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Abstract This thesis consists of six parts. In the first part, we give a general
introduction of our topics.

In the second part, we study the harmonic space of line bundle valued forms over
a covering manifold with a discrete group action, and obtain an asymptotic estimate
for the von Neumann dimension of the space of harmonic (n, q)-forms with values in
high tensor powers of a semipositive line bundle. In particular, we estimate the von
Neumann dimension of the corresponding reduced L2-Dolbeault cohomology group.
The main tool is a local estimate of the pointwise norm of harmonic forms with
values in semipositive line bundles over Hermitian manifolds.

In the third part, we study the holomorphic extension problem of smooth forms
with values in holomorphic vector bundles from the boundary of a pseudo-concave
domain, which is in a compact Hermitian manifold associated with a holomorphic
line bundle. We prove the existence of the meromorphic extension of ∂b-closed
(n, q + 1)-forms with values in holomorphic vector bundles, when the domain is
q-concave and the line bundle is semi-positive everywhere and positive at one point.

In the fourth part, we study the L2 holomorphic functions on hyperconcave ends
and prove that the dimension of the space of L2 holomorphic functions on hyper-
concave ends is infinite. The main tool is the construction of L2-peak functions
at boundary points by using the solution of ∂-Neumann problem of Kohn and the
compactification theorem of Marinescu-Dinh.

In the fifth part, we give a remark on the Bergman kernel of symmetric tensor
power of trivial vector bundles on compact Hermitian manifold by the Theorem of
Le Potier.

In the last part, we study the ∂-equation on Cn with growing weights, and gener-
alize a related result of Hedenmalm on C.

Kurzzusammenfassung
Die Doktorarbeit ist in sechs Teile unterteilt. Im ersten Teil wird eine Einführung

in die behandelten Themen gegeben.

Im zweiten Teil wird der Raum der harmonischen Formen auf einem Linienbündel
über einer Überdeckungsmannigfaltigkeit mit einer diskreten Gruppenwirkung un-
tersucht und eine asymptotische Abschätzung für die von Neumann-Dimension des
Raumes der harmonischen (n, q)-Formen mit Werten in den hohen Tensorproduk-
ten eines semipositiven Linienbündels bewiesen. Insbesondere wird die von Neu-
mann Dimension der entsprechenden reduzierten L2-Dolbeault Kohomologiegruppe
abgeschätzt. Das wichtigste Werkzeug dabei ist eine lokale Abschätzung der punk-
tweisen Norm von harmonischen Formen mit Werten in semipositiven Linienbündeln
über hermitischen Mannigfaltigkeiten.

Im dritten Teil wird das Problem der holomorphen Erweiterung von glatten For-
men mit Werten in holomorphen Vektorbündeln vom Rand eines pseudo-konkaven
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Gebiets behandelt, das in einer kompakten hermitische Mannigfaltigkeit liegt, die
mit einem holomorphen Linienbündel assoziiert ist. Es wird die Existenz einer mero-
morphen Erweiterung von ∂b-geschlossenen (n, q + 1)-Formen mit Werten in holo-
morphen Vektorbündeln bewiesen unter der Annahme, dass das Gebiet q-konkav
und das Linienbündel überall semipositiv und positiv an einem Punkt ist.

Im vierten Teil werden die L2 holomorphen Funktionen auf hyperkonkaven En-
den studiert und bewiesen, dass die Dimension des Raumes der L2 holomorphen
Funktionen auf hyperkonkaven Enden unendlich ist. Der wichtigste Schritt ist die
Konstruktion von L2 maximierenden Funktionen in Randpunkten, wobei die Lösung
des ∂-Neumann Problems von Kohn und der Kompaktifizierungssatz von Marinescu-
Dinh angewendet wird.

Im fünften Teil, wird der Bergman Kern eines symmetrischen Tensorprodukts
von trivialen Vektorbündeln auf kompakten Hermitischen Mannigfaltigkeiten mit
der Hilfe des Satzes von Le Potier betrachtet.

Im letzten Teil, wird die ∂-Gleichung auf Cn mit wachsenden Gewichten studiert
und eine verwandtes Resultat von Hedenmal auf C verallgemeinert.
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1 Introduction

For a compact manifold X, the growth of the dimension of the Dolbeault cohomology
H0,q(X,Lk ⊗ E) as k →∞ is of fundamental importance in algebraic and complex
geometry and is linked to the structure of the manifold, cf. [10, 11, 30]. If (L, hL) is
positive, thenH0,q(X,Lk⊗E) = 0 for q ≥ 1 and k large enough, by the Kodaira-Serre
vanishing theorem [30, Theorem 1.5.6]. This reflects the fact that the remaining
cohomology space H0,0(X,Lk⊗E) is rich enough to provide a projective embedding
of X, for large k.

Assume now (L, hL) is semipositive. The solution of the Grauert-Riemenschneider
conjecture by Demailly [11] and Siu [40] shows that dimH0,q(X,Lk ⊗ E) = o(kn)
as k → ∞ for q ≥ 1. This can be used to show that X is a Moishezon manifold,
if (L, hL) is moreover positive at at least one point. Berndtsson [5] showed that
we have actually dimH0,q(X,Lk ⊗ E) = O(kn−q) as k → ∞ for q ≥ 1. Note that
the latter estimate can be proved by induction on the dimension if X is projective,
see [12, (6.7) Lemma]. For the Bergman kernel B0

k on (n, 0)-forms with values in a
semipositive line bundle, it was shown by Hsiao-Marinescu [22, Theorem 1.7] that
it has an asymptotic expansion on the set where the curvature is strictly positive.

The global information of complex manifolds associated with bundles, such as
the dimension of cohomology spaces, can be deduced from the local behaviour of
the Bergman kernels, see [30]. Let (X,ω) be a Hermitian manifold and (L, hL) and
(E, hE) be Hermitian holomorphic line bundles over X. For the space Hn,q(X,Lk⊗
E) of harmonic Lk ⊗ E-valued (n, q)-forms and an orthonormal basis {skj}j≥1, the
Bergman density function is defined by

Bq
k(x) =

∑
j≥1

|skj (x)|2hk,ω , x ∈ X,

where | · |hk,ω is the pointwise norm of a form. So the integration of this function on
X is exactly the dimension of the harmonic space, see [5] for the compact case.

For a general Hermitian manifold (X,ω) and a compact subset K ⊂ X. Suppose
that (L, hL) is semipositive on a neighborhood of K. Then, see Theorem 2.1, we
can show that there exists C > 0 depending on the compact set K, the metric ω
and the bundles (L, hL) and (E, hE), such that for any x ∈ K, k ≥ 1 and q ≥ 1,

Bq
k(x) ≤ Ckn−q. (1.0.1)

The study of L2 cohomology spaces on coverings of compact manifolds has also
interesting applications, cf. [18, 29]. The results are similar to the case of compact
manifolds, but we have to use the reduced L2 cohomology groups and von Neumann
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1 Introduction

dimension instead of the usual dimension. The estimate (1.0.1), see Theorem 2.2,
can be used to obtain the following bounds for the von Neumann dimension of the
harmonic spaces on covering manifolds with a semipositive line bundle (L, hL),

dimΓ H
n,q(X,Lk ⊗ E) ≤ Ckn−q , dimΓ H

0,q(X,Lk ⊗ E) ≤ Ckn−q . (1.0.2)

The same estimate also holds for the reduced L2-Dolbeault cohomology groups,

dimΓ H
0,q

(2)(X,L
k ⊗ E) ≤ Ckn−q. (1.0.3)

In the situation of (1.0.2), see Theorem 2.2, if the invariant line bundle (L, hL)

is positive, the Andreotti-Vesentini vanishing theorem [3] shows that H
0,q

(2)(X,L
k ⊗

E) ∼= H0,q(X,Lk ⊗ E) = 0 for q ≥ 1 and k large enough. The holomorphic Morse
inequalities of Demailly [11] were generalized to coverings by Chiose-Marinescu-
Todor [34, 41] (cf. also [30, (3.6.24)]) and yield in the conditions of (1.0.2) (see
Theorem 2.2) that dimΓH

0,q
(2)(X,L

k⊗E) = o(kn) as k →∞ for q ≥ 1. Hence (1.0.2)

(see Theorem 2.2) generalizes [5] to covering manifolds and refines the estimates
obtained in [34, 41]. Note also that the magnitude kn−q cannot be improved in
general [5, Proposition 4.2].

As applications of the growth of dimension of harmonic spaces (or Dolbeault
cohomology) of semipositive and positive line bundles over manifolds, see [30], we
can prove some holomorphic or meromorphic extension results for differential forms
from the boundary of domains satisfying certain convexity conditions.

For a bounded domain M in Cn, n ≥ 2, with a smooth connected boundary bM
and a smooth function f defined on bM , if f is holomorphic in a neighbourhood
of bM , then it can be extended to the whole M by the theorem of Hartogs. The
generalization to manifolds by Kohn-Rossi [28] shows that, if M is a relatively
compact domain with smooth boundary bM in a complex manifold, and the Levi
form on bM has one positive eigenvalue everywhere, then every function on bM which
satisfies the tangential Cauchy-Riemann equations, i.e., ∂b-closed, has a holomorphic
extension to all ofM . In addition, they also proved a result on holomorphic extension
of ∂b-closed sections of vector bundles, when the Levi form on bM has at least one
positive eigenvalue.

By applying various estimates of the growth of the dimensions of harmonic spaces
(or Dolbeault cohomology) associated to line bundles, and using the criterion of
Kohn-Rossi [28] on the holomorphic extension of ∂b-closed forms, we can show the
following holomorphic extension result, see Theorem 3.3.

Let (X,ω) be a n-dimensional compact Hermitian manifold. Let (E, hE) and
(L, hL) be the holomorphic Hermitian vector bundles over X and rank(L) = 1. Let
M be a relatively compact domain in X and the boundary bM is smooth. Let
1 ≤ q ≤ n − 3. Assume L is semi-positive on X and positive at one point, and
the Levi form of a defining function of M has at least n − q negative eigenvalues
on bM . Then, there exists a non-zero holomorphic section s ∈ H0(X,Lk0) for some
k0 ∈ N, such that for every ∂b-closed form σ ∈ Ωn,q+1(bM,E), there exists a ∂-closed
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extension S of the ∂b-closed sσ ∈ Ωn,q+1(bM,Lk0 ⊗ E), i.e.,

S ∈ Ωn,q+1(M,Lk0 ⊗ E) (1.0.4)

such that ∂S = 0 on M and µ(S|bM) = µ(sσ).
In particular, if q = 1, which is equivalent to say M is a strictly pseudo-concave

domain (also 1-concave manifold) in X associated with the line bundle L, then, for
each 2 ≤ r ≤ n − 2, we can extend ∂b-closed (n, r)-forms on bM , which are with
values in E, to meromorphic (resp. holomorphic) forms on M (resp. M except a
small set of zero points), see Remark 3.4.

Besides, we also study some related topics in several complex variables and com-
plex geometry, such as the L2-peak functions on hyperconcave ends.

The Levi problem is as follows, the strongly pseudo-convex domain is a domain of
holomorphy, which was firstly proved in [15] by using sheaf theory. In [25],[27] and
[26], Kohn provided a different proof. In fact, Kohn showed the existence and global
regularity of the solution of ∂-Neumann problem on a (relatively compact) strong
pseudo-convex domain Ω in a complex manifold M . As an application, there exists
a peak function for O(Ω) at each boundary point of Ω and dimC O(Ω) =∞. So there
does not exist holomorphic function extending peak functions crossing the boundary
bΩ at any boundary point, which implies that Ω is a domain of holomorphy, see [14].

In order to extend these results to the case when Ω is not relatively compact in
M , cf. [18], Gromov-Henkin-Shubin studied the regular covering Ω of a (relatively
compact) strongly pseudo-convex domain. They showed that there exists a L2-local
peak functions for O(Ω) at each boundary point and the von Neumann dimension
dimΓ L

2(Ω)∩O(Ω) =∞. In particular, if the discrete group is trivial, i.e., Γ = {e},
the L2-local peak functions reduces to L2-peak function and

dimC L
2(Ω) ∩ O(Ω) =∞.

We wish to extend the above result to a class of complex manifolds, namely,
hyperconcave ends as follows (see [33]). A complex manifold X with dimX ≥ 2
is called a hyperconcave end, if there exist a ∈ R ∪ {+∞} and a proper, smooth
function ϕ : X → (−∞, a), which is strictly plurisubharmonic on a set of the
form {x ∈ X : ϕ(x) < b} for some b ≤ a. In Theorem 4.2, we show that, for
Xc = {x ∈ X : ϕ(x) < c} with −∞ < c < b, there exists L2-peak functions for
O(Xc) associated with some Hermitian metric Θ, i.e., for every x ∈ bXc, there exists
a function

Φx ∈ O(Xc) ∩ L2(Xc,Θ) ∩ C∞(Xc \ {x}) (1.0.5)

such that limy→x |Φx(y)| = +∞ for y ∈ Xc. And thus

dimC L
2(Xc,Θ) ∩ O(Xc) =∞. (1.0.6)

Note that, for a hyperconcave end, the existence of Φx ∈ O(Xc)∩C∞(Xc \{x}) with
blowing up at x, was firstly established by Marinescu-Dinh [33]. So our result is a
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1 Introduction

refinement and the only new feature is Φx ∈ L2(Xc,Θ). Our result also verifies on
strongly pseudo-convex domains in normal Hermitian spaces of pure dimensional.

In additional, we give some remarks on Bergman kernels for high tensor powers of
trivial vector bundles over compact manifolds, and the solution of ∂-equations with
growing weights on Cn.

The organization of this thesis is as follows.
In Chapter 2, we study the harmonic space of line bundle valued forms over a

covering manifold with a discrete group action, and obtain an asymptotic estimate
for the von Neumann dimension of the space of harmonic (n, q)-forms with values in
high tensor powers of a semipositive line bundle. In particular, we estimate the von
Neumann dimension of the corresponding reduced L2-Dolbeault cohomology group.
The main tool is a local estimate of the pointwise norm of harmonic forms with
valued in semipositive line bundles over Hermitian manifolds.

In Chapter 3, we study the holomorphic extension problem of smooth forms with
values in holomorphic vector bundles from the boundary of a pseudo-concave do-
main, which is in a compact Hermitian manifold associated with a holomorphic
line bundle. And we prove the existence of the meromorphic extension of ∂b-closed
(n, q + 1)-forms with values in holomorphic vector bundles, when the domain is
q-concave and the line bundle is semi-positive everywhere and positive at one point.

In Chapter 4, we study the L2 holomorphic functions on hyperconcave ends and
prove that the dimension of the space of L2 holomorphic functions on hyperconcave
ends is infinite. The main tools is the construction of L2-peak functions at boundary
points by using Kohn’s solution of ∂-Neumann problem and the compactification
theorem of Marinescu-Dinh.

In Chapter 5, we study the relation of L2-orthonormal basis of the space of holo-
morphic sections of symmetric tensor power of a holomorphic vector bundle on a
compact manifold and the space of holomorphic sections of the induced line bundle.
And we get a formula on the Bergman kernel of symmetric tensor power of trivial
vector bundles on compact Hermitian manifold by the Theorem of Le Potier.

In Chapter 6, we study the ∂-equation on Cn with growing weights, and generalize
a related result of Hedenmalm on C. The method is analogue to Hedenmalm, which
is essentially due to the classical works of Hörmander.
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2 On the growth of von Neumann
dimension of harmonic spaces of
semipositive line bundles over
covering manifolds

The purpose of this chapter is to study the growth of the von Neumann dimension of
the space of harmonic forms with values in powers of an invariant semipositive line
bundle over a Galois covering of a compact Hermitian manifold. The main technical
tool will be an estimate of the Bergman kernel on a compact set of a Hermitian
manifold, which generalizes a result of Berndtsson [5] for compact manifolds.

This chapter is organized in the following way. In Section 2.1, we state the main
results of this chapter. In Section 2.2, we introduce the notations and recall the
necessary facts. In Section 2.3, we prove some properties of harmonic line bundle
valued forms, including ∂∂-formulas on non-compact manifolds and submeanvalue
formulas, which imply Theorem 2.1. In Section 2.4, we prove our main results and
corollaries, and explain that Theorem 2.1 implies Theorem 2.2.

2.1 The main results

Let (X,ω) be a Hermitian (paracompact) manifold of dimension n and (L, hL) and
(E, hE) be Hermitian holomorphic line bundles over X. For k ∈ N we form the
Hermitian line bundles Lk := L⊗k and Lk ⊗ E, the latter endowed with the metric
hk = (hL)⊗k ⊗ hE.

To the metrics ω, hL and hE we associate the Kodaira Laplace operator �k acting
on forms with values in Lk ⊗ E and also L2 spaces of forms with values in Lk ⊗ E,
and �k has a (Gaffney) self-adjoint extension in the space of L2-forms, denoted by
the same symbol.

The space Hp,q(X,Lk ⊗ E) of harmonic Lk ⊗ E-valued (p, q)-forms is defined as
the kernel of (the self-adjoint extension of) �k acting on the L2 space of (p, q)-forms.

In this chapter we mainly work with (n, q)-forms. Since Hn,q(X,Lk ⊗ E) is sep-
arable, let {skj}j≥1 be an orthonormal basis and denote by Bq

k the Bergman density
function defined by

Bq
k(x) =

∑
j≥1

|skj (x)|2hk,ω , x ∈ X, (2.1.1)
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2 On the growth of von Neumann dimension of harmonic spaces

where | · |hk,ω is the pointwise norm of a form. Definition (2.1.1) is independent of
the choice of basis.

The first main result of this chapter is a uniform estimate of the Bergman density
function for semipositive line bundles in a neighborhood of a compact subset of a
Hermitian manifold.

Theorem 2.1. Let (X,ω) be a Hermitian manifold and (L, hL) and (E, hE) be
Hermitian holomorphic line bundles over X. Let K ⊂ X be a compact subset and
assume that (L, hL) is semipositive on a neighborhood of K.

Then there exists C > 0 depending on the compact set K, the metric ω and the
bundles (L, hL) and (E, hE), such that for any x ∈ K, k ≥ 1 and q ≥ 1,

Bq
k(x) ≤ Ckn−q , (2.1.2)

where Bq
k(x) is the Bergman kernel function (2.1.1) of harmonic (n, q)-forms with

values in Lk ⊗ E.

For X compact and K = X, Theorem 2.1 reduces to [5, Theorem 2.3]. Theorem
2.1 will be used to obtain the following bounds for the von Neumann dimension of
the harmonic spaces on covering manifolds.

Theorem 2.2. Let (X,ω) be a Hermitian manifold of dimension n on which a dis-
crete group Γ acts holomorphically, freely and properly such that ω is a Γ-invariant
Hermitian metric and the quotient X/Γ is compact. Let (L, hL) and (E, hE) be two
Γ-invariant holomorphic Hermitian line bundles on X. Assume (L, hL) is semi-
positive on X. Then there exists C > 0 such that for any q ≥ 1 and k ≥ 1 we
have

dimΓ H
n,q(X,Lk ⊗ E) ≤ Ckn−q , dimΓ H

0,q(X,Lk ⊗ E) ≤ Ckn−q . (2.1.3)

The same estimate also holds for the reduced L2-Dolbeault cohomology groups,

dimΓ H
0,q

(2)(X,L
k ⊗ E) ≤ Ckn−q. (2.1.4)

Note also that the magnitude kn−q in (2.1.3) cannot be improved in general [5,
Proposition 4.2].

2.2 Preliminaries

We introduce here the notations and recall the necessary facts used in this chapter.
Let (X, J) be a complex manifold with the complex structure J and dimCX = n.

Let gTX be a Riemannian metric on the real tangent bundle TX which is compatible
with J . Explicitly, J : TX → TX is an automorphism such that J2 = − Id and

gTX(U, V ) = gTX(JU, JV )

6



2.2 Preliminaries

for any U, V ∈ TxX, x ∈ X. We can extend the Riemannian metric gTX to a
C-bilinear form 〈·, ·〉C on the complexification of the real tangent bundle TX ⊗R C
by

〈aU, bV 〉C := abgTX(U, V )

for a, b ∈ C and U, V ∈ TX. And we can extend J to a C-linear map

J : TX ⊗R C→ TX ⊗R C

by J(aU) = aJ(U) for a ∈ C and U ∈ TX. Thus we still have J2 = − Id and 〈·, ·〉C
is compatible with J on TX ⊗R C by

〈J(aU), J(bV )〉C = 〈aJU, bJV 〉C = abgTX(JU, JV ) = abgTX(U, V ) = 〈aU, bV 〉C.

Then J induces a splitting TX ⊗R C = T (1,0)X ⊕ T (0,1)X where

T (1,0)X = {u ∈ TX⊗RC : Ju =
√
−1u}, T (0,1)X = {u ∈ TX⊗RC : Ju = −

√
−1u},

and the C-bilinear form 〈·, ·〉C vanishes on T (1,0)X × T (1,0)X and T (0,1)X × T (0,1)X.
Let T (1,0)∗X and T (0,1)∗X be the corresponding dual bundles. We denote the asso-
ciated complex Hermitian vector bundle by

∧p,qX := ∧pT (1,0)∗X ⊗C ∧qT (0,1)∗X.

We have a Hermitian inner product h on T (1,0)X by

h(u, v) := 〈u, v〉C,

which induces the Hermitian inner product h∧
p,q

on ∧p,qX. The non-degenerate
skew-symmetric 2-form ω associated to gTX is defined by

ω(U, V ) := gTX(JU, V )

for U, V ∈ TX, which is called the fundamental form. A complex manifold (X, J)
associated a compatible Riemannian metric gTX is called a Hermitian manifold,
which is denoted by (X,ω). A Hermitian manifold (X,ω) is called complete, if all
geodesics are defined for all time for the underlying Riemannian manifold. Every
complex manifold has a compatible Riemannian metirc, thus it is a Hermitian man-
ifold. We denote the volume form by dvX := ωn, where ωq := ωq

q!
for 1 ≤ q ≤ n.

Suppose { ∂
∂zi
}ni=1 is a local frame of T (1,0)X with dual frame {dzi}ni=1, and { ∂

∂zi
}ni=1

is a local frame of T (0,1)X with dual frame {dzi}ni=1 respectively. The fundamental
form is a real (1, 1)-form and can be locally represented by

ω =
√
−1

n∑
i,j=1

hijdzi ∧ dzi,

where hij = h( ∂
∂zi
, ∂
∂zj

) = 〈 ∂
∂zi
, ∂
∂zj
〉C satisfy hij = hji and hii > 0 on X.
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2 On the growth of von Neumann dimension of harmonic spaces

For differential (p, q)-forms on X, we have the Lefschetz operator

L := ω ∧ ·

and its dual operator Λ (the Hermitian metric adjoint of the operator exterior mul-
tiplication with ω), that is,

〈Λα, β〉h∧p,q = 〈α,Lβ〉h∧p,q

where h∧
p,q

is the Hermitian inner product on ∧p,qX.

2.2.1 Positive forms and the local representation of forms in
Ωn,q(X,F )

Let (X,ω) be a Hermitian manifold of dimension n and (F, hF ) be a Hermitian
holomorphic line bundles over X. Let Ωp,q(X,F ) be the space of smooth (p, q)-
forms on X with values in F for p, q ∈ N, i.e.,

Ωp,q(X,F ) := C∞(X,∧p,qX ⊗ F ).

And we denote by Ωp,q(X) := Ωp,q(X,C) = C∞(X,∧p,qX) the space of smooth
(p, q)-forms. The curvature of (F, hF ) is defined by

RF := ∂∂ log |s|2hF

for any local holomorphic frame s of F , and the Chern-Weil form of the first Chern
character of F is

c1(F, hF ) =

√
−1

2π
RF , (2.2.1)

which is a real (1, 1)-form on X.
We will use several times the notion of positive (p, p)-form, for which we refer to

[10, Chapter III, §1, (1.1) (1.2)(1.5)(1.7)]. Positivity is a property on the exterior
algebra of complex vector spaces, and essentially the positivity of a differential form
is pointwisely defined. Let U be an open subset in X.

Definition 2.3. A differential (1, 1)-form u ∈ Ω1,1(U,C) is called a positive (resp.
semi-positive) Hermitian (1, 1)-form, if it can be represented locally by

u =
√
−1

n∑
i,j=1

uijdzi ∧ dzj

such that the matrix (uij)n×n is a positive (resp. semi-positive) definite Hermitian
matrix at each point of U .

By the definition, the fundamental form ω is a positive Hermitian (1, 1)-form on
X.
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2.2 Preliminaries

Definition 2.4. A Hermitian holomorphic line bundle (F, hF ) is called positive
(resp. semi-positive) on U , if the Chern-Weil form c1(F, hF ) is a positive (resp. semi-
positive) Hermitian (1, 1)-form on U . And we denote it by F > 0 or c1(F, hF ) > 0
(resp. F ≥ 0 or c1(F, hF ) ≥ 0) on U .

