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Computational chemistry has advanced rapidly in the last decade on the back of the progress of
increased performance in CPU and GPU based computation. The prediction of reaction properties
of varying chemical compounds in silico promises to speed up development in, e.g., new catalytic pro-
cesses to reduce energy demand of varying known industrial used reactions. Theoretical chemistry
has found ways to approximate the complexity of the underlying intractable quantum many-body
problem to various degrees to achieve chemically accurate ab initio calculations for various, exper-
imentally verified systems. Still, in theory limited by fundamental complexity theorems accurate
and reliable predictions for large and/or highly correlated systems elude computational chemists
today. As solving the Schrödinger equation is one of the main use cases of quantum computation,
as originally envisioned by Feynman himself, computational chemistry has emerged as one of the
applications of quantum computers in industry, originally motivated by potential exponential im-
provements in quantum phase estimation over classical counterparts. As of today, most rigorous
speed ups found in quantum algorithms are only applicable for so called error-corrected quantum
computers, which are not limited by local qubit decoherence in the length of the algorithms possi-
ble. Over the last decade, the size of available quantum computing hardware has steadily increased
and first proof of concepts of error-correction codes have been achieved in the last year, reducing
error rates below the individual error rates of qubits comprising the code. Still, fully error-corrected
quantum computers in sizes that overcome the constant factor in speed up separating classical and
quantum algorithms in increasing system size are a decade or more away. Meanwhile, considerable
efforts have been made to find potential quantum speed ups of non-error corrected quantum sys-
tems for various applications in the noisy intermediate-scale quantum (NISQ) era. In chemistry,
the variational quantum eigensolver (VQE), a family of classical-quantum hybrid algorithms, has
become a topic of interest as a way of potentially solving computational chemistry problems on
current quantum hardware.

The main contributions of this work are: extending the VQE framework with two new potential
ansätze, (1) a maximally dense first-order trotterized ansatz for the paired approximation of the
electronic structure Hamiltonian, (2) a gate fabric with many favourable properties like conserving
relevant quantum numbers, locality of individual operations and potential initialisation strategies
mitigating plateaus of vanishing gradient during optimisation. (3) Contributions to one of largest
and most complex VQE to date, including the aforementioned ansatz in paired approximation,
benchmarking different error-mitigation techniques to achieve accurate results, extrapolating per-
formance to give perspective on what is needed for NISQ devices having potential in competing with
classical algorithms and (4) Simulations to find optimal ways of measuring Hamiltonians in this
error-mitigated framework. (5) Furthermore a simulation of different purification error mitigation
techniques and their combination under different noise models and a way of efficiently calibrating
for coherent noise for one of them is part of this manuscript. We discuss the state of VQE after
almost a decade after its introduction and give an outlook on computational chemistry on quantum
computers in the near future.
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1 Classical quantum chemistry

Since the discovery of quantum mechanics and the proclamation of the Schr•odinger equation, the
fundamental mechanisms of the interaction of nuclei and electrons have been understood and its
complexity has been captured in the electronic structure problem. Even having discovered the
equations governing the nature of chemistry, the exponential scaling of complexity of the resulting
quantum many-body problem limits the extent of what is computable and in this sense knowable
about chemical properties of molecular systems. The art of �nding reasonable approximations to
the intractable original problem, easing restrictions in demand of computational resources while still
remaining accuracy to predict chemically accurate behaviours is at the heart of the �eld of (classical)
quantum chemistry over the last 90 years [1]. Ab-initio chemistry methods that only take physical
constants as inputs have grown with the available computational hardware from mean-�eld methods
like Hartree-Fock [2] restricted to approximations without any quantum mechanical correlation to
more sophisticated methods being able to calculate relevant properties like absolute and relative
energies of given molecules, electronic charge density distributions, dipoles and higher multipole
moments, vibrational frequencies or other spectroscopic quantities to high precision. These methods
enable quantum chemists to make predictions that have come to rival experimental investigations
into these systems [3]. Algorithms like density-functional-theory (DFT) [4] have enabled large scale
simulations of chemically relevant systems.

The �rst section of this thesis will brie
y cover the formulation of the electronic structure problem
and the traditional approximations and treatments developed to tackle solutions, as these methods
developed over the decades have heavily in
uenced the theory developed of simulating these systems
on quantum computing hardware instead. For more detailed introductions of the foundations refer
to [5, 6].

1.1 Quick introduction into quantum chemistry

As this work borders quantum chemistry and quantum many body physics, one has to be careful has
both �elds have developed di�erent notations and terminologies for identical mathematical concepts.
This section contains a brief introduction to notation and the foundation of the theory and concepts
used throughout this work, lending from both �elds and try to bridge them in some cohesive form.

Computational chemistry is aiming to resolve energies with an error � E up to 1:6� 10� 3 Hartree
in accuracy, which is often referred to aschemical accuracy. This is chosen as a threshold because
it is the energy landscape where one can model energy reactions at room temperature and estimate
reaction rates / e� � E=k B T with the temperature T and the Boltzmann constant kB up to an order
of magnitude of precision using Eyrings equation [7, 8]. As one is interested in energydi�erences,
individual energies often do not have to be calculated with chemical accuracy but as long as a
fortuitous cancellation of error occurs, one can recover energy barriers with the needed precision.

The electronic Schr•odinger equation in �rst quantization after the Born-Oppenheimer approxi-
mation with electron coordinates r and nuclear coordinates R is described by

�
�

1
2

X

i

r 2
i

| {z }
T̂e ( r )

�
X

A;i

ZA

r Ai

| {z }
V̂eN ( r ;R )

| {z }
P

i ĥ i

+
X

A>B

ZA ZB

RAB
| {z }

V̂NN (R )

+
X

i>j

1
r ij

| {z }
V̂ee ( r )

�
	( r ; R ) = Eel 	( r ; R ) (1)

with the distances between electrons and nucleir Ai = jr i � RA j, between nuclei RAB = jRA �
RB j, between electronsr ij = jr i � r j j and the atomic number of the nucleus AZA . Short hand
notations are introduced for the kinetic part of the electron Hamiltonian T̂e, the three Coulombic
potential terms for electron-nuclear interaction electronic V̂eN , nuclear-nuclear interaction V̂NN and
electron-electron interaction V̂ee, The electron nuclei coulombic term is usually combined with the
kinetic term to form the single electron operator ĥi , the nuclear Coulomb interaction in the Born-
Oppenheimer approximation amounts to a constant which is usually referred to as thecore energy
and most of the complexity is captured in the electron-electron interaction term due to the fermionic
nature of the electron.

In the usual introduction, one might �rst try to approximate the problem of non-interacting
fermions, ignoring the two-body term of the Hamiltonian. In this case the wave function is separable
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into a product state of spatial orbitals � i (r ). One can think of these as spatial orbitals as the solutions
to the one-electron problem of the local Hamiltonian. Further, there are four degrees of freedom
of these spatial orbitals, three continuous degrees of spacer and one discrete degree of spinw,
x ! f r ; wg explicitly to introduce the preferred basis of spin orbitals � (r )� (w) = � (x) where � (w)
is either the spin-up or -down (alpha or beta in chemists notation) component of the spatial orbital.
The separable wave function can then be written as the product

	 HP (x1; x2; � � � ; xN ) = � 1 (x1) � 2 (x2) � � � � N (xN ) ; (2)

which is also referred to as theHartree product [5].
One quickly sees that this in general does not obey the anticommutation needed for a fermionic

wave function 	( x1; x2) = � 	( x2; x1), so one has to take care of antisymmetricity to make this a
valid fermionic wave function. One way to do this is to use the natural anticommutation of a matrix
determinant to write the wave function as so called Slater determinant [5]

	 SD (x1 ; x2 ; � � � ; xN ) =
1

p
N !

�
�
�
�
�
�
�
�
�

� 1 (x1) � 2 (x1) � � � � N (x1)
� 1 (x2) � 2 (x2) � � � � N (x2)

...
...

. . .
...

� 1 (xN ) � 2 (xN ) � � � � N (xN )

�
�
�
�
�
�
�
�
�

; (3)

which antisymmetrizes the product in O(N 3) steps. Interchanging two particles corresponds to
exchanging two rows in the determinant which gives back the correct sign of the wave function. As
it is quite lengthy to write out the entire matrix determinant every time one wants to work with
Slater determinants one has introduced a shorter notation which only speci�es the Trace of the
matrix and implies the normalisation factor

	 SD (x1 ; x2 ; � � � ; xN ) = j� i (x1) � j (x2) � � � � k (xN )i = j� i � j � � � � k i ; (4)

where in the second part of the equation an order ofx1 ; x2 ; � � � ; xN as been assumed. The ordering
in the shorthand notation takes care of the antisymmetry as a change of rows in the determinant
changes the order of the labels in the shorthand notation

j� � � � i � � � � j � � �i = � j� � � � j � � � � i � � �i : (5)

In second quantization one �nds another representation of these Slater determinants by intro-
ducing fermionic creation and annihilation operatorsay

i ; ai which create a electron in the spin orbital
� i . One postulates the fermion vacuum statej0i and de�nes the operators by the following relations
[5]

Fermionic operators c� j0i = 0 f ai ; aj g = 0 =
n

ay
i ; ay

j

o
(6)

h0j0i = 1
n

ai ; ay
j

o
= h� i j � j i = � i;j (7)

where f ; g is the anticommutator and h� i j� j i = � i;j holds as long as one has chosen an orthonor-
mal set of spin orbitals. When pairing electrons like e.g. in Bardeen-Cooper-Schriefer theory of
superconductivity [9], the paired approximation used in Section 4 as a stepping stone to the full
electronic structure Hamiltonian or just Spin-systems like qubits in general, one deals with excita-
tions of hard-core bosonic nature, meaning they cannot occupy the same mode more than once but
are distinguishable in comparison to the original fermionic excitations [10].

Hardcore bosonic operators

h
b̂p; b̂y

q

i
=

h
b̂y

p; b̂y
q

i
=

h
b̂p; b̂q

i
= 0 ( p 6= q)

n
b̂py; b̂y

p

o
=

n
b̂p; b̂p

o
= 0

n
b̂p; b̂y

p

o
= 1

(8)
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One can specify Slater determinants by creating them from the true vacuum

j� i � j � � � � k i = ay
i ay

j � � � ay
k j0i 8 i < j < k; (9)

where the anticommutation now has been taken care of the anticommuting properties of the creation
operators.

The �rst quantized Hamiltonian in second quantization takes the following form [11]

H = VNN +
X

pq

hpqay
paq +

X

pqrs

Vpqrs ay
pay

qar as; (10)

where the matrix elements are de�ned by the one and two body electron integrals

hij =
Z

dr� �
i (r )ĥi � j (r ) =

Z
dr� �

i (r )

 

�r 2(r ) +
X

A

ZA

r Ai

!

