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Abstract

The recently developed possibility to implement non-destructive mid circuit measure-
ments in synthetic quantum matter provides a new angle to understand quantum many-
body dynamics. Measurements can now be seen not only as a way to extract informa-
tion about a system, but also as a dynamical resource. This sparks a lot of interest in
studying the interplay of the three generators of dynamics of quantum states, unitaries,
dissipation and measurements, in many-body systems. Historically first, random dy-
namics of this type in absence of conservation laws have been studied, giving rise to so
called measurement-induced phase transitions.

Based on this, we study the effects of symmetries in monitored dynamics, focusing
on the paradigmatic model of spinless fermions in one dimension. We develop a sys-
tematic field theoretical description of the relevant degrees of freedom of this model.
In particular, the entanglement entropy is studied both using this framework and nu-
merical simulations. We find, that this quantity qualitatively changes its behavior at
a finite critical measurement strength, from logarithmic growth with system size for
small measurement strength, to area law for strong measurement. The transition is
confirmed to be of Berezinskii-Kosterlitz-Thouless universality. To explore the scope of
applicability of the developed replica field theory method, we also extend this model in-
cluding long-range interactions, giving rise to a third phase with algebraic sub-volume
entanglement scaling.

A even more recent development is the experimental realization of adaptive quan-
tum circuits. While this is required on the path towards efficient quantum error correc-
tion and therefore fault tolerant quantum computing, it also provides yet another new
type of quantum dynamics. We therefore study measurement-based active feedback in
the light of non-equilibrium universality. This gives rise to a type of absorbing state
phase transitions with a strong notion of quantum physics. This is seen in the fact
that an entanglement- and an absorbing state phase transition happen at the same
critical measurement rate. Besides being interesting for a broader understanding of
non-equilibrium criticality, we argue that the correspondence of measurement-induced
phase transitions and quantum absorbing state phase transitions provides a way to
overcome the post-selection problem.
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1 Introduction

The recent experimental progress in the development of quantum devices [1–4] in the
era of noisy intermediate scale quantum computing (NISQ) [5] offers exciting perspec-
tives for future realizations of quantum algorithms [6]. A universal quantum computer
would be able to solve certain classically exponentially hard numerical problems alge-
braically fast [7]. This has potential applications in, for instance, cryptography [8, 9]
or optimization tasks [10, 11] with relevance for the existing digital industry. How-
ever, in the current noisy devices, quantum supremacy [12] is not yet achieved in the
implementation of useful quantum algorithms. The main obstruction is that the error
thresholds to perform efficient quantum error correction [13, 14] are not yet reached.

Besides this scope of applications, NISQ devices have a huge potential for the
simulation of quantum systems [15]. So called synthetic quantum matter [16] such
as Rydberg atoms [17] or ultracold trapped ions [18, 19] allows to implement model
Hamiltonians to study them isolated from other effects present in solid state systems.
The first instance of that was the realization of the fundamental many-body quan-
tum effect of Bose-Einstein condensation [20] in a lab [21, 22]. Later, more complex
problems were studied adding optical lattices [23, 24]. Furthermore, the versatility of
quantum simulators allows to study the properties of complex quantum systems such
as large molecules which drives developments in quantum chemistry [25]. This type of
application does not require quantum error correction.

On a more fundamental level, the fact that NISQ devices behave quantum me-
chanically but are necessarily coupled to their environment also makes them the ideal
platform to study the universal behavior of open quantum systems [26, 27]. The pres-
ence of noise opens up a wide range of questions concerning the interplay of quantum
mechanics and thermodynamics, such as which universality classes are realized in sta-
tionary states out of equilibrium [28, 29]. These considerations take the perspective
that the noise in the system is an external ingredient, and the type of coupling to the
environment may be engineered to design designated stationary states [30], such as
non-trivial dark states [31].

Besides the precise control of engineered unitary and non-unitary dynamics, NISQ
devices have another important feature: the experimenter may perform mid-circuit
measurements of local operators that do not destroy the coherence of the quantum
state of the device [32–35]. Such operations are necessary since in quantum error cor-
rection [13, 14], those mid-circuit measurements are required to detect syndromes and
perform the appropriate error correction. While this feature is motivated by the prac-
tical purpose of achieving noise-resilient quantum computing, it also enables another
angle to study noise: since the outcome of a quantum measurement is fundamentally
random, mid-circuit measurements induce a stochastic element to the dynamics. In
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1 INTRODUCTION

that sense, a monitored quantum system can be understood as an open quantum sys-
tem where the coupling to the environment is realized by a measurement. Generically,
the stationary state of a system undergoing repeated measurements is a trivial infinite
temperature state due to the configurational entropy of the random measurement out-
comes [36–39]. At first sight, the story about stationary states and phases of matter
ends here.

However, due to the fact that the measurement read-outs for every run of the ex-
periment are recorded, additional information about the evolving state along each so
called quantum trajectory is available [40]. Equipping the analysis of these trajectories
with tools from disorder physics [41–43] reveals non-trivial behavior beyond the infinite
temperature state [44]. In particular, the entanglement entropy [45, 46] is an impor-
tant witness of the non-trivial phase of matter in the stationary state of a measurement
process: frequent local measurements act disentangling while unitary dynamics that
couples different Qbits entangles the state. It turns out, that this competition results
in a measurement-induced phase transition (MIPT) in a variety of model systems.
Originally, this was discussed in systems without conservation laws such as random
unitary circuits with local measurements and certain Hamiltonian systems in one di-
mension [47–58]. For strong (frequent) measurements, the system is in an area-law
phase while weak (rare) measurements do not affect the volume law that is also ob-
tained in absence of measurements [59]. The phase transition at a critical measurement
strength (rate) rate has been shown to lay in the universality class of percolation [60].

This discovery sparked a lot of of interest in exploring the possible phases and
phase transitions in monitored quantum systems. For instance, models in higher di-
mensions [61–64], have been studied, as well as the interplay of non-commuting mea-
surements [65, 66]. Another direction, on which we want to focus in more detail in this
thesis, is to study what happens in the presence of conservation laws [44, 67–69]. In
both classical and quantum systems in steady states in and out of equilibrium, the uni-
versality class of a phase transition is determined by the dimension and the symmetries
of the model [70, 71]. This can be systematically studied on the level of moment gener-
ating functionals. In equilibrium, this role is taken by the free energy while in a driven
open classical or quantum system, the appropriate object is the Martin-Siggia-Rose-
Janssen-de Dominicis (MSRJD) or Keldysh path integral [28, 29]. The conservation
laws are related to symmetries of the moment-generating functionals due to Noether’s
theorem [72]. This means, that conservation laws require an additional symmetry of
the generating functional which results in hydrodynamic modes and subsequently in
modified universal phenomena. These can be analyzed in the renormalization group
(RG) framework [70, 71, 73–77].

In the case of MIPTs, the situation is more challenging: here, the Keldysh path
integral describes only the trivial stationary state while non-trivial entanglement sig-
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natures require a replica treatment similarly to disorder problems [41–43]: we need
to study non-linear averages of the state of a system out of equilibrium and define a
moment generating functional capturing this [44, 69]. The triviality of the stationary
state is crucial for the analysis, distinguishing MIPTs from Anderson transitions in
disordered systems [78]. Therefore, it is an important structural question, how prop-
erties of the various discussed microscopic models precisely translate into symmetries
of the effective action describing the MIPT. The tool of choice is the replica Keldysh
formalism [28, 29, 44, 69], which we discuss in detail in this thesis.

A paradigmatic model for quantum phases of matter in one dimension is the
Tomonaga-Luttinger liquid [79–82]. Due to the peculiarities of one-dimensional sys-
tems such as the possibility to count particles by a single monotonously increasing
function [83, 84], it effectively describes a large class of microscopic models with parti-
cle number conservation in and out of equilibrium [85]. While the precise microscopic
mapping to a Luttinger liquid is tedious, especially for lattice models [86, 87], one
typically constructs effective models based on symmetries which is very successful in
describing e.g. transport experiments on quantum wires [88]. On the other hand,
fermions have the property that the particle number operator is a projection n̂2 = n̂

which implies that measurements of the particle number leave a many-body quantum
state Gaussian. Therefore, a free fermion model with particle number measurement
can be efficiently simulated [67–69]. The combination of these two perspectives makes
monitored free fermions in one dimension with particle number conservation the ideal
system to study criticality in MIPTs with conservation laws: we can write down a
generating functional based on symmetry arguments and analyze the phase structure,
and we can also benchmark the results with efficient numerical simulations.

For that reason, this system has been studied extensively using different analytical
approaches, ranging from generalized hydrodynamics [67] via Abelian bosonization [44]
to disorder-inspired non-linear sigma models [69]. However, even though such an effort
was made to understand this system, it is still debated, what the structure of the phase
diagram of this model is. Abelian bosonization predicts the existence of a Berezhinskii-
Kosterlitz-Thouless (BKT) [89–91] phase transition at a finite measurement strength
between a phase with logarithmic entanglement scaling and area law [44]. In contrast,
the non-linear sigma model approach suggests that the apparent existence of the loga-
rithmic scaling phase is a finite size effect and in the thermodynamic limit, the system
is ultimately in an area law phase for any non-zero measurement rate or strength [69].
Both these results capture essential features of the results of numerical simulations
while their universality is clearly different. Therefore, we believe that there is need for
a better structural understanding of the generating functional for MIPTs in general and
specifically for the case of free fermions with measurements. A large part of this thesis
is dedicated to making progress here, and we present new analytical and numerical
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1 INTRODUCTION

evidence for the BKT scenario.

On the microscopic side, different measurement protocols have been considered:
projective measurements at random positions [69], weak continuous measurements [44,
67, 68] and also interpolations between these two limiting cases [92, 93] and post-
selected dynamics [94]. While these differences do not change the symmetries of the
microscopic model, it is unclear, if, on a coarse grained level, different symmetries
emerge. Therefore, we also systematically compare simulations of the system with
projective and continuous measurements. Connected to that, an open research question
is to identify whether weak and strong measurements in principle are described by the
same effective action at MIPTs or if the critical behavior is altered depending on the
precise protocol. To settle this question, a better understanding of field theories for
MIPTs is required.

Furthermore, extensions to the model including spatial disorder [95], coupling to
an environment [96], or higher dimensions [97, 98] yield a broader understanding of
this model. In particular, in this thesis we focus on the effect of long-range hop-
pings with algebraically decaying strength [99]. This is motivated by the observation
that, even without breaking symmetries, ground states of long-ranged Hamiltonians be-
have qualitatively different from the short-ranged counterparts [100–102]: new phases
emerge and the transitions into these phases show typical long-range critical behavior.
On the other hand, experimental platforms, especially quantum-optical systems such
trapped ions [103–106], cold atoms in cavities [107, 108], Rydberg atoms [109] or polar
molecules [110], are by design suitable to study such long-range interactions mediated
by light. Therefore, it is natural to study the interplay of long-range hopping and
monitoring in a system of free fermions. It turns out, that the long-range hopping
indeed lets a new phase emerge, where the entanglement scales algebraically with sys-
tem size, but slower than volume law. Besides this prediction of a new type of MIPT,
this model is a useful benchmark for the validity of the replica Keldysh field theory
method with Abelian bosonization: using this method, we can analytically predict the
entanglement growth exponent which perfectly matches what is found in numerical
simulations. To obtain this result correctly, it is crucial that the infinite temperature
state is used to eliminate one degree of freedom from the theory. This is a key element
of our understanding of replica Keldysh field theory for MIPTs.

Let us now take a step back and think about the observability of MIPTs: despite
the fact that the dynamics is driven by measurements and the read-outs of these mea-
surements are recorded by the experimentalist, it is notoriously hard to observe MIPTs
due to the post-selection problem [49]. One fundamental common property of MIPTs
is that they are only observable in trajectory-resolved quantities such as entanglement,
while there is no order parameter witnessing the transition. Therefore, one is required
to measure these trajectory-resolved quantities in an experiment in order to detect
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a MIPT. However, this typically requires trajectory-resolved quantum state tomog-
raphy [34, 111]. In disordered systems, observables can be repeatedly measured for a
single disorder configuration which allows to extract averages efficiently. In contrast, in
measurement-induced dynamics, every run of the experiment results in a different se-
quence of measurements, i.e. a different trajectory The number of different trajectories
scales exponentially with the number of measurements that are performed [40]. There-
fore, the number of required repetitions of the experiment scales exponentially in the
system size and trajectory-resolved observables are inaccessible in thermodynamically
large systems [34, 111].

One commonly taken route to overcome this problem is to focus on systems that
can be efficiently simulated such that informed by the measurement read-outs, the
final state of the system can be estimated. Then, the MIPT can be witnessed by either
performing a unitary operation at the end of the process that reveals the trajectory-
resolved information [112–114], or computing cross-correlations between experimental
data and the numerical simulation [111, 115–118]. These approaches all share that
they require that the state and the dynamics of the quantum system at hand can be
efficiently simulated on a classical computer, for instance because one studies Clifford
circuits [119, 120], Gaussian time-evolution [68] or weakly entangled systems [121,
122]. Since the system on which measurement-induced dynamics is realized is always
thought of as a quantum computer or quantum simulator, this raises a provocative
question: why should we perform the experiment on the quantum computer, if we
could equivalently run the same experiment in a more controlled and less noisy way
directly on a classical computer, where even the trajectory resolved observables are
directly accessible?

This is very different to the typical experimental situation in condensed matter
physics: here, self-assembling thermodynamically large systems are studied and ob-
servables are extracted at the macroscopic classical scale. Typically, we want to explain
emergent phenomena at these large scales by studying effective models while the mi-
croscopic reality at the smallest scales is complicated or even unknown [71]. Therefore,
classical simulations can only be performed with the input of an effective model on a
microscopic scale. The benchmark for accuracy of the simulated model is then a com-
parison to experiments that are naturally performed at macroscopic scales. However,
the behavior at large scales can be experimentally extracted independently of an un-
derstanding of the microscopic model or the phenomenon that leads to the emergence
of new physics at larger scales.

Of course, an understanding of measurement-induced phenomena is an interesting
challenge by itself despite this detection issue. For instance, they provide valuable
insights into the role of complexity in many-body systems and quantum measure-
ment as a dynamical resource in the first place. However, with the goal of connecting
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1 INTRODUCTION

measurement-induced dynamics to the physics of open quantum systems [123] in mind,
we propose to make use of another feature that is characteristic for synthetic quantum
matter: due to the fact that the individual operations in these systems can be engi-
neered in runtime of the experiment [124–126], we study the effects of feedback based
on the measurement read-outs.

The idea is the following: after the mid-circuit measurement of an observable, we
apply a unitary operation (or potentially another measurement) that depends on the
outcome of that measurement [127, 128]. This provides a way to transform MIPTs into
another exciting class of phase transitions in open quantum systems, namely quan-
tum absorbing state phase transitions [129–132]. On one hand, frequent or strong
measurements steer the system into an area law entangled state which can be under-
stood classically. Based on such a state, feedback efficiently allows to steer a state
into a pre-defined target state [133–135]. For weak or rare measurements, on the other
hand, typically the unitary dynamics entangles the state strongly such that no efficient
steering is possible. The difference is then visible in an order parameter that can be
computed without the need of trajectory-resolved averaging. We call this approach
pre-selection [127] and discuss it in detail in the end of this thesis, applied to the
paradigmatic model of monitored fermions in one dimension.

Outline This thesis is structured as follows: to discuss measurement-induced phe-
nomena, it is necessary to carefully define what a quantum-mechanical measurement
is, and how it can be formulated in terms of stochastic Schrödinger equations. We also
need to understand, what is observable and what is not. These question can be dis-
cussed already on the level of a single degree of freedom that undergoes measurement-
induced dynamics. Therefore, Sec. 2 is dedicated to a discussion of the single-particle
phenomena mentioned above. After that, in Sec. 3, we turn to the model of free
fermions with nearest neighbor hopping and monitoring of the particle number in one
dimension. We provide a detailed discussion of the construction of the replica Keldysh
field theory and the Abelian bosonization approach. This demonstrates a way to define
the moment generating functional for a measurement problem with a conservation law.
Based on this, in Sec. 4, we discuss the effects of long-range hopping on this model. Fi-
nally, in Sec. 5, we discuss the pre-selection approach to pull the measurement-induced
effects in monitored fermions onto the level of order parameters. In that context,
we discuss different realizations of quantum absorbing state phase transitions in that
system.
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2 Measurement-induced dynamics of quantum sys-

tems

Before delving into the study of many-body phenomena induced by measurements,
in this section we introduce measurement-induced dynamics. We make very few as-
sumptions about the type of system under consideration, besides that it is a quantum
system which is repeatedly measured and that it also undergoes (continuous) unitary
time-evolution. For this construction, a few-body picture is sufficient as we indeed con-
struct a microscopic model that describes the local properties of a generic mesoscopic
or even thermodynamic system. This is the basis for the analysis of many-body effects
such as critical phenomena in the subsequent sections.

This introduction is structured as follows: First, in Sec. 2.1 we introduce the quan-
tum state diffusion (QSD) and quantum jump (QJ) protocol both by explicitly intro-
ducing quantum measurement as a generator of non-unitary dynamics and as a strategy
to unravel a Markovian quantum master equation. After that, in Sec. 2.2, we discuss
observables that are non-linear in the state along measurement trajectories. These are
necessary to characterize non-trivial measurement-induced physics as linearly averaged
observables only show infinite temperature state behavior due to the configurational
entropy of the random measurement outcomes [36–39]. Then, we introduce the replica
trick that we use in order to compute these non-linear observables analytically. Fi-
nally, we comment on the post-selection problem and potential ways to overcome it in
Sec. 2.3. In short, we point out the fact that the observation of non-linear observables
in a perfect experimental realization requires to run the experiment exponentially of-
ten in the number of measurements that are performed. We show, that this is already
problematic for studying the stationary state of a two-level system beyond linearly
averaged observables.

2.1 Stochastic Schrödinger equations

In this section, we present the quantum jump (QJ) and quantum state diffusion (QSD)
protocol, as shown in Fig. 1 from two different perspectives:

(a) If we perform projective measurements at random points in space and time in a
system undergoing unitary time-evolution, we obtain the QJ protocol. Instead,
coupling the system locally to an auxiliary degree of freedom that is projectively
measured introduces a finite time scale on which the system is measured such
that the discrete stochastic measurement process is replaced by a continuous
stochastic one [136]. Mixing this procedure with a Hamiltonian yields QSD. This
construction shows that both resulting stochastic Schrödinger equations describe
a physically implementable measurement process.
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Figure 1: Illustration of the QJ and QSD protocol for the toy model with time running
from left to right. The system is initialized with the particle being at the top and then
it evolves according to the Hamiltonian. In between time steps, we either projectively
measure the position at a fraction of the time steps (QJ) or we weakly measure at
every time step (QSD), performing an imperfect projection.

(b) One is interested in an efficient way to simulate a Markovian quantum master
equation [123, 137, 138] for the density operator ρ̂(t) by representing it in terms
of a stochastic differential equation for pure states |ψ(t)⟩ such that the average
over the noise reproduces this quantum master equation. This is in principle
not related to any actual physical process but rather a tool to enable efficient
numerical simulation of quantum master equations.

While both perspectives are used in the literature to derive stochastic Schrödinger
equations [136, 139–143], we stress in the following that not every unraveling neces-
sarily bears physical relevance beyond the linear average over trajectories. Instead,
when thinking about measurement-induced entanglement transitions, we need to fix
the microscopic protocol leading to the considered stochastic Schrödinger equation (a).

We demonstrate both approaches applied to a toy model: Consider a single fermion
{ĉl, ĉ†m} = δlm, {ĉl, ĉm} = 0 on a system of two lattice sites with positions l = 0, 1. We
are now interested in the competition between hopping Ĥ = ĉ†0ĉ1+h.c. and monitoring
of the location of the particle x̂ = n̂1 = ĉ†1ĉ1

1. See Fig. 1 for an illustration of this
toy model undergoing the two different measurement protocols QJ and QSD. In Fig. 2
we show single runs of the simulation for the two measurement protocols2. They
show that in both protocols, a large measurement strength γ pins the system into
an eigenstate of the measurement operator i.e. localizes the particle at one of the
sites. The Hamiltonian in contrast makes the system undergo Rabi oscillations. Both
protocols can describe the competition between these two processes but the details
of the individual trajectories are different. These differences will be discussed in the
following.

1This model is equivalent to a single spin-1/2 with Ẑ measurement. We choose the presented
formulation due to its direct relation to the many-body system we study in the subsequent sections.

2These simulations where implemented in Julia [144], like all other simulations shown in this thesis.

8



2.1 Stochastic Schrödinger equations
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Figure 2: Single trajectories for the QSD and QJ protocol applied to the toy model
of a single particle hopping between two sites where the position of the particle is the
measured operator. In both cases, the measurement pins the system to a measurement
eigenstate while the Hamiltonian lets the particle oscillate between the sites. The scale
of the Hamiltonian is set to 1 and we use dt = 0.05 in all plots and we always initialize
the system in the state |10⟩ i.e. the particle being at position 0.

2.1.1 From projective to continuous measurements

Measurement in absence of unitary dynamics Consider the action of a projec-
tive measurement Ôα on a given pure quantum state |ψ⟩. Any Hermitian operator can
be decomposed into a set of projection operators corresponding to the eigenstates of
the measurement operator, i.e.

Ôα =
∑

n

Oα,nP̂α,n, (2.1)

where P̂α,nP̂α,m = δn,mP̂α,n, P̂
†
α,n = P̂α,n and

∑
n P̂α,n = 1̂. The operators P̂α,n project

the system onto an eigenstate of the measurement operator and Oα,n ∈ R are the corre-
sponding measurement results. For a single realization, according to Born’s rule [145],
the state evolves in an infinitesimal time step according to

|ψ⟩ → P̂α,n |ψ⟩»
⟨ψ| P̂α,n |ψ⟩

, (2.2)

9



2 MEASUREMENT-INDUCED DYNAMICS OF QUANTUM SYSTEMS

with a probability
Pα(Oα,n) = ⟨ψ| P̂α,n |ψ⟩, (2.3)

and the measurement readout in that case is Oα,n. This is a very drastic process as can
be seen in the toy model, where Ô = x̂ i.e. the two projection operators P̂α are n̂1 and
1− n̂1 and the corresponding measurement readouts Oα are 1 and 0. If the system is
initialized in an arbitrary state, in a single infinitesimal time-step it reaches a product
state

|ψ⟩ = a |10⟩+ b |01⟩ →





a
|a| |10⟩ , P (0) = |a|2
b
|b| |01⟩ , P (1) = |b|2

. (2.4)

This means, that if we permanently measure, the system is totally pinned to one of
the measurement eigenstates. In a many-body setting that corresponds to performing
a local measurement at all sites at the same time, which would lead to the same
scenario: the system immediately goes into a product state. This is an incarnation of
the quantum Zeno effect: measurements freeze the dynamics of a quantum system [146–
150]. To study a non-trivial interplay of Hamiltonian and measurement dynamics, there
are now two different ways to achieve this, both relying on first discretizing time in
steps dt: either we introduce a finite probability of performing a measurement such that
we do not measure all Ôα at the same time, or we perform an incomplete projection
everywhere. The first option leads to strong projective measurement dynamics while
the other one leads to weak continuous measurement dynamics. Note that one may
also mix the two which allows to study the precise differences emerging [92, 93]. The
different limits correspond to different experimental realizations, depending on the time
a single measurement takes to be performed compared to the typical time-scale of the
Hamiltonian.

Strong measurement time evolution In the QJ protocol, a many-body state |ψ⟩
evolves according to a Hamiltonian Ĥ and after a time-step dt, we measure a fraction of
the measurement operators Ôα projectively. For any given α, with a probability pα we
measure the observable Ôα and with a probability 1 − pα we do not. Then we repeat
the process. Assuming that all measurement-operators commute [Ôα, Ôβ] = 0, the
order in which all of the measurements are performed does not matter. The resulting
temporal update then reads3

|ψt+dt⟩ = e−
i
ℏ Ĥdt

∏

α

Ñ
(1−mα) +mα

∑

n

δOα,Oα,nP̂α,n»
⟨ψt| P̂α,n |ψt⟩

é
|ψt⟩ . (2.5)

3The order of the measurement and Hamiltonian action does not matter because they are applied
alternatingly.
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2.1 Stochastic Schrödinger equations

We introduced two random variables, mα = 1 with probability pα and mα = 0 with
probability 1− pα and Oα = Oα,n with probability ⟨ψ| P̂α,n |ψ⟩. All of these probabil-
ities are uncorrelated: the probability to perform a measurement in the first place is
an external ingredient and the different measurement-operators commute. Thus, the
outcome of one measurement does not affect the outcome of a different measurement
at the same time. Note that pα should be linear in dt such that the continuous limit
dt→ 0 is non-trivial. Let us now consider the evolution of the density-operator under
this protocol and average over all realizations of the measurement placement, denoted
as (. . . )

{mα}. We neglect products mαmβ
{mα} ∼ dt2 for α ̸= β but we need to keep

terms m2
α

{mα}
= mα

{mα} ∼ dt which yields

d |ψ⟩ ⟨ψ|{mα}
= |ψt+dt⟩ ⟨ψt+dt|

{mα} − |ψt⟩ ⟨ψt| = − i

ℏ
[Ĥ, |ψ⟩ ⟨ψ|]dt

+
∑

α

pα

Ñ
∑

n,m

δOα,Oα,nP̂α,n»
⟨ψ| P̂α,n |ψ⟩

|ψ⟩ ⟨ψ| δOα,Oα,mP̂α,m»
⟨ψ| P̂α,m |ψ⟩

− |ψ⟩ ⟨ψ|

é
. (2.6)

Next, we take the average over measurement outcomes Oα in that time-step, given a
specific input state. Since Oα can only have either read-out Oα,n or Oα,m, assuming
that they are different, we only get the diagonal part. The probability to measure a
given measurement result is given by the quantum-mechanical expectation value in the
given state which yields a cancellation of the normalization and the result simplifies to

1

dt
d |ψ⟩ ⟨ψ|{mα},{Oα}

= − i

ℏ
[Ĥ, |ψ⟩ ⟨ψ|] +

∑

α

pα
dt

(∑

n

P̂α,n |ψ⟩ ⟨ψ| P̂α,n − |ψ⟩ ⟨ψ|
)
.

(2.7)
The crucial result is here that the update is again linear in the state |ψ⟩ ⟨ψ| which
means that we can now also take an average over all possible trajectories leading to
the time-step we are considering, which are defined by the initial state and all previous
measurements. This average is independent of the state update we just computed. The
density operator ρ̂ = |ψ⟩ ⟨ψ| describing the ensemble of all trajectories evolving over
time therefore obeys a closed linear equation

∂tρ̂ = − i

ℏ
[Ĥ, ρ̂] +

∑

α

pα
dt

(∑

n

P̂α,nρ̂P̂α,n − ρ̂

)
. (2.8)

This is in fact a way to represent the Lindblad equation: it is norm-preserving and
Markovian. To match it with the usual form, let us assume that the measurement
operators are proportional to projectors themselves, Ôα = OαP̂α, where Oα ∈ R. This
means that there is a binary measurement outcome which covers a large class of typical
local measurements applied to quantum circuits, including particle number operators

11



2 MEASUREMENT-INDUCED DYNAMICS OF QUANTUM SYSTEMS

and Pauli-operators. This yields

∂tρ̂ = − i

ℏ
[Ĥ, ρ̂] +

∑

α

pα
dt

Ä
P̂αρ̂P̂α + (1− P̂α)ρ̂(1− P̂α)− ρ̂

ä
= − i

ℏ
[Ĥ, ρ̂] +

∑

α

pα
dt

Ä
2P̂αρ̂P̂α − {P̂ 2

α, ρ̂}
ä

= − i

ℏ
[Ĥ, ρ̂] +

∑

α

2pα
O2
αdt

Å
Ôαρ̂Ôα −

1

2
{Ô2

α, ρ̂}
ã
. (2.9)

We can therefore identify pα = O2
αγαdt
2

and find the Lindblad equation for measurements

∂tρ̂ = − i

ℏ
[Ĥ, ρ̂] +

∑

α

γα

Å
Ôαρ̂Ôα −

1

2
{Ô2

α, ρ̂}
ã
. (2.10)

The protocol introduced here is realized in measurement-induced dynamics if the time
the measurement takes is much shorter than the typical time-scale of the Hamiltonian
that evolves the system between measurement events. If the measurement itself takes
comparably long or even longer than this typical timescale, we need to resolve the
measurement process via an ancilla, as we discuss below. In this case, the random
placement of the measurements is not needed and we can measure all operators in
parallel because a single time-step does not project the system onto a product state.

Incomplete measurement via ancillas Instead of a direct projective measure-
ment, we here assume that the measurement device takes a finite time to perform the
measurement. This is a more realistic description of homodyne detection in relevant
experimental settings for MIPTs [40, 151], where the measurement-process happens by
a weak coupling of the measured object to a bath which is then read out which takes
a finite amount of time. This can be for instance done by coupling the observable to a
monitored continuous bath degree of freedom (pointer) or a cavity mode [92, 152, 153].
If the bath is read out before the system is maximally entangled with the measurement
device, it undergoes an imperfect projection, as illustrated in Fig. 3.

We here first study a single measurement device and focus on a pointer realiza-
tion following Ref. [152]. In a single time step, we first add a measurement device
|ψ⟩ → |ψ⟩ ⊗ |ϕ⟩ where |ϕ⟩ is the (normalized) initial state of the measurement device
which is not entangled with the system. We treat the measurement device as a sin-
gle continuous degree of freedom, with ‘position’ eigenstates |X⟩ of the bath operator
X̂ = X̂† and ‘momentum’ eigenstates |Q⟩ of the conjugate momentum Q̂ = Q̂† with
canonical commutation relations [X̂, Q̂] = iℏ. We then couple the system and the
pointer for a time dt using a Hamiltonian Ĥsb = ωÔ ⊗ Q̂, where ω sets the scale and
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Figure 3: If a projective measurement is performed on an arbitrary state, after that
measurement, the state is in an eigenstate of the measurement operator. Therefore, a
repeated measurement of the same observable will always yield the same readout. For
weak measurements, we first couple the system to an auxiliary degree of freedom which
is then read out. This extracts information about the system when the measurement
on the auxiliary system is performed but it does not fully project the system onto an
eigenstate. Therefore, a second measurement of the same observables might result in
a different measurement outcome as well as a different post measurement state.

dimension of the coupling4 and Ô is an arbitrary Hermitian operator acting on the
system. This is chosen because the application of the Hamiltonian for a time dt,

|ψ⟩ → e−
iωdt
ℏ Ô⊗Q̂ |ψ⟩ ⊗ |ϕ⟩ , (2.11)

essentially shifts the initial state of the pointer depending on the state of the system
|ψ⟩. Ô has to be Hermitian to ensure that the Hamiltonian is Hermitian. We can
always choose a proper basis of the pointer to bring the coupling Hamiltonian into
such a form. After that shift, we measure the state of the pointer in the ‘position’
basis, i.e. the operator X̂. For a measurement-outcome X, the resulting state is then
given by the normalized projection 1̂⊗|X⟩ ⟨X| of the state. Without the normalization,
we obtain for the system state after the measurement

|ψ⟩ → ⟨X| e− iωdt
ℏ Ô⊗Q̂ |ϕ⟩︸ ︷︷ ︸

P̂ (X)

|ψ⟩ . (2.12)

Note that due to the measurement of the pointer, it is in an eigenstate of X̂ which
means that we recover a product state of system and pointer such that we can consider
system and bath to be decoupled again and restart the same procedure with a re-
initialized pointer. Therefore, P̂ (X) is again an operator acting only on the system
without entangling it with the pointer. The probability of finding the readout X and

4We could of course equivalently exchange the roles of position and momentum. The important
point is, that the observable couples to either of them and after the coupling, the other one is measured.
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2 MEASUREMENT-INDUCED DYNAMICS OF QUANTUM SYSTEMS

therefore finding the measurement process

|ψ⟩ → P̂ (X) |ψ⟩
||P̂ (X) |ψ⟩ ||

, (2.13)

is given by its norm as

P(X) = ||P̂ (X) |ψ⟩ ||2 = ⟨ψ| P̂ †(X)P̂ (X) |ψ⟩ . (2.14)

Next, we may fix proper choices of the measurement basis and initial states to make
the process useful in the sense that it extracts information about the system. If we
would measure in the same basis as the coupling Q̂ to the system, the result would be
trivial,

⟨Q| e− iωdt
ℏ L̂⊗Q̂ |ϕ⟩ = ⟨Q|0⟩ e− iωQdt

ℏ .Ô (2.15)

The overlap ⟨Q|0⟩ is independent of the state |ψ⟩ on which the operation acts and the
exponential does not affect the norm of the state. Hence, the measurement-outcome
(Q in this case) does not depend on the state and we therefore do not extract any
information about the state. Therefore, we need to measure an operator that does
not commute with Q̂, for which we choose X̂ for simplicity. Furthermore, we can use
that Ô, as a Hermitian operator, can be decomposed into a complete set of projectors
{P̂n}n onto its eigenstates, Ô =

∑
nOnP̂n. On are the eigenvalues of Ô. This allows to

simplify
P̂ (X) =

∑

n

P̂n ⟨X| e− iωOndt
ℏ Q̂ |ϕ⟩ . (2.16)

Now, we can employ the action of the projection onto a state of the pointer: it shifts a
given state |X ′⟩ → |X ′ − ωOndt⟩ and then we need to take the overlap with the output
state. If we initialized the pointer in a position eigenstate, for instance |ϕ⟩ = |X = 0⟩,
the overlap would only be non-zero for exactly X = −ωOndt. This means, that the
system is projected onto an eigenstate of Ô by P̂n and we can infer the corresponding
eigenvalue On from the measurement-result of the pointer as On = −X/ωdt. Therefore
we find that a single time-step realizes a projective measurement of the system operator
Ô. However, this distribution is delta-peaked since the measurement apparatus has
continuous read-outs while the typical system observables have discrete measurement
results. However, we now have a simple way of generalizing this problem to a continuous
measurement by introducing a finite width for the initial state of the pointer, using a
normalized Gaussian state with width σ,

|ϕ⟩ = 1

(2πσ2)1/4

ˆ
dXe−

X2

4σ2 |X⟩ . (2.17)
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2.1 Stochastic Schrödinger equations

Hence, the generalized projector becomes

P̂ (X) =
1

(2πσ2)1/4

∑

n

P̂ne
− (X−ωOndt)2

4σ2 =
1

(2πσ2)1/4
e−

(X−ωÔdt)2

4σ2 . (2.18)

The result is now peaked around all eigenvalues of the operator Ô i.e. the possible
measurement results. While X is read off from the pointer, we can identify J = X

ωdt
to

be the proper random variable that takes the eigenvalues in the limit of a projective
measurement. Hence, we rewrite the generalized measurement operator as

P̂ (J) = N e−γdt(J−Ô)2 (2.19)

where γ = ω2

4σ2 > 0 describes the strength of the measurement. The normalization con-
dition is fixed by assuming a dimensionless measurement-result and using an adapted
integration measure for the probability distribution. This yields the quantum state
diffusion protocol

|ψ⟩ → P̂ (J) |ψ⟩
||P̂ (J) |ψ⟩ ||

, P̂ (J) =

ï
2γdt

π

ò1/4
e−γdt(J−Ô)2 . (2.20)

To get a better intuition about this result, let us decompose Ô again in terms of its
eigenvalues and projections onto the eigenstates,

P̂ (J) =

ï
2γdt

π

ò1/4∑
n

e−γdt(J−On)
2

P̂n. (2.21)

The imperfect projection maps a state onto a superposition of eigenstates of Ô, with
larger weight for states with an eigenvalue close to J and smaller weight if the eigenvalue
is far away from J . For γdt → ∞, this becomes more and more peaked around the
eigenvalues. The probability-distribution after the measurement is

P(J) = ⟨ψ| P̂ †(J)P̂ (J) |ψ⟩ =
…

2γdt

π

∑

n

e−2γdt(J−On)2 ⟨ψ| P̂n |ψ⟩ . (2.22)

In the limit γdt → ∞, this distribution is δ-peaked around the eigenvalues of Ô such
that we recover the projective measurement of this operator. For γdt → 0, the mea-
surement process becomes deterministic and just acts as unity on the state. Finite γdt
interpolate smoothly between the two cases and successive application of the gener-
alized projection continuously collapses the state into a measurement eigenstate (see
Fig. 2). J is the measurement readout during the process of measuring. This is what
we understand by weak continuous measurements.
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Combining weak measurements and Hamiltonian evolution yields the evolution

|ψt+dt⟩ =
e−

i
ℏ ĤdtP̂ ({Jα,t}α) |ψt⟩∣∣∣
∣∣∣P̂ ({Jα,t}α) |ψt⟩

∣∣∣
∣∣∣

(2.23)

Where Ĥ is the Hamiltonian operator and we allow for multiple measured observables
Ô → Ôα with measurement rates γ → γα in a many-body setting that however shall be
commuting [Ôα, Ôβ] = 0 as before, such that P̂ ({Jα,t}α) =

∏
α P̂α(Jα,t) is unambiguous.

In the limit dt → 0, this can be written as a stochastic Schrödinger equation. To see
this, let us again focus on a single measured operator, as simultaneous measurement
of commuting operators does not interfere. Using the decomposition in terms of pro-
jections allows to evaluate the probability distribution for the measurement readout.
It can be characterized in terms of its moments,

J =
∑

n

⟨P̂n⟩
…

2γdt

π

ˆ
dJJe−2γdt(J−On)2 = ⟨Ô⟩, (2.24)

J2 =
∑

n

⟨P̂n⟩
…

2γdt

π

ˆ
dJJ2e−2γdt(J−On)2 = ⟨Ô2⟩+ 1

4γdt
. (2.25)

The overbar here denotes the average over weak measurements of a given pure state
|ψ⟩. This means that while the first moment of the current just yields the quantum-
mechanical expectation value of the monitored system operator, the higher moments
capture additional fluctuations since we cannot extract the full information about all
moments in finite time5. This motivates to represent the random variables Jα as

Jα = ⟨Ôα⟩+
dWα√
4γαdt

, (2.26)

where dWα = 0 and dWαdWβ = δα,βdt is Gaussian white noise. Since the distribution of
weak measurement read-outs P({Jα}) is Gaussian, both formulations are equivalent.
However, we may now expand the state update in powers of dWα and use the Itō-
calculus to derive a stochastic Schrödinger equation. To do so, it is convenient to again
introduce M̂α = Ôα − ⟨Ôα⟩. We find

P̂α |ψ⟩ =
…

2γαdt

π
e−γαdt(M̂α−dWα/

√
4γαdt)2 |ψ⟩

=

…
2γαdt

π
e−

1
4 e

√
γαM̂αdWα−γαdtM̂2

α |ψ⟩

=

…
2γαdt

π
e−

1
4

(
1 +

√
γαM̂αdWα −

γα
2
M̂2

αdt+O(dt3/2)
)
|ψ⟩ . (2.27)

5For γdt → ∞, projective and weak measurements coincide which is signalled by Jm = ⟨Ôm⟩∀m

16



2.1 Stochastic Schrödinger equations

We used that in the Itō-calculus for dt → 0, dWαdWβ = δαβdt
6. The global prefactor

drops out of the stochastic time-evolution as it appears both in the denominator and
the numerator. When taking the product over all projections, we always pair different
α such that dWαdWβ = 0 and all other product terms are higher than linear order in
dt, such that

∏

α

P̂α |ψ⟩ ∝
(
1 +

∑

α

√
γαM̂αdWα −

1

2

∑

α

γαM̂
2
αdt+O(dt3/2)

)
|ψ⟩ . (2.28)

When taking the norm of this state, we find that ⟨M̂α⟩ = 0 by definition and the
dWαdWβ term from taking the square of the bracket exactly cancels out the other term
in O(dt) such that the norm of the state is just the global prefactor up to O(dt3/2).
Hence, we obtain

|ψt+dt⟩ = e−
i
ℏ Ĥdt

(
1 +

∑

α

√
γαM̂αdWα −

1

2

∑

α

γαM̂
2
αdt+O(dt3/2)

)
|ψt⟩ , (2.29)

which yields the stochastic Schrödinger equation

d |ψ⟩ =
((

− i

ℏ
Ĥ − 1

2

∑

α

γαM̂
†
αM̂α

)
dt+

∑

α

√
γαM̂αdWα

)
|ψ⟩ . (2.30)

The corresponding time-evolution of the linearly averaged density operator ρ̂t = |ψt⟩ ⟨ψt|,
where (...) denotes the average over realizations of the measurement outcomes along
the evolution of the system, Jα,τ for τ < t, is

∂tρ̂t = − i

ℏ
[Ĥ, ρ̂t]−

1

2

∑

α

γα[Ôα, [Ôα, ρ̂t]]. (2.31)

This means that the average over measurement outcomes yields a quantum master
equation with Hermitian jump operators, which coincides with the QJ protocol. Hence,
on the level of the trajectory-averaged density operator, the QSD and the QJ protocol
cannot be distinguished, and are described by a master equation, which allows in the
Toy model to solve the evolution analytically, see Fig. 4 Generically, if all degrees of
freedom of the system are monitored at a finite rate, the only stable stationary solution
of the quantum master equation for Hermitian Lindblad operators is ρ̂ ∼ 1̂ [36–39], e.g.
a featureless infinite temperature state. That means that all information on quantum
entanglement and correlations within single states during the dynamics is erased by
the linear averaging. The microscopic model of fermions under monitoring of the local
occupation number on all sites falls into this class of systems and therefore we need

6Note that the term linear in dt vanishes due to cancellation of the first and second order contri-
bution in the expansion of the exponential.

17



2 MEASUREMENT-INDUCED DYNAMICS OF QUANTUM SYSTEMS

0 10 20 30 40 50
0

0.2

0.4

0.6

0.8

1

t

〈x̂
〉

γ = 0

QJ
QSD
Exact

0 10 20 30 40 50
0

0.2

0.4

0.6

0.8

1

t

〈x̂
〉

γ = 0.5

0 10 20 30 40 50
0

0.2

0.4

0.6

0.8

1

t

〈x̂
〉

γ = 2

0 10 20 30 40 50
0

0.2

0.4

0.6

0.8

1

t

〈x̂
〉

γ = 10

Figure 4: Taking the average over 1000 runs shows that indeed both QSD and QJ
describe the relaxation towards a trivial state, where we have no information about
the position of the particle. While the stationary state after long times does not depend
on γ as long as γ > 0, the time-scale on which the oscillations due to the hopping are
washed out does depends on it. The deviations of the two curves show, that the quality
of the approximation of the density operator depends on the choice of the unraveling,
the number of trajectories and the time until which we simulate. For comparison, we
also show the exact solution.

to go beyond this to be able to compute non-trivial observables such as entanglement.
We therefore need to consider higher orders in |ψt⟩ ⟨ψt| before averaging, i.e. a replica
construction. This insight is the backbone of any analytical approach to understand
measurement-induced phases and phase transitions both in generic circuit models and
the specific continuous models that we consider here in this thesis. Therefore, we begin
our comparison of the complementary approaches to the problem of free monitored
fermions by constructing a replica field theory for the weak measurement protocol
without relying on the properties of the specific microscopic model. Before doing so,
we first discuss an alternative way to obtain the QSD protocol by unraveling a generic
Lindblad equation.

