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Zusammenfassung

H. Herrmann, C.-Y. Hsiao, G. Marinescu und der Autor dieser Arbeit bes-
chreiben in einem kiirzlich erschienen Artikel die vollstindige asymptotische
Entwicklung des Schwartz-Kerns bestimmter spektraler Projektionen von semi-
klassischen Toeplitz-Operatoren auf streng pseudokonvexen, kompakten, ein-
bettbaren CR-Mannigfaltigkeiten. Eine solche asymptotische Expansion fiihrt
zu vielen neuen Anwendungen in der CR-Geometrie, und das Ziel dieser Ar-
beit ist es, dieses Ergebnis zu verallgemeinern.

Dazu betrachten wir eine kompakte, nicht-entartete CR Mannigfaltigkeit
(X, T'*X) mit konstanter Signatur (1,7 ) und einen selbstadjungierten, klas-
sischen Pseudodifferentialoperator P erster Ordnung, der den Raum der (0, 9)-
Formen auf X auf sich selbst abbildet. Wir definieren und untersuchen dann
sogenannte Levi-elliptische Toeplitz-Operatoren fiir Formen mit niedriger En-

ergie. Genauer betrachten wir fiir jedes A > 0 den Operator Tl(,f]))\ = Hgf” oPo

H(Aq). Dabei bezeichnet H(Aq) - in Analogie zur Szeg6-Projektion - die orthogonale

Projektion auf Formen niedrigerer Energie ist 11 1) (O l(]q)) bezii-glich des Kohn-

(9)

Laplace-Operators 0,". Im Fall g = n_, nehmen wir an, dass P levi-elliptisch
ist, was bedeutet, dass das matrixwertige Hauptsymbole von P bezogen auf die
Signatur (n_,n. ) einer abgeschwichten Elliptizititsbedingung gentigt. Wir be-
trachten dann den durch die Helffer-Sjostrand-formel definierten Spektraloper-

ator X(k’lTI(Jf’) ), q =n_, k > 0, beziiglich einer glatten Funktion x: R — C mit

kompaktem Tragerin R \ {0}. Unter Verwendung mikroanalytischer Methoden
von Hsiao-Marinescu und Galasso—Hsiao untersuchen wir das asymptotische

Verhalten von X(k_lTI(ﬂ))\) fiir k — 4oc0. Unser Hauptergebnis beschreibt die

vollstandige asymptotische Entwicklung des Schwartz-Kerns X(k_lTl(,q))\) (x,y)

als Summe zweier semi-klassischer oszillierender Integrale komplexer Phasen.
Dabei sind die entsprechenden komplexwertigen Phasenfunktionen mit den
beiden Zusammenhangskomponenten ¥~ bzw. £ des charakteristischen Kegels
des Kohn-Laplace-Operators assoziiert.

Der letzte Teil dieser Arbeit umfasst die gemeinsame Arbeit von C.-Y. Hsiao
und dem dieser Autor iiber den zweiten Koeffizienten fiir die Expansion von
Boutet de Monvel und Sjostrand. Dieses Ergebnis konnte in Zukunft fiir die

)

Berechnung von A" (x) in der semi-klassischen Expansion von y (k™! TI(JqA) (x,x)
bei g = n_ = 0 hilfreich sein.



Abstract

A recent result of H. Herrmann, C.-Y. Hsiao, G. Marinescu and the au-
thor establishes the full asymptotic expansion of the Schwartz kernel of certain
spectral projection of semi-classical Toeplitz operators on strictly pseudocon-
vex, compact and embeddable CR manifolds. Such asymptotic expansion leads
to many new applications in CR geometry, and the aim of the thesis is to gener-
alize this result.

For this propose, we consider any compact CR manifold (X, T"?X) whose
Levi form is non-degenerate and has a constant signature (n_,n4). We in-

troduce a specific type of operators called Levi-elliptic Toeplitz operators for
q)

lower energy forms. For any A > 0, these operators, represented as Tlg, 1=

I—Igﬂ) oPo H(Aq), is the pre- and post- composition of certain classical pseudodif-

ferential operators P of order one and the orthogonal projection Hg\q). We as-
sume that P maps the space of (0, g)-forms on X to itself and to be formally self-
adjoint. When g = n_, we assume that the matrix-valued principal symbol of P
satisfy some relaxed elliptic conditions corresponding to the pair (n_,n4). The

(9)

orthogonal projection IT," is an analogue of the Szeg® projection and defined

by 19 (0 l(f) ), which is the spectral projection to lower energy forms associated
with the Kohn Laplacian at degree (0, 7). For any smooth function x : R — C
compactly supported on R \ {0} and g = n_, our primary focus is the spectral

operator x (k™1 T}ﬂi) defined by the Helffer-Sjostrand formula in spectral theory.
Starting from the microlocal analysis of Hsiao-Marinescu and Galasso—-Hsiao,

)

as k — +oo we develop a semi-classical microlocal analysis of )((k’lTl()?A), and
our main result describes the full asymptotic expansion of the Schwartz kernel

)((k_lTI(ﬂR)(x,y) as the sum of two semi-classical oscillatory integrals of com-
plex phases. The canonical relation of the two oscillatory integrals corresponds
to X~ and X7, respectively, where ¥ are the only two connected components

(q9)

of the characteristic cone of O0,".

The last part of the thesis is the joint work of C.-Y. Hsiao and the author
about second coefficient for the expansion of Boutet de Monvel and Sjostrand.
Our result and method should be helpful in the future for the calculation of

AT (x) in the semi-classical expansion of X(k’lTl(,‘?))\) (x,x) wheng =n_ = 0.
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CHAPTER 1

Introduction

1.1. Semi-classical spectral asymptotics of Toeplitz operators

The theory of Toeplitz operators is a classical subject in several complex vari-
ables. For a bounded strictly pseudoconvex domain M C C"tl n>1,weletX
be the boundary of M and H)(X) the closure in L?(X) of the space of boundary
values of holomorphic functions on M. We call operators of the form

(1.1.1) Tp:=IIoPoll

Toeplitz operators, where I is the orthogonal projection of L?(X) onto H(X)
and P is a pseudodifferential operator on X. Inspired by the earlier results
of Melin-Sjostrand [72] and Boutet de Monvel-Sjostrand [13], respectively on
Fourier integral operators with complex phase and the asymptotic expansion
of Szeg6 kernel I1(x,y), in [10] Boutet de Monvel proves that these operators
admit symbolic calculus as pseudodifferential operators, and he gives a famous
result about a variant of the Atiyah-Singer index theorem in this context. It
turns out that Boutet’s general theory of Toeplitz operators is a powerful tool
not only in index theory, but also in complex geometry and topics in deforma-
tion quantization [11, §§ 6,7,8]. We mention some works inspired by such point
of view [2,5,6,14,16-18,20,24,28,29,32,34,55,59,67,68,70,76,77,81,82], to quote
just a few.

Our interests for Toeplitz operators is their spectral theory on non-degenerate
CR manifolds. These CR manifolds play a fundamental role in the context of
microlocal analysis, see Boutet de Monvel [8], Hormander [42], and Kohn [63].
We provide an alternative method comparing to the calculus in the main text of
Boutet de Monvel-Guillemin [12] to study Toeplitz operators. In this thesis, on
any compact CR manifold with a non-degenerate Levi form of constant signa-
ture (n_,n,), for ¢ = n_ and any number A > 0 we introduce the Levi-elliptic

Toeplitz operator on lower energy forms Tl(f’i. Forany x € 65°(R \ {0}) we con-
sider the spectral operator X(k’lTI(f) ), and under the semi-classical limit k —
+00 our main result establishes the full asymptotic expansion of the Schwartz

kernel X(k_lTl(,q/{) (x,y) as the sum of two semi-classical oscillatory integrals. In
the realm of CR geometry, this work is a continuation of research into the semi-
classical spectral asymptotics of Toeplitz operators. Our method heavily relies
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on microlocal analysis of [13,28,45,56,72] and especially the semi-classical mi-
crolocal approaches introduced by Herrmann, Hsiao, Marinescu and the author
in [35], where these operators are examined on compact, strictly pseudocon-
vex, and embeddable CR manifold. The study employs the approach of Melin—-
Sjostrand, Boutet de Monvel-Sjostrand, Hsiao-Marinescu and Galasso-Hsiao,
utilizing a calculus of specific complex phase Fourier integral operators, cf. §3.
Additionally, it incorporates a semi-classical analysis on a distinct integral, as
defined by the Helffer-Sjostrand formula, cf. §4. This kind of analysis was well-
studied for order zero Toeplitz operators [28] and for the order one situation
[35].

From now on, we work on the following set-up. We let (X, T X) be a com-
pact Cauchy-Riemann manifold of hypersurface type (CR manifold for short)
of real dimension 2n + 1, n > 1, and assume that there is a contact form « on X
such that the Levi form £ := Sda|r10y induced by « is non-degenerate on whole
X. This means that the numbers of the negative and positive eigenvalues of £
on X is always the constant and we denote them by n_ and n, respectively.
The pair (n_,n,) is called the signature of X. For any classical pseudodiffer-
ential operator P € LL,(X; T*%9X) of first order such that P : €°(X, T*%1X) —
€ (X, T*%1X), we consider the operator

(1.12) T =11\ o PoT1?,

where A > 0 is any number, H&q) : L(z)’q(X) — E(]0,A]) is the orthogonal pro-
jection called Szegd projection on lower energy forms, L(z)/q(X) is the square inte-

grable (0,9) forms on X, and the subspace of lower energy forms E([0,A]) :=

(OI))

Range 19 ,(0,") is the image of the spectral projection of the Kohn laplacian

O éq) (extended by Gaffney extension). We always assume that P is formally
self-adjoint. When g = n_ we assume the following Levi-ellipticity conditions.
First of all, we let {W]}?:1 be an orthonormal frame of T'YX in a neighbour-
hood of x such that L, (W, Ws) = éjspj, j,s =1,--- ,n,and py < -+ <y <
0 < Hi4n_ < -+ < pn. We take the dual basis {w;}7_; of T*91X with respect to
{Wj}7:1 and we consider the subspace Ny~ := {cwi(x) A+ Awy (x): c € C}

and Ny " := {cwity (X) A - Awu(x): c € C} of T:%1X. With respect to the
hermitian metric induced by the given one on CTX, we can define the orthogo-
nal projections

(1.1.3) T TEIX — NI
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Second, we use the notation py € ¢ (T*X, .Z(T*%1X, T*1X)) for the matrix-
valued principal symbol of P. For all x € X, we require

(1.1.4) Ty po(—ax)Ty >0 wheng=n_,
and we additionally need
(1.1.5) Ty "po(ay)Ty ¥ <0 wheng=n_ =n,.