� j (r ); (11)

Vijkl =
1
2

ZZ
dr1dr2� �

i (r 1) � �
j (r 2)

1
r ij

� k (r 2) � l (r 1) : (12)

Chemists have introduced notation to keep track of electronic integrals in a convenient way [5].
For spin orbitals , the following notation has been introduced:

[i jhjj ] = hi jhjj i =
Z

dx1� �
l (x1) h (r 1) `J (x1)

hij jkl i = h� i � J j� k � l i =
Z

dx1dx2� �
l (x1) � �

J (x2) r � 1
12 � k (x1) � l (x2) = [ ik j jl ]

hij jj kl i = hij jkl i � h ij jkl i =
Z

dx1dx2� �
l (x1) � �

J (x2) r � 1
12 (1 � P12) � k (x1) � l (x2)

(13)

hij jj kl i is an already antisymmetrized two-electron integral, a quite useful construction because of its
frequent appearance in derivations, where the operatorP12 exchanges coordinates of electrons one
and two. As the ordering in these cases is arbitrary and agreed on, another ordering and therefore
another notation is also popular, often encountered in Hartree-Fock theory which is referred to as
the chemists notation [ij jkl ] = hik jjl i . This is not used in this thesis but one should be aware of
its existence. For spatial orbitals di�erent brackets are used to note the di�erent set of orbitals
[5]

(i jhjj ) = hij = (	 l jhj	 J ) =
Z

dr 1	 �
l (r 1) h (r 1) 	 J (r 1) ;

(ij jkl ) = (	 l 	 J j	 k 	 l ) =
Z

dr 1dr 2	 �
l (r 1) 	 J (r 1) r � 1

12 	 �
k (r 2) 	 l (r 2) ;

(14)

where J ij � (ii jjj ) is referred to as the Coulomb integral, related to electronic repulsion and the
exchange integralK ij � (ij jij ) enforcing the Pauli-exclusion principle. The overlap matrix Sij is
de�ned as

Sij = h� i j� j i (15)

as the basis setf � j g is in general not orthonormal, e.g. throughout optimisation procedures,
and having nonzero overlap. The energy under this Hamiltonian from Eq. 10 is therefore

E  = h j H j i =
X

pq

hpq
1D p

q +
X

pqrs

Vpqrs
2D pq

rs ; (16)

with the one particle reduced density matrix 1D i
j (1-RDM) and the two-particle reduced density

matrix 2D ij
lk (2-RDM) de�ned by [11]

1D q
p = h j ay

paq j i ;
2D pq

rs = h j ay
pay

qasar j i ;
(17)
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and for completeness sake the de�nition of a k-RDM [12]

k D ~p
~q = h j ay

p1
� � � ay

pk
aqk � � � aq1 j i : (18)

The formulation in RDMs allows to de�ne observables and other functions of given wave function
by their order, so every 2-order operator can be calculated by knowledge of the 1- and 2-RDM.

A special case arises for the k-RDMs of pure Slater determinants, as they do not have contribu-
tions from electron correlation, any k-RDM is purely a function of the 1-RDM [13]

k D ~p
~q = h	 SD j ay

p1
� � � ay

pk
aqk � � � aq1 j	 SD i =

�
�
�
�
�
�
�

1D q1
p1

� � � 1D qk
p1

...
. . .

...
1D q1

pk
� � � 1D qk

pk

�
�
�
�
�
�
�
: (19)

1.2 The Hartree-Fock method and common expansions

As a result of second quantization, the original problem has been split into two parts - �nding a set of
orbitals for the given molecule and solving the second quantized Hamiltonian for this con�guration.
A set of orbitals can be found classically using the Hartree-Fock formalism, while the solutions
to of the second quantized Hamiltonian can now be treated on a quantum computer, either by
variational eigensolvers discussed in the present work (Section 2) or solved in polynomial time on a
fault-tolerant quantum computer. The Hartree-Fock formalism to that is used here to �nd a good
set of orbitals is one of the cornerstones of quantum chemistry. As an e�cient method of calculating
the energy of a molecule with only mean-�eld electron correlation, referred to as the Hartree-Fock
energy EHF which seeks to �nd a single Slater determinant, or the set of molecular orbitals that
minimizes the energy of the electronic structure Hamiltonian. This energy and set of orbitals is used
as a starting point for so calledpost-Hartree-Fock methodsthat include correlation energy (which is
de�ned as the di�erence from Hartree-Fock to the true ground state received from diagonalising the
Hamiltonian EFCI = EHF + Ecorr as it is in the present work. A trial wave function j i =

P
i ci j� i i

is formed from a linear combination of the molecular orbitals (see Section 1.3). The task becomes
to minimize the energy [5]

EHF = h j H j i =
X

ij

c�
i cj h� i j H j� j i ; (20)

with the constraint that the wave function stays normalized [5]

h j i � 1 =
X

ij

c�
i cj h� i j H j� j i � 1 = 0: (21)

After reforming the optimization problem as a Lagrangian and including the constraint with a
Lagrangian multiplier, one can recover a generalized eigenvalue problem [5]

f̂ j	 i = Sij E j	 i ; (22)

where one has de�ned theFock operator f̂ with the Coulomb operator Ĵ and the exchange operator
K̂

f̂ =
X

i

ĥi +
N= 2X

k

Ĵk � K̂ k : (23)

As the f̂ depends on the chosen set of orbitals as it includes the mean �eld action of all electrons
towards a single electron, the usual way of solving this generalized problem is in aself consistent
�eld (SCF) approach. By dividing the problem into two subproblems - �nding the optimal Slater
determinant for a given f̂ i and then calculating the new f̂ i +1 for which a new optimal Slater de-
terminant can be determined until the procedure has converged. One recovers the dominant Slater
determinant j	 HF i and a set of molecular orbitalsf 	 j g with associated energies� j .

As this only gives a �rst approximation without any correlation energy, one can then further re�ne
the energy and trial wave function by expanding around this dominant determinant. Con�guration
interaction expands the wave function around the Hartree-Fock state as a sum-expansion [5, 6]

j	 FCI i �

 

I +
X

pq

Cpqay
paq +

X

pqrs

Cpqrs ay
pay

qar as + : : :

!

j	 HF i : (24)
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This is usually referenced in its entirety as the Full con�guration interaction (FCI) as the
analytical, although computationally intractable, solution of the wave function. As the truncations
of this expansion converge slowly in energy due to the linearity of the expansion and do not obeysize
extensivity (the separability of wave function in the non-interacting setting of two di�erent parts of
Hilbert space jAB i = jAi j B i for HAB = HA

L
HB [14]) they are seldomly used in computational

chemistry [14].
Coupled cluster (CC) expansion is a product expansion around the Hartree-Fock state, con-

sisting of cluster operators T̂n of order n, the �rst two orders are explicitly de�ned here by T̂1 �P
pq tpqay

paq for p 2 I virt ; q 2 I occ and T̂2 �
P

pqrs tpqrs ay
pay

qar as for p; q 2 I virt ; r; s 2 I occ for
the index setsI virt , containing all indices of virtual orbitals, I occ containing all indices of occupied
orbitals [6, 5]:

j	 CC i � exp
�

T̂
�

j	 HF i = exp
�

T̂1 + T̂2 + : : : + T̂n

�
j	 HF i : (25)

When including all T̂n , this representation becomes exact and recovers the FCI wave function
described in . As this is computationally intractable, one terminates the cluster expansion at a
�xed n, and labels the relevant expansion with the included level ofTn , e.g. when only includingT̂1

and T̂2 one refers to the method as CCSD forcoupled cluster singles doublesand with perturbatively
included triple excitations one uses the term CCSD(T) [15], which is also often referred to as the
gold standard of quantum chemistry as it recovers wave functions with low approximation error.
Unfortunately, this comes at a prohibitive cost for large scale simulations ofO(N 7) [14].

1.3 Atomic orbitals and Gaussian approximations

As previously mentioned, one starts from a so called basis set which is a list of orbitals associated
with each element of the periodic table, and a One possible basis set are Slater type orbitals (STO)
introduced by John Slater [1] which model the basis functions after solutions to the Schr•odinger
equation of the hydrogen atom one centered around the coordinates of the nucleus [5]

� ST O
nlm (r; �; � ) = Rn;l (r )Yl;m (�; � ) = jr � R jn � 1e� � j r � R j Y m

` (�; � ); (26)

where n 2 N is the principal quantum number, N is a normalisation constant, jr � Rj is the
relative distance to the position of the atomic nucleusR the orbital is centered around, � is related to
the e�ective nuclear charge and the spherical harmonicsY m

` (jr � R j) take care of the radial part of
the orbital. As previously mentioned the molecular orbitals � are formed from linear combinations
of these atomic orbitals � so to evaluate the one- and two-body electron integralshi;j and V i;j

l;k one
has to integrate over these types of orbitals. Unfortunately the integrals over the product of two
Slater-type orbitals of this form is not computationally e�cient, so one has to �nd other means of
evaluating these integrals. The way this is done today is by approximating the STOs with a linear
combinations of Gaussian functions� GF

n [5]

� STO � � STO-NG =
NX

n

cn � GF
n ; (27)

where the individual Gaussians follow this functional form.

� GF
n =

�
2� n

�

� 3=4

e� � n j r � R j2
: (28)

These approximations are found by maximizing the overlap between the two functions for a given
N and comprise the readily available basis sets online. As one might recall,

e� � n ( r � R n )2
e� � m ( r � R m )2

= e� ( � n + � m )(r � R 0)2

e� � 0(R n � R m )2
; (29)

where one has introduced

R0 =
� n R n + � m R n

� n + � m
and � 0 =

� n � m

� n + � m
: (30)

So the product of two Gaussian functions is a another Gaussian centered aroundR0. This way, even
the two-electron integrals over four basis functions can be written as integrals over at most as two
center Gaussian function.
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Figure 1: Approximations of the Slater type orbital in STO-NG with N=1,2,3 and the individual Gaussian
functions comprising the approximation, plots generated with code starting from [16].