2.1.2 Unraveling of a quantum master equation

General idea Here we follow the references [139–143]. The idea of unravelings is
to take a top down approach, starting from a given quantum master equation. We
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2.1 Stochastic Schrödinger equations

construct a Markovian, stochastic, norm-preserving evolution equation for pure states
|ψ(t)⟩, that results in the desired master equation for the associated trajectory-averaged
density operator ρ̂(t) = |ψ(t)⟩ ⟨ψ(t)|. For the precise formulation, there is a freedom
to choose a particular unraveling procedure but the benchmark is that the density
operator evolves according to the Lindblad equation that is supposed to be solved [71,
123, 137, 138, 154–156],

∂tρ̂ = − i

ℏ
[Ĥ, ρ̂] +

∑

α

γα

Å
L̂αρ̂L̂

†
α −

1

2

¶
L̂†
αL̂α, ρ̂

©ã
, (2.32)

where Ĥ = Ĥ† is the Hamiltonian, γα ≥ 0 are parameters describing the strength and
L̂α with tr L̂†

αL̂β = δαβ are operators that describe the type of the coupling to the
environment.

In our toy model, where the particle’s position x̂ is measured, it is natural to
consider a single Lindblad operator L̂ = x̂. However, since x̂ = x̂† is Hermitian, the
state ρ̂ = 1√

2
(|01⟩ ⟨01| + |10⟩ ⟨10|) ≃ 1̂ is the only stationary solution to eq. (2.32).

Thus, after a quench the system evolves into a featureless infinite temperature state
that does not depend on γ.

This scenario should now be reproduced by a time-evolution for pure states, which
have a lower computational complexity as compared to density matrices of mixed states.
The starting point should be here the Schrödinger equation [157] describing closed
systems. For dt→ 0 it reads

d |ψ⟩ = − i

ℏ
dtĤ |ψ⟩ , (2.33)

which reproduces the Hamiltonian part7 of the quantum master equation (2.32) for
ρ̂(t), but does not explain the dissipative term. The Schrödinger equation can be
derived as the general form of a time-evolution that fulfills the following properties

(i) It is norm-preserving ⟨ψ|ψ⟩ = 1.

(ii) It is local in time and has no memory of the past evolution of |ψ⟩.

(iii) It is continuous in the sense that limdt→0 ⟨ψ(t+ dt)|ψ(t)⟩ = 1.

(iv) It is linear in |ψ⟩.

(v) It is deterministic.

All of these conditions are fundamental to describe closed quantum systems. However,
as we just intend to reproduce the correct open system dynamics in an averaged sense,

7Note that the average over trajectories only affects the initial conditions as the evolution itself is
deterministic.
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2 MEASUREMENT-INDUCED DYNAMICS OF QUANTUM SYSTEMS

we may explicitly break some of these constraints. Condition (i) is necessary to have
an interpretation of |ψ⟩ as an actual quantum state describing a single realization of
the system coupled to the bath. Therefore we should not violate it. Condition (ii) shall
also be kept as the quantum master equation is Markovian which is a property that
should be shared by the underlying dynamics of pure states in the chosen unraveling.
Additionally, simulating a time-evolution with explicit memory is computationally hard
and should be avoided. Condition (iii) may be lifted depending on the specific case but
in order to treat measurements and unitary dynamics on an equal footing it is useful
to insist on it. Therefore, we will in the following explicitly deviate from conditions
(iv) and (v).

Let us first explicitly break condition (v) by making the following ansatz for a
stochastic Schrödinger equation,

d |ψ⟩ =
(
Âdt+

∑

α

B̂αdWα

)
|ψ⟩ . (2.34)

Â describes the deterministic part of the dynamics and B̂α occur coupled to a stochastic
variable dWα. We anticipate a single random variable for every operator coupling to
an environment. To preserve condition (iii), dWα ∼ dtp should vanish8 in the limit
dt → 0 such that we take independent real9 Gaussian random variable, characterized
by dWα = 0 and dWαdWβ = dt2pδαβ. Next, we need to constrain Â and B̂α such that
condition (i) is valid. Consider the variation

d ⟨ψ|ψ⟩ = ⟨ψ| dt(Â+ Â†) +
∑

α

dWα(B̂α + B̂†
α) +

∑

α,β

dWαdWβB̂
†
αB̂β |ψ⟩ , (2.35)

which needs to vanish up to O(dt). In the limit dt → 0, dWαdWβ → dWαdWβ. We
choose p = 1/2, i.e. a Wiener process, such that the two deterministic terms survive
in the limit dt→ 0 and find

d ⟨ψ|ψ⟩ = ⟨ψ| dt
(
Â+ Â† +

∑

α

B̂†
αB̂α

)
+
∑

α

dWα(B̂α + B̂†
α) |ψ⟩ . (2.36)

Both the deterministic term ∼ dt and all the fluctuating terms need to vanish inde-
pendently to preserve the norm of the state. While this can be fulfilled in choosing Â
and B̂α independently of the state, which also trivially fulfills condition (ii), let us here
allow for state-dependent operators. It turns out that this is necessary to obtain the

8for some parameter p > 0
9Alternatively, one may use complex noise to reproduce the same Lindblad equation but the re-

sulting SSE does not describe measurements.
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2.1 Stochastic Schrödinger equations

Lindblad equation including the jump operators. We find the constraints

0 = ⟨ψ| Â+ Â† +
∑

α

B̂†
αB̂α |ψ⟩ , (2.37)

0 = ⟨ψ| B̂α + B̂†
α |ψ⟩ ∀α. (2.38)

On the other hand, we may compute the time-evolution of the density operator, aver-
aged over noise realizations,

∂tρ̂ = Âρ̂+ ρ̂Â† +
∑

α

B̂αρ̂B̂
†
α. (2.39)

Any operator can be written in terms of a Hermitian and an anti-Hermitian operator.
We use this to rewrite Â = − i

ℏĤ − 1
2
Ĉ where both Ĥ and Ĉ are Hermitian operators.

This yields

∂tρ̂ = − i

ℏ
[Ĥ, ρ̂] +

∑

α

B̂αρ̂B̂
†
α −

1

2
{Ĉ, ρ̂}. (2.40)

To match this with the Lindblad equation, the only choice of the operators assuming
that they do not depend on the state can be read off as Ĥ being the Hamiltonian,
B̂α =

√
γαL̂α and Ĉ =

∑
α B̂

†
αB̂α. However, this violates the normalization constraint.

While eq. (2.37) is still fulfilled, L̂α is in general not anti-Hermitian and therefore
eq. (2.38) is violated. Therefore, the operators Â and B̂α need to depend on the
state itself, which makes the equation non-linear. This also matches the intuition that
a quantum measurement is a statistical operation that depends on the state before
the measurement is performed in a nonlinear way. The precise way of choosing the
operators is however not unique and for the sake of a simple numerical tool to simulate
quantum master equations, it is reasonable to assume a simple representation. To solve
eq. (2.38), we therefore apply a shift

B̂α =
√
γα

Å
L̂α −

1

2
⟨L̂α + L̂†

α⟩
ã

︸ ︷︷ ︸
M̂α

. (2.41)

This choice was used because it does not introduce any additional operator and, if ap-
plied to Ĉ accordingly, leaves both the form of the Lindblad equation for the trajectory-
averaged state and the other normalization condition unaffected for an arbitrary choice
of L̂α. Therefore, we conclude that we may use the stochastic and non-linear equation,

d |ψ⟩ =
((

− i

ℏ
Ĥ − 1

2

∑

α

γαM̂
†
αM̂α

)
dt+

∑

α

√
γαM̂αdWα

)
|ψ⟩ . (2.42)
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2 MEASUREMENT-INDUCED DYNAMICS OF QUANTUM SYSTEMS

In the case of Hermitian Lindblad operators L̂α = L̂†
α = Ôα, we find

M̂α = M̂ †
α = Ôα − ⟨Ôα⟩. (2.43)

Averaging this stochastic evolution over trajectories yields the Lindblad time-evolution
as we demonstrated for the toy model in Fig. 4. Note in particular, that the unrav-
eling that was purely based on minimizing the computational complexity of the time
evolution and the assumption that Gaussian white noise implements the coupling to a
bath exactly coincides with the explicit construction of a time evolution due to weak
measurements that describes an actual physical scenario.

Interpretation of the result as a measurement process In this derivation, we
never used that the open system dynamics resembles measurements and the unraveling
was entirely based on assumptions (i)-(v) and simplicity of the result as guiding prin-
ciple. Nevertheless, we saw that the resulting SSE matches explicit derivations with
the interpretation of the Lindblad operators as monitored quantities and therefore de-
scribes measurement. This is however only well defined for Hermitian operators and
it does not mean that unravelings by themselves in general describe physical reality
beyond the average density operator, as illustrated in Fig. 5. We can still recognize

system

environment

∂tρ̂ = Lρ̂

d |ψ⟩ = (Âdt + B̂dW ) |ψ⟩

forget
measurement

results

remember
measurement

results

trajectory
average unraveling

measurement

Figure 5: Construction of the QSD protocol via different paths. The system that we
want to describe couples to its environment via measurements. If the measurement
read-outs are not recorded, this is equivalent to a Lindblad quantum master equation
for the reduced density operator of the system ρ̂. If they are recorded, we know the
pure state of the system |ψ⟩ at all times. The randomness of the measurement read-
outs results in a stochastic Schrödinger time evolution. Taking the trajectory average
uniquely yields the Lindblad equation. The opposite direction is however not unique
(symbolized by the wiggled arrow) as there exist different unravelings for the same
master equation.

that qualitatively, this unraveling describes the interplay of measurements and unitary
dynamics which we can specifically see in the different limiting cases. Consider first all
γα = 0. In this case, the state just undergoes deterministic unitary dynamics. In the
opposite case of Ĥ = 0, the state evolves stochastically. This evolution stops as soon
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2.1 Stochastic Schrödinger equations

as Ôα |ψ⟩ = ⟨ψ| Ôα |ψ⟩ |ψ⟩ which means that |ψ⟩ is an eigenstate of Ôα. This is typical
for a measurement of an operator Ôα. Besides that, these states are also attractive
fixed points of the average dynamics of the state. This can be seen by studying the
second cumulant of Ôα in a given state:

Cα,β ≡ ⟨M̂αM̂β⟩ = ⟨ÔαÔβ⟩ − ⟨Ôα⟩⟨Ôβ⟩. (2.44)

This vanishes for any eigenstate of all Ôα and it is positive for any state that is not
an eigenstate. Therefore it is a good measure for the proximity to an eigenstate of Ôα.
When setting Ĥ = 0, we find

dCα,β = −4
∑

δ

γδdtCα,δCβ,δ + 2
∑

δ

dWδ
√
γδ(⟨ÔαÔβÔδ⟩+ 2⟨Ôα⟩⟨Ôβ⟩⟨Ôδ⟩

− ⟨Ôα⟩⟨ÔβÔδ⟩ − ⟨ÔαÔβ⟩⟨Ôδ⟩ − ⟨ÔαÔδ⟩⟨Ôβ⟩). (2.45)

This generates a hierarchy of coupled equations for higher order cumulants of the
observables which makes it impossible to solve the average evolution exactly. The toy
model is a special one for that matter: Since the evolution is Gaussian even in the
presence of the measurement, if initialized in a Gaussian state, the third cumulant
vanishes and therefore the stochastic part of the time evolution of the second cumulant
vanishes. In this case, we only measure a single operator x̂ = n̂1 such that there is just
a single cumulant which obeys the closed equation ∂tC = −4γC2 which asymptotically
behaves as C ≃ 1

4γt
. Hence, the QSD unraveling predicts that the second cumulant

algebraically vanishes, localizing the particle at either 0 or 1. This phenomenologically
describes a continuous measurement. This becomes apparent, when this is compared to
a projective measurement. In this case, in a single time-step the state is projected onto
an eigenstate of the measurement operator, such that the particle localizes immediately.
This operation is here stretched over a time-scale ∼ 1/γ. In Fig. 6, we demonstrate the
relaxation of the covariance to its stationary state in the presence of the Hamiltonian.
Let us now return to the general case. As long as the state is close to a Gaussian one,
we can neglect the higher cumulants and find

∂tCα,β ≈ −4
∑

δ

γδCα,δCβ,δ. (2.46)

Assuming no initial covariance between different operators, this can be trivially solved
and we find

Cα,α =
1

1
Cα,α,0

+ 4γαt
≃ 1

4γαt
. (2.47)

Cα,β,0 is here the covariance at an initial time t = 0. We therefore find that the action
of the Hermitian Lindblad operators Ôα indeed corresponds to a measurement that is

23



2 MEASUREMENT-INDUCED DYNAMICS OF QUANTUM SYSTEMS

0 10 20 30 40 50
0

0.1

0.2

0.3

t

〈x̂
2
〉−

〈x̂
〉2

γ = 0

QJ
QSD

0 10 20 30 40 50
0

0.1

0.2

0.3

t

〈x̂
2
〉−

〈x̂
〉2

γ = 0.5

0 10 20 30 40 50
0

0.1

0.2

0.3

t

〈x̂
2
〉−

〈x̂
〉2

γ = 2

0 10 20 30 40 50
0

0.1

0.2

0.3

t

〈x̂
2
〉−

〈x̂
〉2

γ = 10

Figure 6: The covariance of the position of the particle in the toy model is an example
for which the stationary result depends on the measurement strength. This happens
because the observable is non-linear in the density-operator and therefore contains
information about trajectories beyond the regular average. Indeed, we find that espe-
cially for strong measurement there is also a clear difference between the QSD and QJ
result even though they describe the same evolution on the level of the linear average,
see Fig. 4. In this plot, we show the average over 10000 trajectories.

spread out over a time ∼ 1/γα. If this is combined with the Hamiltonian evolution,
QSD therefore describes a continuous protocol which involves measurement and unitary
dynamics on equal footing.

In this section, we reviewed the origin of the QSD and QJ stochastic Schrödinger
equations and argued that both unravelings of generic quantum master equations with
Hermitian Lindblad operators describe measurements. While in the case of QSD, the
measurement takes a finite time to collapse the system into an eigenstate, which enables
a competition between the Hamiltonian and the measurement, this is achieved by a
random placement of instantaneous projective measurements in the QJ protocol. It is
also possible to interpolate between the two limits by introducing a random placement
of measurement-operators and a finite measurement time [92, 93]. Throughout this
work, we want to focus on the two limiting cases for simplicity. We also demonstrated
the effect on the two-site toy model where the essential features of the different unrav-
elings already appear and we showed the differences and similarities numerically (see
Figs. 2,4,6). In particular, we realized that in generic systems that evolve due to mea-
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2.2 Replica-approach to the QSD protocol

surements, the linearly averaged density operator behaves trivially in the stationary
state. Therefore, we need to introduce a framework in which effects that can only be
seen in the unravelings are captured. Therefore, in the following chapter, we introduce
the replica formalism for measurement-induced dynamics.

2.2 Replica-approach to the QSD protocol

2.2.1 Structure of non-trivial observables

To motivate the replica construction, let us first discuss observables in the setting
described above. Usually the state of a quantum system is characterized by the expec-
tation value of some observable Q̂ = Q̂† in the given state at some time t,

⟨Q̂⟩t = ⟨ψt| Q̂ |ψt⟩ . (2.48)

Since |ψt⟩ is a fluctuating object, the corresponding experimentally accessible quantity
is the average of this object with respect to all possible realizations of the protocol,

Qt = ⟨Q̂⟩t = Tr Q̂ |ψt⟩ ⟨ψt| = Tr Q̂ρ̂t → Tr Q̂/Tr 1̂. (2.49)

In the last step, we used that in monitored systems, generically the density operator
approaches an infinite temperature state.

In contrast to that, higher moments of |ψt⟩ ⟨ψt| are not necessarily trivial (see Fig. 6)
and indeed contain information about correlations within individual realizations of the
measurement-induced dynamics. This may be accessed by repeatedly running the
protocol such that a quantum-mechanical expectation value in the state obtained after
a specific series of measurement outcomes can be evaluated. Correlations between
these expectation values then contain information beyond what is captured in ρ̂t. The
simple-most non-trivial object that we can construct out of a regular observable Q(t)
is

QN(t) = ⟨Q̂⟩Nt =
Ä
Tr Q̂ |ψt⟩ ⟨ψt|

äN
, (2.50)

where N > 1, depending on the N -th moment of the state |ψt⟩ ⟨ψt|. This can be
conveniently rewritten as

QN(t) = Tr⊗N
r=1Q̂ |ψt⟩ ⟨ψt| = Tr

Ä
⊗N
r=1Q̂

(r)
ä
(⊗M

r=1 |ψt⟩ ⟨ψt|), (2.51)

if M ≥ N . The index (. . . )(r) indicates that the operator acts only on the r-th copy
of the state10. The trace now runs over the whole M times copied Hilbert space. The

10Note that we implicitly add M −N copies of the unit matrix in Hilbert space ⊗M
r=N+1 in order to

get an operator of the same dimension as the replicated density-operator over which its expectation
value is computed.
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2 MEASUREMENT-INDUCED DYNAMICS OF QUANTUM SYSTEMS

experimental protocol needed to extract observables of this type is exponentially costly
due to the large number of repetitions needed to extract expectation values after any
given sequence of measurement outcomes, which is known as post-selection problem [34,
115]. However, this perspective allows to construct observables that characterize non-
trivial features of the quantum state in terms of theM times replicated density operator

ρ̂M,t = ⊗M
r=1 |ψt⟩ ⟨ψt| ̸→ 1̂, (2.52)

for M ∈ N+.

To make the kind of observables accessible through this replicated density operator
more explicit, let us consider the case of Gaussian spinless fermions {ĉl, ĉ†m} = δnm,
{ĉl, ĉm} = 0. In the particle-number conserving setting, all non-zero linear equal time
correlators are linear combinations of

⟨ĉ†l1 . . . ĉ
†
ln
ĉm1 . . . ĉmn⟩t = ⟨ψt| ĉ†l1 . . . ĉ

†
ln
ĉl1 . . . ĉln |ψt⟩ , (2.53)

for n = 1, . . . , L and la ̸= lb and ma ̸= mb if a ̸= b. Since the state |ψt⟩ is Gaussian
along all measurement trajectories, we may use Wick’s theorem to decompose this
object into a sum of products of elementary pair correlations

Dlm(t) = ⟨ĉ†l ĉm⟩t, (2.54)

entirely characterizing the state |ψt⟩. As discussed above, any observable is trivial in
the infinite temperature state when we just average over trajectories. Hence Dl,m(t)

does not contain any non-trivial information on the stationary state, just like all higher
order correlators that can be written in this form. Therefore, all observables, including
measures for the correlations within the ensemble of measurement trajectories, can be
understood as linear combinations of

C
(N)
l1,...,l2N

(t) = Dl1,l2(t) . . . Dl2N−1,l2N (t). (2.55)

In terms of the M ≥ N times replicated density operator, this reads

C
(N)
l1,...,l2N

(t) = Tr
î
ĉ
(1)†

l1
ĉ
(1)
l2
. . . ĉ

(N)†

l2N−1
ĉ
(N)
l2N
ρ̂M,t

ó
. (2.56)

Let us briefly discuss typical observables that are accessible both analytically and
numerically and discussed in Sec. 3. A very commonly considered [44, 47–52, 68, 69,
98] example is the von Neumann entanglement entropy of a subsystem A with its
complement A,

S(A) = −Tr(ρ̂A ln ρ̂A), (2.57)
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2.2 Replica-approach to the QSD protocol

where ρ̂A = trA |ψ⟩ ⟨ψ|. Since the states are Gaussian, we may use the exact Klich-
Levitov formula [158] to reconstruct the entanglement entropy as

S(A) =
∞∑

q=1

2ζ(2q)C
(2q)
A =

π2

3
C

(2)
A +O(C2q>4

A ), (2.58)

where C(N)
A is the N -th cumulant of the number of particles in subsystem A, averaged

over all measurement trajectories. Hence, we in principle need to solve the problem
for all M ∈ N+ to exactly resolve the entanglement entropy. However, the dominant
scaling of the entanglement entropy occurs due to the lowest cumulants as we see later
by comparing numerical data for both quantities in Sec. 3. This makes C(N)

A for small
N an interesting observable itself. Since the expectation value C(1)

A = ⟨∑l∈A n̂l⟩ is
trivial in the infinite temperature state, the second cumulant is the first one capturing
the essential physics of the measurement problem. It reads

C
(2)
A =

∞(∑
l∈A

n̂l −
〈∑

l′∈A

n̂l′

〉)2
∫

=
∑

l,l′∈A

Ä
⟨n̂ln̂l′⟩ − ⟨n̂l⟩⟨n̂l′⟩

ä
. (2.59)

In this way, we may directly connect the leading contribution to the entanglement
entropy to the connected density-density correlation function, that is an additional
observable by itself. We label it as

Cl,l′ = ⟨n̂ln̂l′⟩ − ⟨n̂l⟩⟨n̂l′⟩ = |⟨ĉ†l ĉl′⟩|2 = C
(2)
l,l′,l′,l. (2.60)

The entanglement entropy is a basis-independent quantity characterizing generic quan-
tum correlations in the system, while C(N)

A and Cl,l′ quantify the local particle number
fluctuations. Therefore they enable the viewpoint of localization vs. delocalization
in addition to the more information theoretic perspective of entanglement. From this
discussion, we conclude that the relevant observable that we intend to compute is the
correlation function Cl,l′ , especially for large l − l′ to characterize the long-distance
physics and potential critical behavior of the system. The replica structure of these
observables is sketched in Fig. 7.

2.2.2 Construction of the replica master equation

As argued above, we ultimately intend to compute the replica density operator ρ̂M for
M ≥ 2. In order to construct a convenient representation of the time-evolution of this
object [44, 69, 98], let us reconsider the definition of the QSD measurement protocol
(c.f. Sec. 2.1). Suppose we drop the normalization condition for quantum states

∣∣∣ψ̃t
∂
,

just initializing it at a time t0 to be normalized
∣∣∣ψ̃t0
∂
= |ψt0⟩ = |ψ0⟩ and non-random.
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x

tr = 1

r = 2

r = 3

A

S(A)Cl,l′

Figure 7: Visualization of the non-linear observables in replica space. The planes
symbolize spacetime on the different replicas. Observables like the density-density
correlation function between positions and (potentially) different times involves corre-
lations within one replica with another one, symbolized by blue lines. Only two replicas
are needed here for the computation. The von-Neumann entanglement entropy of a
subsystem A involves all orders in the state and therefore we need correlations between
all points in space within A and all infinitely many replicas (here we only show 3), at
equal times. This is shown in red.

The state update for the non-normalized states is

∣∣∣ψ̃t+dt
∂
= e−

i
ℏ ĤdtP̂ ({Jα,t}α)

∣∣∣ψ̃t
∂
. (2.61)

Hence, for any finite measurement strengths γα,
∣∣∣ψ̃t
∂

depends on the sequence of mea-
surement outcomes {Jα,τ}α,t0≤τ<t. We do not write out this dependence for simplicity,
but we note that the probability of finding a measurement sequence leading to that spe-
cific state is given by the norm of the state Tr

∣∣∣ψ̃t
∂ ¨
ψ̃t

∣∣∣. Therefore, the probability of

finding the system in a state |ψt⟩ =
∣∣∣ψ̃t
∂
/
∣∣∣
∣∣∣
∣∣∣ψ̃t
∂∣∣∣∣∣∣ at time t, or equivalently finding the

non-normalized state
∣∣∣ψ̃t
∂

is equal to the probability of measuring the corresponding
sequence of measurement outcomes {Jl,τ}l,t0≤τ<t.

p({Jα,τ}α,t0≤τ<t) =
∣∣∣
∣∣∣
∣∣∣ψ̃t
∂∣∣∣∣∣∣2 = Tr

∣∣∣ψ̃t
∂ ¨
ψ̃t

∣∣∣ . (2.62)

We realize that at a given time t, the statistical average over realizations amounts
to an average over all possible trajectories of measurement outcomes {Jα,τ}α,t0≤τ<t.
Therefore, we make the average over trajectories more explicit, obtaining

(. . . ) =

ˆ
DJp({Jα,τ}α,t0≤τ<t)(. . . ), (2.63)
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where
´
DJ denotes the integral over all Jα,t0≤τ<t ∈ R. This allows to rewrite the

replica density operator as

ρ̂M,t = ⊗M
r=1 |ψt⟩ ⟨ψt|

=

ˆ
DJp({Jα,τ}α,t0≤τ<t)⊗M

r=1 |ψt⟩ ⟨ψt|

=

ˆ
DJ

(
Tr
∣∣∣ψ̃t
∂ ¨
ψ̃t

∣∣∣
)1−M

⊗M
r=1

∣∣∣ψ̃t
∂ ¨
ψ̃t

∣∣∣ . (2.64)

Note the dependence of the states |ψt⟩ and
∣∣∣ψ̃t
∂

on the measurement record {Jα,τ}α,t0≤τ<t.
The division by the trace for each replica causes problems in obtaining a closed expres-
sion for the time-evolution expression of the replica density operator. Therefore, we
employ the following replica trick11 introducing

ρ̂R,M,t =
(
Tr
∣∣∣ψ̃t
∂ ¨
ψ̃t

∣∣∣
)R−M

⊗M
r=1

∣∣∣ψ̃t
∂ ¨
ψ̃t

∣∣∣. (2.65)

For M ≤ R, this may be written as

ρ̂R,M,t = Trr>M ρ̃R,t, ρ̃R,t =

ˆ
DJ ⊗R

r=1

∣∣∣ψ̃t
∂ ¨
ψ̃t

∣∣∣ . (2.66)

This expression allows us to formulate a linear generalized Lindblad quantum master
equation describing the time-evolution of for a general replica number R in absence
of normalization in every time-step which makes ρ̃R,t a convenient object to study
analytically. On the other hand, we only recover the properly normalized state for
R = 1. When interested in M > 1 replica observables, we therefore solve the problem
for general R ≥ M and, after computing these observables, we take the replica limit
R → 1 using analytic continuation in replica space. Hence, the following derivation is
to be understood in this limit. The typical correlation function, discussed above, may
therefore be written as (r ̸= r′,M ≥ 2)

Cl,l′ = ⟨n̂ln̂l′⟩ − ⟨n̂l⟩⟨n̂l′⟩ = Tr
Ä
n̂
(r)
l (n̂

(r)
l′ − n̂

(r′)
l′ )ρ̂M,t

ä
= lim

R→1
Tr
Ä
n̂
(r)
l (n̂

(r)
l′ − n̂

(r′)
l′ )ρ̂R,M,t

ä
= lim

R→1
Tr
Ä
n̂
(r)
l (n̂

(r)
l′ − n̂

(r′)
l′ )ρ̃R,t

ä
. (2.67)

For that reason, solving for the stationary state of ρ̃R,t yields the solution for the
connected correlation function. Applying Eq. (2.61), the exact time-evolution of the
replicated density operator is

ρ̃R,t+dt =
Ä
e−

i
ℏ Ĥdt
ä⊗R

P̂⊗2R(t, ρ̃R,t)
Ä
e

i
ℏ Ĥdt
ä⊗R

. (2.68)

11Even though well accepted in the literature on disordered systems, the replica trick is not math-
ematically rigorous. An alternative approach involves the introduction of auxiliary supersymmetric
degrees of freedom to account for the normalization [159–162], which is subject of current research.
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Here,

P̂⊗2R(t, ρ̃R,t) =

ˆ
DJt
Ä
⊗R
r=1P̂ ({Jα,t}α)

ä
ρ̃R,t
Ä
⊗R
r=1P̂ ({Jα,t}α)

ä
, (2.69)

is acting on the density-operator from both sides and the integral runs over all {Jα,t}α
at a fixed time t describing the update from time t→ t+ dt due to the measurements
at that time step. Since the generalized projectors are Gaussian in the measurement
results Jl,t, the integral may be evaluated exactly, which allows to derive a closed dif-
ferential equation for the time-evolution of the un-normalized replica density operator
(see App. A.1)

∂tρ̃R,t = LRρ̃R,t =
R∑

r=1

L(r)ρ̃R,t +
∑

r,r′,r ̸=r′
M(r,r′)ρ̃R,t, (2.70)

L(r)(.) = − i

ℏ
[Ĥ(r), (.)]− 1

2

∑

α

γα
î
Ô(r)
α ,
î
Ô(r)
α , (.)

óó
, (2.71)

M(r,r′)(.) =
1

2

∑

α

γα
¶
Ô(r)
α ,
¶
Ô(r′)
α , (.)

©©
. (2.72)

Note that if we take R = 1 everywhere, this yields the Lindblad quantum master
equation (2.32). Otherwise, besides just copying the dynamics, we obtain a term
M(r,r′) pairwise coupling the replicas. On every individual replica, we obtain the same
dynamics as we would get for the linear average, i.e. heating to an infinite temperature
state ρ̃ ∼ 1 while this is not a solution for the inter-replica coupling terms due to the
replacement of commutators [, ] by anti-commutators {, }. Note as well that R does
not appear as a prefactor at all but we had to set R → 1 in order to obtain a proper
differential equation in the first place.

The replica construction introduced in this section does not require any approx-
imations or assumptions about the specific system. For that reason, any reasonable
approach to a theoretical understanding of the specific microscopic model of monitored
fermions will follow the given arguments12. To solve (2.70), we however need to use
approximations as the replica model is interacting and cannot be solved exactly. This is
the reason why there previously have been two complementary approximation schemes
for monitored free fermions, bosonization and a non-linear sigma model construction,
predicting qualitatively different behavior in the thermodynamic limit [44, 68, 69].

12besides technical differences in the definition of the replicas that do not qualitatively change the
result
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2.2 Replica-approach to the QSD protocol

2.2.3 Toy model

Let us now study the replica quantum master equation using the toy model of a single
particle hopping between two sites. The replica density matrix of the system can be
represented as a 2R × 2R matrix, corresponding to the 2 basis states of the original
Hilbert space which is copied R times. Copying corresponds here to taking the tensor
product of the state matrices (see Eq. (2.66)). The generator of the dynamics described
by the replica master equation (2.70) acts as a superoperator from both sides onto this
replica density matrix. To solve the full replicated evolution numerically for this case,
we may employ the third quantization approach [163] and reshape the state matrix into
a 4R component vector, which allows to write the generator of the dynamics as a 4R×4R

dimensional matrix acting only from the left onto the state vector. As we can see, the
computational complexity to solve this for a given number of replicas R amounts to
diagonalizing a matrix of exponential dimension (4R × 4R) such that the analytical
continuation discussed above turns out to be very computationally demanding even
for the toy model. Therefore, we treat the toy model as a proof of principle for the
replica construction while the actual numerical simulation of non-linear measurement
operators is done using individual trajectories as shown in Figs. 2,4,6.

The construction of the explicit matrix can be done in three steps: First, we write
all appearing operators as matrices in the original Hilbert space,

Ĥ =

(
0 1

1 0

)
, x̂ =

(
0 0

0 1

)
. (2.73)

Then, we copy the Hilbert space once, going from pure states to density-operators.
The ’ket’ states correspond to the first copy and the ’bra’ states to the second copy.
Therefore, we can write an operator Ô acting from the left on the density operator as
Ô ⊗ 1̂ and an operator acting from the right as 1̂⊗ Ô. Using this construction yields

L = − i

ℏ
î
Ĥ, (.)

ó
− 1

2
γ [x̂, [x̂, (.)]]

= − i

ℏ
Ä
Ĥ ⊗ 1̂− 1̂⊗ Ĥ

ä
− 1

2
x̂2 ⊗ 1̂− 1

2
1̂⊗ x̂2 + x̂⊗ x̂

=
1

ℏ

à
0 i −i 0

i −ℏγ
2

0 −i
−i 0 −ℏγ

2
i

0 −i i 0

í
. (2.74)

This matrix has the eigenvalues 0,−γ
2
,−γ

4
(1 ± α) where α =

√
γ2 − (8/ℏ)2. The

eigenvalue 0 corresponds to the stationary density operator since all other terms decay
over time. The normalized result reads ρ̃1 = 1

2
|01⟩ ⟨01| + 1

2
|10⟩ ⟨10| i.e. an equal
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2 MEASUREMENT-INDUCED DYNAMICS OF QUANTUM SYSTEMS

superposition of the eigenstates of the measurement-operator. This is the featureless
infinite-temperature state. We also observe that for γ < 8/ℏ, the approach towards
this state is oscillatory since the eigenvalues become complex, matching the result of
a simulation of the linear averaged observable x̂ = |01⟩ ⟨01| (see Fig. 4). We therefore
find that the linearly averaged observables can be analytically predicted, including the
time-evolution towards the stationary state. If we, for instance, initialize the system
in the pure state |10⟩ ⟨10|, the solution for the density matrix reads

ρ̂t =

(
1
2

Ä
1 + e−

γt
4

(
cosh αt

4
+ γ

α
sinh αt

4

)ä −4i
α
e−

γt
4 sinh αt

4
4i
α
e−

γt
4 sinh αt

4
1
2

Ä
1− e−

γt
4

(
cosh αt

4
+ γ

α
sinh αt

4

)ä ) .
(2.75)

This means, that we can compute the evolution of the observable

⟨x̂⟩ = Tr x̂ρ̂t =
1

2

Å
1− e−

γt
4

Å
cosh

αt

4
+
γ

α
sinh

αt

4

ãã
. (2.76)

This result matches with the simulation result for both QSD and QJ unravelings as
shown in Fig. 4, as it should be since the unravelings are constructed such that they
are equivalent to the quantum master equation on average over trajectories.

We are now interested in observables beyond the linear average as discussed above,
as only those reveal non-trivial measurement-induced effects. To demonstrate, how
these are described by the replica quantum master equations, let us compute the matrix
that generates the time-evolution of the R times replicated, un-normalized density
operator. First, we need to sum over the terms diagonal in replica space L(r), which
do not act on the other replicas such that

L(r) =

(
r−1⊗

r′=1

1

)
⊗ L⊗

(
R⊗

r′=r+1

1

)
, (2.77)

where 1 is a unit-matrix in the 4×4 vector space of density matrices on a single replica.
Similarly, we construct the term that couples different replicas. This is readily seen
considering two replicas,

M(1,2) =
γ

2
(x̂⊗ 1̂ + 1̂⊗ x̂)⊗ (x̂⊗ 1̂ + 1̂⊗ x̂). (2.78)

The tensor-product within the bracket is between the ’ket’ and ’bra’ states on a single
replica and in between there is a tensor product between different replicas. The corre-
sponding terms for larger number of replicas are found by adding tensor products with
1 for all replicas on which M(r,r′) does not act.

Since the size of the matrix quickly becomes large and we can only rely on the
extrapolation to R = 1 due to the lack of normalization for larger R, we focus on the
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2.2 Replica-approach to the QSD protocol

stationary state only. It can be found as the eigenstate of the superoperator with the
largest real part of its eigenvalue since this term dominates at large times. While for
R = 1, we generically find that the stationary state has eigenvalue 0, we now obtain
eigenvalues with real parts larger than 0 indicating that the normalization is explicitly
broken (see Fig. 8). Still, we identify the density-operator ρ̃R with the largest eigenvalue
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Figure 8: Eigenvalues of the R replica superoperator for γ = ℏ = 1. The stationary
state is determined by the eigenvalue with the largest real part as this determines the
exponential growth with time.

as the (up to a growing global prefactor) stationary state that is approached for late
times. Therefore, we have numerical access to the stationary state of

CR =
1

Tr ρ̃R
Tr
Ä
x̂(r)
Ä
x̂(r) − x̂(r

′)
ä
ρ̃R
ä
, (2.79)

for R > 1 and r ̸= r′. Since the computation of the stationary state is not noisy, we
may fix r = 1, r′ = 2. In the construction of the replica quantum master equation, we
identified (see Eq. (2.67)) that13

C = ⟨x̂2⟩ − ⟨x̂⟩2 = lim
R→1

CR. (2.80)

To solve this limit, we now need to compute CR where accessible and perform the
13Note that we normalized the result for a given R since otherwise the growing prefactor would

affect the result which is then time-dependent. This modification drops out in the limit R → 1 as ρ̃1
is normalized.
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2 MEASUREMENT-INDUCED DYNAMICS OF QUANTUM SYSTEMS

analytic continuation by computing an analytic function that interpolates between
the points. Would we exactly know all CR for R > 1, this yields a unique function
that we can extrapolate to R = 1. However, if only a discrete number of CR is
known, the analytic function that interpolate between all points is ambiguous and it
is impossible to uniquely identify the extrapolation to R = 1. Trying this for the
first few values of R even shows that the scattered points behave non-trivially as we
demonstrate in Fig. 9. Therefore, this approach is not suitable to numerically study any
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(−
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Figure 9: The auto-correlation C = ⟨x̂2⟩ − ⟨x̂⟩2 is given by the extrapolation of CR
to R = 1 obtained from knowledge of all CR for R > 1. Numerically, we can only
determine a finite number of R up to O(6) due to the exponential growth of the
generator of the replica dynamics. There is no obvious functional dependence of the
results CR on R such that the extrapolation from such a small number of data points
is impossible, even for the toy model.

system, even a toy model, while an analytical treatment in principle allows to compute
CR for any R such that we continue to use the replica construction for analytical
treatment of measurement-induced phenomena. Numerical simulations, in contrast are
performed using the stochastic Schrödinger equation directly, sampling the probability
distribution which is much more efficient as we demonstrated in Fig. 6.

2.3 Post-selection problem and pre-selection strategy

In the previous section, we discussed a way to compute objects that are non-linear
in the state, like the observables introduced in Sec. 2.2.1 analytically. While this
is certainly a useful approach to identify phases and phase transition in monitored
systems analytically and numerically, it does not provide an efficient way to extract
this information in an experimental setting. This is due to the so-called post-selection
problem [49]. It can be illustrated in the toy model of a single particle hopping between
two sites (see Fig. 10), where the correlation function C = ⟨x̂2⟩ − ⟨x̂⟩2 is assumed
to be the non-linear observable. Consider what is now necessary to reconstruct this
object from an ensemble of QJ trajectories at a given time t: The symbol (. . . ) in
this case actually denotes an average over both all series of placing measurements at
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Figure 10: Simulation of the experimentally accessible data in the toy model using
only the measurement readouts. For γ = 0.5 we generate 1000 different samples for
the sequence in which the system is measured. For each sequence we run 5000 different
trajectories to determine the conditioned expectation values at the points where the
measurement is performed anyways. This ensures that we sample every trajectory suf-
ficiently often. We then calculate the auto-correlation C and (arithmetically) average
over measurement read-out trajectories. For each measurement sequence sample we
obtain ∼ 5 in principle experimentally accessible data-points shown in blue with error-
bars. The black curve shows the average over these points for every time-step which
we compare to the only numerically accessible data obtained from direct calculation
of the quantum mechanical expectation values (red) as shown in Fig. 6. Due to the
5000000 simulated trajectories, noise is strongly suppressed here such that we take this
as reference to determine the error of the simulated experimentally accessible data, as
shown in the right panel. Taking a moving average shows that the uncertainty of C
grows over time. This is in contrast to linear observables approaching a stationary
state, where the uncertainty saturates at a finite value. This occurs as the number
of different trajectories exponentially diverges with the number of performed measure-
ments such that the conditioned average is taken over a shrinking sample size.

the (discrete) times t according to the Poisson distribution, {mτ}t<τ , where mτ = 1 if
a measurement is performed at time τ and mτ = 0 if not. On top of that, we need
to average over the different measurement outcomes {xτ}τ<t at these times, whose
probability distribution depends on the state on which the measurement is performed
i.e. on the entire history of the state. Let us here assume that the system is initialized
in the same state at t = 0 for all trajectories. Then, the trajectory-average reads

(. . . )t = (. . . )
{mτ}τ<t,{xτ}τ<t (2.81)

The number of possible trajectories over which this average is taken for a given sequence
of measurements now scales exponentially with the number of measurements performed
until the time t. On top of this averaging, we also need to compute the averaged object
in the given state that is obtained at time t. To determine ⟨x̂⟩t, this amounts to
additionally performing a projective measurement of x̂ at time t repeatedly to extract
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the conditional expectation value for the given trajectory.

⟨x̂⟩t = ⟨x̂⟩t,{mτ}τ<t,{xτ}τ<t =
{mτ}τ<t,{xτ}τ<t xt

xt . (2.82)

The left superscript denotes that the average is taken conditioned on the trajectory
leading to this point. This allows to rewrite

⟨x̂⟩t = xt
{mτ}τ<t,{xτ}τ≤t . (2.83)

Note that the quantum-mechanical expectation value can here be replaced by a stochas-
tic variable, which is the measurement read-out at time t (see Fig. 10). Hence, it is
sufficient to generate trajectories and average the final measurement read-out over both
series of measurement placements and read-outs of the measurements that lead to the
conditioned state at time t. The standard estimate for the error in determining the
average in this way in this case scales with the number of performed trajectories

∆⟨x̂⟩t ∼ (number of trajectories)−1/2. (2.84)

In particular, this does not depend on the number of performed measurements along
a single trajectory. Therefore, such standard observables are efficiently computed and
are even resilient to additional noise not captured in the model, or an imperfect mea-
surement record. In contrast, such a simplification cannot be done for non-linear
observables. In the present example, we obtain

⟨x̂⟩2t = ({mτ}τ<t,{xτ}τ<txt
xt)

2
{mτ}τ<t,{xτ}τ<t

(2.85)

Therefore, the individual terms over which the trajectory-average needs to be computed
are conditioned on a given trajectory of measurement read-outs. A given trajectory
needs to be reproduced several times in order to obtain an estimate for the average. The
number of possible trajectories scales exponentially with the number of measurements
performed for a single realization of the placement of measurements such that the
number of trajectories that need to be simulated to reach a given error threshold also
scales exponentially in the number of performed measurements. This is generic for
measurement-induced dynamics and non-linear observables.

While in a simple system such as the toy-model, the short-time dynamics for mod-
erate measurement rates can be resolved by direct generation of these exponentially
many trajectories (see Fig. 10), a generic many-body system heavily suffers from this
problem since the number of measurements performed in a given time scales typically
linearly in the system size. Therefore, the experimental determination of non-linear
observables such as ⟨x̂2⟩ − ⟨x̂⟩2 but also for instance the entanglement entropy, has an

36



2.3 Post-selection problem and pre-selection strategy

exponential overhead compared to linear observables. At first sight, this leads to the
conclusion that non-linear observables are in principle not experimentally accessible in
thermodynamically large systems with measurement.

To investigate if this problem makes questions about measurement-induced phases
and phase transitions in principle purely academic, there are broadly three different
ideas that are put forward:

(1) Choosing a specifically tailored model and sufficiently small system sizes allows
to run of a huge amount of trajectories on a state of the art quantum simulator [34].
However, this approach is not scalable due to the exponential overhead and therefore
not appropriate to resolve emergent large distance physics. For instance, the question
if the model of one-dimensional free fermions with measurements undergoes an entan-
glement transition for weak measurement rates can only be answered if system sizes
up to at least O(1000) sites can be resolved [68, 69], as discussed in sec. 3.3.