In general, we also can discuss the positivity for (p, p)-forms and the related
propositions as follows, see [10, Chapter III, §1, (1.1)].

Definition 2.5. (cf. [10, Chapter III, §1, (1.1)])
A (p, p)-form T ∈ Ωp,p(U,C) is called positive, if for any αj ∈ Ω1,0(U,C), 1 ≤ j ≤
n− p, there exists a non-negative function λ ≥ 0 on U , such that

T ∧ (iα1 ∧ α1) ∧ ... ∧ (iαn−p ∧ αn−p) = λωn.

And we denoted it by T ≥ 0. Also we say that T1 ≥ T2, if T1 − T2 ≥ 0.

By the definition, the volume form dvX := ωn is a positive (n, n)-form. And if
T ≥ 0 is a (p, p)-form and u ≥ 0 is a (1, 1)-form, then

T ∧ u ≥ 0. (2.2.2)

Since there exists (1,0)-forms βj, 1 ≤ j ≤ r ≤ n, such that u =
√
−1
∑r

j=1 βj ∧ βj
after diagonalizing u at a fixed point.

The following proposition is from [10, Chapter III, §1, (1.2)(1.5)(1.7)].

Proposition 2.6.

(1) ip
2
β ∧ β is positive for every β ∈ Ωp,0(U,C);

(2) a (p, p)-form T ≥ 0 implies T = T is a real form; and

(3) A (1, 1)-form u is positive if and only if u is a semi-positive Hermitian (1, 1)-
form.

Proof. Since the positivity of a (p, p)-form is pointwisely defined, we only need to
consider the positivity at a point in U . We choose a local holomorphic coordinate
chart (z1, ..., zn) around x ∈ U such that ω(x) =

√
−1
2

∑n
j=1 dzj ∧ dzj. Then

2nωn(x) = idz1 ∧ dz1 ∧ ... ∧ idzn ∧ dzn.

For any αj ∈ Ω1,0(U,C), 1 ≤ j ≤ n− p,

ip
2

β ∧ β ∧ (iα1 ∧ α1) ∧ ... ∧ (iαn−p ∧ αn−p)
= ip

2

β ∧ β ∧ i(n−p)2α1 ∧ ... ∧ αn−p ∧ α1 ∧ ... ∧ αn−p
= in

2

β ∧ α1 ∧ ... ∧ αn−p ∧ β ∧ α1 ∧ ... ∧ αn−p
= in

2

λ(x)dz1...dzn ∧ λ(x)dz1...dzn

= |λ(x)|2idz1 ∧ dz1 ∧ ... ∧ idzn ∧ dzn
= 2n|λ(x)|2ωn(x).
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2 On the growth of von Neumann dimension of harmonic spaces

Then ip
2
β ∧ β ≥ 0 at x ∈ U , and thus (1) follows.

For any αj ∈ Ω1,0(U,C), 1 ≤ j ≤ n− p, T ≥ 0 implies that there exists a function
λ ≥ 0 on U such that

T ∧ (iα1 ∧ α1) ∧ ... ∧ (iαn−p ∧ αn−p) = λωn.

Since iαj ∧ αj and λωn are real forms,

(T − T ) ∧ (iα1 ∧ α1) ∧ ... ∧ (iαn−p ∧ αn−p) = 0.

Then T = T is a real form by the arbitrary choices of αj, and thus (2) follows.

Let S be a 1-dimensional subspace of T
(1,0)
x X and { ∂

∂zi
}ni=1 be a basis of T

(1,0)
x X. By

changing coordinates, we can assume S = S1 := {k ∂
∂z1

: k ∈ C}. Let u ∈ Ω1,1(U,C).
Then the restriction u(x) on S is

u(x)|S = λS(x)idz1 ∧ dz1 = 2λS(x)ω|S(x),

where λS(x) is given by

u(x) ∧ idz2 ∧ dz2 ∧ ... ∧ idzn ∧ dzn = λS(x)idz1 ∧ dz1 ∧ ... ∧ idzn ∧ dzn
= 2nλS(x)ωn(x). (2.2.3)

In particular, we consider 1-dimensional subspaces of T
(1,0)
x X associated to ξ ∈

Cn \ {0}, which are given by

Sξ := {t
n∑
j=1

ξj
∂

∂zj
: t ∈ C}.

Then

u(x)|Sξ = i
∑

ujk(x)dzj ∧ dzk|Sξ
=

∑
ujk(x)ξjξkidt ∧ dt

= 2
∑

ujk(x)ξjξkω|Sξ(x).

If a (1, 1)-form u ≥ 0 on U , then λS(x) ≥ 0 for all 1-dimensional subspaces S by
(2.2.3). Then

∑
ujk(x)ξjξk ≥ 0 for all ξ ∈ Cn \ {0}. That is, a (1, 1)-form u ≥ 0

implies u is a semi-positive Hermitian (1, 1)-form on U .
Conversely, if u is a semi-positive Hermitian (1, 1)-form on U , then λS(x) ≥ 0 for

any 1-dimensional subspace S in (2.2.3). Let Sk := {t ∂
∂zk

: t ∈ C}, k = 1, ..., n. For

any αj ∈ Ω1,0(U,C), 1 ≤ j ≤ n− 1, there exist µk(x) ≥ 0, k = 1, ..., n− 1, such that

(iα1 ∧α1 ∧ ...∧ iαn−1 ∧αn−1)(x) =
n∑
k=1

µk(x)idz1 ∧ dz1 ∧ ... ̂idzk ∧ dzk...∧ idzn ∧ dzn.
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2.2 Preliminaries

Then

u(x) ∧ (iα1 ∧ α1 ∧ ... ∧ iαn−1 ∧ αn−1)(x)

=
n∑
k=1

µk(x)u(x)idz1 ∧ dz1 ∧ ... ̂idzk ∧ dzk... ∧ idzn ∧ dzn

=
n∑
k=1

µk(x)λSk(x)2
nωn(x).

Then 2n
∑n

k=1 µk(x)λSk(x) ≥ 0 implies u ≥ 0, and thus (3) follows.

Next we present the trivialization of holomorphic line bundles and some local
formulas of smooth sections, which are quite useful in the following calculations.

Let F
π−→ X be a holomorphic line bundle on X. A trivialization of F is given by

an open covering {Ui}i∈I and biholomorphic maps

ϕi : π−1(Ui)→ Ui × C (2.2.4)

such that
ϕi : π−1(x)→ {x} × C ' C (2.2.5)

is a C-linear isomorphism. Then the transition maps, which are holomorphic non-
zero functions, are given by

ϕij : Ui ∩ Uj → C \ {0}, (2.2.6)

(x, ϕij(x)ξ) := (ϕiϕ
−1
j )(x, ξ).

for x ∈ Ui ∩ Uj and ξ ∈ C.
In this trivialization, a section s ∈ C∞(X,F ) can be locally represented by

si := ϕis : Ui −→ Ui × C, (2.2.7)

x 7−→ (x, si(x)).

Here we identify si(x) with a smooth function over Ui. Then on Ui ∩ Uj we have

ϕ−1
i si = s = ϕ−1

j sj, si = (ϕiϕ
−1
j )sj, (2.2.8)

(x, si(x)) = (x, ϕij(x)sj(x)).

Thus, we can describe a section by s ' (si, ϕij) in the trivialization.
By (2.2.4) and (2.2.5), we obtain a holomorphic frame of F over Ui by

ei : Ui → F |Ui := π−1(Ui), ei(x) := ϕ−1
i (x, 1), (2.2.9)

then π−1(x) = Cei(x). And for x ∈ Ui ∩ Uj, we have

ϕiei(x) = (x, 1) = ϕjej(x), ej(x) = (ϕ−1
j ϕi)ei(x). (2.2.10)

Moreover, by (2.2.5), (2.2.6) and (2.2.9), it is clear that

ϕij(x)ei(x) = ϕijϕ
−1
i (x, 1) = ϕ−1

i (x, ϕij(x)) = ϕ−1
i ϕiϕ

−1
j (x, 1) = ϕ−1

j (x, 1)

= ej(x). (2.2.11)

11



2 On the growth of von Neumann dimension of harmonic spaces

Proposition 2.7. Let s ' (si, ϕij) ∈ C∞(X,F ) under the trivialization. Then, the
representation of s, given by

s|Ui(x) := si(x)ei(x), (2.2.12)

is globally well-defined.

Proof. For x ∈ Ui,

s(x) = ϕ−1
i (x, si(x)) = si(x)ϕ−1

i (x, 1) = si(x)ei(x). (2.2.13)

For x ∈ Ui ∩ Uj, by (2.2.8) and (2.2.11),

si(x)ei(x) = sj(x)ej(x). (2.2.14)

Proposition 2.8. Let hF be a Hermitian metric on F . Then, there exist

ψi : Ui → R (2.2.15)

such that |ei(x)|2hF = e−ψi(x). Let s, t ∈ C∞(X,F ). Then 〈s(x), t(x)〉hF and |s(x)|2hF
under the trivialization, given by

〈s(x), t(x)〉hF |Ui = si(x)ti(x)e−ψi(x), and

|s(x)|2hF |Ui = |si(x)|2e−ψi(x),

are globally well-defined.

Proof. We can define ψi ∈ C∞(Ui,R) by e−ψi(x) := |ei(x)|2hF . Then for x ∈ Ui,

〈s(x), t(x)〉hF = si(x)ti(x)|ei(x)|2hF = si(x)ti(x)e−ψi(x).

By (2.2.8) and (2.2.11), for x ∈ Ui ∩ Uj, we see

si(x)ti(x)e−ψi(x) = sj(x)tj(x)e−ψj(x) (2.2.16)

In the same way, let s ∈ C∞(X,∧p,qX ⊗ F ) be represented by

si := ϕis : Ui −→ Ui × ∧p,q(X), (2.2.17)

x 7−→ (x, si(x)).

Here we identify si(x) with a smooth (p,q)-form over Ui. Then on Ui ∩ Uj we still
have

ϕ−1
i si = s = ϕ−1

j sj, si = (ϕiϕ
−1
j )sj, (2.2.18)

(x, si(x)) = (x, ϕij(x)sj(x))

by (x, si(x)) = ϕis(x) = ϕiϕ
−1
j ϕjs(x) = ϕiϕ

−1
j (x, sj(x)) = (x, ϕij(x)sj(x)). As same

as (2.2.12) and (2.2.15), we have the following propositions.
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Proposition 2.9. Let s ∈ C∞(X,∧p,qX ⊗ F ). Then the representation of s under
the trivialization, given by

s(x)|Ui = si(x)⊗ ei(x), (2.2.19)

is globally well-defined.

Proof. For x ∈ Ui,

s(x) = ϕ−1
i (x, si(x)) = si(x)ϕ−1

i (x, 1) = si(x)⊗ ei(x). (2.2.20)

For x ∈ Ui ∩ Uj, by (2.2.18) and (2.2.11),

si(x)⊗ ei(x) = sj(x)⊗ ej(x). (2.2.21)

Proposition 2.10. Let hF be a Hermitian metric on F and hω the induced Hermi-
tian metric on ∧p,qX by ω. Let h = hω ⊗ hF . Then, there exist

ψi : Ui → R (2.2.22)

such that |ei(x)|2hF = e−ψi(x). Let s, t ∈ C∞(X,∧p,qX ⊗ F ). 〈s(x), t(x)〉h and |s(x)|2h
under the trivialization, given by

〈s(x), t(x)〉h|Ui = 〈si(x), ti(x)〉hωe−ψi(x),

|s(x)|2h|Ui = |si(x)|2hωe
−ψi(x),

are globally well-defined.

Proof. We can define ψi ∈ C∞(Ui,R) by e−ψi(x) := |ei(x)|2hF . Then for x ∈ Ui,

〈s(x), t(x)〉h = 〈si(x), ti(x)〉hω |ei(x)|2hF = 〈si(x), ti(x)〉hωe−ψi(x).

For x ∈ Ui ∩ Uj, by (2.2.18) and (2.2.11), we see

〈si(x), ti(x)〉hω |ei(x)|2hF = 〈sj(x), tj(x)〉hω |ej(x)|2hF . (2.2.23)

Proposition 2.11. Let α, β be differential forms with values in F over X. Then
α ∧ βe−ψ, given by

α ∧ βe−ψ|Ui := αi ∧ βie−ψi , (2.2.24)

is a globally well-defined, scalar-valued differential form.

Proof. We set α = αi ⊗ ei, β = βi ⊗ ei on Ui. Then (2.2.24) follows by (2.2.18),
(2.2.11) and (2.2.23).
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2 On the growth of von Neumann dimension of harmonic spaces

Proposition 2.12. The curvature form ΘF of a holomorphic Hermitian line bundle
F over X can be represented by

ΘF |Ui :=
√
−1RF |Ui =

√
−1∂∂ψi. (2.2.25)

And the representation is globally well-defined.

Proof. Let us choose a local frame ei as in (2.2.9). Then, by (2.2.1) and (2.2.22)
over Ui,

ΘF =
√
−1RF = −

√
−1∂∂ log |ei|2hF =

√
−1∂∂ψi. (2.2.26)

On Ui ∩ Uj, since the transition function ϕji is holomorphic as in (2.2.6), we see

∂∂ log |ei(x)|2hF = ∂∂ log |ϕji(x)|2|ej(x)|2hF (2.2.27)

= ∂∂ log |ϕji(x)|2 + ∂∂ log |ej(x)|2hF
= ∂∂ log |ej(x)|2hF .

Definition 2.13. Hodge star operator of the Hermitian manifold (X,ω) is defined
by

? : Ωp,q(U,C) −→ Ωn−q,n−p(U,C) such that (2.2.28)

β ∧ ?α = 〈β, α〉ωωn

for any open set U ⊂ X and any β ∈ Ωp,q(U,C), where 〈·, ·〉ω = 〈·, ·〉hω is the induced
Hermitian metric on ∧p,qX.

Hodge star operator is well-defined, since the exterior product provides a non-
degenerate pairing pointwisely. Essentially, Hodge star operator is defined on C-
vector spaces ∧p,qx X at each point x ∈ U , and (?α)(x) = ?(α(x)) for α ∈ Ωp,q(U,C).
Thus we can verify the following proposition under a local coordinate at point x ∈ U
such that (T

(1,0)∗
x X, hω) is isometric to Cn.

The following proposition is from [23, Proposition 1.2.20,1.2.24,1.2.31].

Proposition 2.14. Let α ∈ Ωn,q(U,C) and ∧kCX := ⊕p+q=k ∧p,q X. Then

(1) ?2 = (−1)k(2n−k) on ∧kCX ;

(2) α = Cn−q(?α) ∧ ωq , where Cn−q := i(n−q)
2

;

(3) ?2α = (−1)n−qCn−q(?α) ∧ ωq ;

(4) α ∧ ?α = |α|2ωωn ;

(5) | ? α|ω = |α|ω.
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Proof. For a fixed point x ∈ U , we can choose a local coordinate (z1, ..., zn) around

x, such that {dz1, ..., dzn} forms an orthonormal basis of T
(1,0)∗
x X at x. Then

ωq(x) :=
ωq(x)

q!
=

∑
1≤j1<j2<...<jq≤n

idzj1 ∧ dzj1 ∧ ... ∧ idzjq ∧ dzjq

for 1 ≤ q ≤ n. By the notation of the ordered muti-indices J ,

ωq(x) =
∑
|J |=q

iq
2

dzJ ∧ dzJ .

In particular, ωn(x) = in
2
dz∧dz, where dz := dz1∧ ...∧dzn and dz = dz1∧ ...∧dzn.

It is clear that ? is C-linear on ∧p,qx X, then we only need to consider dzI ∧ dzJ ∈
∧p,qx X. Let us denote by Ic, J c the ordered complementary multi-indices of I, J . By
the definition,

?(dzI ∧ dzJ) = λdzIc ∧ dzJc

where λ ∈ C is given by

dzI ∧ dzJ ∧ (λdzIc ∧ dzJc) = ωn(x).

Then
?(dzI ∧ dzJ) = (−1)(n−q)(n−p)λdzJc ∧ dzIc ∈ ∧n−q,n−px X.

By the definition,
? ? (dzI ∧ dzJ) = ξdzJ ∧ dzI

where ξ ∈ C is given by

?(dzI ∧ dzJ) ∧ ξdzJ ∧ dzI = ωn(x).

Then we have

(−1)(n−q)(n−p)λdzJc ∧ dzIc ∧ ξdzJ ∧ dzI = ωn(x) = ωn(x)

= dzI ∧ dzJ ∧ (λdzIc ∧ dzJc).

Then ξ = (−1)(p+q)(2n−(p+q))+pq, that is, ?2(dzI∧dzJ) = (−1)(p+q)(2n−(p+q))dzI∧dzJ .
Then (1) follows.

Let dz ∧ dzJ ∈ ∧n,qx X. By the definition,

?(dz ∧ dzJ) = τdzJc

where τ ∈ C is given by

dz ∧ dzJ ∧ τdzJc = ωn(x) = in
2

dz ∧ dz.

Then
τdzJ ∧ dzJc = in

2

dz.
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2 On the growth of von Neumann dimension of harmonic spaces

Then

Cn−q(?(dz ∧ dzJ)) ∧ ωq(x) = i(n−q)
2

τdzJc ∧ ωq(x)

= i(n−q)
2

τdzJc ∧ iq
2

dzJ ∧ dzJ
= i(n−q)

2+q2τdzJ ∧ dzJ ∧ dzJc
= (−1)q(n−q)i(n−q)

2+q2τdzJ ∧ dzJc ∧ dzJ
= (−1)q(n−q)i(n−q)

2+q2(−1)n
2

in
2

dz ∧ dzJ
= dz ∧ dzJ .

Then (2) follows.
From (1) and (2), (3) follows. And (4) is trivial. Finally, by (1) and (4), |?α|2ωωn =
|α|2ωωn at x implies (5).

We can associate a scalar valued form to a form with value in line bundles by
the local representation of sections as follows. Let F be a holomorphic Hermitian
bundle over a complex manifold X. Let {Uj} be a covering of X such that F |Uj is
trivial. Let α ∈ Ωn,q(X,F ). Then α|Uj = αj ⊗ ej on Uj, where αj is a scalar valued
(n, q)-form and ej is a holomorphic section of F |Uj such that |ej|2 = e−ψj . Then

γj := γαj := ?αj

is a (n− q, 0)-form over Uj. Furthermore, we have a form γα ∈ Ωn−q,0(X,F ), given
by

γα|Uj := γαj ⊗ ej = (?αj)⊗ ej, (2.2.29)

globally well-defined by (2.2.18) and (2.2.11), where αi verifies (2.2.28) and ei verifies
(2.2.15). Thus, we can extend the notion ? to each form α ∈ Ωn,q(X,F ) by setting
?(α) = γα ∈ Ωn−q,0(X,F ).

Definition 2.15. Let α ∈ Ωn,q(X,F ). The associated (n− q, n− q)-form Tα on X
is given by

Tα|Uj := Cn−qγj ∧ γje−ψj (2.2.30)

where Cn−q := i(n−q)
2
. Also we denote it by T := Tα.

Proposition 2.16. Tα is a globally well-defined, positive form on X, i.e., Tα ∈
Ωn−q,n−q(X) and Tα ≥ 0.

Proof. By (2.2.18) and (2.2.11), for any x ∈ Ui ∩ Uj,

e−ψj(x) = |ej(x)|2 = |ϕij(x)|2|ei(x)|2 = |ϕij(x)|2e−ψi(x). (2.2.31)

Thus

γi ∧ γie−ψi = γϕijαj ∧ γϕijαj
1

|ϕij(x)|2
e−ψj =

|ϕij(x)|2

|ϕij(x)|2
γj ∧ γje−ψj = γj ∧ γje−ψj .

(2.2.32)
And Proposition 2.6(1) implies Tα ≥ 0.
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Note that we encode the curvature of F to a local function ψ and also encode line
bundle valued form α to usual differential form T for the purpose of further local
calculations. Trivially, if F = X × C with trivial metric, then the function ψ = 0
everywhere. Generally, for arbitrary x ∈ X, we can choose a trivialization of F
around x ∈ Ui such that ψi(x) = 0, that is, |ei(x)|hF = 1 and then 〈α(x), β(x)〉h =
〈αi(x), βi(x)〉hω for any α, β ∈ Ωp,q(X,F ).

2.2.2 Reduced L2-Dolbeault cohomology

Let (X,ω) be a Hermitian manifold and (F, hF ) is a Hermitian holomorphic vector
bundle on X. Let Ωp,q(X,F ) := C∞(X,∧p(T (1,0)∗X) ⊗ ∧q(T (0,1)∗X) ⊗ F ) be the
space of smooth (p, q)-forms with values in F for p, q ∈ N. Let Ωp,q

0 (X,F ) be the
subspace of Ωp,q(X,F ) consisting of elements with compact support.

The L2-scalar product on Ωp,q(X,F ) is give by

〈s1, s2〉 :=

∫
X

〈s1(x), s2(x)〉hF ,ωdvX(x) (2.2.33)

where 〈, 〉hF ,ω is the pointwise Hermitian inner product induced by ω and hF . We
set the L2-norm by ‖ ‖2

L2 = 〈 , 〉.
We denote by L2

p,q(X,F ) the L2 completion of Ωp,q
0 (X,F ) with respect to ‖ ‖L2 .

And we set L2
p,•(X,F ) = ⊕nq=1L

2
p,q(X,F ).

Let α ∈ Ωp,q(X,C) and s ∈ C∞(X,F ) such that α∧s ∈ Ωp,q(X,F ). The Dolbeault

operator ∂
F

: Ωp,q
0 (X,F )→ L2

p,q+1(X,F ) is given by

∂
F

(α ∧ s) = (∂α) ∧ s+ (−1)(p+q)α ∧ ∂F s.

In particular, ∂
F

: C∞0 (X,F )→ Ω0,1
0 (X,F ) is defined as follows. For s ∈ C∞0 (X,F ),

s =
∑

l φlξl, where ξl is a local holomorphic frame of F and φl are smooth func-

tions, we set ∂
F
s :=

∑
l(∂φl)ξl =

∑
l(
∑

j

∂φl
∂zj

dzj)ξl in holomorphic coordinates

(z1, z2, ..., zn).

We denote by ∂
F∗

the formal adjoint of ∂
F

, which is given by

〈∂F s1, s2〉 = 〈s1, ∂
F∗
s2〉

for s1 ∈ Ωp,q
0 (X,F ) and s2 ∈ Ωp,q+1

0 (X,F ).

For s1 ∈ L2
p,q(X,F ), we define ∂

F
s1 in the current sense: 〈∂F s1, s2〉 = 〈s1, ∂

F∗
s2〉

for s2 ∈ Ωp,q+1
0 (X,F ). Clearly, ∂

F∗
s1 in the current sense for s1 ∈ L2

p,q(X,F ) is
similar.

The following lemma is from [30, Lemma 3.1.1].

Lemma 2.17. (cf. [30, Lemma 3.1.1])
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2 On the growth of von Neumann dimension of harmonic spaces

The operator ∂
F

max defined by

Dom(∂
F

max) = {s ∈ L2
p,•(X,F ) : ∂

F
s ∈ L2

p,•(X,F )}, (2.2.34)

∂
F

max : Dom(∂
F

max) → L2
p,•(X,F )

s 7→ ∂
F

maxs = ∂
F
s in the sense of currents

is a densely defined, closed extension, called the maximal extension of ∂
F

.

Furthermore, we define the Hilbert space adjoint (∂
F

max)∗H of ∂
F

max by

Dom((∂
F

max)∗H) (2.2.35)

:= {s ∈ L2
p,•(X,F ) | ∃ C > 0, | 〈∂Fmaxv, s〉 |≤ C ‖ v ‖2 for ∀v ∈ Dom(∂

F

max)}

= {s ∈ L2
p,•(X,F ) | ∃!w ∈ L2

p,•(X,F ), 〈∂Fmaxv, s〉 = 〈v, w〉 for ∀v ∈ Dom(∂
F

max)}.

Definition 2.18. The Kodaira Laplacian operator on Ωp,q
0 (X,F ) is defined by

�F = ∂
F∗
∂
F

+ ∂
F∗
∂
F

(2.2.36)

It is clear that �F is a densely defined, positive operator on L2
p,q(X,F ), which is

by L2
p,q(X,F ) = Ωp,q

0 (X,F ) in the L2-norm and 〈�F s, s〉 ≥ 0 for s ∈ Ωp,q
0 (X,F ).

We describe now a self-adjoint extension of �F for L2-cohomology, called the
Gaffney extension. For simplifying the notations, we still denote the maximal ex-

tension ∂
F

max by ∂
F

and the Hilbert space adjoint (∂
F

max)∗H by ∂
F∗

. Consider the
complex of closed, densely defined operators

L2
p,q−1(X,F )

∂
F

−→ L2
p,q(X,F )

∂
F

−→ L2
p,q+1(X,F ) (2.2.37)

Here (∂
F

)2 = 0 by 〈(∂F )2s, v〉 = 〈s, (∂F∗)2v〉 = 0 for any v ∈ Ωp,q+1
0 (X,F ) and

s ∈ Dom(∂
F

) ∩ L2
p,q−1(X,F ).