These STO-NG basis sets are very preliminary and are only used in �rst calculations and ap-
proximations of the molecular orbitals of molecules as they do not provide the level of detail to
achieve chemically accurate results in post-Hartree-Fock scenarios. Here more elaborate basis sets
are used, also in Gaussian form for the aforementioned reasons of classical tractability of electron
integrals. These basis sets like 6-31G [17] or cc-pVDZ [18] which are split-valence band basis sets.
These split valence band orbitals into multiple functions with di�erent decay coe�cients to allow
more precise interaction at di�erent length scales, e.g. in bond dissociation scenarios.
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2 Quantum computation

Quantum computing has matured from a theoretical endeavor, �rst proclaimed by Richard Feyn-
mann, then pioneered by Deutsch and Josza �rst showing that quantum computers could achieve
calculations in less steps than classical computers could [19]. Later, Peter Shor showed exponential
speedups in factoring [20] and Grover polynomial speedups in unsorted searches [21], increasing in-
terest in potential applications and algorithms outside the Turing model. Hamiltonian simulation is
one of the main applications of quantum computing, by e�ciently implementing time evolution eiHt

and being able to e�ciently estimate eigenvectors and eigenvalues from this usingquantum phase
estimation (QPE) [22], �rst algorithms for quantum chemistry [23, 24, 25, 26] were discovered. Fur-
ther reducing quantum resource requirements [27, 28] and the introduction of new techniques like
double factorization [29] and qubitization [30] have reduced costs signi�cantly. Although providing
potential exponential speedup over classical alternatives, all these algorithms require a fault-tolerant
quantum computer to be realized in practice. Hardware progress has been made on ion-traps [31]
and superconducting qubits [32], even showing �rst scalable results implementing the surface code
[33], one possible error-correcting code. Still, these error corrected machines are a decade or more
away of reaching the sizes needed to outperform classical algorithms.

While on the path to error-correction, one has to �nd uses for the current generations of quantum
devices. This stage of the development of quantum computing hardware has been coined the NISQ
(noisy intermediate scale quantum computation) era [34]. Instead of running entire algorithms end to
end, a classical (in most cases optimization loop) accesses the quantum computer to move some of the
computation to classical computers, easing the load on the quantum hardware. Thesevariational
quantum algorithms come in two main 
avors: the quantum approximate optimization algorithm
(QAOA) [35] and the variational quantum eigensolver (VQE) [36]. The former is an algorithm
for combinatorial optimization which up until classical algorithms improved [37] showed better
performance on certain problems and the latter is as the name implies an algorithm which �nds the
(lowest) eigenvalue of a problem Hamiltonian. The potential applications of VQE in chemistry are
�nding ground and excited state [38] energies. Both algorithms rely on heuristics and do not give
any performance guarantees. Outside of the variational algorithms, there are other methods to be
highlighted. Quantum Krylov methods [39, 40, 41] and quantum-classical hybrid quantum Monte-
Carlo (QC-QMC) [42] as noteworthy examples. In QC-QMC a quantum computer unbiases the
calculations of a auxiliary �eld Monte-Carlo method, not needing an optimisation loop potentially
mitigating potential problems that arise from trying to optimize the noisy quantum wave function to
extract exact energies. One of the contributions of this work is to propose novel VQE ans•atze that
have a property that is essential for applying VQE to chemistry and which can also be implemented
by repeating simple, physically motivated, gate elements, which reduces the e�ort needed to calibrate
NISQ hardware (Section 5) and benchmark error mitigation techniques (Section 3 and 4) needed
to achieve accurate results from noisy devices in simulation and on hardware. The next section
introduce the framework of the variational quantum eigensolver and its parts that each pose a
challenge on their own.
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2.1 Variational quantum eigensolver

As fully error-corrected quantum computers are still in the future (but recent progress has been
made showing suppression in error by increasing code distances [33]), algorithms like quantum
phase estimation and the quantum Fourier transforms are not possible on current hardware yet.
Starting o� from a demonstration on a quantum photonic processor [36], this framework as become
one of the potential algorithms with useful applications compatible with the NISQ era.

Figure 2: A representation of the VQE framework: On a chosen geometry of a molecule and a given
basis-set determining the accuracy of the calculation, a restricted Hartree-Fock calculation calculates a set
of molecular orbitals and their respective energies. An active space is chosen (a nontrivial matter, but of no
concern here) around the Fermi-energy of the molecule to calculate the correlation energy in the given active
space, leaving the orbitals outside the active space in the mean-�eld treatment of Hartree-Fock. An ansatz
is chosen (green), which determines the parametrization given by the quantum circuit. Starting from a
random or determined (mostly j HF i ) state, estimates of the expectation value of the Hamiltonian/ energy
are taken by some measurement scheme (red) which tries to optimally estimate the O(N 4) Pauli terms given
by the mapping of the fermionic operators to qubit operators. A classical optimization loop running outside
the quantum computer is then querying the quantum circuit at individual parameter con�gurations and can
also measure more complicate properties of the state by the means of the Hadamard or SWAP-test (e.g.
in the natural gradient descent) to then suggest a new set of parameters with a lower energy than before.
Guided by the variational principle, at the end of the optimization one recovers a trial state that resembles
the ground state of the Hamiltonian and possesses the ground state energy. Error mitigation can be used to
mitigate errors in the procedure. Colored boxes mark popular choices of each part of the VQE framework.

Instead of running an entire quantum algorithm on the quantum hardware, the variational
quantum eigensolver uses the quantum computer to prepare a trial wave functionj (� )i , determined
by a choice of ansatz (see Section 2.3) and its parametrization� = ( � 1; � 2; � � � ; � L ). The Hamiltonian
H , in the case of chemistry usually taken to be the electronic structure Hamiltonian in second
quantization, stemming from a Hartree-Fock calculation on a given geometry of the given molecule,
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is then mapped onto the qubit system by some fermionic to qubit mapping (Section 2.2) does not
necessarily need to be implemented as a imaginary time evolution. InsteadH can be decomposed
into groups of jointly measurable terms Ôm , often associated by a short rotation ofO(1) � O (N )
into the correct measurement basis, to form a measurable cost function of the system (see Section
2.4). A classical optimizer of choice (Section 2.5) is then given access to sample from this trial wave
function to determine energy, possibly gradients and further readings at di�erent choices of� to �nd
the lowest con�guration of the system. Protected by the variational principle and the assumption
that the ground state or at least a su�ciently close state is representable by the ansatz this yields
the lowest eigenvalue of the Hamiltonian of the cost function, which corresponds to the ground state
of the system.

E(� ) =
h (� )jH j (� )i

h (� )j (� i )
=

h jH j i
h j i

; � � = arg min
�

E(� ) (31)

The following section will discuss the main ingredients constituting the algorithm, the challenges
to overcome in each of them and possible choices present in the literature. For further details the
interested reader should consult [43, 44].

2.2 Fermion to Qubit Mappings

The fermionic creation and anhilation operator give us a convenient way of representing fermionic
states. The issue now becomes representing them on a quantum computer, which does not itself
consist of indistinguishable fermions but of very much distinguishable qubits and their respective
algebra. The Pauli algebra governing the qubit system does not obey the correct anti-commutation
relations of the original fermionic algebra, but fortunately there is several mappings from one to
the other enforcing the aforementioned relations. The most popular mapping is the Jordan-Wigner
(JW) mapping [45], because of its intuitive construction of its operators. The Braviy-Kitaev [46]
mapping interleaves qubits representing occupation with ones representing parity, leading to in
general shorter representation of fermionic operators but with a more cumbersome construction of
operations on this mapping.

The idea behind the JW-mapping is the following. To construct lowering or raising operators
one can use the Pauli-matricesf �̂ X

p ; �̂ Y
p ; �̂ Z

p g on qubit p in a linear combination as a �rst draft:

�
0 0
1 0

�
=

�̂ X
p � i �̂ Y

p

2
;

�
0 1
0 0

�
=

�̂ X
p p + i �̂ Y

p

2
(32)

One quickly sees that although representing raising or lowering operators, these commute instead

of anticommute
�

�̂ X
p � i �̂ Y

p

2 ;
�̂ X

q � i �̂ Y
q

2

�
= 0 because of the commutation relation of the Pauli matrices

�
�̂ a

p ; �̂ a
q

�
= 0. By using the natural anticommutation relation of the Pauli matrices, f �̂ a

p ; �̂ b
pg = 2 � ab,

and especially ^� X=Y
p �̂ Z

p = � �̂ Z
p �̂ X=Y

p . By adding so called Wigner Strings, chains of ^� X
p to the

mapping to care of the anticommutation.

Jordan Wigner Mapping
ay

p 7!
p� 1O

i =0

�̂ Z
i 


�̂ X
p � i �̂ Y

p

2
; ap 7!

p� 1O

i =0

�̂ Z
i 


�̂ X
p + i �̂ Y

p

2
; (33)

To then transform the Hamiltonian in second quantization one replaces the fermionic operators
with their JW counterpart, leading to O(N 4) Pauli terms. One can now write the di�erent parts
of the 1- and 2-RDM needed to calculate any operator up to order 2 like the energy of the system
explicitly in qubit observables:
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1D p
p =

1
2

�
1 � �̂ Z

p

�

1D q
p + h:c: =

1
2

0

@
p� 1O

j = q+1

�̂ Z
j

1

A 

�
�̂ X

p �̂ X
q + �̂ Y

p �̂ Y
q

�

2D pq
pq =

1
4

�
1 � �̂ Z

p � �̂ Z
q + �̂ Z

p �̂ Z
q

�

2D qr
pq + h:c: =

1
2

0

@
p� 1O

j = r +1

�̂ Z
j

1

A 

�
�̂ X

p �̂ X
r + �̂ Y

p �̂ Y
r

�



 
1 � �̂ Z

q

2

!