(2) Explicit and precise knowledge about the microscopic details of the problem al-
low, at least for systems that can be efficiently simulated, to run a classical simulation
of the system. This can be used to decode the information obtained from the mea-
surements and compute observables based on a combination of the classical simulation
and the experimental measurement read-outs. This can either be done by revealing the
quantum information performing a unitary operation based on the classical simulation
and measurement read-outs [112–114], or studying cross-correlations between experi-
mental data and classical simulations [111, 115–118]. While for an appropriately chosen
model, one may study rather large systems and the protocols are reasonably resilient to
noise, this approach fundamentally relies on knowledge about microscopic details and
does not provide model-independent signatures of measurement-induced phase transi-
tions. Besides that, this approach can only be applied if the model is simple enough
to be efficiently simulated, for instance because it is a Clifford-circuit [119, 120], non-
interacting and therefore described by Gaussian states [68], or weakly entangled such
that tensor-network approaches are suitable [121].

(3) Finally, we may alter one defining feature of the model, namely that the lin-
early averaged density-operator goes into an infinite temperature state, by adding the
additional ingredient of feed forward [127, 164]. In this thesis we focus on this ap-
proach which we call ‘pre-selection’, and discuss the model of monitored fermions in
one dimension in Sec. 5. The idea is here to perform a unitary gate after each (pro-
jective) measurement that is performed, which depends on the measurement read-out
obtained in that measurement. This means, that the state update, here fore the QJ
protocol (2.5), is modified to

|ψt+dt⟩ = e−
i
ℏ Ĥdt

∏

α

Ñ
(1−mα) +mα

∑

n

δOα,Oα,nĈα,nP̂α,n»
⟨ψt| P̂α,n |ψt⟩

é
|ψt⟩ . (2.86)
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Here, Ĉα,n with Ĉ†
α,nĈα,n = 1̂ are in principle arbitrary unitary operations. It turns out

that they can be chosen for appropriate model systems such that they do not change
the universal properties of the entanglement transition that the system undergoes,
while they do affect the linearly averaged density operator as they render the Lindblad
operators non-Hermitian. This means that the stationary state becomes non-trivial
as the feedback operation induces a directed motion in the Hilbert space. Hence,
instead of studying non-linear observables, we may characterize the stationary state of
the trajectory ensemble in terms of the usual linearly averaged density operator. The
associated observables do not suffer from the post-selection problem as they are of the
form of Eq. (2.83).

While it is not a priori ensured that such a protocol exists such that the universal
properties of the entanglement transition remain unchanged, it is in principle applicable
independently of the possibility to perform a classical simulation and even without ex-
plicit knowledge of the microscopic details of, for instance, the Hamiltonian. Therefore,
once further developed, it provides a universal protocol for the experimental detection
of measurement-induced phase transitions. Besides that, the resulting dynamics turns
out to realize quantum absorbing state phase transitions [129–131], which is of interest
by itself, independently of the connection to measurement-induced phase transitions.
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3 Free fermions with nearest neighbor hopping

The contents of this section are equal to those of a manuscript in preparation for
publication. The other co-authors will be M. Buchhold and S. Diehl. The author of
this thesis extended the existing theory of bosonizing the measurement problem in free
monitored fermions by using the replica trick R → 1 and re-deriving all subsequent
steps in this new framework. He also performed the study of the fermionic path integral
in perturbation theory and performed all numerical simulations. All analytical and
numerical results where interpreted in discussions with M. Buchhold and S. Diehl. The
entire manuscript presented in this section was written by the author of this thesis.

After the introduction of measurement-induced dynamics, in this section, we focus
on a specific many-body system under monitoring. We discuss the question, whether
measurements of the local occupation number of spinless fermions in a one-dimensional
chain induce a phase transition and if so, what the universality class of this phase tran-
sition is. This question has been addressed extensively in the literature [44, 67–69, 165].
However, this issue is still debated as there is evidence both for the existence of a phase
transition at a finite measurement strength γc of the Berezinskii–Kosterlitz–Thouless
(BKT) type [44, 68, 89–91], and for the absence of a phase transition where the nu-
merical results are understood within the picture of weak localization [69, 165, 166].
To make progress in identifying the nature of the thermodynamic limit of this model,
we introduce an advanced formal description in terms of a replica field theory and also
present new numerical evidence supporting the BKT scenario.

We proceed as follows: First, in Sec. 3.1 we introduce the lattice model of free
fermions undergoing unitary nearest neighbor hopping dynamics and and either pro-
jective or weak measurement of the particle number, and discuss how single trajecto-
ries can be simulated using Gaussian states. This is used to gain intuition about the
trajectory resolved many-body system. After that, in Sec. 3.2 we apply the replica
construction presented in Sec. 2.2 to the weak measurement problem and derive the
field theory representation describing the dynamics of the trajectory ensemble. This
is done in 4 Steps: (i) We map the model directly to a fermionic Keldysh replica path
integral and treat the measurements perturbatively. This allows to identify a single
mode in replica space that heats up to an infinite temperature state while all other
modes cool to a ground state. (ii) This justifies to apply Abelian bosonization on the
operator level and then map it to a bosonic Keldysh replica path integral. (iii) In
the bosonic path integral, we can identify again a single mode heating up to an infi-
nite temperature state which is used to integrate out this mode and identify a model
where the remaining degrees of freedom are cooled into a ground state. (iv) Finally,
we analyze the resulting non-Hermitian Sine-Gordon model using Wilsonian renormal-
ization group (RG) [73] to identify the universality class of the phase transition which
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turns out to be BKT. The steps (ii-iv) follow previous work [44], lifting them to an
advanced treatment of the replica limit by keeping the replica number arbitrary, which
is a new development. Along this calculation, we demonstrate how the the observables
are represented in terms of the effective degrees of freedom and derive that in the weak
measurement phase, the entanglement is scaling logarithmically with the partition size
and in the strong measurement phase, it saturates to a constant. These findings are
then compared in Sec. 3.3 to numerical simulations of individual trajectories. After
the average over trajectories, we find good agreement with the analytical prediction,
both for weak and projective measurements. In particular, the finite size scaling col-
lapse of the entanglement entropy indicates a divergence of the correlation length at
the critical point that is compatible with the BKT scenario but deviates from what is
expected in weak localization. These results come with the caveat that the predicted
critical measurement strength is very small (≈ 0.1) in units of the timescale of the
Hamiltonian such that the apparent volume law scaling at short distances and weak
measurements requires exponentially large system sizes that are not numerically acces-
sible even using the Gaussian property of the states. Therefore, we can not confidently
rule out the possibility that the critical measurement strength is zero, which would
mean that the logarithmic scaling phase does not exist. Instead, we provide evidence
for the BKT scaling behavior and show, that the results are compatible with the field
theory approach.

3.1 Model and single trajectories

Let us consider free fermions on a 1D lattice with nearest neighbor hopping, i.e. a
Hamiltonian

Ĥ = −
L∑

l=1

Ä
ĉ†l ĉl+1 + ĉ†l+1ĉl

ä
, (3.1)

where L is the number of sites and ĉl, ĉ
†
l obey fermionic anti-commutation relations,

{ĉl, ĉ†m} = δlm and {ĉl, ĉm} = 0. We always implement periodic boundary conditions
and are interested ultimately in the thermodynamic limit L→ ∞ and half filling. On
top of that, we monitor the particle number on each site weakly with a rate γ, i.e. we
perform QSD dynamics, as visualized in Fig. 11. The pure state of the system |ψ⟩ is
therefore evolving according to Eq. (2.42), which reads in this case

d |ψ⟩ =
((

− i

ℏ
Ĥ − 1

2

∑

l

γM̂ †
l M̂l

)
dt+

∑

l

√
γM̂ldWl

)
|ψ⟩ (3.2)

where l is again the lattice site and M̂l = Ôl − ⟨Ôl⟩ where Ôl = n̂l is the monitored
operator, the particle number n̂l = ĉ†l ĉl on lattice site l and dWl is Gaussian white
noise with dWldWm = δlmdt. This generalizes the toy model discussed in Sec. 2.1
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weak measurementprojective measurement

Figure 11: Setup in a single time-step of the QJ (left) and the QSD (right) protocol.
Besides applying the Hamiltonian, we perform projective measurements on a subset of
the lattice sites for the QJ protocol, such that the occupation number of these lattice
sites is known. For QSD on the other hand, all lattice sites are monitored, while the
measurement outcome is continuous and yield imperfect information about the system
due to noise.

and Sec. 2.2 to a many-body system. To understand the dynamics of this system, we
numerically simulate it by parametrising the state |ψ⟩ in the form [67, 167]14,

|ψ⟩ =
L/2∏

j=1

(
L∑

l=1

Ulj ĉ
†
l

)
|0⟩ . (3.3)

The columns of the matrix U = {Ulj}lj are single-particle wave functions which means
that we demand U †U = 1 due to the Pauli principle (see App. B.1). Given such a
state, we may compute expectation values of fermion bilinears using (see App. B.1)

Dmn = ⟨ĉ†mĉn⟩ = (UU †)mn (3.4)

In particular, the particle density reads ⟨n̂l⟩ = (UU †)ll. We call the state |ψ⟩ Gaus-
sian, because it obeys Wicks theorem (see App. B.1) such that also all higher order
contractions are accessible, which is also discussed in sec. 2.2.1. For instance,

⟨ĉ†aĉ†bĉcĉd⟩ = DadDbc −DacDbd. (3.5)

Given such a state, we may apply the generator of the time-evolution 3.2 for a
finite time-step dt and obtain up to normalization and to leading order in dt that this
corresponds to an evolution of the matrix U which reads (see App. B.1)

U → e−
i
ℏhdiag({e−γdt(2⟨n̂l⟩−1)+

√
γdtξl}l)U. (3.6)

h is here the hopping matrix of the particle-number conserving Hamiltonian, Ĥ =∑
mn hmnĉ

†
nĉm, i.e. for the case of nearest neighbor hopping it reads hnm = δn,m+1 +

δn,m−1 imposing periodic boundary conditions. The randomness of measurement-
outcomes is implemented by independent Gaussian white noise ξl = 0, ξlξm = δlm.

While the normalization of the state can be easily restored dividing by the norm,

14For the implemented half filling we need to assume an even number of sites. This is not expected
to be important at large system sizes.
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we realize that the higher order terms in dt also slightly break the orthogonality of
the single particle states. However, for any matrix U there exists a decomposition
into U = QR where Q†Q is unitary and R is an upper triangular matrix L/ × L/2

matrix. R contains the normalization of the single particle states while the off-diagonal
terms capture the broken orthogonality due to higher orders in dt. Therefore, we
identify U → Q as the update rule after a time step dt, ensuring preservation of the
Gaussian nature of the state and the particle number. Note that we thereby found a
closed expression for the time-evolution in terms of the matrix U since ⟨n̂l⟩ = (UU †)ll

is accessible in every time step. Note that this construction only works because all
operators in Eq. (3.2) are quadratic in fermionic creation and annihilation operators15,
and the QSD protocol preserves Gaussianity in every single time-step. This vastly
reduces the computational complexity compared to the 2L-component state vector of a
generic spinless fermion model on L lattice sites and allows for very efficient numerical
simulation as we demonstrate in Sec. 3.3.

From the correlation matrix Dmn, we can compute for instance the local density
nl = ⟨n̂l⟩ = Dll, as shown for single trajectories in Fig. 12, but also objects that are
non-linear in the state, such as the density-density correlation function

Cl,m = ⟨n̂ln̂m⟩ − ⟨n̂l⟩⟨n̂m⟩ = |⟨ĉ†l ĉm⟩|2 = |Dlm|2. (3.7)

Besides that, we may also compute the von-Neumann entanglement entropy of a
subsystem A along a given trajectory [68, 168, 169] as

SvN(A) = Tr ρ̂A log ρ̂A = −
∑

j

Ä
λ
(A)
j log

Ä
λ
(A)
j

ä
+ (1− λ

(A)
j ) log

Ä
1− λ

(A)
j

ää
, (3.8)

where ρ̂A is the reduced density operator of found as the trace of |ψ⟩ ⟨ψ| over the adjoint
of A and λ(A)j are the eigenvalues of {Dlm}l,m∈A, restricting l and m to be in the subset
of lattice sites within the subsystem A.

In precisely this form, this model has been first discussed, mainly numerically, in
Ref. [67]. The authors found that the system does not undergo a phase transition at
finite measurement strength and is always dominated by the measurements as long as
γ > 0. Later, in Refs. [44, 68] the same system was analyzed with more extensive
numerical treatment and replica field theory based on bosonization where indications
for the existence of an additional phase where the Hamiltonian dominates and en-
tanglement properties are changed from an area law SvN ∼ L0 to logarithmic scaling
SvN ∼ logL, where found.

Later, the corresponding model with projective measurement was also discussed
using both numerical simulations and replica field theory based on non-linear sigma

15n̂2
l = n̂l
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Figure 12: Single trajectory for the QSD protocol with dt = 0.05 and ℏ = 1 for a state
initialized in a Néel state. Strong measurement act as projections onto eigenstates of
the measurement operator while weak measurements merely add noise to the quantum
state.

models [69, 165]. Their results indicate that this model does not feature a phase
transition but instead undergoes weak localization where the correlation length diverges
exponentially as a function of 1/γ which is easy to confuse with a phase transition at
finite critical γ from finite size numerical simulations. The model with projective
measurements can be implemented by the quantum jump protocol (2.5), which reads
in this case

|ψt+dt⟩ = e−
i
ℏ Ĥdt

∏

l

Ç
(1−ml) +ml

Ç
nln̂l√
⟨n̂l⟩t

+
(1− nl)(1− n̂l)√

⟨1− n̂l⟩t

åå
|ψt⟩ . (3.9)

Here, both nl = 0, 1 and ml = 0, 1 are binary random variables that are drawn inde-
pendently. The probability to measure at a given time step on site l, i.e. for ml = 1 is
γdt
2

in the limit of dt → 0 to match the corresponding Lindblad equation of the QSD
protocol. To keep it bounded for finite dt independently of the measurement-strength,
we implement this probability numerically as 1 − e−γdt/2. The QJ state update can
be implemented in terms of the correlation matrix Dmn. In every time step, we first
randomly select which sites are measured according to the distribution given by γ and
dt. On all of these sites l, we then determine the probability to measure 1, given by
Dll = ⟨n̂l⟩. By another random number, we then determine if 1 or 0 is measured at

43



3 FREE FERMIONS WITH NEAREST NEIGHBOR HOPPING

site l and if nl = 1 is measured, we transform the correlation matrix according to

Dmn → Dmn + δmlδnl −
DmlDln

Dll

. (3.10)

If on the other hand, nl = 0 is measured, we apply

Dmn → Dmn − δmlδnl −
(δml −Dml)(δln −Dln)

1−Dll

. (3.11)

Both these operations keep the particle number and the norm of the state untouched
but implement projections onto single particle eigenstates on the site l. After this series
of projections, we apply the Hamiltonian on both sites, which amounts to

D → e−
i
ℏhdtDe

i
ℏhdt. (3.12)

This concludes a single time-step of the simulation which is the iterated16. In Fig. 13 we
show examples for quantum jump trajectories. To shine light on the question whether a
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Figure 13: Single trajectories for the QJ protocol. They differ from the QSD trajecto-
ries in the sense that exact local eigenstates of n̂l are more present due to the projective
nature even in the case of weak measurements.

phase transition in this type of model exists or not, and if the type of protocol, QSD or
16We checked numerically that this protocol is numerically stable for many iterations, keeping

the normalization and particle number conservation invariant for arbitrary dt. We take dt = 0.05
everywhere as both in the QSD and QJ protocol, 2dt or dt/2 does not change the quantitative behavior.
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3.2 Field theory approach

QJ, that is performed matters for the universal properties, we will reconsider the weak
measurement protocol in this section. To do so, we perform an analytical treatment
based on the replica trick introduced in Sec. 2.2.2 and an improved numerical analysis,
both for the QSD and the QJ protocol.

3.2 Field theory approach

3.2.1 Functional integral for the microscopic model

Let us start the analytical approach by constructing the replica version of the fermionic
Keldysh path integral to describe the original model of monitored fermions [69]. This
approach is also straightforwardly suitable for generalizations as long as they are formu-
lated in the language of spinless fermions. The derivation is closely following Refs. [28,
29, 154], generalizing the concepts to more than one replica. We introduce coherent
states |ψ⟩ such that ĉ(r)l |ψ⟩ = ψ

(r)
l |ψ⟩ and ⟨ψ| ĉ(r)†l = ⟨ψ| ψ̄(r)

l where ψ(r)
l , ψ̄

(r)
l are Grass-

mann numbers, and ĉ
(r)
l , ĉ

(r)†
l are the fermionic creation and annihilation operators on

replica r in terms of which all operators can be formulated. This is done for every time-
step and on the forward and backward Keldysh contour. Since all operators are even
in the number of fermions, we may assume anti-commutation relations between the
operators acting on different replicas without breaking the construction of the replica
theory. As the measurement-operators are quadratic in fermion-operators, they only
generate quartic terms in the action. Therefore, let us for a moment consider the
replica action in absence of measurement (see App. A.2),

S0 =
∑

r

ˆ
ω,p

ψ̄G−1
0 ψ, G−1

0 =

(
0 PA

PR PK

)
, (3.13)

with PR = PA = ω − ϵ(p) and PK = 017. The matrix only acts on the Keldysh
index α = c, q. All terms appearing are evaluated at momentum p and frequency
ω and ϵ(p) = −2J cos(pa) is the dispersion relation of the fermions. Note that the
inverse Green’s function can become 0 here which means that we need to introduce
a regularization in order to make correlation functions well defined. Dropping the
interactions due to measurements for now, the action does not couple different replicas
such that the physics is entirely the same as at R = 1 and we may use properties
of single replica Keldysh field theory here, especially using initial conditions to fix
the regularization. Correlation functions of this action can be computed by adding a
source term and solving the Gaussian integral. This yields (see App. A.2) GK = 0 and
GR = GA = (ω−ϵ(p))−1. This however needs to be regularized to recover the causality

17The definitions of the discussed objects follow [28, 29]
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GR(t) ∼ θ(t). To fix this, consider the real time representation

GR(t) = −i⟨ψ(r)
c (t)ψ̄(r)

q (0)⟩ =
ˆ
ω

e−iωt

ω − ϵ(p)
. (3.14)

For t < 0, we solve the integral by closing the contour in the upper half plane. This
has to vanish such that we shift the pole to the lower half plane as ω → ω + i0+. For
t > 0, we can then close the contour in the upper half plane and obtain the finite result

GR/A(ω) = (ω ± i0+ − ϵ(p))−1 → GR(t) = ∓iθ(±t)e−itϵ(p)∓0+t (3.15)

In absence of a regularization, the Keldysh Greens function vanishes as there is no
contour-coupling term. To see how the regularization changes this, let us assume that
we initialize the system in a thermal state at a temperature T . In this case, we use the
fluctuation dissipation theorem for fermions,

GK(ω) = (1− 2n(ω))(GR(ω)−GA(ω)), (3.16)

where n(ω) = 1/(eβω + 1) is the occupation number of each mode, as given by the
temperature. Since any finite measurement-rate drives the system into an infinite
temperature state, independently of γ > 0, it is reasonable to assume that the system
is initialized with β = 0 i.e. n(ω) = 1/2. This is compatible with half filling since all
modes are occupied with a probability of 1/2. For the Keldysh Green’s function, this
simply implies GK = 0 even with regularization, and therefore PK = 0. The regularized
quadratic action is therefore given by the bare inverse Greens function

G−1
0 = δr,r′

(
0 ω − i0+ − ϵ(p)

ω + i0+ − ϵ(p) 0

)
. (3.17)

Next, let us consider the monitoring operator. It is better written in the real space
representation. It is quadratic and has the property n̂

(r)2
l = n̂

(r)
l such that we need

to be careful with the normal ordering prescription (see App. A.2). We get the two
additional contributions

SL =
−iγ
2

∑

r,l

ˆ
t

Ä
2n

(r)
+ n

(r)
− − n

(r)
+ n

(r)
+ − n

(r)
− n

(r)
−

ä
, (3.18)

and
SM =

−iγ
2

∑

r ̸=r′,l

ˆ
t

Ä
2n

(r)
+ n

(r′)
− + n

(r)
+ n

(r′)
+ + n

(r)
− n

(r′)
−

ä
, (3.19)

which couples different replicas.

Guided by the observation that the replica-diagonal physics is trivial due to the
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heating to an infinite temperature state, let us now integrate out the average mode over
replicas perturbatively in γ to find the Gaussian theory describing the short-distance
physics in terms of fermionic degrees of freedom. In order to do so, we perform a
Fourier transformation in replica space,

ψ
(r)
σ,l (t) =

1√
R

L−1∑

k=0

e2πikr/Rψ
(k)
σ,l (t), (3.20)

ψ̄
(r)
σ,l (t) =

1√
R

L−1∑

k=0

e−2πikr/Rψ̄
(k)
σ,l (t). (3.21)

In order to separate the k = 0 from the other modes, let us introduce also

ψ
(0)
σ,l (t) =

1√
R
ψ

(k=0)
σ,l (t), ψ

(r,>)
σ,l (t) =

1√
R

L−1∑

k=1

e2πikr/Rψ
(k)
σ,l (t), (3.22)

ψ̄
(0)
σ,l (t) =

1√
R
ψ̄

(k=0)
σ,l (t), ψ̄

(r,>)
σ,l (t) =

1√
R

L−1∑

k=1

e−2πikr/Rψ̄
(k)
σ,l (t). (3.23)

In the quadratic part of the action, the terms remain decoupled,

S0 =
∑

k

ˆ
ω,p

ψ̄G−1
0 ψ, (3.24)

G−1
0 = δk,k′

(
0 ω − i0+ − ϵ(p)

ω + i0+ − ϵ(p) 0

)
. (3.25)

However, the regularization fixing the correlation functions based on the assumption
of an infinite temperature state only persists for the k = 0 mode as all other modes are
affected by the replica-coupling term which leads to an effective cooling. In order to
make this apparent, we perturbatively integrate out the k = 0 mode from the action,
using that up to a non-physical normalizing prefactor,

Z =

ˆ
Dψ̄(k>0)Dψ(k>0)⟨eiSL+iSM⟩0,k=0e

iS0[ψ(k>0),ψ̄(k>0)]. (3.26)

The action only containing k > 0 fields is therefore given by

Sk>0 = S0[ψ
(k>0), ψ̄(k>0)]− i log⟨eiSL+iSM⟩0,k=0 (3.27)

We treat the interaction terms SL, SM perturbatively as they are ∼ γ to obtain the
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leading behavior for small monitoring strengths. This yields (see App. A.3)

⟨SL + SM⟩0,k=0 = iγ
∑

r,l

ˆ
t

Ä
n
(r,>)
+ n

(r,>)
+ + n

(r,>)
− n

(r,>)
− − 2(R− 1)(n

(r,>)
+ + n

(r,>
− )
ä

− iγ

2

∑

r,r′,l

ˆ
t

Ä
2n

(r,>)
+ n

(r′,>)
− + n

(r,>)
+ n

(r′,>)
+ + n

(r,>)
− n

(r′,>)
−

ä
+O(γ2), (3.28)

where nr,>σ = ψ̄r,>σ ψr,>σ . The only quadratic term appearing vanishes for R → 1 such
that in the properly normalized theory it disappears. Therefore, even after integrating
out the k = 0 mode, the entanglement is dominated by the interaction term. We even
find that the exact structure is preserved,

⟨SL + SM⟩0,k=0 = SL[ψ
(r,>), ψ̄(r,>)] + SM[ψ(r,>), ψ̄(r,>)] (3.29)

i.e. integrating out the (0) fields amounts to just setting them to 0 to leading order in
γ. Note however, that any R ̸= 1 regularizes the quadratic part of the action, which
reads now

S0,k>0 =
∑

k>0

ˆ
ω,p

ψ̄G−1
0 ψ, (3.30)

G−1
0 = δk,k′

(
−2iγ(R− 1) ω − i0+ − ϵ(p)

ω + i0+ − ϵ(p) −2iγ(R− 1)

)
. (3.31)

Note that this structure implies that the + and − contour decouple for the k > 0

modes while there is a coupling between the two contours for k = 0, and that in replica
Fourier space, all replicas decouple, as illustrated in Fig. 14 From inversion of this
matrix, we obtain the Greens functions

GK =
2iγ(R− 1)

(ω − ϵ(p))2 + (0+)2 + 4γ2(R− 1)2
, GR/A =

ω ± i0+ − ϵ(p)

(ω − ϵ(p))2 + (0+)2 + 4γ2(R− 1)2
.

(3.32)

Now, we may again study the fluctuation-dissipation theorem in the limit 0+ → 0 and
R → 1. It turns out, that for both sides of the equation the order of limits does not
matter and we find

GK = iπδ(ω − ϵ(p)), GR −GA = 2iπδ(ω − ϵ(p)) (3.33)

This means that in the replica limit R → 1 and in absence of dissipation, GK ∝ GR−GA

which is characteristic for ground states. We therefore conclude that in the limit γ → 0,
all observables that are non-linear in the state are dominated by this ground state
physics, which justifies an expansion around the ground state in the first place, prior
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Figure 14: Illustration of the simplification of the replica theory when the Fourier
transformation in replica space is performed. The thick black lines with arrows sym-
bolize the forward and backward Keldysh contour in the time evolution of an individual
replica of the quantum state from an initial state at t = t0 (black circle) to a final time
at t = tf. The thin black lines symbolize the trace connecting the contours at this
time. The coloured lines show all the couplings between fields at a given time t. In
a generic monitored system, there are the usual Keldysh couplings (blue) on a single
replica on the same and between the two contours. Due to the measurements, we also
obtain a pairwise coupling between all replicas on the same (orange) and the opposite
(red) contour. The Fourier transformation decouples the different replicas and there
only remains a single replica with a coupling between the contours and R− 1 (here 2)
replicas where the contours decouple. In the fermion model, we showed this perturba-
tively for weak measurement strength. After bosonization, this decoupling is exact.

to the replica construction. This is detailed in the following, using a bosonization
approach, suitable for low-temperature, long distance physics in one dimension. The
zero temperature property is recovered in this approach as well, where we can even
show that it holds exactly to all orders in the measurement strength.

As an alternative to this approach, we might also use the fermionic path integral
construction directly, using a Hubbard-Stratonovich decoupling to map the problem to
a non-linear sigma model (see Ref. [98] for the 2D case and Ref. [69, 97] for projective
measurements). However, throughout this thesis, we focus on the idea that we can
absorb the infinite temperature behavior of the un-replicated model into a single mode
of the replica model, which in turn establishes a zero temperature model for all other
modes. This idea opens the toolbox of operatorial bosonization, which is very useful for
a both quantitative and qualitative understanding of measurement-induced phenomena
in fermion chains.

3.2.2 Bosonic replica path integral approach

Bosonization on a lattice Let us first recap the general bosonization scheme for
fermions on a lattice [83, 84, 86, 87]. Consider a single type of fermions on a 1D lattice
with lattice constant a described by the annihilation operators ĉl. We can write them
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in Fourier representation as
ĉl = N

∑

k

e−ikalĉk. (3.34)

The possible momenta k and the normalization are given by the general properties of
the model: We have L/a lattice sites i.e. L/a different l. Periodicity in al → al + L

constrains e−ikL = 1 i.e. k = 2πn
L

and n has to be integer. Besides that, we know that
there can only be as many momentum states as real space states (both are finite) which
means that there are only L/a different k, which are in principle free to choose. We
choose −π/a ≤ k < π/a to satisfy that. To get fermionic commutation relations of the
fermions, we need then to fix N =

√
a
L
. In a continuum formulation, we can still define

ĉl =
√

a
2π
ψ̂(al) where ψ̂(x) is a field operator. This is merely for notational convenience,

in the end, we need to keep things discrete to obtain proper lattice properties.

In the Luttinger model [79–82], the main assumption is that there are two chiral
modes that do not interact and therefore we can extend the momenta in both directions.
If the lattice effects are to be kept, we do a decomposition into two different species
as well, but they cannot be simply associated with particles moving to the left or the
right. We define

ĉkF+q = ĉq,+ (3.35)

ĉ−kF−q = ĉq,− (3.36)

where −kF ≤ q < kF , q = 2πn/L and kF = π/2a. The direction of the momenta q is
chosen in this way because we then know that in the ground state all momenta q < 0 are
occupied for both species. The fermionic commutation relations are preserved by that.
The building blocks of the rigorous bosonization are that within the particle number
eigenstate of the different species of fermions, i.e.

∣∣∣N⃗
∂

with
∑

q ĉ
†
q±ĉq±

∣∣∣N⃗
∂
= N±

∣∣∣N⃗
∂
,

all excitations are bosonic in nature. This is still true for a finite number of q values
due to lattice effects, but the precise formulation becomes more complicated. In a first
step, we assume that we indeed have two different species that do not couple. This
means

ψ̂(x) =
1√
L

∑

−2kF≤k<2kF

e−ikxĉk

=
1√
L
e−ikF x

∑

−kF≤k<kF

e−ikxĉk,+ +
1√
L
eikF x

∑

−kF≤k<kF

eikxĉk,−

≈ 1√
2π
e−ikF x

…
2π

L

∞∑

k=−∞

e−ikxĉk,+

︸ ︷︷ ︸
ψ̂+(x)

+
1√
2π
eikF x

…
2π

L

∞∑

k=−∞

eikxĉk,−

︸ ︷︷ ︸
ψ̂−(−x)

(3.37)

In the last step we neglected that the bandwidth is finite which means that we dropped
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3.2 Field theory approach

the periodicity in k due to the discreteness of the lattice. This means that if we neglect
the influence of very large momenta |k| > kF i.e. we can split any excitation into a
left- and a right-moving part, i.e. two chiral fermions. At larger momenta, this does
not work any more and we would get chirality-breaking parts. To see how this modifies
the representation of the fermions, consider the normal-ordered density of fermions in
this representation

n̂(x) =: ψ̂†(x)ψ̂(x) :

=
1

2π
(: ψ̂†

+(x)ψ̂+(x) : + : ψ̂†
−(−x)ψ̂−(−x) : (3.38)

+ e2ikF x : ψ̂†
+(x)ψ̂−(−x) : +e−2ikF x : ψ̂†

−(−x)ψ̂+(x) :)

=
N̂+

L
+
∂xϕ̂+(x)

2π
+
N̂−

L
+
∂xϕ̂−(−x)

2π
+ oscillating with π/a

≃ n0 −
1

π
∂xϕ̂(x) (3.39)

In the last step we used that we have a number-conserving model where the density
of fermions i.e. N+ + N− is fixed so that we can replace it by a number which gives
a constant particle density which is not an operator any more. We also defined the
combination ϕ̂(x) = −1

2
(ϕ̂+(x) + ϕ̂−(−x)) which describes fluctuations of the density.

The terms that mix the two different chiralities appear due to the fact that we can never
totally decouple the left- and right moving part of the fermions. Next, we reintroduce
the finite lattice spacing by giving the field ϕ an interpretation as a counting field.
Bosonization can be understood using the idea that in 1D we can label all particles
uniquely by counting them from left to right [83]. This means that we can define a
smooth counting function ϕL(x) that takes the value 2πl at the position of the l-th
particle, counting from the left. It must be therefore a monotonously growing function
that is arbitrary in a system with localized particles, up to the positions xl where the
particles are located, where it takes the value ϕL(xl) = 2πl. For such localized particles,
we can represent the local particle density as

n(x) =
∑

l

δ(x− xl) =
∑

l

|∂xϕL(x)|δ(ϕL(x)− 2πl) =
∂xϕL(x)

2π

∑

l

eilϕL(x) (3.40)

In the last step we used the Poisson summation rule for the case of an infinite system
where l runs from −∞ to ∞ as we have infinitely many particles and we used that ϕL is
monotonously growing across the wire. Since in the fermionic system of lattice spacing
a, the particle number from one site to the next one can change maximally by 1, we
know 0 ≤ ϕL(x+a)−ϕL(x) ≤ 2π, in the continuum limit a→ 0 we get 0 ≤ ∂xϕL(x) ≤
2π
a

to leading order in a. In a system of constant density n0, in the case of half filling
n0 =

1
2a

, the counting function would look like ϕL(x) = 2πn0x. Besides that, there can
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3 FREE FERMIONS WITH NEAREST NEIGHBOR HOPPING

be deviations which are represented by a function ϕ(x) so that ϕL(x) = 2(πn0x−ϕ(x)).
Hence the fluctuations of ϕ(x) are constrained to πn0 ≥ ∂xϕ(x) ≥ 1

π
(n0 − 1

a
) and at

half filling |∂xϕ(x)| ≤ π
2a

. Anything outside would correspond to faster oscillations than
necessary to describe the lattice based system. We represent the particle number as

n(x) =

Å
n0 −

1

π
∂xϕ(x)

ã ∞∑

l=−∞

e2il(πn0x−ϕ(x)), (3.41)

with some real function ϕ(x). We can identify kF = πn0 in the oscillating part and
recognize that in the long-wavelength limit, we reproduce the result from the exact
bosonization formulas presented above, namely that density fluctuations are best de-
scribes as the gradient of a field, which is of bosonic nature. Hence, we translate above
expression to operators where ϕ̂(x) = ϕ̂†(x) and [ϕ̂(x), ϕ̂(x′)] = 0 since particle densities
at different positions have to commute,

n̂(x) =

Å
n0 −

1

π
∂xϕ̂(x)

ã ∞∑

l=−∞

e2il(kF x−ϕ̂(x)). (3.42)

We realize that due to the discreteness of the particle number on each lattice site, we
need an infinite number of oscillating terms. Comparing with Eq.(3.39) we realize that
the additional oscillating terms appear due to the finite lattice spacing. Within the
Dirac model of unbound linear dispersion for both fermion species, bosonization [83] is
exact and maps the Hamiltonian to

Ĥ =
v

2π

ˆ
dx
î
(∂xϕ̂)

2 + (∂xθ̂)
2
ó
, (3.43)

where θ̂(x) = θ̂†(x) is the canonically conjugate operator [∂xθ̂(x), ϕ̂(x′)] = −iπδ(x−x′)
and v > 0. This mapping is possible as long as the particles close to k = kF dominate
the physics probed by the observables under consideration. Here this is the case as we
have shown in the limit of weak measurements by demonstrating that observables that
are non-linear in quantum trajectories are essentially determined by a zero temperature
density operator.

We therefore found a way to represent both the Hamiltonian and the measurement-
operator of the model of monitored free fermions with nearest neighbor hopping in
terms of real bosonic operators. Let us now briefly comment on the observables that we
need to compute in this bosonized framework. With the association x = al with a = 1,
we obtain for the connected density-density correlation function in the continuum limit

Cl,l′ → C(x, x′) = ⟨n̂(x)n̂(x′)⟩ − ⟨n̂(x)⟩⟨n̂(x′)⟩. (3.44)
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3.2 Field theory approach

Plugging in the representation of n̂(x) in terms of the bosonic fields yields n2
0 and

n0∂xϕ̂(x) and n0 cos 2lϕ̂(x) terms that cancel out due to the connected structure of the
correlation function. The remaining terms are therefore quadratic in the derivatives or
they contain correlations of two cos terms. As we are interested in the long wavelength
properties and the fields are strongly fluctuating, the contributions of the (bounded)
cosines are irrelevant and we conclude

C(x, x′) ≃ 1

π2
∂x∂x′

(
⟨ϕ̂(x)ϕ̂(x′)⟩ − ⟨ϕ̂(x)⟩⟨ϕ̂(x′)⟩

)
. (3.45)

In terms of the replicated density operator this reads (for r ̸= r′)

C(x, x′) = lim
R→1

1

π2
∂x∂x′ Tr

Ä
ϕ̂(r)(x)(ϕ̂(r)(x′)− ϕ̂(r′)(x′))ρ̃R

ä
. (3.46)

Based on this result and translation-invariance C(x, x′) = C(x−x′), we also introduce
the momentum-space representation as a useful observable

C(p) ≡
ˆ
dxeipxC(x0 + x, x0), (3.47)

and the particle number fluctuation in a subsystem A, where we again use that the
lattice spacing is set to a = 1,

C
(2)
A =

ˆ
A

dx

ˆ
A

dx′C(x, x′). (3.48)

This is finally the leading contribution to the entanglement entropy in subsystem A,

S(A) ≃ π2

3
C

(2)
A . (3.49)

Based on these definitions, we realize that the central observables defined above can be
all deduced from the correlation function C(x) or equivalently C(p) which are computed
in the path integral formalism in the following. Conveniently, this is also accessible in
the numerical simulation of Monte Carlo wave functions to and in the non-linear sigma
model approach, to which we compare the results.

Feynman Keldysh path integral Now that we rewrote the problem on the op-
erator level in terms of bosonic degrees of freedom, let us construct a path integral
description in order to solve the replicated Lindblad equation and compute the rele-
vant correlation functions. Using that ϕ̂ and ∂xθ̂ are conjugate variables, we can use a
Feynman path integral construction which allows to obtain the action (see App. C.1),
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3 FREE FERMIONS WITH NEAREST NEIGHBOR HOPPING

all terms are functionals of ϕ(r)
± (x, t), θ

(r)
± (x, t))

SR =
∑

r

î
S
(r)
V + S

(r)
H + S

(r)
L

ó
+
∑

r ̸=r′
S
(r,r′)
M , (3.50)

where

S
(r)
V = − 1

π

ˆ
t,x

Ä
ϕ
(r)
+ ∂x∂tθ

(r)
+ − ϕ

(r)
− ∂x∂tθ

(r)
−

ä
, (3.51)

S
(r)
H = −1

ℏ

ˆ
t

Ä
H

(r)
+ −H

(r)
−

ä
, (3.52)

S
(r)
L = −iγ

ˆ
t,x

Å
O

(r)
+ O

(r)
− − 1

2
O

(r)
+ O

(r)
+ − 1

2
O

(r)
− O

(r)
−

ã
, (3.53)

S
(r,r′)
M = −iγ

ˆ
t,x

Å
O

(r)
+ O

(r′)
− +

1

2
O

(r)
+ O

(r′)
+ +

1

2
O

(r)
− O

(r′)
−

ã
. (3.54)

The measurement operator is here just the density O(x) = n(x). Adding the ± index
means that we replaced the operators by their eigenvalue on the ± Keldysh contour.
Note that when taking the continuum limit, we need to replace the measurement rate
by a measurement rate density γ → aγ where a is the lattice spacing since the original
measurement operators are discrete. The dimension of γ in the field theory sense is
therefore (time× length)−1. To compute the expectation value of the trivially normal-
ordered operator ϕ̂(r)(x)ϕ̂(r′)(x′) at a fixed time t, we need to introduce it on both
contours. As ϕ̂ commutes with itself, this yields

Tr ϕ̂(r)(x)ϕ̂(r′)(x′)ρ̃R(t) =
1

2

ˆ
DΦ±DΘ±ϕ

(r)
c (x, t)ϕ(r)

c (x′, t)eiSR , (3.55)

where we used the Keldysh rotation ϕ
(r)
c/q =

ϕ
(r)
+ ±ϕ(r)−√

2
. Therefore we reformulated the

problem of computing the correlation function C(x, x′) in the path integral formalism.

C(x, x′) = lim
R→1

1

2π2
∂x∂x′⟨ϕ(r)

c (x, t)(ϕ(r)
c (x′, t)− ϕ(r′)

c (x′, t))⟩. (3.56)

Here, ⟨⟩ denotes the expectation value in the path integral sense.

As argued above, the field θ does not appear in the measurement operator and
the Hamiltonian is quadratic in θ. It also does not appear in the observables we
intend to compute such that we can integrate it out to simplify the action. Up to the
measurement-contribution, this yields the action

S0,H = − 1

2πv

ˆ
x,t

∑

r

∑

σ

σϕ(r)
σ (∂2t − v2∂2x)ϕ

(r)
σ . (3.57)
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Alternatively we may write this action in momentum space using the convention

ϕ
(r)
± (x, t) =

ˆ ∞

−∞

dω

2π

ˆ ∞

−∞

dp

2π
ei(px+ωt)ϕ

(r)
± (p, ω), (3.58)

and find
S0,H =

1

2πv

ˆ
p,ω

∑

r

∑

σ

σϕ(r)∗
σ (ω2 − v2p2)ϕ(r)

σ , (3.59)

where we use the short hand notation
´
p,ω

=
´∞
−∞

dω
2π

´∞
−∞

dp
2π

. Note that after the
transformation, the fields are complex with the constraint ϕ(r)∗

± (p, ω) = ϕ
(r)
± (−p,−ω).

Furthermore, we may use the replica transformation in replica space as well

ϕ(r)
σ =

1√
R

R−1∑

k=0

e−i(2πkr/R)ϕ(k)
σ , (3.60)

with the equivalent property. The same definition applies equivalently to the real and
momentum space representation of the field. We then find

S0,H =
1

2πv

ˆ
p,ω

∑

k

∑

σ

σϕ(k)∗
σ (ω2 − v2p2)ϕ(k)

σ . (3.61)

While the Fourier-transformation does not have an apparent effect here, it does in the
measurement-related terms. Finally, we may apply the Keldysh rotation to check the
symmetries known from the single replica case. It reads ϕ(r)

c/q = (ϕ
(r)
+ ± ϕ

(r)
− )/

√
2 which

equivalently translates to all Fourier transformations defined above. The action then
reads

S0,H =
1

2πv

ˆ
p,ω

∑

k

Ä
ϕ
(k)∗
c ϕ

(k)∗
q

ä( 0 ω2 − v2p2

ω2 − v2p2 0

)(
ϕ
(k)
c

ϕ
(k)
q

)
. (3.62)

We observe that, up to the regularization fixing the temperature, this is just the R
times copied Keldysh action of a Luttinger Liquid at thermal equilibrium. Here, we do
not need to worry about the regularization as the measurement terms regularize the
action. Now, we need to add the measurement operators to the action. All appearing
terms have the form

− iγ

ˆ
x,t

n(r)
σ n

(r′)
σ′

=− iγ

ˆ
x,t

Å
n0 −

1

π
∂xϕ

(r)
σ

ã∑
l

e2il(πn0x−ϕ(r)σ )

Å
n0 −

1

π
∂xϕ

(r′)
σ′

ã∑
l

e2il
′(πn0x−ϕ(r

′)
σ′ )

=− iγ

ˆ
x,t

Å
n0 −

1

π
∂xϕ

(r)
σ

ãÅ
n0 −

1

π
∂xϕ

(r′)
σ′

ã∑
l,l′

e2i(l−l
′)πn0xe2i(lϕ

(r)
σ −l′ϕ(r

′)
σ′ )
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Note that the oscillating factor cancels for l = l′ so that only these terms survive. Also
note that single derivative terms are forbidden by inversion symmetry and the product
of oscillating terms with derivative terms is generically less relevant than either of the
two terms. Furthermore, the constant term n2

0 cancels out with the other terms in the
action. Hence, the derivative term and the non-linearities decouple and we obtain

−iγ
ˆ
x,t

n(r)
σ n

(r′)
σ′ ≃ −i γ

π2

ˆ
x,t

ϕ(r)
σ (−∂2x)ϕ(r′)

σ′ − i2n2
0γ

ˆ
x,t

∑

l

cos 2l(ϕ(r)
σ − ϕ

(r′)
σ′ ).

