibits clear
sample-dependence, is highly sensitive to the orientation the b axis with respect to
the applied field and additionally to its history in the phase diagram [54, 136, 183].
Thus, these deviations are not unexpected.

Concerning the transition into the P phase, the interpretation of the phase dia-
gram is more difficult. The transition features from c(H,T )/T only match the
corresponding features from M(H,T ) in the low-field regime (0 T-2 T) and close
to the critical field H3D

C which is obtained by an exponential fit (solid red line)
to be H3D

C
∼= 5.2 T. The critical field is in very good agreement with litera-

ture [176, 182, 186]. But, it is clearly smaller than the previously reported critical
field of 5.5 T by Coldea et al. [170]. The transition into the P phase is second-order
type. The magnetization M(T,H) is an order parameter of a ferromagnet and the
susceptibility dM/dH diverges at the transition whereas the staggered magnetiza-
tion is the order parameter of an antiferromagnet [187]. In this case, it is dealt
with an incommensurate antiferromagnetic order in a transverse field whose order
parameter in the magnetization cannot be captured in a simple model. Thus, the
maxima in dM/dH do not automatically occur at the exact phase transition [187].
In zero field, it is found that the transition from Ref. 176 obtained by specific heat
data yield a smaller TN1 = 2.82 K. In the intermediate field range, the transitions
are located in-between the experimentally data of M(H,T ) and C(H,T )/T . A
detailed look reveals that the transition temperatures from Ref. 176 exhibit a small
shoulder at about 4.6 T (black arrow) which is also observed in the data from this
thesis at a slightly smaller field of about 4.2 K (blue arrow). This shoulder origi-
nates from the fact that the two maxima of c(H)/T start to merge here and, thus,
a distinction of the exact position is prevented. This results in the determination of
higher transition temperatures. The neutron scattering data by Wheeler et al. [182]
provide the same zero-field TN1. The data are rather noisy but support the inter-
pretation that the specific heat yields the phase transition into the P phase. As
mentioned above, the order parameter of an incommensurate antiferromagnet in
transverse field of the magnetization is difficult to determine and by considering all
the results from this thesis and literature [176, 182], it is most likely that M(H,T )
does not signal the order transition.
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Figure A.9: Phase dia-
gram of a single 1D Ising
chain in transverse mag-
netic field. The gap ∆(H)
denotes the energy to the
first excited state from the
ground state. Adapted from
Ref. 170.
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In general, all obtained transition features from the magnetization and the specific
heat together with the literature results reveal that the creation of an exact phase
diagram for CoNb2O6 bares several uncertainties. The transition temperatures are
highly sensitive to an exact orientation of the applied field and the interplay of the
1D physics with the magnetic order prevents a definite conclusion.

A.3 Comparison to 1D Ising model in transverse
magnetic field

The most prominent example of a quantum phase transition is the model of the fer-
romagnetic Ising chain in a transverse magnetic field which is exactly solvable. The
corresponding phase diagram is shown in Fig. A.9. In the ground state at T = 0,
all the spins of an isolated chain are pointing parallel with ferromagnetic coupling
(upwards or downwards). The gap ∆(H) denotes the energy of the first excited
state above the ground state realized by a domain-wall at which one ferromagnetic
coupling between two neighboring spins is broken. By increasing the transverse
external field H → HC, the gap ∆(H) linearly decreases and finally vanishes at the
quantum critical point HC. For H > HC, the system is driven into the quantum
paramagnetic regime where ∆(H) linearly opens and excitations appear in form of
single spin-flips.

The Ising chain is one of the most studied models in theoretical physics and its
Hamiltonian in transverse field is given by [163]

H =
∑
i

JŜzi · Ŝzi+1 +HŜxi (A.1)
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where J is the intra-chain coupling constant and H is the magnetic field in terms
of energy. The essential tool in the solution of the Hamiltonian is the Jordan-
Wigner transformation [188, 189]. This is a powerful mapping between models
with spin-1/2 degrees of freedom and spinless fermions. The Hilbert space of a
system with spin-1/2 degree of freedom per site is mapped onto spinless fermions
hopping between sites with single orbitals. The Jordan-Wigner transformation is
followed by the Bogoliubov transformation [190] in order to solve the Hamiltonian.
Then, the dispersion relation is given by [163]

εk =
√

(J/2 cos(k) +H)2 + (J/2 sin(k))2. (A.2)

From Eq. (A.2), the specific heat c(T,H) and the magnetization M(T,H) can be
derived which was accomplished by E. Sela [185]. The free energy f(T,H) is related
to c(T,H) and M(T,H) via

c

T
= −d2f

dT 2
, M =

df

dH
. (A.3)

For the Ising chain in transverse field, the free energy is obtained from the excitation
energies εk and is given by [163, 185]

f(T,H) = −T
∫ π

0

dk

π
log
[
2 cosh

(εk
T

)]
−
∫ π

0

dk

2π
εk. (A.4)

The second term defines a magnetic-field-dependent zero-temperature ground-state
energy. The result for the specific heat follows to be [185]

cIsing =
1

π

∫ π

0

dk
(εk
T

)2 eεk/T

(eεk/T + 1)
2 . (A.5)

The magnetization is given by [185]

MIsing =
1

2π

∫ π

0

dk
J
2

cos(k) + H̃

εk
(1− 2f (εk)) (A.6)

with f(E) =
(
1 + eE/T

)−1
as the Fermi function.