2D rs
pq + h:c: =

1
8

r � 1O

j = s+1

�̂ Z
j

p� 1O

k= q+1

�̂ Z
k 
 (�̂ X

p �̂ X
q �̂ X

r �̂ X
s � �̂ X

p �̂ X
q �̂ Y

r �̂ Y
s + �̂ X

p �̂ Y
q �̂ X

r �̂ Y
s

+ �̂ Y
p �̂ X

q �̂ X
r �̂ Y

s + �̂ Y
p �̂ X

q �̂ Y
r �̂ X

s � �̂ Y
p �̂ Y

q �̂ X
r �̂ X

s + �̂ X
p �̂ Y

q �̂ Y
r �̂ X

s + �̂ Y
p �̂ Y

q �̂ Y
r �̂ Y

s )

(34)

As the k-RDMs of single Slater determinants are functions of the 1-RDM (see Eq. 19), the
energy under the Hartree-Fock approximation can be expressed solely as a function of the 1-RDM,
as used in [47]

EHF =
X

pq

hpq
1D q

p +
X

pqrs

Vpqrs

�
�
�
�

1D r
p

1D s
p

1D r
q

1D s
q

�
�
�
� : (35)

In the doubly-occupied/seniority zero (DOCI) approximation (used in Section 4), electrons are only
considered in pairs and the excitations follow hardcore bosonic exchange statistics from Eq. 8. This
means one does not have to carry Wigner-strings in the measurement and in the trotterized ansatz,
easing strain on the quantum computational hardware. The full second quantized Hamiltonian from
Eq. 10 can then be written explicitly in parts of the RDMs as:

EDOCI = C +
X

p

hpp + Vpppp

2
1D p

p +
X

p6= q

Vppqq

4
(1D q

p + h:c:)

+
X

p6= q

2Vpqqp � Vpqpq

4
2D pq

pq

E full = C +
X

pq

hpq
1D q

p +
X

pqrs

Vpqrs
2D rs

pq

(36)

For more e�cient measurements of the full Hamiltonian, refer to Section 2.4.
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2.3 Ans•atze

One of the central elements of the VQE framework is the choice of ansatz. As the reason of this
entire framework is limited quantum hardware quality, one has to be very mindful of how to spend
these resources. Optimization success and actual feasibility of the algorithm depend highly on
the choice of ansatz. The main trade-o� these ans•atze take into consideration is between cost of
representation, as in how many gates each operation consists of and in expressibility of the rotations
the parameters are assigned to, where expressibility is measure of which part of state space the
ansatz can explore [48]. Starting from an easily prepared reference state, usually the Hartree-Fock
state j ref i = j HF i = j0 : : : 01: : : 1i prepared by single layer of Pauli-rotations, one parametrizes
unitary rotations to build up a more complicated wave function

j (� ) i = U(� ) j ref i =
Y

l

Ul (� l ) j ref i : (37)

We will give a brief overview over some of the possible choices of ans•atze and their motivations to
put the ansatz proposed in publication in Section 5 into context. A more detailed comparison with
these ans•atze to the QNP-fabric is part of the publication.

Figure 3: Three popular choices for the ansatz visualized. The UCCSD ansatz consisting of the direct
mapping of trotterized fermionically generated rotations through the JW mapping leading to long CNOT
chains spanning the qubit space taking care of the Wigner strings (red), the hardware e�cient ansatz tiling
out the operations natively available to the respective hardware to depths limited by the coherence times
or error rates of the device [49] (blue) and the ADAPT ansatz/framework successively choosing the locally
best operator with the highest gradient from a predetermined pool of operators, reoptimizing after every
step until convergence is reached [50] (green).

The UCCSD ansatz from the original VQE paper [36] proposes an ansatz inspired by the
classical chemistry algorithm CCSD. It replaces the �rst and second order cluster operatorsT1 and
T2 in Eq. 25 with anti-hermititian operators exp ( Tu

1 + Tu
2 ) j ref i where Tu

1 =
Q

pq � pq(ay
paq � ay

qap)
and Tu

2 =
Q

pqrs � pqrs (ay
pay

qar as � ay
r ay

sapaq). In principle these rotations can be decomposed into
one- and two- qubit rotations as any unitary can be, although these decompositions would be too long
for NISQ devices. One insteadtrotterizes exp(Tu

1 + Tu
2 ) rotations generated under this Hamiltonian

using the Trotter Suzuki-Formula

eHt = e
P m

j =1 O j t =

0

@
mY

j =1

eO j t=r

1

A

r

+ O
�
m2t2=r

�
: (38)

This becomes exact for limr !1 . UCCSD usually takes approximations of the �rst order where one
creates an ansatz consisting of unitary operations generated by the individual fermionic creation
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and annihilation operators through the JW mapping U(� ) = exp ( i�a y
paq + h:c:) and similar for the

two body excitations, a circuit representation after JW is shown in Fig. 3. In other approximations
e.g. implementing imaginary time evolution on a quantum computer in �rst order trotterization
the trotter error O

�
m2t2

�
destroys the dynamics one tries to capture and signi�cantly higher or-

ders/ smaller trotter steps are needed to minimize the error [51, 52],. In the VQE setting, having
a variational ansatz and optimizing the parameters associated with the trotterized rotations can
compensate for the Trotter error to some degree [52]. In principle this gives a chemically well mo-
tivated ansatz parametrizing sensible rotations in fermionic space. The long CNOT ladders needed
to represent the Wigner strings lead to an ansatz that without further optimization in ordering of
operators to reduce CNOT count leads to an ansatz that is currently not representable on current
hardware.

On the other end of the expressibility-feasability tradeo� there is the hardware-e�cient ansatz
[49] (HEA). Here one tiles out the natively available operations on the used hardware (on supercon-
ducting hardware e.g. f Rx ; Ry ; Rz ; CNOT g), leading to a very densely parametrized ansatz. This
can be done on any hardware, and as the natively available gateset of all hardwares is by design
universal, one can in principle build up any wave function possible if one increases depth. The
problem with the ansatz is that it also parametrizes unphysical parts of the trial wave function, not
contributing to any meaningful complexity and only increasing searchable space of the optimizer.
Another problem is the phenomenon ofbarren plateaus that in highly expressible ans•atze the cost
function in vast regions of the space has vanishing gradient [53]. This makes converging this ansatz
in general situations di�cult.

The ADAPT [50] ansatz/framework is an adaptive way of growing the ansatz operator by
operator to achieve minimal scaling in the number of parameters constituting the trial wave function.
One begins by de�ning a pool of operatorsf Ĝ1; Ĝ2; � � � ; ĜN g that generate rotations exp (i� m Ĝm ).
The �rst draft used the cluster operators from UCCSD [50], other schemes like Qubit-ADAPT [54]
use a qubit-friendly set of universal operators omitting Wigner-strings. By starting from a reference
state, one measures the gradient of the energy with respect to all operators at the current trial state
and chooses the operator maximizing the gradient

@E(n )

@�m
=

D
 (n )

�
�
�
h
Ĥ; Ĝm

i �
�
�  (n )

E
: (39)

The ansatz is grown by the chosen operator to form a new trial wave function

j n i = exp ( i� n Ĝn ) j n-1 i : (40)

Then a global optimisation of all parameters is performed starting from the old set of parame-
ters. This loop is then performed up until convergence with some convergence criteria, a common
convergence criteria is all gradients from Eq. 39 fall below a threshold@E(n ) =@�m < � 8 m. A
representation of the algorithm is shown in Fig. 3. Numerical studies show that this way of building
an adaptive ansatz is insensitive to barren plateaus and vanishing gradients [52].

Figure 4: A SWAP-network on a ring as used as an ansatz in Section 4. After N=2 steps, each blue mode
has been coupled to each red mode but no intercolour coupling as taken place. In the chemistry scenarios,
this couples each occupied to each virtual e�ciently.

As the full second quantized Hamiltonian is still prohibitive in scaling to current NISQ platforms,
there exist more tailored ans•atze only parametrizing the relevant parts of Hilbert space associated
with a restricted part of the Hamiltonian. When doing Hartree-Fock on a quantum computer [47],
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one only implements the the number preserving orbital rotation U which transforms the underlying
basis set and corresponds to a basis change to a new set of orbitals. This can be implemented in
O(N ) in a Givens-Network [32]. In the DOCI approximation of chemistry [10], discussed in 2.2,
one can take a trotterized step in the paired approximation in depth N using a diamond shaped
Givens-SWAP network. In this work in Section 4 a more compact version of this ansatz is introduced
by the author, only taking N=2 layers to implement the fully �rst order trotterized step between
virtual and occupied orbitals by taking advantage of the missing Wigner Strings associated with the
operators, resulting in a maximally dense arrangement. This is achieved putting the operators on
a ring instead of a line, which creates two modes traveling in opposite direction. The action of the
SWAP-network on a ring is shown in Figure 4.

Furthermore, the author has introduced the quantum-number preserving ansatz (QNP), a
more hardware accessible, chemistry inspired ansatz that only parametrizes the relevant subspace
with the correct quantum numbers. One way to view the ansatz is the combination of orbital
rotations from Hartree-Fock parametrizations of [47] and pairwise excitations from [10] in a brick-
layer circuit. For further discussion please refer to Section 5.

2.4 Measurement

As previously discussed, variational quantum eigensolver requires many circuit repetitions (shots)
which one has traded for shorter circuit length in comparison to quantum phase estimation. One of
the challenges is to managing this shot count overhead. Mapping the second quantized Hamiltonian
onto qubit operators leavesO(N 4) to be estimated per energy evaluation of the state. The total
number of distinct measurements as well as the individual variances of each term constitute the
total cost of estimating the energy to �nite precision. What most these techniques share is that
they decomposethe Hamiltonian into a weighted sum of fast forwardable observablesÔi

H =
X

i

bi Ôi : (41)

Fast-forwardable in this case means that the spectrum of the observablêO is known/can be classi-
cally calculated by means of diagonalization, so time-evolution under these observables can befast
forwarded classically by evolving under the known spectrum. One way to reduce the number of
measurements needed is to group the Pauli words into cliques of jointly measurable groups of Paulis
[55], where the distribution into the groups is a nontrivial task When allowing for deeper circuits of
O(N ) rotating into the measurement basis, one can reduce the cost of measurement further:

One possibility is by means of di�erent factorization techniques, e.g. tensor hypercontraction [56,
57] (mostly used in Qubitization approaches), single factorizations [58] anddouble factorization
[29] (named after a second factorization step over the single factorized approach) techniques. In
double factorization approaches, the second quantized electronic structure Hamiltonian from Eq. 10
in slightly modi�ed form where some of the two body contribution has been included in the single
body term hmod

pq = hpq +
P

i [2(pqjii ) � (pijqi)] + 1 =2
P

r (pr jqr) with i 2 I core , where I core is the
set of indices of frozen core orbitals, not participating in correlation and being treated at an HF
level of theory. The modi�ed single electron (pjhmod

pq jq) and the two electron tensor (pqjrs) are then
eigendecomposed and the individualleavesresulting from the �rst factorization of two-body term
are then eigendecomposed again, resulting in [59].

E � E +
X

k

F ?
k ! ?

k +
n tX

t =1

X

kl

Z t
kl !

t
kl : (42)

where nt is the number of leaves from �rst factorization of the two-body term, the modi�ed one
body (two body) integrals F?

k (Zt
kl ) being a result from the (nested) factorized one body (two body)

electron integrals and the doubly factorized reduced density matrices are! ?
k and ! t

kl de�ned by [59]

! ?
k �

1
2

D
	( ? )

�
�
�Ẑk + Ẑ �k

�
�
� 	( ? )

E
;

! t
kl �

1
8

h	( t)jẐk Ẑ l � Î � kl + Ẑk Ẑ �l

+ Ẑ �k Ẑ l + Ẑ �k Ẑ �l � Î � �k �l j	( t)i :

(43)
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wherek and �k are indexing orbitals of di�erent spin and the modi�ed states (or better, states in the
rotated measurement basis)j	( ? )i � U? j i and j	( t)i = U t j i can be measured by implementing
a rotation by unitaries U? and U t determined by the factorizations and e�ciently implemented by a
Givens-network (orbital rotation) of depth N . As one only has to measurêZp and ẐpẐq observables
in each of these basis, which all commute, one only has to measure innt + 1 basis to estimate
the energy of the given Hamiltonian. Truncating the full number of leaves nt = N (N + 1) =2
in an appropriate ordering makes the solution not exact anymore but reduces the measurement
overhead further. Even more elaborate means of compressing the factorization, compressed double
facorization (C-DF) have been developed [60, 61].