We will see in Theorem 3.8 that Tl(ﬂ))L has a self-adjoint L?-extension through

)

maximal extension. In fact, forg & {n_,n,}, TI({]A is a compact operator. When

g = n_, we will see in Theorem 3.9 that the set Spec Tl(ﬂ))L C Risalso discrete and
the accumulation points of the spectrum is the subset of {—oc0, +-00}. Roughly
speaking, the conditions (1.1.4) and (1.1.5) are responsible for the part of eigen-
values accumulated at +oc0 and —oo, respectively. We will discuss Theorem 3.9
more in §3.2.

Next, for any function x € 45°(R \ {0}), our main result describes the op-

erator X(k’lTng))L) as the sum of two semi-classical Fourier integral operators
modulo some k-negligible operator when g = n_ and k — +oc0. From the spec-

) )

tral theorem of Tl(ﬂ)\, we denote {A;};c; be the non-zero eigenvalues of Tl(,qA, and
{fi}jej be the correposnding eigenforms such that (f;|f;) = J;x with respect to
L%-inner product (-|-). We then have the formula

(1.1.6) XETITI ) = L x(A)f() @ f ().
k=1A;€supp x

However, to state the precise semi-classical spectral asymptotics of this finite

sum, we need more detail for the fundamental theorem [56, Theorem 4.1] about

the microlocal structure of ng), cf. also Theorems 2.3 and 2.4. For g = n_

and any coordinate patch (), x) on X, there is some complex-valued function
p=(x,y) € €°(Q x Q,C) with the properties

(1.1.7) Im ¢+(x,y) >0,
(1.1.8) ¢=(x,y) =0ifand only if x =y,
(1.1.9) drpx(x,x) = —dyox(x,x) = Fa(x),

and some Hormander symbol s (x, y, t) with the asymptotic expansion
+o0 ,

(1110) s¥(x,y,t) ~ Y sT (x,y)t" T in S <Q x O x Ry, .2(T*X, T*O'qX)>
j=0

such that for the Foureier integral operators S+ determined by

—+o00

(1.1.11) S+(x,y) = / et )T (x,y, t)dt
0
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we have

(1.1.12) MY =5 +5,+F onQ

]

for some F smoothing on Q). Here R := R+. In fact, sT(x,y,t) and s (x,y)
are properly supported in the variables (x,y) for all j € Ng and s™ (x,y,¢) = 0

whenn_ # ny. Wheng ¢ {n_,ny}, Hg\q) is a smoothing operator.

THEOREM 1.1. We let (X, T'?X) be a compact and non-degenerate CR manifold
and « be the contact form on X such that the Levi form induced by « has the constant
signature (n_,ny). We denote dimg X := 2n+1landn > 1. Forq € {0,--- ,n},
any formally self-adjoint P € LY (X; T*1X) such that when q = n_ we have the
Levi-ellipticity conditions (1.1.4) and (1.1.5), and any A > 0, we consider the Toeplitz

operator Tz@x = ng) oPo HELQ) by I—Iy) = ]l[O,A](Dl()q)). For any function x €
%;° (R \ {0}, C) such that x # 0, the spectral operator X(k_lTl(,@)\) has the following
semi-classical limit as k — +o0:

(1.1.13) X(TTE) =0 on X if q ¢ {n_,n},

and for each coordinate patch (), x) in X we have the full asymptotic expansion of the
Schwartz kernel

+oo
(1114) x (k') (x,y) = /O M-V A= (x, y, £; k) dt

+oo
+/ ekt W) A% (v, y, £ k)dE + O (k) onQxQ if g=n_,
0

where g (x,y) € €= (Q x Q, C) are the functions with the properties (1.1.7), (1.1.8),
(1.1.9) and we have the following smooth data:

+o00
+ M ~ :F 1’1+1*]'
(1.1.15) AT (x,y,t;k) ]E:OA] (x,y,t)k

in S (1;0 x QO x Ry, Z(TX, T*O'qX)> ,

loc
and A*(x,y,t;k) = 0 when n_ # ny. In fact, when supp x N IRy # @, there is
an interval I_ € Ry such that when A;(x, y,t) # 0and A~ (x,y,t) # 0 we have

t € I_forall j € No;, when n_ = ny and supp x NIR_ # O, there is also an interval
I+ € Ry such that when A;r(x, y,t) # 0and AT (x,y,t) # 0 we have t € 1, for

all j € INg. Moreover, for any 11, 7p € €*(X) such that supp T Nsupp 7, = @, we
have

(1.1.16) 7o xk(Te) o = O(k™) on X,

where T and T, are seen as the multiplication operator.
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The main results (1.1.13) and (1.1.14) can be seen as the analogue on CR
manifolds of the famous result of Andreotti-Grauert vanishing theorem and
Bergman kernel expansion for high powers of line bundles of the mixed curva-
ture type, respectively. We will discuss this in §4.4.

We also have the description of leading term of our main result through
the local picture (1.1.3). We let m(x)dx be the given volume form on X and
v(x)dx be the volume form induced by the Hermitian metric on CTX which is
compatible with a. For the expansion (1.1.10) of s (x, y, t), by [56, Theorem 3.5]
(cf. Theorem 2.11 for detail), for x € () we have

_|detLy| v(x)

(1.1.17) sy (%, x) 2 m(x)

Lo [detsy] o(x) _
(1.1.18) sg (x,x) = oot |det L | m(x)Tx+ whenn_ =n,.
By our assumption, the eigenvalues {y;(x)}7_; of the Levi form L on X satisfy
(1.1.19) pi(x) <0:1<j<n_,
(1.1.20) ,u]'(x) >0:n_+1<j<mn,
and we let
(1.1.21) Ip:={1,--,n_},
(1.1.22) Jo:=1{n_+1,---,n.
We can write the principal symbol py(x,77) of P by
(1.1.23) po(x, ) =Y puy(x,n)wp ®wJA’*,

1|=JI=q

where prj(x,17) € €*°(T*X,C) and I, are strictly increasing index sets. Then
the Levi-elliptic condition (1.1.4) and (1.1.5) now become

(1.1.24) Pio,,(—&x) >0: g=n_,
and
(1.1.25) Projo(ax) <0 :qg=n_=mny,

respectively. The result for the leading coefficient of our expansion is as follows.

THEOREM 1.2. Following Theorem 1.1 and the above local picture, if g = n_, the
leading term Ay (x,y,t) in the expansion (1.1.15) has the form

|det Ly| v(x)

n_
2+l m(x)

(1.1.26) Ay (x,x,t) = " x (P11, (—ax)t)
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In addition, if n_ = n the leading term AJ (x,y,t) in the expansion (1.1.15) also has
the form

|det Ly| v(x) n.,
2t m(x)

We have an immediate corollary to Theorems 1.1 and 1.2.

(1127) A(—)i_(x/ X, t) = tnX(pIOJO (“JC)t)

COROLLARY 1.3. With the same notations and assumptions in Theorem 1.1, we
have the asymptotic expansion for q = n_

(1.1.28) x(k™'Ty)) (x,x) ~ 3 g (47 () + 4F ()
j=0

in S X, £(T*1X, TH4X)),

loc
where for all j € INg we have

+00
(1.1.29) AF(x) = /O AF (x,x,1)dt € €(X, Z(T™1X, T*1X))
and locally on (Q), x) we have

B +oo |det Lx| v(x) ,_
(1.1.30) Ay (x) = (/0 tnX(PIO,Io(_“x)t)dt) 20T () 7,
and when n_ = n, we also have

too |det Ly | v(x)

(1.1.31) Aar(x) = (/0 tnX(PIoJo(“x)t)dQ 2 n(x) e

We will also give an elementary proof of this theorem on circle bundles in
§4.4.

We also have the following picture of the distribution of the eigenvalues of
Tl(ﬂi when g = n_. It can be regarded as a Szegd type limit theorem, cf. also
[12, §13] and [35, Theorem 1.3]. With respect to the notations used in (1.1.6), we

()

consider the scaled spectral measures p;'* which is defined on R and given by
(1.1.32) u = kY (- k).
j€l
COROLLARY 1.4. In the situation of Theorem 1.1, for ¢ = n_ the scaled spectral

measures ,ulgq) converges weakly as k — oo to the continuous measure

(1.1.33) ul) = c\W gy,

where dt is the Lebesgue measure on R and

(1138 9 .= 1 <X|det£x|v(x)dx+ln+ ) |det£x|v(x)dx>'

e\ e e )
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Let us talk more about the motivation of our main result. When (n_,n4) =

(0,n), which means that X is stirctly (or strongly) pseudoconvex, and when

gq=n_=0and Déo) has L?-closed range, Theorem 1.1 was obtained by [35, The-

orem 1.1]. We remark that for a compact strictly pseudoconvex CR manifold,
the L?-closed range condition of Kohn Laplacian is equivalent to the global CR
embeddability of X. Such condition holds automatically when dimp X is at
least five, cf. the argument and results in [8, 9, 62,63], and conditionally when
dimg X = 3 and X has transversal CR R-action, cf. [64,71]. In this context, by

standard spectral theory [21] and the spectrum result of O l(]q) [56, Theorem 1.7],
in particular there is a number A > 0 such that ng) = 1100 = 11, which is

the Szegd projection of (0,0)-forms on X, and Tl(ﬂ))L = TI(,O) = Tp:=TloPoll,
which is the Toeplitz operator on X as we mention in the beginning of this sec-
tion. The Levi ellipticity condition in this case is equivalent to the condition that
the principal symbol of P restricted at >~ is positive, where

(1.1.35) >F:={Fea: cecR,} CTX

One important example is the differential operator P = % (—iT + (—iT)*), where
T is the Reeb vector field associated with & and (—iT)* is the formal adjoint of

—iT. Following the argument and results in [12, §2], cf. also pseudodifferential

calculus of Hermite type [8], there is a special pseudodifferential operator &

which has the same principal symbol as P at >~ and is elliptic everywhere on

T* X such that

(1.1.36) Tp=1IloZoll, Poll=110cX.

So one can reduce the estimate of Tp to the estimate of &7, and one can prove that
Tp has a self-adjoint L2-extension and the spectrum Spec(Tp) C R of Tp con-
sists only of isolated eigenvalues bounded from below and it has only +co as a
point of accumulation. Moreover, for every u € Spec(Tp) \ {0}, the eigenspace
Ker(Tp — ul) is a finite dimensional subspace of the space of smooth CR func-
tions, cf. also [12, Proposition 2.14]. We recall that for any orthonormal basis
{Fi}5 of H)(X), we have

(1.1.37) Huﬂy;fﬁuﬁ
j=1

On the other hand, if we denote the non-zero orthonormal eigenfunctions of Tp
corresponding to eigenvalues {)L]};;"i’ by {fi} i %, then for x € 65°(R \ {0}) the

operator x(k~!Tp) defined by functional calculus has the Schwartz kernel

(1.1.38) x(K71Tp) (x,y) = Zx( ) x)fi(y)
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as a finite sum. Heuristically, as k — +oo, x(k~!Tp) should capture many CR
functions and thus can be regarded as the semi-classical weighted Szegé pro-
jection. In this point of view, it is observed and proved in [35] that from the mi-
crolocal description of the Szegé projection I1 by Boutet de Monvel-Sjostrand
we can get the semi-classical version Boutet de Monvel-Sjostrasnd theorem for
x(k~'Tp) = x(k~'TT1o P oTI).