First, the model of the 1D Ising chain was found to be applicable for the compound
LiHoF4 [167]. However, the one-dimensional magnetism of CoNb2O6 can also be
compared to the transverse field case of this model. As a result, the intra-chain
coupling J and the g factor of the system can be determined.

The specific heat cIsing given by Eq. (A.5) and the magnetization MIsing calculated
by Eq. (A.6) of the 1D Ising chain in transverse field were fitted to the experimental
data of M(T,H) and c(H,T )/T in a regime starting 10% above the 3D transition
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Figure A.10: Single fit parameters obtained from the temperature and field-
dependent M(H,T ) and c(H,T )/T data. The red symbols represent field-
dependent measurements M(H) and c(H)/T at constant temperature. The
blue circles stem from temperature-dependent data M(T ), and c(T )/T at con-
stant magnetic field. The average values are represented by the black solid lines.
Panel (a): fit parameters of the g factor. Panel (b): fit parameters intra-chain
coupling J/kB. The inset depicts the corresponding results for the van-Vleck
term a determined from M(H,T ).

features. Note that MIsing has to be extended to MIsing,exp = a · µ0H + g ·MIsing.
The first term accounts for the finite slope in the experimental M(H) data (> 5 T)
which originates from the mixing of higher crystal field levels to the |±1/2〉 ground
state (van-Vleck susceptibility) and, additionally, the g factor is included because
MIsing(H → ∞) = 1/2. For the specific heat, the experimental data is fitted by
cIsing,exp = NAkB · cIsing. Fig. A.10 (a)-(b) present the fit parameters of J/kB and
the g factor which were obtained by fitting the single experimental curves M(H,T )
and c(H,T )/T curves. Note that the red symbols represent field-dependent curves
at constant temperature and the blue symbols depict temperature-dependent mea-
surements at constant field. The inset of panel (b) shows the van-Vleck parameter
a determined from M(H,T ). The solid black lines highlight the average value of the
parameters. As can be seen in Fig. A.10 (a)-(b), the results for the single parame-
ters only slightly vary for the fits of the different curves and, in general, it is found
that both quantities yield very similar results for J/kB and the g factor. Thus,
it appears reasonable to describe the experimental data of both quantities with
theoretical curves based on the same temperature-independent parameters. The
average values for the g factor, the intra-chain coupling J/kB and the parameter a
represented by the black lines in Fig. A.10 (a)-(b) and are additionally displayed
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in Tab. A.1.

The theoretically obtained curves MIsing,exp(H,T ) and c(H,T )/TIsing,exp of the 1D
model calculated with the parameters from Tab. A.1 are shown in Fig. A.2, A.3, A.5
and A.6 by the red solid lines in comparison with the corresponding experimental
data. The phononic contribution to the specific heat data is smaller than 1% in
the whole measured regime [179] and is neglected. Considering the fits to the
experimental M(H,T ) and c(H,T )/T curves, it is found that the data can be
well described by the 1D model above the 3D order for both physical properties.
Note that the fits for both magnetization and specific heat are based on the same
parameters. The g factor g = 3.64 determined from the experimental results from
this thesis is in good agreement with a g factor g = 3.55 obtained for the transverse
field case from neutron scattering data by Wheeler et al. [182]. As already discussed
above, the results for the intra-chain coupling J/kB vary between 17.5 K and 23.2 K
in literature. The analysis of the experimental data within this thesis yields a
slightly larger value of J/kB = 23.53 K. Furthermore, the determination of J/kB

and the g factor yields the quantum critical point of the 1D Ising chain of CoNb2O6

via Eq. (A.2). A critical field of H1D
C = 4.81 T is determined. It is located within

the 3D ordered regime according to the phase diagram in Fig. A.8. This originates
most likely from the fact that the 1D model does not account for the inter-chain
couplings which are, however, present in CoNb2O6 and result in the 3D magnetic
order below about 3 K. Thus, it appears reasonable that the 1D model predicts
smaller values for the critical field of the system.