By randomizing over di�erent measurement basisclassical shadows can estimate a linearO(N )
amount of observables with onlyO(log(N )) shots [62]. To create a classical shadow representation
of a unknown quantum state � measure the quantum state by applying a random unitaryU which
transforms � ! U�U y and storing the resulting bitstring jbi The quantum channel M that consti-
tutes the average over choise of random unitary and measurement outcome constitutes the following
equation.

E
h
Uy jb̂ihb̂jU

i
= M (� ) =) � shadow = E

h
M � 1

�
Uy jb̂ihb̂jU

�i
(44)

The inverse of the measurement channel is not necessarily physical but one can still apply it [62]
and �nd that the then estimated shadow density matrix mirrors the original density matrix in
expectation value E[�̂ ] = � in average so by building up an array of these shadows one can then
predict certain properties from the purely classical estimates.

First introduced randomizing over local or global Cli�ord measurements [62], the local Cli�ord
variant had an unfavorable exponential scaling in the size of the support of the observable one tries
to estimate from the classical shadow. There is a geometrical argument that supports this �nd-
ing: as Cli�ord measurement constitutes a discrete set and one is trying to estimate a Pauli-word
P =

P
s � x=y=z (s)

s with support s and all Pauliwords form a orthogonal basis, only measurements
that contain the given Pauli-word contribute to the estimation. With growing s, its exponentially
unlikely that a random measurement will contain the given pauli-word. As qubitized fermionic k-
RDMs have large support, these original methods did not achieve competitive scaling for fermionic.
Di�erent protocols adapted for fermions randomizing over the unison of Cli�ord circuits and Gaus-
sian unitaries [63], over the entire Gaussian unitary ensembe [64] and over the particle-number
preserving matchgates [12], randomizes over the same measurement basis as the double-factorized
measurement methods, have been introduced in the last year achieving scaling for estimating all
elements of the k-RDM in O

�
� k =�2

�
where � is the number of fermions present, independent of the

number of orbitals/modes. A major hurdle to use these favorable scalings is that current hardware
can not support these randomized single-shot measurements as reloading a new cirucit associated
with a new random measurement basis takes orders of magnitutes more time than sampling a �xed
circuit many times [65].

2.5 Quantum gradients and optimization

As the name suggests, variational quantum algorithms draw some of their appeal from the connection
to a classical optimizer, having shorter quantum circuits to evaluate leading to more loose hardware
needs and protecting against coherent noise e.g. overrotation. Methods that only require evaluations
of the cost function but no gradients or higher order derivatives like a Simplex or COBYLA can be
used and are used in practice, as in classical optimization these are more robust against noise, shot
and device noise all together. However, with growing size these optimization problems become very
challenging and in general have been shown to be NP-hard [66]. To increase performance, gradient
based optimization or even higher derivative methods are used [67]. The challenge then becomes
evaluating the gradient of the parameters in the circuit, but it turns out there is an analytical way
of recovering the gradient of a quantum gate without using �nite di�erence.

The foundation of all shift rules and further analysis of quantum cost functions is that cost
functions arising from quantum gates are trigonometric polynomials with order equal to the number
of eigenvalues of the generator of the quantum gate. Fig. 5 shows the associated cost functions
of two gates at varying parameter settings. By (taken from [67]) starting with a generated gate
U(� ) = exp( i� Ĝ) with the Generator Ĝ with eigenvalues f expi! j xg, real valued f ! j g in non-
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Figure 5: Visualizations of quantum cost functions of two Givens gates (inset on the right shows the matrix
form of the individual gates) on a random state. Both individual gates have single sinuses as cost functions
as they have two eigenvalues and form a trigonometric polynomial of higher order when viewed together.
Cuts along individual parameter values with the other parameter �xed take the form of the original single
frequency cost function with di�erent coe�cients.

decreasing order. One absorbs gates before and after the gateU into the state j i and into the
observableÔ [67]

E(� ) :=
D

 
�
�
�Uy(� )ÔU(� )

�
�
�  

E

=
dX

j;k =1

 j ei! j � bjk  k ei! k �

=
dX

j =1

j j j2 bjj

| {z }
a0

+
dX

j;k =1
j<k

2

6
4 j bjk  k| {z }

c` = c` ( j;k )

ei


 `z }| {
(! k � ! j ) � + h.c.

3

7
5

= a0 +
RX

` =1

c` ei 
 ` � + h.c.

= a0 +
RX

` =1

a` cos (
 ` � ) + b̀ sin (
 ` � ) ;

(45)

where [67] introduces a new index̀ through a mapping of the old indices, the new coe�cients trough
c` = 1

2 (a` � ib` ) and R unique positive di�erences f 
 ` g` 2 [R ] := f ! k � ! j j j; k 2 [d]; ! k > ! l g.
First discovered for single-qubit gates [68] (which are always generated by matrices of two eigen-

values),
@
@�

E(� ) =
1

2 sin( �
2 )

h
E

�
� +

�
2

�
� E

�
� �

�
2

�i
; (46)

then generalized to arbitrarily generated gates [67] with equidistant spacing ofR equidistant eigen-
values

General parameter-shift rule E 0(0) =
2RX

� =1

E
�

2� � 1
2R

�
�

(� 1)� � 1

4R sin2 � 2� � 1
4R �

� : (47)

these parameter-shift rules provide an analytical form (disregarding shot noise) to evaluate gra-
dients of quantum gates. Having access to the gradients of the cost function allows for the use of
gradient based optimization methods like Gradient-descent, ADAM [69] and L-BFGS-B [70].

The insight into the trigonometric nature of the cost function from Eq. 45 has far reaching
consequences and is at the core of many discoveries in the last years. By adding an additional
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measurement point to the parameter-shift rules one can recover the the functional form of the cost
as a function of one parameter with all other parameters �xed [71, 72, 67]. When recovering the
full cost function one can go beyond taking only a short step along the gradient but can classically
determine the minimum of the cost function and setting the parameter locally optimal, which is often
referred to as theRotosolveoptimizer [72]. For small R there exist closed forms of the minima of the
function [72, 67], and for functions with higher R where no closed form exist one can still classically
optimize on the extracted function without spending quantum hardware resources [67]. Although
usually limited to local updates of parameters, prohibiting collective movement in parameter space,
for certain applications like Section 3.7 where no collective movement is needed one can converge to
an optimum in very few steps, as each parameter is set optimally locally at each step.
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3 Quantum error mitigation

The absence of error correction protecting against device noise in the NISQ era makes non-scalable
approaches of estimating quantities with reduced dependency on error processes a vital task to
make these devices useful for relevant applications in the near and mid term scope. Especially in
chemical algorithms that aim to extract quantities with chemical accuracyfrom quantum hardware
like ground and excited states as described above this is necessary to be competitive with classical
algorithms, as the level of precision one can estimate these quantities to is one of the key factors
di�erent algorithms are judged by. The de�nition of quantum error mitigation is not well agreed
on [73], usually one refers to procedures that reduce dependency on error that in principle scale
exponentially in dependency of shots or system size but have potential windows of usefulness as
the quality of hardware improves in error rates and coherence times to bridge the gap until fully
error corrected quantum computers arrive. Another way of viewing the task of error mitigation
is building estimators, whose inherent bias is reduced under common noise models [73]. Common
techniques to mitigate noise are arti�cially injecting noise at varying levels into the given circuit to
extrapolate the performance under no noise, commonly referred to as zero-noise extrapolation or
Richardson extrapolation [74, 75]. By learning the particular noise models of a given device one can
insert additional gates to compensate/mitigate noise processes [74, 76]. In the following sections
a more detailed explanation of the error mitigation techniques used in Section 4 is given, a more
detailed review of methods is found in [73].

3.1 Noise in quantum circuits

Before talking about mitigating noise, a quick introduction into the reason these techniques are
necessary -noise . The imperfection of quantum hardware is a major challenge of quantum compu-
tation in stark contrast to classical hardware, where digitization of analog signals and error corrected
memory has made errors inside processors almost nonexistent and error correction codes are mostly
used when dealing with communicating information through imperfect channels. As amplitudes of
di�erent parts of the prepared wave function still remain as a continuous spectrum, this is not the
case for quantum computers. Noise in quantum circuits can be categorized into two main categories:

Coherent noise is noise that does not change the purity Tr(� ) of a quantum state. One kind of
coherent noise present in current quantum devices are over/under-rotations stemming from faulty
calibration of quantum gates or drift of experimental parameters after calibration. They add a
small o�set 
 to the parameter associated with the unitary operation U(� ) 7! U(� � 
 ). In the
original formulation of variational settings this does e�ect measurement outcomes as the variational
principle protects against this o�set. The minimum after optimization will be found at a perturbed
set of parameters� 0 with the same energy as in the unperturbed setting min

�
E(� ) = min

� 0
E(� 0).

On the other hand, incoherent noise does scatter the originally pure state into an incoherent
mixture of states � noise , resulting in a stochastic mixture of states. These noise processes are
modelled with a quantum channel �, which is a linear, completely positive, and trace-preserving
map. A convenient way of representing these channels areKraus operators f K̂ i g associated with
the given quantum channel with the property

P
i K̂ y

i K̂ = I . Their action on a given � is then [77]

�( � ) =
X

i

K̂ i � K̂ y
i : (48)

One can see that after the application of the quantum channel it has applied the Kraus operatorK i

with probablity pi = Tr( K̂ i � K̂ y
i ), resulting in a statistical mixture described above. Furthermore

noise channels that are described by one Kraus operator, or in other words quantum channels of rank
1, describe pure channels. One can now �nd Kraus operators for typical noise channels present in
the di�erent hardware settings. Typical noise channels present in most devices are thedepolarizing
channel, amplitude damping channel and thephase dampingchannel.