This means that we effectively measure 2 different observables with different RG rele-
vance. Their microscopic relative strength is given by the particle density n0 = 1/2a =

1/2 for half filling and formulating everything in units of the lattice spacing.

Adding measurements Ignoring the interacting part of the measurement action al-
lows to derive a quadratic action of a gapless model describing monitored free fermions.
After Fourier transformation, the Gaussian action reads

S1 = − iγ

π2

ˆ
p,ω

p2
Å
ϕ
(k=0)∗
+ ϕ

(k=0)
− − 1

2
ϕ
(k=0)∗
+ ϕ

(k=0)
+ − 1

2
ϕ
(k=0)∗
− ϕ

(k=0)
−

ã
+
iγ

π2

ˆ
p,ω

p2
∑

k>0

Ä
ϕ
(k)∗
+ ϕ

(k)
+ + ϕ

(k)∗
− ϕ

(k)
−

ä
. (3.63)

This structure suggests to apply the Keldysh rotation in the k = 0 mode but keep the
± contour indices in the other sectors. Combining this result with the Hamiltonian
yields

S0,H,1 =
1

2πv

ˆ
p,ω

Ä
ϕ
(k=0)∗
c ϕ

(k=0)∗
q

ä( 0 ω2 − v2p2

ω2 − v2p2 2iγv
π
p2

)(
ϕ
(k=0)
c

ϕ
(k=0)
q

)

︸ ︷︷ ︸
S
(k=0)
0,H,1 [ϕ(k=0)]

+
∑

k>0

1

2πv

∑

σ

ˆ
p,ω

ϕ(k)∗
σ

Å
σ(ω2 − v2p2) +

2iγv

π
p2
ã
ϕ(k)
σ

︸ ︷︷ ︸
S
(k>0)
0,H,1 [ϕ(k)]

. (3.64)

Crucially, the contour-coupling term only appears in the k = 0 sector where it induces
the heating to the infinite temperature state. To demonstrate this, we compute the
equal time correlation function of the fields (see App.C.3). Using again an infinitesimal
dissipation 0+ > 0 as regularization ensuring causality yields that the retarded and
advanced Green’s function vanish at equal times, but

⟨ϕ(k=0)∗
c (t, p)ϕ(k=0)

c (t, p′)⟩ = 2πδ(p− p′)
γ

4(0+)
. (3.65)
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Hence, the regularization does not cure the divergence when taking 0+ → 0 and the
Keldysh Green’s function diverges for any finite measurement strength γ. Taking into
account the possibility of actual finite dissipation of the ϕ fields, we conclude that
the infinite-temperature state is characterized by γ ≫ 0+ where the measurement
dominates over the dissipation. This is what we assume in the following. When we
evaluate the non-linear terms due to measurement of Ô2 = m cos 2ϕ̂, we need the equal
time and equal position contribution

〈Ä
ϕ(k=0)
c (t, x)

ä2〉
=

ˆ
dp

2π

γ

4(0+)
=

γ

4a(0+)
, (3.66)

where a is the lattice spacing which regularizes the integral by introducing a finite
phase space volume. The central result is here, that for any finite γ, the fluctuations
become infinite which is associated with the infinite temperature state. We conclude
the correlations on the Keldysh contour to be

⟨ϕ(k=0)
σ (t, x)ϕ

(k=0)
σ′ (t, x)⟩ = 1

2
ϕ(k=0)
c (t, x)ϕ(k=0)

c (t, x)⟩ = γ

8a(0+)
.

The important benchmark is here that all the correlation are positively infinite. As
the behavior of the k = 0 mode is trivial, and it decouples from the rest of the action,
we may integrate out ϕ(k=0)

σ which means just to drop it. However, if we add the
non-linearities emerging from the particle number measurement, this is not possible as
they couple different k modes. As the behavior of the k = 0 mode is trivial, and it
decouples from the rest of the action, we may integrate out ϕ(k=0)

σ which means just
to drop it. However, if we add the non-linear part of the measurement operator, this
is not possible as it couples different k modes. Therefore, we integrate out the k = 0

fields perturbatively (see App. C.4). It even turns out, that only the leading order
in the perturbative expansion is non-zero such that the remaining action after this is
without further approximation

S[ϕ] =
∑

σ=±

∑

k>0

1

2πv

ˆ
p,ω

ϕ(k)∗
σ

Å
σ(ω2 − v2p2) +

2iγv

π
p2
ã
ϕ(k)
σ

− iγn2
0

∑

σ=±

∞∑

l=1

∑

r ̸=r′

ˆ
x,t

cos 2l(ϕ(r)
σ − ϕ(r′)

σ ). (3.67)

We obtained a replica Sine-Gordon model here. A direct Gaussian expansion of the cos
term is not appropriate, but instead, we use perturbative RG to extract information
about observables at large distances. This motivates to rewrite the action in terms of
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complex flowing couplings as

S[ϕ] =
∑

σ=±

σKσ

2π

∑

k>0

ˆ
p,ω

ϕ(k)∗
σ

Å
1

ησ
ω2 − ησp

2

ã
ϕ(k)
σ

−
∑

σ=±

∞∑

l=1

σλσ,l
∑

r ̸=r′

ˆ
x,t

cos 2l(ϕ(r)
σ − ϕ(r′)

σ ). (3.68)

The bare couplings can be read off as

Kσ =

…
1− 2iσγ

πv
, ησ = v

…
1− 2iσγ

πv
, λσ,l = iσγn2

0. (3.69)

Starting with these microscopic values, we may now study the RG of this effective
action. Before doing so however, it is useful to compute the relevant observables based
on this action. The Gaussian part follows the structure shown in Fig. 14, such that we
obtain equal and uncoupled theories for all k > 0 replicas. Since the couplings for all of
these are renormalized in the exactly same way by the nonlinearity as shown below, we
conclude that indeed all k > 0 modes decouple exactly and we can actually compute
observables that are non-linear in the state based on an arbitrary choice of k as long
as k > 0.

Observables on the Gaussian level At long distances, the cos term does not
contribute to correlations functions as it is compact. Therefore, on a given scale in the
RG flow where Kσ, ησ, λσ,l are given, we may compute correlations ignoring the non-
linearity. Let us therefore take the Gaussian part of the action to compute the relevant
observables. Note that the action decouples into independent and equal sectors for
all k modes. This allows for an explicit formulation of the density-density correlation
function derived above. We start from

C(x, x′) = lim
R→1

1

π2
∂x∂x′⟨ϕ(r)

c (x, t)(ϕ(r)
c (x′, t)− ϕ(r′)

c (x′, t))⟩, (3.70)

where r ̸= r′. Crucially, the construction of the replica field theory is symmetric under
arbitrary exchanges r → r′ such that we can rewrite C(x, x′) in terms of an average
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over all choices of r and r′ with r ̸= r′,

C(x, x′) = lim
R→1

1

π2
∂x∂x′

〈
1

R

∑

r

ϕ(r)
c (x, t)(ϕ(r)

c (x′, t)− 1

R− 1

∑

r′,r′ ̸=r

ϕ(r′)
c (x′, t))

〉

= lim
R→1

1

R(R− 1)

1

π2
∂x∂x′

〈∑

r

ϕ(r)
c (x, t)ϕ(r)

c (x′, t)−
∑

r

ϕ(r)
c (x, t)

∑

r′

ϕ(r′)
c (x′, t))

〉

= lim
R→1

1

R(R− 1)

1

π2
∂x∂x′

〈∑

k

ϕ(k)∗
c (x, t)ϕ(k)

c (x′, t)−Rϕ(k=0)∗
c (x, t)ϕ(k=0)

c (x′, t)

〉

= lim
R→1

1

R− 1

1

π2
∂x∂x′

〈∑

k>0

ϕ(k)∗
c (x, t)ϕ(k)

c (x′, t)

〉
. (3.71)

In the last step we used the replica limit R → 1. In the Gaussian action, we saw that
the different k > 0 modes decouple and have equal correlation functions. This allows
to replace

∑
k>0 = R− 1 which cancels the prefactor and we can take the replica limit

without encountering the divergence. We conclude

C(x, x′) =
1

π2
∂x∂x′

¨
ϕ(k>0)∗
c (x, t)ϕ(k>0)

c (x′, t)
∂
, (3.72)

where k is arbitrary. See Fig. 15 for a visualization of the transformation in replica
space used to simplify the correlation function. Since the model is translation-invariant,

x

tr = 1

r = 2

r = 3

C(x, x′)

k = 0

k = 1

k = 2

C(x, x′)

Figure 15: The correlation function C(x, x′) in involves terms connecting two arbitrary
replicas. The Fourier transformation in replica space allows to write it terms of a single
arbitrary replica with k > 0. As all k > 0 modes decouple and have the same action,
it is enough to solve the problem for a single k replica.

we may also define the correlation function in momentum space,

C(p) =

ˆ
x

eipxC(x0 + x, x0) =
p2

π2

ˆ
dp′

2π
ei(p

′−p)x0
¨
ϕ(k>0)∗
c (p, t)ϕ(k>0)

c (p′, t)
∂
. (3.73)

This motivates to solve the Gaussian integral and extract the correlation functions (see
App. C.5) which yields

C(p) =
c|p|
2π

, (3.74)
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where c = Re 1/K+. Based on this result, we perform a Fourier transformation and
find (for x ̸= 0)

C(x) =
c

2π

ˆ ∞

−∞

dp

2π
eipx|p| ≃ c

2π2

ˆ ∞

0

dpp cos pxe−ap ≃ c

2π2

a2 − x2

(a2 + x2)2
≃ − c

2π2x2
.

(3.75)
We introduced a > 0 acting as a cutoff to obtain a finite result, using that the large
momenta beyond 1/a correspond to distances ∼ a, the lattice spacing. Mind that
the bosonized description only works for long wavelength properties such that the
short distance behavior needs to be cured by introducing appropriate short-distance
or large momentum cutoffs. However, the regularization becomes important as soon
as one integrates over short distances, which is needed for the second particle number
cumulant of a subsystem A of length l. To avoid this subtlety, we compute the cumulant
directly from the momentum space representation

C
(2)
A =

ˆ l

0

dx

ˆ l

0

dx′C(x− x′) =
2

π

ˆ ∞

0

dp
C(p)(1− cos pl)

p2
. (3.76)

Using the linear dependence of C(p) yields

C
(2)
A =

c

π2

ˆ ∞

0

dp
1− cos pl

p
. (3.77)

This integral is divergent in the UV. To cure this, we again introduce a large momentum
cutoff 1/a due to the finite lattice spacing. This regularizes the integral to

C
(2)
A =

c

π2

ˆ l/a

0

ds
1− cos s

s
=

c

π2

(
Γ + log(l/a) +O((a/l)2)

)
, (3.78)

where Γ is the Euler-Mascheroni constant. Setting a = 1 as we did after taking the
continuum limit, we conclude that for l ≫ a(1)

C
(2)
A ≃ cΓ

π2
+

c

π2
log(l). (3.79)

This yields the leading term for the entanglement entropy

S(A) ≃ π2

3
C

(2)
A ≃ cΓ

3
+
c

3
log(l). (3.80)

Here we recognize the typical entanglement entropy of a conformal field theory with
central charge c [169–171], which motivated its definition in the first place. In partic-
ular, we find that c = 1 in absence of the measurement which indeed corresponds to
free fermions. We may also read off the offset s0 = cΓ

3
. We therefore find that the

only coupling emerging in the entanglement-entropy is the effective central charge c. It
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undergoes an RG flow as we show below. The breakdown of the logarithmic scaling is
signalled by a vanishing central charge. That means, that the entanglement becomes
constant beyond the scale at which c vanishes.

3.2.3 Perturbative renormalization group for replica theory

Let us now turn to the renormalization group (RG) analysis to compute how the
effective central charge c, determining the entanglement properties, behaves for large
distances. We note that the Keldysh contours (σ = ±) in the action (3.68) decouple
exactly which means that we can treat both contour sectors separately. We can write
the action for the forward time evolution (σ = +) as

iS =
i

2π

∑

k>0

ˆ
ω,p

ϕ(k)∗
Å
v

Å
1− 2iγ

πv

ã
p2 − 1

v
ω2

ã
ϕ(k)

−
ˆ
x,t

∑

r,r′

∑

l

λl cos 2l(ϕ
(r) − ϕ(r′)). (3.81)

Due to the finite lattice spacing we introduce a short distance cutoff a = 1 which
translates into a large momentum cutoff ∼ Λ = π/a. In the temporal domain, we do
not introduce a cutoff as we send dt → 0 and assume that this cutoff does not matter
and the frequency integrals are unbound. This allows to perform a Wick rotation t→ it

and re-scale space and time to eliminate v which gives the Euklidian action

S =
1

2π

∑

k>0

ˆ
ω,p

ϕ(k)∗ (K1p
2 +K2ω

2
)
ϕ(k) + i

ˆ
x,t

∑

r,r′

∑

l

λl cos 2l(ϕ
(r) − ϕ(r′)). (3.82)

Due to the complex cutoff structure, we formulate the action in terms of three flowing
parameters with the bare values K1 = (1 − 2iγ/πv), K2 = 1 and λl = iγn2

0. We split
the fields into slow and fast modes according to

ϕ
(k)
< (x, t) =

ˆ bΛ

−bΛ

dp

2π
eipx
ˆ ∞

−∞

dω

2π
eiωtϕ(k)(p, ω) =

ˆ
<

ei(px+ωt)ϕ(k)(p, ω), (3.83)

ϕ
(k)
> (x, t) =

ˆ
bΛ<|p|<Λ

dp

2π
eipx
ˆ ∞

−∞

dω

2π
eiωtϕ(k)(p, ω) =

ˆ
>

ei(px+ωt)ϕ(k)(p, ω). (3.84)

Now, we integrate out the fast modes perturbatively in λl to obtain an action for the
slow modes,

S< ≃ S0,< + ⟨∆S⟩0,> − 1

2

(
⟨(∆S)2⟩0,> − ⟨∆S⟩20,>

)
. (3.85)
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We need to evaluate the expectation value of the non-linearity using the previously
computed correlation function on the Gaussian level1819 (see App. C.6):

⟨∆S⟩0,> = i
∑

l

λl

ˆ
x

∑

r,r′

cos 2lϕ
(r,r′)
< e

− 2l2s√
K1K2 . (3.86)

If we re-scale x → x/b to complete the RG step, we therefore find that the RG flow
equations to linear order in the couplings λl is

∂sλl = 2

Å
1− l2√

K1K2

ã
λl. (3.87)

This flow equation can easily be solved

λl(s) = γn2
0e

2

Å
1− l2√

K1K2

ã
s → |λl|(s) = γn2

0e
2

Å
1−l2 Re 1√

K1K2

ã
s

(3.88)

Since at this level, K1, K2 are not renormalized, we plug in the bare value
√
K1K2 =»

1− 2iγ
πv

. There is then a closed expression for the real part,

Re
1√
K1K2

= Re
1√

1− i(2γ/πv)
=

Ã
1 +
»
1 +

(
2γ
πv

)2

2
Ä
1 +

(
2γ
πv

)2ä = 1− 3γ2

π2v2
+O((γ/v)4).

(3.89)
Hence, for γ → 0, the leading scaling behavior is

|λl|(s) =




γn2

0e
3γ2s

π2v2 l = 1

γn2
0e

2(1−l2)s l > 1
. (3.90)

The l = 1 term is the only relevant one. For the second order calculation, we may
therefore restrict ourselves to the leading perturbation l = 1 and set λl>1 = 0 in the
following second order calculation. Up to RG-irrelevant terms, we find (see App. C.6)

−1

2

Ä
⟨(∆S)2⟩0,> − (⟨∆S⟩0,>)2

ä
= − 4λ2Is

Λ4
√
K1K2

∑

k>0

ˆ
ω,p

ϕ
(k)∗
< (p2 + ω2)ϕ

(k)
< , (3.91)

where I ≈ 0.07805 is an integration constant. Note that in the derivation of this
expression, we needed to assume K1 = K2 = 1 such that the result is only valid in
the vicinity of the BKT point. Since this point determines the critical behaviour, this
does not obstruct the validity of the calculation, while is is actually important for the
complex RG flow as we see later. Comparing to the original action and rescaling space

18ϕ(r,r′) = ϕ(r) − ϕ(r′)

19x = (x, t)
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and time x → x/b allows to restore the original action with new couplings

λ→ e2(1−1/
√
K1K2)sλ+O(λ2), (3.92)

K1 → K1 −
8πλ2Is

Λ4
√
K1K2

+O(K1 − 1, K2 − 1), (3.93)

K2 → K2 −
8πλ2Is

Λ4
√
K1K2

+O(K1 − 1, K2 − 1). (3.94)

This means that the flow equations are

∂sλ = 2

Å
1− 1√

K1K2

ã
λ, ∂sK1 = − 8πλ2I

Λ4
√
K1K2

, ∂sK2 = − 8πλ2I

Λ4
√
K1K2

. (3.95)

Note that K1, K2 renormalize the same way which allows to formulate the flow equa-
tions in terms of K =

√
K1K2 with the bare value K =

√
1− 2iγ/πv and g = λ/vn2

0

with the bare value g = γ/v. This yields the flow equations

∂sg = 2

Å
1− 1

K

ã
g, ∂sK = −Ag2/K, (3.96)

where A =
8πn4

0v
2I

Λ4 . Note that this makes g,K dimensionless and the prefactor is
indeed dimensionless. Reasonable cutoff scales are Λ =

√
vπ/a for the band width of

the fermion model, or indeed Λ =
√
vπ/2a for the maximal distance from the Fermi

edge. This difference makes a difference of a factor of 24 = 16 for the size of the
prefactor which means that the result is sensitive to the right choice of the cutoff. Still,
the numerical value of the prefactor is small, A = I

2π3 ≈≪ 1, irrespective of this choice.
Additionally, already did an expansion in small K − 1 as we neglected the explicit K
dependence of the integrals for the second order correction. Therefore, the second RG
flow equation is actually only known up to the zeroth order in K − 1 such that we
replace K = 1 here. The flow equation for g is however exact in K. We may also
re-scale g again, absorbing A into its bare value such that the RG flow equations read

∂sg = 2

Å
1− 1

K

ã
g, ∂sK = −g2. (3.97)

From the direct microscopic mapping, we obtained that we have an analytical expres-
sion for K =

√
1− 2iγ/πv while for g we may only assume that it is purely imaginary

and linear in γ, while the scale is determined by non-universal microscopic properties.
This result precisely reproduces what was found in Ref. [44]. The derivation presented
here validates the RG result for an arbitrary replica number using the replica trick to
avoid the appearance of terms that are non-linear in the state. We also did not assume
any space-time equivalence but showed that the RG of spatial and temporal deriva-
tive terms behaves in exactly the same way. We now study the RG flow equations
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numerically, extracting the scale-dependent central charge c = Re 1/K along the way.
Depending on the choice of the microscopic couplings γ/v and A, we find two different
qualitative behaviors (see Fig. 16). For γ/v ≲ 0.5 and sufficiently small A, the RG
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Figure 16: RG flow for the nearest neighbor hopping model, shown in terms of the
effective central charge. If we use the parameter A obtained from the microscopic
cutoff, we obtain a phase transition at γ/v ≈ 0.5. For weaker measurement, the RG
flow only weakly modifies c indicating a stable logarithmic entanglement scaling up
to infinite systems. For stronger measurement, c drops to 0 at a finite length scale
L = aes, signalling the transition to area law scaling. This transition vanishes if we
take A by orders of magnitude larger than what we found by the microscopic mapping.
Note that the length scale on which that happens is exponentially large close to the
phase transition. In the RG we can easily describe scales up to L = ae100 which is
impossible in a numerical simulation.

flow only weakly modulates the effective central charge and we find that the system is
in the area-law phase. For larger γ/v, the logarithmic phase is unstable, which we can
see in the RG as a vanishing c beyond a certain length scale. This length scale is the
correlation length, which in the present BKT scenario scales with the distance from
the critical point as

ξ ∼ e
α√

γ−γc , (3.98)

for γ > γc where α and γc are non-universal parameters but the square root behavior is
typical for the BKT flow. The critical point γc is found from the RG to be γc ≈ 0.5v but
v non-trivially depends on the mapping of the fermionic Hamiltonian in bosonization.

Summarizing the analytical treatment of the nearest neighbor hopping model, we
found that the system undergoes a phase transition at a finite measurement rate γc
that non-trivially depends on the microscopic parameters of the original fermion model.
The phase transition is of the BKT type which implies that the correlation length
exponentially diverges at the critical point. This exponential length scale is particularly
hard to investigate in finite system size numerical simulation which left room in the
literature for different interpretations of the numerical data. Beyond that, we predict
that in the strong measurement phase, the system has area law entanglement while in

64



3.3 Monte Carlo wave functions

the weak measurement phase it should obey conformal scaling. In the following, we
check these statements numerically for both weak and strong measurements.

3.3 Monte Carlo wave functions

Informed by the analytic results in the replica formalism, we now test the predictions in
finite system size numerics. To do so, we implement the QSD and QJ protocol as dis-
cussed in Sec. 3.1 and study trajectory averages in finite systems. A single run is always
initialized in a randomly chosen half filled product state and then we evolve it according
to the respective protocol for many trajectories in parallel, until the trajectory-average
of the entanglement entropy which is computed along each trajectory reaches a station-
ary value up to weak fluctuations. Then, we continue evolving the state and compute
the observables we are interested in repeatedly in a temporal distance given by the
time that was needed to reach the stationary state. This allows to efficiently generate
many statistically independent results for the trajectory-observables. We can straight-
forwardly estimate errors of the average from the number of samples and their mean
square difference from the average of the ensemble.

Entanglement entropy First, let us consider the bipartite entanglement entropy
as a function of the system size L and the length of the subsystem l, as discussed in
Sec. 2.2.1. In a finite system with periodic boundary-conditions, a central prediction
of a conformal field theory (CFT) is, that the entanglement-entropy has the functional
dependence [169–171]

S(l, L) = s0 +
c

3
log

Å
L

π
sin

πl

L

ã
, (3.99)

where c is the central charge and s0 is an offset depending on the micrsocopic details.
In the analytical part (see Sec. 3.2.2), we argued that for the QSD protocol, the replica
theory is a Sine-Gordon model and that there is a phase where the non-linearity is
irrelevant. Hence, the long-range physics of this model is predicted to behave as a
non-Hermitian CFT with a continuously varying central charge. This implies that in
the regime of validity of the effective long-wavelength model, the properties of a CFT
are expected to surface. Indeed, we find in the numerical simulation according to the
QSD protocol that the entanglement entropy in the stationary state is a function of
the chord length L

π
sin πl

L
(see Fig. 17). The slope of the apparent logarithmic growth

of the entanglement entropy however depends on the system size and it is not imme-
diately clear from the simulations, whether it saturates or if it ultimately approaches
0, indicating an area law.

In contrast to these findings, for the QJ protocol we obtain a clear deviation from
a functional dependence on the chord length as shown in Fig. 18. We also find clear
evidence that the data approaches a constant value (i.e. area law) even for extremely
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Figure 17: Entanglement entropy in the stationary state of the QSD protocol with a
nearest neighbor hopping Hamiltonian for systems sizes up to L = 2048. We find a
perfect matching of the data being a function of the cord length. To extract the slope
of the entanglement growth, we numerically take the derivative with respect to the
cord length. For small values of γ ≲, the derivative seems to saturate indicating a
logarithmic scaling in the thermodynamic limit. The inset shows the same data on a
logarithmic scale.

small measurement strength already at considerably much smaller systems, even though
the corresponding QSD data suggests the presence of logarithmic scaling. We conclude
that the QSD simulation is matches the analytical predictions from bosonization on
that level, we we already see a clear discrepancy for the QJ protocol. In general, even
though both protocol are unravelings for the same quantum master equation20, the
QJ protocol results in substantially reduced absolute size of the entanglement. This is
rationalized by the drastic nature of projective measurements, erasing entanglement of
a single site with the rest of the system in a single time-step.

This data for the entanglement entropy now provides a way to extract the effective
central charge for a given system size fitting the data to Eq. (3.99) for l = L/2 ± n

for n = 1 to n = 4, assuming logarithmic entanglement scaling at the largest distances
resolvable for the given system size. In order to study whether the system undergoes
a phase transition, we treat the fit parameter c as an order parameter: In the area law
phase, c is expected to vanish upon increasing the system size while in the CFT phase,
it saturates at a finite value. Therefore, we can perform a finite size scaling analysis
of this order parameter, see Fig. 19. It turns out that the data for both QSD and QJ
trajectories agrees with BKT essential scaling instead of the weak localization scaling
ξ ∼ eβ/γ. This provides further evidence for the existence of a BKT phase transition
in this model. However, the critical measurement strength γc turns out to be very
small, γc < 0.1 and we cannot confidently rule out γc = 0. Furthermore, the effective
central charge in the logarithmic phase (should it exist) is very large, O(100). The
bosonization approach lacks an explanation for this observation as it predicts c = 1 in

20We matched the notion of the measurement strength or rate in both cases to make this comparable
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Figure 18: Entanglement entropy in the stationary state of the QJ protocol with a
nearest neighbor hopping Hamiltonian for systems sizes up to L = 1024. There is
a clear systematic discrepancy from a functional dependence of the data on the cord
length for different system sizes. This indicates that the CFT prediction made for the
QSD protocol does not apply here. Note that the deviation from a perfect data collapse
is indeed not due to noise but instead systematic. To demonstrate this, we computed
an estimate for standard deviation of the average and show error bars

the limit γ → 0.

Extrapolation of the correlation function In order to get another estimate for
the effective central charge, we additionally study C(q), the numerical Fourier trans-
formed of the density-density correlation function Cmn = ⟨n̂mn̂n⟩ − ⟨n̂m⟩⟨n̂n⟩. In the
case of free fermions, it can be directly related to the entanglement entropy (see
Sec. 2.2.1, and Sec. 3.2.2). The advantage is, that we can compute this object in
the simulations with very high precision and extrapolate the data to q = 0. The lead-
ing scaling behavior in the different phases (see Sec. 3.2.2, c.f. [69]) is expected to
be

C(q)

q
→





0 Area law
c
2π

CFT

∞ Volume law

(3.100)

where c is the central charge of the CFT. In the numerical simulation on a lattice, the
momenta are periodic which is taken into account by plotting the data w.r.t. q̃ = 2 sin q

2
.

Performing the simulation for large system sizes (see Fig. 20) shows, that extrapolations
yield a finite effective central charge which varies with the system size. Based on this,
we again perform a finite size scaling analysis of the effective central charge, shown in
Fig. 21 Note that these results are obtained independently of the entanglement scaling
and do not rely on an assumption of the functional dependence of the observable on
the chord length, motivated by the CFT result [169, 170]. However, we obtain the
same qualitative behavior and also good quantitative agreement for the central charge
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Figure 19: Scaling collapse of the central charge as extracted from a fit to the entangle-
ment entropy as a function of the chord length. We obtain the best fit for γc ≈ 0.07, 0.08
for QSD and QJ respectively. However, we also obtain a reasonably good data collapse
for γc ≈ 0. It is clear that the data collapse only works assuming ξ ∼ eα/

√
γ−γc which

is the prediction from the BKT scenario, instead of ξ ∼ eβ/γ, expected for weak local-
ization. The insets show the unrescaled data.

data. We can therefore confirm that the method of operatorial bosonization correctly
predicts the finite size scaling behavior and the existence of an extended range of scales
with logarithmic entanglement scaling, while it lacks an explanation for the question
why the apparent critical value is very small in the natural units of the problem, and
why the effective central charge in the CFT phase is so large21, c = O(100).

3.4 Conclusion

In this section, we investigated the question if one-dimensional free fermions with near-
est neighbor hopping and local particle measurement undergo a phase transition at a
finite measurement rate. To do so, we discussed that in the limit of weak measure-
ments, where the strongly entangled phase is expected, non-linear observables in the
density matrix can be characterized in terms of a theory at zero temperature. This can
be seen on the level of lattice fermions and relies on the heating of the linearly aver-
aged system to an infinite temperature state due to the repeated measurement. This
yields an improved justification for the application of operatorial bosonization for this
model: Ground state physics in one-dimensional quantum systems is characterized by a
Sine-Gordon model. We derived this Sine-Gordon theory in a newly developed replica
framework for the QSD protocol. The RG analysis of this model was done for an arbi-
trary number of replicas which allows to take the replica limit to characterize the phase
transition of normalized replica density-operator, i.e. the physical object determining
observables that are non-linear in the state. These considerations where done to put
the result that this model undergoes a phase transition onto a more solid ground [44].

21The analytical prediction is c ≈ 1.
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Figure 20: Scaling of the density-density correlation function for small momenta using
the QSD protocol. To find an estimate for the thermodynamic limit, we extrapolate
the data by a fourth order polynomial fit to the data points at the 8 smallest accessible
momenta. The extrapolated data point at q̃ = 0 is used as an order parameter to
characterize the phase transition.

We also investigated specific predictions of that theory in numerical simulations and
found that the Sine-Gordon model correctly predicts the finite size scaling behavior
of the entanglement, in contrast to a non-linear sigma model approach put forward in
Ref. [69] for the QJ protocol. Additionally, we put new bounds on the possible values
of the critical measurement strength γc < 0.1 using a refined numerical analysis. While
we cannot rule out that the existence of a finite critical point γc > 0 is an artifact
of finite system sizes, we do find an extended regime of logarithmic scaling of the en-
tanglement for weak measurements in such finite systems, relevant for experiments. It
therefore remains of interest to study a protocol which makes the non-trivial behavior
of this model accessible in experimental settings. In Sec. 5, we discuss ideas how to
overcome the post-selection problem associated with measurement-induced dynamics
in this system. Besides that, the ambiguity of the numerical results and the ongoing
debate about the phase structure of this model motivates to study modifications that
leave the system within the realm of applicability of the methods we discussed here, but
add more structure to the phase diagram that can be studied numerically. Therefore,
in the next section, we investigate the effect of long-range hopping which turns out to

69



3 FREE FERMIONS WITH NEAREST NEIGHBOR HOPPING

0 20 40 60
0

0.2

0.4

(γ − γc)(logL)
2

γ
c/
2π

QSD
L 128 256 512 1024 2048

0 0.2 0.4 0.6 0.8
100

101

102

γ

c

0 20 40 60
0

0.1

0.2

(γ − γc)(logL)
2

γ
c/
2π

QSD
L 128 256 512 1024

0 0.1 0.2 0.3 0.4
100

101

102

γ

c

Figure 21: Scaling collapse of the central charge as extracted from the density auto
correlation function C(p) extrapolated in the limit p → 0, see Fig. 20. We show data
with γc = 0.03 for both QSD and QJ. We find a good quantitative agreement with the
data directly obtained from the entanglement entropy.

induce a new phase [99, 128] that is predicted by the analytical framework developed in
this section which coincides with numerical simulations. This also provides additional
justification for the assumptions we made in the analytical treatment of the model with
nearest neighbor hopping as we can make testable predictions using the bosonization
approach.
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4 Measurement-induced dark state phase transitions

in long-ranged fermion systems

This section closely (in large parts word for word) follows the publication [99] and
the associated supplemental material. The author of this thesis is a co-author of these
manuscripts which is the result of a collaboration with M. Buchhold and S. Diehl. He
conducted all numerical simulations which where discussed and interpreted in discus-
sions with the other co-authors. He also derived the long-range term appearing in
the bosonized action for this model and did the perturbative calculation that results in
the modification to the non-Hermitian Sine-Gordon model. These computations where
done under guidance by the other co-authors. He also contributed to the writing of the
original manuscripts. All figures in section 4 are identical to those in Ref. [99]. The
author made some changes to the manuscript to embed it into this thesis. In partic-
ular, we add more details to the analytical part and match the notation with the rest
of this thesis by formulating the analysis in terms of the newly developed replica field
theory method discussed in Sec. 2.2.2 and Sec. 3.2.2. This was specifically developed in
preparation of this thesis.

4.1 Model and results

In the previous section, we investigated the question whether there exists a phase
transition from an area-law S ≃ L0 to an extended critical phase S ≃ logL induced by
measurements. This scenario has been discussed in [44, 65, 68, 94, 172]. Besides that,
in one dimensional quantum circuits [47–55] and also certain Hamiltonian systems [56–
58] in one dimension, an entanglement transition from area-law to volume law S ≃ L

has been found.
This calls for the question, whether this is the exhaustive set of phases and phase

transitions that can exist in monitored quantum dynamics. Promising candidates for
exploring it are systems with long-ranged generators of dynamics: Long-ranged Hamil-
tonians are known to induce new phases in ground states, and to qualitatively modify
the critical behavior at phase transitions [100–102]. The thus achieved redistribution
of particles over large distances strongly modifies the entanglement dynamics and the
spreading of correlations [104, 173, 174]. Experimental platforms for engineering such
Hamiltonians range from trapped ions [103–106], cold atoms in cavities [107, 108],
Rydberg atoms [109], and polar molecules [110].

In this work, we explore an elementary model of monitored, long-ranged dynam-
ics: Free fermions with variably ranged hopping, characterized by an algebraic range
exponent p (see Fig. 22a), competing with disentangling, local particle number mea-
surements. As a main result, we demonstrate that the long-range entangling evolution
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leads to the emergence of an unconventional dynamical phase, in which the entan-
glement entropy grows with the system size S ∼ Lb with b = 3/2 − p22, faster than
logarithmically but slower than the volume law of fully ergodic dynamics [175]. Fur-
thermore, the phase features nonlinear density-density correlation functions, which
follow an algebraic decay ∼ L−a with a = p+1/2. This phase is realized for exponents
1 < p < pc = 3/2, irrespective to the strength of measurement γ > 0: Local measure-
ments cannot supersede the entanglement generated by long-range coherent hopping.
This implies the existence of a tricritical point, where a conformally invariant phase
with logarithmic entanglement growth, an area law phase, and the long-range phase
meet (see Fig. 22b,c).

To establish these results, we employ a combination of numerical simulations [67, 68,
94] and an analytical replica field theory [44], in which the steady state under monitor-
ing emerges as the dark state of an effective, non-Hermitian Sine-Gordon Hamiltonian
or, equivalently as a zero temperature complex Sine-Gordon Keldysh action. The mea-
surements then favor the evolution into an eigenstate of the measurement operators,
i.e., a state with a fixed particle number nl = 0, 1 at each site. This corresponds to
a pinning of the density fluctuations. This mechanism competes with the long-range
hopping, which establishes long-range coherent states, corresponding to a pinning of
the conjugate phase. The analytical results align well with the numerical simulations,
predicting the critical value of p and the scaling exponents in the long-range phase with
high accuracy.

4.1.1 Microscopic model

We consider fermions on a ring of L sites (labeled s,m), which are created and annihi-
lated by the operators, ĉ†s, ĉs with {ĉs, ĉ†m} = δs,m, n̂s = ĉ†sĉs. The long-range hopping
Hamiltonian is

Ĥ = −
∑

s ̸=m

hs,mĉ
†
sĉm, hs,m = |s−m|−p. (4.1)

Its range is set by the exponent p and decreases with larger p, reproducing nearest-
neighbor hopping for p → ∞ [44, 67, 68]. We consider p > 1, ensuring a well-defined
thermodynamic limit with a non-singular fermion dispersion. This Hamiltonian gen-
eralizes the nearest neighbor hopping considered in Sec. 3 but leaves the applicability
of the numerical approach untouched. The only change we have to do is to replace the
hopping matrix h.

In order to implement measurement of the wave function, we consider the QSD
protocol introduced in Sec. 2.1 and monitor the local particle number operator n̂m =

ĉ†mĉm with a rate γ according to (2.42). This equation is quadratic in ĉs, ĉ†s and number

22The numerical results match the analytical predictions with very high accuracy and we use the
analytical identities for a, b, pc here and in the following.
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4.1 Model and results

conserving, and can be efficiently simulated with Gaussian wave functions just as in the
case of nearest neighbor hopping. We start from the half-filled Néel state, and evolve
the system until a stationary state is reached. The random measurement outcomes

Figure 22: Phase characterization of conformally invariant (γ = 0.3, p = 1.25, orange),
area-law (γ = 2, p = 5, light blue) and algebraic scaling phase (γ = 0.3, p = 5, purple).
a) Half-system entanglement entropy and best fit using the ansatz S = c

3
log L

π
+ s0 +

BLb. The entropy always grows slower than a volume law (∼ L, dashed line). b)
The scaling exponent of the correlation function at opposite ends of the system is
determined by fitting to C = 1/ [ALa +DL] (dashed line ∼ L−2).

generate a large configurational entropy: each allowed measurement outcome appears
with equal probability in the long-time limit. This is reflected in the conditioned
density matrix |ψt⟩ ⟨ψt|, whose trajectory average always yields a maximally mixed
state |ψt⟩ ⟨ψt| ∼ 1̂. The nontrivial quantum dynamics of individual wave functions
|ψt⟩, however, is encoded in nonlinear trajectory averages of |ψt⟩ ⟨ψt| [44, 55, 59, 176].
Examples are the entanglement entropy or conditioned correlation functions. This is
detailed in Sec. 2.2.1. In order to access nonlinear observables analytically, we apply the
replica field theory for MIPTs put forward in Ref. [44]. Details for this procedure can be
found in Sec. 2.2.2 and for the nearest neighbor hopping case in Sec. 3. It introduces
the product of two replicated density matrices |ψt⟩ ⟨ψt| ⊗ |ψt⟩ ⟨ψt|, which allows us
to separate the measurement randomness (accumulating it in an effective center-of-
mass coordinate) from the inherent quantum evolution of the wave functions [44]. For
fermions in one spatial dimension, the latter becomes particularly accessible due to
bosonization. The quantum degrees of freedom are then mapped onto boson field
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operators ϕ̂x, θ̂x, obeying the canonical commutation relation [ϕ̂y, ∂xθ̂x] = iπδ(x − y).
Here we extend the replica field theory to long-range hopping fermions (See Sec. 4.3).

4.1.2 Dark state phase structure

Based on the properties of the replica action, we qualitatively distinguish three phases
(see Fig. 22b): (i) An area law phase for large monitoring (γ ⪆ 1) and short-ranged
hopping (p > 3/2), (ii) a conformally invariant (CFT) phase for small but non-vanishing
monitoring and short-ranged hopping (p > 3/2), and (iii) a novel algebraic scaling phase
due to long-range hopping (p < 3/2). We show representative results for each phase
in Fig. 23. Additionally, isolated at γ = 0, a volume law is realized, crossing over to
small system sizes for γ > 0 [68].

Figure 23: Phase characterization of conformally invariant (γ = 0.3, p = 1.25, orange),
area-law (γ = 2, p = 5, light blue) and algebraic scaling phase (γ = 0.3, p = 5, purple).
a) Half-system entanglement entropy and best fit using the ansatz S = c

3
log L

π
+ s0 +

BLb. The entropy always grows slower than a volume law (∼ L, dashed line). b)
The scaling exponent of the correlation function at opposite ends of the system is
determined by fitting to C = 1/ [ALa +DL] (dashed line ∼ L−2).

To obtain these results, we use a combination of numerical simulations that we
discuss in Sec. 4.2, and an extension of the replica Keldysh field theory for the bosonized
model, presented in Sec. 4.3.

4.2 Numerical simulations

Numerically, we combine two approaches to distinguish the three phases, and their
boundaries. (1) Informed by logarithmic growth of the entanglement entropy in the
CFT phase, S(L/2, L) ∼ c

3
log(L), we assume a logarithmic scaling of S(L/2, L) and

extract a size-dependent prefactor c(L). In the area-law phase and in the CFT phase,
c(L) saturates as a function of the system size. In the algebraic phase it does not
saturate, indicating faster than logarithmic growth of S(l, L) on large distances (see
Fig. 22c, Fig. 26a), allowing us to localize the phase boundaries. (2) We make a general
ansatz for S(L/2, L) and C(L/2, L), including both algebraic and logarithmic scaling
and compute the best fit as a function of L (see Fig. 23). For sufficiently large system
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4.2 Numerical simulations

sizes (up to L = 2048), the fits then converge to either a logarithmic or an algebraic
form. This yields consistent results for the scaling behavior in each regime, as well as
for the scaling exponents and the location of the phase boundaries (see Fig. 22d,e).
We further confirm these results by a third approach (see Fig. 24), where we vary the
subsystem size l. First, we recall the properties of phases appearing in the short-range

Figure 24: Further characterization of CFT (γ = 0.3, p = 1.25, orange), area-law
(γ = 2, p = 5, light blue) and algebraic scaling phase (γ = 0.3, p = 5, purple) in terms
of subsystem size dependent observables for different system sizes (different shades)
up to L = 770. a) The collapse of the entanglement entropy onto a function of the
conformally invariant combination L

π
sin πl

L
for different L breaks down in the algebraic

scaling phase. Inset: L-dependence of the extracted effective central charge. Dashed
lines: best fit under the assumption of a CFT at L = 770. b) Emergence of algebraic
scaling of the correlation function at intermediate l for L → ∞ in the CFT and the
algebraic scaling phase. Fitting to the scaling regime yields the exponents indicated in
the inset and (for L = 770) by dashed lines in the main plot (black dashed line ∼ l−2

for comparison).

hopping limit [68]. In the CFT-like regime (orange curves in Fig. 24 and Fig. 23), we
observe an asymptotic scaling collapse of the entanglement entropy,

S(l, L) ≃ c

3
log

ï
L

π
sin

πl

L

ò
+ s0, (4.2)

familiar from a CFT with periodic boundary conditions in 1+1 dimensions [170, 171].
The effective central charge c can be extracted efficiently from the simulations (see
Fig. 24a, inset) by fitting the data to Eq. (4.2) for L/4 < l < 3L/4, and depends in
a continuous way on both the hopping range p and the monitoring strength γ (see
Fig. 22c in the main text). However, the phase is stable against deviations from the
nearest-neighbor hopping p = ∞. This result is supported by the asymptotic scaling
collapse of the correlation function onto

C(l, L) ∼
ï
L

π
sin

πl

L

ò−2

∼ 1

l2
,
1

L2
, (4.3)
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in the same parameter-regime (see Fig. 24b) and Fig. 23b in the main text), in agree-
ment with conformal scaling [170, 171].

Conversely, the area-law phase (light blue lines in Fig. 24 and Fig. 23) is char-
acterized by asymptotically constant entanglement entropy, quantified by a vanishing
effective central charge, and exponentially decaying correlation functions, both as func-
tions of l and L. Applying the same procedure in the long-range hopping regime (purple
curves in Fig. 24 and Fig. 23) reveals a breaking of this behavior in three ways: (i)
S(l, L) and C(l, L) do not collapse onto a function of the scale-invariant combination
L
π
sin πl

L
, (ii) the extracted effective central charge does not approach a finite value for

for L→ ∞ (see Fig. 26a), indicating algebraic scaling of the entanglement entropy, and
(iii) the correlation function C(l, L) decays algebraically, but slower than l−2 or L−2.
To extract the critical point, where the algebraic scaling sets in, and the exponents for
both S and C in this regime, we use an ansatz to capture both conformal scaling and
algebraic scaling, and finite size effects

S(L/2, L) = BLb +
c

3
log

L

π
+ s0, C(L/2, L) =

1

ALa +DL
. (4.4)

Fitting B, b, c, s0, A, a and D to the numerical data is sensitive to the phase transition.
Especially the exponents a and b can be extracted quantitatively, signalling the alge-
braic scaling phase by a < 2 and b > 0 (cf. Fig. 1d,e in the main text). Comparing the
exponents extracted in this way to S(l, L) ∼ lb and C(l, L) ∼ l−a in a scaling regime
at intermediate l shows good agreement (cf. Fig. 24).