A.4 Quantum criticality

Fig. A.11 shows a density plot of c/T as a function of magnetic field and temper-
ature. The maxima in dM/dH are also displayed by the red circles. This repre-
sentation resembles the predictions of a typical phase diagram of an Ising chain in
transverse magnetic field [166]. Above the 3D order, the linear field dependence of
the excitation gap is observed. The transition into the P phase is clearly seen in
this representation whereas the C/IC transition can only be resolved for small fields

Parameters:

g factor J/kB a

3.64 23.53 K 0.0169 µB/T

Table A.1: Parameters of the 1D Ising model in transverse field obtained from
fits to the experimental data.
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Figure A.11: Den-
sity plot of c/T as a
function of the magnetic
field and the tempera-
ture. The maxima in
dM/dH are also dis-
played by the red cir-
cles.
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H < 0.5 T represented by a distinct increase in c/T . This density plot depicts the
interplay of 3D magnetic order and quantum criticality at finite temperatures in
CoNb2O6.

A.5 Conclusion

Magnetization measurements of CoNb2O6 were performed and with additional spe-
cific heat data from the diploma thesis [54], the phase diagram was derived. It
contains the critical point H3D

C
∼= 5.2 T, determined by a power-law fit, where the

3D order is suppressed by an external field applied along the b axis. This result is in
very good agreement with recent literature [176, 182, 186]. A meta-stable phase is
confirmed within the 3D order which has already been studied in detail in Ref. 54.
In general, it has to be noticed that the transition temperatures of the 3D order in
CoNb2O6 exhibit a noticeable sample dependence which is much more pronounced
for the metastable phase.

In addition, the 1D magnetism of CoNb2O6 is compared to the exactly solvable
model of the Ising chain in transverse field. Fits to the experimental data of the
magnetization and the specific heat yield values for the intra-chain coupling con-
stant J/kB = 25.53 K and the g factor of g = 3.64. Furthermore, the 1D critical
field H1D

C = 4.81 T is found to be located within the 3D ordered regime slightly
below H3D

C . Signatures of quantum criticality are observed and it is found that
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A.5 Conclusion

a zero-temperature feature like the quantum critical point clearly influences the
physics at finite temperature.
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[33] S. Niesen, PhD thesis (Universität zu Köln, 2015).
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zurück erinnern. Ebenso bedanke ich mich bei den weiteren Mitgliedern der Gruppe
Lorenz Johannes Engelmayer, Lionel Andersen und Daniel Brüning mit denen ich
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Zusammenfassung

Die vorliegende Arbeit beinhaltet eine detailierte Analyse der thermodynamischen
Eigenschaften der Spin-Eis Verbindungen Ho2Ti2O7 und Dy2Ti2O7. Aus dem di-
rekten Verlgeich der Wärmeleitfähigkeiten in Verbindung mit Referenzmessungen
an korrespondierenden magnetisch verdünnten Systemen konnte für beide Materi-
alien ein eindeutiger Tieftemperaturbeitrag von magnetischen Monopolen κmag im
Nullfeld, wo diese höchst mobil sind, nachgewiesen werden. Ihre Mobilität wird mit
ansteigendem Magnetfeld sukzessive unterdrückt. Im Hochfeldbereich zeigen die
phononischen Wärmeleitfähigkeiten der isostrukturellen Verbindungen Dy2Ti2O7

und Ho2Ti2O7 unterschiedliche Vorzeichen auf. Dies resultiert aus einer erhöhten
Streuung der Phononen durch Spin Flips in Ho2Ti2O7, die mit ansteigendem Mag-
netfeld unterdrückt wird, wohingegen in Dy2Ti2O7 ausgeprägte Magnetostriktion
beobachtet wurde, welche zu einer Abhnahme von κph(H) führt. Ferner wurden die
Relaxations- und Hystereseneffekte in Dy2Ti2O7 im Detail untersucht. Es konnte
gezeigt werden, dass die Wärmeleitfähighkeit durch Unordnung unterdrückt wird
und dass die Hystereseneigenschaften durch die Magnetfeldrate und teilweise sogar
durch den Wärmestrom gesteuert werden können. Ebenfalls stellte sich heraus, dass
die Hysterese in der Kagomé-Ice Phase durch Unordnung entsteht und nicht durch
eine Fehlorientierung des angelegten Magnetfeldes. Ein besonderer Fokus wurde
desweiteren auf die verdünnten Spin-Ice Systeme (Dy1−xYx)2Ti2O7 gelegt. Die
extrem langsamen Equilibrationsprozesse bei tiefsten Temperaturen in Dy2Ti2O7