The following proposition is from [30, Propersition.3.1.2].

Proposition 2.19. (cf. [30, Propersition.3.1.2])

The operator defined by

Dom(�F ) = {s ∈ Dom(∂
F

) ∩Dom(∂
F∗

) : �F s ∈ Dom(∂
F∗

), ∂
F∗
s ∈ Dom(�F )},

�F s = ∂
F∗
∂
F
s+ ∂

F∗
∂
F
s for s ∈ Dom(�F ), (2.2.38)

is a positive, self-adjoint extension of Kodaira Laplacian, called the Gaffney exten-
sion. The quadratic form associated to �F is the form Q given by

Dom(Q) = Dom(∂
F

) ∩Dom(∂
F∗

), (2.2.39)

Q(s1, s2) = (∂
F
s, ∂

F
s) + (∂

F∗
s, ∂

F∗
s) for s1, s2 ∈ Dom(Q).
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2.2 Preliminaries

Remark 2.20. (cf. [30, Propersition C.1.4])

The associated quadratic form Q to �F (a positive self-adjoint operator) satisfies
that

Dom(�F )

= {s ∈ Dom(Q) : ∃v ∈ L2
p,q(X,F ), Q(s, w) = 〈v, w〉 for any w ∈ Dom(Q)},

�F s = v for s ∈ Dom(�F ). (2.2.40)

Thus for s1 ∈ Dom(�F ) ⊂ Dom(Q) and s2 ∈ Dom(Q),

Q(s1, s2) = (�F s1, s2) = (∂
F
s1, ∂

F
s2) + (∂

F∗
s1, ∂

F∗
s2). (2.2.41)

Definition 2.21. The space of harmonic forms H(p,q)(X,F ) is defined by

Hp,q(X,F ) := Ker(�F ) = {s ∈ Dom(�F ) : �F s = 0}. (2.2.42)

The q-th reduced L2-Dolbeault cohomology is defined by

H
0,q

(2)(X,F ) :=
Ker(∂

F
) ∩ L2

0,q(X,F )

[Im(∂
F

) ∩ L2
0,q(X,F )]

, (2.2.43)

where [V ] denotes the closure of the space V .

Remark 2.22. According to the general regularity theorem of differential operators
(also see [30, Theorem A.3.4]), s ∈ Hp,q(X,F ) implies s ∈ Ωp,q(X,F ). Thus (2.2.42)
becomes

Hp,q(X,F ) = {s ∈ Ωp,q(X,F ) ∩Dom(�F ) : �F s = 0} ⊂ Ωp,q(X,F ) ∩ L2
p,q(X,F ).

(2.2.44)

Since Hn,q(X,Lk ⊗ E) is separable, let {skj}j≥1 be an orthonormal basis.

Definition 2.23. The Bergman density function Bq
k is defined by

Bq
k(x) =

∞∑
j=1

|skj (x)|2hk,ω , x ∈ X,

where | · |hk,ω is the pointwise norm of a form.

The Bergman kernel function defined in (2.1.1) is well-defined by an adaptation
of [9, Lemma 3.1]. By weak Hodge decomposition, we have a canonical isomorphism
as follows (see [30, (3.1.22)]).

Proposition 2.24.

H
0,q

(2)(X,F ) = H0,q(X,F ) (2.2.45)

for any q ∈ N.
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2 On the growth of von Neumann dimension of harmonic spaces

Proof. By (2.2.41), we see that

H0,q(X,F ) = Ker(∂
F

) ∩Ker(∂
F∗

). (2.2.46)

Combining with the complex sequence (2.2.37) and the following

L2
0,q+1(X,F )

∂
F∗

−−→ L2
0,q(X,F )

∂
F∗

−−→ L2
0,q−1(X,F ), (2.2.47)

we have

Im(∂
F

)⊥ = Ker(∂
F∗

) = Ker(∂
F∗

) ∩ L2
0,q(X,F ) (2.2.48)

= Ker(∂
F∗

) ∩ (Ker(∂
F

)⊕Ker(∂
F

)⊥)

= (Ker(∂
F∗

) ∩Ker(∂
F

))⊕ (Ker(∂
F∗

) ∩Ker(∂
F

)⊥).

Since Ker(∂
F

)⊥ = [Im(∂
F∗

)], (∂
F

)2 = 0, then [Im(∂
F∗

)] ⊂ Ker(∂
F∗

) and Ker(∂
F∗

)∩
Ker(∂

F
)⊥ = [Im(∂

F∗
)]. Combining with (2.2.47) and (2.2.48), we see

Im(∂
F

)⊥ = H(0,q)(X,F )⊕ [Im(∂
F∗

)]. (2.2.49)

Likewise, by Im(∂
F

)⊥ = Ker(∂
F∗

),

Ker(∂
F

) = Ker(∂
F

) ∩ L2
0,q(X,F ) (2.2.50)

= (Ker(∂
F

) ∩Ker(∂
F∗

))⊕ (Ker(∂
F

) ∩ [Im∂
F

])

= H(0,q)(X,F )⊕ [Im(∂
F

)].

Form (2.2.49),

L2
0,q(X,F ) = Im(∂

F
)⊥ ⊕ [Im(∂

F
)] = H(0,q)(X,F )⊕ [Im(∂

F∗
)]⊕ [Im(∂

F
)]. (2.2.51)

From (2.2.50) and (2.2.51), we have

H(0,q)(X,F ) =
Ker(∂

F
)

[Im(∂
F

)]
=

Ker(∂
F

) ∩ L2
0,q(X,F )

[Im(∂
F

)] ∩ L2
0,q(X,F )

= H
(0,q)

(2) (X,F ) (2.2.52)

Remark 2.25. Similarly, we can define the maximal extension of ∂
F∗

and denote

(∂
F∗

)max. Now we have two type adjoint operator : (∂
F∗

)max and (∂
F

max)∗H induced

by the initial differential operator ∂
F

and L2-scalar product (2.2.33). In general,
they are not equal.
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2.2 Preliminaries

Remark 2.26. (cf. [30, Corollary 3.3.3]) If g is a complete metric on X, then the

two type adjoint operators are equal, i.e., (∂
F∗

)max = (∂
F

max)∗H , and the Gaffney
extension and Fridrichs extension coincide for �F by [30, Corollary 3.3.4]. In this

case, if we denote the maximal extension Rmax by R, where R is ∂
F

and ∂
F∗

. Then

we have for s1 ∈ Dom(∂
F

) and s2 ∈ Dom(∂
F∗

)

∂
F∗

= ∂
F∗
H , (2.2.53)

〈∂F s1, s2〉 = 〈s1, ∂
F∗
s2〉. (2.2.54)

In particular, we will see in the section 2.2.3 for a covering manifold (X,ω,Γ),
the Riemannian metric g is complete, which is from the compactness of X/Γ and
g = π∗Γg

T (X/Γ).

2.2.3 Covering manifolds and von Neuman dimension
(Γ-dimension)

Let (X, J) be a (paracompact) complex manifold of dimension n with a compatible
Riemannian metric g. Let ω be the associated real (1, 1)-form defined by ω(X, Y ) =
g(JX, Y ) on TX. Then (X,ω) is a Hermitian manifold.

Definition 2.27. A group Γ is called a discrete group acting holomorphically, freely
and properly on X, if Γ is equipped with the discrete topology such that

(1) the map Ω×X → X, (r, x) 7→ r.x is holomorphic,
(2) r.x = x for some x ∈ X implies that r = e the unit element of Γ, and
(3) the map Ω×X → X is proper.

Definition 2.28. g (or ω) is called Γ-equivariant, if the map r : X → X is an
isometric with respect to g for every r ∈ Γ .

Definition 2.29. We say a Hermitian manifold (X,ω) is a covering manifold, if
there exists a discrete group Γ acting holomorpically, freely and properly on X such
that ω is Γ-equivariant and the quotient X/Γ is compact.

In this section, Γ is a discrete group acting holomorpically, freely and properly
on a Hermitian manifold (X,ω) such that g is Γ-equivariant and the quotient X/Γ
is compact. Let X be paracompact so that Γ will be countable. We denote the
canonical projection by πΓ : X → X/Γ. Then g is complete due to the compactness
of X/Γ and g = π∗Γg

T (X/Γ).

Definition 2.30. An relatively compact open set U ⊂ X is called a fundamental
domain of the action Γ on X, if the following conditions are satisfied:

(a) X = ∪r∈Γr(U),
(b) r1(U) ∩ r2(U) is empty for r1, r2 ∈ Γ, r1 6= r2, and
(c) U \ U has zero measure.
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2 On the growth of von Neumann dimension of harmonic spaces

The fundamental domain exists, and we can construct one in the following way.
Let {Uk} be a finite cover of X/Γ with open balls having the property that for each

k, there exists an open set Ũk ⊂ X such that πΓ : Ũk → Uk is biholomorpic with
inverse map φk : Uk → Ũk. Define Wk = Uk \ (∪j<kU j ∩ Uk). Then U := ∪kφk(Wk)
is a fundamental domain, see [30].

Definition 2.31. A holomrphic Hermitian vector bundle (F, hF ) over X is called
Γ-invariant, if there is a map rF : F → F associated to every r : X → X ∈ Γ,
which commutes with the fibre projection π : F → X (i.e., r ◦π = π ◦ rF ), such that
hF (v, w) = hF (rFv, rFw) for any v, w ∈ F .

Next we introduce some definitions and propositions on Γ-dimension on covering
manifolds, see [39] for details.

Let Γ be a discrete group with the neutral element e. Let

L2Γ :=

{
f | f : Γ→ C,

∑
r∈Γ

|f(r)|2 <∞

}
. (2.2.55)

This is a Hilbert space with the scalar product

(f, g) :=
∑
r∈Γ

f(r)g(r), ∀f, g ∈ L2Γ. (2.2.56)

It has an orthonormal basis {δr|r ∈ Γ}, where

δr(x) =

{
1, if x = r
0, if x 6= r

(2.2.57)

There are two natural unitary representations of Γ in L2Γ: Left regular representa-
tion Γ→ U(L2Γ), r 7→ Lr and Right regular representation Γ→ U(L2Γ), r 7→ Rr,
where U(L2Γ) = {A ∈ L(L2Γ) : AA∗ = A∗A = 1} is the set of all unitary operator
on L2Γ, and

(Lrf)(x) = f(r−1x), (Rrf)(x) = f(xr), r ∈ Γ, f ∈ L2Γ. (2.2.58)

By (Lr−1Lrf)(x) = (Lrf)(rx) = f(x), and

(Lrf, g) =
∑
x∈Γ

f(r−1x)g(x) =
∑
x∈Γ

f(x)g(rx) = (f, Lr−1g),

we obtain
L∗r = (Lr)

−1 = Lr−1 , R∗r = (Rr)
−1 = Rr−1 (2.2.59)

Let LΓ (resp. RΓ) be the von Neumann algebra generated by {Lr|r ∈ Γ} ( resp.
{Rr|r ∈ Γ}). This is simply a weak closure of the set of all finite linear combinations
of Lr (resp. Rr).

The following lemma is from [39, 1.A.] and [13, Part I, ch.9].
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2.2 Preliminaries

Lemma 2.32. (cf. [13, Part I, ch.9])

RΓ = {B ∈ L(L2Γ)|BA = AB for A ∈ LΓ}, (2.2.60)

LΓ = {B ∈ L(L2Γ)|BA = AB for A ∈ RΓ}.

By the definition in (2.2.56), if B =
∑

r∈Γ crRr ∈ RΓ, then (Bδx, δx) = ce for any
x ∈ Γ. We can introduce a trace

trA := (Aδe, δe), for A ∈ R. (2.2.61)

Consider the Hilbert space (L2Γ ⊗ H, (·, ·)) where H is a complex Hilbert space
associated with an orthonormal basis {hj}j∈J , then {δr ⊗ hj} is an orthonormal
basis of L2Γ ⊗ H. Thus as before, we have two unitary representations: Γ →
U(L2Γ ⊗ Id), r 7→ Lr ⊗ Id and Γ → U(L2Γ ⊗ Id), r 7→ Rr ⊗ Id. Let LΓ ⊗ Id
(resp. RΓ ⊗ Id) be the von Neuman algebra generated by {Lr ⊗ Id|r ∈ Γ} (resp.
{Rr ⊗ Id|r ∈ Γ}).

According to Lemma 2.32, we define

AΓ := RΓ ⊗ L(H) = {A ∈ L(L2Γ⊗H)|AB = BA for B ∈ LΓ ⊗ Id}. (2.2.62)

Definition 2.33.

TrΓ[A] := (tr ⊗ Tr)A (2.2.63)

where A ∈ AΓ and Tr is the usual trace on L(H).

Definition 2.34. A subspace V ⊂ L2Γ⊗H is call a Γ-module, if (Lr ⊗ Id)V ⊂ V
for all r ∈ Γ (i.e V is left Γ-invariant).

For example, L2Γ⊗H is a Γ-module trivially.

Proposition 2.35. V ⊂ L2Γ ⊗ H is a Γ-module if and only if the orthogonal
projection PV : L2Γ⊗H → V ∈ AΓ

Proof. Assume PV ∈ AΓ, thus PV (Lr⊗Id) = (Lr⊗Id)PV for any r ∈ Γ, and for any
v ∈ V , (Lr ⊗ Id)v = (Lr ⊗ Id)PV v = PV (Lr ⊗ Id)v ∈ V . That is, (Lr ⊗ Id)V ⊂ V .
Conversely, PV satisfies P 2

V = PV and PV = P ∗V , then for any w ∈ L2Γ ⊗H, it can
be decomposed as w = w1 ⊕ w2, where w1 ∈ V, PVw2 = 0. By the assumption,
for any v ∈ V , (Lr−1 ⊗ Id)v ∈ V , thus ((Lr ⊗ Id)w2, v) = (w2, (Lr−1 ⊗ Id)v) = 0.
Hence (Lr⊗ Id)w2 ⊥ V, PV (Lr⊗ Id)w2 = 0 and PV (Lr⊗ Id)w = PV (Lr⊗ Id)w1 =
(Lr ⊗ Id)w1 = (Lr ⊗ Id)PVw1 = (Lr ⊗ Id)PVw.

Now assume PV ∈ AΓ (i.e. V is a Γ-module), let {sk} be an orthonormal basis of
V represented by

sk =
∑

x∈Γ,j∈J

sxjk δx ⊗ hj, (2.2.64)
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2 On the growth of von Neumann dimension of harmonic spaces

where {δx ⊗ hj} is the orthonormal basis of L2Γ ⊗ H and sxjk ∈ C. Consider the
projection

V → δe ⊗H ' H (2.2.65)

sk 7→ sk(e) := (sk, δe ⊗ hj)δe ⊗ hj = sejk δe ⊗ hj ' sejk hj =: sk|H

For example, later we will see, if f ∈ V ⊂ L2(X,F ) ' L2Γ ⊗ L2(U, F ), then
f(e) ∈ L2(X,F ) can be consider as f(e)(x) = f(x) when x ∈ U and f(e)(x) = 0
when x ∈ X − U .

Hence it follows (2.2.64) that PV can be written by

L2Γ⊗H → V (2.2.66)

f ⊗ h 7→ PV (f ⊗ h) =
∑
k

(f ⊗ h, sk)sk =
∑
k

(f, δy)(h, hi)s
yi
k s

xj
k δx ⊗ hj.

Definition 2.36. The Γ-dimension of a Γ-modula V ⊂ L2Γ⊗H is

dimΓ V := TrΓ[PV ] (2.2.67)

Then, (2.2.63)-(2.2.67) imply a useful formula

dimΓ V := TrΓ[PV ] = (tr ⊗ Tr)PV =
∑
j

(PV (δe ⊗ hj), δe ⊗ hj) =
∑
j,k

|sejk |
2

=
∑
k

(sk(e), sk(e)). (2.2.68)

Proposition 2.37. Assume Γ = {e} is trivial. Then
(a) Any subspace V of H is a Γ-module,
(b) the Γ-dimension of V and the usual dimension coincide:

dimΓ V = dimC V. (2.2.69)

Proof. L2Γ⊗H = Cδe ⊗H ' H, if Γ = {e}. (Le ⊗ Id)V = V , then V is Γ-module.
And by (2.2.65) and (2.2.3), we have sk(e) = sk and thus dimΓ V = dimC V .

Proposition 2.38.
dimΓ L

2Γ⊗H = dimCH (2.2.70)

Proof. {δx ⊗ hk} is the orthonormal basis of L2Γ ⊗H, then (δx ⊗ hk)(e) = δe ⊗ hk
when x = e, otherwise it is zero. Hence dimΓ L

2Γ ⊗ H =
∑

k(δe ⊗ hk, δe ⊗ hk) =∑
k(hk, hk) = dimCH.

As a special case, we set the above Hilbert space H to be L2(U, F ), and focus
on L2(X,F ) ' L2Γ ⊗ L2(U, F ), where U ⊂ X is the fundamental domain, F is
a Γ-invariant holomorphic Hermitian vector bundle, and the L2-space L2(X,F ) is
given by F,X in the usual way.

The following lemma is from [30, Lemma 3.6.2].
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Lemma 2.39. Let V ⊂ L2(X,F ) be a Γ-modula, then

dimΓ V =
∑
i

∫
U

|si(x)|2dvX(x), (2.2.71)

where {si} is an orthonormal basis of V . Moreover, here the domain U can be
replace by U .

Proof. si ∈ V ⊂ L2(X,F ) ' L2Γ ⊗ L2(U, F ), then si ' (si|rU)r∈Γ. And si(e) =
si|U ∈ L2(X,F ) can be considered as si(e)(x) = si(x) when x ∈ U and si(e)(x) = 0
when x ∈ X − U . By (2.2.3), we have

dimΓ V =
∑
i

(si(e), si(e)) =
∑
i

∫
X

|si(e)(x)|2dvX(x) =
∑
i

∫
U

|si(x)|2dvX(x).

(2.2.72)
Moreover, notice si(e)(x) = 0, when x is in the boundary of U .

Finally we combine these facts on Γ-dimension and reduced L2-cohomology.

Let (X,ω) be a Hermitian manifold of dimension n on which a discrete group Γ
acts holomorphically, freely and properly, such that ω is a Γ-invariant, the quotient
X = X is compact and X is paracompact so that Γ will be countable. Let U ⊂ X
be a fundamental domain such that U is compact. Moreover, suppose (F, hF ) is
a Γ-invariant holomorphic Hermitian vector bundle on X. Let � := �F be the
Gaffney self-adjoint extension of the Kodaira Laplacian.

As in the proof of (2.2.71), let Lr ⊗ Id be the left Γ-action on L2
p,q(X,F ) '

L2Γ ⊗ L2
p,q(U, F ), then any s ∈ L2

p,q(X,F ) ' L2Γ ⊗ L2
p,q(U, F ), then s ' (s|rU)r∈Γ,

and s(r) = s|rU ∈ L2
p,q(X,F ) can be considered as s(r)(x) = s(x) when x ∈ rU and

s(r)(x) = 0 when x ∈ X − rU .

The following lemma is from [30, Lemma 3.6.3].

Lemma 2.40. H(p,q)(X,F ) is a Γ-modula in L2
p,q(X,F ).

Proof. We only need to prove that �F s = 0 implies �F (Lr ⊗ Id)s = 0. Assume s =
(sgU)g∈Γ =

∑
g∈Γ δg ⊗ sgU ∈ Ker(�F ) = H(0,q)(X,F ), then 0 = �F s = (�F sgU)g∈Γ,

and �F sgU = 0 for any g ∈ Γ. By (Lr ⊗ Id)s =
∑

g∈Γ δrg ⊗ srgU = (srgU)g∈Γ, we

have �F (Lr ⊗ Id)s = (�F srgU)g∈Γ = 0.

Lemma 2.41.

dimΓ H
(p,q)(X,F ) =

∑
i

∫
U

|si(x)|2dvX(x) (2.2.73)

where {si} is an orthonormal basis of H(p,q)(X,F ) with respect to the scalar product

in L2
(p,q)(X,F ). In particular, dimΓH

(0,q)

(2) (X,F ) = dimΓ H
(0,q)(X,F ).
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2 On the growth of von Neumann dimension of harmonic spaces

Proof. Combining the (2.2.71), (2.2.45) and notice that H(p,q)(X,F ) is a Γ-modula
in L2

p,q(X,F ), we have

dimΓH
(p,q)

(2) (X,F ) = dimΓ H
(p,q)(X,F ) =

∑
i

∫
U

|si(x)|2dvX(x) (2.2.74)

for {si} is an orthonormal basis of H(p,q)(X,F ).

Remark 2.42. In this chapter, we focus on the estimate of the right side of (2.2.73)
when p = n.

2.3 Some properties of harmonic line bundle valued
forms

In this section, we work under the following general setting, and later the covering
manifold with a group action Γ will be treated as a special case in the section 2.4.2.

Let (X,ω) be a Hermitian manifold of dimension n and (F, hF ) be a holomorphic
Hermitian line bundle on X. For the Kodaira Laplacian � := �F we denote still by
� its (Gaffney) self-adjoint extension.

2.3.1 The ∂∂-Bochner formula for non-compact manifolds

By the local representation of forms in the section 2.2.1, we use the following nota-
tions instead of those in the section 2.2.2 as follows. Let α ∈ Ωp,q(X,F ). Let U be
an open set such that F |U is trivial and let eF be a local holomorphic frame on U
and set |eF |2hF = e−ψ. We can write α|U = ξ ⊗ eF with ξ ∈ Ωn,q(U,C).

For simplifying the notations, we still denote the maximal extension ∂
F

max by ∂
F

and the Hilbert space adjoint (∂
F

max)∗H by ∂
F∗

. Moreover, we can rephrase

∂ := ∂
F

on Dom(∂
F

) ∩ Ωp,q(X,F ) (2.3.1)

∂
∗
ψ := ∂

F∗
on Dom(∂

F∗
) ∩ Ωp,q(X,F ), (2.3.2)

where ψ is from the Hermitian metric on F as above.
Then the Kodaira Laplacian becomes

� := �F := ∂∂
∗
ψ + ∂

∗
ψ∂ on Dom(�F ) ∩ Ωp,q(X,F ). (2.3.3)

Let {Ui} be a covering of X such that F |Ui is trivial. Let s ∈ Ωp,q(X,F ). Then
s|Ui = si ⊗ ei, where si is a local (p, q)-form on Ui and ei is a local holomorphic
frame of F |Ui . Then the operator ∂ can be represented by

∂s|Ui = (∂si)⊗ ei, (2.3.4)

which is globally well-defined by (2.2.18) and (2.2.11).
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2.3 Some properties of harmonic line bundle valued forms

For u ∈ Dom(∂
F

) ∩ Ωp,q(X,F ) and v ∈ Dom(∂
F∗

) ∩ Ωp,q(X,F ),

〈∂u, v〉L2 = 〈u, ∂∗ψv〉L2 , i.e.,

∫
X

〈∂u, v〉hF ,ωdvX =

∫
X

〈u, ∂∗ψv〉hF ,ωdvX (2.3.5)

And we can define a differential operator δ corresponding to ∂, which is globally
well defined by (2.2.18) and (2.2.11).

Definition 2.43. Let η ∈ Ωp,q(X,F ) with η|Ui = ηi ⊗ ei The differential operator δ
is given by

δ : Ωp,q(X,F ) −→ Ωp+1,q(X,F ), (2.3.6)

(δη)|Ui := (δη)i ⊗ ei := (δηi)⊗ ei := (eψi∂(e−ψiηi))⊗ ei.

Let η ∈ Ωp,q(X,F ) and ξ ∈ Ωr,s(X,F ). By (2.3.6) and (2.2.24), we have

∂(η ∧ ξe−ψ) = ∂η ∧ ξe−ψ + (−1)deg ηη ∧ δξe−ψ, (2.3.7)

which indicates the relation between ∂ and δ, that is, locally

∂(ηi ∧ ξie−ψi) = ∂ηi ∧ ξie−ψi + (−1)deg ηiηi ∧ δξie−ψi .

Then we have Chern connection and the curvature with respect to the holomorphic
Hermitian line bundle F as follows.

D := δ + ∂, (2.3.8)

D2 = δ∂ + ∂δ = ∂∂ψ = RF

over Ωp,q(X,F ). And they are also denoted by

OF := (OF )1,0 + ∂ (2.3.9)

RF = (OF )2.

Then the following proposition indicates the relation between ∂
∗
ψ and δ.

Proposition 2.44. Let α ∈ Dom(∂
∗
ψ) ∩ Ωn,q(X,F ). Then

γ∂∗ψα = (−1)n−qδγα,

∂
∗
ψα = − ? (δγα), (2.3.10)

where ?(·) = γ· is defined by (2.2.29).