Since this thesis is heavily influenced by the result we just mention, in the
following we give a sketch the proof of this theorem. Later we will also point
out the difference between the general case of n_ > 0 which we consider and
the case n_ = 0 which was already studied. We let ¥ € 43°(C \ {0}) be an
almost analytic extension of x. By construction, for all N € IN there exists
Cn > 0O such that for all z € C we have

(1.1.39) |0zx(k7'z)| < Cnk N {Im z|N.
We apply the general idea of Helffer-Sjostrand formula
IX(%) dz \dz
N | _ k(o _ T y-1
(1140)  x(k 'Tp) = (k"' Tp) o [T = /C . R By

and solve (z — Tp) ! o IT by the microlocal analysis of Melin-Sjostrand [72] and
Boutet de Monvel-Sjostrand [13]. We treat Tp as a classical Fourier integral op-
erator with complex phase and we notice that the identity element of the algebra
of Toeplitz operators is the Szeg® projection I'1. One of the main contribution of
our proof is utilizing the variant of [28, Lemma 4.1] to simplify the construc-
tion of the pamatetrix of z — Tp. Heuristically, we need to formally set some
Hoérmander symbol a(x, y, t, z), which depends smoothly on z, and examine the
relation

(1.1.41) (z—Tp) /eit9”(x'y)a(x,y, t,z)u(y)dm(y)dt =Tlu, u € 6,°(Q),

where (Q), x) is any coordinate patch and dm is a volume of X. In general, we
can get some transport equations to determine a(x,v,t,z) and (z — Tp) ! o 1],
cf. [45,73] and [22, §10]. However, this method is usually applied when Tp is a
regular pseudoddifferential operator, which is not our situation. The main diffi-
culty is to solve the off-diagonal behavior of these transport equations, and our
solution revealed that we can simply determine the complicated off-diagonal
information from the one on the diagonal, cf. also §4.1. We remark that this
argument is independent of the construction of the special pseudodifferential
operator & of (1.1.36) by Boutet de Monvel-Guillemin.

We also remark that the method (1.1.41) was first used in [29, Theorem

1.1] for the Toeplitz operator Tl(ﬂ) := I19 o P o T1(0) on the same CR manifold

(X, T'*X) considered in Theorem 1.1, but with the further assumptions that the
Kohn laplacian on X always have the L2-closed range and P € L%(X; T%"-X)
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is of zero order, self-adjoint and has the scalar principal symbol. The assump-
tion of the order of the pseudodifferential operator P significantly influences
the spectral behavior of the Toeplitz operator decided by P. Roughly speaking,
in this situation the ansatz (1.1.41) can be completely solved by developing a
relatively standard Hormander symbol space theory because the singularities
of a(x,y,t,z) in z is determined by the term (z — ap(x, x)) !, which does not
contribute any error to t. Here ag(x,y) is the leading coefficient of the Fourier

integral operator Tl(f’) and one can also refer the notation ay(x,y) to Theorem
3.5. By this method, in [29] one can use standard Cauchy-Pompieu formula ar-
gument for functional calculus to give an alternative proof of the result that the
functional calculus of a Toeplitz operator is still a Toeplitz operator. Although
the semi-classical limit (1.1.40) is not considered for this situation for the order
reason, by considering the CR manifolds with group action, this result still have
many applications in geometric quantization.

Let us return to the case of P € L} (X) in [35]. In this context, the ansatz
(1.1.41) can only be approximated by a series of aj(x, y,t,z), where the singu-
larities of a;(x,,t,z) in z is in the form of the power of (z —)"%71, j € Ny
and t € Ry. We refer such approximation to [35, §3.2] and also Theorem 4.7.
Comparing to the case order zero Toeplitz operators, here it is hard to define
the symbol space theory to simultaneously estimate the growth of |z| and t in a
suitable way. However, if we look at the more refined microlocal structure, that
is, the semi-classical consideration (1.1.40), we will see that the approximation
of the resolvent type operator we just mention is enough. On one hand, one can
decide the principal terms of x(k~!Tp) again by the Cauchy-Pompeiu formula,
cf. also Lemma 4.10. On the other hand, we make a contribution in [35, §4] that
only in the semi-classical limit of (1.1.40), given any ¢,/ € IN, by taking the
high N-order of the microlocal approximation of (z — Tp)~! o I, the C’-norm
of the remainders in (1.1.40) on X x Q) is bounded by k~%2. This is achieved by
a suitable semi-classical truncation, utilizing the fact that Tp has discrete spec-
trum, and the estimates of (1.1.39) and [12, Proposition 12.1]. We hence prove
that x(k~1Tp) is a semi-classical Fourier integral operator of complex phase. We
finally remark that from this formalism, one can not only gives an analogue of
classical results about Weyl law and Szeg6 type limit theorems for Toeplitz op-
erators considered by Boutet-Guillemin, but also helps us a lot to understand
more about the CR structure. Our formulation through phase function provides
a CR Kodaira embedding (the embedding by weighted non-zero eigenfuncitons
of Tp), the semi-classical approximation of contact forms and Reeb vector fields
(an analogue of Tian’s approximation of Bergman metric in complex geometry),
and the almost spherical CR embedding (the CR embeddability into the finite
sphere fails in general but can be achieved if the concept of infinite sphere is
introduced. This result shows that the CR embeddability into the finite sphere



1.1. Semi-classical spectral asymptotics of Toeplitz operators 10

only just fails). We refer the detailed discussion of these results to the paper we
just mention, and we also refer to [36,59] for the related results.

Let us return to the situation considered in Theorem 1.1. The concept of
non-degenerate CR manifolds is a natural generalization of the strictly pseu-
doconvex of CR manifolds. Now, the L?>-closed range condition for the Kohn
Laplacian holds whenever |n_ —n| # 1. To include the case [n_ —ny| =1

we have to apply the Szeg6 projection on lower energy forms ng) instead of

the Szeg6 projection I1(9) and apply the microlocal analysis [56] to study our
Toeplitz operators. The main contribution in this work is the semi-classical mi-

crolocal analysis under the Levi ellipticity condition of TI(JnA’ ) which is inspired
by [28, Lemma 4.1]. We notice that this condition is clearly a generalization of
the concept of elliptic Toeplitz operators because we allow mild degeneracy of

the principal symbol of the pseudodiffential operator P used to define TI(,")[ ). On
the other hand, our relatively general ellipticity assumption restrains us from
arguing directly as in the case of (0,0)-forms by Boutet de Monvel-Guillemin.

But we can still construct the parametrix of Tlgn)[ ) in the space of lower energy

CR harmonic forms in this context. In fact, such parametrix is also in the form
of Toeplitz operators we consider, cf. Theorem 3.6. Another difference of this
work from [35] is that we need to first establish the asymptotic expansion of

)((k_lTIg’j/\‘ )) in the operator level and get an estimate for the number of eigen-

values A;’s of Tl(;j)\’ ) such that k_lAj € supp x, cf. Theorem 4.20 and Lemma

4.21. Because P is not necessarily elliptic, such estimate can not be obtained di-
rectly as in the case of n_ = 0 by the method of Boutet de Monvel-Guillemin
[12, Proposition 12.1]. Last but not the least, comparing to [36, §4], we give a
slight different approach in the final step of the proof of Theorem 1.1. We also
apply some suitable semi-classical truncation and utilize the discrete spectrum

property of TI(JK ). However, in Theorem 4.24, we will directly apply Theorem

4.20 and Lemma 4.21 to obtain the semi-classical expansion of )((k_lTI(JnA‘ )) in
the level of Schwartz kernel. /

Our results should have more applications in the following problems on
non-degenerate compact CR manifolds: the analogue of Kodaira embedding
and Tian’s almost isometry theorem as [7,27,35,36,69,77,79] and the analogue
of geometric quantization as [49, 50, 53]. It could also be helpful for the analysis
and geometry of the space of CR harmonic sections of high power of line bun-
dles as [48,52,57] and for the theory of Weyl law and eta invariant of Toeplitz
operators.



1.2. Second coefficient of Boutet de Monvel-Sjostrand expansion 11

1.2. Second coefficient of Boutet de Monvel-Sjostrand expansion

The second result we present in this thesis is the joint work of C.-Y. Hsiao
and the author [61]. The study of the coefficients for asymptotic expansion of
projection in several complex variables is always interesting and important. The
leading coefficient for the asymptotics of Bergman kernel on bounded strictly
pseudoconvex domains appear for the first time in Hormander [38], cf. also the
historical remark [41]. In this context, the asymptotic expansion of singulari-
ties of Bergman kernel restricted on diagonal was obtained by Fefferman [25]
through formal expansion of the defining function in terms of pole type and
log term singularities. The off-diagonal expansion of Bergman kernel is estab-
lished by Boutet de Monvel-SJostrand [9] by a different approach with a shorter
proof. We also refer to [45, 58, 60] for various generalities and other microlocal
analysis on Bergman kernel. Depending on the geometric data on the bound-
ary of the domain, the coefficients of the expansion may vary. When the contact
from on the boundary is pseudo-Einstein and the defining function is chosen
to be the Monge—Ampere solution, these coefficients are studied by Fefferman
[26], cf. also [37]. On the side of complex geometry, the Bergman kernel has
also been studied by many mathematicians, in various generalities, establish-
ing the asymptotic expansion for high powers of line bundles. Moreover, it was
discovered that the coefficients in the asymptotic expansion encode geometric
information about the underlying complex projective manifolds. Besides the
references we mentioned before, which are influenced by the development of
Boutet-Sjostrand and Boutet de Monvel-Guillemin, we also refer the results of
semi-classical Bergman asymptotic expansion and the corresponding leading
coefficient in this context to [3,4,75,79]. For the first fewer coefficients of the
expansion, readers can find in [20,33,46,47,51,65-68] for example. We refer the
role of these coefficients in complex geometry to [23,80] for instance.

The coefficients for the asymptotic expansion of singularities of Szeg6 ker-
nel, like its cousin Bergman kernel, is also fundamental in CR geometry. Differ-
ent from the solution of Fefferman, which also works for Szeg6 kernel, we want
to study the coefficient problem by the microlocal analysis of the asymptotic ex-
pansion of Boutet de Monvel-Sjostrand [13]. Let us explain our set-up. We let
(X, T'?X) be a compact CR manifold of hypersurface type. We assume there is
a global non-vanishing 1-form « € €% (X, T*X) so that

(1.2.1) a(u) =0 forevery u € T'OX @ TO1X,
1
(1.2.2) — Zdﬂéh"l,o x is positive definite.