The depolarizing channel applies the three Pauli matrices with a given probabilityp [77]

K̂ dp,0 =
p

1 � p I; K̂ dp,1 =
p

p=3 �̂ X ; K̂ dp,2 =
p

p=3 �̂ Y ; K̂ dp,3 =
p

p=3 �̂ Z : (49)

The amplitude damping channel projects onto the zero state with probablity p and is associated
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with the following Kraus operators

K̂ ad,0 =
�

1 0
0

p
1 � p

�
; K̂ ad,1 =

�
0

p
p

0 0

�
: (50)

and the phase damping channel destroys the information stored in the phase of a quantum state
without altering excitation levels [77]

K̂ pd,0 =
�

1 0
0

p
1 � p

�
; K̂ pd,1 =

�
0 0
0

p
p

�
: (51)

As density matrix simulators have to simulate a 2n � 2n density matrix in contrast of keeping only a
2n sized state vector in memory, they are much more computationally demanding to simulate. This
increase in size and the unknown nature of the noise processes for devices in general makes current
quantum hardware competitive when simulating actual error mitigation techniques, see Section 4.
The noise channels above constitute single qubit noise channels, noise on real devices generally is
not limited to single qubit noise due to cross talk.

3.2 Postselection

Symmetries Ŝ in the Hamiltonian one is investigating can be used in varies way, by 'tapering' o�
qubits to reduce Hilbert space size in simulations [78, 79] or by projecting the noisy state into the
symmetry subspace to help mitigate errors occurring during the computation, which is often just
referred to as Postselection [80]. This can be viewed as purifying the noisy state into one with
less noise by projecting out parts of the state that can only be the result of noise processes, hence
the name of the publication as the following methods can also be viewed from this perspective.
Postselection is often regarded as a 'zero cost' error mitigation technique [43], as it does not demand
an increase in qubit number or circuit depth, only a higher repetition of shots. This is not quite
true as the managing shot budgets is a major task in VQE. These few requirements allow it to
be combined with more advanced techniques to further increase �delity, e.g. here one can use
Postselection on a subset of the measurements of virtual distillation (see 3.5).

The introduction here follows [80]. Symmetries are observables that commute with your Hamilto-

nian
h
H; Ŝ

i
= 0 and its decomposition into fast forwardable terms

h
Ôi ; Ŝ

i
= 0. The measurements

are de�ned as the projector-valued measurementf �̂ i g (PVM) for the measurement outcomesi with
the following properties

P
i �̂ i = I ; �̂ 2

i = �̂ y
i = �̂ i . The outcomesi occur with the probabilities pi

following the Born-Rule
pi = h j �̂ i j i ; (52)

and projects the state onto pi = �̂ i j i =
p

pi . The PVM f �̂ Sg that projects onto the target
eigenspaceS can then be constructed. As long as the symmetry projection leaves the pure state
in the absence of noise unchanged̂� s j i = j i the measurement of� and the following projec-
tion/postselection under f � sg results in the projected density matrix

� s :=
�̂ s � �̂ s

Tr
h
�̂ s �

i (53)

and one can see that

Tr [ � s j ih j] =
Tr[ � j ih j]

Tr
h
�̂ s �

i � Tr[ � j ih j]; (54)

the projected density matrix � s has even or greater overlap with the pure state before noisej i
as the noisy density matrix [80]. When simulating fermions, in most cases the number operator
N̂ =

P
j ây

j âj commutes with the given observable one tries to measure in the VQE setting and
is conserved. Furthermore when one is in a spin-orbital mapping the number of alpha and beta
electrons is also convserved, lending itself to the postselection scheme. In practice one looks at the
shot register and throws out every shot that does not have the correct excitation number in total or
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in the separate spin sectors and only calculates expectation values from the subset attained. With
the cost C associated with postselection is

C =
1

Tr [� s � ]
; (55)

as this marks the probability of a single shot not passing the criteria.

3.3 Echo veri�cation

Instead of verifying that the state one has prepared obeys the correct symmetries of the Hamiltonian,
one rather would like to verify that the state one has prepared is the indeed the one that was
intended. This would reach the information theoretical limit of mitigating all errors, although
having a success probability that scales with the inverse of the circuit �delity [81]. The task behind
echo veri�cation is estimating hH i , where one decomposes H into a sum of fast fordwardable terms
Eq. 41. A quick introduction into estimating expectation values of arbitrary, fast forwardable
observables with the Hadamard test follows, as introduced in [81]. The state that was prepared by
a unitary j i s = Utotal (� ) j0i s where ji s marks the register associated with the system and one has
added an ancilla qubit prepared in the plus statej+ i a .

j+ i a �

j i s ei Ôt

Figure 6: A depiction of the SWAP-test with an ancilla qubit.

which encodes the state 1p
2
(j0i a j i s + j1i aei Ôt j i s). More explicitly, one divides the unitary

preparing the state Utotal (� ) = Ua(� )Sprep where Sprep is the state preparation of the starting state
of the ansatz Sprep j0i = j ref i which does not change in e.g. optimization steps of the VQE and
Ua(� ) is one of the ans•atze discussed in 2.3 and explicitly parametrized. AsSprep starts of from
the all-zero state j0i 
 n

s , it does not conserve any quantum numbers whileUa typically in fermionic

simulations conserves at least the number operator
h
Ua ; N̂

i
= 0. One can expand this into the

eigenstates of the observablejE j i s [81]

j i s =
X

j

mj jE j i s and j	( t)i =
X

j

1
p

2

�
j0i a + eiE j t j1i a

�
jE j i s : (56)

Tracing over the system register yields [81]

� a(t) = Tr s[j	( t)ih	( t)j] (57)

=
1
2

�
1 g(t)

g� (t) 1

�
; (58)

with g(t) =
P

j M j eiE j t and M j = jmj j2. The de�nition of the phase function can be written
as g(t) = Tr [ � aj0i ah1ja ]. To extract the expectation value hH i =

P
j M j E j from the phase function

there is a multitude of ways, here the derivative of the phase function is used:

g0(t) =
X

j

iM j E j eiE j t �! Im( g0(0)) =
X

j

M j E j = hH i (59)

So the task of estimating expectation values in the Hadamard test can be mapped to estimating the
gradient of the phase function of the controlled evolution via the ancilla qubit. One can use all the
tools discussed in Section 2.5, e.g. parameter-shift rules in �nding the times t on when to evaluate
the phase function to extract the gradient. The optimal way of estimating expectation values in
this setting is part of Section 6 and includes a comparison to the tools that the gradient picture of
the phase function provides.
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Now one wants to extend the Hadamard test to include veri�cation, projecting onto the subspace
of Uy(� ) j0i s, undoing the computation. The framework is shown in Fig. 7. As this evolves the
system, even under no noise the system does not return to the all zero statej0i s and fails veri�cation.
One would expect this to change the phasefunctiong(t) in the estimation, but one can show that
this leaves the phase functiong(t) unchanged [81]. The physical argument from [81] on why this
is the case is the following. Explicitly dividing the density matrix of the ancilla qubit � a under no
noise into a part that passes and one that does not pass veri�cation gains [81]

� a = � (v)
a + � (f)

a : (60)

j+ i a �

Sprep Ua(� ) ei Ôt Uy
a (� ) Sy

prep� � � � � � � � � � � �

8
>>>>>><

>>>>>>:

j i s

Figure 7: Controlled echo veri�cation. Expectation value gets encoded as a phase on the additional ancilla
qubit by implementing controlled time evolution on the system qubit.

When the ancilla qubit is in the j0i a state at the end of the computation, no evolution has taken
place, the system will always return to j0i s and pass veri�cation. This means that not passing
veri�cation always projects the ancilla into the j1i s state and therefore� (f)

a = j1i ah1ja , contributing
0 on average to the estimation [81].

Tr [ � aj0i ah1ja ] = Tr
�
� (v)

a j0i ah1ja + � (f)
a j0i ah1ja| {z }

0

�
= g(t) (61)

Now including noise, one can decompose the noisy estimate of the phase function [81] into

gnoise (t) = pneg(t) + O (perr (t)) ; (62)

where it is assumed thatpne does not depend ont. Noise then acts as a rescaling factor of the noisy
wave function and its amplitudes M j . The task of estimating the error corrected expectation value
of Ô becomes

Echo veri�cation hÔi corrected =
Im( g0(0))

pne
: (63)

There is a more NISQ friendly way of doing the Hadamard test in this setting which is referred to
ascontrol-free echo veri�cation which omits the ancilla qubit and the controlled time evolution
in speci�c cases in exchange for a slightly more involved preparation of the reference state, making
this error mitigation technique more NISQ approachable.

Choosing an eigenstate of the observable as aphase referencestate Ô j O i = EO j O i which
is a simultaneous eigenstate of the unitary ansatzUa j O i = Ea j O i one can encode the phase
function in the phase di�erence of the original reference statej ref i s and the phase reference state
[81]. As long as one can e�ciently compute the eigenvalue associated with the phase reference with
the observable (the phase the reference state gathers from the ansatz is reversed when undoing the
unitary), one can recover the expectation value of the original state in post-processing or compensate
for the phase the phase reference gathers by additionally applying a phase in state preparation. In
the case of number conserving fermionic simulations (which is the case for chemistry calculations)
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H

CSprep U(� ) ei Ôt Uy(� ) CSy
prep

X + iY

h0j

� � � � � � � � � � � �

h0j

Figure 8: Control-free echo veri�cation. One prepares an equal superposition of a reference state (often
j0i ) and a starting state, the ansatz U(� ) and imaginary time evolution ei Ôt are only allowed to change the
reference state by a (classically e�ciently determinable) phase.

the fermionic vacuum j0: : : 0i is a valid reference state [81]. The procedure is depicted in Fig. 8 on
the right and involves the following steps [81].

One starts of by preparing a superposition of 1=
p

2(j0 : : : 0i s + j10: : : 0i s with a single Hadamard
gate on one of the qubits. Then a slightly involved state preparationCSprep conditioned on the
chosen qubit is applied preparing 1=

p
2(j0 : : : 0i s + j ref i s. Applying the original ansatz unitary Ua

prepares the state mentioned above. Time evolution under the rotation generated by the observable
and then applying CSy

prep Uy
a leaves the �rst qubit in the state [81]

1
p

2
(eiE O j0i 1 + ei Ôt j1i 1); (64)

and the rest of the system register can be used for veri�cation.

3.4 Control-free veri�ed SWAP test

At this point this error mitigation scheme is applied to the SWAP test. The relevancy of the SWAP
test to these puri�cation methods will become apparent in the latter Section 3.5, here the concern
is to formulate the SWAP test under echo veri�cation which allows a) omitting the ancilla qubit
and b) verifying at the end of the procedure to mitigate errors in the process.

j+ i � H j0i

j i
SWAP

j� i

Figure 9: Diagrammatic representation of the SWAP test, which calculates the overlap between the
quantum states j i and j� i using an ancilla qubit in the j+ i state.