Proof. For any η ∈ Ωn,q−1
0 (X,F ) ⊂ Dom(∂)∩Ωn,q−1(X,F ) ⊂ L2

n,q−1(X,F ), we have

〈∂η, α〉L2 = 〈η, ∂∗ψα〉L2 , i.e,

∫
X

〈∂η, α〉dvX =

∫
X

〈η, ∂∗ψα〉dvX (2.3.11)
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2 On the growth of von Neumann dimension of harmonic spaces

by (2.3.5). According to Proposition 2.14(4), (2.2.24) and (2.2.22), we have

〈∂η, α〉ωn = ∂η ∧ γαe−ψ i.e., (2.3.12)

〈∂ηi, αi〉e−ψiωn = ∂ηi ∧ γαie−ψi ,

where the first 〈, 〉 is induced by hF and ω, and the second is by ω.
The left side of (2.3.11) equals, by (2.3.12) and (2.3.7),∫

X

∂η ∧ γαe−ψ = (−1)n−q
∫
X

η ∧ δγαe−ψ +

∫
X

∂(η ∧ γαe−ψ)

= (−1)n−q
∫
X

η ∧ δγαe−ψ, (2.3.13)

where the last equality is from Stokes’ theorem. The right side of (2.3.11) is∫
X

η ∧ γ∂∗ψαe
−ψ

by (2.3.12). By combining it with (2.3.13), we see

〈η, ∂∗ψα〉L2 =

∫
X

η ∧ γ∂∗ψαe
−ψ = (−1)n−q

∫
X

η ∧ δγαe−ψ

=

∫
X

η ∧ ?(− ? δγα)e−ψ

= 〈η,− ? δγα〉L2 , (2.3.14)

where we use Proposition 2.14(1) acting on (n − q + 1, 0)-forms. So (2.3.14) leads
to the second equality in (2.3.10) by the density. By acting γ = ? to the both sides,
then we obtain the first equality.

Next we give a property of harmonic line bundle valued forms in our setting.

Proposition 2.45. Let α ∈ Ωn,q(X,F ).

(−1)n−qγαi ∧ ∂ωq = −∂γαi ∧ ωq, when ∂α = 0 (2.3.15)

δγα = 0, when ∂
∗
ψα = 0 (2.3.16)

In particular, they both verify when �α = 0.

Proof. The first equation follows that 0 = ∂α = (∂αi)⊗ ei = ∂(Cn−qγi ∧ ωq)⊗ ei by
Proposition 2.14. And the second one is from (2.3.10).

The following ∂∂-formula was obtained by B. Berndtsson in [5] and [6] for ∂-
closed, line bundle valued, (n, q)-forms over compact manifolds. We can rephrase it
for �-closed, line bundle valued, (n, q)-forms over any compact subset of a Hermitian
(possibly non-compact) manifold. The proof is analogue to [5, Proposition 2.2] and
[6, Proposition 6.2].
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2.3 Some properties of harmonic line bundle valued forms

Let α ∈ Hn,q(X,F ). We define now a positive (n − q, n − q)-form Tα on X as
before. Let U be an open set such that F |U is trivial and let eF be a local holomorphic
frame on U and set |eF |2hF = e−ψ. We write α|U = ξ ⊗ eF with ξ ∈ Ωn,q(U,C). The

(n − q, n − q) form Tα is defined locally by Tα|U := i(n−q)
2

(?ξ) ∧ (?ξ)e−ψ, where
? : Ωn,q(U,C)→ Ωn−q,0(U,C) is the Hodge star operator associated to the metric ω
given by ξ ∧ ?ξ = |ξ|2ωωn. It is easy to check that Tα is well defined globally.

We have a F -valued (n − q, 0) form γα ∈ Ωn−q,0(X,F ) associated to α defined
locally by γα|U := (?ξ) ⊗ eF , which is also well defined globally. Let L := ω ∧ ·
be the Lefschetz operator on Ωp,q(X,F ) and let Λ be its dual operator defined by
〈Λ·, ·〉hF ,ω = 〈·, L·〉hF ,ω.

The curvature form is given by ΘF :=
√
−1RF = 2πc1(F, hF ).

Theorem 2.46. Let (F, hF ) be a holomorphic Hermitian line bundle over a Her-
mitian manifold (X,ω). Assume α ∈ Hn,q(X,F ), q ≥ 1, and K ⊂ X is a compact
subset. Then there exist non-negative constants C1 and C2 depending on ω and K,
such that

i∂∂(Tα ∧ ωq−1) ≥ (〈ΘF ∧ Λα, α〉hF ,ω − C1|α|2hF ,ω + C2|∂
F
γα|2hF ,ω)ωn

≥ (〈ΘF ∧ Λα, α〉hF ,ω − C1|α|2hF ,ω)ωn (2.3.17)

on K. Here 〈ΘF ∧ Λα, α〉ωn = ΘF ∧ Tα ∧ ωq−1 on X.
In particular, if X is Kähler, then

i∂∂(Tα ∧ ωq−1) = (i∂∂Tα) ∧ ωq−1 (2.3.18)

= (〈ΘF ∧ Λα, α〉hF ,ω + |∂Fγα|2hF ,ω)ωn

≥ 〈ΘF ∧ Λα, α〉ωn

on X. Above 〈 , 〉hF ,ω and | |2hF ,ω denote the pointwise Hermitian metric and norm

on F -valued differential forms induced by ω and hF .

Proof. First of all, we fix our notions for further arguments. Let α ∈ H(n,q)(X,F ).
Let {Uj} be a covering of X such that F |Uj is trivial. Then α|Uj = αj⊗ ej such that
|ej|2hF = e−ψj and this representation is globally well defined under the trivialization

of F . Let Cq := iq
2

for q ∈ N. Then iCq = (−1)qCq−1 and Cq−1 = Cq+1. Moreover,
we have

Tα|Uj = Cn−qγj ∧ γje−ψj ,

where the scalar valued (n, q)-form γj = ?αj. And we know T := Tα is a globally
well defined (n − q, n − q)-form. Then, we can drop the subscription j of γ and ψ
in T , and denote it by

T = Cn−qγ ∧ γe−ψ,

since our following computation is independent of the choice of Uj.
Let α, β ∈ Ωp,q(X,F ) such that α|Uj = αj ⊗ ej and β|Uj = βj ⊗ ej as before.

Based on the trivialization of F , we denote by 〈·, ·〉ψ the Hermitian metric 〈 , 〉hF ,ω
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2 On the growth of von Neumann dimension of harmonic spaces

on Ωp,q(X,F ) and by 〈·, ·〉 the metric 〈 , 〉ω on Ωp,q(X,C) in this proof. Then, they
can be linked by the following formula

〈α, β〉ψ|Uj = 〈αj, βj〉e−ψj . (2.3.19)

Since our computation is independent of the choice of Uj, we can simply denote the
formula (2.3.19) by dropping the subscription j and Uj,

〈α, β〉ψ = 〈α, β〉e−ψ. (2.3.20)

Notice that 〈α, β〉ψ ∈ C∞(X,C) for given α and β, thus we can discuss its value at
each point in X, in particular, the maximum and minimum of its absolute value on
a compact subset K later.

Then, in the spirit of our notions,

|α|2ψωn = 〈α, α〉e−ψ (2.3.21)

= α ∧ ?αe−ψ

= Cn−qγ ∧ ωq ∧ γe−ψ

= Tα ∧ ωq.

After fixing the notions, we wish to control the F -valued (n, n)-form i∂∂(T∧ωq−1).

i∂∂(T ∧ ωq−1) = i∂∂T ∧ ωq−1 − i∂T ∧ ∂ωq−1 + i∂T ∧ ∂ωq−1 + T ∧ i∂∂ωq−1

=: 1©+ 2©+ 3©+ 4©. (2.3.22)

Immediately, it follows that the second term conjugates to the third term, i.e,

2© = 3©.

Secondly, we estimate the term 1©. By (2.3.6) and (2.3.7), we see

∂(η ∧ ξe−ψ) = ∂η ∧ ξe−ψ + (−1)deg ηη ∧ δξe−ψ, (2.3.23)

∂(η ∧ ξe−ψ) = ∂η ∧ ξe−ψ + (−1)deg ηη ∧ δξe−ψ,

where η, ξ are scalar valued forms in our local representation.

Combining (2.3.23), (2.3.8) and δγ = 0 by (2.3.16), we have

∂∂(γ ∧ γe−ψ) = ∂(∂γ ∧ γe−ψ)

= ∂(γ ∧ ∂γe−ψ)

= ∂γ ∧ ∂γe−ψ + (−1)n−qγ ∧ δ(∂γ)e−ψ

= (−1)n−q+1∂γ ∧ ∂γe−ψ + δ(∂γ) ∧ γe−ψ

= (−1)n−q+1∂γ ∧ ∂γe−ψ + ∂∂ψ ∧ γ ∧ γe−ψ. (2.3.24)
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2.3 Some properties of harmonic line bundle valued forms

Then, by (2.3.24) and the definition of T ,

1© = iCn−qωq−1 ∧ ∂∂(γ ∧ γe−ψ)

= i∂∂ψ ∧ Cn−q ∧ γ ∧ γe−ψωq−1 + iCn−qωq−1 ∧ (−1)n−q+1∂γ ∧ ∂γe−ψ

= ΘF ∧ T ∧ ωq−1 + iCn−q(−1)n−q+1∂γ ∧ ∂γωq−1e
−ψ

=: a©+ b©. (2.3.25)

We claim that
a© = 〈ΘF ∧ Λα, α〉ψωn. (2.3.26)

In fact, by [23, Propostion 1.2.31]:

γ = ?α ∈ P n−q,0 := {γ ∈ ∧n−q,0 : Λγ = 0}

is a primitive (n− q, 0)-form, implies

? Lγ = ?L ? α = (−1)n−qCn−qγ ∧ ωq−1. (2.3.27)

Combining (2.3.27) with Proposition 2.14(1), i.e, ?−1 = (−1)(2n−k)k? on ∧kC, then

?−1 L ? α = Cn−qγ ∧ ωq−1. (2.3.28)

We also have the dual Lefschetz operator

Λ = ?−1L?

by [23, Lemma 1.2.23], then (2.3.28) becomes

Λα = Cn−qγ ∧ ωq−1, (2.3.29)

thus (2.3.24) implies

a© = 〈i∂∂ψ ∧ Cn−q ∧ γ ∧ ωq−1, α〉ψωn = 〈ΘF ∧ Λα, α〉ψωn. (2.3.30)

In order to estimate b©, we need the following two facts in Hermitian and complex
structure.

• Hodge-Riemann bilinear relation (cf. [23, Definition 1.2.35,Corllary 1.2.36]):

Let (V 2n, 〈, 〉, J) be an Euclidean vector space endowed with a compatible
almost complex structure. Then the Hodge-Riemann pair Q satisfies

ip−qQ(χ, χ) = (n− (p+ q))!|χ|2ωn (2.3.31)

for 0 6= χ ∈ P p,q = {χ ∈ ∧p,qV ∗ : ωn−(p+q)+1 ∧ χ = 0} with p + q ≤ n, where

Q(u, v) := (−1)
(p+q)(p+q−1)

2 u ∧ v ∧ ωn−(p+q) for any u, v ∈ ∧p,qV ∗.
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2 On the growth of von Neumann dimension of harmonic spaces

• Lefschetz decomposition (cf. [23, Proposition 1.2.30]):

∧kCV ∗ = ⊕i≥0L
i(P k−2i

C ) (2.3.32)

∧p,qC V ∗ = ⊕i≥0L
i(P p−i,q−i

C ),

where ∧kC = ⊕p+q=k∧p,q, Li = ωi, P k
C = ⊕p+q=kP p,q, P p,q := {χ ∈ ∧p,q :

Λχ = 0} is the space of primitive forms, and P p,q = {χ ∈ ∧p,q : ωn−(p+q)+1∧χ =
0} when p+ q ≤ n.

Now we apply these facts to our case: V = TX at points, ∧p,qV ∗ = ∧pTX(1,0)∗ ⊗
∧qTX(0,1)∗, and ∂γ ∈ ∧n−q,1X ⊂ ∧n−q+1

C X. We obtain

∂γ = χ1 ⊕ (ω ∧ χ0) (2.3.33)

where χ1 ∈ P n−q,1 = {χ : χ ∧ ωq = 0}, χ0 ∈ P n−q−1,0 = ∧n−q−1,0X. Note that if
our manifold is Kähler, then ∂γ = χ1. Here ⊕ is respect to Q, that is,

Q(χ1, ω ∧ χ0) = (−1)
(n−q+1)(n−q)

2 χ1 ∧ ω ∧ χ0 ∧ ωq−1 (2.3.34)

= (−1)
(n−q+1)(n−q)

2 χ1 ∧ ωq ∧ χ0

= 0.

And we also know, for χ1 6= 0 in P n−q,1,

in−q−1Q(χ1, χ1) = (q − 1)!|χ1|2ωn > 0. (2.3.35)

Consider a bilinear form on (n− q, 1) forms defined by

[χ, η]ωn := iCn−q(−1)n−q+1χ ∧ η ∧ ωq−1, (2.3.36)

then the relation between [, ] and Q is given by

[χ, η]ωn =
in−q−1

(q − 1)!
Q(χ, η). (2.3.37)

It is clear that [χ1, χ0 ∧ ω]ω = 0 by (2.3.34), and notice (2.3.35) and (2.3.37), then

b© = [∂γ, ∂γ]e−ψωn (2.3.38)

= [χ1, χ1]e−ψωn + [ω ∧ χ0, ω ∧ χ0]e−ψωn

= |χ1|2e−ψωn + [ω ∧ χ0, ω ∧ χ0]e−ψωn

= |χ1|2ψωn + [ω ∧ χ0, ω ∧ χ0]e−ψωn

= |∂γ − ω ∧ χ0|2ψωn + [ω ∧ χ0, ω ∧ χ0]e−ψωn.

We claim
[ω ∧ χ0, ω ∧ χ0]e−ψωn ≥ −c|α|2ψωn (2.3.39)
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on K, where c = c(ω,K) ≥ 0. In fact, ∂α = 0 implies (2.3.15), and then

(χ0 ∧ ω) ∧ ωq = (∂γ − χ1) ∧ ωq = ∂γ ∧ ωq = (−1)n−q−1γ ∧ ∂ωq. (2.3.40)

Note χ0 is of (n− q − 1, 0) form and (2.3.40), then

|χ0|ψ ≤ c1|γ|ψ = c1| ? α|ψ = c1|α|ψ, (2.3.41)

where c1 = c1(ω,K) ≤ 2n supK( |∂ωq ||ωq+1|). (Note: In Kähler case, c1 is zero by dω =

∂ω = ∂ω = 0) And by (2.3.36), we have

|[χ0 ∧ ω, χ0 ∧ ω]e−ψ| ≤ c2|χ0 ∧ ω|2ψ ≤ c3|χ0|2ψ ≤ c4|α|2ψ (2.3.42)

where c2 = c2(ω,K) = supK
|ωq−1|
|ωn| , c3 = c3(ω,K) = c2 supK |ω|2, and c4 = c4(ω,K) =

c1
2c3 ≥ 0, which leads to (2.3.39). Here the constant c = c4(ω,K) is from the com-

pact set K ⊂ X.
And we claim

|∂γ − χ0 ∧ ω|2ψωn ≥ c6|∂γ|2ψωn − c7|α|2ψωn (2.3.43)

on K, where c6 > 1/2 is a constant, and c7 = c7(ω,K) ≥ 0. In fact, by (2.3.41),
(2.3.42) and Young’s inequality ab ≤ a2

2ε
+ εb2

2
,

|∂γ − χ0 ∧ ω|2ψ ≥ ||∂γ|ψ − |χ0 ∧ ω|ψ|2

= |∂γ|2ψ + |χ0 ∧ ω|2ψ − 2|∂γ|2ψ|χ0 ∧ ω|2ψ
≥ (1− ε)|∂γ|2ψ + (1− Cε)|χ0 ∧ ω|2ψ
≥ (1− ε)|∂γ|2ψ + (1− Cε)c5|α|2ψ, (2.3.44)

where small ε < 1
2
< 1 and big Cε > 1 can be chosen, and c5 = c5(ω,K) =

c1
2 supK |ω|2. Then we set c6 = 1 − ε > 1

2
, and c7 = c7(ω,K) = (Cε − 1)c5 ≥ 0,

which lead to (2.3.43).
Hence (2.3.38), (2.3.39), (2.3.43) and (2.3.44) indicate

b© ≥ c6|∂γ|2ψωn − (c4 + c7)|α|2ψωn (2.3.45)

on K. Combining (2.3.45) and (2.3.30), we get

1© = a©+ b© (2.3.46)

≥ 〈ΘF ∧ Λα, α〉ψωn + c6|∂γ|2ψωn − (c4 + c7)|α|2ψωn.

In particular, for the Kähler case (i.e., dω = 0), we see b© = |∂γ|2ψωn and 1© =

〈ΘF ∧ Λα, α〉ψωn + |∂γ|2ψωn.

Thirdly, we estimate the term 2©+ 3© = −i∂T ∧ ∂ωq−1 + i∂T ∧ ∂ωq−1.

2© = −iCn−q∂γ ∧ γ ∧ ∂ωq−1e
−ψ (2.3.47)
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2 On the growth of von Neumann dimension of harmonic spaces

by 0 = ∂α = ∂
∗
α = − ? δγ and ∂(γ ∧ γe−ψ) = ∂γ ∧ γe−ψ + (−1)degγγ ∧ δγe−ψ. Then

| 2©| ≤ c8|∂γ|ψ|γ|ψ = c8|∂γ|ψ|α|ψ ≤ ε|∂γ|2ψ + Cε|α|2ψ, (2.3.48)

where c8 = c8(ω,K) = supK |∂ωq−1| ≥ 0. Then,

2©+ 3© = 2©+ 2© (2.3.49)

≥ −| 2©+ 2©|ωn
≥ −2| 2©|ωn
≥ −ε|∂γ|2ψωn − Cε|α|2ψωn

where small 0 < ε < min{1
2
, c6} and Cε > 1 can be chosen such that they only

depend on (ω,K).
Fourthly, let us consider the term 4© = T ∧ i∂∂ωq.

| 4©| ≤ |T ||i∂∂ωq| ≤ c9|T | (2.3.50)

= c9|Cn−qγ ∧ γe−ψ| ≤ c9|γ|2ψ
= c9|α|2ψ.

Then
4© ≥ −| 4©|ωn = −c9|α|2ψωn (2.3.51)

where c9 = c9(ω,K) = supK |∂∂ωq| ≥ 0.
Finally, 1©+ 2©+ 3©+ 4© can be estimate by (2.3.51), (2.3.49) and (2.3.46), that

is,

i∂∂(T ∧ ωq−1) ≥ 〈ΘF ∧ Λα, α〉ψωn + (c6 − ε)|∂γ|2ψωn − (c4 + c7 + Cε + c9)|α|2ψωn
= 〈ΘF ∧ Λα, α〉ψωn + c10|∂γ|2ψωn − c11|α|2ψωn (2.3.52)

where c10 = c10(ω,K) = c6 − ε > 0 and c11 = c11(ω,K) = c4 + c7 + Cε + c9 > 1.
Then (2.3.17) follows.

If (X,ω) is Kähler, the above ∂∂-inequality (2.3.52) reduces to

i∂∂T ∧ ωq−1 = 〈ΘF ∧ Λα, α〉ψωn + |∂γ|2ψωn (2.3.53)

≥ 〈ΘF ∧ Λα, α〉ψωn
= ΘF ∧ T ∧ ωq−1.

In fact, ∂ωq = 0 in (2.3.40) implies that (2.3.45) becomes b© = |∂γ|2ψωn, then (2.3.46)

becomes 1© = 〈ΘF∧Λα, α〉ψωn+|∂γ|2ψωn. By ∂ωq−1 = ∂ωq−1 = 0, 2© = 3© = 4© = 0.
Then (2.3.18) follows.

Based on the complete same argument of Theorem 2.46 and ∂-closed case in
[5, Proposition 2.2], we have the following equality for Kähler manifolds, which
generalizes both the above formula (2.3.18) and the Kähler case of [5, Proposition
2.2]. The proof is analogue to Theorem 2.46, thus we omit it here. For compact
Kähler manifolds, a general formula of this type can be found in [7].
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x0

K1

K2

Figure 2.1: The holomorphic coordinate chart at x0

Corollary 2.47. Let (F, hF ) be a holomorphic Hermitian line bundle over a Kähler

manifold (X,ω). Assume α ∈ Ωn,q(X,F )∩Dom(∂
F

)∩Dom(∂
F∗

) such that ∂
F
α = 0

and q ≥ 1. Then,

i∂∂(Tα ∧ ωq−1) = (i∂∂Tα) ∧ ωq−1 (2.3.54)

= −2Re〈∂F∂F∗α, α〉hF ,ωωn + 〈2πc1(F, hF ) ∧ Λα, α〉hF ,ωωn
+|∂F∗α|2hF ,ωωn + |∂Fγα|2hF ,ωωn

where 〈 · , · 〉hF ,ω and | · |2hF ,ω are the pointwise Hermitian metric and norm on F -

valued differential forms induced by ω and hF .

2.3.2 Submeanvalue formulas of harmonic forms in
Hn,q(X,Lk ⊗ E)

Let (L, hL) and (E, hE) be Hermitian holomorphic line bundles over X. For any
compact subset K in X, the interior of K is denoted by K̊. Let K1, K2 be compact
subsets in X, such that K1 ⊂ K̊2. Then there exists a constant c0 = c0(ω,K1, K2) >
0 such that for any x0 ∈ K1, the holomorphic coordinate around x0 is V ∼= W ⊂ Cn,
where

W := B(c0) := {z ∈ Cn : |z| < c0}, V := B(x0, c0) ⊂ K̊2 ⊂ K2,

z(x0) = 0, and ω(z) =
√
−1
∑

i,j hij(z)dzi ∧ dzj with hij(0) = 1
2
δij.
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2 On the growth of von Neumann dimension of harmonic spaces

Lemma 2.48. Let (X,ω) be a Hermitian manifold of dimension n and (L, hL) and
(E, hE) be Hermitian holomorphic line bundles over X. Let K1 and K2 be compact
subsets in X such that K1 ⊂ K̊2. Assume L ≥ 0 in K̊2 and q ≥ 1. Then there exists
a constant C > 0 depending on ω, K1, K2 and (E, hE), such that∫

|z|<r
|α|2hk,ωdvX ≤ Cr2q

∫
X

|α|2hk,ωdvX (2.3.55)

for any α ∈ Hn,q(X,Lk⊗E) and 0 < r < c0
2n

, where |·|2hk,ω is the pointwise Hermitian
norm induced by ω, hL and hE.

Proof. For simplifying notations, we denote by 〈·, ·〉h and | · |h the associated point-
wise Hermitian metrics and norms here, and their meaning will be clear in the
context. For 0 < t < c0, we define

σ(t) :=

∫
|z|<t
|α|2hωn =

∫
|z|<t

Tα ∧ ωq.

Assume ‖α‖2
L2 =

∫
X
|α|2hωn = 1. Then this lemma says that: These exists a constant

C, which is independent of the point x0 and k in Lk ⊗ E, such that

σ(r) ≤ Cr2q, (2.3.56)

when 0 < r < c0/2
n (eventually we will use the special case r = 2√

k
as k →∞).

From the Theorem 2.46 for F = Lk ⊗ E, there exists C3 = C3(ω,K2, E, hE) ≥ 0
such that

〈ΘF ∧ Λα, α〉hωn = ΘF ∧ Tα ∧ ωq−1

= (kΘL + ΘE) ∧ Tα ∧ ωq−1

≥ ΘE ∧ Tα ∧ ωq−1

= 〈ΘE ∧ Λα, α〉hωn
≥ −C3|α|2hωn

on K̊2, since L ≥ 0, Tα ≥ 0 and ω is positve Hermitian (1,1)-form on K̊2. Thus over
K̊2, (2.3.17) becomes

i∂∂(Tα ∧ ωq−1) ≥ −C4|α|2hωn (2.3.57)

where C4 = C4(ω,K2, E, hE) ≥ 0. Then, it follows that∫
|z|<t

(t2 − |z|2)i∂∂(Tα ∧ ωq−1) ≥
∫
|z|<t
−C4(t2 − |z|2)|α|2hωn

= −C4t
2σ(t) +

∫
|z|<t

C4|z|2|α|2hωn

≥ −C4t
2σ(t). (2.3.58)
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2.3 Some properties of harmonic line bundle valued forms

We denote the standard metric on Cn by

β :=
i

2
∂∂|z|2 =

i

2

∑
j

dzj ∧ dzj.