This implies that X is a strictly pseudoconvex CR manifold. For every x €
X and for all u,v € T;’OX, we recall that the Levi form at x is the Hermitian



1.2. Second coefficient of Boutet de Monvel-Sjostrand expansion 12

quadratic form on Ty’ X given by

(1.2.3) Ly(u,7) := —2(da(x), uAT).
Welet T € €% (X, TX) be the global real vector field determined by
(1.2.4) «(T)=—1, da(T,-) =0.

The Levi form L, induces a Hermitian metric called Levi metric (- |-) on CTX
determined by

(1.2.5) (u|v) = Ly(u,7), foreveryu,ve Ti°X, x € X,
(1.2.6) (#|7) = (u|v), foreveryu,ve Ti'X, x € X,
(1.2.7) TOX L 191X, T 1L (TYX @ TO'X),

(1.2.8) (T|T)=1.

We let dimgr X = 2n+1, n > 1. We denote det Ly := p1(x) - - - pn(x), where
ui(x), j = 1,---,n, are the eigenvalues of the Levi form with respect to the
given Hermitian metric on CTX. If we take Levi metric on CTX, then

(1.2.9) det L, = 1.

We let (-|-) be the L2-inner product on Q% (X) induced by (-|-) and let
L%,q(X) be the comp_letion of O%(X) with respect to (- |- ). We write L?(X) :=
L%,o (X). We denote 9y, : €°(X) — Q% (X) to be the tangential Cauchy-Riemann
operator on X. We recall that the orthogonal projection

(1.2.10) IT: L*(X) — Kero,

is called the Szegd projection, and its distribution kernel denoted by I1(x,y) is
called Szeg6 kernel. When 9;, : Domd, C L?(X) — L%,l(X) has closed range,

then under this natural assumption for any fixed p € X, by [9, Theorem at
pp- IX.5], there is an open set U of p and an injective immersion F given by

(1.2.11) F:U—C",
(1.2.12) x = (Fi(x), -+, Fiy1(x)),

where Fi,--- ,F,11 € €%°(X) NKer 0. From now on, we identify U with
oM N Q), where

(12.13)  oM:={zeC"l: r(z) =0},

(12.14)  r(z) € €°(C",R),

(1.2.15)  |J(dr)| = 1 on dM, ] is the standard complex structure on C"*1,
(1.2.16) Q) is an open set of p in C"*1.

From the standard Chern—Moser trick, cf also [42, Lemma 3.2], we can find lo-
cal holomorphic coordinates x = (x1,--- ,Xp4+2) = 2 = (21, ,Zn+1), zj =
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Xoj1 +ixj, j =1,---,n+1, defined on () (we assume that () is small enough)
such that

(1.2.17) z(p) =0,

n
(1.2.18) r(z) = 2Imzu1 + ) 22+ O(|(21,- -, 211 )*).
j=1

Under such coordinates, by [13, Proposition 1.1 & Theorem 1.5]) we can take an
almost analytic extension of r(z) denoted by p(z, w) such that

(12.19) p(z,w) = % )

a,ﬁeN3+1,\a|+|ﬁ\§N
for every N € IN,

and for the function

(1.2.20) ¢(x,y) :== p(z,w)|uxu

we have the following expansion
foo
(1.2.21) I(x,y) = / MY g(x,y, t)dt mod € (U x U)
0

called Boutet de Monvel-Sjostrand expansion, where

(1.2.22) o(x,y) € (U x U),

(1.2.23) Im¢ > 0,

(1.2.24) $(x,y) =0ifand only if x =y,

(1.2.25) dxp(x,x) = —dy¢p(x,x) = —a(x), for every x € U,
and

(1.2.26) (x,y,t) Z a;j(x, )" in SY o (U x U x Ry),
(1.2.27) ap(x,x) = for every x € U.

27TT’Z+1 ¢
Moreover, we can check that the function ¢ constructed from p satisfies

(1.2.28) 9p,x(¢(x,y)) vanishes to infinite order at x = v,
(1.2.29) 5b/y(—$(y, x)) vanishes to infinite order at x = y.
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Nevertheless, we will see in Theorem 2.6 that for any Szeg6 phase function
¢ € €°(U x U) which has the properties that

(1.2.30) Im ¢(x,y) >0,
(1.2.31) ¢(x,y) =0ifand only if x =y,
(1.2.32) dyp(x,x) = —dyo(x,x) = —a(x),

but not necessarily satisfies (1.2.28) and (1.2.29), we can always find a symbol
s(x,y,t) ~ 2]7;"8 si(2,y)t" T in S§ o (U x U x Ry) such that

+oo

(1.2.33) II(x,y) = /0 'Y (x,y, t)dt.

This implies for each Fourier integral operator of Boutet de Monvel-Sjostrand
microlocally approximated the Szeg® projection, the coefficients s;(x, y) natu-
rally depend on the choice of ¢(x,y). We will prove a known result in Theorem
3.3 that the leading coefficient sy(x, x) on diagonal is independent of the choice
of ¢(x,y). However, the sub-leading coefficient s1(x,x) on diagonal not only
depends on the choice of the Szeg® phase function, but also relies on the choice
of the off-diagonal behavior of the leading coefficient sy(x,y). Let us see an
example. If we let

(1.2.34) oo(x,y) :=so(x,y) + k(x,y)e(x,y), x(x,y) € €=U x U),
(1.2.35) o1(x,y) :=s1(x,y) — ink(x,y)
and set

(1236) o(x,y,t) ~ t"op(x,y) + 1" o1 (x,y)

too
+ Y " Ts(x,y)inSh (U x U xRy),
j=0

then it is not difficult to check that

(1.2.37) /o+ etPCY)s(x,y, t)dt = /0+ Y (x,y,)dt  mod €*(U x U),
and it is clear that sq(x, x) # 01(x, x) may happen.

If we want to determine the value of s;(x, x), such ambiguity will leads to
a huge difficulty. To settle up the issue, we need to find a suitable class of
phase function and the corresponding leading term to understand a;(x, x) in
the expansion of Boutet-Sjostrand. We now formulate our main result. We let
x = (x1,- -+ ,Xo4+1) be a local coordinates of X defined on an open set D C X

with T = 9_ on D. By the Malgrange preparation theorem [40, Theorem

I
7.5.5], for any Szeg® phase function ¢, we may assume that

(1.2.38) ¢(x,y) = f(x,¥)(=x2n11 +g(x",y)) on D,
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where f,¢ € €*(D x D) and f(x,x) = 1 for every x € D. We let

(1.2.39) D = —x2up1 + 8(¥, ).

It is not difficult to see that ®(x,y) satisfies (1.2.25), ®(x,y)t and ¢(x,y)t are
equivalent in the sense of Melin-Sjostrand. Moreover, in this context we can
check that

(1.2.40) (T?®)(x,x) =0 atevery x € D.
Under the above supplementary conditions, we have the following.

THEOREM 1.5 ([61, Lemma 1.1]). We let X be a compact strictly pseudoconvex
embeedable CR manifold of dimr X = 2n+1,n > 1, and D C X be any open co-
ordinate patch with local coordinates x = (x1,- -+ ,X2,41). For Szeg6 phase functions
P1(x,y), ¢2(x,y) € € (D x D), we assume that @1, ¢, satisfy (1.2.40). If we have
(1.2.41)

+oo | +oo |
/ eit920) o (3, y, £)dt = / e B(x y dt mod (D x D),
0 0

where a(x,y,t), B(x,y,t) € S5 (D x D x Ry ) have the properties that for all x € D
we have

(1.2.42) ap(x, x) = Bo(x, x),

(1.2.43) (Tag)(x,x) = (TPo)(x,x) =0,
then we get

(1.2.44) a1 (x,x) = B1(x, x).

We will present the proof of above statement in Lemma 5.5, which is the
local version of this theorem. Accordingly, we know which class of phase func-
tion and leading coefficient we should seek for determining the sub-leading
coefficient, and we will see that the assumption on the leading coefficient in the
previous theorem is always possible by Lemma 5.6. Furthermore, by applying
Lemma 5.5 and Theorem 5.7, we can demonstrate that the pointwise value of the
sub-leading term can be calculated. Specifically, we can use the special Szegd
phase function, denoted as ¢ as before and constructed by (1.2.19). From Tay-
lor expansion of ¢, we can represent some pseudohermitian data by derivatives
of ¢, and by combining Hérmander stationary phase formula, we can read the
recursive formula of the leading and sub-leading coefficients from the relation
IT = ITo Il Our result for the second coefficient of Boutet-Sjostrand expansion
then follows as below.

THEOREM 1.6 ([61, Theorem 1.2]). We let (X, TLOX,oc) be a compact strictly
pseudoconvex embeedable CR manifold of dimr X = 2n+1,n > 1,and D C X be
any open coordinate patch with local coordinates x = (x1,- - ,Xp41). We let T be
the Reeb vector field on X induced by strict psedoconvexity of (X, T''X, ). The set
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of Szeg8 phase functions {¢ € €°(D x D) : (T?¢)(x,x) = 0 forall x € D} is
non-empty, and for any element ¢ in the set we can find a symbol

(1.2.45) (x,y,1t) Zs] x,y)t" T in S} y(D x D x Ry.)

such that for all (x,y) € D x D we have

1
(1246) So(x, X) = 271'74'1’
(1.2.47) Txoso(x,y) =0,
1
(1.2.48) Sl(xr x) = WRscal(x)/
and
+oo
(1.2.49) II(x,y) = / " W)s(x,y,t)dt mod €*(D x D),
0

where Rycq is the Tanaka—Webster scalar curvature on X, cf. (5.1.15).

The proof of this theorem will be conducted in §5.3. The consideration for
the existence of ® such that (T?®)(x,x) = 0 is motivated by the case of that X
admits a transversal CR circle action, cf. [33]. We give an elementary example
which our result does not apply. We let z,w € D" C C"*!, where D := {z €
C"*1 : |z|2 = 1}. By Riesz-Fischer theorem argument, it is known in classical
several complex variables that

n! 1 I e N
(12500 Tl(zw) = 5o Ty = /0 e ottt dt

as a distribution and an oscillatory integral. However, we can check that for

z,w € dD" we have T2(1 — (z,w)) # 0and Ryy(z) = ”+1 ) £ 0. This example
shows that the the auxiliary condition in our theorem is necessary



CHAPTER 2

Preliminaries

We use the following notations and conventions throughout this article. Z
is the set of integers, N = {1,2,3,--- } is the set of natural numbers and we
put Ny = INU{0}; R is the set of real numbers, Ry := {x € R : x > 0}
and R := R\ {0}; C is the set of complex numbers and C := C \ {0}. For a
multi-index & = (ay,---,a,) € Njand x = (x1,---,x,) € R", we set

(2.0.1) x* = axytexn,

:i aa:aal...a“”:ﬂ.
ot Y T gx
Letz = (21, -+ ,zn), zj = Xpj_1 +1ixyj, j = 1,- -+ ,n, be coordinates on C". We
write

(203) le — Zi‘l e Zzn , zﬂl — Eliél . Zzn )

3 1 9 ) 0 1 0 . d
(204) o = a_Z] = §<ax2j_1 — lax2j> , aij o a_z] N E(@xzj_l + zaxz]')/

olal o olel

@/ a%:azllagn:ﬁ

Forj,s € Z, weseté;; = 1if j = s, = 0if j # s. All the smooth manifolds in
this work are assumed to be paracompact.