4.3 Bosonic Keldysh replica field theory

4.3.1 Replica action of the long-range hopping model

We show in this section how to bosonize the long-range hopping Hamiltonian and
write the bosonic replica Keldysh action for this case. To do so, we represent the
lattice fermions in terms of the real bosonic operators as [83]

ĉ†l → ψ̂†(x) =
»
n̂(x)e−iθ̂(x), (4.5)

where n̂(x) is represented in terms of the counting field ϕ̂(x), as shown in Sec. 3. In
the continuum limit, the Hamiltonian can be written as

Ĥ = −
ˆ ′

x,y

ψ̂†(x)ψ̂(y)

|x− y|p , (4.6)

where
´ ′ denotes that short distances |x−y| < a, where a is the lattice spacing, are cut

off. Note that the distributions from short distances |x− y| ≈ a can be captured by a
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4.3 Bosonic Keldysh replica field theory

derivative expansion around the Fermi points, which yields the Dirac model to leading
order. Subsequently, using the same construction and arguments as in Sec. 3, we again
obtain the usual Luttinger liquid Hamiltonian [79–81]. Therefore, to study the effect
of the slowly decaying hopping amplitudes, we focus on the large distance behavior of
the Hamiltonian. At large distances |x− y| → ∞, we may assume the density at sites
x and y to be uncorrelated such that we replace n̂ ≈ n0 in this limit. For that reason,
we consider the bosonized Hamiltonian

Ĥ = Ĥsr + Ĥlr, (4.7)

Ĥsr =
v

2π

ˆ
dx
î
(∂xϕ̂)

2 + (∂xθ̂)
2
ó
, (4.8)

Ĥlr = −δ
ˆ ′

x,y

|x− y|−p cos
Ä
θ̂(x)− θ̂(y)

ä
. (4.9)

δ = n0 > 0 is the microscopic coupling of the long-range contribution. Note that v
is expected to be modified due to short-range contributions beyond |x − y| = 1. This
does not change the universal properties of the system but changes the non-universal
critical point. Now, we include the long-range hopping Hamiltonian into the replica
field theory framework. Since the short-range Hamiltonian and the measurement-term
remain unchanged compared to Sec. 3, this only amounts to adding the following term

Slr = δ
R∑

r=1

∑

σ=±

ˆ ′

t,x,y

σ|x− y|−p cos θ(r)σ,x,y, (4.10)

where we defined θ
(r)
σ,x,y(t) = θ

(r)
σ (t, x) − θ

(r)
σ (t, y). The addition of this term is not ex-

pected to prevent the linearly averaged density-operator from heating up to an infinite
temperature state as this is driven by the unmodified measurements. Therefore, we
proceed as before, performing a Fourier-transformation in replica space and integrating
out the k = 0 mode. In contrast to the short-range contribution, Slr does not decouple
into independent k contributions such that we treat it perturbatively in δ, just like
the measurement non-linearity in Sec. 3. In order to do so, we need to compute the
correlation functions of θ(k)σ in the Gaussian approximation, in particular for k = 0,
which means that in this case we cannot simply eliminate the θ fields as we did for the
short-ranged model. However, we can simply re-introduce the θ fields and obtain the
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Gaussian part of the action

S0 =
1

2π

ˆ
ω,q

Ψ(k=0)†

à
0 0 −vq2 ωq

0 0 ωq −vq2
−vq2 ωq 2iγ

π
q2 0

ωq −vq2 0 0

í
Ψ(k=0)

+
∑

k>0

1

2π

ˆ
ω,q

∑

σ=±

Ä
ϕ
(k)∗
σ θ

(k)∗
σ

ä( −σvq2 + 2iγ
π
q2 σωq

σωq −σvq2

)(
ϕ
(k)
σ

θ
(k)
σ

)
(4.11)

Where Ψ(k=0) =
Ä
ϕ
(k=0)
c θ

(k=0)
c ϕ

(k=0)
q θ

(k=0)
q

äT
. We still find that all k modes

decouple and that the k = 0 mode is qualitatively different from all the others. For
the k = 0 mode we find the (now matrix valued) Green’s functions

G
(k=0)
K =

−2iγv

(ω2 − v2q2 − 0+2)2 + 40+2ω2

(
v2q2 −ωvq
−ωvq ω2

)
, (4.12)

G
(k=0)
R/A =

iπ

(ω ± i0+)2 − v2q2

(
v ω±i0+

q
ω±i0+
q

v

)
. (4.13)

Here we again included an infinitesimal regularization 0+ > 0 ensuring causality. This
means, that all correlations between classical fields at equal times diverge as the integral
over ω diverges even with regularization, as the integral over ω scales as ∼ 1/0+ (see
Sec. 3). On the other hand, for the retarded and advanced Greens function we may
always close the contour such that the pole is not enclosed which means that they
vanish at equal times. Using that, we can compute the expectation value of the long-
range action over the k = 0 component exactly as for the measurement non-linearity
above

⟨Slr⟩k=0 = δ

ˆ ′

t,x,y

R∑

r=1

∑

σ=±

σ|x− y|−p
〈
cos

(
1√
R
θ(k=0)
σ,x,y +

1√
R

∑

k>0

θ(k)σ,x,ye
i2πkr/R

)〉

k=0

= δ

ˆ ′

t,x,y

R∑

r=1

∑

σ=±

σ|x− y|−p cos
(

1√
R

∑

k>0

θ(k)σ,x,ye
i2πkr/R

)
e−

1
2R

¨
θ
(k=0)
σ,x,y

∂
k=0 = 0

(4.14)

In contrast to the measurement non-linearity, in this cases there is no exact cancellation
of terms over which the expectation value is taken such that the infinite fluctuations
of the infinite temperature state are always present, rendering ⟨Slr⟩k=0. Therefore, in
this case a second order perturbative expansion in Slr is needed to integrate out the
k = 0 mode from this term. Therefore, the leading contribution in δ to the action after
integrating out the k = 0 modes reads i

2
⟨S2

lr⟩k=0. To simplify the expression, we use
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that we can expand

cos2(a+ b) = cos2 a cos2 b+ sin2 a sin2 b− sin a cos a sin b cos b (4.15)

where a represents the the k = 0 field and b represents the k > 0 fields and that for
instance≠
cos

1√
R
θ(k=0)
σ,x,y (t) cos

1√
R
θ
(k=0)
σ′,x′,y′(t

′)

∑
k=0

=
1

2

≠
cos

Å
1√
R
θ(k=0)
σ,x,y (t)−

1√
R
θ
(k=0)
σ′,x′,y′(t

′)

ã∑
k=0

+
1

2

≠
cos

Å
1√
R
θ(k=0)
σ,x,y (t) +

1√
R
θ
(k=0)
σ′,x′,y′(t

′)

ã∑
k=0

.

(4.16)

This term is only finite if the terms in the cos exactly cancel out such that the infinite
fluctuations do not yield 0. This is only possible if σ = σ′ and precisely t = t′ and
x = x′, y = y′ for the first term and x = y′, y = x′ for the second term. If these
conditions are met, the fields cancel and the expectation value is 1. Otherwise, the
infinite fluctuations let the expectation value of the cosine vanish and there is no
contribution to the action. Therefore, in order to obtain a finite contribution to the
replica action determining the non-linear observables such as entanglement entropy, we
need to include a regularization in both space (lattice spacing a) and time (dt). Besides
the cos2 term, there appears also the equivalent problem with sin2 and sin cos. For the
sin2 part, the two contributions from matching the positions exactly cancel out, while
in the sin cos term all contributions vanish independently. Putting everything together
yields

S
(k>0)
lr =

i

2
⟨S2

lr⟩k=0 +O(δ3) (4.17)

= i∆
∑

σ=±

ˆ ′

t,x,y

|x− y|−2p

(
R∑

r=1

cos

(
1

R

∑

s

(θ(r)σ,x,y − θ(s)σ,x,y)

))2

+O(δ3) (4.18)

where ∆ = 1
2
dta2n2

0 > 0. Note the doubling of the exponent describing the decay of the
hopping matrix elements. Just as for the short-range contributions to the model, the
Keldysh contours exactly decouple. We find again, that for the entire action (includ-
ing the measurement non-linearity) the Keldysh contours decouple due to the infinite
temperature state of the k = 0 sector. This implies that we can understand the theory
in terms of a non-Hermitian Hamiltonian as the action has the structure

S = −
ˆ
t

(H+ −H∗
−). (4.19)

Hence, remembering the construction of the path integral, we identify the non-Hermitian
Hamiltonian Ĥ by replacing (normal-ordered) fields in H+ by the corresponding oper-
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ators. The observables obtained from the solution of the path integral derived above
then coincide with the ones obtained from the dark state of the non-Hermitian Hamil-
tonian. In Ref. [99], we compute the observables along these lines, while we use the
path-integral formulation throughout this thesis for consistency.

4.3.2 Phase structure and observables

Let us now take a step back and analyze the situation: We mapped the long-range
hopping model to a bosonic replica field theory consisting of three different terms: (1)
There is a gapless Gaussian contribution. In absence of non-linearities it is a conformal
field theory with the hallmark of logarithmic entanglement scaling. (2) On top of that,
we find a non-linearity due to the cos contribution to the measurement operator n̂l
in bosonized language. If this term is relevant, the counting field ϕ is gapped which
signals an area-law phase. Both these cases have been discussed in detail in Sec. 3
both numerically and analytically. Between these two phases we identified a BKT
phase transition. (3) In the presence of long-range hopping, another contribution is
added to the action, which only emerges in second order perturbation theory and only
acts on the phase fields. If this term is relevant, the phase is pinned instead of the
fluctuations. Since the two degrees of freedom are conjugate to each other, this implies
that a third phase emerges (two conjugate fields cannot be pinned simultaneously).
In this phase, the non-linearity pinning the counting field ϕ is irrelevant while the
long-range contribution is relevant which justifies an expansion in θ

(r)
σ,x,y. Note that in

this case, an expansion is only justified near minima of cos2 to keep the path integral
well defined, i.e. for 1

R

∑R
s=1(θ

(r)
σ,x,y − θ

(s)
σ,x,y) ≈ π/2. This occurs because the second

order contribution appears in form of a dissipative term in this case and is important
to obtain the correct sign for the observables. Up to an irrelevant constant and a
prefactor R → 1, this yields to quadratic order

S
(k>0)
lr = i∆

∑

k>0

∑

σ=±

ˆ ′

t,x,y

|x− y|−2p|θ(k)σ (x)− θ(k)σ (y)|2

= 8i∆
∑

k>0

∑

σ=±

ˆ
ω,q

ˆ L/2

a

dyy−2p sin2 qy

2
θ(k)∗σ θ(k)σ

= 8i∆
∑

k>0

∑

σ=±

ˆ
ω,q

ˆ |q|L/2

|q|a
dy

sin2 y
2

y2p
θ(k)∗σ |q|2p−1θ(k)σ . (4.20)

We introduced a finite system size L here to make sure that the integral over y is finite.
Depending on p we can distinguish three different cases: For p ≤ 1/2, the integral
diverges in the infrared which means that the model is ill-defined. We do not further
consider that case. If p ≥ 3/2, the integral is divergent in the ultra-violet which is
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regularized by the lattice spacing. The leading contribution in a reads in this case

S
(k>0)
lr =

2i∆a3−2p

2p− 3

∑

k>0

∑

σ=±

ˆ
ω,q

ˆ qL/2

qa

dy
sin2 y

2

y2p
θ(k)∗σ q2θ(k)σ . (4.21)

This means, that the long-range term adds a term to the action that has the same RG
relevance as the original Gaussian action, even though with an imaginary prefactor due
to its origin in second order perturbation theory. However, this means that the scaling
behavior of the the observables remains unchanged independently of the precise value
of p, while prefactors may indeed be changed. We conclude that in this regime, the
long range hopping does not result in a new measurement-induced phase. Finally, for
1/2 < p < 3/2, we can take the limit L→ ∞ and a→ 0 and obtain a finite number in
the integral,

Ip =

ˆ ∞

0

dy
sin2 y

2

y2p
=

Γ(2− 2p) sinπp

4p− 2
. (4.22)

A plot of this function is shown in Fig. 25. This means that we obtain
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Figure 25: The integral Ip determines the dispersion in the Gaussian approximation.
Only for 1/2 < p < 3/2, it yields a finite number and both the ultraviolet and infrared
behavior are regular.

S
(k>0)
lr = 8i∆Ip

∑

k>0

∑

σ=±

ˆ
ω,q

θ(k)∗σ |q|2p−1θ(k)σ . (4.23)

Since p < 3/2, we find 2p− 1 < 2 such that this term dominates over the short-range
contribution at short distances. This modified scaling results in a different scaling for
correlation functions and entanglement which we associate with the emergence of an
additional phase, driven by long-range hopping. As the original fermionic model is still
Gaussian, even in presence of this additional, we again use that the relevant observables
can all be obtained from the Keldysh greens function of the counting field, describing
density fluctuations. To obtain them, we need to consider the Gaussian action for
the k > 0 components, replacing the dispersion of the phase field by the dominant
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long-range contribution,

S
(k>0)
0 =

∑

k>0

1

2π

ˆ
ω,q

Ä
ϕ
(k)∗
σ θ

(k)∗
σ

ä( −σvq2 + 2iγ
π
q2 σωq

σωq iA|q|2p−1

)(
ϕ
(k)
σ

θ
(k)
σ

)
, (4.24)

where A = 16π∆Ip > 0. By solving the Gaussian integral, we find the Green’s functions
for the density counting field

Gσσ′(ω, q) = δσσ′
−iπA|q|2p−3

ω2 + iσvK2
σA|q|2p−1

, (4.25)

where we introduced again the bare Luttinger parameterKσ =
»

1− 2iσγ
πv

. The density-
density correlation function is found in momentum space to be

C(q) =
iq2

2π2

∑

σ,σ′

ˆ
dω

2π
Gσσ′(ω, q) =

√
A/v

2π
Re

1√
iK2

|q|p−1/2. (4.26)

This behavior smoothly connects to the linear momentum-dependence found in the
Luttinger liquid phase at p = 3/2. A Fourier-transformation of this result shows that
the correlation functions and the entanglement entropy acquire a p-dependent scaling
exponent23,

S(l) ∼ B|l|b + s0, b = 3
2
− p, (4.27)

C(l) ∼ A|l|−a, a = p+ 1
2
. (4.28)

This analytical estimate is confirmed by the numerical simulations very accurately,
which is demonstrated in Figs. 22d,e, Fig. 23 (purple lines), and 24. These scaling
exponents clearly differ from the volume-law b = 1, found for instance in monitored
random circuits [50, 176, 178–183]. We find a slower growth of the entanglement
entropy b < 1/2, matching the scaling relation b = 2− a (see Fig. 26b), implied by the
Klich-Levitov formula [158] as discussed in Sec. 2.2.1.

4.3.3 Renormalization of the long-range action

Let us now study the different three different regimes shown in Fig. 22b using the renor-
malization group perspective. The area-law (i) and CFT (ii) regimes are established
for the limit p → ∞ (numerically in Refs. [68, 172] and analytically in Ref. [44] and
also detailed in Sec. 3). In the following, we thus focus on the new algebraic regime
(iii) and the phase transitions (i)↔(iii) and (ii)↔(iii). Canonical power counting of the

23Variable, measurement-induced exponents have also been reported in the time domain in
Ref. [177].
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Figure 26: a) Effective central charge c determined from a fit at l ∈ [L/4, 3L/4] for
system sizes L = 200, 400, 600, 800. For 1/p ≲ 0.6, c saturates, while it diverges with
L for 1 > 1/p ≳ 0.6, indicating faster than log entanglement growth. b) Entanglement
entropy and density-density correlation function deep in the algebraic scaling phase
(γ = 0.3, p = 1.25) for L = 1600. At intermediate distances, where finite-size effects
are negligible, the algebraic scaling matches the analytical prediction b = 2− a.

cosine vertex yields the scaling dimension [∆] = 3− 2p24. It shows that the long-range
aspect of the hopping is irrelevant for p > 3/2, and explains why the algebraic phase is
located at p < 3/2. The numerical simulations confirm the independence of the critical
value pc = 3/2 from the measurement strength γ > 0, shown in Fig. 22d,e. This implies
that even frequent local measurements cannot overcome the entanglement generation
of a long-ranged kinetic Hamiltonian, which we confirm analytically below.

The three different phases discussed above are separated from each other by three
different types of phase transitions (illustrated in Fig. 22). Each phase transition fea-
tures a characteristic competition between different parts of the action: the quadratic
part ∼ K tends to balance the fluctuations of ϕ, θ, while the nonlinearities (∼ ∆, g)

suppress fluctuations of θ or ϕ. In order to reveal and analyze this competition, we
investigate the perturbative renormalization group (RG) equations for K,∆, g. Note
that the leading order perturbative RG equations due to the measurement non-linearity
have been obtained already in Sec. 3, where no long-range coupling term was generated.
Therefore, we now exclusively focus on the renormalization effects of the long-range
non-linearity. As it only depends on θ but not on ϕ, we may in this case integrate out
ϕ and find the Euklidian action (restricting again only to the σ = + contour as the

24Two spatial integrals, one temporal integral and the factor |y|−2p, i.e., dt dx dyy−2p scale like
b3−2p with a distance b.
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two contours decouple)
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where K =
»
1− 2iγ

πv
. We can again re-scale space and time to eliminate v to make the

equations dimensionless. We then absorb v into a redefinition ∆. We also note that
the cos2 has a constant contribution that has no effect but re-scales differently from
the cos such that we proceed with

S =
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︸ ︷︷ ︸
∆S

. (4.30)

We again allow for an space-time asymmetric RG flow and define microscopic couplings
K1 = 1− 2iγ

πv
and K2 = 1. The RG equations are again obtained by introducing a cutoff

Λ ∼ π/a and integrating out fields with momenta bΛ < p < Λ, followed by rescaling
space and time. First, we integrate out the fast modes θ> out perturbatively. The
resulting action reads to leading order in ∆

S< ≃ S0,< + ⟨∆S⟩0,>, (4.31)

where we simply replace the cutoff in S0,< using Λ → bΛ. The fast mode expectation
value is discussed in App. C.7. Using a proper (complex) rescaling of the coupling ∆

to absorb the microscopic details and defining K =
√
K1K2, we obtain the first order

RG equations

∂s∆ = (3− 2p−K)∆, (4.32)

∂sK = −K2∆. (4.33)

Similar equations have been obtained in Ref. [102] for the ground state of a Hermi-
tian, long-range interacting XXZ-chain. Here, however, all couplings are complex, and
the canonical scaling dimension of the long-range coupling ∆ is modified compared to
the Hermitian case [102] by replacing p → 2p. The quantum phase transitions ob-
served here thus represent a generalization of ground state phase transitions in unitary
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systems, to dark state MIPTs.
The RG equations (4.32),(4.33) yield several insights: (a) For p > 3/2, the long-

range hopping ∼ ∆ is always irrelevant and any initial ∆ ̸= 0 decays to zero exponen-
tially fast (Re(K) ≥ 0 is required for stability). In this case, the monitored long-range
hopping dynamics are effectively reduced to a nearest neighbor hopping model. This
short-ranged model undergoes a Berezinskii-Kosterlitz-Thouless (BKT) transition from
a critical to an area law phase as a function of the measurement strength. This sce-
nario is discussed in detail in Refs. [44, 68] and Sec. 3. (b) For p ≤ 3/2, the long-range
hopping is relevant and strongly enhances fluctuations of ϕ. This can be seen already
on the level of first order RG equations: any |∆| > 0 enforces a rapid decrease of K
in Eq. (4.33)25. This confirms the result from canonical power counting. (c) Although
Eq. (4.32) is reminiscent of a conventional Sine-Gordon model (here for a p-dependent
canonical scaling dimension), the transition between the critical and the long-range
phase does not match the BKT paradigm. The reason is the linear appearance of ∆
in Eq. (4.33), obtained at first order perturbation theory. It gives rise to an unconven-
tional transition, which is characteristic for long-range coupled systems [102]. (d) A
similar argument applies for the transition from the area law to the long-range phase.
This transition arises from the direct competition between the two cosine terms. For
a short-ranged Sine-Gordon model, this gives rise to a sequence of universality classes
depending on the factor in the nonlinearities, including the Ising and parafermionic
ones [184]. However, due to Eq. (4.33), this is again different for the long-range model,
where a transition of this type has not yet been characterized.

4.4 Conclusion

Long-range dynamics leads to a novel measurement induced sub-volume phase with a
maximum entanglement growth exponent S ∼

√
L. Despite the enhanced entangling

effect of long range hoppings, the system does not reach a volume law characteristic of
an ergodic phase. Indeed, a volume law is typically associated with excited or generic
states, located in the middle of the spectrum of a Hamiltonian. Here, the trajectory
wave functions evolve to states that bear strong similarities to ground states. In fact,
it is intriguing to notice the similarity of the phase structure to the ground state phase
diagram of long-range interacting spin models in one dimension [102], where the density
pinning effect of measurements is replaced by nearest neighbor interactions. This sug-
gests a persistence of quantum ground state dynamics in the trajectory wave function,
which is reflected in the effective cooling towards measurement-induced dark states in
the replica formalism. These findings show that the replica Keldysh field theory ap-
proach [44] that we developed in Sec. 3 for the short-ranged model is indeed able to

25For a conventional Sine-Gordon model with short-range nonlinearity, the renormalization of K
starts at the level of second order perturbation theory.
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make testable predictions for variants of that model. This evidence motivates to apply
this to other monitored systems where numerical simulations are more challenging, for
instance due to interactions. In the next section, we will return to one of the original
big questions of the field of measurement-induced phase transitions: how can we ob-
serve them in NISQ devices without exponential overhead? In order to make progress
here, we propose to add feedback to the protocol in order to transform the MIPT in
free fermions into an absorbing state phase transition that reveals the phase transition
on the level of linearly averaged observables.
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5 Revealing measurement-induced phase transitions

of fermions by pre-selection

In this section, we present an approach to overcome the post-selection problem, as it is
discussed in Sec. 2.3, called ‘pre-selection’. This section is based on a revision of the
pre-print [127] which is expected to be published after submission of this thesis. It is
the result of a collaboration with M. Buchhold and S. Diehl. Significant parts of this
section word for word follow the revised manuscript. The most significant novelty of the
material presented here, as compared to the pre-print [127], is the addition of results
from tensor-network simulations supporting the results. Additionally, some changes
are made to logically embed the results into this thesis. The author of this thesis is a
co-author of [127]. He performed all numerical simulations. In particular, he devel-
oped the matrix product state based implementation of measurement-induced dynamics
for interacting systems from scratch. The results of the numerical simulations where
discussed with the other co-authors. The analytical part was developed in collaboration
with M. Buchhold. Specifically, the author of this thesis constructed the microscopic
bosonization. He also contributed to the draft of the manuscript and did significant
adaptions to fit the content into this thesis.

The common feature of all MIPTs is that the dynamics of the system is driven
by measurements [47–53, 55, 65, 68, 92, 94, 178, 179]. This means that the measure-
ments make the experimenter acquire knowledge about the quantum system by just
performing the experiment. Ironically, despite this fact, MIPTs remain hard to detect
(see Sec. 2.3): Constructing witnesses of the transition from quantum mechanical ob-
servables requires many identical copies of the same wave function in an experiment.
However, the random occurrence of measurement outcomes (e.g. ↑ or ↓ in a qubit mea-
surement) pushes the ensemble of measurement trajectories into a maximally mixed
state, erasing all information on individually prepared wave functions. Detecting gen-
eralized entanglement measures such as Rényi entropies [185, 186] is subject to the
same reproducibility bottleneck. In principle, the information gained from the mea-
surements could be used to remedy the situation: post-selecting on trajectories with
the same measurement outcomes generates an ensemble of identical pure states from
which observables can be extracted. This problem is, however, exponentially costly [49]
(see Sec. 2.3), unless special conditions are met [113].

5.1 Concept of pre-selection

In this work, we show how MIPTs of fermions can be made observable, via replacing
post-selection by pre-selection. The core idea is to break the measurement degeneracy:
we replace the random outcome state by a unique target wave function, which repre-
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sents one of the exponentially many possible measurement outcomes [128]. When the
target state features an extensive order parameter, the MIPT coincides with an order-
ing transition on the level of the density matrix and becomes observable by standard
means. Pre-selection equips the dynamics with a directionality in Hilbert space, which
is designed such that the stationary critical properties of the target state, particularly
its entanglement, represent the entire ensemble.

Besides being a tool to reveal MIPTs, the phenomenology established below reveals
that this scheme grants access to an intriguing new class of quantum absorbing state
phase transitions [129–132].

The concept of pre-selection is general and applicable to a large class of MIPTs.
We elaborate it here for fermion models with a U(1)-symmetry from particle number
conservation. We demonstrate it for both interacting and non-interacting setups and
for continuous and projective measurements. All approaches share in common to give
quantitative access to the universal properties of the underlying MIPT. We emphasize
a key asset of pre-selection: the scheme can be chosen such that no parallel simulation
of the wave function is required.

The goal is to pull the MIPT to the observable level by modifying the dynamics
such that it uncovers a phase transition in the density matrix ρ̂, averaged over the
measurement outcomes (see Sec. 2.3). In general, the update of ρ̂ in a time step dt can
be written as a dynamical Kraus map

ρ̂t+dt = X [ρ̂t]dt, (5.1)

with a time-local, completely positive, and trace preserving generator X̂ , describing the
evolution of the conditioned density-operator |ψ⟩ ⟨ψ|, averaged over trajectories, ρ̂ =

|ψ⟩ ⟨ψ|. Depending on the specific protocol, the average is taken over the outcomes of
weak measurements (QSD) or locations of projective measurements and their respective
outcomes (QJ). We focus on repeated measurement of mutually commuting operators
[Ôl, Ôl′ ] = 0 with the same rate γ for all lattice sites l. Each Ôl has eigenvalues
{λ1, λ2}26 and spans a two-dimensional Hilbert space {|λ1⟩, |λ2⟩}:

Ôl = λ1P̂l + λ2(1̂− P̂l), with P̂l = |λ1⟩ ⟨λ2| and P̂ 2
l = P̂l. (5.2)

We start with the generator for the unmodified unitary27 and measurement evolution,
which we denote by X (0). It has exactly one dynamical fixed point – the maximally
mixed state ρ̂ ∝ 1̂ – obeying X (0)[1̂] = 0. This is verified in the temporal continuum

26This restricts us to binary measurement-outcomes. However these are relevant to many systems
that are considered in the literature since spin or particle number in fermion systems are binary
observables.

27For example due to a Hamiltonian.
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limit dt→ 0, where X (0) takes Lindblad form (for a derivation, see Sec. 2.1),

X̂ (0)[ρ̂] = −i[Ĥ(0), ρ̂]− γ

2

∑

l

[P̂l, [P̂l, ρ̂]]. (5.3)

This holds for general operators Ôl. Below, we consider fermions on a one-dimensional
lattice (with sites l) and measurements of the particle number Ôl = n̂l, i.e., (λ1,2 = 0, 1)

and P̂l = 1 − n̂l. The Hamiltonian will implement nearest neighbor hopping, Ĥ(0) =

−∑l ĉ
†
l ĉl+1 + h.c., i.e. we will study the model discussed in Sec. 3 and Refs. [44, 68,

69].
In order to make the phase transition of this model observable, we will introduce

modifications of the generator X (0) → X such that the following three conditions are
obeyed:

(c1) There exists a dark state ρ̂D = |D⟩⟨D| of the modified generator, i.e., X̂ [ρ̂D] = 0,
where |D⟩ is an eigenstate of all measurement operators Ôl. This is our target
state.

(c2) The unique stationary solution of ∂tρ̂ = X [ρ̂] is ρ̂ = ρ̂D.

(c3) X̂ preserves all the symmetries of X̂ (0) and all modifications are irrelevant in the
renormalization group (RG) sense.

Condition (c1) pre-selects one representative eigenstate |D⟩ of the measurement out-
comes. A convenient choice of |D⟩ equips it with an extensive order parameter, which
eases experimental detection in many-body systems. Without loss of generality28,
we will from now on assume that the target state |D⟩ corresponds to measurement
outcomes corresponding to P̂l and thus is stabilized by P̂lρ̂D = ρ̂D. For local mea-
surements, ρ̂D is area law entangled. (c2) introduces a directionality in the evolution:
iterating the dynamical map X ultimately filters out the state ρ̂D. In particular, the
maximally mixed state ceases to be a dynamical fixed point of the averaged evolution.
(c3) ensures that the modified dynamics is consistent with the original MIPT, and
does not alter its universality class. This criterion is general but its implementation
requires a case-by-case study: determining RG irrelevant modifications to the evolu-
tion requires knowledge on the universality class of the MIPT – and its corresponding
field theory. For the fermion models studied here, this is the case: the RG fixed point
is a non-unitary Luttinger Liquid as argued in Sec. 3.2.2 and Ref. [44]. We illustrate
the possibility to find such a modified strategy obeying (c1-c3) introducing feedback:
if a certain measurement outcome is obtained, then depending on the compatibility
with the target state |D⟩ a suitable state update is selected. We expose two principal
strategies to implement this goal, which we dub ‘classical-’ and ‘quantum feedback’.

28We may perform a particle hole transformation locally to ensure this.
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They are illustrated in Fig. 27 for the toy model consisting of only two sites (i.e. two
levels).

e−
id
tĤ
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Figure 27: Illustration of the classical and quantum feedback protocols with time
running to the right and orange boxes indicating a single time-step dt. In the classical
feedback protocol, weak measurements extract information from the system, which
is then used as input (wiggled lines) for a classical simulation, determining the right
choice for the hopping strengths rl at each time-step. This information is then fed
back into the experimental setup (double lines) such that the Hamiltonian is changed.
In the quantum feedback protocol, the binary measurement outcome of the projective
measurements is directly used to apply the right unitary correction operator Ĉ. This
simple ‘IF-THEN’ clause does not require a classical simulation during the experiment.

In the ‘classical feedback’ strategy the structure of the Hamiltonian Ĥ(0) and the
measurement-projections P̂l remains unchanged. Instead we condition the ’classical’
parameters in the Hamiltonian on the detected state Ĥ(0) → Ĥ[ρ̂]. The evolution then
becomes non-linear in the state and steering in Hilbert space is achieved, indeed akin
to feedback [133, 177, 187].

Opposed to that, in the ‘quantum feedback’ strategy, ‘wrong’ measurement results
are corrected immediately [188, 189] by modifying the projection onto 1̂ − P̂l with a
unitary correction Ĉl (see Fig. 27):

L̂
(0)
l = 1̂− P̂l → L̂l = Ĉl(1̂− P̂l) with [Ĉl, P̂l] ̸= 0. (5.4)

Hence, the evolution remains linear in the state, but the Hermitian projectors transform
to non-Hermitian Lindblad operators L̂l, implementing the desired directionality in
Hilbert space. To ensure that the unitary evolution does not spoil the dark state
condition, we also need to modify the Hamiltonian to feature |D⟩ as an eigenstate.

How does a phase transition manifest, if the dark state is the unique stationary
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solution for all choices of parameters? An insight can be gained by drawing a link
to dynamical systems undergoing an absorbing state phase transition (ASPT) (see
Fig. 28), like directed percolation [190, 191]. These host the classical analogue of
a global dark state – the absorbing state. The ASPT is a critical point separating
two distinct dynamical regimes: In the absorbing phase the stationary dark state is
dynamically stable and is reached from any initial state in finite time. In the active
phase, the dark state is dynamically unstable and will only be reached on times log(t) ∼
L exponentially large in the system size L [190]. Here we implement a quantum-
mechanical ASPT. It separates an absorbing phase in which the pre-selection scheme
is effective and ρ̂t → ρ̂D, from an active phase, where pre-selection fails and ρ̂t → 1̂/Tr 1̂

(see Fig. 28).

Let us now connect this to MIPTs. Wave functions undergoing Hamiltonian dy-
namics subject to local measurements display two different dynamical phases: for weak
(rare) measurements, the Hamiltonian scrambles information and each initial wave
function evolves into a (sub-) extensively entangled state. For strong (frequent) mea-
surements, each wave function enters a quantum Zeno regime and obeys area law
entanglement. Despite their different entanglement structure, the wave functions in
both phases are subject to randomness in space and time, and their ensemble always
approaches a maximally mixed state. In the presence of pre-selection, a unique dark
state is introduced. The presence of the dark state does not affect the dynamics in the
weak measurement phase, but due to feedback, it acts as an attractor of disentangled
wave functions in the quantum Zeno regime. Each disentangled wave function evolves
towards the dark state, making the ensemble a pure, disentangled state. In the follow-
ing, we illustrate each pre-selection scheme for the MIPT of monitored fermions [68].
The baseline model consists of a (free) fermion Hamiltonian, which describes hopping
on a half-filled chain of length L

Ĥ(0) =
∑

l

ĥlrl, (5.5)

with ĥl = ĉ†l ĉl+1 + h.c., and rl = 1 (units are set by Ĥ(0)). The Hamiltonian com-
petes with measurements, either weak-continuous [139, 151] or projective, of the local
densities n̂l with a constant rate γ. The competition manifests in

[n̂l, ĥl] ̸= 0, (5.6)

and drives a MIPT between two different entanglement phases [44, 68] (see also Sec. 3):
for small rates γ (weak measurements), each wave function is scrambled and approaches
a state with logarithmic entanglement growth, reminiscent of a conformally invariant,
quantum critical state. For large γ (strong measurements) a quantum Zeno regime
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illustration of pre-selection
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Figure 28: Pre-selection concept. While the information about a MIPT is lost in the
ensemble average, pre-selection adds a dark state that is only a stable attractor in
the weakly entangled phase which makes the transitions visible in terms of an order
parameter. This is demonstrated for free fermions with the classical feedback protocol:
With pre-selection, we find an ordered Néel state after times ∼ L2 that can be clearly
distinguished from the disordered state by a single measurement of all particle number
positions.

manifests with area law entangled wave functions close to instantaneous eigenstates of
{n̂l}. Both regimes are separated by a MIPT in the BKT class [44, 172].

In the following, we use the classical and quantum feedback strategy to demonstrate
the pre-selection phenomenology applied to this model. Let us start with the classical
feedback.

5.2 Classical feedback

5.2.1 Dynamical protocol

The classical scheme makes the Hamiltonian

Ĥ(0) → Ĥ[ρ̂] via rl → rl[ρ̂], (5.7)

state-dependent but leaves the structure of Ĥ, P̂l unmodified. Condition (c1) requires
[Ĥ[ρ̂D], ρ̂D] = 0 for the dark state. A suitable choice is the Néel state |D⟩ = |010101 . . .⟩,
populating either the even or the odd sites of the chain, see Fig. 28. The state-
dependence of rl[ρ̂] can be conveniently implemented by

rl[ρ̂] = 2− (⌊⟨n̂l−1⟩⌋ − ⌊⟨n̂l⟩⌋)2 − (⌊⟨n̂l+1⟩⌋ − ⌊⟨n̂l+2⟩⌋)2,

where ⌊...⌋ indicates rounding to the nearest integer. This choice fulfills (c2) since
[Ĥ[ρ̂], ρ̂] ̸= 0 for any other eigenstate |{nm}m⟩ of all n̂l such that n̂l |{nm}m⟩ =
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nl |{nm}m⟩ but |{nm}m⟩ ̸= |D⟩. This conditions the couplings rl on the instantaneous
expectation values ⟨n̂l⟩ of the measured operators, given a state ρ̂. In an experiment,
these can be obtained by simulating the instantaneous state ρ̂ (assuming that it can
be efficiently simulated) or be extracted from the measurement outcomes, for instance
by applying an appropriate noise filter [192] (see below).

An intuitive understanding is found in the limiting cases: (i) For weak measure-
ments, the operators ĥl scramble the observables n̂l. The state becomes translation
invariant ⟨n̂l⟩ = 1/2 and rl[ρ̂] → 1 is effectively state-independent. This means that
in this regime, the modification does not alter the original dynamics (ii) For strong
measurements, ρ̂ enters a quantum Zeno regime, where ⟨n̂l⟩ρ̂ ∼ n̂lρ̂. We can thus
promote

rl[ρ̂] → r̂l ≡ 2− (n̂l−1 − n̂l)
2 − (n̂l+1 − n̂l+2)

2, (5.8)

to an operator with rl[ρ̂]ρ̂ = r̂lρ̂. A directed evolution towards ρ̂D is implemented
when the product ĥlr̂l is non-Hermitian, which is true here as [ĥl, r̂l] ̸= 0. Both limits,
(i) and (ii), allow us to effectively eliminate the state dependence in Ĥ[ρ̂], yielding
two types of Hamiltonians Ĥw,s: for weak measurements Ĥw ≡ Ĥ(0) is unmodified
by pre-selection. For strong measurements Ĥs ≡

∑
l ĥlr̂l is non-Hermitian and steers

towards ρ̂D as demonstrated in Fig. 28. Beyond that, an analytical treatment of the
phase transition is out of the scope of this work since it would require solving a non-
linear equation of motion for the many-body density operator. This requires additional
method development. Therefore, we focus here on numerical simulations that are
efficient due to the Gaussianity of all appearing operators. For the quantum feedback
protocol, this will be reverted: Here we can use standard Keldysh field theory due to
the linearity of the state evolution, while the numerical simulation becomes challenging
due to the need to add interactions in this protocol as we discuss in Sec. 5.3.

5.2.2 Numerical simulations

For the numerical simulation (see Fig. 29, Fig. 30), we need to be more specific about
the model now: We implement the dynamics using the QSD protocol, i.e. weak mea-
surements. The only modification that is made compared to the protocol described in
Sec. 3.3 is, that the hopping matrix h→ h(U) now depends on the current state matrix
U , as rl(ρ̂) = rl({⟨n̂s⟩}s) = rl({(UU †)ss}s). In particular, the modified dynamics is still
non-interacting and particle number conserving such that we use the same parametriza-
tion in terms of Gaussian states at half filling. Note that along each trajectory, the
weak measurement protocol makes the measurement currents Jl,t experimentally acces-
sible at each time step. These are related to the instantaneous measurement readouts
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Figure 29: Absorbing state phase transition of monitored free fermions with classical
pre-selection. a) Growth of the half-chain entanglement entropy S(L/2) with system
size L at t = 0.1L2. b) Finite size scaling of the entanglement entropy and the ensemble
averaged density-density correlation function ⟨n̂ln̂l+1⟩, extracted after an evolution time
of t = 0.1L2. The inset shows the unrescaled data, with dashed lines as guides to the
eye. c) Evolution of the order parameter to the dark state. The error bars in a) and
b) represent the statistical error from fitting the data between times t = L2/10 and
t = 1.2L2/10 by linear regression.

via

Jl,t = ⟨n̂l⟩t +
dWl,t

2dt
√
γ
. (5.9)

Hence, given that the initial state is known, we can infer the Wiener increment dWl,t

from the expectation value computed from a numerical simulation at every time-step
and the measurement read-out such that the numerical simulation of a given trajectory
is deterministic. This means, that we can in principle compute the expectation value
⟨n̂l⟩t during the experiment and therefore find appropriate rl to implement the post-
selection method. In the numerical simulation presented here, we assume this scenario
to be realized.

For a more complex wave function evolution, which cannot be efficiently simulated
in real time, one could refer to alternative schemes. For instance one may estimate
the instantaneous expectation values ⟨L̂(0)

l ⟩ directly from the measurement outcomes
Jl,t by applying appropriate filtering. Examples for advanced filtering schemes are
Kalman [193] or low pass filters [192], which can represent an alternative way to resolve
MIPTs in the classical feedback scheme. Alternatively, the quantum feedback variants
do not require the classical inputs.

Each trajectory is initialized in a random, half-filled product state (e.g. |01101⟩),
which is evolved under an unconditioned Hamiltonian (rl = 1) for a period t = −5

to t = 0 to reach an entangled initial wave function at t = 0. Then, the classical
pre-selection scheme is applied as described above. During the evolution, we compute
the entanglement entropy to benchmark with the non-linear observables relevant for
MIPTs, the order parameter ⟨n̂ln̂l+1⟩ and the ensemble purity τ ≡ trρ̂2 (see below).
Each observable reaches a (quasi-) stationary plateau at times t ∼ O(L2), as we show

94



5.2 Classical feedback

in Fig. 29c). The evolution of the order parameter ⟨n̂ln̂l+1⟩ displays a characteris-
tic behavior in the two different regimes: for strong measurements, the dark state is
reached after an algebraic time scale t ∼ L2 resulting from the diffusive redistribution of
number-conserved particles under strong measurements. The initial relaxation follows
a power law decay ∼ t−1/3 of the order parameter. In the weak measurement regime,
the order parameter saturates on a plateau, which is robust up to exponentially long
time scales t ∼ exp(L) in the system size. This phenomenology in the dynamics gives
a further parallel to absorbing state transitions, and to purification transitions [178].
Throughout this work, we set the stationary values to be reached at t = 0.1L2, which
turns out to yield consistent and converged expectation values, shown in Fig. 29a),b),
see also Fig. 30a). The observables at this timescale are extracted by averaging over
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Figure 30: Classical pre-selection dynamics. a) In the area-law phase (γ = 0.6), the
entanglement-entropy has a finite value for L → ∞ at timescales ∼ L2. The precise
value depends on γ (not shown) and the precise choice of the observation time. In the
logarithmic phase (inset), this dependence disappears at large L due to the formation
of a exponentially long-lived plateau value for all observables. b) The reaction-diffusion
timescale L2 emerges when comparing the time-evolution for different system sizes in
the absorbing phase (γ = 0.6). Studying t = 0.1L2 appears to be a reasonable choice to
efficiently distinguish the different regimes. c) For strong measurements the trajectory
ensemble purifies at the same timescale, while weak measurements leave it fully mixed
for exponentially long times. The final purity is 1/2 due to the degeneracy of the target
state in the classical pre-selection setup.