The original SWAP test as introduced by [82], depicted in Fig. 9 uses one ancilla qubit to
calculate the overlap between two quantum statesj i and j� i by applying a controlled SWAP gate
(CSWAP) onto each pair of qubits controlled on the ancilla qubit. One can show that the probability
of the ancilla qubit being in the 0-state is 1=2 + 1=2jh j� ij 2 [82]. In the following sections the
quantum states are de�ned by unitaries that prepare them j� i = U� j0i and j i = U j0i .

As the SWAP-test is an integral part of measuring overlaps in quantum computing, several
more e�cient implementations omitting the ancilla qubit of this test have been proposed. One way
to measure this the overlap is by treating the SWAP operator as an observable, and �nding the
unitary that diagonalizes the observable. This is referred to as the destructive SWAP test [84] and
depicted in Fig. 10. Another way of implementing the SWAP test in half the qubit requirements
of the original SWAP-test [83] is by directly measuring h� j i = h0j Uy

� U j0i by implementing the

transposed unitary and projecting onto the all zero state j0i 
 n by postselecting the measurement
results.
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j i

B i

j� i

h0j

U Uy
�

j0i

... � � � � � � � � � ...

h0j j0i

Figure 10: Di�erent more e�cient ways of implementing the SWAP test. Left: The destructive SWAP-
test, diagonalizing the SWAP operator by B i . Right: The e�cient SWAP-test used in [83] which only uses
half the qubit count of the original SWAP-test and the destructive SWAP test. Calculates h j� i directly
over h0j Uy

� U j0i by applying the transposed unitary de�ning j� i and projecting the measurement onto the
all-zero state j0i 
 n by postselecting on the measurement outcomes.

Both of these methods are not compatible with the echo veri�cation procedure above, so the
veri�ed SWAP-test is explicitly introduced, opening the SWAP-test for veri�cation on the measure-
ment result and correcting for incoherent errors. This can be formulated as described above also
in a control-free manner doubling circuit depth, also excluding NISQ unfriendly controlled SWAP
operations from the procedure, see Fig. 11.

j+ i �

U 

SWAP

Uy
 

U� Uy
�

H �

U 

�

Uy
 

� H

�

U�

�

Uy
�

�

Figure 11: Left: Representation of the veri�ed SWAP-test, allowing for veri�cation and reducing of in-
coherent errors during circuit evaluation. Dashed lines mark the veri�cation step omitted by the original
SWAP-test. Right: Representation of the control-free veri�ed SWAP-test on two qubits per system, ex-
changes the controlled SWAP-operation for a controlled state preparation.

Omitting the ancilla qubit is one bene�t of this formulation, the robustness against decoherent
noise is the main reason. In Section 3.6 the improvement over unmitigated estimations of expectation
value is shown. The improvement of orders of magnitudes in precision against the unmitigated
case shows that unmitigated estimations on noisy hardware su�er from large errors even in the
in�nite shot limit regime. As the SWAP-test naturally only aims to extract one bit of information,
the restrictions that the Hadamard-test measurement setup brings in estimating larger observables
discussed in Section 6 do not apply here, making the control-free veri�ed SWAP-test an attractive
measurement setting to estimate overlaps of states to high precision.

3.5 Virtual distillation

Multiple versions of this error mitigation technique were published around the same time labeled
virtual distillation [85] or exponential error supression [86]. In virtual distillation (or exponential
error suppression, the term virtual distillation is used for the remainder of this manuscript for
both) one is concerned with a very similar task, estimating expectation value on a puri�ed density
matrix obtained by collective measurements on multiple copies of the noisy density matrix. The
name virtual distilation hints here at the comparison with explicitly prepared puri�ed states with
projective measurements on multiple ancillas [82]. In comparison to echo veri�cation discussed
above one uses a redundancy in space instead of time [73], doubling the system size instead of the
circuit depth. There is an equivalency when representing the echo veri�cation process with the dual
state �� . The spectral decomposition of the density matrix � noisy , where the noise-free statej i is
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j+ i � � H

� U(� )

SWAP

Ô

� U(� )

Figure 12: Representation of the virtual distillation framework in the formulation of [86] to evaluate
Tr( Ô� 2). Tr

�
� 2 �

can be evaluated by omitting Ô.

still the dominant eigenvector with eigenvalue � of the density matrix and incoherent noise process
have scattered the state into eigenvectorsj k i with smaller eigenvectors (1� � )pk << � is described
by [86]

� = � j i h j + (1 � � )
2N
X

k=2

pk j k i h k j : (65)

The aim is to estimate h jÔj i to suppress contributions from h k jÔj k i in the estimate of the
expectation value. To do so one preparesM copies of � noisy , and in the case of no error one
has prepared the statej ;  � � � ;  i . Measurement on the �rst qubit in this ideal case retrievesD

 ; : : :  ;  j Ô ;  ; : : :  k

E
=

D
 jÔj 

E
the wanted expectation value [86]. One assumes local de-

coherent noise processes on the quantum hardware and expects them to act on one of the copies of
rho and have prepared the a statej k ;  ; � � � ;  i . and contribute the bias [86]

D
 k ; : : :  ;  j Ô k ;  ; : : :  k

E
=

D
 k jÔj k

E
(66)

to the estimate of the expectation value. Now if one would have exchanged the �rst register with
one in which the error did not occur or in other words would have estimatedÔ SWAP, this bias
would cancel due to the orthonormality of the eigenvectors of the density matrix [86]

D
 k ; : : :  ;  j Ô ;  ; : : :  k

E
=

D
 k jÔj 

E
h k j  i = 0 : (67)

Now instead if just permuting two of the registers, one permutes all registers with all, an operation
labelled as thederangement operatorDn . Any permutation that maps each site to any other site
will do, for simplicity the cyclical permutation of indices is chosen as the derangement operator of
choice. So the task now becomes in measurinĝO Dn and the estimator becomes

Virtual distillation
hÔi corrected :=

Tr
�

Ô� M
�

Tr ( � M )
: (68)

where one can show that the derangement operator Tr
�
O� M

�
= Tr

�
O1DM � 
 M

�
is equal in

expectation value to the explicitly puri�ed state [85].The denominator can be estimated in the same
way by omitting the observable from the measurement and just measure the expectation value of the
derangement operator. Fig. 12 shows the measurement setup for two copies of� in the SWAP-test
formulation of [86]. The exponential suppression in M can be seen from

Tr
�

Ô� M
�

= � n h jÔj i + (1 � � )n
2N
X

k=2

pn
k

D
 k jÔj k

E
; (69)

where contributions (1 � � )n are exponentially suppressed, hence the name of the error mitigation
technique. The derangement operator can be represented as a linear ladder of SWAP operators
between all registers. All the di�erent implementation now try to measure this estimator with
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di�erent variants of the SWAP-Test mentioned above, exponential error suppression [86] is formulate
in terms of the original SWAP test, [85] as the destructive SWAP test and the dual state puri�cation
[87] as the compact unitary SWAP test. The dual state puri�cation is equivalent to the echo
veri�cation process described above in the controlled case and has a di�erent projective measurement
technique to achieve a control-free setting.

In fact, one can formulate echo veri�cation in terms of this framework as [88]

Tr ( O� �� )
Tr ( � �� )

; (70)

where �� is the dual state to � . This notation takes note of the fact that one cannot implement the
complex conjugate of the original unitary under the given noise processes (U(� ) � )y

� 6= Uy(� ) � , in
explicit de�nitions of � = Uy(� ) � j0i h0j (U(� ) � )y and �� = Uy(� ) � j0i h0j (Uy(� ) � )y

� .

3.6 Combining puri�cation techniques

After having discussed exponential error suppression and echo veri�cation and explained their con-
nections to the SWAP test, one can combine the two techniques and study them in a controlled
manner. In Figure 13 the setup which combines echo veri�cation and virtual distillation is shown,
and by including/excluding certain operations one can do either or neither. By not verifying (ex-
cluding solid lines) one recovers the virtual distillation setup with two copies of � from [86]. The
normalizing factor of Tr( � 2) can be estimated by excluding the dashed segment of the circuit. When
excluding the controlled-SWAP (excluding dotted lines) which is equivalent to the two qubit de-
rangement operator and only measuring on the �rst system, omitting the second, one recovers the
echo veri�cation setup from Section 3.3. The normalizing factor of echo veri�cation can be estimated
by excluding the dashed and dotted part.

j+ i � � H

� U 

SWAP

Ô Uy
 

� U Uy
 

Figure 13: Combining echo veri�cation and virtual distillation - controlled derangement/SWAP operator
D (dotted), controlled unitary observable Ô (dashed), and the inverse ansatz and state preparation plus
veri�cation (solid).

The combination of the two techniques, also introduced here [88], can be viewed through dif-
ferent lenses. As all virtual distillation papers implement a di�erent SWAP test to measure the
observables needed for error mitigation, the state veri�ed virtual distillation uses the veri�ed SWAP
test introduced in Section 3.4 to estimate state veri�ed values for Trver

�
Ô� 2

�
and Tr ver

�
� 2

�
. The

normalization factor of echo veri�cation cancels out. This can also be expressed as the following
equation in similar fashion to Eq. 70, as covered by [88]

Tr
�
O(� �� )2

�

Tr (( � �� )2)
: (71)

The studied behaviour of the di�erent error mitigation schemes under di�erent noise models
is depicted in Fig. 14, plotting the absolute error of the estimation in the in�nite shot limit in
dependency on the parameter of the noise channel applied after every gate. Simulations are done
using Pennylane [89],� is spanning 4 qubits and determined by a randomly initialized QNP-fabric
with 25 gates. For echo veri�cation, virtual distillation and the combination of the two the actual
circuits are implemented and measured to estimate the error corrected observables from. For the
virtual distillation curve with 4 copies Tr( Ô� 4)=Tr

�
� 4

�
the noisy estimate of � is exponentiated

24



classically from a single estimate of� . Noise channels are applied after every gate with probability
p. Estimations are taken over 50 random initializations of the circuit. For each random con�g-
urations of parameter, a random observable consisting ofZ i or Z i Z j are chosen to be estimated.
This corresponds to individual terms needed in the double-factorized energy (Section 2.4), as the
diagonalizing unitary can be absorbed into the ansatz. In Fig. 15 the �delities of the state veri�ying
methods are plotted, giving an idea of the shot count overhead at varying noise levels as a result of
the veri�cation on the system qubits.

Figure 14: Left: Performance of the di�erent studied error mitigation technique under dephasing and
amplitude dampening noise. Right: Performance of the di�erent studied error mitigation technique under
depolarizing noise.