(2.0.2) Oy

(205) 9f =...9M =

2.1. Elements of microlocal and semi-classical analysis

In this section we recall basic notions of microlocal and semi-classical anal-
ysis, and we refer to [22,31, 39,40, 72] for detail.

For a ¢*-orientable manifold W, we let TW and T*W denote the tangent
bundle of W and the cotangent bundle of W respectively. The complexified
tangent bundle of W and the complexified cotangent bundle of W will be de-
noted by CTW and CT*W respectively. We write ( -, - ) to denote the pointwise
duality between TW and T*W. We extend (-, - ) bilinearly to CTW x CT*W.
We let E be a ¥*-vector bundle over W. The fiber of E at x € W will be de-
noted by Ey. With respect to the base manifold W, the spaces of smooth sec-
tions of E will be denoted by ¢ (W, E), and we let €;°(W, E) be the subspace
of €% (W, E) whose elements have compact support in W; the spaces of distri-
bution sections of E will be denoted by 2'(W,E), and we let &'(W, E) be the
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subspace of 2'(W, E) whose elements have compact support in W. We denote
I to be the identity map on W. For an openset V C W, f € €*(V x V,E)
and a number N € N, we write f = O(|x — y|V) if f vanishes to (N — 1)-order

at the diagonal (when E = C, this means that (8?85 f)(x,x) =0forallx € V
and |a| 4 |B] < N —1). We also write f = O(|x — y|™*) if the previous relation
holds for arbitrary N € IN. Similarly, at a point p € V we write f = O(|(p, p)|")
if f vanishes to (N — 1)- order at (p, p) and we write f = O(|(p, p)|™*) if the
previous relation holds for arbitrary N € IN.

We recall the Schwartz kernel theorem [40, §5.2]. We let E and F be ¢*°-
vector bundles over orientable ¢’ *°-manifolds W; and W, respectively, equipped
with smooth densities of integration. If A : 65°(W,, F) — 2'(Wy, E) is contin-
uous, we write A(x,y) to denote the Schwartz kernel of A. The following two
statements are equivalent

(i) Ais continuous: & (Wy, F) — €*°(Wh, E),
(ii) A(x,y) € E™ (Wl X WQ,Z(F,E))

Here we write .Z(F, E) to denote the vector bundle with fiber over (x,y) €
W1 X W, consisting of the linear maps £ (F, Ex) from F, to E,. If A satisfies
(i) or (ii), we say that A is smoothing on W; x W5. For continuous operators
A,B:65°(Wo, F) — 2'(Wy, E), we write

(2.1.1) A=BonW; xW,

if A — Bis asmoothing operator. If (2.1.1) holds when W; = W, = W, we simply
write A = Bon W or just A = B. For an open set V C W, we say that a distribu-
tional section A(x,y) € 2'(V x V, . Z(E, E)), which possibly smoothly depends
on some other parameter, is properly supported (in the variables (x,y)) if the
restrictions of the two projections (x,y) — x, (x,y) — y to supp A(x,y) are
proper maps, and we say an operator A is properly supported if the Schwartz
kernel A(x,y) is properly supported.

For a ¢*-vector bundle E over a ¢*-orientable compact manifold W and
any number s € R, with respect to the standard L?-norm || - || for the section of
E we let H*(W, E) to be the standard Sobolev space of order s for sections of E
with the Sobolev norm || - ||s. We let H,mp (W, E) be the subspace of H¥(W, E)
whose elements have compact support in W. For a relatively compact open set
Ue W, weput

212) H, (UE)= {u € 7'(U,E) : xtt € Hipmp (U E) ,Vx € %""(u)}.

For smooth vector bundles E, F over W and an operator F; : Hﬁ})mp(Wl, E) —

H;2 (W,, F) smoothly depending on some parameter z € C, we write

(2.13) F. = 0(g(2)) in & (Hibmp(Wi, E), HZ (W), F))
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if for every z € C the operator F; : Hiymp(W1, E) — H;2 (W, F) is continuous
and for any yx; € %Ow(Wj),j =1,2, 11 € 65°(W1), 1 = 1 on supp x1, thereis a

constant ¢ > 0 independent of z such that
@19 reExule <c 3@ nuls, Yo € LWy, E).

Foranym € R,0 < <p <1, N € N and the smooth vector bundle E = C
over an open set V C IR”, the Hérmander symbol sapce SZf 5 (V x RN, E ) of or-

der m with type (p, 6) is defined by the set collecting alla(x,17) € € (V x RN, E)
such that for all compact sets K € V and all multi-indices «, 8, there is a constant
C = Ckap(a) > 0such that

(2.1.5)

aﬁaga(x,n)‘ < C(1+ |p|)m-elBl+lel - forall (x,7) € KX RV, |5] > 1.

The space of symbol of order minus infinity is denoted by S, 5 (V x RV, E),

which collects all a(x,77) € €% (V x RN, E) such that for all compact sets K €
V, all multi-indices «, B, and each M > 0, there is a constant C = CK,,X,ﬁ(a) >0
such that

(2.1.6)

agaga(x,q)‘ < C(1+ 7)™, forall (x,7) € K xRN, 5| > 1.
We can check that for any fixed (p,d) € [0,1] x [0,1],
2.1.7) 5= <V x IRN,E> = ) s (V % RN, E) .
meR
For a; € Smj(VxRNE) i = 0,1,2,--- with m; - —c0oasj — +0o, b
] ,0/5 7 /] 7 Lsr &y ] ] 7 y

Borel construction, there always exists a € Szig (V x RN, E) unique modulo
S~ (V x RN, E) such that forall £ = 1,2, - -,

/-1
(2.1.8) a—Y ajes (v % RV, E) .
j=0

If a and a; have the properties above, we call 4 is the asymptotic sum of a; and
write

—+o00
(2.1.9) a~Y ajinsy <V x ]RN,E> .
=0
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We recall the classical symbol space " (V x RN, E) is the set collecting all ele-
ments a € ST} (V x RN, E) such that

—+o0
(2.1.10) a~ Y (1= x)einsty (VxRY,E),
=0
(2.1.11) x € €°(RY), x = 1near0,
(2.1.12) aj € €™ (V x RN, E) , a;(x, An) = /\m_jaj(x,n), VA > 0.

We recall the local definition of oscillatory integrals. For open sets V; C R™,
Vo CR®2, V=V xV5,0<p<1,0<6<1,¢(x,7) € €°(V x RN) such that

(2.1.13) Im ¢(x,y,17) >0,
(2.1.14) e(x,y,An) = Ap(x,y,1), VA >0,
d d N 9
(2.1.15) Z (Pd i+ Z (de] +y a—;';dw £0,
/=1

then for a(x,y,n) € Sz(s(V X ]RN,E) and m 4+ ¢ < —N, ¢ € N, we always have
(2.1.16) / PV a(x,y,n)dy € €LV, E).

Moreover, using partial integration, for any a(x,y,1) € Uper Sp5(V % RN,E),
we can check that for any 7 € €°(RY) such that 7(0) = 1 the notation

(2.1.17) /ei‘f’(x'y'”)a(x,y,q)dn = hm oyt (en)a(x,y,n)dy

defined by the limit in the sense of distribution is in fact also an element in
9'(V,E) and this notation coincides with the relation (2.1.16) when the order
of m is suitably small. The above form of integral is called an oscillatory inte-
gral, and a continuous operator I, (a) : ¢;°(V2) — €*°(V1) determined by the
Schwartz kernel in the form of (2.1.17) is called a Fourier integral operator of
order

(2.1.18) (m G N _om ”2) .

By properly supported partition of unity [31, pp. 29], if a Fourier integral oper-
ator is smoothing away from the diagonal, it can be decomposed into the sum
of a properly supported Fourier integral operator and a smoothing operator.
When p 4+ = 1 and p > J, by the theory of the equivalence of phase func-
tions, cf. [39, §2.3] and [31, §11] when Im ¢ = 0 and [72, §4] for the general case
of Im ¢ > 0, we can define global Fourier integral operators on smooth mani-
folds. All the notations above about Hérmander symbols and Fourier integral
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operators are also well-defined for abstract smooth vector bundles and arbitrary
smooth manifolds, where the reader can refer to [43, §18] and [44, §25].

Next, for an open set W C C™ such that Wi := WNR" # @, we say that a
function f € € (W) is almost analytic if, for any compact subset K C W such
that KNIR™ # @ and any N € Ny, there is a constant Cyy > 0 such that

(2.1.19) ‘%(z) < Cy|Imz|N forall z € K.

0z

We say two almost analytic functions f; and f, are equivalent if for any compact
subset K C W such that KNIR™ # @ and any N € Ny, there is a constant
Cn > Osuch that |(f1 — f2)(z)| < Cn|Imz|N forall z € K. Forany f € €*(WR),
f always admits an almost analytic extension on W up to equivalence. We need
the following result from [72, Lemma 2.1].

THEOREM 2.1. We assume f(x,w) is a smooth complex-valued function in a
neighborhood of (0,0) € R™ ™" gnd that Imf > 0, Imf(0,0) = 0, f1(0,0) = 0,
det f7/.(0,0) # 0. We let f(z,w) be an almost analytic extension of f to a complex
neighborhood of (0,0), where z € C™ and w € C"2. Then the equation

(2.1.20) %(z,@) ~0

has a solution of the form z = Z(w) in a neighborhood of 0 € C"2, and there is a
constant C > 0 such that

(2.1.21) Imf(Z(@),®) > ClImZ(w)|?, for @ € R™ near 0.

We now present the complex stationary phase formula by Melin-Sjostrand
[72, Theorem 2.3], which will be used several times in our work. For conve-
nience, we use the notation f, = df/0z.

THEOREM 2.2. Let f(x,w) be as in Theorem 2.1. Then there are real neighborhoods
U and V of the origin of R™ and R™, respectively, and differential operators Cy,; :=
Cu,j(Dx), j € No, of order less or equal to 2j with smooth coefficients in w € V, such
that for each compact set Ky C U and any u(x, w) € € (R™ x R™) with support in
Ky x V we have the following estimate: For all compact set Ko C V, for every N € N,
for any « € N2 and B € Ny, there is a constant C = Cxy Ko, N, p(1, f) > 0 s0 that
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for (w,t) € Ky x [1,400),

8%8?</e"tf(x’w)u(x,w)dx

— <det (—tﬁ;(z@)’w)>>2eitf(z(w)’w) NZ,l(Cw,jft)(Z(w),w)t‘f>

2711 =0

(2.1.22)

< CtN=F+lal

where Cy 0 = 1. Here 1i(z, w) is an almost analytic extension of u(x,w) on U x V and

L (Z(w),w) \ |
(2.1.23) (det (T))

is the branch of the square root of the

~ -1
tfr(Z(w), w)
(2.1.24) (det (2—7TZ> ) ’

which is continuously deformed into 1 under the homotopy

NI—=

(2.1.25) s€[0,1] = —i(1—s)f1(Z(w),w) +sI € GL(ny,C).