And we apply Stokes’ formula to the left side of (2.3.58), that is,∫
|z|≤t

(t2 − |z|2)i∂∂(Tα ∧ ωq−1)

=

∫
|z|≤t

∂|z|2 ∧ i∂(Tα ∧ ωq−1) +

∫
|z|≤t

∂[(t2 − |z|2)i∂(Tα ∧ ωq−1)]

=

∫
|z|≤t

∂|z|2 ∧ i∂(Tα ∧ ωq−1) +

∫
|z|≤t

d[(t2 − |z|2)i∂(Tα ∧ ωq−1)]

=

∫
|z|≤t

∂|z|2 ∧ i∂(Tα ∧ ωq−1) +

∫
|z|=t

(t2 − |z|2)i∂(Tα ∧ ωq−1)

=

∫
|z|≤t

∂|z|2 ∧ i∂(Tα ∧ ωq−1).

Then, by (2.3.58),

2

∫
|z|<t

Tα ∧ ωq−1 ∧ β

≤ 2

∫
|z|≤t

Tα ∧ ωq−1 ∧ β

=

∫
|z|≤t

i∂∂|z|2 ∧ Tα ∧ ωq−1

= −
∫
|z|≤t

d[i∂|z|2 ∧ Tα ∧ ωq−1]−
∫
|z|≤t

i∂|z|2 ∧ d(Tα ∧ ωq−1)

= −
∫
|z|=t

i∂|z|2 ∧ Tα ∧ ωq−1 −
∫
|z|≤t

i∂|z|2 ∧ ∂(Tα ∧ ωq−1)

=

∫
|z|=t
−iTα ∧ ωq−1 ∧ ∂|z|2 −

∫
|z|≤t

(t2 − |z|2)i∂∂(Tα ∧ ωq−1)

=

∫
|z|=t
−iTα ∧ ωq−1 ∧ ∂|z|2 −

∫
|z|<t

(t2 − |z|2)i∂∂(Tα ∧ ωq−1)

≤
∫
|z|=t
−iTα ∧ ωq−1 ∧ ∂|z|2 + C4t

2σ(t). (2.3.59)

By the choice of holomorphic coordinates,

hij(z) =
1

2
δij +O(|z|) (2.3.60)

for any z ∈ B(c0). In particular, for |z| = t with 0 ≤ t < c0, we can approximate
the metric ω on X by the standard one β on Cn in the following sense

(1−R1(t))β ≤ ω(z) ≤ (1 +R1(t))β (2.3.61)
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2 On the growth of von Neumann dimension of harmonic spaces

by the smoothness of ω, where R1(t) ≥ 0 and R1(t) = O(t) as t → 0. (Trivially if
X = Cn then R1(t) = 0). Hence

Tα ∧ ωq−1 ∧ β ≥ Tα ∧ ωq−1 ∧ (1−R2(t))ω (2.3.62)

= q(1−R2(t)))Tα ∧ ωq
= q(1−R2(t))|α|2hωn

where R2(t) ≥ 0 and R2(t) = O(t).
Let dS be the surface measure of B(t). By (1 +R1(t))−n ≤ ωn/βn ≤ (1 +R1(t))n,

we have ∫
|z|=t
−iTα ∧ βq−1 ∧ ∂|z|2 ≤ t

∫
|z|=t
|α|2hdS.

Then (2.3.61) implies∫
|z|=t
−iTα ∧ ωq−1 ∧ ∂|z|2 ≤ (1 +R1(t))q−1

∫
|z|=t
−iTα ∧ βq−1 ∧ ∂|z|2

≤ t(1 +R1(t))q−1

∫
|z|=t
|α|2hdS

≤ t(1 +R1(t))n+q−1

∫
|z|=t
|α|2h

ωn

βn
dS

= t(1 +R3(t))σ′(t) (2.3.63)

where σ′(t) =
∫
|z|=t |α|

2
h(ωn/βn)dS by the definition of σ, R3(t) ≥ 0 and R3(t) =

O(t).
Combining (2.3.59),(2.3.62) and (2.3.63), we have

2q(1−R2(t))σ(t) ≤ 2

∫
|z|<t

Tα ∧ ωq−1 ∧ β

≤ t(1 +R3(t))σ′(t) + C4t
2σ(t).

Then, for any 0 ≤ t < c0,

2q(1−R4(t))σ(t) ≤ tσ′(t)

where R4(t) ≥ 0 and R4(t) = O(t).
Substituting s(t)2 := σ(t) ≥ 0 and dividing by 2ts(t), we obtain

q
(1

t
−R5(t)

)
s(t) ≤ s′(t) (2.3.64)

for q ≥ 1 and any 0 < t < c0, where R5(t) ≥ 0 and R5(t) = O(1) for 0 ≤ t < c0.
Now we only need to prove the statement as follows. There exists C ≥ 0, such

that for any 1 ≤ q ≤ n and 0 ≤ t < c0
2n

,

s(t) ≤ Ctq, (2.3.65)
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2.3 Some properties of harmonic line bundle valued forms

which is equivalent to (2.3.56).
Next we fix q ≥ 1, so we only need to prove that s(t) ≤ Ctm for any 0 ≤ m ≤ q

and 0 ≤ t ≤ c0/2
q by induction over m. Firstly, for m = 0,

s2(t) := σ(t) :=

∫
|z|<t
|α|2hωn ≤ 1

for 0 ≤ t ≤ c0. Secondly, assume there exists a constant C5 > 0 such that

s(t) ≤ C5t
m

for 0 ≤ m < q and 0 ≤ t ≤ c0/2
m. Thirdly, in particular, we consider 1 ≤ m+ 1 = q

for 0 < t ≤ c0/2
m+1, and thus (2.3.64) becomes

s′(t)− (m+ 1)
(1

t
−R5(t)

)
s(t) ≥ 0. (2.3.66)

Let Φ(t) := (m + 1)(log t −
∫ t

0
R5(u)du) and R6(t) := tm+1e−Φ(t) for 0 < t ≤

c0/2
m+1. Then R6(t) = e(m+1)

∫ t
0 R5(u)du ≥ 1. And according to (2.3.66), for 0 < t ≤

c0/2
m+1, (

s(t)R6(t)

tm+1

)′
=
(
s(t)e−Φ(t)

)′
≥ 0. (2.3.67)

For any 0 < r ≤ c0/2
m+1, by integration of (2.3.67) from r to c0/2

m+1, we have

s( c0
2m+1 )R6( c0

2m+1 )

( c0
2m+1 )m+1

≥ s(r)R6(r)

rm+1
≥ s(r)

rm+1
. (2.3.68)

Finally, for the fixed q ≥ 1 and any 0 < r ≤ c0/2
q, we have

s(r)

rq
≤ C5

2q

c0

R6

( c0

2q

)
. (2.3.69)

Let q run over {1, ..., n} in (2.3.69). Then there exists C = C(ω,K1, K2, E, hE) ≥ 0
such that (2.3.65) verifies and also (2.3.56) and (2.3.55).

We will consider the following trivialization of holomorphic Hermitian line bundles
in local charts. For any x0 ∈ K1 ⊂ K̊2, we fix the holomorphic normal coordinate
on V ∼= W ⊂ Cn as before such that

ω(x0) = β :=

√
−1

2

n∑
j=1

dzj ∧ dzj,

which is the standard metric on Cn. Let L ≥ 0 on K̊2. Then we can choose the
trivialization of L and E over V such that for any z ∈ B(c0), |eL(z)|2hL = e−φ(z) and
|eE(z)|2hE = e−ϕ(z) satisfying
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2 On the growth of von Neumann dimension of harmonic spaces

φ(z) =
n∑
i=1

λi|zi|2 +O(|z|3), ϕ(z) =
n∑
i=1

µi|zi|2 +O(|z|3) (2.3.70)

and λi = λi(x0) ≥ 0. The induced Hermitian metric on F := Lk ⊗ E is given by
|eF (z)|2hF = e−ψ(z) with

ψ(z) := kφ(z) + ϕ(z). (2.3.71)

The quadratic part of φ is denoted by

φ0(z) :=
n∑
i=1

λi|zi|2. (2.3.72)

Assume α ∈ Ωp,q(X,F ), then it has the form α = ξ ⊗ eF around x0 ∈ K1 where
ξ =

∑
fIJdzI ∧ dzJ is a local (p, q)-form and fIJ are smooth functions on W ⊂ Cn.

The scaled functions and sections with respect to k ∈ N are defined by

ψ(k)(z) := ψ(z/
√
k), e

(k)
F (z) := eF (z/

√
k) , for z ∈

√
kW = B(

√
kc0), (2.3.73)

hence |e(k)
F |2hF = e−ψ

(k)
. The scaled forms are defined for z ∈

√
kW by

ω(k)(z) :=
√
−1
∑

h
(k)
ij (z)dzj ∧ dzj :=

√
−1
∑

hij(z/
√
k)dzj ∧ dzj,

ξ(k)(z) := f
(k)
IJ (z)dzI ∧ dzJ := fIJ(z/

√
k)dzI ∧ dzJ ,

α(k)(z) := ξ(k)(z)⊗ e(k)
F (z) .

(2.3.74)

Lemma 2.49. Let (X,ω) be a Hermitian manifold of dimension n and (L, hL) and
(E, hE) be Hermitian holomorphic line bundles over X. Let K1 and K2 be compact
subsets in X such that K1 ⊂ K̊2. Assume L ≥ 0 on K̊2 and q ≥ 1. Then there
exists a constant C > 0 depending on ω, K1, K2, (L, hL) and (E, hE), such that

|α(x0)|2hk,ω ≤ Ckn
∫
|z|< 2√

k

|α|2hk,ωdvX . (2.3.75)

for any x0 ∈ K1, α ∈ Hn,q(X,Lk ⊗ E) and k sufficiently large, where | · |2hk,ω is the
pointwise Hermitian norm induced by ω, hL and hE.

Proof. Denote a ball centred at the origin in Cn with radius r > 0 by B(r) := {z ∈
Cn : |z| < r}. Then, B(r) is a subset of W ∼= V ⊂ X via the local chart, when
0 < r ≤ c0. Thus the right side of (2.3.75) is well defined, when k is large enough.
Let rk := log k√

k
for k ∈ N. Then 0 ≤ rk ≤ 1 and rk → 0 as k →∞.

Under the local representation of forms valued in F := Lk⊗E as in (2.3.3), (2.3.4),
(2.3.6) and (2.3.10), the Kodaira Laplacian can be represented by � = ∂∂

∗
ψ + ∂

∗
ψ∂

locally over B( log k√
k

) for k large enough, where ∂
∗
ψ = ∂

F∗
. Then the scaled Laplacian

�(k) := ∂∂
∗
ψ(k) + ∂

∗
ψ(k)∂ (2.3.76)
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2.3 Some properties of harmonic line bundle valued forms

is well defined on B(log k) for k large enough.
Under our assumptions, we consider the harmonic Lk ⊗E-valued (n, q)-form α =

α |B( log k√
k

) on B( log k√
k

) for k large enough, then the rescaled α(k) is a Lk ⊗ E-valued

(n, q)-forms on B(log k) by (2.3.74).
We claim that

�(k)α(k) =
1

k
(�α)(k) = 0 (2.3.77)

over B(log k). That is, the scaled forms are still harmonic with respect to the scaled
Laplacian. In fact, by the local representation α = ξ ⊗ eF , and notice �α = 0
globally, we only need to prove,

k�(k)α(k) = (�α)(k).

To see this, firstly we notice

∂
∗
ψα = (− ? δ ? ξ)⊗ eF = (?[(∂ψ) ∧ (?ξ)]− ?∂ ? ξ)⊗ eF , (2.3.78)

∂∂
∗
ψα = (∂ ? [(∂ψ) ∧ (?ξ)]− ∂ ? ∂ ? ξ)⊗ eF ,

∂
∗
ψ∂α = (?[(∂ψ) ∧ (?∂ξ)]− ?∂ ? ∂ξ)⊗ eF .

Then we can represent Laplacian by

�α = (∂ ? [(∂ψ) ∧ (?ξ)] + ?[(∂ψ) ∧ (?∂ξ)] +4∂ξ)⊗ eF , (2.3.79)

�(k)α(k) = (∂ ? [(∂ψ(k)) ∧ (?ξ(k))] + ?[(∂ψ(k)) ∧ (?∂ξ(k))] +4∂ξ
(k))⊗ e(k)

F ,

where 4∂ξ = −∂ ?∂ ?ξ−?∂ ?∂ξ and 4∂ξ
(k) = −∂ ?∂ ?ξ(k)−?∂ ?∂ξ(k). By definition

of ψ(k) and Proposition 2.14(4) for scalar valued forms ξ and η as follows

ξ(k) ∧ ?η(k) = 〈ξ(k), η(k)〉ω(k)
n = (〈ξ, η〉ωn)(k) = (ξ ∧ (?η))(k)

= ξ(k) ∧ (?η)(k),

then

√
k∂ψ(k) = (∂ψ)(k),

√
k∂ψ(k) = (∂ψ)(k), ?η(k) = (?η)(k). (2.3.80)

Now we consider the term ∂ ? ∂ ? ξ(k) in 4∂ξ
(k) to prove k∂ ? ∂ ? ξ(k) = (∂ ? ∂ ? ξ)(k),

and thus k4∂ξ
(k) = (4∂ξ)

(k). By (2.3.80),

∂ ? ∂ ? ξ(k)(z) = ∂ ? ∂(?ξ(k))(z) = ∂ ? ∂(?ξ)(k)(z) (2.3.81)

=
1√
k
∂ ? (∂ ? ξ)(k)(z) =

1√
k
∂(?∂ ? ξ)(k)(z)

=
1

k
(∂ ? ∂ ? ξ)(k)(z).

By the same argument, (2.3.77) follows.
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2 On the growth of von Neumann dimension of harmonic spaces

Next we introduce the following L2-norms,

‖ · ‖2
B( 2√

k
)

:=

∫
B( 2√

k
)

| · |2ωe−ψωn (2.3.82)

‖ · ‖2
φ0,B(2) :=

∫
B(2)

| · |2βe−φ0βn.

where Hermitian norm | · |ω is induced by ω, and | · |β is by β.
We claim that there exist C(k) > 0 bounded above and below for k large enough

(in fact, C(k)→ 1 as k →∞) such that

‖α(k)‖2
φ0,B(2) = C(k)kn‖α‖2

B( 2√
k

)
. (2.3.83)

In fact, by (2.3.70)–(2.3.73), ψ(k)(z)− φ0(z) = O(|z|2)√
k

and thus

lim
k→∞

sup
|z|<log k

|∂N(ψ(k) − φ0)(z)| = 0, (2.3.84)

which means the scaled Hermitian metric on Lk⊗E convergences to a model metric
on B(log k) with all derivatives. In particular, as k →∞, ψ(k)(z)→ φ0(z) uniformly
over B(log k), and also ω(k)(z)→ β. Hence (2.3.83) follows by

‖α(k)‖2
φ0,B(2) =

∫
B(2)

|ξ(k)(z)|2βe−φ0(z)βn, (2.3.85)

kn‖α‖2
B( 2√

k
)

= kn
∫
B( 2√

k
)

|ξ(z)|2ω(z)e
−ψ(z)ωn(z)

=

∫
B(2)

|ξ(k)(z)|2ω(k)(z)e
−ψ(k)(z)ω(k)

n (z).

Finally, we apply [4, Lemma 3.1] and identify α(k) with a form in L2(Cn, φ0)
by extending with zero outside B(log k). Then there exists a constant C1 > 0
independent of k such that

sup
z∈B(1)

|α(k)(z)|2β,φ0 ≤ C1‖α(k)‖2
φ0,B(2) (2.3.86)

for k large enough, where | · |2β,φ0 := | · |2βe−φ0 . In fact, we also can obtain (2.3.86) by
combining [35, Friedrichs’ inequality 3.6.11] and [35, Sobolev lemma 3.5.12]. That
is, there exists Ck, C

′
k > 0 such that

sup
z∈B(1)

|α(k)(z)|β,φ0 ≤ Ck‖α(k)‖2m,φ0,B(3/2) (2.3.87)

≤ C ′k(‖(�(k))mα(k)‖φ0,B(2) + ‖α(k)‖φ0,B(2))

= C ′k‖α(k)‖φ0,B(2)
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where 2m > n and log k > 2 such that α(k) is harmonic on B(2). Since�(k) converges
to �φ0 on the ball B2 by (2.3.84),(2.3.76) and (2.3.79), here C ′k can be chosen to be
independent of k and denote it by C1. Thus we have (2.3.86).

Combining (2.3.83) and (2.3.86), we get

|α(x0)|2hk,ω = |α(k)(0)|2β,φ0 ≤ C1‖α(k)‖2
φ0,B(2) ≤ 2C1k

n‖α‖2
B( 2√

k
)

(2.3.88)

for k large enough. Notice that here C1 works for all points sufficiently close to x0

by continuity. That is, there exists a constant C1 > 0 and a neighbourhood B(x0, ε)
of x0, such that

|α(x)|2hk,ω ≤ 2C1k
n‖α‖2

B( 2√
k

)

for any x ∈ B(x0, ε) and k large enough. Since K1 is compact, there exists a uniform
constant C > 0 which works for all x ∈ K1, and (2.3.75) follows.

To summarize, we have a local estimate of the pointwise norm of harmonic forms
valued in semipositive line bundles, which is equivalent to Theorem 2.1. We define

Sqk(x) := sup

{ |α(x)|2hk,ω
||α||2L2

: α ∈ Hn,q(X,Lk ⊗ E)

}
,

where (L, hL) and (E, hE) are holomorphic Hermitian line bundles over a Hermitian
manifold (X,ω) as before.

Theorem 2.50. Let (X,ω) be a Hermitian manifold of dimension n and (L, hL) and
(E, hE) be Hermitian holomorphic line bundles over X. Let K1 and K2 be compact
subsets in X such that K1 ⊂ K̊2. Assume L ≥ 0 on K̊2 and q ≥ 1. Then there
exists C > 0 depending on ω, K1, K2, (L, hL) and (E, hE) such that

Sqk(x) ≤ Ckn−q . (2.3.89)

for any x ∈ K1 and k ≥ 1.

Proof. Combine (2.3.75) and the case r = 2√
k

of (2.3.55).

Remark 2.51. In particular, when X is compact without boundary, and K1 =
K2 = X, then (2.3.89) implies the case λ = 0 in [5, Theorem 2.3].

2.4 Proof of the main results and applications

Let (L, hL) and (E, hE) are holomorphic Hermitian line bundles over a Hermitian
manifold (X,ω) as before. Let {skj}j≥1 be an orthonormal basis of Hn,q(X,Lk⊗E).
Let | · |hk,ω is the pointwise Hermitian norm of a form.
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2 On the growth of von Neumann dimension of harmonic spaces

2.4.1 Proof of Theorem 2.1

At first, the following proposition is clear by the definitions of Sqk(x) and Bq
k(x) in

Theorem 2.50 and Theorem 2.1 for x ∈ X. Namely,

Bq
k(x) :=

∑
j≥1

|skj (x)|2hk,ω,

Sqk(x) := sup

{ |α(x)|2hk,ω
||α||2L2

: α ∈ Hn,q(X,Lk ⊗ E)

}
.

Proposition 2.52. Sqk(x) ≤ Bq
k(x) ≤ Cq

nS
q
k(x) on X.

Proof. For simplifying notions, we denote by {si} an orthonormal basis of Ker� =

Hn,q(X,Lk ⊗ E), and thus B(x) =
∑

i |si(x)|2 and S(x) = supα∈Ker�
|α(x)|2
||α||2

L2
. Then

we wish to show
S(x) ≤ B(x) ≤ Cq

nS(x). (2.4.1)

For any s ∈ Ker�, there exists ai ∈ C such that s =
∑

i aisi. Fix a x ∈ X, we have

| s(x) |2 = |
∑
i

aisi(x) |2≤ (
∑
i

| ai || si(x) |)2 (2.4.2)

≤ (
∑
i

| ai |2)(
∑
i

| si(x) |2) =‖ s ‖2 B(x),

which implies S(x) ≤ B(x).
We setN := Cq

n = rank(Lk⊗E⊗∧n,qT ∗X), then for any s ∈ C∞(Lk⊗E⊗∧n,qT ∗X)
and a fixed x ∈ X, we have a local trivialization such that

Lk ⊗ E ⊗ ∧n,qT ∗X |V∼= V × CN ,

s(x) ∼= (c1(x), c2(x), ..., cN(x)) ∈ CN ,

where x ∈ V ⊂ X. Then |s(x)|2 =
∑N

l=1 |cl(x)|2. Moreover, we can assume si(x) ∼=
(c1
i (x), c2

i (x), ..., cNi (x)) ∈ CN for the given orthonormal basis {si}, thus

B(x) =
∑
i

|si(x)|2 =
∑
i

N∑
l=1

|cli(x)|2. (2.4.3)

For a fixed l, we have∑
i

|cli(x)|2 = |
∑
i

cli(x)cli(x)| ≤ (
N∑
k=1

|
∑
i

cli(x)cki (x)|2)1/2 = |
∑
i

cli(x)si(x)|.

And the definition of S(x) indicates that |
∑

i c
l
i(x)si(x)| ≤ (

∑
i |cli(x)|2)1/2S(x)1/2.

Then
∑

i |cli(x)|2 ≤ S(x). And by (2.4.3), it follows that

B(x) =
N∑
l=1

∑
i

|cli(x)|2 ≤ NS(x). (2.4.4)
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2.4 Proof of the main results and applications

By this lemma and the submeanvalue formulas of harmonic forms in Hn,q(X,Lk⊗
E) in the section 2.3.2, we can prove the first main result immediately.

Proof of Theorem 2.1: Assume U is a neighbourhood of K such that L is
semipositive on U . Then we choose K2 such that K1 ⊂ K̊2 ⊂ K2 ⊂ U , and apply
Theorem 2.50 and Proposition 2.52.

Remark 2.53. Let (X,ω) be a complete Hermitian manifold of dimension n and
(L, hL) and (E, hE) be Hermitian holomorphic line bundles over X. Suppose X,L
and E have bounded geometry (i.e, X has positive injectivity radius, and the cur-
vature tensor of X is uniformly bounded, as are all its covariant derivatives and the
curvature tensors of L,E also. For examples, any compact manifold has bounded
geometry; the covering of a compact manifold has bounded geometry. Any noncom-
pact manifold of bounded geometry has infinite volume). And we suppose L ≥ 0
over X. By Theorem 2.1, there exists a constant C > 0 such that the Bergman
kernel function Bq

k(x) ≤ Ckn−q for any x ∈ X, k ≥ 1 and q ≥ 1.

2.4.2 Proof of Theorem 2.2

Now we can prove the second main results on Γ-dimension and covering manifolds.

Proof of Theorem 2.2: Under the assumption of X, Γ and X/Γ, there exists
an open fundamental domain U ⊂ X of the action Γ on X such that the closure U
is compact.

Since L and E are Γ-invariant holomorphic Hermitian line bundles over X, the
induced Hermitian line bundle F := Lk ⊗ E is also Γ-invariant and holomorphic.
Then the Kodaira Laplacian � := �F is Γ-invariant. Thus � is essentially self-
adjoint (see [30] Corollary 3.3.4), and we denote still by � its self-adjoint extension,
which commutes to the action of Γ. According to Lemma 2.40 (also see [30, Lemma
C.3.1, Lemma 3.6.3]), the space of harmonic F -valued (n, q)-forms Hn,q(X,F ) is a
Γ-module on which Γ-dimension is well-defined. By (2.2.73) (also see [30, (3.6.11),
(3.6.17)]), we have

dimΓ H
n,q(X,F ) =

∑
i

∫
U

|si(x)|2hF ,ωdvX(x), (2.4.5)

where {si} is an orthonormal basis of Hn,q(X,F ) with respect to the scalar product
in L2

n,q(X,F ). Using Theorem 2.1, we have

Bq
k(x) :=

∑
i

|si(x)|2hk,ω ≤ Ckn−q (2.4.6)

for any x ∈ U . Then integrating Bq
k(x) over U and combining these two formulas

above we obtain dimΓ H
n,q(X,Lk⊗E) ≤ Ckn−q, that is the first asymptotic estimate

in (2.1.3).
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2 On the growth of von Neumann dimension of harmonic spaces

Let H
0,q

(2)(X,L
k ⊗ E) be the reduced L2-Dolbeault cohomology group, which is

canonically isomorphic to H0,q(X,Lk⊗E) as Γ-modules by the weak Hodge decom-

position, see (2.2.45), thus dimΓH
0,q

(2)(X,L
k⊗E) = dimΓ H

0,q(X,Lk⊗E). Substitut-

ing E
⊗

Λn(T (1,0)X) for E in the first estimate of (2.1.3), then the same asymptotic
estimate also holds for the space of harmonic Lk⊗E valued (0, q)-forms and (2.1.4)
follows.