O(1/L) different trajectories (denoted by an overbar). Each result is then also time-
averaged over the period t = L2/10 to t = 1.2L2/10 and fitted by linear regression,
yielding the error estimates shown in Fig. 29a),b). The data shown there demonstrates
the MIPT with pre-selection: In the weak measurement phase (γ ≲ 0.47), the entangle-
ment grows logarithmically S(L/2) ∼ ceff

3
logL, and it becomes constant in the strong

measurement phase, ceff = 0, since the entanglement entropy in the Néel state is exactly
zero and in the approach to the Néel state, typical states at finite time obey area law
scaling, see Fig. 30a). In the limit of vanishing measurement strength, a volume-law
growth of the entanglement is observed (Fig. 29a)). A scaling collapse (Fig. 29b)) re-
veals that both the entanglement entropy and the ensemble order parameter indicate
a phase transition at the same critical measurement strength γc ≈ 0.47. Here, the
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arbitrarily small values of S(L/2) and ⟨n̂ln̂l+1⟩ for γ > 0.47 at late times reduce the
uncertainty in determining γc compared to the unmodified MIPT (see Sec. 3.3). The
data displays an exponential divergence of the correlation length log ξ ∼ |γ − γc|−1.
Note that this behavior does not coincide with the finding from the unmodified model
where the BKT essential scaling log ξ ∼ |γ−γc|−1/2 was found. However, the exponen-
tial scaling demonstrates the connection of the absorbing state phase transition in the
ensemble average and the entanglement transition on the level of individual trajecto-
ries. At the critical point and in the thermodynamic limit, both the order parameter
and the entanglement entropy undergo a discontinuous jump from ⟨n̂ln̂l+1⟩ ≈ 0.21 or
ceff ≈ 2.0 to zero.

These results demonstrate that the entanglement scaling is inherited in the pre-
selected case, but now accompanied by a phase transition for the order parameter∑

l⟨n̂ln̂l+1⟩, which can be probed in experiments, e.g., from measurements of the den-
sity distribution. The critical behavior is governed by the essential scaling of a BKT
transition.

To further support this result, we also study the purity τ . For a pure state we have
ρ̂2 = ρ̂ and the purity is τ = 1. Generally, the purity is proportional to the number of
quantum states that contribute to the stationary ensemble, τ ∼ |Hss|−1, where Hss is
the Hilbert space of stationary wave functions. Without pre-selection, the stationary
state is maximally mixed ρ̂ ∼ 1̂ and thus τ ∼ exp(−L) decays exponentially with the
system size. When pre-selection is applied, and when the system reaches an absorbing
state, τ = 1/ND, where ND is the number of possible dark states (2 in this case).
When ρ̂ is a statistical mixture of N independently measured wave functions

∣∣ψ(l)
〉
,

i.e., ρ̂ = 1
N

∑N
l=1

∣∣ψ(l)
〉 〈
ψ(l)
∣∣, then

τ =
1

N2

N∑

l,l′=1

|⟨ψ(l)|ψ(l′)⟩|2. (5.10)

In Fig. 30c) we show the purity of monitored free fermions undergoing a MIPT with
pre-selection for a system of L = 64 sites. At the critical point, it jumps from τ ∼ 0 in
the weak monitored phase to τ = 1/2 in the strongly measured, absorbing phase. This
is precisely the degeneracy of the two Néel states.

To summarize, we numerically studied the classical feedback protocol and found
that the universal behavior at the phase transition is not modified on the level of
observables that are also accessible in the underlying MIPT, such as entanglement and
purification. The effect of the feedback is to transform the MIPT into a quantum ASPT
where the BKT transition is visible in linearly averaged observables. We demonstrated
this here for the Néel order parameter. To give further evidence for the proposed
strategy being useful in making MIPT visible, let us now discuss the complementary
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quantum feedback strategy.

5.3 Quantum feedback

5.3.1 Dynamical protocol

In the quantum feedback scheme, we modify the Hamiltonian in Eq. (5.5) such that
the Néel state is again a dark state,

Ĥ(0) → Ĥ =
∑

l

(ĥl+1 + ĥl−2)Q̂l, Q̂l =




n̂l l odd

1− n̂l l even.
(5.11)

The directionality is implemented by an IF-THEN condition acting right after a ‘wrong’
(incompatible with target dark state) measurement result n̂l odd → 1 or n̂l even → 0 has
been obtained. Wrong results can be corrected by applying a quasi-local unitary gate
operation Ĉl with [Ĉl, L̂

(0)] ̸= 0. Here we take randomly with equal probability one of

Ĉ+
l = exp

Ä
−iπ

2
ĥl
ä
, Ĉ−

l = exp
Ä
−iπ

2
ĥl−1

ä
. (5.12)

These are chosen such that when acting on a product state of sites l and l ± 1, they
exchange the occupation number of these two states. If both sites are occupied or
empty, nothing happens but if they are different, this brings the state closer to the
target state. Here, we use the QJ protocol to be able to obtain a simple correction
rule based on binary measurement-outcomes. The principle of the steering towards the
dark state is this: if a ‘right’ measurement result has been recorded, the projector Q̂l

evolves the state towards ρ̂D. If a ‘wrong’ measurement result has been recorded, the
state is projected by Q̂l = 1̂− P̂l away from ρ̂D. We then rotate it back onto the dark
state by the unitary Ĉ±

l ,

‘right’ : ρ̂→ P̂lρ̂P̂l

⟨P̂l⟩
, ‘wrong’ : ρ̂→ Ĉ±

l Q̂lρ̂Q̂lĈ
±†
l

⟨Q̂l⟩
. (5.13)

Based on these simple update-rules we can redo the derivation of the Lindblad master
equation from a projective measurement protocol, shown in Sec. 2.1. In absence of the
correction, it reads

∂tρ̂ = −i[Ĥ, ρ̂] + γ

2

∑

l

Ä
P̂lρ̂P̂l + Q̂lρ̂Q̂l − ρ̂

ä
. (5.14)

Here we used that the measurement dynamics is invariant under n̂l ↔ 1 − n̂l. The
correction operator acts after projection onto the eigenstate that is incompatible with

97



5 REVEALING MEASUREMENT-INDUCED PHASE TRANSITIONS OF
FERMIONS BY PRE-SELECTION

the target state. This yields

∂tρ̂ = −i[Ĥ, ρ̂] + γ

4

∑

l

∑

σ=±

Ä
P̂lρ̂P̂l + ζl,σĈ

σ
l Q̂lρ̂Q̂lĈ

σ†
l − ρ̂

ä
. (5.15)

Here, ζσ,l is a binary random variable which takes for every lattice site and every
time-step independently equal probability the values 0 or 1. This ensures that we do
not implement a breaking of inversion symmetry on the averaged level. Taking the
trajectory average over these choices of the correction operators yields the Lindblad
master equation

∂tρ̂ = −i[Ĥ, ρ̂]−γ
2

∑

l

[n̂l, [n̂l, ρ̂]]

︸ ︷︷ ︸
Dρ̂

+
γ

4

∑

l

∑

σ=±

Ä
L̂σl ρ̂L̂

σ†
l − Q̂lρ̂Q̂l

ä
︸ ︷︷ ︸

F ρ̂

, (5.16)

where we introduced Lindblad operators

Lσl = Ĉσ
l Q̂l. (5.17)

D corresponds to the measurement process. This leads to the diffusion dynamics known
from the unmodified problem, which means that all terms in the density-operator that
are off-diagonal in the particle number basis decay. The new term F that emerges
due to the feedback acts only if the occupation at site l is definite and different from
the target state, in which case a correction is applied. If the correction has no effect,
this term also vanishes. Preservation of the trace is ensured by the unitarity of Ĉ±

l .
Since the Néel state is also an eigenstate of Ĥ due to the modification (P̂l |D⟩ = 0),
the master equation (5.16) turns the fermion MIPT in individual wave functions into
an absorbing state transition for the ensemble: The repeated application of both Ĥ

and L̂±
l pushes any initial state into the Néel state ρ̂D. Active and inactive phases

are distinguished by the characteristic time scale at which ρ̂D is reached. This can be
discussed on the level of a mean-field approach.

5.3.2 Mean-field dynamics

In the limit of strong measurements (γ ≫ 1), the state ρ̂ is nearly diagonal in the
fermion number basis after a time O(1/γ) as projections act local and dominate over
the entangling Hamiltonian. Based on this, the modified Lindblad operators cause
a diffusive motion of defects, i.e. local configurations that do not coincide with the
dark state, which stops once the Néel state is reached. This does not happen on
the microscopic time-scale due to the conservation of particle number. Defects can
only disappear by annihilating with other defects. Therefore, in this limit the Néel
state is expected to be reached on time scales t ∼ L2 with system size L, exactly as
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in the classical feedback protocol. This is confirmed by a mean-field analysis of the
Lindbladian for a homogeneous system of infinite size. We find it convenient to use
a particle-hole transformation ĉl ↔ ĉ†l on even sites. After this transformation, the
dark state is the vacuum |00000 . . .⟩. Hence, a natural order-parameter is the particle
number n̂l: It vanishes everywhere in the dark state while it is finite for every other
state. Therefore, we describe the dynamics of the state towards the dark state in terms
of an evolution of the trajectory average n = ⟨n̂l⟩ which, on the mean field level is
approximated as a constant in space but a function of time.

The particle-hole transformation modifies the Hamiltonian to

Ĥ =
∑

l

n̂l(−1)l(ĉl−2ĉl−1 + ĉ†l−1ĉ
†
l−2 + ĉ†l+1ĉ

†
l+2 + ĉl+2ĉl+1). (5.18)

After the transformation, the number conservation (in terms of the new degrees of
freedom) is broken. Instead, we now find that the hopping can only annihilate or
generate pairs of excitations on neighboring sites if there already is an excitation nearby.
Combining this to the dynamics due to measurement and feedback yields

∂tρ̂ = −i[Ĥ, ρ]− γ

2

∑

l

(
{n̂l, ρ̂} − n̂lρ̂n̂l −

1

2

∑

σ=±

L̂σl ρ̂L̂
σ†
l

)
, (5.19)

where
L̂±
l = n̂l(1− n̂l±1)− i(−1)lĉlĉl±1 (5.20)

Based on this model, we now study the directed motion of the state towards the dark
state. We anticipate, that in the strong measurement limit, after sufficiently long
times, we will be close to the dark state such that the excitation density is low and
excitations are only weakly correlated. This allows a mean field treatment, neglecting
long-range correlations and decoupling correlators using Wicks theorem. Considering
correlations up to nearest neighbors yields the mean-field time evolution (for a deriva-
tion see App. D.1)

∂tn = n(4K − γn), ∂tK = 4n− γK, (5.21)

with the additional mean field K = i(−1)l⟨ĉlĉl+1 − ĉ†l+1ĉ
†
l ⟩. The time-evolution for

the density is quadratic in the mean fields due to the particle-number conservation:
local particle excitations can only be generated or annihilated if two excitations meet.
In contrast, the evolution for K is linear as it is not conserved. For that reason,
K undergoes a much faster evolution than n. Let us therefore make the the ansatz
of constant n to solve for K which yields that K − 4n/γ ∼ e−γt. Since n evolves
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algebraically, we plug in the approached stationary value K = 4n/γ which yields

∂tn =
n2

γ
(42 − γ2) → n(t) =

1
1

n(t=0)
− 42−γ2

γ
t
. (5.22)

Since n > 0 is the excitation density, we can distinguish 3 cases: (i) For γ > 4, we
never hit the pole and the excitation density vanishes n ∼ t−1. This slow decay justifies
the separation of scales used in the discussion above a posteriori. (ii) For γ = 4, the
time dependence vanishes and we get n(t) = n(t = 0) = const. (iii) For γ < 4,
the time-evolution hits the pole at t = γ/n(t = 0)(42 − γ2) and the excitation density
diverges, signalling that the dark state is unstable and the approximation breaks down.
In this case, we cannot drop higher order terms in n for stability. If we keep them (see
App. D.1), we find another stationary state n = γ2−16

γ2−32
(γ < 4 in this case) and K = γn

4
.

This means, that the defect density in the long-time limit on the discussed mean-field
level goes continuously to 0 at the critical point γ = 4 and nicely connects to n = 1

2

i.e. a totally disordered system in absence of measurements. We demonstrate this also
by solving the mean field equations numerically, see Fig. 31.
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Figure 31: Time evolution of the defect density in the quantum feedback protocol in
mean field approximation, initialized with n = 0.5 and K = 0. The transition between
active and inactive phase becomes sharp at late times. In mean field, the active phase
is stable until infinite times as we effectively assume an infinite system. In a real
finite system, the defect density ultimately goes to 0 for any finite γ on an exponential
timescale in L in the active phase and an algebraic time-scale in the absorbing phase.
Both effects are not present on the mean field level.

This discussion shows that we get a dark state phase transition on the mean-field
level at γ = 429. For strong measurements, there is an algebraic approach to the
Néel state which is well described in a classical picture as the dynamics is dominated
by the diffusion of single defects. This corresponds to an area law phase. For weak
measurements on the other hand, the enhanced superposition of particles leads to a

29The precise value that is predicted does not depend on whether we apply the correction on every
site or on every other site, and it also does not depend on whether we correct randomly in both
directions or always to the left or right.
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drastic enlargement of the accessible Hilbert space, and a slowing down of the relaxation
towards the Néel state. It can only be reached on time scales growing with the size
of the Hilbert space t ∼ exp(L). In the mean-field equations, this is revealed by the
emergence of a second stationary solution: an active state with ⟨P̂l⟩ = 16−γ2

32−γ2 for γ < 4.
While the Néel state remains stationary, any other initial configuration approaches
the active state, whose lifetime diverges in the L → ∞ limit. This confirms the
phenomenology of an absorbing state phase transition.

5.3.3 Bosonization

In order to examine the long-wavelength dynamics beyond mean-field, we work in the
spatial continuum limit, which for number-conserving fermion dynamics amounts to the
bosonization framework [44], discussed also in Sec. 3.2.2 and Sec. 4.3. This approach is
applicable assuming that the system is in the active phase, where the stationary state
is far away from the Néel state such that the density is distributed constantly and the
correction is irrelevant. The emergence of Néel order here signals the critical point.
This justifies an expansion around a state of constant density which on the level of
operators motivates the bosonization on a lattice,

ĉ†l →
»
n̂(x)e−iθ̂(x), n̂(x) =

Å
n0 −

1

π
∂xϕ̂(x)

ã ∞∑

l=−∞

e2il(πn0x−ϕ̂(x)) (5.23)

where x = al and a is the lattice spacing and n0 = 1/2a is the density. The Hamiltonian
can be conveniently rewritten as30

Ĥ =
∑

l

(1− (−1)l(n̂l+2 − n̂l−1))(ĉ
†
l ĉl+1 + ĉ†l+1ĉl). (5.24)

If the density is constant, we can approximate n̂l+2 − n̂l−1 ≈ 0 which just yields the
original Hamiltonian, which in bosonization yields the unmodified Luttinger liquid
Hamiltonian,

Ĥ0 =
v

2π

ˆ
x

Ä
(∂xϕ̂)

2 + (∂xθ̂)
2
ä
. (5.25)

If there is a tendency towards Néel order in the state, we obtain the following non-linear
term (see App. D.2),

∆Ĥ = g

ˆ
x

cos 2ϕ̂, (5.26)

where g ∈ R is a coupling that signals an instability towards the Néel state if it is
relevant in the RG sense. Besides that, only derivative terms or oscillating factors that

30Here we work again in the original representation of the fermions, undoing the particle-hole
transformation.
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do not contribute at large distances appear. Therefore, the long wavelength effective
Hamiltonian ins Ĥ = Ĥ0 +∆Ĥ. Since all terms are normal-ordered, we can straight-
forwardly translate this into a Keldysh path integral via the Feynman construction as
discussed in Sec. 3.2.2. Besides that, the dephasing term D can be bosonized just as
before. It drives the system into an infinite temperature state which is not obstructed
of Hamiltonian terms of any kind. Therefore, ∆Ĥ is irrelevant in absence of the feed-
back term that induced direction in Hilbert space, F . The appearing terms locally
are ∼ L̂±

l ρ̂L̂
±†
l − Q̂lρ̂Q̂l with L̂±

l = Ĉ±
l Q̂l. Bosonization of this object is tedious as

the preservation of the trace is only ensured by the unitarity of the correction oper-
ator, which is easily lost in approximations. Therefore, let us discuss the correction
operator on the level of symmetries of the problem. We start by recalling that any non-
Hermitian operator L̂ ̸= L̂† can be decomposed into a Hermitian and an anti-Hermitian
contribution L̂ = L̂H + iL̂A with (L̂H)† = L̂H and (L̂A)† = L̂A. When acting with a
Hermitian operator from the left and the right onto a density operator, L̂H ρ̂L̂H , this
needs to be compensated by an anti-commutator in the Lindblad equation to ensure
the preservation of probability. The resulting contribution will again be of the form
of a pure noise term just like the measurement. The same applies for the application
of L̂A from both sides. Therefore, we absorb these contributions into the dephasing
couplings and retain only

F ρ̂ = −iγ
4

∑

l

∑

σ=±

Ä
L̂±A
l ρ̂L̂±H

l − L̂±H
l ρ̂L̂±A

l

ä
. (5.27)

The correction operators can be written as

Ĉ+
l = (1− (n̂l − n̂l+1)

2)− iĥl, Ĉ−
l = (1− (n̂l − n̂l+1)

2)− iĥl−1. (5.28)

Based on this, let us now discuss the symmetries of the model in terms of the fermions
and the bosonized fields. The original model in absence of feedback conserves the par-
ticle number. This corresponds to a U(1) symmetry which in terms of the bosonized
operators reads θ̂ → θ̂ + b where b is an arbitrary real number. This conservation law
is not broken by the feedback operator L̂±

l such that we need to obey this symmetry.
Besides that, the compact nature of the density counting field enforces the symmetry
ϕ̂→ ϕ̂+ πm for integer m as two configurations that are related by such a global shift
describe the same state. This allows for contributions of the form ∼ cos 2mϕ̂. The
alternating pattern of the correction operators indeed gives rise to the leading contri-
bution, the Néel order ∼ cos 2ϕ̂, as we also saw in the perturbation to the Hamiltonian
∆Ĥ. Even though the translation invariance of the microscopic model is broken down
from x→ x+a to x→ x+2a, the coarse grained model obeys infinitesimal translation
invariance x → x + δ. Finally, the original model has inversion symmetry, l ↔ −l
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i.e. x ↔ −x in the continuum. This symmetry is explicitly broken by the individual
correction operators Ĉ±

l as

∑

l

Ĉ±
l Q̂lρ̂Q̂lĈ

±
l →

∑

l

Ĉ∓
−lQ̂−lρ̂Q̂−lĈ

∓
−l =

∑

l

Ĉ∓
l Q̂lρ̂Q̂lĈ

∓
l . (5.29)

Note that the + and − correction exchange their role under inversion. We work in
the fine-tuned case that correction operators in both directions are applied with equal
rate such that the sum of both contributions is again inversion symmetric. Hence, the
inversion symmetry of the problem is retained. In bosonization, the inversion sym-
metry corresponds to simultaneous transformation of both operators, ϕ̂(x) → −ϕ̂(−x)
and θ̂(x) → θ̂(−x). We conclude that all symmetries of the coarse grained measure-
ment model are unaffected by the quantum feedback protocol. For that reason, we
can construct the potential terms that appear in the dissipative part of the master
equation (5.27). We need to find Hermitian operators occuring in L̂Hl and L̂Al that, in
combination of both terms, obey all symmetries.

Due to the shift-invariance of both fields, massive fields are ruled out. Instead,
to zeroth order in derivatives, there can only emerge cos 2ϕ̂ (and higher harmonics).
On top of that, we may add derivative terms ∂xϕ̂ and ∂xθ̂ up to quadratic order in
derivatives, as higher derivatives are less relevant in the RG sense. Trivially, the Her-
mitian operator might also be constant. However, choosing either L̂Hl or L̂Al constant
yields the usual commutator structure which renormalizes the Hamiltonian. The terms
appearing like that have the same form as the Hamiltonian due to the symmetries but
the relative size of ∼ (∂xϕ̂)

2 and ∼ (∂xθ̂)
2 terms are not expected to be equal since the

problem is interacting due to the feedback. It is therefore expected that the feedback
shifts the Luttinger liquid parameter by a real number that depends on the measure-
ment strength γ. Therefore, we expect an altered critical measurement strength which
is observed in the numerical simulation, see Fig. 34, where the critical point is found for
comparably larger measurement rate. In this sense, the feedback stabilizes the strongly
entangled phase.

Besides these, non-trivial operators may act from both sides on the state. If the
same operator acts from both sides, the two contributions to F cancel out. The only
term remaining that is quadratic and contains up to two derivatives reads

´
x
∂xϕ̂ρ̂∂xθ̂.

It however breaks inversion symmetry and cannot appear because of that. Therefore,
all dissipative contributions need to contain the cos non-linearity. The combination of
cos 2ϕ̂ with ∂xϕ̂ vanishes due to the additional − sign that ϕ̂ obtains under inversion.
In contrast, the phase field does not generate a − sign under inversion and therefore,
we finally identify the steering term in bosonization,

F ρ̂ = iκ

ˆ
x

Ä
(∂xθ̂)ρ̂ cos

Ä
2ϕ̂
ä
− cos

Ä
2ϕ̂
ä
ρ̂(∂xθ̂)

ä
, (5.30)
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where κ > 0 is a coupling constant that vanishes in the absence of feedback. The
first derivative term here is no boundary term and also does not break the microscopic
symmetries due to being conditioned on the relevance of the Néel order instability.
However it is globally crucial as it enables directed evolution into the dark state once
the non-linearity becomes relevant, which coincides with the BKT transition on the
replica level, where the corresponding operator appears as well.

This can be discussed on the level of the Keldysh action for a single replica. We
found, that in absence of the feedback, only the quadratic part of the measurement
is present and θ can be integrated out exactly. Due to the feedback, we obtain the
additional action31

∆S =

ˆ
x,t

∑

σ

σ [−g cos(2ϕσ) + κ(∂xθσ) cos 2(ϕ−σ)] . (5.31)

The Hamiltonian term does not depend on θ such that integrating out θ is trivial
while we need to redo the computation in App. C.2. It amounts to a shift of the
time-derivative of ∂tϕσ → ∂tϕσ + πκ cos 2ϕ−σ. This yields the action

S =
1

2πv

ˆ
x,t

∑

σ

σ
[
(∂tϕσ + πκ cos 2ϕ−σ)

2 − v2(∂xϕσ)
2 − g cos 2ϕσ

]

+
iγ

2π2

ˆ
x,t

(∂xϕ+ − ∂xϕ−)
2. (5.32)

To get an interpretation of this result, we rewrite it in terms of a Langevin equation [154]
by first performing the Keldysh rotation and expanding in quantum fields to quadratic
order. This yields32

S =

ˆ
x,t

−2ϕq

Ç
(∂2t − ∂2x)ϕc − 4πκ sin

Ä√
2ϕc
äÇ

∂tϕc +
√
2πκ cos

√
2ϕc +

√
8g

4πκ

åå
+

ˆ
x,t

iγv

π
(∂xϕq)

2. (5.33)

The quadratic contribution corresponds to noise as we can see by rewriting

e−
γv
π

´
x,t(∂xϕq)

2

= e−
γv
π

´
p,ω p

2ϕ∗qϕq

=

ˆ
Dξe−

´
p,ω

π
γvp2

ξ∗ξ
e2i
´
ω,p ξ

∗ϕq

=

ˆ
Dξe−

´
p,ω

π
γvp2

ξ∗ξ
e2i
´
t,x ξϕq , (5.34)

where ξ is a real field. The Gaussian is now interpreted as an integral over noise

31We suppress the replica index as we consider R = 1 here.
32We re-scaled the quantum fields by a factor 2πv.
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realizations where the noise is correlated with ξ−pξp = γvp2

π
and enters the action

according to

S =

ˆ
x,t

−2ϕq

Ç
(∂2t − ∂2x)ϕc − 4πκ sin

√
2ϕc

Ç
∂tϕc +

√
2πκ cos

√
2ϕc +

√
8g

4πκ

å
− ξ

å
(5.35)

Finally, taking the semi-classical limit and studying the saddle point equation yields
the stochastic time-evolution of the classical field. It is related to the classical density
counting field by ϕc =

√
2ϕ due to the Keldysh rotation that was used. This yields the

Langevin equation

(∂2t − ∂2x)ϕ− 4πκ sin 2ϕ
(
∂tϕ+ πκ cos 2ϕ+

g

2πκ

)
=

ξ√
2
. (5.36)

Without pre-selection (g = κ = 0), this equation describes a conventional Luttinger
liquid subject to heating or dephasing in the density ∼ n̂l [38]. This term yields
fluctuations ∼ p2 for each momentum mode p and pushes the system into a maximally
mixed state. Adding the modification to the Hamiltonian (g ̸= 0) only adds a potential
term that however cannot prevent the fluctuation from heating as there is no mechanism
counteracting the heating. Adding the feedback (κ ̸= 0) however adds a first derivative
term such that ϕ experiences cooling once the non-linear operator cos 2ϕ becomes
relevant, i.e. κ ̸= 0 on large distance scales. Whenever nonzero, the cooling term
dominates over the noise and pushes the system into the absorbing state. This can
be studied, considering the homogeneous solutions of the Langevin equation. As they
are homogeneous, they are not affected by the noise such that the mean field evolves
deterministically. A non-zero g does not qualitatively change the picture such that we
assume g = 0 now. The flow of the counting field is visualized in Fig. 32. It shows,
that the only stable fixed point (up to shifts by π) is at ϕ = −π/4 which corresponds
to the Néel state that is the dark state of the original model. The other fixed points
correspond to the constant density state and the opposite Néel state. The constant
density state is a hyperbolic fixed point and the opposite Néel state is repulsive. Hence,
in bosonization we also recover the directed motion towards the dark state conditioned
on the relevance of the instability itself, signalling the area law phase of the original
model.

Overall, this gives rise of a new type of absorbing state phase transition, where the
order parameter ϕ remains gapless both in the spectrum as well as in the noise in the
entire active phase. The absorbing state phase transition corresponds to a generation
of a mass scale in the spectrum according to the BKT mechanism, which steers the
state into the noiseless configuration ϕc = const., i.e. at momentum p = 0, which is
blind to the noise ∼ p2 in Fourier space.

It is instructive to compare the present version of an absorbing state phase tran-
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Figure 32: Flow of the mean density counting field ϕ over time. The feedback term κ
lets a generic initial system state flow into a unique fixed point which corresponds to
the dark state (green). The other fixed points of the dynamics are hyperbolic (black) or
repulsive (red) and correspond to a fine tuned state that is unstable under contributions
from higher harmonics.

sitions to more conventional, classical variants. A paradigmatic example in the latter
context is directed percolation, which we consider here for definiteness. The overar-
ching common feature is the existence of a dark or absorbing state of the full master
equation. Also common is a suppressed noise level in the vicinity of the dark state,
which vanishes in the dark state itself, creating its ‘dark’ or ‘absorbing’ property. This
is responsible for the existence of genuine phase transitions in 1+ 1 dimensions, which
can have no counterpart at finite temperature thermal equilibrium, where the noise
level is flat and non-zero. However, differences are present in the incarnations of the
suppressed noise level: In the case discussed above, there is a dark state at p = 0, while
in the vicinity, there is an additive noise level which scales ∼ p2 as indicated above.
This scaling of the noise level equips the system with an effectively 1 + 1 dimensional
phase space, analogous to a quantum problem at T = 0 [194], and thus enabling a
quantum phase transition (for comparison, a noise level scaling ∼ p0 would reduce the
problem to an effectively 1 + 0 dimensional, classical one). In contrast, in classical
absorbing state transitions, the dark state is realized by a noise which is multiplicative
but scales ∼ p0, i.e., the noise level scales with the order parameter field of the ab-
sorbing state transition. Therefore, it vanishes identically in the inactive phase, while
being proportional to the order parameter in the active phase.

To summarize, in bosonization, the irrelevance of the modifications leads to Ĥ ≈
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Ĥ(0) and L̂l ≈ L̂
(0)
l up to (globally crucial) gradient terms. Quantitatively, the dynamics

is described by a non-Hermitian sine-Gordon theory, which predicts the absorbing state
transition to be BKT. This complements analytically our numerical results for the
classical scheme (Fig. 33). In particular, the term describing the noise level in the
effective theory is RG irrelevant, reflecting the existence of a dark state and preserving
the scaling behavior characteristic of a 1 + 1 dimensional quantum BKT scenario.

5.3.4 Numerical simulation

To demonstrate the discussed behavior, we implement the quantum feedback scheme
numerically and study the dynamics in finite systems. Due to the interacting na-
ture of both L̂±

l and Ĥ this cannot be done using Gaussian states, in contrast to the
classical feedback scheme, so that we implement a time-evolution block-decimation
(TEBD) [195–198] algorithm based on a matrix product state (MPS) representa-
tion [122]. Initializing the system in a random product state leads to weak entan-
glement throughout the time-evolution in both phases, as long as we avoid very weak
measurement rates. Therefore we may simulate systems beyond the scope of exact di-
agonalization. To implement the TEBD algorithm, we need to rewrite the state update
due to feedback in every time-step (choosing again dt = 0.05) in terms of local gate op-
erations in a system with open boundary conditions (as opposed to periodic boundary
conditions in the classical feedback scheme), see Fig. 33a). The state is first updated
by applying a series of 3-local operations of the form e−in̂iĥi±1,i±2dt/2 from trotterization
of the Hamiltonian time-step e−iĤdt using a truncation of the MPS at a finite bond-
dimension in each step. After that, all gates are again applied in opposite order. The
splitting is done to reduce trotterization errors. After that, we apply the measurement
and feedback operation (see Fig. 27) by extracting the probabilities of the measurement
outcomes of n̂l for a set of randomly (rate 1− e−γdt)33 chosen sites l and according to
this distribution, we apply first a local projection operator onto the state, normalize
and in case of an outcome that is not compatible with the target state, we apply the
correction operator Ĉl,l±1 (± chosen randomly) which is a 2-local object, after which
we truncate the MPS at the given bond-dimension. After such a time-step we extract
the entanglement entropy and the observable order parameter ⟨n̂ln̂l+1⟩. These steps
are implemented using the ITensors.jl package [197, 198] and we repeat them up to
times 0.1L2, repeating the whole process in independent trajectories. The stochastic
nature of the trajectories leads to noisy data while a finite bond dimension yields a
systematic error (see Fig. 33b)). Therefore, we need to perform a scaling analysis in
terms of both the system size and the bond dimension to analyze the absorbing state
phase transition. In App. B.2 we discuss the role of the bond dimension in more detail.

33Note a different definition by a factor of 2 compared to the classical feedback simulations and the
analytical approach.
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e−iĤdt

measurement-
based

feedback
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Figure 33: a) Discrete representation of the quantum feedback protocol that is im-
plemented using TEBD. b) Impact of the maximal bond dimension in TEBD in the
different phases: For strong measurement, entanglement is low and a small bond di-
mension is enough to capture the entanglement bottleneck at intermediate times while
for weak measurement, a large bond dimension is required. We show data for L = 32
here. c) The time-evolution towards the target state, as characterized by the order
parameter. In the absorbing phase, we observe a power-law decay with an exponent of
≈ 1/4 (dashed line) different to the classical pre-selection setting and the target state is
reached in the reaction-diffusion time-scale L2. This is compared to the (time-rescaled)
results of a classical simulation in the semi-classical limit of the model, where much
larger system-sizes are available (see App. D.3). For rare measurement, the large en-
tropy barrier masks the formation of a long-lived plateau as we are restricted to rather
small system sizes but there is a clear trend towards this scenario. The bond dimension
is chosen such that the observables at t = 0.1L2 remain unchanged when doubling the
bond dimension.

Besides that point, we observe the phenomenology of an absorbing state phase
transition just like in the classical feedback scenario: For strong measurements, at
system goes into the dark state in algebraic time t ∼ L2 according to a power law, while
for weak measurements, an active phase emerges that is stabilized by the system size
(see Fig. 33c)). This is also reflected in the entanglement, supporting the pre-selection
phenomenology (see Fig. 28) in this model: The absorbing state corresponds to the
weakly entangled phase while the active phase is strongly entangled (see Fig. 33b)).
In fact, the entanglement entropy is logarithmic in the system size (see Fig. 34b))
indicating a CFT phase matching the unmodified model. Besides that, we may perform
a finite size scaling analysis for both the entanglement and the order parameter in the
quasi-stationary state which indicates a qualitative change at γ ≈ 0.35 between an
active phase with logarithmic entanglement scaling and a finite order parameter at
t = 0.1L2 and a phase with a drastically reduced order parameter and entanglement,
indicating an absorbing phase. This confirms the existence of a phase transition for
both at the same critical measurement strength (see Fig. 34c)). The results shown in
Fig. 34 qualitatively match the picture found in the classical feedback numerics and
the field theory analysis, indicating a phase transition at γc ≈ 0.35 between an area
law entangled, absorbing phase and a logarithmic active phase at the reaction-diffusion
timescale ∼ L2.
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Figure 34: Entanglement-entropy in a single trajectory depending on the position l of
the bi-partition of the state into a subsystem of length l and its compliment in a system
with open boundary conditions, starting from a random product state with half filling.
The full Hamiltonian of the quantum pre-selection scheme with measurements (left
columns) results in a qualitatively different entanglement between rare γ = 0.2 and
frequent γ = 0.5 measurement and a quick saturation of the behavior. Including the
active feedback (right columns, see Fig. 27) has no drastic effect on the entanglement
scaling up to the considered time 0.1L2 for rare measurements (c.f. classical feedback
data, Fig. 28) while all entanglement is gone for frequent measurements as the target-
state is reached at this timescale. b) The entanglement scaling at the timescale t =
0.1L2 and L = 32 with subsystem l size in the trajectory average shows a logarithmic
growth for γ ≲ 0.35 and area law for γ ≳ 0.35. c) Finite system size analysis for
both the entanglement and the ensemble order parameter. Inset: In particular for
the comparison of different system-sizes, a proper analysis of the the bond-dimension
cutoff in the MPS approximation is crucial and we obtain the data by extrapolating
from finite bond-dimension data (colorcode like in b), L = 32).

5.4 Conclusion

Pre-selection reveals the physical meaning of MIPTs in terms of quantum absorbing
state phase transitions in representative wave functions. This result is rationalized
by the individual measurement trajectories hosting the same information as the entire
ensemble in a large system. In this sense, it parallels post-selection, but it avoids an
exponential overhead. On the practical side, this opens up a clear path towards ex-
perimental observability of MIPTs in controlled quantum platforms. We demonstrated
this connection for spinless fermions in one dimension and a trivial target state without
entanglement. We argued that this proof of principle suffices to lift the MIPT of BKT
type in free fermions under monitoring, which is still debated, to the level of observ-
ability in terms of an order parameter. On the theory side, it also opens up an entirely
different direction: the availability of adaptive quantum circuits [124, 125] enables a
controlled physical realization of quantum absorbing state phase transitions with po-
tentially novel non-equilibrium universality classes in the quantum regime. While we
demonstrated the tight connection of stationary behaviors of MITPs and pre-selected
scenarios, a particular challenge is posed by exploring their mutual relation in terms
of dynamics.
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6 Conclusion and outlook

In this thesis, we discussed various aspects of the dynamics of monitored fermions
in one dimension. This system constitutes the ideal platform to study measurement-
induced phenomena in the presence of a conservation law due to the fact that it can be
efficiently simulated and that the equilibrium counterpart is an extremely well studied
system. We established a systematic field theoretical framework for this specific model,
discussing especially the effective cooling of the relative modes (k > 0) in replica space,
induced by the heating of a single mode (k = 0) to an infinite temperature state. This
mechanism was used to make numerically testable predictions for the specific model,
both with short- and long-ranged dynamics. Especially for the long-ranged case, we
found striking numerical evidence confirming the non-trivial predictions of our replica
Keldysh field theory approach.

One crucial technical insight is that for these models, the Keldysh contours for
relative modes (k > 0) in replica space decouple such that a description in terms of a
non-Hermitian Hamiltonian captures the essential physics of the problem. Even though
the k = 0 mode behaves so differently from all the others, in Abelian bosonization,
the replica exchange symmetry is not broken. In disordered systems [199, 200], as
well as in the non-linear sigma model approach [69] to this model however, such a
spontaneous replica symmetry breaking is fundamental. This calls for the question,
what the precise difference of replica theory for disorder and measurement problems
is. Is there spontaneous replica symmetry breaking in measurement problems as well?
How would that be observable in numerical simulations?

Besides the mechanisms described within the framework of the replica trick, a better
understanding of this framework itself might also be useful: mathematically speaking,
the replica trick requires taking a limit that is not well defined as we extrapolate from
a discrete subset of points to another one. While this is anyways widely accepted for
the treatment of disordered systems, a deeper mathematical understanding requires a
well defined method which further backs the results we obtained. For that reason, it
is worth wile to explore the super-symmetric approach to disorder problems [159–162]
in the case of measurement-induced dynamics.

After establishing this theoretical framework for measurement-induced phases and
phase transitions, another promising direction is to study related models and investigate
the true realm of universality of the fermionic model. For instance, without changing
the effective action, we may break Gaussianity of the states by adding interactions,
or the integrability of the Hamiltonian by considering a disordered potential. While
the effective replica model is not changed by this type of modification, the numerical
treatment is more tedious. However, there is evidence [201–203] suggesting that indeed
the logarithmically entangled phase can even be stabilized by these perturbations. How
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general is that?

The replica method we developed to study conservation laws in MIPTs is not re-
stricted to the specific case of particle number conservation. In contrast, it should
be seen as a tool to investigate a wide range of models with different symmetries. It
will be interesting to explore the whole range of applicability of this method. In par-
ticular, we would like to study models that describe experimentally realized systems
where measurements can be performed, such as Rydberg arrays [204–206]. This brings
us closer to an experimental observation of measurement-induced phenomena in many
body quantum systems.

Very recently, another angle is taken when looking at measurement-induced phe-
nomena and, more generally, synthetic quantum matter. Besides entanglement, we
may study the so-called magic [207, 208] or even the full complexity [7, 209] of states.
The complexity of a state measures, how many local unitary operations are at least
needed in order to prepare that state. This is closely related amount of quantum
information the state contains. The idea is, that a complex quantum state is hard
to (even approximately) store on a classical computer. Hence, complex states are of
particular relevance when we want to realize quantum supremacy in NISQ devices.
Therefore, it would be useful to better understand the complexity of states generated
by measurement-induced dynamics.

Complexity itself is hard to extract, even numerically, for a given state. Instead,
we have looked in this thesis into one way, how states can be non-classical: by being
entangled. The entanglement entropy can be understood as a measure, how large the
bond dimension of an MPS needs to be to approximately store the state on a classical
computer. Therefore, it is related to complexity. However, there are strongly entangled
states that can be efficiently classically simulated, namely stabilizer states which are
the outcomes of Clifford circuits [210]. Therefore, another measure for complexity is
the non-stabilizerness of states (also called magic) [211, 212] of a state, which can be
numerically quantified [213]. It has been shown numerically, that magic can undergo
phase transitions [214–218], just like entanglement, but in very different scenarios and
with very different representations of the states, compared to the fermion model.

While the physics of entanglement in monitored Hamiltonian systems becomes more
and more understood (and is discussed in this thesis), a general understanding of
complexity in field theory is lacking. Therefore, it would be very interesting to define
measures of magic and complexity on the level of replica Keldysh field theory or a
generalization thereof, and understand universal critical phenomena in terms of these.
We know, that non-interacting systems such as free fermions are not complex, even
though highly entangled, as they can be efficiently simulated using Gaussian states.
This works even for volume law states in the absence of measurements. Therefore, an
interesting starting point would be to add interactions here and identify the relevant
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observables that quantify the corresponding complexity.

We also discussed ways to overcome the post-selection problem that monitored
dynamics generically faces, obstructing experimental observability. In particular, this
motivated to study different ways of implementing pre-selection using feedback of mea-
surement results into the dynamics. The very recently demonstrated experimental
possibility to adjust the unitary gates in NISQ devices to measurement read-outs in
run time of a single experiment [124, 125] further motivates to study such a type of
dynamics. There is a lot of room to explore different protocols that make use of this
technological advancement.

In particular, we may study universal properties of state preparation by active
steering [134]. The directionality in Hilbert space induced by feedback makes it nat-
ural to study quantum absorbing state phase transitions and investigate the role of
entanglement in these. How does the fact that a steered system is inherently quantum-
mechanical affect the critical behavior? Is there a fundamental difference between
classical and quantum absorbing state phase transitions? Note, that in the scenarios
we discussed in this thesis, the dark state is a product state (the Néel state) such that,
at least in the absorbing phase, a classical understanding suffices. For instance, in the
semi-classical limit of the quantum feedback scheme, we numerically find the same crit-
ical behavior as in the full quantum model. Therefore, to answer the questions posed
above, the implementation of dark states with entanglement such as topologically or-
dered pure [219, 220] or mixed states [221–223] is promising. A opportune example
system for that is the Kitaev chain [224].

An even more exploratory direction to investigate is the combination of measurement-
only circuits with active feedback. Can we steer a system purely by applying the right
measurements depending on the measurement outcomes of previous measurements?
What are the connected phases and phase transitions?

Finally, let us return to the originally stated goal of the field to realize a universal
quantum computer or at least an efficient scalable quantum simulator. It is to a large
degree an experimental and engineering problem to improve the hardware of NISQ
devices even further. Nevertheless, we hope that a better understanding of the univer-
sal behavior of quantum systems under the typical dynamics realized in these devices
enables more efficient schemes both for the preparation of states as well as quantum
error correction. Therefore, it will be exciting to investigate the precise connections of
quantum absorbing state phase transitions and, more generally, measurement-induced
dynamics with quantum error correction and quantum steering. These questions will
be of huge relevance once even larger noisy quantum simulators exist, where the laws
of quantum thermodynamics govern the possibilities and limitations of quantum com-
puting.
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Appendices

Appendix A Theory of free fermions under continu-

ous monitoring

A.1 Derivation of the replica quantum master equation for the

QSD protocol

Here we derive the replica master equation for the weak measurement protocol, Eq. (2.70)
from the main text. The exact time-evolution of the replicated density operator is

ρ̃R,t+dt =
Ä
e−

i
ℏ Ĥdt
ä⊗R

P̂⊗2R(t, ρ̃R,t)
Ä
e

i
ℏ Ĥdt
ä⊗R

, (A.1)

where

P̂⊗2R(t, ρ̃R,t) =

ˆ
DJt
Ä
⊗R
r=1P̂ ({Jα,t}α)

ä
ρ̃R,t
Ä
⊗R
r=1P̂ ({Jα,t}α)

ä
. (A.2)

To get the deterministic time-evolution of the R replicated non-normalized density
operator ρ̃R,t, we need to apply the generalized projector from both sides and average
over all measurement outcomes. Let us first define the corresponding operator acting
on a single replica

P̂ (r)({Jα,t}α) =
∏

α

Å
2γαdt

π

ã1/4
e−γαdt(Jα−Ô

(r)
α )2 . (A.3)

When the system is replicated, this acts on every replica and we obtain the R replica
generalized projector

P̂R({Jα,t}α) =
∏

r

P̂ (r)({Jα,t}α). (A.4)

Note that while the operator Ô(r)
α depends on the chosen replica, the observed current

does not, which induces a coupling between the different replicas in the time-evolution.
Since all measurement operators commute [Ô

(r)
α , Ô

(r′)
α′ ] = 0 mutually, the we may sum

over α in the end and drop the index for simplicity. The problem then simplifies to the
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average

ˆ
dJ

(
R∏

r=1

P̂ (r)(J)

)
ρ̃R

(
R∏

r=1

P̂ (r)(J)

)

=

Å
2γdt

π

ãR/2 ˆ
dJe−γdt

∑R
r=1(J−Ô(r))2 ρ̃Re

−γdt
∑R

r=1(J−Ô(r))2

=

Å
2γdt

π

ãR/2 ˆ
dJe−γdt

∑R
r=1

î
(J−Ô(r)

− )2+(J−Ô(r)
+ )2

ó
ρ̃R, (A.5)

where the index ± indicates that the operator acts on ρ̃R from either side. Introducing
the replica-summed operator OR

=
∑

r Ô
(r) we findÅ

2γdt

π

ãR/2 ˆ
dJe

−γdt
(
2J2−2J

(
O+

R
+O−

R
)
+
(
O2

+

R
+O2

−
R
))

ρ̃R

=
1√
R

Å
2γdt

π

ãR−1
2

e
1
2
γdt

ï(
O+

R
+O−

R
)2

−2
(
O2

+

R
+O2

−
R
)ò
ρ̃R. (A.6)

In the very end, we are only interested in the limit R → 1. While keeping the R
copies of all operators and states, the explicit appearance in the normalization does
not matter for the structure of the master equation and therefore we already take the
limit there. This is necessary because otherwise, the result is not properly differentiable
in dt due to the lack of normalization of the state update. Using the right replica limit
allows then expanding in short dt which yields (adding the index α again)

ρ̃R + dt
∑

α

γα

ï
Oα

R
ρ̃ROα

R − 1

2

{
2O2

α

R −
Ä
Oα

R
ä2
, ρ̃R

}ò
+O(dt2). (A.7)

Adding the Hamiltonian contribution yields the replica master equation

∂tρ̃R = − i

ℏ
[H

R
, ρ̃R] +

∑

α

γα

ï
Oα

R
ρ̃ROα

R − 1

2

{
2O2

α

R −
Ä
Oα

R
ä2
, ρ̃R

}ò
.