We recall some notations and properties of pseudodifferential operators used
in this work. We let U C IR" be an open set and E be a smooth vector bundle
over U. By P € Lff 5 (U; E) we mean a pseudodifferential operator P of order m

of type (p, 6) sending sections of E to sections of E, where p + ¢ = 1. This means
that the operator P has the Schwartz kernel given by the oscillatory integral

i{x— d
e, 1)

n

(2.1.26) P(xy) = [

where p(x,y,1) € Sps(U x U x R", Z(E,E)). It is straightforward to check
that

(2.1.27) F:&'(U,E) — €*(U, E) is continuous if and only if F € L™ °(U; E),
y

and from now on we also us the notation L~ (U; E) for the space of smooth-
ing operator on U acting on sections of E. We recall that any pseudodifferential
operator locally can be decomposed into the sum of a properly supported pseu-
dodifferential operator and a smoothing operator. In this context, directly by
the trick of Kuranishi, cf. [31, pp. 34-35] for example, we can extend the defini-
tion of pseudodifferential operators to smooth manifolds. When P is properly
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supported and the type of P satisfies p > J, we say that P is regular, and in this
context the complete symbol of P defined by

(2.1.28) op(x, 1) = e H¥N Py

can be constructed by asymptotic sums

i el

(2.1.29) op(x,m) ~ ), —(@yp(x, Y1) ly=x

x€IN"
in SZfé(U x R", Z(E, E)) such that

~ d
= Z<x_y> 17
(2.1.30) P(x,y) = /IR" e op(x,1) )
By the asymptotic expansion (2.1.29) of op(x, 17), people develop the calculus of
regular pseudodifferential operators. In this context, the standard pseudodif-
ferential calculus enable one to directly check that if P € LZf s(U; E) is regular,

then P is a continuous operator on Sobolev spaces that

(2.1.31) P:H; (U, E) = H-"(U,E),
(2.1.32) P : Hiomp(U, E) = HigM (U, E),

for every s € R. Also, by the asymptotic expansion of op(x, #7) we can define the
principal symbol po(x, 77) by the image of p(x, 17) in the quotient 57"/ SZZ; (0=0),

and the principal symbol po(x,#) turns out to be globally-defined on T*U. We
denote LY} (U : E) C L{\\(U;E) to be the space of classical pseudodifferential
operators, where for P € L(U;E) we have op(x,77) € SI(U x R",E), and
through the asymptotic expansion of op(x, ) for P € L’ (U, E) we may assume
that po(x, 77) satisfies po(x, A7) = A" po(x,n) for all A > 1 in this situation. We
say a regular pseudodifferential operator P & L;’f s(U; E) is elliptic at a point

(x0,10) € T*U if there is a constant C > 0 such that the complete symbol

lop(x,17)| > £(1+ |#])™ in a conic neighborhood of (xo,79) when || > C.

When the principal symbol py(x,7) is positively homogeneous of order m, this
condition is equivalent to po(xo, 7o) is invertible. We say a regular pseudodif-
ferential operator P is elliptic on U if P is elliptic at all point (x,7) € T*U. If
P is elliptic, then for every u € 2'(U,E) we have u € H; (U, E) if and only if

loc

Pu € H; ™ (U,E). We say P is hypoelliptic if for every u € 2'(W, E) such that

loc
Pu € €*(W, E) wehave u € € (W, E). When the type of P satisfiesp = 6 = 3,
it is more difficult to construct the asymptotic expansion of the complete symbol
op and the symbolic calculus of such pseudodifferential operators. In our work,
we apply the classical theory of Calderon and Vaillancourt, cf. [22, pp. 50-51] or
[43, Theorem 18.6.6], which implies that when P € L', (U; E) we still have the

272
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continuous maps between Sobolev spaces that

(2.1.33) P:H;.(U,E) = H-"(U,E),
(2.1.34) P : Hiomp(U, E) = Higm (U, E),

for every s € R.

Finally, we recall some notations in semi-classical analysis. We let Wy, W,
be bounded open subsets of R"! and IR"2, respectively. Let E and F be smooth
complex vector bundles over Wy and W), respectively. Let 51,50 € R and ng €
Z. Let W be an open set in RN and E be a vector bundle over W, we define the
space
(21.35) S(1;W,E) := {a € €°(W,E) : sup |0%a(x)| < +oo forall & € N{'},

xeW

where the number 1 in the notation for symbol space we mean the order func-
tion equals to 1 (cf. [22, Definition 7.4] for example). We then consider the space
S) (1 W) containing all smooth functions a(x, k) with real parameter k such

that for all multi-index a € INY, any cut-off function x € €°(W), we have

(2.1.36) sup sup |95 (x(x)a(x, k))| < +oo.
ok

For general m € IR, we can also consider
(2.1.37) S (LW, E) = {a(x, k) : k ™a(x,k) € S _(L,W,E)}.

In other words, S (1; W, E) takes all the smooth function a(x, k) with param-
eter k € R satisfying the following estimate. For any compact set K € W, any
multi-index a € INjj, there is a constant Cg , > 0 independent of k such that

(2.1.38) 10%(a(x,k))| < Cxuk™, forallx € K, k> 1.
For a sequence of a; € Sloc(l; W, E) with m; decreasing, m; — —oo, and a €

S"°(1; W, E), we denote

loc

(2.1.39) Za] x,k) in S;°(1; W, E)

if for all / € IN we have

(2.1.40) a— Z aj € S, (1 W, E).

loc

In fact, for all sequence 4; above, there always exists an element a as the asymp-
totic sum, which is unique up to the elements in

(2.1.41) S (1, W, E) ﬂsloc (1, W, E).

loc
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We use the notation Sj"_ ,(1; W, E) to denote the subspace of SJ" (1; W, E) col-

lecting the elements a(x, k) with the asymptotic expansion
oo ,

(2.1.42) a(x,k) ~ Y aj(x)k" 7 in S (W, E).
j=0

We recall the concept of k-negligible operators. For k € R4 and an operator
F: 65°(V,E) = 2'(U, E) depending on the parameter k, we write

(2.1.43) Fe =0 (k™) in £ (Hmp (W1, E) = Hy2 (Wy, F))

if

(@144)  E =0 (kN in. (Hbmp(Wi, E) — H2(Wa, F)), ¥N € No.
Also, we say a kernel Fy(x,y) is k-negligible and write

(2.1.45) F(x,y) =0k *)onU x V

or just

(2.1.46) FE=0(k*)onUXxV

if for all k > 0 large enough, F; is a smoothing operator, and for any compact
set Kin U x V, for all multi-index &« € ]Ngl, B € Ngz and N € Ny, there exists a
constant Cg 4 gy > 0 such that

(2.1.47)

aﬁang(X, y)) S CKIQI‘B,NkiN
for all x, y € K. For k-dependent operators F; and Gy, sometimes we also write
(2.1.48) F = Gk on Wi x W,

if f — Gy = O (k~*) on Wy x W,. By straightforward generalization, all the
notations introduced above can be defined on smooth manifolds.

2.2. Non-degenerate Cauchy-Riemann manifolds

Let us first recall some essential material about geometry of Cauchy—Riemann
manifolds we will use. We let X be a connected, smooth and orientable mani-
fold of real dimension 21 + 1, n > 1. We say a pair (X, T"?X) is a codimension
one or hypersurface type Cauchy-Riemann manifold if there is a subbundle
TIOX c CTX, such that

(1) dimg¢ T;’OX =nforanyp € X.
(i) Ty°X N Ty X = {0} for any p € X, where T)"' X := T,"X.

(iii) For vector fields Vi,V € €°(X, T''X), then [V1, V] € €% (X, T'*X),
where [, -] stands for the Lie bracket between vector fields.
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We will use the phrase CR manifold in this work to abbreviate the hypersurface
type Cauchy-Riemann manifold. For the above subbundle T'°X, we call it a
CR structure of the CR manifold X. From now on, we always discuss on a CR
manifold (X, T"°X) of real dimension 2n + 1, n > 1.

We denote by T*1PX and T*%1X the dual bundles of T'?X and T%!'X, re-
spectively. We define the vector bundle of (0, q)-forms by T*%1X := A9 T*01X.

The Levi distribution (or holomorphic tangent space) HX of the CR mani-
fold X is the real part of TIOX @ TU1X, i.e., the unique sub-bundle HX of TX
such that CHX = T'X & T91X. Welet ] : HX — HX be the complex struc-
ture given by J(u + ) = iu — iu, for every u € T'0X. If we extend ] complex
linearly to CHX we have T'"'X = {V € CHX; JV = iV}. The annihilator
(HX)Y C T*X of HX is called the characteristic bundle of the CR manifold.
Since X is orientable, the characteristic bundle (HX)? is a trivial real line sub-
bundle. We fix a global frame of (HX)?, that is, a real non-vanishing 1-form
& € €% (X, T*X) such that (HX)" = Ru, called characteristic one form. We have

(2.2.1) (a(x),u) =0forany u € H,X, x € X.

It turns out that the restriction of da on HX is a (1,1)-form. The Levi form of X
at x € X is the Hermitian quadratic form on T,}’OX given by

222)  Lo(u,7) = —li 7

1
5 (da(x),uANT) = _Zda(u,ﬁ) foru,v € T;,Ox.

A CR manifold X is said to be non-degenerate if for every x € X the Levi form L
is non-degenerate. It is clear that this definition does not depend on the choice
of the characteristic one form «. If X is non-degenerate then « is a contact form
and the Levi distribution HX is a contact structure. Locally, there exists an
orthonormal basis {2, - -, Z,} of T'?X with respect to the Hermitian metric
(-|-) such that £, is diagonal in this basis, £,(Z;, Z/) = i eHi(p). The entries
u1(p) -+, un(p) are called the eigenvalues of the Levi form at p € X with respect
to (-]-). We notice that the sign of the eigenvalues does not depend on the
choice of the metric (- |-). From now on, we use n_ to denote the number of
negative eigenvalues and . for the number of positive eigenvalues of the Levi
form on X, respectively. In our context, n_ + ny = n and the pair (n_,n)
is called the signature (of the Levi form) of the CR manifold (X, TYX), which
is in fact independent of the choice of Hermitian metric on CTX. A strongly
pseudoconvex CR manifold of real dimension 27 + 1 has a constant signature
(n_,ny) = (0,n). In fact, it is known that for each j € {1,---,n} the function
p — ui(p) is a continuous function on X, so by intermediate value theorem
we know that the Levi form on a non-degenerate CR manifold must have the
constant signature. Finally, we let T € (X, TX) be a vector field, called
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characteristic vector field, such that
(2.2.3) CTX =TWX @ T"'X®CT and i17a = -1,

and we let (-|-) be a Hermitian metric on CTX such that the decomposition of
CTX is orthogonal.