All error mitigation techniques improve over the standard evaluation of the unmitigated observ-
able. Above error probabilities of 0.06 the dominant eigenvector of� is no longer the noiseless state,
resulting in the puri�ed methods converging onto a wrong state. At low noise levels below� 10� 3 all
tested puri�cation methods converge to the limit of Tr( Ô� M )=Tr( � M ) where limM !1 , as discussed
in [86, 85]. This sets the lower boundary of error these methods can achieve. Under depolarizing
and dephasing noise the state veri�ed methods seem to outperform the pure distillation methods.
At noise levels ofp � 0:08 the better behaviour of the state verifying methods comes at an unfeasible
exponential cost in shot count, see Fig. 15, which one has to keep in mind when viewing these plots
as the simulations in Fig. 14 are taken without shot noise which corresponds to the in�nite shot
limit. Under depolarizing noise (Fig. 14, right) the methods with the same powers of� perform
very similar, no matter if including state veri�cation or not.

Figure 15: Left: The �delity and therefore the shot overhead of the error mitigation methods for phase
and amplitude damping noise Right: The �delity and therefore the shot overhead of the error mitigation
methods for depolarizing noise, dashed lines mark the error probability p where the mitigation methods
multiplies the original needed shot count by a factor of 100.

If one has characterized device noise for the hardware of choice, di�erent regimes of error pro�les
seem to have di�erent optimal choices of error mitigation for the scenario investigated here: When
mostly amplitude damping and dephasing contribute to the noise processes the echo veri�cation
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protocol seems to be the method of choice in terms overall hardware cost and in reduction of con-
tribution of incoherent error. If mostly depolarizing noise is present on the device, the combination
of virtual distillation and echo veri�cation implements a puri�cation on four copies of � with only
doubling circuit length and qubit count, both reasonable overall costs as shown in Section 4 and
an increase in shot count depending on the overall �delity of the circuit. At low error probabilities
where one is not in the region where di�erent error mitigation techniques converge to the lower
limit Tr( Ô� M )=Tr( � M ) with lim M !1 at di�erent rates, the choice of puri�cation error mitigation
technique matters less as all are bound by the same limit.

3.7 Coherent errors in puri�cation error mitigation

Puri�cation methods allow to correct for most of the incoherent noise occurring in a quantum circuit
as discussed above. This comes at the cost of the variational principle in the individual parameters
that protected against coherent noise like over/under rotations. Now these o�sets between unique
occurrences of the gate associated with the parameter could have di�erent o�sets which are not
variationally optimized by default. In echo veri�cation one reuses the same qubit register in the
uncomputation of the state, making this is of lesser concern, as both parts of the gateUi (� i + 
 i )
and Uy

i (� i + 
 i ) are usually associated with the same qubit(s) and therefore the same calibration
and share a coherent o�set. As in virtual distillation with two copies, both copies are prepared on
two di�erent qubit registers and therefore subject to slight o�sets in calibration as Ui; 1(� + 
 i; 1) and
Ui; 2(� + 
 i; 2). As noted by [86], one can mitigate these e�ects by slightly adjusting the parameters of
the two halves to maximize Tr(� 1� 2) to compensate for the o�set 
 i; 1 � 
 i; 2. We describe an e�cient
way of adjusting these parameters when subject to coherent noise and investigate if this can recover
the original purity without coherent noise even in the presence of incoherent noise, which might
interfere with �nding the coherent o�set.

j+ i � H

� 1 U(� )

SWAP
� 2 U(� + c
 )

Figure 16: Representation of the investigated measurement con�guration to compensate for coherent errors
in virtual distillation to measure and maximize Tr( � 1 � 2).

The procedure involves running a single step of Rotosolve [72] on one of the qubit registers and
maximizing the measured purity Tr( � 1� 2) which scales linearlyO(N � ) in the number of parameters
N � in the ansatz. As the local cost function is maximized when the individual parameters match,
Rotosolve e�ciently �nds the o�set in a single step. The virtual distillation formulation of Section
13 is used and the exact measurement setup is shown in Fig. 16. By adding a slight o�set
 =
(
 1; : : : ; 
 N � ) to one of the circuits, following a normal distribution scaled by a factor of c, we
simulate a coherent mismatch of varying strength. By unlocking the parameters on each side from
each other, a single step of Rotosolve adjusts the original parameters� to the perturbed ones � opt

one can extract the o�set 
 opt = � opt � � . This o�set can then be added to the other half of the
circuit to compensate for the coherent o�set in further evaluations of observables. In the simulations
shown here, this o�set is found for every datapoint individually as they are simulated with di�erent

 . In real error mitigation scenarios, this o�set can be learned and used for multiple evaluations
of the circuit, depending on the individual performance of the used hardware and the time scale of
calibration and device drift. In virtual distilation scenarios with more than N > 2 copies of� , one
can adjust the o�set by running the procedure N � 1 times to �nd the o�set of all copies in relation
to a chosen base copy of� .

A numerical demonstration of this procedure is shown in Figure. 17. The ansatz from Section 13
is used with incoherent noise probabilities ofp between 10� 3 and 10� 2 to show that even in regimes
with signi�cant incoherent noise levels the procedure can extract the coherent mismatch. Fig. 17
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Figure 17: The measured purity Tr( � 1 � 2) in virtual distillation in the output state when dealing with
incoherent errors of probability p after every quantum gate and coherent errors taking the form of over
and under rotation of magnitude c. Left: Uncorrected purity with � 1 = U(� ) � j0i h0j Uy (� ) � , � 2 = U(� +
c
 ) � j0i h0j Uy (� + c
 ) � Right: Corrected purity with � 1 = U(� + 
 opt ) � j0i h0j Uy (� + 
 opt ) � , � 2 = U(� +
c
 ) � j0i h0j Uy (� + c
 ) � .

left shows the default behaviour, where for coherent errors larger than 10� 1 the purity of the state is
signi�cantly reduced. Each point is taken over 10 random o�sets 
 and the depolarizing channel is
used as a source of incoherent error. Fig. 17 right shows that after a single step of the optimizer one
recovers the behaviour of low coherent noise mismatch recovering the purity with only incoherent
noise. This shows that these puri�cation techniques can be made to tolerate coherent noise in
addition to incoherent noise. As these simulations are taken without shot noise, the accuracy to
which one can calibrate these o�sets is set by the shot budget one allocates for this optimization
step and depending on calibration drift at what frequency this o�set has to be reoptimized.

Further techniques to compensate for coherent errors are the quantum subspace expansion [90]
and the generalized subspace expansion [91], which combines the quantum subspace expansion with
virtual distillation.
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4 Puri�cation-based quantum error mitigation of pair - cor-
related electron simulation

Bibliographic information

O'Brien, T. E., Anselmetti, G. , Gkritsis, F., Elfving, V. E., Polla, S., Huggins, W. J., : : : Rubin,
N. C. (2022, October). Puri�cation-based quantum error mitigation of pair-correlated electron simu-
lations. arXiv. Retrieved 2023-05-31, fromhttp://arxiv.org/abs/2210.10799 (arXiv:2210.10799
[quant- ph]) doi: 10.48550/arXiv.2210.1079, Accepted in Nature Physics

Summary

We investigate the performance of di�erent puri�cation based error mitigation techniques on a su-
perconducting quantum computer (Googles Sycamore chip). As quantum circuits under noise are
quite costly to simulate in comparison to perfect state simulators and that noise channels that
one analytically implements always will only approximate the true noise environment on a device,
performance of error mitigation techniques is best evaluated on real hardware. As previously men-
tioned one needs accurate results (accurate up to chemical accuracy) in quantum chemistry for
post-Hartree-Fock methods so in this work we investigate how precisely one can resolve energies
in the DOCI approximation for quantum chemistry as well as the energy and order parameters
for the Richardson-Gaudin Model, a toy model for superconductivity. We �nd an improvement of
two orders of magnitude over post selection and a favorable scaling in performance of puri�cation
with increasing system size, and extract scaling laws. This constitutes one of the largest and most
complex VQEs up to date on quantum hardware.

Contributions

The author contributed to this work: (1) the ansatz, which constitutes the shortest Trotter step of
pairwise interactions between virtual and occupied orbitals by lifting the 1-dimensional constraint
of the ansatz and using a SWAP-network on a ring instead of a line. (2) Setting up the infras-
tructure of making the experiment work, (3) building compilers which preprocess Hamiltonians into
jointly-measurable terms, (4) build quantum circuits according to the used puri�cation scheme, and
postprocess the measured values into puri�ed expectation values. (5) Discussion and simulations
of potential downfalls of virtual distillation on two di�erent copies of � and correcting for coherent
errors. (6) Numerical simulations of the experiment, including investigation of pre-initalisations of
the circuit parameters and optimal layouts, and helped writing the manuscript.
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5 Local, expressive, quantum - number - preserving VQE
ans•atze for fermionic systems

Bibbliographic information

Anselmetti, G.-L. R. , Wierichs, D., Gogolin, C., Parrish, R. M. (2021, November). Local, expres-
sive, quantum-number-preserving VQE ans•atze for fermionic systems. New Journal of Physics, 23
(11), 113010. Retrieved 2023-04-06, from https://dx.doi.org/10.1088/1367-2630/ac2cb3 (Publisher:
IOP Publishing) doi: 10.1088/1367-2630/ac2cb

Summary

In this work we are concerned with ans•atze in VQE tailored towards fermionic simulations for quan-
tum chemistry. We propose VQE circuit fabrics with advantageous properties for the simulation of
strongly correlated ground and excited states of molecules and materials under the Jordan{Wigner
mapping that can be implemented linearly locally and preserve all relevant quantum numbers: num-
ber of spin up (� ) and down (� ) electrons and the total spin squaredŜ2. We derive decompositions
of all the operations used in our gate fabric and parameter-shift rules to calculate derivatives for
optimization. Large scale simulations running on high-performance-computing hardware simulating
VQEs on up to 20 qubits, up to 500 layers of our gate fabric and up to a week of node-computation
time investigate convergence behaviour for known strongly correlated systems. We discuss initiali-
sation strategies to avoid barren plateaus during convergence and to improve general trainability of
these systems and investigate the shape of the wave function-approximations these circuits generate
in relation to their depth. A qualitative comparison with other entanglement circuits is part of the
work.

Contributions

The author contributed the main part of the work - (1) establishing the quantum-number preserving
gate set, (2) numerical experiments on convergence on up to 20-qubit VQEs with up to 4500 pa-
rameters to chemical accuracy on high-performance-computing hardware, (3) �nding initialisation
strategies in the quantum-number preserving ansatz to avoid barren plateaus and (4) investigation
of the behaviour of the approximated wave functions present in the VQE after optimisation. (5) Fur-
ther contributions are writing substantial parts of the manuscript, e.g. the numerical demonstration
and contributing to introduction, comparison and discussion.
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