Corollary 2.54. Let (X,ω) be a compact Hermitian manifold of dimension n and
(E, hE) be a semipositive holomorphic Hermitian vector bundle of rank r (i.e.,
L(E∗)∗ ≥ 0). Then there exists C > 0 such that for any q ≥ 1 and k ≥ 1 we
have

dimHq(X,Sk(E)) 5 Ck(n+r−1)−q (2.4.7)

where Sk(E) is the k-th symmetric tensor power of E.

Proof. We assume Γ and E are trivial in (2.1.4), and notice the theorem of Le
Potier (see [24, Chap.III §5 (5.7)]), which relates vector bundle cohomology to line
bundle chohomology, then

dimHq(X,Sk(E)) = dimHq(P (E∗), (L(E∗)∗)k) 5 Ck(n+r−1)−q, (2.4.8)

where P (E∗) is a compact manifold of dimension n + r − 1, called the projective
bundle associated to E∗, and L(E∗)∗ is a semi-positive line bundle on P (E∗), which
are induced by (X,ω) and (E, hE).

Corollary 2.55. Let (X,ω) be a Hermitian manifold of dimension n on which a
discrete group Γ acts holomorphically, freely and properly such that ω is a Γ-invariant
Hermitian metric and the quotient X/Γ is compact. Let (L, hL) be a Γ-invariant
holomorphic Hermitian line bundle on X. Assume (L, hL) is semi-negative (i.e.
L∗ ≥ 0). Then, there exists C > 0 such that for any 0 ≤ q ≤ n − 1 and k ≥ 1 we
have

dimΓH
0,q

(2)(X,L
k) ≤ Ckq. (2.4.9)

In particular, for all k ∈ N, dimΓH
0,0

(2)(X,L
k) ≤ C.

Proof. According to Serre duality (cf. [8, 3.15]) and Theorem 2.2, there exists C > 0
such that for any q ≤ n− 1 and k ≥ 1 we have

dimΓH
0,q

(2)(X,L
k) = dimΓH

n,n−q
(2) (X,L∗k)

= dimΓH
0,n−q
(2) (X,Λn(T ∗(1,0)X)⊗ L∗k)

≤ Ckq.

Remark 2.56. In the situation of Theorem 2.2, if (L, hL) is semi-positive and
positive at some point,

dimΓH
0,0

(2)(X,L
k) ≈ kn (2.4.10)

as k → +∞, see [41], [34] and [30]. This can also be obtained by using Theorem 2.2
and the asymptotic Hirzebruch-Riemann-Roch formula on covering manifolds.
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3 On the holomorphic extension of
forms with values in a holomorphic
vector bundle from boundary of a
pseudo-concave domain

We study the holomorphic extension problem of smooth forms with values in a vector
bundle from the boundary of a pseudo-concave domain in a compact Hermitian
manifold associated a line bundle. And we proved a result on the meromorphic
extension of (n, q + 1)-forms with values in a vector bundle, when the domain is
q-concave and the line bundle is semi-positive and positive at one point.

This chapter is organized in the following way. In Section 3.1, we state the main
result of this chapter. In Section 3.2, we introduce the notations and recall the
necessary facts on the convexity. In Section 3.3, we prove the main result.

3.1 The main result: A ∂-extension theorem

Let (X,ω) be a n-dimensional compact Hermitian manifold. Let (E, hE) and (L, hL)
be the holomorphic Hermitian vector bundles over X and rank(L) = 1.

Let Ωp,q be the sheaf of smooth (p, q)-forms on X. We also denote by E (resp.
L) the sheaf of smooth sections of E (resp. L). Let M (resp. O) be the sheaf
of meromorphic (resp. holomorphic) functions on X. Let M(E) := M⊗O O(E)
(resp. O(E)) be the sheaf of meromorphic (resp. holomorphic) sections of E. We
denote by Γ(U,F) the space of sections of a sheaf F on a open subset U ⊂ X. Then
H0(X,E) := Γ(X,O(E)) is the space of holomorphic sections over X.

Let M be a relatively compact domain in X and the boundary bM is smooth. We
denote its closure by M = M ∪ bM . Assume there exists a real smooth function r
on X such that

M = {x ∈ X : r(x) < 0}, bM = {x ∈ X : r(x) = 0}

and dr(x) 6= 0 for any x ∈ bM . We say that r is a defining function of M . Let
TX ⊗R C = T (1,0)X ⊕ T (0,1)X be the splitting of complex tangential bundle. The
analytic tangent space to bM at x ∈ bM is given by

T (1,0)
x bM := {v ∈ T (1,0)

x X : ∂r(v) = 0}.
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3 On the holomorphic extension of forms from boundary

The definition does not depend on the choice of r. The Levi form of r is the 2-form
Lr ∈ C∞(bM, T (1,0)∗bM ⊗ T (0,1)∗bM) given by

Lr(U, V ) := (∂∂r)(U, V ) (3.1.1)

for U, V ∈ T (1,0)
x bM, x ∈ bM . The number of positive and negative eigenvalues of

the Levi form is independent of the choice of the defining function (see [30, B.3]).
Let Ωp,q(X,E) be the space of smooth (p, q)-forms with values in E, which is

endowed with the pointwise Hermitian metric 〈, 〉hE ,ω induced by ω and hE. Let
Ωp,q(bM,E) be the (p, q)-forms with values in E over bM , i.e.,

Ωp,q(bM,E) := Ωp,q(X,E)|bM .

Definition 3.1. A form α ∈ Ωp,q(bM,E) is called complex normal, if there exists
ψ ∈ Ωp,q−1(bM,E) such that

α = ψ ∧ (∂r)|bM ,

where r is a defining function of M . We denote by Cp,q(bM,E) the subspace of
Ωp,q(bM,E) consisting of complex normal forms. A form β ∈ Ωp,q(bM,E) is called
complex tangential, if

〈α(x), β(x)〉hE ,ω = 0

for every α ∈ Cp,q(bM,E) and every x ∈ bM . We denote by Dp,q(bM,E) the
subspace of Ωp,q(bM,E) consisting of complex tangential forms.

Thus we see
Ωp,q(bM,E) = Cp,q(bM,E)⊕Dp,q(bM,E) (3.1.2)

with respect to the pointwise Hermitian product 〈·, ·〉hE ,ω. Moreover, we denote the
projections by

µ : Ωp,q(bM,E)→ Dp,q(bM,E), (3.1.3)

and by µ⊥ from Ωp,q(bM,E) to Cp,q(bM,E).

Definition 3.2. We define a map

∂b : Ωp,q(bM,E)→ Ωp,q+1(bM,E), ∂bσ := µ((∂σ′)|bM) (3.1.4)

where σ′ ∈ Ωp,q(M,E) and σ′|bM = σ. We say σ is ∂b-closed, if ∂bσ = 0. We say
Σ ∈ Ωp,q(M,E) is a ∂-closed extension of a ∂b-closed σ, if ∂Σ = 0 on M and

µ(Σ|bM) = µ(σ),

i.e., Σ is ∂-closed and Σ = σ in the complex tangential direction on bM (see [28,
2.]).

Our basic assumptions: The triple (X,L,M) satisfies:

(A) L is semi-positive on X and positive at one point;
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3.1 The main result: A ∂-extension theorem

(B) The Levi form Lr of a defining function of M has at least n − q negative
eigenvalues on bM .

Our main result is the following extension theorem of ∂b-closed forms with values
in a holomorphic vector bundle under our basis assumptions (A) and (B). The
main ideas and techniques follow from the Kohn-Rossi extension theorem and its
applications (see [28, 7.5. Theorem], [31, Lemma 2.5.]).

Theorem 3.3. Let (X,ω) be a n-dimensional compact Hermitian manifold. Let
(E, hE) and (L, hL) be holomorphic Hermitian vector bundles over X and rank(L) =
1. Let M be a relatively compact domain in X and the boundary bM is smooth. Let
1 ≤ q ≤ n− 3. Assume L is semi-positive on X and positive at one point, and the
Levi form of a defining function of M has at least n−q negative eigenvalues on bM .

Then, there exists a non-zero holomorphic section s ∈ H0(X,Lk0) for some k0 ∈
N, such that for every ∂b-closed form σ ∈ Ωn,q+1(bM,E), there exists a ∂-closed
extension S of the ∂b-closed sσ ∈ Ωn,q+1(bM,Lk0 ⊗ E), i.e.,

S ∈ Ωn,q+1(M,Lk0 ⊗ E)

such that ∂S = 0 and µ(S|bM) = µ(sσ).

Remark 3.4. As a consequence of Theorem 3.3, we obtain a result on meromorphic
extensions as follows. Under the same assumption as above, there exists a non-zero
holomorphic section s ∈ H0(X,Lk0) for some k0 ∈ N, such that for every ∂b-closed
form σ ∈ Ωn,q+1(bM,E) and the ∂-closed extension S ∈ Ωn,q+1(M,Lk0 ⊗ E) of sσ,
and we can construct a section

Σ = s−1 ⊗ S

of the sheaf M(L−k0)⊗ Lk0 ⊗ E ⊗ Ωn,q+1 on a neighbourhood of M satisfying

(i) The restriction of Σ on M is a meromorphic (n, q + 1)-form with values in E,
which is denoted by

Σ|M ∈ Γ(M,M(E)⊗ Ωn,q+1);

(ii) Σ is a meromorphic extension of σ from the boundary bM outside the zeros
of s in bM , i.e., Σ is meromorphic on M and µ(Σ|bM) = µ(σ) on the set
{x ∈ bM : s(x) 6= 0};

(iii) Σ is a holomorphic extension of σ from the boundary bM outside the zeros of
s in M , i.e., Σ is holomorphic on M \ {x ∈M : s(x) = 0} and µ(Σ|bM) = µ(σ)
on the set {x ∈ bM : s(x) 6= 0}.

Remark 3.5. In particular, if q = 1 in Theorem 3.3, M is a strongly pseudo-concave
domain (also 1-concave manifold) in X associated with the line bundle L. It follows
that, for each 2 ≤ r ≤ n− 2, we can extend ∂b-closed (n, r)-forms on the boundary
bM , which are with values in E, to meromorphic (resp. holomorphic) forms on M
(resp. M except a small set of zero points) in the sense of Remark 3.4 (ii),(iii).
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3 On the holomorphic extension of forms from boundary

Figure 3.1: Strongly pseudo-concave domain

Example 3.6. For the projective space with the Fubini-Study metric (CPn, ωFS),
the induced line bundle O(1) is positive everywhere. In general, if X is Kähler and
Moishezon (i.e., X is a compact complex manifold which is embeddable in CPn, see
[30]) with the induced metric ω := ωFS|M , the induced line bundle L := O(1)|X is
positive on X. Thus, we can extend ∂b-closed forms with values in E on pseudo-
concave domains M ⊂ X by Theorem 3.3 and Remark 3.4.

3.2 Preliminary on the convexity of complex
manifolds

Let (X,ω) be a n-dimensional Hermitian manifold and (F, hF ) be a holomorphic
Hermitian vector bundle over X. Let M ⊂⊂ X be a relatively compact domain with
a smooth boundary bM . We denote its closure by M = M

⋃
bM . Let Ωp,q(M,F ) be

the space of (p, q)-forms with values in F which are smooth up to and including bM ,
i.e., Ωp,q(M,F ) := Ωp,q(X,F )|M . We denote by 〈·, ·〉hF ,ω the pointwise Hermitian
product induced by ω and hF on Ωp,q(X,F ). The L2-scalar product on Ωp,q(M,F )
is given by

〈s1, s2〉 :=

∫
M

〈s1(x), s2(x)〉hF ,ωdVM(x)

where dVM = ωn/n! is the volume form of M . We denote by ||·||L2 the corresponding
L2-norm and by Lp,q(M,F ) the L2 completion of Ωp,q(M,F ).

Let ∂
F

: Dom(∂
F

)→ Lp,q+1(M,F ) be the closure of the Cauchy-Riemann opera-

tor, whose graph is the closure of the graph of ∂
F

on Ωp,q(M,F ). Sometimes we will

use ∂ instead of ∂
F

for simplifying notations. Let ∂
F∗

: Dom(∂
F∗

) → Lp,q−1(M,F )

be the Hilbert space adjoint of ∂
F

(see [28, (1.12)(1.13)]). Further we can define

�F := ∂
F
∂
F∗

+ ∂
F∗
∂
F

and

Dom(�F ) = {s ∈ Dom(∂
F

) ∩Dom(∂
F∗

) : ∂
F
s ∈ Dom(∂

F∗
), ∂

F∗
s ∈ Dom(∂

F
)}.

We denote by

Hp,q(M,F ) := Ker(�F ) = {s ∈ Dom(�F ) : �F s = 0}
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3.2 Preliminary on the convexity of complex manifolds

the space of harmonic (p, q)-forms with values in F , and by

H : Lp,q(M,F )→ Hp,q(M,F )

the orthogonal projection. Finally, we denote by Hq(M,F ) the q-th cohomology
group of the sheaf O(F ), which is isomorphic to the Dolbeault cohomology

H0,q(M,F ) :=
{s ∈ Ω0,q(M,F ) : ∂

F
s = 0}

∂
F

Ω0,q−1(M,F )
.

We recall some facts on the convexity of domains and manifolds (see [30, B.3]).

Definition 3.7. We say that M satisfies the condition Z(q) if the Levi form Lr has
at least n− q positive eigenvalues or at least q+1 negative eigenvalues at each point
of bM (see [14, P57]).

The number of positive and negative eigenvalues of the Levi form is independent
of the choice of the defining function r (see [30, Lemma B.3.8]).

Definition 3.8. A complex manifold M of dimension n is said to be q-concave if
there exists a smooth function ϕ : M → R such that {x ∈ M : ϕ(x) < c} are
relatively compact in M for any c < supϕ and i∂∂ϕ has at least n− q + 1 negative
eigenvalues outside a compact subset of M ; ϕ is called an exhaustion function (see
[32, Definition 4.1]).

We recall the following theorems which are fundamentally important for our proof.

Theorem 3.9. (Kohn-Rossi [28, 5.11.Theorem])
If M satisfies the condition Z(q) and q > 0, then there exists a bounded operator
(the Neumann operator) N : Lp,q(M,F )→ Lp,q(M,F ) such that

(a) NLp,q(M,F ) ⊂ Dom(�F ) and Lp,q(M,F ) = �FNLp,q(M,F ) + Hp,q(M,F );

(b) N commutes with �F , ∂
F
, ∂

F∗
, H;

(c) N(Ωp,q(M,F )) ⊂ Ωp,q(M,F ) and H(Ωp,q(M,F )) ⊂ Ωp,q(M,F );

(d) Hp,q(M,F ) is finite dimensional.

Theorem 3.10. (Hörmander [14, (4.3.1) Theorem])
If M satisfies the conditions Z(q) and Z(q + 1), then

Hq(M,F ) ∼= H0,q(M,F ).

Theorem 3.11. (Marinescu [32, Corollary 4.3.])
If L and F are holomorphic vector bundle of rank 1 and r over the n-dimensional
q-concave manifold M (n ≥ 3) and L is semi-negative outside a compact set K, then

dimHp(M,Lk ⊗ F ) ≤ r
kn

n!

∫
M(p,hL)

(−1)q(
i

2π
c(L))n + o(kn)

as k →∞ and p ≤ n− q − 2.
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3 On the holomorphic extension of forms from boundary

Theorem 3.12. (Kohn-Rossi [28, 5.13.Proposition])
Suppose bM has property Z(n− q − 1) and n− q − 1 > 0. Let F be a holomorphic
vector bundle over X. If φ0 ∈ Ωp,q(bM, F ), there exists a ∂-closed extension ϕ of ϕ0

if and only if

∂bϕ0 = 0 and

∫
bM

θ ∧ ϕ0 = 0, ∀θ ∈ Hn−p,n−q−1(M,F ∗).

3.3 Proof of the ∂-extension theorem

Let (X,ω) be a n-dimensional compact Hermitian manifold. Let (E, hE) and (L, hL)
be the holomorphic Hermitian vector bundles over X and rank(L) = 1. Let M be
a relatively compact domain in X and the boundary bM is smooth. We denote by
Lk := L⊗k the kth tensor product of L and by E∗ (resp. L−1) the dual bundle of E
(resp. L).

The following proposition is from [30, Theorem 2.2.27 (2.2.43)].

Proposition 3.13. Under our basic assumption (A), there exist C1, C2 > 0 such
that for k large enough,

C1k
n ≤ dimH0(X,Lk) ≤ C2k

n.

Proposition 3.14. Under our basic assumption (B), if 1 ≤ q ≤ n− 2, then

(1) M satisfies the conditions Z(n− q − 2) and Z(n− q − 1); and

(2) M is a p-concave manifold for each p ≥ q.

Proof. (1) follows from the definition of Z(q) and the assumption (B). By [20, (6.7)]
and the assumption (B), there exists C > 0 and a compact subset K ⊂M such that
the exhaustion function has the form

ϕ = eCr − 1

such that i∂∂ϕ has at least n − q + 1 negative eigenvalues in M \ K. Then, (2)
follows from the definition of q-concave manifold.

Proposition 3.15. Under our basis assumption (B), we have

dimH0,n−q−2(M,E∗) = dimHn−q−2(M,E∗) <∞

for 1 ≤ q ≤ n− 2.

Proof. By the proposition 3.14 (1) and Theorem 3.10 for the conditions Z(n−q−2)
and Z(n − q − 1), the first equality follows. By the proposition 3.14 (2) and [36,
Theorem 4.6(33)] for q + 1-concave manifolds, the second inequality follows.
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3.3 Proof of the ∂-extension theorem

Proposition 3.16. Under our basic assumptions (A) and (B), then

dimH0,n−q−2(M,L−k ⊗ E∗) = dimHn−q−2(M,L−k ⊗ E∗) = o(kn).

as k →∞ and 1 ≤ q ≤ n− 2.

Proof. By Proposition 3.14 (1) and Theorem 3.10 for the conditions Z(n−q−2) and
Z(n− q − 1), the first equality follows. By the assumption (A), the subset M(n−
q − 2, hL

−1
) := {x ∈ M : ic(L−1, hL

−1
) has n − q − 2 negative eigenvalues and q +

2 positive ones} is empty. Then, by Proposition 3.14 (2) and Theorem 3.11 for q-
concave manifolds M and the bundles L−1 and E∗, the second equality follows.

Proposition 3.17. Under our basic assumptions (A) and (B) and 1 ≤ q ≤ n − 2,
then for the harmonic projection

H : H0(X,Lk)×H0,n−q−2(M,L−k ⊗ E∗)→ H0,n−q−2(M,E∗),

there exist k0 ∈ N and a non-zero holomorphic section s ∈ H0(X,Lk0) such that

H(sθ) = 0

for every θ ∈ H0,n−q−2(M,L−k0 ⊗ E∗).

Proof. For simplifying of notations, we set V := H0(X,Lk), U := H0,n−q−2(M,E∗)
and

W := H0,n−q−2(M,L−k ⊗ E∗).

Moreover, we define a bilinear map

F (s, α) := H(sα)

for s ∈ V and α ∈ W . Then we obtain a linear map

G : V → W ∗ ⊗ U

by G(s) := F (s, ·). Suppose the assertion would be false, that is, for any k ∈ N
and any non-zero s ∈ V , there exists α0 ∈ W such that F (s, α0) 6= 0. If G(s0) = 0
for some s0 ∈ V , then F (s0, α) = 0 for any α ∈ W . Thus s0 is zero, that is, G is
injective. And it follows that

dimV ≤ dim(W ∗ ⊗ U) = dimW × dimU,

that is, for any k ∈ N,

dimH0(X,Lk) ≤ dimH0,n−q−2(M,L−k ⊗ E∗)× dimH0,n−q−2(M,E∗).

And it follows that kn ≤ o(kn) for k large enough by the propositions 3.13, 3.15 and
3.16, which can not hold. Thus, the assertion is true.
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3 On the holomorphic extension of forms from boundary

Lemma 3.18. Under our basis assumptions (A) and (B) and 1 ≤ q ≤ n − 3, let
s ∈ H0(X,Lk0) be the non-zero holomorphic section in the proposition 3.17 and
σ ∈ Ωn,q+1(bM,E) be ∂b-closed.

Then, there exists a ∂-closed extension S of the ∂b-closed sσ ∈ Ωn,q+1(bM,Lk0 ⊗
E), i.e., S ∈ Ωn,q+1(M,Lk0 ⊗ E) such that ∂S = 0 and

µ(S|bM) = µ(sσ).

Proof. Let σ′ ∈ Ωn,q+1(M,E) such that σ′|bM = σ. Let θ ∈ H0,n−q−2(M,L−k0⊗E∗).
Thus

θ ∧ (sσ′) ∈ Ωn,n−1(M)

and sθ ∈ Ω0,n−q−2(M,E∗) is ∂-closed.
By Theorem 3.9 (a), (b) and H(sθ) = 0, there exists ξ ∈ Ω0,n−q−3(M,E∗) such

that

sθ = ∂ξ +H(sθ) = ∂ξ. (3.3.1)

Then, by the Stokes’ formula,∫
bM

θ ∧ (sσ) =

∫
bM

(sθ) ∧ σ =

∫
bM

(∂ξ) ∧ σ =

∫
M

d(∂ξ ∧ σ′) =

∫
M

∂(∂ξ ∧ σ′)

= (−1)n−q−2

∫
M

∂ξ ∧ ∂σ′ = (−1)n−q−2

∫
M

∂(ξ ∧ ∂σ′)

= (−1)n−q−2

∫
bM

ξ ∧ (∂σ′). (3.3.2)

By (3.1.2), (3.1.4) and ∂bσ = 0, we have

(∂σ′)|bM = ∂bσ + (ψ ∧ ∂r)|bM = (ψ ∧ ∂r)|bM (3.3.3)

where ψ ∈ Ωn,q+1(M,E) and r is the defining function of M . By the Stokes’ formula
and bM = {x ∈ X : r(x) = 0}, we have∫

bM

ξ ∧ (∂σ′) =

∫
bM

ξ ∧ ψ ∧ ∂r =

∫
M

∂(ξ ∧ ψ ∧ ∂r) =

∫
M

∂(ξ ∧ ψ) ∧ ∂r

= −
∫
M

∂(∂(ξ ∧ ψ) ∧ r) = −
∫
bM

∂(ξ ∧ ψ) ∧ r = 0. (3.3.4)

Then, by (3.3.2) and (3.3.4), it follows that∫
bM

θ ∧ (sσ) = 0 (3.3.5)

for the ∂b-closed form sσ ∈ Ωn,q+1(bM,Lk0⊗E) and any θ ∈ H0,n−q−2(M,L−k0⊗E∗).
Finally, there exists a ∂-closed extension S of sσ by Theorem 3.12 for Z(n−q−2)

with n− q − 2 > 0 in our case.
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3.3 Proof of the ∂-extension theorem

Finally we can prove our main result and its remark as follows.
Proof of Theorem 3.3: It follows from Lemma 3.18 and Proposition 3.17.
Proof of Remark 3.4: Let s ∈ H0(X,Lk0) \ {0} be the non-zero holomorphic

section given by Proposition 3.17. Let {Uα} be an open covering of X such that
Lk0|Uα is trivial. The holomorphic section s has the form

s = fαeα

where fα ∈ O(Uα) is a holomorphic function on Uα and eα ∈ Γ(Uα,O(Lk0)) is a
local holomorphic frame.

Let L−k0 be the dual bundle of Lk0 and tα ∈ Γ(Uα,O(L−k0)) be the holomorphic
frame which is dual to eα. For the meromorphic function f−1

α ∈ M(Uα), we define
locally

s−1 := f−1
α tα.

Thus, s−1 is a meromorphic section on X, which is globally well defined and denoted
by

s−1 ∈ Γ(X,M(L−k0)).

We denoted the ∂-closed extension of the ∂b-closed sσ from Lemma 3.18 by

S ∈ Ωn,q+1(M,Lk0 ⊗ E).

Finally, we can define a section on a neighbourhood of M by

Σ := s−1 ⊗ S. (3.3.6)

And its restriction on M is a meromorphic (n, q + 1)-form with values in E, which
is denoted by

Σ|M ∈ Γ(M,M(E)⊗ Ωn,q+1).

Moreover, µ(Σ|bM) = µ(σ) at each point of the subset {x ∈ bM : s(x) 6= 0}, since

Σ|bM = (s−1 ⊗ S)|bM
= s−1|bM ⊗

(
µ(S|bM)⊕ µ⊥(S|bM)

)
= s−1|bM ⊗

(
µ(sσ)⊕ µ⊥(S|bM)

)
= µ(σ)⊕

(
s−1|bM ⊗ µ⊥(S|bM)

)
= µ(σ)⊕ µ⊥(Σ|bM). (3.3.7)
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4 The dimension of the space of L2

holomorphic functions over
hyperconcave ends

We study the L2 holomorphic functions on hyperconcave ends with some Hermitian
metrics and obtain that the dimension of the space of L2 holomorphic functions on
some domains in hyperconcave ends is infinite. The main tool is the existence of L2-
peak functions at boundary points by the classical solution of ∂-Neumann problem
on manifolds and the compactification theorem.