2.3. Szeg0 projections for lower energy forms

Let us recall some essential material about analysis on Cauchy-Riemann
manifolds. By linear algebra, the Hermitian metric (-|-) induces a Hermitian
metric on A'"CT*X given by

(2.3.1) (g A= ANuplog A -+ - Aoy) = det <(<uj\uk>)]r./k:1>

where uj,vp € CT*X, j,k=1,---,r. We can take the orthogonal projection
(2.3.2) %0 s AICT*X — T*09X := AT(T*01X).

The tangential Cauchy—Riemann operator is defined by

(2.3.3) 0y := 0t o d . (X, TIX) — €%(X, T X).

By Cartan’s magic formula, we can check that 55 = 0. We take the L2-inner
product (+|-) on €*(X, T**1X) induced by (-|-) via

234 (Flg) = [ (f1g)dm(x), f.g € € (X, T"*X),

where

(2.3.5) dm(x) = m(x)dx

is the given volume form on X. We also recall that there is another volume form
(2.3.6) dv(x) = v(x)dx

which is induced by the Hermitian metric and compatible with a such that

(2.3.7) v(x) := y/detg,

(2.3.8) g = (&)
0 0
(2.3.9) 8jk ‘= <8_x]~ a_xk>'

We let L%,q(X) := L2(X, T*%1X) be the completion of Q%1 (X) := ¢*(X, T**1X)
with respect to (+|-). We extend the closed and densely-defined operator dj, to
L5,(X),9€{0,1,--- ,n},by

(2.3.10) dp : Domdy, C L§,(X) = L§,1(X),
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where
(2.3.11) Dom dy := {u € L§,(X) : opu € Lg,.1(X)}
and for any u € L%,q(X ) we define dyu in the sense of distributions. We also
write
(2.3.12) ppr: Domay iy C L, 1 (X) = L (X)),
where
(23.13) Domoj; y
={velj,(X): T we L%/qH(X) so that (dpu|v) = (u|lw), Yu € Dom 9},

to denote the Hilbert space adjoint of dj, in the L? space with respect to (-|-). We

let O l(]q) denote the Kohn Laplacian (extended by Gaffney extension) given by

(2.3.14)
Dom Dl(fl) = {s € Domd, NDomd; ;; : 9ps € Dom} yy, 9j s € Domay } ,
(2.3.15)
Dlgq)s = 0p0}, S + 0}, yOps for s € Dom o\

b
For every q € {0,1,---,n}, Dlgq) is a positive self-adjoint operator. We refer

this fact to the functional analysis argument [68, Proposition 3.1.2]. We also

notice that O l(]q) is never an elliptic differential operator for its principal symbol

vanishes on the set X, where

(2.3.16) Y=Y UXt,
2n+1

(2.3.17) Y= {(x,iy) eT"X: Y ni(x)dx; = ca(x), ¢ < 0} ,
j=1
2n+1

(2.3.18) = {(x,iy) eT"X: Y ni(x)dx; = ca(x), ¢ > 0} :
j=1

From now on, we also assume X is compact. In our context, when g ¢

{n_,ny}, Déq) is hypoelliptic with loss of one derivative and has L?-closed
range [45, Part I, §6]. For the concerning result in a more general set-up called

Y(q) condition, we consult to the [19]. When g € {n_,n;}, O éq) may not even be
hypoelliptic, i.e, Dl(ﬂ)u € ¢ (X, T**1X) might notimply that u € € (X, T**1X).
When g € {n_,ny} and Dl(ﬂ) has L?-closed range in Lf,(X), the Szeg6 projec-
tion I1(?) on (0, q)-forms, which is defined by the orthogonal projection

(2.3.19) @ : 13 (X) - Kero}?,
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is the sum of two Fourier integral operators of order zero with complex-valued
phase functions [45, Part I, Theorem 1.2]. The Schwartz kernel H(q)(x,y) €

P'(XxX, & (T; 01y, Ty D¢ )) called Szeg6 kernel has the singularities described
by Hormander’s wavefront set (cf. [40, §8] or [31, §7]):

(2.3.20) WE(IIW (x,y)) = {(x,17,x,—1) : (x,17) € £},
(2.3.21) 3 := ¥~ when g=n_, n_ #ny,
(2.3.22) S:=Xtwheng=n,, n, #n_,

hal

(2.3.23) =X wheng=n_=n4.

This kind of microlocal analysis for Szeg6 projecition and kernel was first in-
troduced in Boutet de Monvel-Sjostrand [13] when (n_,ny) = (0,n). It was
speculated in [41,42] that it can be applied to general non-degenerate (n_,n.)
after careful modification. Hsiao [45] uses a different approach than [13] by
developing the microlocal heat equation method (see also [73]) together with
Witten’s trick (see also [4]).

We notice that the L?-closed range condition only holds automatically when
|In_ —ny| # 1by [63]. A classical counter example is the Rossi’s nonembed-
dable example [19, §12.4], where (n_,n4) = (0,1). However, we always have
the following local result [56, Theorem 3.1 & Theorem 3.2], which is essentially
from [45, Part I].

THEOREM 2.3. We let (Y, TVY) be a connected orientable CR manifold with real
dimension 2n + 1, n > 1, and assume that the Levi form of Y is non-degenerate of
constant signature (n_,n.) on a relatively compact set QO € Y with respect to some
characteristic form w. If g & {n_,n_}, then there is a properly supported pseudodiffer-
ential operator G € L7 (Q; T*09Y) such that

11
272

(2.3.24) G =1onQ.

If g = n_, then there are properly supported operators G € L7 (Q; T*99Y) and
272
S_,S. €LY (O T*%9Y) such that on Q) we have
2

1
72

(2.3.25) oG +5 45, =1,
(2.3.26) oPs_=ol"s, =0,
(2.3.27) G=G", S G=S5,.G=0,
(2.3.28) S_=5* =62,

(2.3.29) S, =8t =63,

(2.3.30) 5.5, =5,5_=0.
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where G*, S* and S are the formal adjoints of G, S_ and S with respect to the given
L%-inner product on X, respectively, and the Schwartz kernel S+ (x,y) are oscillatory
integrals given by

+oo
(2.3.31) S+(x,y) :/ et ()T (x,y, t)dt
0

with the full symbols s¥(x,y,t) € S} (Q x Q) X R+,$(T;O’qX, T;O’qX)> such that

(2.3.32)
= i *( *0
sT(x,y,t) ~ ) s (x,y)t" T in 51y (Q x QO x Ry, Z(T, X, Ty ’qX)> ,
j=0
(2.3.33)
sT(x,y,t) and S;F(x,y) are properly supported in the variables (x,y), ¥j € N,
(2.3.34)
st (x,y,t) =0whenn_ #n,,

and with the complex-valued functions ¢+ (x,y) € €= (Q x Q) we call Szegb phase
functions such that

(2.3.35) Im ¢=(x,y) >0,
(2.3.36) ¢=(x,y) =0ifand only if x =y,
(2.3.37) dyps(x,x) = —dyo+(x, x) = Fa(x).

We recall some notation in microlocal analysis here. Similar to the concept
we introduce in §2.1, for any m € R, we denote

(2.3.38) 1(Q x Q x Ry, 2(T*X, T*X))

to be the space collecting all a(x,y,t) € €*(Q x Q x R4, Z(T*1X, T*1X))
such that for all compactsets K € (2 x (), alla, B € N%”H and v € Ny, there is
a constant Cg 4 g, > 0 satisfying the estimate

(23.39) |9%907a(x,y,t)| < Ciapn (14 [t))" 1
forall (x,y,t) € Kx Ry, |t| > 1.
We put

(23.40) S™°(Q x Q xR, .2(T*X, T*01X))
= [ STH(Q x Q x Ry, 2(T*X, T*1X)).

melR

It is clear that for Szeg® phase functions ¢+ (x, y), the functions ¢+ (x, y)t satisfy
(2.1.13)-(2.1.15), and for a(x,y,t) € €*°(Q x Q x Ry, Z(T*%1X, T**1X)), in the
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limit of distribution we define the oscillatory integral and can check that

+oo
(2.3.41) / et ¥ a(x, y, t)dt
0

= lim [ "0 r(et)a(x,y, t)dt
e—0
too .
:lli)l’(l) A elt((P:F(xly)'i_le)a(xly’t)dt’

where T € €5°(R) is arbitrary and satisfies 7(0) = 1.
We also recall that when Déq) has L2-closed range, from the spectral theory
for self-adjoint operators [21] and the spectrum of Dlgq) [56, Theorem 1.7] there

is some A > 0 such that T1(7) = H&q).
The above pure analytic result corresponds to the following global operator
[56, Theorem 4.1].

THEOREM 2.4. With the same notations and assumptions in Theorem 2.3, we con-
sider the orthogonal projection Hf\q) : L(z),q(X) — E([0, A]) called Szegd projections for
lower energy forms, where E([0, A]) := Range 19 (D}()q)) is the image of the spectral

projection of the self-adjoint and positive operator O l(f’). Thenif g =n_, on QO x Q we
have

(2.3.42) 17 (x,y) = S_(x,y) + S+ (x,y).

We list some important information which we will use later. The first one
we want to mention is the following coordinates and the corresponding Taylor
expansion of the tangential Hessian of phase functions [56, Theorem 3.4].

THEOREM 2.5. Following Theorem 2.3, for a given point xy € Q, let {Wj};l:l be

an orthonormal frame with respect to ( - | - ) of T'0X in a neighbourhood of x( such that
the Levi form is diagonal at xo, i.e., Lyy(Wj, Ws) = 6jspj, j,s = 1,--- ,n. We can
take local coordinates x = (X1, ,Xont1), Zj = Xgj—1 +ixXj, ] = 1,- -+, n, defined
on some neighbourhood of xg such that x(xg) = 0,

(2.3.43) a(x0) = dxoni1,

and for somec; € C,j=1,--- ,n,

0 . 0 2N
2344) Wi= — —inz—2  — coxgpi—r— +O(x]?), j=1,-- ,n—1.
( ) W oz; W]Z]ax2n+1 C]x2n+1ax2n+1 +O(|x[%), j n
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Wesety = (Y1, ,Yons1), Wj = Yoj—1 +iyoj, j = 1, ,n, then for ¢ in Theo-
rem 2.3, under the above coordinates we have

2

2n
(2.3.45) Img_(x,y) >c) |xj—yj|", ¢>0,
=1

]

in some neighbourhood of (0,0) and

(2.3.46)
¢—(x,y)

n
= — Xopq1 + Youq1 +1 Z |P‘j} |Zj - wi‘z
j=1

n
+). (il/lj (zjwj — zjw;) + cj(—zjXon11 + WiYony1) + Cj(—ZjX2n1 + wjy2n+1)>
=i

+(x2ws1 = Y204 f(%,9) + O(| (2, ) ),
where f is smooth and satisfies f(0,0) = 0, f(x,y) = f(y, x).