This result does not assume any additional properties about the observables Ôα and
is therefore fully general. If we take R = 1 exactly everywhere, we may use O2

α

R
=

Ô2
α =

Ä
Oα

R
ä2

such that we obtain a simplification in the anti-commutator revealing
the ordinary Lindblad quantum master equation. For R > 1 however, we find thatÄ
Oα

R
ä2

contains products of operators acting on different replicas, introducing a cou-
pling between the replicas. Expanding again in the replica index yields the generalized
Lindblad equation (2.70).
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A.2 Fermionic path integral construction

The overlap of two fermionic coherent states is

⟨ψA|ψB⟩ = e
∑

r,l ψ̄
(r)
i,Aψ

(r)
l,B ≡ eψ̄AψB . (A.8)

We construct a resolution of unity in terms of this object as

1 =

ˆ
dψ̄dψe−

∑
r,l ψ̄

(r)
l ψ

(r)
i |ψ⟩ ⟨ψ| ≡

ˆ
dψ̄dψe−ψ̄ψ |ψ⟩ ⟨ψ| (A.9)

This allows to construct the trace of the R times replicated non-normalized density
operator at some final time tN as

ZR = Tr ρ̃R(tN) =

ˆ
dψ̄NdψNe

−ψ̄NψN ⟨ψN | ρ̃R(tN) |−ψN⟩

=

ˆ
ψ+,N=−ψ−,N ,ψ̄+,N=−ψ̄−,N

dψ̄+,Ndψ+,Ndψ̄−,Ndψ−,Ne
ψ̄+,Nψ−,N ⟨ψ+,N | ρ̃R(tN) |ψ−,N⟩

(A.10)

Based on this, we use a temporal discretization tn = t0 + n∆t to rewrite ρ̃R(tN) =

(1 + ∆tLR)ρ̃R(tN−1) repeatedly, adding resolutions of unity on both sides. Finally
sending ∆t→ 0 yields the path integral

ZR =

ˆ
Dψ̄±Dψ±e

iSR[ψ±,ψ̄±], (A.11)

SR[ψ±, ψ̄±] =
∑

l,r,σ=±

ˆ
t

ψ̄
(r)
σ,l (t)iσ∂tψ

(r)
σ,l (t)− i

ˆ
t

LR(ψ±(t), ψ̄±(t)), (A.12)

LR(ψ±, ψ̄±) =
⟨ψ+| LR(|ψ+⟩ ⟨−ψ−|) |−ψ−⟩

⟨ψ+|ψ+⟩ ⟨−ψ−|−ψ−⟩
. (A.13)

As we are interested in the stationary state, we send t0 → −∞ and tN → ∞. Here,
LR is the generator of the time-evolution of the non-normalized density operator, see
Eq. (2.70). The initial state fixes the conserved quantities under this evolution which
are fixed by a proper regularization of the theory. This can be done because the role
of initial conditions in the Keldysh construction is simply to fix the regularization as
it only affects the boundary conditions of the path integral. It is now useful to rewrite
the action in momentum space34 using

ψ
(r)
l (t) =

ˆ π/a

−π/a

dp

2π

ˆ ∞

−∞

dω

2π
eipale−iωtψ(r)

p,ω ≡
ˆ
p,ω

eipal−iωtψ(r)
p,ω, (A.14)

ψ̄
(r)
l (t) =

ˆ π/a

−π/a

dp

2π

ˆ ∞

−∞

dω

2π
e−ipaleiωtψ̄(r)

p,ω ≡
ˆ
p,ω

e−ipal+iωtψ̄(r)
p,ω, (A.15)

34a = 1 is the lattice spacing, introduced here to fix the right dimensions.
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and equivalently on the level of operators such that the anti-commutation relations are
preserved,

{ψ̂p, ψ̂†
p′} = 2πδ(p− p′). (A.16)

The Hamiltonian is given as

Ĥ = −J
∑

l

ĉ†l ĉl+1 + h.c = −2J

ˆ
p

cos(pa)ψ̂†
pψ̂p =

ˆ
p

ϵ(p)ψ̂†
pψ̂p, (A.17)

where we identify the dispersion ϵ(p) = −2J cos(pa) This is trivially normal ordered
and we can simply replace operators by fields. We introduced a coupling constant J
to fix the dimensionality. In the numerical simulation we picked J = −1 but the sign
does not matter as we can shift the momenta by π/a and redefine the boundaries of
the first Brillouin zone which removes the sign. The term that we need to add to the
action is therefore simply

−σ
ℏ
∑

r,σ

ˆ
p,ω

ϵ(p)ψ̄(r)
σ ψ(r)

σ . (A.18)

This yields the free theory in absence of the monitoring, which dominates the short
distance physics of the problem35. After a Keldysh rotation ψ

(r)
c/q = (ψ

(r)
+ ± ψ

(r)
− )/

√
2,

ψ̄
(r)
c/q = (ψ̄

(r)
+ ± ψ̄

(r)
− )/

√
2, this yields the bare action (3.13) from the main text. We can

now add a source term and solve the Gaussian integral

Z[J, J̄ ] ≡
ˆ

Dψ̄Dψe
´
ω,p ψ̄iG

−1
0 ψ+iJ̄ψ+iψ̄J (A.19)

=

ˆ
Dψ̄Dψe

´
ω,p(ψ̄−J̄iG0)iG

−1
0 (ψ−iG0J)+J̄iG0J (A.20)

= Ze
´
ω,p J̄iG0J . (A.21)

Based on this, we can take functional derivatives with respect to J, J̄ to generate the
correlation functions,

⟨ψψ̄⟩0 =
1

Z

ˆ
Dψ̄Dψψψ̄eiS0 =

1

Z

Å
δ

δJ

δ

δJ̄
Z[J, J̄ ]

ã
J=J̄=0

= iG0 (A.22)

The general form of the inverse Keldysh greens function obeying the symmetries of the
Keldysh action for a normalized density operator, obtained in the limit R → 1 is

G−1
0 =

(
0 PA

PR PK

)
, (A.23)

35Let us take ℏ = 1 from now. It sets the scale for the Hamiltonian coupling J
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such that the Green’s function is

G0 =

(
GK GR

GA 0

)
=

(
−P−1

R PKP
−1
A P−1

K

P−1
A 0

)
. (A.24)

In absence of the measurements, we simply have PR = PA = ω+2J cos pa as discussed
in the main text.

Next, let us consider the monitoring operator. It is better written in the real
space representation. It is quadratic and has the property n̂

(r)2
l = n̂

(r)
l such that we

need to be careful with the normal ordering prescription. Due to the structure of the
regularization of the action, we only obtain a causally well defined action if we do not
use this property but instead normal order L̂l = L̂

(r)†
l = n̂

(r)
l , evaluate the operators

L̂
(r)
l and L̂(r)†

l separately at slightly different times and then take the limit of continuous
times only after doing the calculations. [28, 29, 154]. This yields for the Lindblad term
diagonal in replica space

SL =
−iγ
2

∑

r,l

ˆ
t

Ä
2n

(r)
+ n

(r)
− − n

(r)
+ n

(r)
+ − n

(r)
− n

(r)
−

ä
. (A.25)

Note that we also find in the replica construction that the ψ̄+ fields are evaluated
slightly later, than the ψ+ field in n+ since the creation operator is acting to the left,
i.e. on a later time step than the annihilation operator. For the − fields, this order
is reverted. For the replica-coupling term, the temporal regularization of the particle
number operator acting on a single contour does not change anything since the different
particle number operators act on different replicas. Here we find

SM =
−iγ
2

∑

r ̸=r′,l

ˆ
t

Ä
2n

(r)
+ n

(r′)
− + n

(r)
+ n

(r′)
+ + n

(r)
− n

(r′)
−

ä
. (A.26)

We understand the different appearing terms in the presence of a regularization as

n
(r)
+ n

(r′)
− = ψ̄

(r)
+ (t+ (0+))ψ

(r)
+ (t)ψ̄

(r′)
− (t)ψ

(r′)
− (t+ 0+), (A.27)

n
(r)
+ n

(r′)
+ = ψ̄

(r)
+ (t+ 3(0+))ψ

(r)
+ (t+ 2(0+))ψ̄

(r′)
+ (t+ 0+)ψ

(r′)
+ (t), (A.28)

n
(r)
− n

(r′)
− = ψ̄

(r)
− (t− 3(0+))ψ

(r)
− (t− 2(0+))ψ̄

(r′)
− (t− 0+)ψ

(r′)
− (t). (A.29)

This means that in fact all fields in a coupling term are in fact evaluated at slightly
different times which makes the evaluation of replica coupling terms unambiguous.
Note that the ± correlation vanishes due to the infinite temperature as we show below
such that the replica coupling term is regularized as well.
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A.3 Elimination of the infinite temperature mode

Here we show how to integrate out the k = 0 mode from the fermionic action pertur-
batively for small γ. We need to compute

Sk>0 = S0[ψ
(k>0), ψ̄(k>0)] + ⟨SL + SM⟩0,k=0 +O(γ2) (A.30)

To evaluate this expectation value, we use the infinite temperature property. To do
so, we need the correlation functions in the ± basis. The non-vanishing correlation
functions are (using GK = 0 and that all k modes decouple)

⟨ψσ(p, ω)ψ̄σ′(p′, ω′)⟩0 = 2πδ(ω − ω′)2πδ(p− p′)
1

2
(σiGA + σ′iGR) (A.31)

The difference GR −GA vanishes up to the regularization. Therefore, all inter-contour
couplings vanish and we only get

⟨ψσ(p, ω)ψ̄σ′(p′, ω′)⟩0 = 2πδ(ω − ω′)2πδ(p− p′)δσσ′
iσ(ω − ϵ(p))

(ω − ϵ(p))2 + (0+)2
. (A.32)

A Fourier transformation to real time yields in the limit 0+ → 0

⟨ψσ(p, t)ψ̄σ′(p′, t′)⟩0 = 2πδ(p− p′)δσσ′σsgn(t− t′)e−iϵ(p)(t−t
′) (A.33)

At equal positions, we can compute the correlation function in a closed form,

⟨ψσ,l(t)ψ̄σ′,l(t
′)⟩0 = δσσ′σsgn(t− t′)

ˆ
p

e2iJ cos(pa)(t−t′)

= δσσ′σsgn(t− t′)J0(2J(t− t′)), (A.34)

where J0(x) is the Bessel function of first kind, where J0(0) = 1. This simplifies the
correlation function at almost equal times to

⟨ψ̄σ,l(t)ψσ′,l(t± 0+)⟩0 = ∓σδσσ′ (A.35)

This can now be used to evaluate the interaction term, which yields

⟨n(r)
σ n

(r′)
σ′ ⟩0,k=0 = ⟨ψ̄(0)

σ ψ(0)
σ ψ̄

(0)
σ′ ψ

(0)
σ′ ⟩0,k=0 + ψ̄(r,>)

σ ψ(r,>)
σ ψ̄

(r′,>)
σ′ ψ

(r′,>)
σ′

+ ⟨ψ̄(0)
σ ψ(0)

σ ψ̄
(r′,>)
σ′ ψ

(r′,>)
σ′ ⟩0,k=0 + δσ,σ′⟨ψ̄(0)

σ ψ(r,>)
σ ψ̄

(r′,>)
σ′ ψ

(0)
σ′ ⟩0,k=0

+ ⟨ψ̄(r,>)
σ ψ(r,>)

σ ψ̄
(0)
σ′ ψ

(0)
σ′ ⟩0,k=0 + δσ,σ′⟨ψ̄(r,>)

σ ψ(0)
σ ψ̄

(0)
σ′ ψ

(r′,>)
σ′ ⟩0,k=0.

(A.36)
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In this reordering, we used that we only get finite expectation values if there is an equal
number of annihilation and creation fields in a term. The first term is just a constant
that can be absorbed into normalization of the path integral. The second term is the
interaction term between fields that are non-diagonal in the replica basis. The last
four terms generate a quadratic contribution to the k ̸= 0 action. To evaluate them,
we need to consider the normalization prescription discussed above, for the individual
replica coupling terms. We obtain

⟨n(r)
+ n

(r′)
− ⟩0,k=0 = n

(r,>)
+ n

(r′,>)
− + n

(r,>)
+ + n

(r′,>)
− (A.37)

⟨n(r)
+ n

(r′)
+ ⟩0,k=0 = n

(r,>)
+ n

(r′,>)
+ + n

(r,>)
+ + n

(r′,>)
+ − ψ̄

(r′,>)
+ ψ

(r,>)
+ + ψ̄

(r,>)
+ ψ

(r′,>)
+ (A.38)

⟨n(r)
− n

(r′)
− ⟩0,k=0 = n

(r,>)
− n

(r′,>)
− + n

(r,>)
− + n

(r′,>)
− − ψ̄

(r′,>)
− ψ

(r,>)
− + ψ̄

(r,>)
− ψ

(r′,>)
− (A.39)

The relative sign between the replica coupling terms appears because in the first term,
we need to commute two of the > fields but we do not change the position or temporal
order of the (0) fields, while in the other case, the > fields are in normal order and
we need to commute two of the (0) fields which means that also their temporal order
is inverted, which gives an additional sign that cancels out again. While they trivially
disappear for r = r′, they cancel out when summing over r ̸= r′ by a simple relabelling.
This results in Eq. (3.28) of the main text.
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Appendix B Numerical simulations

B.1 Gaussian states for QSD

We parametrize the state |ψ⟩ of a half-filled one-dimensional fermionic chain that is
evolving according to a non-interacting and particle-number conserving dynamics in
the form [67, 167],

|ψ⟩ =
L/2∏

j=1

(
L∑

l=1

Ulj ĉ
†
l

)
|0⟩ . (B.1)

The operator
d̂†j =

∑

l=1

Ulj ĉ
†
l , (B.2)

creates a single fermion in a a state given by a column of the matrix U = {Ulj}lj as its
single particle wave function. The many-body state is given by the successive creation
of single particles. The anti-commutation relations read

{d̂†i , d̂j} = (U †U)ij. (B.3)

For the single particle states to be distinct single particle states, we therefore demand
U †U = 1 due to the Pauli principle. In this case, the many-body state is normalized,

⟨ψ|ψ⟩ = ⟨0| d̂L/2d̂L/2−1 . . . d̂2d̂1d̂
†
1d̂

†
2 . . . d̂

†
L/2−1d̂

†
L/2 |0⟩

= ⟨0| d̂L/2d̂L/2−1 . . . d̂2((U
†U)11 − d̂†1d̂1)d̂

†
2 . . . d̂

†
L/2−1d̂

†
L/2 |0⟩

= ⟨0| d̂L/2d̂L/2−1 . . . d̂2d̂
†
2 . . . d̂

†
L/2−1d̂

†
L/2 |0⟩

= ⟨0|0⟩ = 1. (B.4)

Additionally, we can compute expectation values of fermion bilinears using {ĉn, d̂†j} =

Unj,

Dmn = ⟨ĉ†mĉn⟩
= ⟨0| d̂L/2d̂L/2−1 . . . d̂2d̂1ĉ

†
mĉnd̂

†
1d̂

†
2 . . . d̂

†
L/2−1d̂

†
L/2 |0⟩

=

L/2∑

k,k′=1

(−1)k+k
′
U∗
mkUnk′ ⟨0|

(∏

j ̸=k

d̂j

)(∏

j′ ̸=k′
d̂†j′

)
|0⟩

=

L/2∑

k,k′=1

(−1)k+k
′
U∗
mkUnk′δk,k′ =

∑

k

U∗
mkUnk = (U∗UT )mn (B.5)

Here we used again that the states d̂j are orthonormal. Note that up to complex
conjugation, this yields D = UU †. However, complex conjugation drops out of all
observables as they need to be real. In particular, we find for the particle density
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⟨n̂l⟩ = (UU †)ll. Additionally, the simple structure of the state also allows to evaluate
expectation values of arbitrary operators. Let us demonstrate this for the next higher
order operator that is particle-number conserving36

⟨ĉ†aĉ†bĉcĉd⟩ =
L/2∑

ka,kd=1

(−1)ka+kdU∗
akaUdkd ⟨0|

(∏

j ̸=ka

d̂j

)
ĉ†bĉc

(∏

j′ ̸=kd

d̂†j′

)
|0⟩

=

L/2∑

ka ̸=kb,kc ̸=kd

(−1)ka+kb+kc+kdU∗
akaUdkdU

∗
bkb
Uckc ⟨0|

( ∏

j ̸=ka,kb

d̂j

)( ∏

j′ ̸=kc,kd

d̂†j′

)
|0⟩

=
∑

ka ̸=kb,kc ̸=kd

(−1)ka+kb+kc+kdU∗
akaUdkdU

∗
bkb
Uckc(δkakdδkbkc − δkakcδkbkc)

= (U∗UT )ad(U
∗UT )bc − (U∗UT )ac(U

∗UT )bd = DadDbc −DacDbd. (B.6)

Hence, Wick’s theorem applies to all states |ψ⟩ of this form. Therefore, we also call
them Gaussian states. To see, that this parametrization is actually useful in the case
of QSD for free fermions with particle number measurement, consider the action of
(ϵ→ 0),

eiϵĉ
†
nĉm |ψ⟩ = (1 + iϵĉ†nĉm +O(ϵ2))

L/2∏

j=1

(
L∑

l=1

Ulj ĉ
†
l

)
|0⟩

=

(
L∑

l=1

Ul1ĉ
†
l

)
(1 + iϵĉ†nĉm +O(ϵ2))

L/2∏

j=2

(
L∑

l=1

Ulj ĉ
†
l

)
|0⟩

+
(
iϵUm1ĉ

†
n +O(ϵ2)

) L/2∏

j=2

(
L∑

l=1

Ulj ĉ
†
l

)
|0⟩

= |ψ⟩+ iϵ

L/2∑

k=1

L/2∏

j=1

(
L∑

l=1

((1− δkj)Ulj + δkjδnlUmj) ĉ
†
l

)
|0⟩+O(ϵ2)

=

L/2∏

j=1

(
L∑

l=1

(Ulj + iϵδnlUmj)ĉ
†
l

)
|0⟩+O(ϵ2) (B.7)

In this way, we found a way to express exponential of bilinears if there is a small
prefactor,

eiϵ
∑

n,m Anmĉ
†
nĉm |ψ⟩ = eϵ

∑
n,m Anmĉ

†
nĉm

L/2∏

j=1

(
L∑

l=1

Ulj ĉ
†
l

)
|0⟩

=

L/2∏

j=1

(
L∑

l=1

(
Ulj + iϵ

∑

m

AlmUmj

)
ĉ†l

)
|0⟩+O(ϵ2) (B.8)

36All non-particle number conserving operators have a trivially vanishing expectation value.
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Hence, to linear order in ϵ, we can write the action of such an operator in terms of an
update of the single particle states as

|ψ⟩ → eiϵ
∑

n,m Anmĉ
†
nĉm |ψ⟩ =̂ U → eiϵAU +O(ϵ2). (B.9)

Where A = {Anm}nm and U = {Alj}lj are matrices. To linear order in ϵ, we there-
fore find that a Hermitian matrix A = Â† leaves the normalization unaffected as
U †e−iϵA

†
eiϵAU = U †U = 1. However, higher orders in ϵ break the orthonormalization

condition such that after every application of such an operator, we need to normal-
ize the state, even if a Hamiltonian time-evolution step is applied. On top of that,
non-hermitian time-evolution operators, such as projections or generalized projections,
break this property explicitly and we need to orthonormalize after every time-step.
The generalized projector corresponding to weak measurement of n̂l reads

P̂l(Jl) =

ï
2γdt

π

ò1/4
e−γdt(Jl−n̂l)

2

=

ï
2γdt

π

ò1/4
e
−γdt

(
⟨n̂l⟩+

dWl
2
√
γdt

−n̂l

)2

=

ï
2γdt

π

ò1/4
e
−γdt

(
⟨n̂l⟩+

dWl
2
√
γdt

)2
e(γdt(2⟨n̂l⟩−1)+

√
γdtξl)n̂l (B.10)

Where we used that the readout current is a Gaussian random variable which is
parametrized by normalized Gaussian white noise ξl = 0, ξlξm = δlm. This has precisely
the form we discussed above for dt → 0, up to the normalization. Since P̂l only acts
on the l-th site, up to the normalization, the measurement of all lattice sites acts as

U → diag({e−γdt(2⟨n̂l⟩−1)+
√
γdtξl}l)U +O(ϵ2) (B.11)

The Hamiltonian has the form Ĥ =
∑

n,m hn,mĉ
†
nĉm where for nearest neighbor hopping

we find hnm = δn,m+1 + δn,m−1, imposing periodic boundary conditions. Hence, we
implement a single time-step up to normalization and higher orders in dt as

U → e−
i
ℏhdiag({e−γdt(2⟨n̂l⟩−1)+

√
γdtξl}l)U. (B.12)

B.2 TEBD for quantum feedback

Here we give more details on the numerical implementation of the quantum feedback
protocol. Just like in the case of Gaussian states, we simulate individual trajectories
generated by Hamiltonian, measurement and feedback to be able to access the pure
state entanglement. Therefore, we need to perform a trajectory average again. Due
to the computationally more demanding states that we need to describe due to the
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B.2 TEBD for quantum feedback

interacting nature of the problem, we need to carefully estimate the stochastic error
due to the finite amount of trajectories. This allows to distinguish the stochastic from a
systematic error that we obtain from limiting the bond dimension, as discussed below.
To get an error estimate, we generate mini-batches of 768/L trajectories, average the
observables within the mini-batch and then compute the mean and standard error of
the mean over several batches until we obtain reasonable accuracy for each point in
time. This procedure is repeated for various different cutoffs for the bond dimension of
the matrix product state and we perform a finite bond dimension analysis to extract
the proper behavior in the limit of infinite bond dimension (see the inset in Fig. 34c)
and Fig. 33b)). The systematic error appearing over time can be most clearly studied
looking at the control observable of the number of particles in the system: The break-
down of the MPS representation is signalled by the breaking of this conservation law in
the simulations, as shown in Fig. 35. We find, especially for weak measurements, the
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Figure 35: Evolution of the particle density n in the system in TEBD with finite bond
dimension (different colors). The implemented model conserves the particle number
exactly but the truncation of the bond dimension leads to a decay of the number of par-
ticles at late times as a numerical artifact. For weak measurements, and small systems,
this does not lead to a problem while for larger systems and weaker measurement i.e.
a larger entanglement bottleneck, the simulation can only be trusted at short times.

TEBD algorithm fails to properly implement the particle number conservation at late
times. This occurs as the entanglement is peaked at intermediate times: With a sys-
tem initialized in a product state, at short times the Hamiltonian generates a growth of
entanglement before, at late times the feedback steers any finite system into the dark
state that is again a product state. Therefore, in between there is a large entanglement
regime for weak measurements that cannot be sufficiently well described by a MPS
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B NUMERICAL SIMULATIONS

with small bond dimension. Therefore, the limitation of the simulation is mainly due
to this entanglement bottleneck that we show in Fig. 36. The same large error at late

10−4 10−3 10−2 10−1

10−3

10−2

10−1

100

t/L2

S
(L

/2
,L

)/
lo
g
(L

)

L = 8, γ = 0.2

4 8 16 32

10−4 10−3 10−2 10−1

10−3

10−2

10−1

100

t/L2
S
(L

/
2,
L
)/

lo
g
(L

)

L = 16, γ = 0.2

4 8 16 32 64

10−4 10−3 10−2 10−1

10−3

10−2

10−1

100

t/L2

S
(L

/2
,L

)/
lo
g
(L

)

L = 24, γ = 0.2

4 8 16 32 64

10−4 10−3 10−2 10−1

10−3

10−2

10−1

100

t/L2

S
(L

/
2,
L
)/

lo
g
(L

)

L = 32, γ = 0.2

4 8 16 32 64 128

10−4 10−3 10−2 10−1

10−3

10−2

10−1

100

t/L2

S
(L

/2
,L

)/
lo
g
(L

)

L = 40, γ = 0.2

4 8 16

10−4 10−3 10−2 10−1

10−3

10−2

10−1

100

t/L2

S
(L

/
2,
L
)/

lo
g
(L

)

L = 64, γ = 0.2

4 8 16 32 64

10−4 10−3 10−2 10−1

10−3

10−2

10−1

100

t/L2

S
(L

/2
,L

)/
lo
g
(L

)

L = 8, γ = 0.6

4 8 16 32

10−4 10−3 10−2 10−1

10−3

10−2

10−1

100

t/L2

S
(L

/
2,
L
)/

lo
g
(L

)

L = 16, γ = 0.6

4 8 16 32 64

10−4 10−3 10−2 10−1

10−3

10−2

10−1

100

t/L2

S
(L

/2
,L

)/
lo
g
(L

)

L = 24, γ = 0.6

4 8 16 32 64

10−4 10−3 10−2 10−1

10−3

10−2

10−1

100

t/L2

S
(L

/
2,
L
)/

lo
g
(L

)

L = 32, γ = 0.6

4 8 16 32 64 128

10−4 10−3 10−2 10−1

10−3

10−2

10−1

100

t/L2

S
(L

/2
,L

)/
lo
g
(L

)

L = 40, γ = 0.6

4 8 16 32 64

10−4 10−3 10−2 10−1

10−3

10−2

10−1

100

t/L2

S
(L

/
2,
L
)/

lo
g
(L

)

L = 64, γ = 0.6

4 8 16 32 64

Figure 36: Simulations with a bond dimension that is chosen too small cannot capture
the peak of the entanglement at intermediate times which leads to the breaking of the
particle number conservation signalled also by a strongly reduced entanglement at late
times. This is an issue for weak measurements while in the strongly measured phase,
the entanglement bottleneck is well described even using small bond dimensions.

times also affects the order parameter, as shown in Fig. 37. As we are interested in
the quasi-stationary state at t = 0.1L2, we need to infer the results at this point in
time that we would obtain for an infinite bond dimension. This is done by simulating
the system for a set of finite bond dimensions until the observables at t = 0.1L2 start
to saturate. Then, we extrapolate from the data to infinite bond dimension. If, for
a given system size and measurement rate, no saturation is seen within the range of
numerically accessible bond dimension, we cannot give a reasonable estimate for the
observables. Examples for the dependence of the order parameter on the bond dimen-
sion are shown in Fig. 38. Based on the extrapolations in bond dimension, we can then
study the system size dependence of the quasi-stationary observables to describe the
absorbing state phase transition as discussed in the Sec. 5.3.4.
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Figure 37: The entanglement bottleneck yields systematic errors for the order param-
eter at late times, mainly due to the broken conservation of the particle number for
finite bond dimension.
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Figure 38: Dependence of the quasi-stationary state observables at t = 0.1L2 on the
bond dimension. For strong measurement and small systems we see a quick saturation
while large systems and weak measurements do not result in a saturation for accessible
bond dimensions such that we cannot give a prediction that does not suffer from a
systematic error.

125
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Appendix C Bosonic Keldysh replica field theory

C.1 Feynman Keldysh path-integral construction

We start from the replicated model written in terms of the hermitian operators ϕ̂(r)(x)

and θ̂(r)(x) with [ϕ̂(r)(x), ∂x′ θ̂
(r′)(x′)] = iπδ(x − x′)δr,r′ which motivates to introduce

another set of operators π̂(r)(x) = 1
π
∂xθ̂

(r)(x) such that ϕ̂(r) and π̂(r) are conjugate
variables. Hence, we may use the Feynman Keldysh path integral construction, using
’position’ and ’momentum’ eigenstates

ϕ̂(r)(x) |Φ⟩ = ϕ(r)(x) |Φ⟩ , π̂(r)(x) |Π⟩ = π(r)(x) |Π⟩ (C.1)

with the overlap
⟨Φ|Π⟩ = ⟨Π|Φ⟩∗ = ei

∑R
r=1

´
dxϕ(r)(x)π(r)(x). (C.2)

Using a proper integral measure, we find resolutions of unity

1 =

ˆ
dΦ |Φ⟩ ⟨Φ| , 1 =

ˆ
dΠ |Π⟩ ⟨Π| . (C.3)

Using the same integral measure, we may write the trace of the R-replicated non-
normalized density operator at some final time tN as

ZR(tN) =Tr ρ̃R(tN) =

ˆ
dΦN ⟨ΦN | ρ̃R(tN) |ΦN⟩

=

ˆ
dΦNdΠN ⟨ΦN |ΠN⟩ ⟨ΠN | ρ̃R(tN) |ΦN⟩

=

ˆ
Φ+,N=Φ−,N ,Π+,N=Π−,N

dΦ+,NdΠ+,NdΦ−,NdΠ−,N

× ei
∑R

r=1

´
dxϕ

(r)
+,N (x)π

(r)
+,N (x) ⟨Π+,N | ρ̃R(tN) |Φ−,N⟩ . (C.4)

Now, we use a temporal discretization tn = t0 + n∆t to rewrite ρ̃R(tN) = (1 +

∆tLR)ρ̃R(tN−1) repeatedly, adding resolutions of unity on both sides. Finally send-
ing ∆t→ 0 yields the path integral

ZR =

ˆ
DΦ±DΠ±e

iSR[Φ±,Π±], (C.5)

SR[Φ±,Π±] =

ˆ
t,x

R∑

r=1

[−Φ
(r)
+ ∂τΠ

(r)
+ − Π

(r)
− ∂tΦ

(r)
− ]

− i

ˆ
t

LR(Φ±(τ),Π±(τ)), (C.6)

LR(Φ±,Π±) =
⟨Π+| LR(|Φ+⟩ ⟨Π−|) |Φ−⟩

⟨Π+|Φ+⟩ ⟨Π−|Φ−⟩
. (C.7)
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C.2 Integrating out θ

Integrals over t always run from t0 where the initial state is fixed, to tN , the time
at which the trace is taken at. As we are interested in stationary states, we may
send t0 → −∞ and tN → ∞. Note that eigenstates of π̂(r)(x) are also eigenstates of
θ̂(r)(x) and, up to a rescaling of the integral measure, we may equivalently evaluate the
path integral over the corresponding eigenvalues θ(r)± (x). Hence, the normal ordering
prescription in the Hamiltonian is to bring the θ fields to the left of the ϕ fields. The
other terms in LR only depend on ϕ̂(r)(x) since they appear due to measurement of the
density and the local particle number operator n̂(r)(x) does not depend on the phase
operator θ̂(r)(x). Therefore the normal ordering is trivial for the other terms and we
find Eq. (3.50).

C.2 Integrating out θ

The field θ does not appear in the measurement operator and the Hamiltonian of the
nearest neighbor hopping model is simply given by

Ĥ =
v

2π

ˆ
x

î
(∂xϕ̂)

2 + (∂xθ̂)
2
ó
. (C.8)

It is therefore quadratic in θ and we may integrate out θ exactly from the general R-
replica Keldysh action without even considering the measurement terms. In this case,
the action is found using Eq. (3.50) to be

S0,H = − 1

2π

∑

r

∑

σ=±

σ

ˆ
t,x

[
ϕ(r)
σ ∂x∂tθ

(r)
σ + θ(r)σ ∂x∂tϕ

(r)
σ − v

ℏ
ϕ(r)
σ ∂2xϕ

(r)
σ − v

ℏ
θ(r)σ ∂2xθ

(r)
σ

]
.

(C.9)

Note that the effect of ℏ is essentially to act as a unit in which we measure v. We set
it ℏ = 1 by choosing appropriate units and recover the general form by v → v/ℏ where
necessary. The action decouples the different σ and r components. Integrating out θ(r)σ
is therefore done for all components individually (all fields have the contour index σ

and the replica index r, suppressed for short notation)
ˆ

DθeiS =

ˆ
Dθe iσv

2π

´
x,t[θ∂2xθ−

1
v
θ∂x∂tϕ− 1

v
ϕ∂x∂tθ+ϕ∂2xϕ]

=

ˆ
Dθe iσv

2π

´
x,t[(θ−f)∂2x(θ−f)+f∂2xθ+θ∂2xf−f∂2xf−

1
v
θ∂x∂tϕ− 1

v
ϕ∂x∂tθ+ϕ∂2xϕ]

=

ˆ
Dθe iσv

2π

´
x,t[(θ−f)∂2x(θ−f)+ϕ∂2xϕ−f∂2xf] (C.10)

We now fix f such that ∂xf = 1
v
∂tϕ and shift the fields θ(x, t) = θ̃(x, t)+ 1

v

´ x
x0
dy∂tϕ̃(y, t)

and ϕ(x, t) = ϕ̃(x, t). Note that δϕ(x,t)

δθ̃(x′,t′)
= 0. Therefore, the Jacobi matrix of the

transformation is of block-triangular form. The blocks on the diagonal are unit matrices
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if one discretizes space such that the determinant is one and therefore we find
´
DϕDθ =´

Dϕ̃Dθ̃ for this transformation and we may equivalently just shift f away from the θ
term. This means ˆ

DθeiS =

ˆ
Dθe iσv

2π

´
x,t[θ∂2xθ+ϕ∂2xϕ−

1
v2
ϕ∂2t ϕ] (C.11)

Therefore, the integral over θ can just be absorbed into the normalization of the integral
and we obtain the action in terms of ϕ alone.

C.3 Fluctuations in the infinite temperature state

Here we compute the correlation functions of k = 0 fields using the Gaussian measure-
ment action 3.64. This is done again in real space to demonstrate the effect of the
fields being real. ϕ(k=0)

c/q (x, t) = 1√
R

∑
r ϕ

(r)
c/q(x, t) is real because all fields ϕ(r)

c/q(x, t) are
real. The Keldysh path integral therefore has the structure

Z =

ˆ
De− 1

2

´
p,ω ϕ

∗(−iG−1)ϕ =

ˆ
De− 1

2

´
x,t ϕ(−iG

−1)ϕ, (C.12)

G−1 =
1

πv

(
0 ω2 − v2p2

ω2 − v2p2 2iγv
π

)
→ 1

πv

(
0 −∂2t + v2∂2x

−∂2t + v2∂2x
2iγv
π

)
(C.13)

Note that we define the Green’s function without the factor of 2 in front. Next, we add
a real source term J and use that the partition function is normalized in the replica
limit R → 1 which allows to solve the Gaussian integral

Z[J ] =

ˆ
De− 1

2

´
x,t ϕ(−iG

−1)ϕ+
´
x,t J

Tϕ = e
1
2
JT iGJ . (C.14)

Now, we can take functional derivatives w.r.t. J and generate the correlation functions.
After returning to momentum space, we can perform the inversion and we find

⟨ϕ(k=0)∗
c/q (ω, p)ϕ

(k=0)
c/q (ω′, p′)⟩ = iG

= i2πδ(p− p′)2πδ(ω − ω′)
−πv

(ω2 − v2p2)2

(
2iγv
π
p2 −(ω2 − v2p2)

−(ω2 − v2p2) 0

)
. (C.15)

To get the occupation number of the modes, we are interested in the result at equal
times, i.e.

⟨ϕ(k=0)∗
c/q (t, p)ϕ

(k=0)
c/q (t, p′)⟩ = 2πδ(p− p′)

ˆ
dω

2π

−πiv
(ω2 − v2p2)2

×
(

2iγv
π
p2 −(ω2 − v2p2)

−(ω2 − v2p2) 0

)
. (C.16)
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C.4 Integrating out the infinite temperature mode

All components of the integral are not convergent. To regularize, we may use the usual
ω → ω ± i0+ in the retarded/advanced sector introducing an infinitesimal dissipation
0+ > 0. This renders the frequency-integral finite and we obtain

⟨ϕ(k=0)∗
c/q (t, p)ϕ

(k=0)
c/q (t, p′)⟩ = 2πδ(p− p′)

ˆ
dω

2π

−πiv
((ω + i0+)2 − v2p2)((ω − i0+)2 − v2p2)

×
(

2iγv
π
p2 −((ω + i0+)2 − v2p2)

−((ω − i0+)2 − v2p2) 0

)
. (C.17)

Including this regularization, the frequency-integral can be done. On the off-diagonals,
the result is zero as the functions only have poles in either the upper or the lower
half plane and we may close the contour in the other half plane. Therefore, the only
contribution at equal times comes from the cc correlation function which reads

⟨ϕ(k=0)∗
c (t, p)ϕ(k=0)

c (t, p′)⟩ = 2πδ(p−p′)
ˆ
dω

2π

2γv2p2

(ω2 − v2p2 − (0+)2)2 + 4(0+)2ω2
. (C.18)

The integrand now has 4 poles, ω = ±2i0+ ± pv i.e. 2 in both half planes. Therefore,
we need to close the contour around two of the poles. We choose the upper half plane
to find

ˆ
dω

2π

1

(ω2 − v2p2 − (0+)2)2 + 4(0+)2ω2
=

‰
z=pv+2i(0+)

dz

2πi

i

(ω2 − v2p2 − (0+)2)2 + 4(0+)2ω2

+

‰
z=−pv+2i(0+)

dz

2πi

i

(ω2 − v2p2 − (0+)2)2 + 4(0+)2ω2
=

1

8(0+)p2v2
. (C.19)

This yields Eq. (3.65).

C.4 Integrating out the infinite temperature mode

The bosonized replica Keldysh partition function (3.50) of monitored free fermions
takes the form

ZR =

ˆ
Dϕ(k=0)Dϕ(k>0)ei

∑
k>0 S

(k)
0,H,1[ϕ

(k)]+iS2[ϕ]eiS
(k=0)
0,H,1 [ϕ(k=0)], (C.20)

where S2[ϕ] contains the non-linear terms emerging due to the non-linear measurement
operator Ô2 = m cos 2ϕ̂. In this section, we treat this term as a perturbation as the
cosine is bound and we found that the absolute fields are strongly fluctuating due to
the heating to an infinite temperature state (see App. C.3). In this way, we compute
the most relevant contribution to the replica coupling action describing non-linear
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observables. Therefore, we find

ZR ≈
ˆ

Dϕk>0Dϕk=0(1 + i∆S2[ϕ])e
iS

(k=0)
0,H,1 [ϕ(k=0)]ei

∑
k>0 S

k>0
0,H,1[ϕ

(k)]

≈
ˆ

Dϕk>0(1 + i⟨S2[ϕ]⟩S(k=0)
0,H,1

)ei
∑

k>0 S
(k>0)
0,H,1 [ϕ(k)]

≈
ˆ

Dϕk>0 exp

{
i⟨S2[ϕ]⟩S(k=0)

0,H,1
+ i
∑

k>0

Sk>0
0,H,1[ϕ

(k)]

}
, (C.21)

where ⟨. . . ⟩
S
(k=0)
0,H,1

denotes the expectation value over the infinite temperature state of
the replica-averaged mode k = 0, as derived above. Repeating this calculation to the
next order yields the expansion

Sk>0[ϕk>0] =
∑

k>0

Sk>0
0,H,1[ϕ

(k)] + ⟨S2[ϕ]⟩S(k=0)
0,H,1

− 1

2

Å
⟨(S2[ϕ])

2⟩
S
(k=0)
0,H,1

− ⟨S2[ϕ]⟩2S(k=0)
0,H,1

ã
+ . . .