The organization of this chapter is as follows. In Section 4.1, we state our main
results. In Section 4.2, we introduce the notations and recall the necessary facts. In
Section 4.3, we construct L2-peak functions on strongly pseudo-convex domain in
normal Hermitian spaces of pure dimensional and apply it to hyperconcave ends.

4.1 The main result

Let M be a complex manifold with dimension n. Let Ω be a relatively compact
open subset of M with smooth boundary bΩ. We denote by O(Ω) the space of all
holomorphic functions on Ω. A point x ∈ bΩ is called a peak point for O(Ω) if there
exists a function f ∈ O(Ω) such that f is unbounded on Ω but bounded outside
V ∩Ω for any neighbourhood V of x in Ω. And we say f is a peak function for O(Ω)
at x.

In particular, we say f is a L2-peak function for O(Ω), or a peak function for
L2(Ω, ω) ∩ O(Ω), if additionally f ∈ L2(Ω, ω) =

{
f : Ω→ C :

∫
Ω
|f |2ωn <∞

}
for a

Figure 4.1: Peak function
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4 The dimension of the space of L2 holomorphic functions over hyperconcave ends

Hermitian metric ω on Ω. The existence of peak (resp. L2-peak) function for O(Ω)
is obtained by Kohn [27] (resp. Gromov-Henkin-Shubin [18]) when Ω is strongly
pseudo-convex. As applications, Levi problem can be solved immediately, see [25],
[18].

In this chapter, we wish to extend their results to certain domains with singular-
ities and smooth domains which are not relatively compact. Our main results are
the existence of L2-peak functions for strongly pseudo-convex domains in normal
Hermitian spaces and hyperconcave ends as follows.

Theorem 4.1. Let X be a normal complex space of pure dimension n ≥ 2. Let
D ⊂⊂ X be a strongly pseudo-convex domain with smooth boundary bD. Let ω be a
Hermitian form on a neighbourhood of the closure D.

Then, there exists a L2-peak function for O(D) at each boundary point, i.e., for
every x ∈ bD, there exists a function

Ψx ∈ O(D) ∩ L2(Dreg, ω) ∩ C∞(D \ {x}) (4.1.1)

such that limy→x |Ψx(y)| = +∞ for y ∈ D. Thus

dimC L
2(Dreg, ω) ∩ O(D) =∞. (4.1.2)

Let (X,ϕ, a, b) be a hyperconcave end and Xb := {x ∈ X : ϕ(x) < b}, see Section

4.2. Let ρ : Xb
∼= ρ(Xb) ⊂ X̂b be a biholomorphic map given by the compactification

X̂b of Xb, where X̂b is a normal Stein spaces with at worst isolated singularities, see
Theorem 4.8.

Theorem 4.2. Let (X,ϕ, a, b) be a hyperconcave end. Let Xc = {x ∈ X : ϕ(x) < c}
for −∞ < c < b ≤ a. Let Θ be a Hermitian metric on Xc such that there exists a
Hermitian form ω on a neighbourhood of the closure of X̂c in X̂b with Θ ≤ ρ∗ω on
Xc.

Then, there exists a L2-peak function for O(Xc) at each boundary point, i.e., for
every x ∈ bXc, there exists a function

Φx ∈ O(Xc) ∩ L2(Xc,Θ) ∩ C∞(Xc \ {x}) (4.1.3)

such that limy→x |Φx(y)| = +∞ for y ∈ Xc. Thus

dimC L
2(Xc,Θ) ∩ O(Xc) =∞. (4.1.4)

Remark 4.3. For a hyperconcave end (X,ϕ, a, b), the existence of Φx ∈ O(Xc) ∩
C∞(Xc \ {x}) with blowing up at x, was firstly established by Marinescu-Dinh [33].
Theorem 4.2 is a refinement and the new feature is Φx ∈ L2(Xc,Θ).
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4.2 Notions and preliminary

a

b

c

Figure 4.2: Hyperconcave end

4.2 Notions and preliminary

Let X be a relatively compact open subset in a complex manifold with the smooth
boundary bX. Assume bX = bX1 ∪ bX2 and bX1 ∩ bX2 = ∅. Moreover, we suppose
bX2 is strongly pseudo-convex and bX1 is strongly pseudo-concave. We say that X
can be compactified, if there exists a compact manifold X̂ with smooth boundary bX̂
such that X is biholomorphic to an open subset in X̂ and the image of bX2 is exactly
bX̂. We say that X has a pseudoconcave hole at bX1. For example, let B(0, r) be
an open ball of radius r and center 0 in Cn, n ≥ 2. Let X = B(0, 2) \ B(0, 1) be
an annulus, bX2 = bB(0, 2) and bX1 = bB(0, 1). Then, the compacification of X is
B(0, 2).

In general, any relatively compact domain X, which has a pseudoconcave hole at
bX1 as above, can be compactified when dimX ≥ 3 (see [38, Theorem 3, P245],[2,
Proposition 3.2]). However, it is not true when dimX = 2 (see a counterexample in
[16],[2] and [38]). If we consider the following manifolds, which have a pseudocon-
cave hole at −∞, the compactification result still holds when dimX = 2 (see [33,
Theorem 1.2]).

Definition 4.4 ([33]). A complex manifold X with dimX ≥ 2 is called a hy-
perconcave end, if there exist a ∈ R ∪ {+∞} and a proper, smooth function
ϕ : X → (−∞, a), which is strictly plurisubharmonic on a set of the form {x ∈
X : ϕ(x) < b} for some b ≤ a. We say ϕ is the exhaustion function and set
Xr := {x ∈ X : ϕ(x) < r} for any −∞ < r < a. We denote by (X,ϕ, a, b) the all
dates of a hyperconcave end.

We say that a hyperconcave end can be compactified, if there exists a complex
space X̂ such that X is biholomorphic to an open subset in X̂ and (X̂ \X)∪{ϕ ≤ r}
is a compact subset in X̂ under the biholomorphic map for any r < a. We say X̂
the completion of X.

Example 4.5. The regular part of a variety with isolated singularities is a hy-
perconcave end. The complement of a compact completely pluripolar set (the set
{ϕ = −∞} where ϕ is a strongly plurisubharmonic function) in a complex manifold
is a hyperconcave end, see [33].
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4 The dimension of the space of L2 holomorphic functions over hyperconcave ends

Example 4.6. In the definition 4.4, if a = +∞ and ϕ is bounded from above, the
manifold X is called hyperconcave manifold (or hyper 1-concave). The regular part
of a compact complex space with isolated singularities is a hyperconcave manifold. A
complete Kähler manifold of finite volume and bounded negative sectional curvature
is a hyperconcave manifold, see [30].

We introduce the notions on normal Stein spaces with isolated singularities of
pure dimensional, see [17] and [30] for details.

A C-ringed space (X,OX) is a pair (X,OX) of a topological spaceX and a subsheaf
of rings OX of the sheaf of continuous functions CX such that OX is sheaf of C-
algebra and each stalk OX,x has unique maximal ideal mX,x satisfying the quotient
field OX,x/mX,x

∼= C. A morphism (X,OX) → (Y,OY ) of C-ringed spaces is a

continuous map f : X → Y such that the induced map f̃ : OY → f∗OX is a
C-algebra morphism.

A reduced complex space (X,OX) is a C-ringed space which is Hausdroff and has
the property that for each x ∈ X there exist an open neighbourbood U of x and
an analytic subset A in CN such that (U,OU) is isomorphic to (A,OA) as C-ringed
spaces, where OU is the sheaf given by restriction of the sheaf OX on U , and OA is
the sheaf of holomorphic function defined on open subset of A. We denote by Xreg

the set of regular points, i.e., x ∈ Xreg if A can be chosen to be an open subset in
CN . The other part of X are called singular and denoted by Xsing.

A Hermitian form on a reduced complex space X is defined as a smooth (1, 1)-
form ω on X such that for every point x ∈ X there exists a local embedding
τ : U ∼= A ⊂ G ⊂ CN as above with x ∈ U and a Hermitian form ω̃ on G with
ω = τ ∗ω̃ on U ∩Xreg.

A normal complex space (X,OX) is a reduced complex space such that the local
ring OX,x is a normal ring for every x ∈ X. For a normal space X, every holomorphic
function on Xreg extends uniquely to a holomorphic function on X.

Definition 4.7. A normal Hermitian space (X,ω) is a normal complex space (X,OX)
associated with a Hermitian form ω on X.

A normal space with pure dimensional is defined as follows. Let X be a normal
complex space. To each point x ∈ X there exists a neighborhood U and finitely many
functions f1, ..., fk ∈ O(U) such that the set of common zeros of f1, ..., fk in U consists
of x only: N(f1, ..., fk) = {x}. Among all systems f1, ..., fk with N(f1, ..., fk) = {x},
there exists one (defined in a suitable neighborhood) with minimal k. This minimal
integer is called the (analytic) dimension of X at x and will denoted by dimxX.
The global dimension of the space X is defined by dimX := supx∈X dimxX. A
normal complex space X is called pure dimensional if dimxX = dimX for all
x ∈ X, see [17, P.93]. For example, complex manifolds are normal complex spaces
with pure dimensional. If the normal complex space X is of pure dimensional n,
then dimX = dimCXreg = n, where the regular set Xreg is a complex manifold of
dimension n.
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4.3 L2-peak functions on normal Hermitian spaces and hyperconcave ends

For a normal complex space X of pure dimensional, the (relatively compact)
strongly pseudo-convex domain D with smooth boundary bD in X can be defined
as same as for the case of complex manifolds, i.e., there exists a smooth function γ
on a neighbourhood U ⊂ X of bD such that D∩U = {x ∈ U : γ(x) < 0}, dγ 6= 0 on

bD and the Levi form Lγ is positive definite on T
(1,0)
x bD for all x ∈ bD, see (3.1.1).

A normal Stein space X is a normal complex space satisfying holomorphically sep-
arable, regular and convex, see [30]. For a normal Stein space X of pure dimensional
with finitely many isolated singularities, the regular set Xreg is a hyperconcave end
with a = b = +∞ in the definition 4.4. Conversely, Marinescu-Dinh [33] shows that
the completion of a hyperconcave end can be chosen a normal Stein space with at
worst isolated singularities by the compactification theorem as follows.

Theorem 4.8 ([33],Theorem 1.2). Any hyperconcave end X can be compactified.

Moreover, if ϕ is strictly plurisubharmonic on the whole X, the completion X̂ can
be chosen a normal Stein space with at worst isolated singularities.

4.3 L2-peak functions on normal Hermitian spaces
and hyperconcave ends

We study the existence of L2-peak functions for strongly pseudo-convex domains,
which are in normal Hermitian spaces of pure dimensional. As applications, we
obtain the existence of L2-peak functions on some domains in hyperconcave ends.
The method is by using compactification theorem 4.8 and the existence of L2-peak
functions on strongly pseudo-convex domain in complex manifolds.

4.3.1 On normal Hermitian spaces of pure dimensional

Let X be a normal complex space of pure dimension n ≥ 2. Let D ⊂⊂ X be a
strongly pseudo-convex domain with smooth boundary bD. Let ω be a Hermitian
form on D. We define the L2 space of functions on Dreg associated with ω by

L2(Dreg, ω) =

{
f : Dreg → C :

∫
Dreg

|f |2ωn <∞

}
. (4.3.1)

We have the following result on D by using resolution of singularities and the
existence of L2-peak functions on smooth strongly pseudo-convex domain.

Theorem 4.9. Let X be a normal complex space of pure dimension n ≥ 2. Let
D ⊂⊂ X be a strongly pseudo-convex domain with smooth boundary bD. Let ω be a
Hermitian form on a neighbourhood of the closure D.

Then, there exists a L2-peak function for O(D) at each boundary point, i.e., for
every x ∈ bD, there exists a function

Ψx ∈ O(D) ∩ L2(Dreg, ω) ∩ C∞(D \ {x}) (4.3.2)
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4 The dimension of the space of L2 holomorphic functions over hyperconcave ends

such that limy→x |Ψx(y)| = +∞ for y ∈ D. Thus

dimC L
2(Dreg, ω) ∩ O(D) =∞. (4.3.3)

Proof. Let X ′ be a neighbourhood of D such that D ⊂⊂ X ′ ⊂⊂ X, Dsing = X ′sing,
and the Hermitian form ω is well-defined on X ′. By our assumptions, we can always
choose such an open set X ′. We have a resolution of singularities

π : M → X ′ (4.3.4)

such that M is a complex connected manifold of dimension n and π is a proper
holomorphic surjection. Moreover, we denote by E = π−1(X ′sing) the exceptional
set, and we can assume the restriction of π on M \ E is a biholomoprhic map

π : M \ E ∼= X ′reg. (4.3.5)

By restriction the biholomorphic map π−1 to Dreg ⊂ X ′reg, we have

π : Ω \ E ∼= Dreg, (4.3.6)

where Ω = π−1(D) ⊂ M is a (relatively compact) strongly pseudo convex domain
with smooth boundary bΩ in M . Note that bΩ ∩ E is empty.

By the compactness of Ω, there exists a Hermitian metric θ on a neighbourhood
Ω1 of Ω such that Ω ⊂ Ω1 ⊂⊂M and

θ ≥ π∗ω on Ω1 \ E. (4.3.7)

Note θ is a Hermitian metric on Ω1 but not necessary on the whole M .
We consider Ω as a (relatively compact) strongly pseudo-convex domain in Ω1 with

a Hermitan metric θ on Ω1. By applying Kohn’s solution of ∂-Neumann problem
and its global regularity on Ω (see [18], [27]), there exists a L2-peak function for
O(Ω) at each boundary point, i.e., for every boundary point y ∈ bΩ,

hy ∈ O(Ω) ∩ L2(Ω, θ) ∩ C∞(Ω \ {y}) (4.3.8)

such that limz→y |hy(z)| = +∞ for z ∈ Ω. Thus

dimC L
2(Ω, θ) ∩ O(Ω) =∞. (4.3.9)

Let hy|Ω\E be the restriction of hy on Ω \ E. Then, hy|Ω\E is a L2-peak function
for O(Ω\E) at each point of bΩ, i.e., (4.3.8) and (4.3.9) still verify on Ω\E in stead
of Ω. By using (4.3.7) on Ω \ E ⊂ Ω1 \ E, we have

L2(Ω \ E, θ) ⊂ L2(Ω \ E, π∗ω). (4.3.10)

So it follows that

hy|Ω\E ∈ O(Ω \ E) ∩ L2(Ω \ E, π∗ω) ∩ C∞ (((Ω \ E) ∪ bΩ) \ {y}) . (4.3.11)
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4.3 L2-peak functions on normal Hermitian spaces and hyperconcave ends

We can define a function Ψx on Dreg for every x ∈ bD as follows. Let y := π−1(x) ∈
bΩ and

Ψx := (hy|Ω\E) ◦ π−1 : Dreg → C. (4.3.12)

Then, by (4.3.11) and the biholomorphic map π on M \ E,

Ψx ∈ O(Dreg) ∩ L2(Dreg, ω) ∩ C∞((Dreg ∪ bD) \ {x}) (4.3.13)

such that limξ→x |Ψx(ξ)| = +∞ for ξ ∈ D. By Riemann’s second extension theorem
on normal complex space [17], we have O(Dreg) = O(D) and

Ψx ∈ O(D) ∩ L2(Dreg, ω) ∩ C∞(D \ {x}). (4.3.14)

Thus
dimC L

2(Dreg, ω) ∩ O(D) =∞. (4.3.15)

Remark 4.10. For a complex manifold X or D ⊂ Xreg, Theorem 4.9 reduces to
the case of Γ = {e} in [18, Theorem 0.2].

Remark 4.11. Suppose X and D are as same as in Theorem 4.9. Let π be a
resolution of singularities on a neighbourhood of D. Let ω be a Hermitian form on
D such that there exists a Hermitian metric θ on a neighbourhood of the closure
of π−1(D) satisfying θ ≥ π∗ω on π−1(Dreg). The conclusion of Theorem 4.9 still
verifies under these weaker hypothesises.

Corollary 4.12. Let (X,ω) be a normal Hermitian space of pure dimension n ≥ 2.
Let D ⊂⊂ X be a strongly pseudo-convex domain with smooth boundary bD.

Then, there exists a L2-peak function for O(D) at each boundary point, i.e., for
every x ∈ bD, there exists a function

Ψx ∈ O(D) ∩ L2(Dreg, ω) ∩ C∞(D \ {x}) (4.3.16)

such that limy→x |Ψx(y)| = +∞ for y ∈ D. Thus

dimC L
2(Dreg, ω) ∩ O(D) =∞. (4.3.17)

4.3.2 On hyperconcave ends

Let (X,ϕ, a, b) be a hyperconcave end. Let Xb := {x ∈ X : ϕ(x) < b} on which ϕ
is strictly plurisubharmonic. We set Xc = {x ∈ X : ϕ(x) < c} for each −∞ < c <
b ≤ a.

Suppose X̂b is the completion of Xb such that X̂b is a normal Stein space with
isolated singularities due to Theorem 4.8. Then there exists a biholomorphic map

ρ : Xb
∼= ρ(Xb) ⊂ X̂b. (4.3.18)
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4 The dimension of the space of L2 holomorphic functions over hyperconcave ends

The restriction of ρ on Xc is given by

ρ : Xc
∼= ρ(Xc) ⊂ X̂c (4.3.19)

where X̂c =
(
X̂b \ ρ(Xb)

)
∪ ρ(Xc) is the completion of Xc. The closure of X̂c is(

X̂b \ ρ(Xb)
)
∪ρ(Xc∪bXc), which is compact in X̂b. The boundary bX̂c = ρ(bXc) =

bρ(Xc) is smooth and strongly pseudo-convex by the biholomorphic map ρ.

We have X̂c is a relatively compact strongly pseudo-convex domain with smooth
boundary in X̂b. Let Θ be a Hermitian metric on Xc such that there exists a
Hermitian form ω on a neighbourhood of the closure of X̂c with Θ ≤ ρ∗ω on Xc. By
using Theorem 4.9 for X̂c ⊂⊂ X̂b and ω, for each x ∈ bX̂c, there exists a function

Ψx ∈ O
(
X̂c

)
∩ L2

(
(X̂c)reg, ω

)
∩ C∞

(
X̂c \ {x}

)
(4.3.20)

such that limy→x |Ψx(y)| = +∞ for y ∈ X̂c. Thus

dimC L
2
(

(X̂c)reg, ω
)
∩ O

(
X̂c

)
=∞. (4.3.21)

The restriction of Ψx on ρ(Xc) ⊂ (X̂c)reg is given by

Ψx|ρ(Xc) ∈ O(ρ(Xc)) ∩ L2 (ρ(Xc), ω) ∩ C∞
(
ρ(Xc) \ {x}

)
. (4.3.22)

Finally, we can define a function Φp on Xc for every point p ∈ bXc as follows. Let

x := ρ(p) ∈ ρ(bXc) = bX̂c and

Φp :=
(
Ψx|ρ(Xc)

)
◦ ρ : Xc → C. (4.3.23)

By L2(Xc, ρ
∗ω) ⊂ L2 (Xc,Θ), it follows that

Φp ∈ O(Xc) ∩ L2(Xc,Θ) ∩ C∞(Xc \ {p}) (4.3.24)

such that limy→p |Φp(y)| = +∞ for y ∈ Xc. Thus

dimC L
2(Xc,Θ) ∩ O(Xc) =∞. (4.3.25)

Thus we are lead to the following results on hyperconcave ends by the above
argument.

Theorem 4.13. Let (X,ϕ, a, b) be a hyperconcave end. Let Xc = {x ∈ X : ϕ(x) <
c} for −∞ < c < b ≤ a. Let Θ be a Hermitian metric on Xc such that there exists

a Hermitian form ω on a neighbourhood of the closure of the completion X̂c with
Θ ≤ ρ∗ω on Xc.

Then, there exists a L2-peak function for O(Xc) at each boundary point, i.e., for
every x ∈ bXc, there exists a function

Φx ∈ O(Xc) ∩ L2(Xc,Θ) ∩ C∞(Xc \ {x}) (4.3.26)

such that limy→x |Φx(y)| = +∞ for y ∈ Xc. Thus

dimC L
2(Xc,Θ) ∩ O(Xc) =∞. (4.3.27)
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4.3 L2-peak functions on normal Hermitian spaces and hyperconcave ends

Corollary 4.14. Let (X,ϕ, a, b) be a hyperconcave end. Let Θ be a Hermitian metric

on Xb which can be extended to a Hermitian form on the completion X̂b, i.e., there
exists a Hermitian form ω on X̂b satisfying Θ = ρ∗ω on Xb. Let Xc = {x ∈ X :
ϕ(x) < c} for −∞ < c < b.

Then, there exists a L2-peak function for O(Xc) at each boundary point, i.e., for
every x ∈ bXc, there exists a function

Φx ∈ O(Xc) ∩ L2(Xc,Θ) ∩ C∞(Xc \ {x}) (4.3.28)

such that limy→x |Φx(y)| = +∞ for y ∈ Xc. Thus

dimC L
2(Xc,Θ) ∩ O(Xc) =∞. (4.3.29)

Remark 4.15. Another method to prove Theorem 4.2 associated with a complete
metric is the classical construction of L2-peak functions by studying the existence
and global regularity of the solution of the ∂-Neumann problem for (0, 1)-forms
on domain Xc with strongly pseudo-convex boundary bXc endowed with a complete
metric in [33]. In fact, the existence and interior regularity of the solution was proved
in [33]. Moreover, for each point p ∈ bXc there exists a function g ∈ O(Xc)∩C∞(Xc\
{p}) such that limz→p |g(z)| =∞. But g maybe not in L2(Xc). The difficulty is the
boundary regularity of the solution due to Kohn, Folland-Kohn, see [25], [27] and
[26]. Suppose we have the boundary regularity in the following sense,

N(Im∂ ∩ Ω0,1
0 (U ∩Xc)) ⊂ Ω0,1(Xc),

where N is the Neumann operator and U is an arbitrary sufficient small holomor-
phic coordinate chart with U ∩ bXc 6= ∅. Then, one can directly construct a L2

holomorphic function on Xc which only blows up at any given boundary point.
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5 A remark on Bergman kernel of
symmetric tensor power of
holomorphic vector bundles

Our purpose is to study the relation of L2-orthonormal basis of the space of holo-
morphic sections of symmetric tensor power of a holomorphic vector bundle on a
compact manifold and the space of holomorphic sections of the induced line bundle.
Moreover, we obtain a formula on the induced Bergman kernels for trivial bundles.

Let (X,ω) be a compact Hermitian manifold of dimension n. Let (E, hE) be a
holomorphic Hermitian vector bundle of rank r on X. Let E∗ be the dual bundle of
E. We denote by P (E∗) the projective bundle associated to E∗, which is a compact
Hermitian manifold of dimension n + r − 1. Let OE∗(−1) be the tautological line
bundle on P (E∗) and OE∗(1) its dual bundle (see [42, 3.3.2]). Let Sp(E) be the p-th
symmetric tensor power of E and OE∗(p) the p-th tensor power of OE∗(1).

We start from the theorem of Le Potier on compact Hermitian manifolds (see
[24, Chap.III §5 (5.7)]), which implies that there exists an isomorphism between the
spaces of holomorphic sections as follows

H0(X,Sp(E)) ' H0(P (E∗),OE∗(p)), S 7→ S̃. (5.0.1)

For any x ∈ X, we denote by Ex the fibre of E at x, which is a C-linear vector
space of dimension r. For v ∈ Ex, we denote its metric dual vector by v∗, which is
given by v∗ = hE(·, v). And we denote the space of such dual vectors by E∗x. Let
Sp(E∗x) be the p-th symmetric tensor power of E∗x and P (E∗x) the projectlization of
it. We denote the equivalent class of non-zero elements v∗ by [v∗] in P (E∗x). Notice
that P (E∗x) is isomorphic to P (Cr) as Hermitian vector spaces.

By our notations, suppose v ∈ Ex \ {0} for x ∈ X, then

v∗ ∈ E∗x, v∗⊗p ∈ Sp(E∗x), [v∗] ∈ P (E∗x).

And, by the definition of (5.0.1), we see

S̃([v∗])(v∗⊗p) = S(x)(v∗⊗p) ∈ C,

where S̃([v∗]) ∈ OE∗x(p)|[v∗] acting on the C-linear space of dimension 1, namely

OE∗x(−1)⊗p|[v∗] = {λv∗⊗p : λ ∈ C},

and S(x) ∈ Sp(E)|x acting on Sp(Ex)
∗ = Sp(E∗x).
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It follows that
S̃([v∗]) = 〈S(x), v⊗p〉he⊗pv ,

where v ∈ Ex with |v|hE = 1 and e⊗pv ∈ OE∗(p)|[v∗] such that e⊗pv (v∗⊗p) = 1. As a
consequence, the following lemma is clear.