werden schnell unterdrückt, wenn das System mit nicht-magnetischem Yttrium
verdünnt wird. Für x ≥ 0.2 konnten die Prozesse nicht mehr nachgewiesen werden.
Hinsichtlich der Entropie wurde aus den gemessenen Daten deutlich, dass die Tem-
peraturabhängigkeit im Tieftemperaturbereich mit erhöhtem x stark ansteigt. Es
gibt somit keinen Hinweis auf eine Restentropie in (Dy1−xYx)2Ti2O7 für x & 0.2,
was im Kontrast zur generalisierten Pauling Abschätzung steht. Die gemessenen
Werte der spezifischen Wärme konnten bis zu einer Temperatur von 0.7 K quantita-
tiv mit Monte Carlo Simulationen beschrieben werden, wobei es für tiefere Temper-
aturen zu Abweichungen vom Model kommt. Für die verdünnten Spin-Ice Systeme
(Dy1−xYx)2Ti2O7 konnte ebenfalls ein eindeutiger Monopol-Beitrag extrahiert wer-
den, welcher ein Maximum bei circa 1.3 K aufweist. Er skaliert mit dem Grad
der Verdünnung und lässt sich durch qualitiative Modelle erklären. Die Monopol-
Anregungsenergie korreliert mit dem Abfall von κ(H) für H < 0.5 T. Darüber
hinaus wurde der Diffusionskoeffizient Dmag aus den extrahierten Grössen κmag
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Zusammenfassung

und cmag berechnet. Dmag weist bei 1.6 K ein breites Maximum auf und wird für
T < 0.5 K und für T ≥ 4 K komplett unterdrückt. Dies lässt sich auf einen eindeuti-
gen Grundzustand für T → 0 K und einen Zusammenbruch der Spin-Ice Physik
über 4 K zurückführen. Die mittlere freie Weglänge ` ≈ 0.3 µm der Monopole
wurde für Dy2Ti2O7 bei 1 K bestimmt.
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In this thesis the low-temperature magnetism of the spin-ice systems Dy2Ti2O7

and Ho2Ti2O7 is investigated in detail. In general, a clear experimental evidence
for a sizable magnetic contribution κmag to the low-temperature, zero-field heat
transport of both spin-ice materials is observed. This κmag can be attributed to the
magnetic monopole excitations, which are highly mobile in zero field and are sup-
pressed by a rather small external field resulting in a drop of κ(H). Towards higher
magnetic fields, significant field dependencies of the phononic heat conductivities
κph(H) of Ho2Ti2O7 and Dy2Ti2O7 are found, which are, however, of opposite signs,
as it is also found for the highly dilute reference materials (Ho0.5Y0.5)2Ti2O7 and
(Dy0.5Y0.5)2Ti2O7. The dominant effect in the Ho-based materials is the scatter-
ing of phonons by spin flips which appears to be significantly stronger than in the
Dy-based materials. Here the thermal conductivity is suppressed due to enhanced
lattice distortions observed in the magnetostriction. Furthermore the thermal con-
ductivity of Dy2Ti2O7 has been investigated concerning strong hysteresis effects
and slow-relaxation processes towards equilibrium states in the low-temperature
and low-field regime. The thermal conductivity in the hysteretic regions slowly
relaxes towards larger values suggesting that there is an additional suppression of
the heat transport by disorder in the non-equilibrium states. The equilibration can
even be governed by the heat current for particular configurations. A special focus
was put on the dilution series (Dy1−xYx)2Ti2O7. From specific heat measurements,
it was found that the ultra-slow thermal equilibration in pure spin ice Dy2Ti2O7

is rapidly suppressed upon dilution with non-magnetic yttrium and vanishes com-
pletely for x ≥ 0.2 down to the lowest accessible temperatures. In general, the
low-temperature entropy of (Dy1−xYx)2Ti2O7 considerably decreases with increas-
ing x, whereas its temperature-dependence drastically increases. Thus it could be
clarified that there is no experimental evidence for a finite zero-temperature en-
tropy in (Dy1−xYx)2Ti2O7 above x ' 0.2, in clear contrast to the finite residual
entropy SP(x) expected from a generalized Pauling approximation. A similar dis-
crepancy is also present between SP(x) and the low-temperature entropy obtained
by Monte Carlo simulations, which reproduce the experimental data down to 0.7 K,
whereas the data are overestimated at 0.4 K. A straightforward description of the
field-dependence κ(H) of the dilution series with qualitative models justifies the
extraction of κmag. It was observed that κmag systematically scales with the degree
of dilution and its low-field decrease is related to the monopole excitation energy.
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The diffusion coefficient Dmag for the monopole excitations was calculated by means
of cmag and κmag. It exhibits a broad maximum around 1.6 K and is suppressed for
T ≤ 0.5 K, indicating a non-degenerate ground state in the long-time limit, and in
the high-temperature range for T ≥ 4 K where spin-ice physics is eliminated. A
mean-free path of ` ≈ 0.3 µm is obtained for Dy2Ti2O7 at about 1 K within the
kinetic gas theory.
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