(C.22)
Let us first just discuss the expansion to first order. All terms that appear in S2 are
of the form cos 2l(ϕ

(r)
σ − ϕ

(r′)
σ′ ), where σ, σ′ = ± and r, r′ arbitrary replica indices, and

they are local in space and time. We use the Fourier transformation in replica space
and that fluctuations of the k = 0 mode diverge to obtain≠

cos
2l√
R
(ϕ(k=0)

σ − ϕ
(k=0)
σ′ )

∑
S
(k=0)
0,H,1

= e
− 2l2

R

≠Ä
ϕ
(k=0)
σ −ϕ(k=0)

σ′
ä2∑

S
(k=0)
0,H,1 = δσσ′ , (C.23)≠

sin
2l√
R
(ϕ(k=0)

σ − ϕ
(k=0)
σ′ )

∑
S
(k=0)
0,H,1

= 0. (C.24)

Therefore, we can simplify¨
cos 2l(ϕ(r)

σ − ϕ
(r′)
σ′ )
∂
S
(k=0)
0,H,1

= δσσ′ cos 2l(ϕ(r)
σ − ϕ

(r′)
σ′ ), (C.25)

which does not depend on the k = 0 mode any more because this term just gives a
constant whenever r = r′. This cancels out the Lindblad term entirely and due to the
vanishing contour-coupling, the action drastically simplifies to

⟨S2[ϕ]⟩S(k=0)
0,H,1

= −iγn2
0

ˆ
x,t

∞∑

l=1

∑

σ=±

∑

r ̸=r′
cos 2l(ϕ(r)

σ − ϕ(r′)
σ ) (C.26)
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C.5 Observables of the Sine-Gordon action

Looking at the second order term, we realize that besides measure 0 contributions from
x = y, t = τ that vanish under integration, we find¨

cos 2l(ϕ(r)
σ (x, t)− ϕ

(r′)
σ′ (x, t)) cos 2m(ϕ(u)

ρ (y, τ)− ϕ
(u′)
ρ′ (y, τ))

∂
S
(k=0)
0,H,1

= δσσ′δρρ′ cos 2l(ϕ
(r)
σ (x, t)− ϕ

(r′)
σ′ (x, t)) cos 2m(ϕ(u)

ρ (y, τ)− ϕ
(u′)
ρ′ (y, τ)). (C.27)

Therefore
⟨(S2[ϕ])

2⟩
S
(k=0)
0,H,1

= ⟨S2[ϕ]⟩2S(k=0)
0,H,1

, (C.28)

which means that the second order perturbative correction to the k > 0 modes vanishes.
The same structure repeats at higher order perturbation theory which means that in
the infinite temperature state of the Gaussian theory, we may integrate the k = 0 mode
out exactly. This yields the action (3.67)

C.5 Observables of the Sine-Gordon action

Here we compute the Keldysh Greens function from the action (3.68). To do so,
remember that the fields are real in the original replica diagonal formulation. To take
this into account when solving the path integral, we rewrite the (normalized) Keldysh
partition function including real source terms J (r)

σ with the constraint (the k = 0 mode
has been integrated out such that we do not couple it to a source term)

∑
r J

(r)
σ = 0

Z[J ] =

ˆ
Dϕe− 1

2

∑
k>0,σ

´
ω,p ϕ

(k)∗
σ (−iG(−1)

σ )ϕ
(k)
σ +

∑
k>0,σ

´
x,t J

(k)∗
σ ϕ

(k)
σ

=
∏

k>0,σ

ˆ
Dϕe− 1

2

´
x,t ϕ

(k)∗
σ (−iG(−1)

σ )ϕ
(k)
σ +

´
x,t J

(r)
σ ϕ

(r)
σ

=
∏

k,σ

ˆ
Dϕe− 1

2

´
x,t ϕ

(k)∗
σ (−iG(−1)

σ )ϕ
(k)
σ +

´
x,t J

(r)
σ ϕ

(r)
σ

=

ˆ
Dϕe− 1

2

∑
k,σ

´
ω,p ϕ

(k)∗
σ (−iG(−1)

σ )ϕ
(k)
σ +

∑
k,σ

´
x,t J

(k)∗
σ ϕ

(k)
σ

=

ˆ
Dϕe− 1

2

∑
r,σ

´
ω,p ϕ

(r)
σ (−iG(−1)

σ )ϕ
(r)
σ +

∑
r,σ

´
x,t J

(r)
σ ϕ

(r)
σ

= e
1
2

∑
r,σ

´
x,t ϕ

(r)
σ iGσϕ

(r)
σ . (C.29)

In between, we multiplied by 1 reintroducing the field ϕ(k=0) which has no physical
meaning here but is just used to compute the integral. The important point is here,
that the result is still a real Gaussian integral with the corresponding factor of 2. We
can read off the correlation function,

⟨ϕ(k>0)∗
σ (p, ω)ϕ

(k′>0)
σ′ (p′, ω′)⟩ = 2πδ(ω − ω′)2πδ(p− p′)δσσ′δkk′

πi

σKσ

1
ω2

ησ
− p2ησ

. (C.30)
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We are interested in the correlations at equal times, i.e.

⟨ϕ(k>0)∗
σ (t, p)ϕ

(k′>0)
σ′ (t, p′)⟩ = 2πδ(p− p′)δσσ′δkk′

ˆ
dω

2π

σπiησ/Kσ

ω2 − p2η2σ
. (C.31)

The poles of the integral are at ±
√
p2η2σ. As we see later, ησ is not renormalized

and due to sgn Im ησ = −σ, we find that the −σ solution is in the upper half plane.
Therefore, when closing the contour in the upper half plane, we have to integrate
counter-clockwise around the pole at ω = −

√
p2η2σ. This yields for the integral

⟨ϕ(k>0)∗
σ (t, p)ϕ

(k′>0)
σ′ (t, p′)⟩ = 2πδ(p− p′)δσσ′δkk′

π

2Kσ|p|
(C.32)

Therefore, we can read off the correlation function in momentum space, trivially taking
the limit R → 1, and with c = Re 1/K+ we obtain Eq. (3.74) from the main text.

C.6 Details on the renormalization of the Sine-Gordon model

In order to renormalize the action (3.82), we need the correlation function

G>/<(x, t) =
¨Ä
ϕ
(r)
>/<(x, t)− ϕ

(r′)
>/<(x, t)

ä Ä
ϕ
(r)
>/<(0, 0)− ϕ

(r′)
>/<(0, 0)

ä∂
0

=
1

R

∑

k>0,k′>0

(
e−i

2πkr
R − e−i

2πkr′
R

)(
ei

2πk′r
R −i 2πk′r′

R

) ¨
ϕ
(k)∗
>/<(x, t)ϕ

(k′)
>/<(0, 0)

∂
0

=
1

R

∑

k′>0

(2− e2πik
′(r−r′)/R − e−2πik′(r−r′)/R)

¨
ϕ
(k>0)∗
>/< (x, t)ϕ

(k>0)
>/< (0, 0)

∂
0

=
1

R

R−1∑

k′=0

(2− e2πik
′(r−r′)/R − e−2πik′(r−r′)/R)

¨
ϕ
(k>0)∗
>/< (x, t)ϕ

(k>0)
>/< (0, 0)

∂
0

= 2(1− δr,r′)
¨
ϕ
(k>0)∗
>/< (x, t)ϕ

(k>0)
>/< (0, 0)

∂
0

= 2(1− δr,r′)

ˆ
>/<

ei(px+ωt)
ˆ
>/<

ei(p
′0+ω′0)

¨
ϕ
(k>0)∗
>/< (p, ω)ϕ

(k>0)
>/< (p′, ω′)

∂
0

= 2(1− δr,r′)

ˆ
>/<

πei(px+ωt)

K1p2 +K2ω2
. (C.33)

We used here that the Gaussian theory decouples k modes and that is does not explicitly
depend on k. Therefore, it does not matter, for which particular choice of k > 0 the
expectation value is computed, and we can add the k = 0 term (which vanishes) to
recover the fact that the expectation value needs to be real. By that mechanism, the
explicit dependence on R drops out and we obtain a finite contribution to the RG flow
equations in that limit. Knowing that the correlation function obviously vanishes for
r = r′, we leave out the Kronecker delta and evaluate the integral separately, writing
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C.6 Details on the renormalization of the Sine-Gordon model

only the leading order in s

G>(x, t) = 2

ˆ
bΛ<p<Λ

dp

2π

ˆ ∞

−∞

dω

2π

πei(px+ωt)

K1p2 +K2ω2

=
s

π
cos Λx

ˆ ∞

−∞
dω

eiωt

K2ω2 +K1Λ2

=
s cos Λxe

−
√

K1
K2

Λ|t|

√
K1K2

, (C.34)

and

G<(x, t) = 2

ˆ Λ

−Λ

dp

2π

ˆ ∞

−∞

dω

2π
ei(px+ωt)

πei(px+ωt)

K1p2 +K2ω2

=
1√
K1K2

ˆ Λ

0

dp

p
cos pxe

−
√

K1
K2

p|t|

=

√
K1K2|t|

K1t2 +K2x2

Å
1− cos Λxe

−
√

K1
K2

Λ|t|
ã
+

K2x

K2x2 +K1t2
sinΛxe

−
√

K1
K2

Λ|t|
.

(C.35)

This yields

⟨∆S⟩0,> = i
∑

l

λl

ˆ
x

∑

r ̸=r′

¨
cos 2l(ϕ

(r,r′)
< + ϕ

(r,r′)
> )

∂
0,>

= i
∑

l

λl

ˆ
x

∑

r,r′

cos 2lϕ
(r,r′)
< e

−2l2
ÆÅ

ϕ
(r,r′)
>

ã2∏
0,>

= i
∑

l

λl

ˆ
x

∑

r,r′

cos 2lϕ
(r,r′)
< e−2l2G>(0,0)

= i
∑

l

λl

ˆ
x

∑

r,r′

cos 2lϕ
(r,r′)
< e

− 2l2s√
K1K2 . (C.36)

For the second order perturbative correction, consider

− 1

2

Ä
⟨(∆S)2⟩0,> − (⟨∆S⟩0,>)2

ä
=
λ2

2

∑

r ̸=r′

∑

u̸=u′

ˆ
x,y

¨
cos 2ϕ(r,r′)(x) cos 2ϕ(u,u′)(y)

∂
0,>

− λ2

2

∑

r ̸=r′

∑

u̸=u′

ˆ
x,y

¨
cos 2ϕ(r,r′)(x)

∂
0,>

¨
cos 2ϕ(u,u′)(y)

∂
0,>

. (C.37)

The locality of the model implies that no long-range coupled terms are generated which
allows to expand in x− y later on. In leading order, we simply generate an additional
term ∆S2 which is less relevant than ∆S itself and therefore dropped. On the other
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hand, the spatial symmetry prohibits odd terms in x − y, and products of oscillating
functions and derivative terms are less relevant than the derivative terms themselves.
The only combinations where a non-oscillating term is generated at second order are
r = u, r′ = u′ and r = u′, r′ = u which allows to eliminate one of the sums which just
generates a factor of 2.

− 1

2

Ä
⟨(∆S)2⟩0,> − (⟨∆S⟩0,>)2

ä
≃ λ2

∑

r ̸=r′

ˆ
x,y

¨
cos 2ϕ(r,r′)(x) cos 2ϕ(r,r′)(y)

∂
0,>

− λ2
∑

r ̸=r′

ˆ
x,y

¨
cos 2ϕ(r,r′)(x)

∂
0,>

¨
cos 2ϕ(r,r′)(y)

∂
0,>

. (C.38)

When we expand the cos terms, we need to compute all combinations¨
cos 2ϕ

(r,r′)
> (x) cos 2ϕ

(r,r′)
> (y)

∂
0,>

=
1

2

∑

σ=±

Ñ
e
−2

ÆÅ
ϕ
(r,r′)
> (x)−σϕ(r,r

′)
> (y)

ã2∏
0,>

é
(C.39)¨

sin 2ϕ
(r,r′)
> (x) sin 2ϕ

(r,r′)
> (y)

∂
0,>

=
1

2

∑

σ=±

σ

Ñ
e
−2

ÆÅ
ϕ
(r,r′)
> (x)−σϕ(r,r

′)
> (y)

ã2∏
0,>

é
(C.40)¨

sin 2ϕ
(r,r′)
> (x) cos 2ϕ

(r,r′)
> (y)

∂
0,>

=
¨
cos 2ϕ

(r,r′)
> (x) sin 2ϕ

(r,r′)
> (y)

∂
0,>

= 0. (C.41)

Expanding and using translation-invariance yields¨
cos 2ϕ

(r,r′)
> (x) cos 2ϕ

(r,r′)
> (y)

∂
0,>

= cosh 4
¨
ϕ
(r,r′)
> (x)ϕ

(r,r′)
> (y)

∂
0,>

e
−4

ÆÅ
ϕ
(r,r′)
>

ã2∏
0,>

(C.42)¨
sin 2ϕ

(r,r′)
> (x) sin 2ϕ

(r,r′)
> (y)

∂
0,>

= sinh 4
¨
ϕ
(r,r′)
> (x)ϕ

(r,r′)
> (y)

∂
0,>

e
−4

ÆÅ
ϕ
(r,r′)
>

ã2∏
0,> .

(C.43)

For the second order perturbative result this yields

− 1

2

Ä
⟨(∆S)2⟩0,> − (⟨∆S⟩0,>)2

ä
=

λ2

2

∑

r ̸=r′

∑

σ=±

ˆ
x,y

e−4G>(0)
Ä
e4σG>(x−y) − 1

ä
cos 2

Ä
ϕ
(r,r′)
< (x)− σϕ

(r,r′)
< (y)

ä
(C.44)
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Note that the fast mode correlation functions are O(s), both the local and the non-local
one. Therefore, we can already at this point expand in s which yields

− 1

2

Ä
⟨(∆S)2⟩0,> − (⟨∆S⟩0,>)2

ä
=

2λ2
∑

r ̸=r′

∑

σ=±

σ

ˆ
x,y

G>(x− y) cos 2
Ä
ϕ
(r,r′)
< (x)− σϕ

(r,r′)
< (y)

ä
(C.45)

By locality we know that the fast mode correlation function is peaked around 0

and vanishes at large distances. Therefore it makes sense to expand σϕ
(r,r′)
< (y) ≃

σϕ
(r,r′)
< (x)+ (y−x)∇ϕ(r,r′)

< (x). The term with σ = − is dominated by the zeroth order
contribution which generates a term ∼ cos 4ϕ

(r,r′)
< which is less relevant than cos 2ϕ

(r,r′)
<

and therefore ignored throughout the calculation. On the other hand, for σ = +, the
constant contribution vanishes and we can expand the cosine in derivatives. This is
slightly more complicated than one might assume at first glance because of the strong
fluctuations of the field ϕ which makes the direct expansion in derivatives ill-defined.
This can be cured using

cos 2
Ä
ϕ
(r,r′)
< (y)− ϕ

(r,r′)
< (x)

ä
=

cos 2
Ä
ϕ
(r,r′)
< (y)− ϕ

(r,r′)
< (x)

ä¨
cos 2

Ä
ϕ
(r,r′)
< (y)− ϕ

(r,r′)
< (x)

ä∂
0

¨
cos 2

Ä
ϕ
(r,r′)
< (y)− ϕ
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< (x)

ä∂
0

=
cos 2

Ä
ϕ
(r,r′)
< (y)− ϕ

(r,r′)
< (x)

ä¨
cos 2

Ä
ϕ
(r,r′)
< (y)− ϕ

(r,r′)
< (x)

ä∂
0

e
−2

ÆÅ
ϕ
(r,r′)
< (y)−ϕ(r,r

′)
< (x)

ã2∏
0

=
(
1− 2

Ä
(y − x)∇ϕ(r,r′)

< (x)
ä2

+ . . .
)
e
−4

≠
ϕ
(r,r′)
< (x)

Å
ϕ
(r,r′)
< (x)−ϕ(r,r

′)
< (y)

ã∑
0

=
(
1− 2

Ä
(y − x)∇ϕ(r,r′)

< (x)
ä2

+ . . .
)
e−4(G<(0)−G<(y−x)) (C.46)

This means that after we absorbed the divergent fluctuations using the Gaussian expec-
tation value, we can safely expand (Giamarchi) in derivatives, which cures the integral
appearing later. The constant term can be absorbed into the definition of the path
integral while the derivative term generates an additional contribution to the Gaussian
part of the action and renormalizes K1, K2. We find

−1

2

Ä
⟨(∆S)2⟩0,> − (⟨∆S⟩0,>)2

ä
= − 4λ2

∑

r ̸=r′

ˆ
x,x′

G>(x
′)e−4F<(x′)

Ä
x′∇ϕ(r,r′)

< (x)
ä2
.

(C.47)
We used the translation-invariance to decouple the two integrals and used the functions

G>(x, t) =
s cos Λxe

−
√

K1
K2

Λ|t|

√
K1K2

, (C.48)
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and

F<(x, t) = G>(0, 0)−G>(x, t) =

ˆ
<

2π(1− ei(px+ωt))

K1p2 +K2ω2

=
1

π

ˆ Λ

0

dp

ˆ ∞

−∞
dω

1− cos pxeiωt

K1p2 +K2ω2

=
1√
K1K2

ˆ Λ

0

dp

p

Å
1− cos pxe

−
√

K1
K2

p|t|
ã
. (C.49)

Since both G> and F< are symmetric under inversion t → −t or x → −x, we only
need to compute the integral for the ∂2x and the ∂2t term separately. Let us start with
the spatial term,

ˆ ∞

−∞
dx

ˆ ∞

−∞
dtx2G>(x, t)e

−4F<(x,t)

=s

ˆ ∞

−∞
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ˆ ∞
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√
K1K2

e
− 4√
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´ Λ
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−
…
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. (C.50)

In general, this is a function of K1 and K2. As we are mainly interested in the vicinity
of the BKT point at K1 = K2 = 1, we plug this into the integrals to get the leading
contribution. The remaining integral can then be numerically evaluated, and we can
do the same for the temporal integral, which yields

ˆ ∞

−∞
dx

ˆ ∞

−∞
dtx2G>(x, t)e

−4F<(x,t) ≃ Is

Λ4
√
K1K2

, (C.51)

where
I = 4

ˆ ∞

0

dx

ˆ ∞

0

dtx2 cosxe−te−4
´ 1
0

dp
p
(1−cos px)e−pt ≈ 0.07805. (C.52)

replacing x2 → t2 yields the same numerical value up to the fifth digit. We conclude
Eq. (3.91) from the main text.
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C.7 renormalization of the long-range term

To compute the expectation value of the non-linearity, we need to evaluate∞(
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. (C.53)

We used here that the Gaussian theory decouples into independent and equal replica
momentum sectors for k > 0. This yields

〈
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. (C.54)

Which is finite for s→ 0 independently of r, r′. In contrast, we obtain
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. (C.55)

Which vanishes in the limit s → 0 and therefore just yields a sub-leading contribu-
tion. The combination of sin and cos vanishes exactly for any s such that we obtain
(neglecting sub-leading terms in s)∞(∑

r

cos

(
1

R

∑

s

(θ(r)x,y − θ(s)x,y)

))2
∫

0,>

=
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(
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))2
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−
¨
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x,y,>

∂
0,> . (C.56)

Importantly, the found rescaling factor does not depend on the replica number and
it does not vanish in the limit R → 1. Using translation-invariance and inversion-
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symmetry, we find

⟨θ(k>0)∗
x,y,> θ

(k>0)
x,y,> ⟩0,> = 2⟨θ̂(k>0)∗

x,> θ̂
(k>0)
x,> ⟩0,> − 2⟨θ̂(k>0)∗

x,> θ̂
(k>0)
y,> ⟩0,>. (C.57)

The correlation function can be computed from the Gaussian theory, implementing a
cutoff in real space and evaluating the integral over time exactly. This yields

⟨θ̂(k>0)∗
x,> θ̂

(k>0)
y,> ⟩0,> =

ˆ
>

πeip(y−x)
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2
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K1K2 cos(Λ(y − x)). (C.58)

Hence,

e
−
¨
θ
(k>0)∗
x,y,> θ

(k>0)
x,y,>

∂
0,> = e−s

√
K1K2(1−cosΛ(y−x)). (C.59)

Just as in the construction of the model, we may now separate the short- and long-
distance behavior of this rescaling factor: Considering large distances |y−x| → ∞, and
the limit s→ 0, the cos just describes fast oscillations on a small scale, which does not
contribute to the long-range coarse-grained field theory description at such scales. On
the other hand, for short distances, the oscillations indeed become relevant since the
shortest distances in the problem are indeed given by the cutoff scale 1/Λ. Therefore,
we separate the expression according to

e
−
¨
θ
(k>0)∗
x,y,> θ

(k>0)
x,y,>

∂
0,> ≃ e−s

√
K1K2 + s

√
K1K2 cos Λ(y − x). (C.60)

Consider first only the first term. It is constant and therefore provides a multiplicative
renormalization of the coupling ∆. The RG step is to re-scale space x → xes and
time t → tes while the fields are not re-scaled to keep the Gaussian part of the action
scale-invariant up to corrections due to non-linearities. This results in a total rescaling

∆ → ∆e(3−2p−
√
K1K2), (C.61)

and therefore the flow-equation

∂s∆ = (3− 2p−
√
K1K2)∆ (C.62)

The short-range contribution on the other hand generates an additional term which
comes from the increased cutoff. It yields an additive renormalization of the Gaussian
part of the spatial derivative term. To obtain that, we perform a derivative-expansion
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in the cos using the suppression of long-distance terms due to the prefactor, i.e.
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This can be now plugged into the action and we can perform the rescaling of space
and time which yields, up to an irrelevant constant the following additional term in
the action

2is∆
√
K1K2Λ

2(p−1)

ˆ
x,t

ˆ ∞

aΛ

dyy2(1−p) cos y

︸ ︷︷ ︸
Jp

Ä
∂xθ

(k)∗
x

ä Ä
∂xθ

(k)
x

ä
. (C.64)

We dropped the higher order terms in the derivative expansion here. Note that the
integral Jp only exists for p > 1. Since the RG shall describe the vicinity of the phase
transition which was identified to be at p = 3/2, this is not a problem here. Using
Λ = π/a as UV cutoff yields Jp < 0. Using a Fourier-transformation shows that this
yields a additive renormalization of K2,

1

K2

→ 1

K2

+ 4πis∆
√
K1K2Λ

2(p−1)Jp (C.65)

Which yields the flow equation

∂s
1

K2

= 4πi∆
√
K1K2Λ

2(p−1)Jp (C.66)

To cast this into a form compatible with the BKT transition discussed in Sec. 3.2.2,
we may rewrite both flow equations in terms of the combination K =

√
K1K2, which

yields
∂sK = −2πi∆Λ2(p−1)JpK

2∆ (C.67)

Re-scaling the coupling ∆ finally results in the equations (4.32) and (4.33) from the
main text.
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Appendix D Preselection

D.1 Derivation of mean-field time-evolution

Here we derive the time evolution of the mean field local excitation density n = ⟨n̂l⟩ in
in the quantum feedback protocol after the particle-hole transformation. To compute
this quantity, consider the time evolution of some operator Â with expectation value
A = ⟨Â⟩. We use just the cyclic property of the trace to obtain

∂tA = ∂t⟨Â⟩ = ∂tTr Âρ̂

= −i⟨[Â, Ĥ]⟩ − γ

2

∑

l

⟨{n̂l, Â}⟩+
γ

2

∑

l

⟨n̂lÂn̂l⟩+
γ

4

∑

l,σ=±

⟨L̂†
lσÂL̂l,σ⟩. (D.1)

This is still exact. In the next step, we perform a mean-field calculation under the
assumption that we are close to the dark state, with a few excitations that can move.
If the excitation density is low, we may decouple expectation values using the Wick
theorem.

First approximation: purely local If one is very close to the dark state, the
excitation density is so low that non-local expectation values ⟨ĉ†l ĉm⟩ and ⟨ĉlĉm⟩ for
l ̸= m can be neglected. Under these assumptions, the only relevant term in the mean-
field calculation is ⟨n̂l⟩ = n since ⟨ĉ2l ⟩ = ⟨0̂⟩ trivially for fermions. We also assumed that
the question whether l is even or odd does not matter for the mean-field calculation
which is justified a posteriori. For the time-evolution, we need the expectation value
of

[n̂l, Ĥ] =
∑

m

(−1)m ([n̂l, n̂mĉm−2ĉm−1] + [n̂l, n̂mĉm+2ĉm+1] + h.c)

=
∑

m

(−1)m (n̂m[n̂l, ĉm−2ĉm−1] + n̂m[n̂l, ĉm+2ĉm+1]− h.c.)

= (−1)l ((n̂l−1 + n̂l+2)ĉl+1ĉl + (n̂l+1 + n̂l−2)ĉl−1ĉl)− h.c., (D.2)

using standard commutator algebra. To evaluate the expectation value, we use Wicks
theorem for fermionic operators as we are close to a Gaussian state (the trivial vac-
uum state). The terms that we have here have the form ⟨n̂AĉB ĉC⟩ ≈ ⟨n̂A⟩⟨ĉB ĉC⟩ −
⟨ĉ†AĉB⟩⟨ĉAĉC⟩ + ⟨ĉ†AĉC⟩⟨ĉAĉB⟩. This means that under the mean-field decoupling de-
scribed above, all terms cancel since they all are ∼ ⟨ĉlĉl+d⟩ with d = 1, 2 i.e. not
completely local. This means that the Hamiltonian does not appear at all to lowest
order in the expansion:

⟨[n̂l, Ĥ]⟩ ≈ 0 + non-local correlations ≈ 0. (D.3)
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The second term in the expansion,

−
∑

m

⟨{n̂l, n̂m} − n̂mn̂ln̂m⟩

=−
∑

m

⟨n̂ln̂m⟩ ≈ −⟨n̂l⟩ −
∑

m̸=l

⟨n̂l⟩⟨n̂m⟩+ non-local correlations

≈− n− (L− 1)n2, (D.4)

in the thermodynamic Limit. For the correction term we find

1

2

∑

m,±

⟨L̂†
m,±n̂lL̂m,±⟩

=
1

2

∑

m,±

⟨(n̂m(1− n̂m±1) + i(−1)mĉ†m±1ĉ
†
m)n̂l(n̂m(1− n̂m±1)− i(−1)mĉmĉm±1)⟩

=
1

2

∑

m,±

⟨n̂m(1− n̂m±1)n̂l + ĉ†m±1ĉ
†
mn̂lĉmĉm±1⟩. (D.5)

Above simplification is exact as the cross-terms vanish since for m = l or m = l ± 1

we have the cancellation ĉ†l n̂l = 0 or n̂lĉl = 0 and if they are not equal, the creation
operators commute with n̂l and annihilate n̂m. Therefore, the mixed term vanishes. To
simplify, we need to consider four different cases for a given l, l = m, l = m+1, l = m−1

and anything else. For m = l, the second term in the equation always drops as
n̂lĉl = ĉ†l ĉ

2
l = 0 and the first term decouples to 1

2

∑
±⟨n̂l(1 − n̂l±1)⟩ = n(1 − n) as we

neglect non-local correlations again. The second case m = l − 1 gives 1
2
⟨n̂ln̂l−1⟩ = 1

2
n2

and equivalently for m = l + 1 we get 1
2
⟨n̂ln̂l+1⟩ = 1

2
n2. Finally, the cases m ̸= l, l±

gives (L− 3)n2. All together, we find

1

2

∑

m,±

⟨L̂†
m,±n̂lL̂m,±⟩ = −3n2 + n+ Ln2. (D.6)

Putting everything together, we get a closed equation for the excitation density time
evolution:

∂tn = −γn2. (D.7)

On this level of approximation, we therefore always find that the dark state is reached
in algebraic time. To discuss the breakdown of the mean-field approach due to the
presence of the Hamiltonian (which drops out completely at this level), we need to
consider non-local correlations.

Next order: nearest-neighbor correlations To make the Hamiltonian appear in
the mean-field evolution, we now include nearest-neighbor correlations as well. To do
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that, we reconsider the expectation value

⟨[n̂l, Ĥ]⟩ = (−1)l⟨(n̂l−1 + n̂l+2)ĉl+1ĉl + (n̂l+1 + n̂l−2)ĉl−1ĉl⟩+ c.c., (D.8)

with the mean-field decoupling ⟨n̂AĉB ĉC⟩ = ⟨n̂A⟩⟨ĉB ĉC⟩−⟨ĉ†AĉB⟩⟨ĉAĉC⟩+⟨ĉ†AĉC⟩⟨ĉAĉB⟩.
The first of these three terms always contains only nearest-neighbor correlations while
the other two always also contain next to nearest order correlations, which we neglect
again. This means, that the Hamiltonian term simplifies to

−i⟨[n̂l, Ĥ]⟩ ≈ −2in(−1)l⟨ĉl+1ĉl + ĉl−1ĉl − h.c.⟩, (D.9)

We therefore introduce a second mean field, K = i(−1)l⟨ĉlĉl+1 − ĉ†l+1ĉ
†
l ⟩. This mean

field encodes the occupation of the target state as the Hamiltonian was defined with
always positive amplitudes. We could also take two different mean-fields for the even
and odd sites but an alternating definition captures the essential physics of the dark
state transition on the mean-field level. Using this definition, we obtain

−i⟨[n̂l, Ĥ]⟩ ≈ 4Kn (D.10)

Next, we reconsider the dissipative part to study nearest neighbor contributions. First

−
∑

m

⟨{n̂l, n̂m} − n̂mn̂ln̂l⟩

= −
∑

m

⟨n̂ln̂m⟩ = −⟨n̂l⟩ −
∑

m̸=l

⟨n̂mn̂l⟩

≈ − ⟨n̂l⟩ −
∑

m ̸=l

Ä
⟨n̂l⟩⟨n̂l⟩ − ⟨ĉ†l ĉ†m⟩⟨ĉlĉm⟩+ ⟨ĉ†l ĉm⟩⟨ĉlĉ†m⟩

ä
≈− n− (L− 1)n2. (D.11)

We can again neglect the off-diagonal terms as they all have the form (off-diagonal2

which is negligible compared to diagonal × off-diagonal. This means that we do not
have to introduce additional mean-fields for these additional terms. The same is true
for the off-diagonal terms in the L̂n̂L̂ term which are of order diagonal2 × off-diagonal.
This means, that for the description of the excitation density, we only need to know
the evolution of the off-diagonal mean field K. The total time-evolution for the mean
field density is therefore

∂tn = n(4K − γn) (D.12)

This still fulfills the necessary condition that n = 0 i.e. the dark state is indeed a dark
state on the mean-field level.
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Evolution of the off-diagonal mean field To get a closed set of mean-field equa-
tions, we next consider the time-evolution of the off-diagonal mean field in terms of
densities and itself. This has the form

∂tK =

〈
−i[K̂l, Ĥ]− γ

∑

m

(
{n̂m, K̂l} − n̂mK̂ln̂m − 1

2

∑

σ=±

L̂†
lσK̂lL̂lσ

)〉
(D.13)

First, we study the Hamiltonian part:

− i⟨[K̂l, Ĥ]⟩
=
∑

m

(−1)m+l⟨[ĉlĉl+1 − ĉ†l+1ĉ
†
l , n̂m(ĉm−2ĉm−1 + ĉ†m−1ĉ

†
m−2 + ĉ†m+1ĉ

†
m+2 + ĉm+2ĉm+1)]⟩.

(D.14)

To simplify this term, note that terms with a different number of creation and annihi-
lation operators can only give rise to off-diagonal terms since ĉ2l = 0. To lowest order
approximation, we compute only local contributions as, in cases they do not vanish,
non-local contributions are smaller close to the target state. Hence, we get

− i⟨[K̂l, Ĥ]⟩ ≈
∑

m

(−1)m+l
Ä
⟨[ĉlĉl+1, n̂m(ĉ

†
m−1ĉ

†
m−2 − ĉ†m+1ĉ

†
m+2)]⟩

ä
+ c.c

=
∑

m

(−1)m+l⟨(δl+1,mĉl − δl,mĉl+1)ĉmĉ
†
m−1ĉ

†
m−2⟩+ ⟨(δl+1,mĉl − δl,mĉl+1)ĉmĉ

†
m+1ĉ

†
m+2⟩

+
∑

m

(−1)m+l⟨n̂m([ĉlĉl+1, ĉ
†
m−1ĉ

†
m−2] + [ĉlĉl+1, ĉ

†
m+1ĉ

†
m+2])⟩+ c.c. (D.15)

The first line of this result vanishes under the present approximation since it only
produces off-diagonal terms. The second one does not:

− i⟨[K̂l, Ĥ]⟩
≈
∑

m

(−1)m+l⟨n̂m (δm,l+2(1− n̂l − n̂l+1) + δm,l−2(1− n̂l − n̂l+1))⟩+ c.c. (D.16)

Taking now only the local contributions in the mean-field decoupling, we obtain

−i⟨[K̂l, Ĥ]⟩ ≈ 4n(1− 2n). (D.17)

We see that the excitation density has a back action on the off-diagonal correlations
via the Hamiltonian, which vanishes in the absence of excitations. It remains open to
compute the action of the dissipation on the second mean field. Let us start with the
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anti-commutator

∑

m

{n̂m, K̂l} = i(−1)l
∑

m

{n̂m, ĉlĉl+1} − i(−1)l
∑

m

{n̂m, ĉ†l+1ĉ
†
l}

= 2i(−1)l

(
ĉlĉl+1 +

∑

m̸=l,l+1

n̂mĉlĉl+1

)
+ h.c.. (D.18)

Taking the expectation value gives in the second term only the contribution ⟨n̂m⟩⟨ĉlĉl+1⟩
since we neglect any next to nearest neighbor contributions. Therefore

∑

m

⟨{n̂m, K̂l}⟩ ≈ 2i(−1)l(1 + (L− 2)n)⟨ĉlĉl+1⟩+ c.c ≈ 2(1 + (L− 2)n)K. (D.19)

Along the same lines, we get

∑

m

⟨n̂mK̂ln̂m⟩ = LnK. (D.20)

Finally,

1

2

∑

m,σ

⟨L̂†
mσK̂lL̂mσ⟩ = i(−1)l

1

2

∑

m,σ

⟨n̂m(1− n̂m+σ)ĉlĉl+1n̂m(1− n̂m+σ)⟩

+
1

2

∑

mσ

(−1)l+m⟨n̂m(1− n̂m+σ)ĉlĉl+1ĉmĉm+σ − ĉ†m+σ ĉ
†
mĉlĉl+1n̂m(1− n̂m+σ)⟩

+ i(−1)l
1

2

∑

mσ

⟨ĉ†m+σ ĉ
†
mĉlĉl+1ĉmĉm+σ⟩+ c.c.. (D.21)

The first line can be simplified by noting that it vanishes for σ = + if m = l or
m = l = 1, it simplifies to n̂l−1ĉlĉl+1 for l = −1 i.e. nK and in all other cases, the
dominant contribution is n(1 − n)K. For σ = −1, we get the same term again so
that we have in total (n + (L − 3)n(1 − n))K from the first line. The second line
can be neglected as the non-zero contributions have at most the form ĉ†ĉĉĉĉĉ with
appropriate indices. Under mean-field decoupling, this always gives quadratic terms in
non-local correlations ∼ nK2 which we neglect compared to terms ∼ nK. The third
term vanishes if m = l, l+1, l− σ, l+1− σ (3 cases) and otherwise we find n2K. This
means that all together

1

2

∑

m,σ

⟨L̂†
mσK̂lL̂mσ⟩ ≈ (n+ (L− 3)n(1− n) + (L− 3)n2)K = (L− 2)nK (D.22)

The total time-evolution for K simplifies to

∂tK ≈ 4n(1− 2n)− γ(1− n)K. (D.23)
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Since we are working in the limit where n ≪ 1, to leading order we find the time-
evolution (5.21).

D.2 Quantum feedback Hamiltonian in bosonization

The perturbation to the Hamiltonian is discussed in the continuum limit,

∆Ĥ = −
∑

l

(−1)l(n̂l+2 − n̂l−1)(ĉ
†
l ĉl+1 + ĉ†l+1ĉl)

= −
∑

l

(−1)ln̂l
Ä
ĉ†l+1ĉl+2 + ĉ†l+2ĉl+1 + ĉ†l−1ĉl−2 + ĉ†l−2ĉl−1

ä
= −a

ˆ
dx cos(2kFx)ψ̂

†(x)ψ̂(x)
Ä
ψ̂†(x+ a)ψ̂(x+ 2a) + (a↔ −a) + h.c.

ä
= −a

∑

s=±

ˆ
dx cos(2kFx)ψ̂

†(x)ψ̂(x)ψ̂†(x+ sa)ψ̂(x+ 2sa) + h.c.. (D.24)

Here we introduced kF = π/2a = πn0. Since the hopping commutes with the density,
we just have to study a single term. We only retain the leading order in derivatives
which means that in direct comparison with the density, we can drop the explicit
dependence on the derivative in the definition of the bosonized fields. This gives:

− a

ˆ
dx cos(2kFx)ψ̂

†(x)ψ̂(x)ψ̂†(x+ as)ψ̂(x+ 2as)

=− 1

2
an2

0

∑

l,l′,l′′

ˆ
dx cos(2kFx)e

2il(kF x−ϕ̂(x))ei(2l
′+1)(kF (x+sa)−ϕ̂(x+sa))

× e−iθ̂(x+sa)eiθ̂(x+2sa)ei(2l
′′+1)(kF (x+2sa)−ϕ̂(x+2sa))

=
isan2

0

2

∑

l,l′,l′′

(−1)l
′′
ˆ
dx cos(2kFx)e

2il(kF x−ϕ̂(x))ei(2l
′+1)(kF (x+sa)−ϕ̂(x+sa))

× ei(2l
′′+1)(kF (x+2sa)−ϕ̂(x+2sa))e−iθ̂(x+sa)eiθ̂(x+2sa)

=
−s2an2

0

2

∑

l,l′,l′′

(−1)l
′+l′′
ˆ
dx cos(2kFx)e

2il(kF x−ϕ̂(x))ei(2l
′+1)(kF x−ϕ̂(x+sa))

× ei(2l
′′+1)(kF (x+2sa)−ϕ̂(x+2sa))e−iθ̂(x+sa)eiθ̂(x+2sa)

=
s2an2

0

2

∑

l,l′,l′′

(−1)l
′+l′′
ˆ
dx cos(2kFx)e

2il(kF x−ϕ̂(x))ei(2l
′+1)(kF x−ϕ̂(x+sa))

× ei(2l
′′+1)(kF x−ϕ̂(x+2sa))e−iθ̂(x+sa)eiθ̂(x+2sa) (D.25)

Note that the sign s appears quadratic and therefore drops out so that we get the
same for both directions. At this point, we have separated ϕ̂ and θ̂ using the point
splitting given by the lattice discreteness so that we can safely take the limit a→ 0 in
the operators ϕ̂ i.e. do a derivative expansion that is cut off at leading order. For the
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field ϕ̂ we have to be a bit more careful because of the alternating sum. Still doing this
yields

− a

ˆ
dx cos(2kFx)ψ̂

†(x)ψ̂(x)ψ̂†(x+ as)ψ̂(x+ 2as)

≃ an2
0

2

∑

l,l′,l′′

(−1)l
′+l′′
ˆ
dx cos(2kFx)e

2i(1+l+l′+l′′)(kF x−ϕ̂(x))

=
an2

0

4

∑

l,l′,l′′

(−1)l
′+l′′
ˆ
dx
Ä
e2ikF xe2i(1+l+l

′+l′′)(kF x−ϕ̂(x)) + e−2ikF xe2i(1+l+l
′+l′′)(kF x−ϕ̂(x))

ä
≃ an2

0

4

∑

l′,l′′

(−1)l
′+l′′
ˆ
dx
Ä
e2iϕ̂(x) + e−2iϕ̂(x)

ä
=
an2

0

2

∑

l′,l′′

(−1)l
′+l′′
ˆ
dx cos 2ϕ̂(x), (D.26)

where we again dropped all oscillating terms which removes the sum over l. The result
is not well defined as it contains a divergent sum which comes from a missing regular-
ization. However, it is clear how the dependence on θ̂(x) neglecting all derivatives looks
like. Therefore we identify the perturbation (5.26). This is the only newly emerging
term that does not contain derivatives and does not explicitly depend on oscillating
factors of x.

D.3 Semiclassical limit of quantum pre-selection

The feedback quantum master equation (5.16) obeys a well-defined semi-classical limit
when the dynamics is dominated by measurements, i.e., for γ ≫ 1. In this limit, the
double commutator ∼ [n̂l, [n̂l, ρ̂]], i.e. the dephasing, dominates and quickly pushes
the system into a state ρ̂ → ρ̂D, which is diagonal in the particle number basis. A
general state ρ̂ in the particle number basis has the form ρ̂ =

∑
n⃗,m⃗ ρn⃗,m⃗ |n⃗⟩ ⟨m⃗| with

(complex) amplitudes ρn⃗,m⃗. Its diagonal elements are ρ̂D ≡ ∑
n⃗ ρn⃗,n⃗ |n⃗⟩ ⟨n⃗|. In the

presence of dephasing, the off-diagonal elements decay exponentially in time, following
ρn⃗,m⃗ ∼ e−

γ
2
||n⃗−m⃗||2t. The diagonal elements ρn⃗,n⃗ are not affected by the dephasing. They

can be interpreted as the probability distribution for configurations of L/2 classical,
hard-core particles in a system of size L.

Adding the Hamiltonian evolution ∼ i[Ĥ, ρ̂] and the feedback ∼ pF ρ̂ has two
different effects: (i) the Hamiltonian evolution leads to the hopping of particles by
coupling diagonal and off-diagonal matrix elements. (ii) the feedback evolution does
not couple the diagonal and off-diagonal elements but instead yields a directed hopping
on both the diagonal and the off-diagonals simultaneously. In the limit where γ ≫ 1,
it is thus useful to parameterize the state ρ̂ in terms of a power series ρ̂ = ρ̂D+ 1

γ
ρ̂O1/γ+

O(1/γ2) and treat the Hamiltonian evolution perturbatively. Assuming in addition
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p≪ 137 yields the well-defined perturbative expansion

∂tρ̂
D = −pγF ρ̂D − i

γ
P [Ĥ, ρ̂O1/γ] +O(p/γ, 1/γ2), (D.27)

1
γ
∂tρ̂

O
1/γ = −

∑

l

[n̂l, [n̂l, ρ̂
O
1/γ]]− i[Ĥ, ρ̂D]. (D.28)

with P being the projector onto the diagonal in the particle number basis. The second
equation describes the exponential decay of the of the off-diagonal elements. We solve
it in the quasi-stationary limit by setting ∂tρ̂O1/γ = 0. This yields

∂tρ̂
D = −pγF ρ̂D − 1

2γ
Pi[Ĥ, [Ĥ, ρ̂D]] +O(p/γ, 1/γ2). (D.29)

It involves only diagonal terms, which can be parametrized by the probability dis-
tribution ρ(n⃗) ≡ ρn⃗,n⃗. The probability of swapping the occupation number at two
neighboring sites nl ↔ nl+1 in a time step dt is then given by

ρ(nl ↔ nl+1) =γdt
(p
2
(1− (−1)l(nl − nl+1))

+
1

γ2
(1− (−1)l(nl+2 − nl−1))

2

ã
.

(D.30)

These state updates can be efficiently simulated: it requires L bits to store the cur-
rent state and we may therefore study the dynamics of the underlying model in the
strong measurement limit γ ≫ 1, 1/p. Besides that, the resulting master equation
is an interesting classical reaction diffusion model by itself. Therefore, we perform a
numerical analysis of eq. (D.30). We absorb one of the parameters into a re-scaled
time t → t/(pγ + 4/γ), leaving just a single parameter r = 1/pγ2 in the model as a
tuning parameter. This rescaling allows to tune through r ∈ [0,∞) for a fixed time-
discretization dt in the new units, always obeying γ ≫ 1, 1/p using a proper choice
of γ and p. We identify the strong measurement regime with p = 1 of the original
model with r ≪ 1 but r ̸= 0. In this limit, the results are consistent with the MPS
simulations for strong measurements in Fig. 33. In particular, we find that the order
parameter decays ∼ t−1/4 after a O(1) initialization time up to t ∼ L2, consistent with
the evolution of the true quantum state in the absorbing phase. At larger r ≈ 1.45 we
numerically observe a phase transition to a long-lived active phase (see Fig. 39) with
an order-parameter finite size scaling consistent with the BKT scenario.

37Only after a small fraction of the measurement, the correction operation is applied.
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Figure 39: Numerical study of the classical limit. a) Trajectory-averaged time evolu-
tion of a random initial state towards the dark state of the classical stochastic model
derived in the strong measurement limit of the quantum pre-selection scheme (L = 512)
quantified by the order parameter nex = 1

L

∑
l odd nl +

1
L

∑
l even(1− nl). At r ≈ 1.5 we

find a change of the dynamics between an absorbing (decay ∼ t−1/4) and an active be-
havior at timescales ∼ L2, just like in the classical and quantum pre-selection schemes
(see Fig. 29c) and Fig. 33c)). b) Evaluating systems of various sizes at t = L2 allows to
perform a scaling collapse of the order parameter, indicating an absorbing state phase
transition with signatures of the BKT scenario at r ≈ 1.45. Inset: un-rescaled data. c)
The probability to have excitations left in the system in a given trajectory at t = L2,
i.e. the probability of being in any other state than the absorbing state P (nex ̸= 0)
drastically changes its behavior and jumps from 0 to 1 at the phase transition.
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