Lemma 5.1. Let (X,ω) be a compact Hermitian manifold and (E, hE) the holomor-
phic Hermitian vector bundle. Suppose x ∈ X, v ∈ Ex with unit norm, and p ∈ N.
For any S, T ∈ H0(X,Sp(E)),

〈S̃([v∗]), T̃ ([v∗])〉h = 〈S(x), v⊗p〉h〈v⊗p, T (x)〉h, (5.0.2)

where 〈, 〉h denote Hermitian metrics on the induced bundles by (E, hE) respectively.

In the sequel, we always assume (E, hE) is trivial, i.e., E = X × Cr and hE is
the standard Hermitian product on Cr,i.e., hEx (z, w) = zw for every x ∈ X and
z, w ∈ Cr. In this case,

P (E∗) = X × P (Cr), OE∗(−1) = X ×O(−1),

and if π : X × P (Cr) → X is the natural projection, then the induced metric and
volume form on P (E∗) are given by

ωP (E∗) = π∗(ωX) + ωP (Cr) = ωX + ωP (Cr),

dVP (E∗) = dVX ∧ dVP (Cr) (5.0.3)

Proposition 5.2. Let (X,ω) be a compact Hermitian manifold of dimension n.
Let (E, hE) be a holomorphic Hermitian vector bundle of rank r on X. Suppose
E = X × Cr and hE the standard Hermitian product on Cr. Let {Si} be an L2-
orthonormal basis of H0(X,Sp(E)). Then

〈S̃i, S̃j〉L2 =
1

(p+ 1)(p+ 2)...(p+ r − 1)
〈Si, Sj〉L2 , (5.0.4)

where 〈, 〉L2 are L2 inner products on H0(X,Sp(E)) and H0(P (E∗),OE∗(p)) respec-
tively. In particular, the above coefficient is one if r = 1.

Proof. Given x ∈ X, we can assume Si(x) 6= 0, then

λi(x) := |Si(x)|h > 0.

Choose an orthonormal basis of Sp(Ex) with respect to the induced Hermitian metric
h, such that

Si(x) = λi(x)e⊗p1 ,

where e1 ∈ Ex with |e1|hEx = 1. By the definitions, we have

〈S̃i, S̃j〉L2 =

∫
P (E∗)

〈S̃i([v∗]), S̃j([v∗])〉hdVP (E∗) =

∫
X

A(x)dVX , (5.0.5)
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where

A(x) :=

∫
P (E∗x)

〈S̃i([v∗]), S̃j([v∗])〉hdVP (E∗x)

is the integration along fibres.
By (5.0.2),

A(x) =

∫
|v|
hEx

=1,[v∗]∈P (E∗x)

〈Si(x), v⊗p〉h〈v⊗p, Sj(x)〉hdVP (E∗x). (5.0.6)

For any unit norm vector v ∈ Ex, by extending e1 to an orthonormal basis {ei}ri=1

of Ex, then

v =
r∑
1

viei and v∗ =
r∑
1

vie∗i ∈ E∗x,

and thus
〈Si(x), v⊗p〉h = 〈λi(x)e⊗p1 , v⊗p〉h = λi(x)v1

p
. (5.0.7)

Moreover, we have

Sj(x) =
∑
k

bk =
∑
k

b1
k ⊗ ...⊗ b

p
k ∈ S

p(Ex),

where

blk =
r∑
i=1

bl,ik ei ∈ Ex,

then

〈v⊗p, Sj(x)〉h =
∑
k

p∏
l=1

〈v, blk〉h =
∑
k

p∏
l=1

(
r∑
i=1

vibl,ik ). (5.0.8)

Next we consider [v∗] ∈ P (E∗x) with |v|hEx = |v∗|h = 1, then v∗ =
∑r

1 v
ie∗i such

that
∑r

1 |vi|2 = 1. By (5.0.7), we can assume v1 6= 0, Then the integral area of
P (E∗x) in (5.0.6) consists of (v1, u2, ..., ur) ∈ Cr as follows:

v1 6= 0

and

uj :=
vj

v1
, j = 2, ..., r

such that

1 + |u2|2 + ...+ |ur|2 =
1

|v1|2
,

where (u2, ..., ur) ∈ Cr−1. It follows that

dVP (E∗x) =
ωr−1
FS

(r − 1)!
=
dx1 ∧ dy1 ∧ ... ∧ dxr−1 ∧ dyr−1

πr−1(1 +
∑r−1

1 (|xj|2 + |yj|2))r
, (5.0.9)
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where
xj +

√
−1yj := uj+1 and j = 1, ..., r − 1.

By the definitions of xj +
√
−1yj, u

j and vj, combining (5.0.7) and (5.0.8), we
see that for the fixed x ∈ X, Si and Sj,

〈Si(x), v⊗p〉h〈v⊗p, Sj(x)〉h = λi(x)
∑
k

∏p
l=1(bl,1k +

∑r−1
t=1 (xt −

√
−1yt)b

l,t+1
k )

(1 +
∑r−1

t=1 (|xt|2 + |yt|2))p
.

(5.0.10)
We substitute (5.0.9) and (5.0.10) into (5.0.6),

A(x) =
λi(x)

πr−1

∑
k

∫
R2r−2

∏p
l=1(bl,1k +

∑r−1
t=1 (xt −

√
−1yt)b

l,t+1
k )

(1 +
∑r−1

t=1 (|xt|2 + |yt|2))p+r
dx1∧dy1...dxr−1∧dyr−1.

(5.0.11)
Changing the coordinates of R2r−2 by

ηte
iθt = xt +

√
−1yt for t = 1, ..., r − 1,

then we see on the following integral area

R2r−2 ' {(η1, θ1, ..., ηr−1, θr−1) : ηt ≥ 0, 0 ≤ θt ≤ 2π, t = 1, ..., r − 1},

A(x) =
λi(x)

πr−1

∑
k

∫ ∏p
l=1(bl,1k +

∑r−1
t=1 (ηte

−iθt)bl,t+1
k )

(1 +
∑r−1

t=1 η
2
t )
p+r

η1dη1∧dθ1∧...∧ηr−1dηr−1∧dθr−1.

(5.0.12)
By the fact that ∫

0≤θ≤2π

e−iθdθ = 0,

It follows that

A(x) =
λi(x)

πr−1

∑
k

∫ ∏p
l=1 b

l,1
k

(1 +
∑r−1

t=1 η
2
t )
p+r

η1dη1 ∧ dθ1 ∧ ... ∧ ηr−1dηr−1 ∧ dθr−1

=
λi(x)

πr−1
(
∑
k

p∏
l=1

bl,1k )(2π)r−1

∫
(R+)n

η1...ηr−1

(1 +
∑r−1

t=1 η
2
t )
p+r

dη1 ∧ ... ∧ dηr−1

= λi(x)〈e⊗p1 , Sj(x)〉h2r−1

∫
(R+)n

η1...ηr−1

(1 +
∑r−1

t=1 η
2
t )
p+r

dη1 ∧ ... ∧ dηr−1

= 〈Si(x), Sj(x)〉h2r−1

∫
(R+)n

η1...ηr−1

(1 +
∑r−1

t=1 η
2
t )
p+r

dη1 ∧ ... ∧ dηr−1

=
〈Si(x), Sj(x)〉h

(p+ r − 1)(p+ r − 2)...(p+ 1)
. (5.0.13)

Finally, we substitute it into (5.0.5), then (5.0.4) follows.
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Let d := dimH0(X,Sp(E)) = dimH0(P (E∗),OE∗(p)). Let PX
p (x) be the Bergman

kernel associated to Sp(E) given by

PX
p (x) =

d∑
i=1

Si(x)⊗ Si(x)∗,

and P
P (E∗)
p (ξ) the Bergman kernel associated to OE∗(p) given by

P P (E∗)
p (ξ) =

d∑
i=1

〈Ti(ξ), Ti(ξ)〉h,

where {Ti} is a L2 orthonormal basis of H0(P (E∗),OE∗(p)). Then we have a corre-
sponding relation between them as follows.

Theorem 5.3. Let (X,ω) be a compact Hermitian manifold of dimension n. Let
(E, hE) be a holomorphic Hermitian vector bundle of rank r on X. Suppose E =
X × Cr and hE the standard Hermitian product on Cr. Suppose p ≥ 2. Let v ∈ Ex
be an unit norm vector at x ∈ X. Then

〈PX
p (x)v⊗p, v⊗p〉hSp(E) =

P
P (E∗)
p ([v∗])

(p+ r − 1)(p+ r − 2)...(p+ 1)
. (5.0.14)

Proof. By Proposition 5.2, {
√

(p+ r − 1)(p+ r − 2)...(p+ 1)S̃i} is an orthonormal
basis of H0(X,Sp(E)). Suppose the dimension of this space is d, then

〈PX
p (x)v⊗p, v⊗p〉h = 〈

d∑
i=1

Si(x)⊗ Si(x)∗v⊗p, v⊗p〉h

=
d∑
i=1

〈Si(x), v⊗p〉h〈v⊗p, Si(x)〉h

=
d∑
i=1

〈S̃i([v∗]), S̃i([v∗])〉h

=
P
P (E∗)
p ([v∗])

(p+ r − 1)(p+ r − 2)...(p+ 1)
.

Remark 5.4. For a general holomorphic Hermitian vector bundle E on a compact
Kähler manifold, one can refer to [42] for the construction of the metric ωP (E∗)

on the projectlization of the bundle P (E∗). However, in general case, since the
decomposition of ωP (E∗) as (5.0.3) may not hold, we may not decompose the volume
form of P (E∗) to be the disjoint product of the volume form of X and the volume
form of P (E∗x)

∼= PCr−1 as simple as (5.0.3).
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6 A generalization of Hedenmalm’s
solution of the ∂-equation in Cn

We generalize a result of Hedenmalm on the Hörmander’s solution of the ∂-equation
in C with a growing weight to the case of Cn.

6.1 Basic notations and the ∂-equation with growing
weights

Let Cn be the complex n-space and (z1, ..., zn) the n-tuples of complex numbers.
We identify Cn with R2n by (z1, ..., zn) = (x1, y1, ..., xn, yn). Here zj = xj + iyj for
j = 1, ..., n. For j = 1, ..., n, we denote by

∂j =
∂

∂zj
=

1

2
(
∂

∂xj
+ i

∂

∂yj
), ∂j =

∂

∂zj
=

1

2
(
∂

∂xj
− i ∂

∂yj
),

the complex differential operators. For a C1-smooth function f ∈ C1(Cn), we set

∂f =
n∑
1

(∂jf)dzj.

We denote by dA := dx1dy1...dxndyn the volume form on Cn. And it is clear that
the standard hermitian metric 〈dzi, dzj〉 = 2δij on Cn by 〈dxi, dxj〉 = 〈dyi, dyj〉 = δij
and 〈dxi, dyj〉 = 0. For j = 1, ..., n, the Laplacian operator is given by

∆ :=
n∑
j=1

∆j, ∆j := 4∂j∂j = (
∂2

∂x2
j

+
∂2

∂y2
j

).

Let C∞c (Cn) be the space of smooth functions on Cn with compact support
and Ω0,1

c (Cn) the space of smooth (0, 1)-forms on Cn with compact support. Let
φ ∈ C2(Cn,R) be a real valued C2-smooth function on Cn. Let L2(Cn, e±2φ) and
L2

(0,1)(Cn, e±2φ) be the L2-completion of C∞c (Cn) and Ω0,1
c (Cn) with the indicated

weights. The L2-norms are given by ‖f‖2
L2(Cn,e±2φ)

=
∫
Cn |f |

2e±2φdA, and for each

f =
∑n

1 fjdzj with fj ∈ L2(Cn, e±2φ), we see

‖f‖2
L2
(0,1)

(Cn,e±2φ) = 2

∫
Cn

n∑
1

|fj|2e±2φdA = 2
n∑
1

‖fj‖2
L2(Cn,e±2φ).
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We denote by ‖ ‖L2 and 〈 , 〉L2 the standard norm and inner product in the space
L2(Cn).

For f ∈ L2(Cn, e±2φ), ∂jf is defined in the sense of currents by

〈∂jf, g〉 = 〈f, ∂∗jg〉L2 ,

for g ∈ C∞c (Cn), where ∂
∗
j is the formal adjoint of ∂j in L2-inner product. For

j = 1, ..., n, we define two subspaces as follows

A2
j(Cn, e−2φ) := {f ∈ L2(Cn, e−2φ) | ∂jf = 0 in the sense of currents},

A2
(0,1)(Cn, e−2φ) := {f ∈ L2

(0,1)(Cn, e−2φ) |
n∑
1

∂jfj = 0 in the sense of currents}.

The following is our main result, which give a generalization of Hedenmalm’s
solution of the ∂-equation in Cn with a growing weight (see [19]). Our proof is
analogue to [19], which is essentially due to the works of Hörmander on ∂-equations.

Theorem 6.1. Let φ be a real-valued C2-smooth function on Cn with ∆φ > 0
everywhere. Suppose f ∈ L2

(0,1)(Cn, e2φ) with f =
∑n

1 fjdzj such that,

n∑
1

∫
Cn
fjgjdA = 0,

for all g ∈ A2
(0,1)(Cn, e−2φ) with g =

∑n
1 gjdzj. Then, there exists a solution to the

∂-equation ∂u = f with

‖u‖2
L2(Cn,e2φ∆φ) ≤ ‖f‖

2
L2
(0,1)

(Cn,e2φ),

i.e.,
∫
Cn |u|

2e2φ∆φdA ≤ 2
∫
Cn
∑n

1 |fj|2e2φdA.

6.2 A norm identity and the solution of the
∂-equation on Cn

Let ∂j = ∂
∂zj

: C∞c (Cn)→ L2(Cn) and ∂
∗
j be its formal adjoint. We still denote their

maximal extensions by the same notations. And we can define ∂j and ∂∗j similarly.

Then ∂
∗
j = −∂j and ∂∗j = −∂j on C∞c (Cn). For a function F , we let MF denote

the operator of multiplication by F . Let Tj : C∞c (Cn) → L2(Cn) be a differential
operator given by

Tj := ∂j −M∂jφ
.

Then its formal adjoint is given by T ∗j = −∂j − M∂jφ. Moreover, we define the
differential operator T : C∞c (Cn)→ L2

(0,1)(Cn) by

Tf :=
n∑
1

(Tjf)dzj =
n∑
1

(∂jf − f∂jφ)dzj = ∂f − f∂φ.

74



6.2 A norm identity and the solution of the ∂-equation on Cn

Then, its formal adjoint T ∗ : Ω0,1
c (Cn) → L2(Cn) is given by T ∗f = 2

∑n
1 T
∗
j fj for

f =
∑n

1 fjdzj.

Lemma 6.2. Let φ : Cn → R be C2-smooth function. Let v ∈ C∞c (Cn) and
j = 1, ..., n. Then,

‖∂jv − v∂jφ‖2
L2 − ‖∂jv + v∂jφ‖2

L2 =
1

2

∫
Cn
|v|2∆jφdA, (6.2.1)

n∑
1

‖Tjv‖2
L2 −

n∑
1

‖T ∗j v‖2
L2 =

1

2

∫
Cn
|v|2∆φdA, (6.2.2)

‖Tv‖2
L2
(0,1)

(Cn) ≥ ‖v
√

∆φ‖2
L2 , when ∆φ > 0. (6.2.3)

Proof. Firstly, it is clear that ∂jMF = M∂jF
+MF∂j and ∂jMF = M∂jF +MF∂j on

C1-smooth functions when F is C1. Then

T ∗j Tjv − TjT ∗j v = (∂j −M∂jφ
)∗(∂j −M∂jφ

)v − (∂j +M∂jφ)∗(∂j +M∂jφ)v =
1

2
M∆jφv.

By
∫
Cn |v|

2∆jφdA = 〈M∆jφv, v〉L2 and

‖∂jv − v∂jφ‖2
L2 = 〈T ∗j Tjv, v〉L2 , ‖∂jv + v∂jφ‖2

L2 = 〈TjT ∗j v, v〉L2 ,

(6.2.1) follows. And (6.2.2) follows by (6.2.1) and ∆ =
∑n

1 ∆j. Finally, we see
(6.2.3) by (6.2.2) and ‖Tv‖2

L2
(0,1)

(Cn)
= ‖

∑n
1 Tjvdzj‖2

L2
(0,1)

(Cn)
= 2

∑n
1 ‖Tjv‖2

L2 .

Let TC∞c (Cn) be the L2
(0,1)(Cn)-closure of TC∞c (Cn).

Lemma 6.3. Let h ∈ TC∞c (Cn) ⊂ L2
(0,1)(Cn) and ∆φ > 0, then there exists a

function v ∈ L2(Cn,∆φ) such that Tv = h in the sense of currents and

‖v‖2
L2(Cn,∆φ) ≤ ‖h‖2

L2
(0,1)

(Cn), i.e.,

∫
Cn
|v|2∆φdA ≤ 2

∫
Cn

n∑
1

|hj|2dA. (6.2.4)

Proof. There exists a sequence {vj}nj=1 ⊂ C∞c (Cn) such that h = limj→∞ Tvj in

L2
(0,1)(Cn). By (6.2.3), the sequence {vj

√
∆φ} converges in L2(Cn). We set u :=

limj→∞ vj
√

∆φ in L2(Cn). We denote that v := u√
∆φ

and it is clear that v ∈
L2(Cn,∆φ).

Firstly, we show that (6.2.4) verifies. By (6.2.1) and the definitions of v, u and h,
we have

‖v‖2
L2(Cn,∆φ) = ‖u‖2

L2 = lim
j→∞
‖vj
√

∆φ‖2
L2 ≤ lim

j→∞
‖Tvj‖2

L2
(0,1)

(Cn) = ‖h‖2
L2
(0,1)

(Cn).

Secondly, for f =
∑n

1 fjdzj ∈ Ω0,1
c (Cn), we claim

T ∗f = 2
n∑
1

T ∗j fj ∈ C∞c (Cn). (6.2.5)
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In fact, by the definitions, 〈T ∗f, g〉L2 = 〈f, Tg〉L2
(0,1)

for each g ∈ C∞c (Cn). And∑n
1 T
∗
j fj ∈ C∞c (Cn) by T ∗j fj ∈ C∞c (Cn). Then

〈f, Tg〉L2
(0,1)

= 2
n∑
1

〈fj, Tjg〉L2 = 2
n∑
1

〈T ∗j fj, g〉L2 = 〈2
n∑
1

T ∗j fj, g〉L2 .

and (6.2.5) follows.

Finally, we show Tv = h in the sense of currents. Tv = h in the sense of currents
is equivalent to

〈Tv, f〉 = 〈h, f〉L2
(0,1)

, ∀f ∈ Ω(0,1)
c (Cn)

⇔ 〈v, T ∗f〉L2 = 〈h, f〉L2
(0,1)

⇔ 〈 u√
∆φ

, T ∗f〉L2 = lim
j→∞
〈Tvj, f〉L2

(0,1)
= lim

j→∞
〈vj, T ∗f〉L2

⇔ lim
j→∞
〈 u√

∆φ
− vj, T ∗f〉L2 = 0.

We notice that

|〈 u√
∆φ
− vj, T ∗f〉L2| = |〈u− vj

√
∆φ,

T ∗f√
∆φ
〉L2|

≤ ‖u− vj
√

∆φ‖L2‖ T
∗f√
∆φ
‖L2

≤ C‖u− vj
√

∆φ‖L2 −→ 0, j →∞.

Then, Tv = h follows.

Lemma 6.4. Let h ∈ L2
(0,1)(D)	KerT ∗. Then there exists a solution to Tv = h in

the sense of currents with (6.2.4).

Proof. Let k ∈ L2
(0,1)(D) and k ∈ TC∞c (D)⊥, i.e., 〈k, Tv〉L2

(0,1)
= 0, ∀v ∈ C∞c (D).

Then, the distribution theory gives 〈T ∗k, v〉 = 0, i.e., T ∗k = 0 in the sense of
currents. Then k ∈ KerT ∗. It follows that TC∞c (D)⊥ ⊂ KerT ∗ and

L2
(0,1)(D)	KerT ∗ = KerT ∗⊥ ⊂ (TC∞c (D)⊥)⊥ = TC∞c (D).

Then, we have h ∈ TC∞c (D). By Lemme 6.3 for h, the assertion follows.

Lemma 6.5. Let k ∈ L2
(0,1)(Cn) and k =

∑n
1 kjdzj. Then k ∈ KerT ∗ if and only if∑n

1 ∂j(e
φkj) = 0 in the sense of currents.
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6.2 A norm identity and the solution of the ∂-equation on Cn

Proof. In the sense of currents, we see

T ∗k = 0 ⇔ 〈T ∗k, v〉 = 〈k, Tv〉L2
(0,1)

= 0, ∀v ∈ C∞c (Cn)

⇔ 〈k,
n∑
1

(Tjv)dzj〉L2
(0,1)

= 2
n∑
1

〈kj, Tjv〉L2 = 0

⇔
n∑
1

〈T ∗j kj, v〉 = 〈
n∑
1

(−∂j −M∂jφ)kj, v〉 = 0

⇔ 〈−e−φ
n∑
1

∂j(e
φkj), v〉 = 0

⇔
n∑
1

∂j(e
φkj) = 0

⇔
n∑
1

∂j(e
φkj) = 0.

Proof of Theorem 6.1: Let h := eφf . Then h ∈ L2
(0,1)(Cn). We assume

h =
∑n

1 hjdzj, then hj = eφfj for j = 1, ..., n. For g ∈ A2
(0,1)(Cn, e−2φ) with

g =
∑n

1 gjdzj, we set kj := e−φgj and k :=
∑n

1 kjdzj. By our assumption,

0 = 2

∫
Cn

n∑
1

fjgjdA = 2

∫
Cn

n∑
1

hjkjdA = 〈h, k〉L2
(0,1)

(Cn).

As g run over A2
(0,1)(Cn, e−2φ), k run over all elements of KerT ∗ by Lemma 6.5.

We have h ∈ KerT ∗⊥ = L2
(0,1)(Cn) 	 KerT ∗. By the Lemma 6.4, there exists

v ∈ L2(Cn,∆φ) such that Tv = h and ‖v‖2
L2(Cn,∆φ) ≤ ‖h‖2

L2
(0,1)

(Cn)
.

We set u = e−φv and notice h = eφf . Then, in the sense of currents,

eφf = T (eφu) =
n∑
1

Tj(e
φu)dzj

=
n∑
1

(eφ∂jMe−φ)(eφu)dzj = eφ
n∑
1

(∂ju)dzj

= eφ∂u.

Then ∂u = f . And it follows that ‖u‖2
L2(Cn,e2φ∆φ)

≤ ‖f‖2
L2
(0,1)

(Cn,e2φ)
.

Remark 6.6. Theorem 6.1 implies [19, Theorem 1.2] by choosing n = 1. The
following result is clear and the proof is analogue to above. Let j be a fixed number
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6 The ∂-equation with growing weights

in {1, ..., n} and φ : Cn → R is C2-smooth with ∆jφ > 0. Suppose f ∈ L2(Cn, e2φ)
with ∫

Cn
fgdA = 0, ∀ g ∈ A2

j(Cn, e−2φ).

Then there exists a solution to the ∂-equation ∂ju = f such that

‖u‖2
L2(Cn,e2φ∆jφ) ≤ 2‖f‖2

L2(Cn,e2φ).
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Publishing Co., Amsterdam, 1968.

[36] T. Ohsawa. Isomorphism theorems for cohomology groups of weakly 1-complete
manifolds. Publ. Res. Inst. Math. Sci., 18(1):191–232, 1982.

[37] J. J. Perez. The Levi problem on strongly pseudoconvex G-bundles. Ann.
Global Anal. Geom., 37(1):1–20, 2010.

[38] H. Rossi. Attaching analytic spaces to an analytic space along a pseudoconcave
boundary. In Proc. Conf. Complex Analysis (Minneapolis, 1964), pages 242–
256. Springer, Berlin, 1965.

[39] M. A. Shubin. L2 Riemann-Roch theorem for elliptic operators. Geom. Funct.
Anal., 5(2):482–527, 1995.

[40] Y. T. Siu. A vanishing theorem for semipositive line bundles over non-Kähler
manifolds. J. Differential Geom., 19(2):431–452, 1984.

[41] R. Todor, I. Chiose, and G. Marinescu. Morse inequalities for covering mani-
folds. Nagoya Math. J., 163:145–165, 2001.

[42] C. Voisin. Hodge theory and complex algebraic geometry. I, volume 76 of Cam-
bridge Studies in Advanced Mathematics. Cambridge University Press, Cam-
bridge, 2002. Translated from the French original by Leila Schneps.





Erklärung

Ich versichere, dass ich die von mir vorgelegte Dissertation selbständig angefertigt,
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