We remark that in the above theorem at x( the volume form v(x)dx induced
by Hermitian metric in our convention satisfies v(xp) = 2". We also remark that
for such small enough coordinate patch, there exist a constant C > 0 such that

(2.3.47) Img_(x,y) > Clz — w|?.

We refer to [45, Part I, Proposition 7.16] for a proof of (2.3.47).
We have the following [56, Theorem 5.4] about equivalence class of Szeg6
phase functions.

THEOREM 2.6. With the same notations and assumptions in Theorem 2.3, for
any function P~ (x,y) satisfying (2.3.35), (2.3.36) and (2.3.37) we can find a symbol

s¥=(x,y,t) in S (Q x QO x Ry, 2(T;"X, T:O’qX)> such that

too
(2.3.48) S+(x,v) E/ e W) ¥ (x, y, )dt
0

on Q) x Q). Moreover, when S+ is not smoothing there is some f+(x,y) € €*(Q x Q)
satisfying f+(x,x) # 0 such that

(2.3.49) p+(x,y) — f+(0,y)Pp=(x,y) = O(|x — y[™).

PROOF. For the stream of reading, we present the proof from [56, §8]. First of
all, using the notations and results of [72, Theorem 3.6], the positive Lagrangian
manifold A, associated to the non-degenerate phase function ¢+(x,y)t is
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given by

00 0 IO
(2.3.50) {(x 7, S, y’)t,ai;(x,w) L G(%,7) = 0}
C (QC % C21’l+1) % (QC % C2n+1).

We also refer the precise meaning of the notation above to [45, Part I, Remark
7.17]. From (2.3.35), (2.3.36) and (2.3.37), we can check that

(2.3.51) Ag.t = Ay, at diag <(Z:F NTQ) x (27N T*Q)) ,

hence we can apply Melin-Sjostrand global theory of Fourier integral operators
[72, Definition 4.1 & Theorem 4.2] and apply [31, Proposition 7.3] for example
to get the following: for any given ¢ € R and any element b+ (x,y, t) in Sﬁl(Q X
Q x Ry; Z(T*01X, T*%1X)), we can find an element b¥+ (x,y, ) in S5(Q x Q x
R;;.Z(T*1X, T*%1X)) such that

+oo | +oo
@35 [ et ey nar = [ 00p ey,
0 0

and vise versa. In particular, we have (2.3.48).

Next we prove (2.3.49). For the generality of our argument, we assume g =
n_ = n,,and the case g = n_ such that n_ # n canbe argued with the similar
calculation. We fix a point p € (). We can always take local coordinates x =
(x1,- -+ ,x241) defined in some small neighbourhood of p such that x(p) = 0
and a(p) = dxpy41. Since dy@=(x,y) |x=y = dyp=(x,y)|x=y = £a(x), under our
coordinates we have

dP P
2.3.53 T _(p,p) = ,p) = FL
(2.3.53) Sy PP = 5y, L (PP) =

Through the above relation and ¢+(p,p) = ¥+(p,p) = 0, we can apply the
Malgrange preparation theorem [40, Theorem 7.5.5] to ¢+ (x,y) and ¢+ (x,v)

with respect to Yo, 41 by seeing (x/ ]/) = (y271+1/ (xll s Xon4 1, Y1, /y2n)) for
example, and after some obvious arrangement in some small neighbourhood of
(p, p) we can find smooth functions f,_(x,v) and fy_(x,y) such that

(2.3.54) P+ (x,Y) = fou (0, y) (£Y2ns1 + ho (x,9)),
(2.3.55) Y= (% y) = fpr (6 9) (Eyani1 + hy (%, Y)),
wherey’ = (y1,- -+ ,¥2u), Imhy. > 0and Im hy_ > 0. For simplicity, we assume

the above relations hold on () x (). From the same argument in the beginning
of our proof, where we compare positive Lagrangian manifolds of Szeg6 phase
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functions, we can directly check that the following equivalence relations

(2.3.56) P (X, )t ~ (Fy2ng1 + hos (1, Y)) £
(2.3.57) Y ()t ~ (Eyan_1 +hy. (x,¥)) t
in the sense of Melin-Sjostrand. So we may assume that
(2.3.58) ¢+ (x,y) = you1 + o (x,),
(2.3.59) P+(x,y) = £yons1 +hy, (x,7),

and from (2.3.48) we also have

+o0 | +oo |
(2.3.60) S+(x,y) E/ elt(P]F(x'y)s"’jF(x,y,t)th/ V= (W) (x, y, t)dt,
0 0

where the order of the classical symbols are n and we have Sg) T(x,x) # 0and

sg$ (x,x) # 0. By the above discussion, to prove (2.3.49) it suffices to show that
h(x,y") — hi(x,y") vanishes to infinite order at (xg, xo) for any xp € (). We write

(2.3.61) xo = (x},x3,- - - ,x%”“), xp = (x},---,x5M).

We take T € €5°(R*" 1), 7 € €°(R*72), x € €5°(R) so that T = 1 near xo,

71 = 1 near xj, x = 1 near x%”“ and suppt € ), suppT X suppx € U X

supp x € Q, where U is an open neighbourhood of x}, in R*"~2. For each k > 0,
in the spirit of the proof of [72, Theorem 4.2], by taking the partial (inverse)
Fourier transform of the variable v, 11 to (2.3.60) we consider the distributions

(2.3.62) Al :uw— /00 et (Fyani1they (0y) Fikyzn-1
0

T (x)597 (%, , )71 (V)3 (yans )y ) dm (),

(2.3.63) B,f TU / ® it (EVan i1 +hy () Fikyan i
0

T(x)sY* (2,5, )11 (Y )X (y2n—1)u(y )dm(y)dt,
where u € 65°(U, T*%1X). We notice that

(2.3.64) / et (Evni tho (W DF R 59= (x, y, 1) X (Yan 41 )dY2n 41t
0
(23.65) =k / Mt (D)0 (x, y, )X (o1 ) dYan 1t
0

and when (x,y") = 0 € R*¥*! the point (y2,,1,t) = (0,1) is the non-degenerate
critical point for the function £(t — 1)y2,41 + the, (x,¥'). So we can apply
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partial integration and the stationary phase formula of Melin-Sjostrand The-
orem 2.2 (also cf. the proof of [54, Theorem 3.12]) to check that Alf and qu: are
smoothing operators with Schwartz kernels

(2.3.66) Al (x,y") — eMow (V)07 (x,y/ k) = O(k™),

(23.67) BF(x,y') — = CVpT (x, i/ k) = O(k™),

(2.3.68) a*(x,v', k), b¥(x, v, k) € St a1 (LY x u, 2 (71X, 7*%1X)),
(23.69) a™(x,y', k) ~ L Gaf (x, y)K" T in SI_(1;Q x U, Z(T*1X, T*9X)),
(23.70) b7 (x,y', k) ~ L G0 (x, y )K" Jin S (1,Q x U, Z(T*%1X, T*%1X)),
(23.71) af (x,y),bf (x,y) € €°(Qx U, Z(T*X, T*X)), j=0,1,---,
(2.3.72) ag (xo,xy) #0, by (xo,xy) # 0.

Using integration by parts in y,,+1, we can check that if we apply partial (in-
verse) Fourier transform in y,,41 to a smoothing operator instead of S+ then
we get an O (k%) operator. So by (2.3.60) or the proof of [54, Theorem 3.12],
we can check that

loc

(2.3.73) AF —BF = 0(k™)

and

(2.3.74) eMow (V) 0 (x, 1 k) = eMhos V)BT (x, 4/, k) + FF(x,y"),
(2.3.75) FF(x,y') = O(k™).

We are ready to prove that iy (x,y") — hy, (x,y") vanishes to infinite order at

(x0,x}). If we suppose otherwise then there exists ayp € N3"!, By € IN3" 2,
lag| + |Bo| > 1 such that

(2.3.76) 000 (g, (x,y') — iy (%)

= Capp, 7 0

(x0,xg)
and

(2377)  3%h (hy, (x,y) — hy (x,¥)) =0 if |&| + B8] < |ao| + |Bol-

(X(),X6)

However, from the conclusion we just have, there is

(23.78) al" (eikh‘ﬂi (o) =iklys ) g (x, 3/, k) — b7 (x, y,k))

(x0,x5)

— — glogfo (e—ikhwﬂxfy’)F,f(x, y))

(x0,xp)

We recall that for xg = (x}, -, 25"

(2.3.79) = (x0,%0) = 0, Iy (x0, %)) = Fa2HL,

) we have
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and with the relation F(x,y') =0 mod O(k~*) we can see that

. —n rorPo (—ikhy_ (xy") pF ! _
(2.3.80) lim k" 920 (o= 54 EF (x,y) ) ——
We can also check that

23.81) Lim k" agxcoago (eikh(P¥ (xy")—ikhy (xy) (at —b7)(x, yllk)>

k—+o0

(x0,x5)

= Cﬂto,ﬁo 'LZO; (JC(), xé) # 0,

where we use aj (xo, x3) # 0. From (2.3.78), (2.3.80) and (2.3.81), we get a con-
tradiction. Thus, ke, (x,y") — hy., (x,y') vanishes to infinite order at (xo, x()).
Since our argument works for arbitrary point x(, our theorem follows. [

REMARK 2.7. As we already see in the previous proof, we have some spe-
cial choice of phase function which can help us simplify the calculation. For
@+ be as in Theorem 2.3 and a coordinate patch (Q, x) described in Theorem
2.5,by (2.3.36), (2.3.37), applying the Malgrange preparation theorem [40, Theo-
rem 7.5.5] to the variable xy,,,1 and using Melin-Sjostrand equivalence of phase
functions [72, Definition 4.1 & Theorem 4.2], we can take ¢+ so that

(2.3.82) ¢+ (x,y) = Fxonp1 + g5 (¥ y),

+oo
(2.3.83) S+(x,y) E/ e/t ()97 (x, y, t)dt,
0

where 597 (x,y,t) € S" <Q x Q xRy, Z(T)VX, T;‘O'qX)), o(x,y) € EX(Q x

O),Img(x’,y) > 0and x’ = (xq,- - -, x2,). If two phase functions ¢, ¢5 satisfy
(2.3.31), (2.3.35), (2.3.36), (2.3.37) and (2.3.82), we can apply the calculation we
just recall in Theorem 2.6 to get 97 — ¢ = O(|x —y|*>). From now on, if
we do not specify, we write ¢+ to denote the phase function ¢+ (x,y) satisfying
(2.3.82) up to an error of size O(|x — y| ™). We also notice that for any symbol
r(x,y,t) = O(|x —y|™*), by the properties of ¢ (x,y) and the Taylor expansion
of r(x,y,t), we can check that

+oo
(2.3.84) / 'Y (x,y, £)dt = 0.
0

We also refer this fact to [13, Proposition 1.11].

In the following we discuss the localization principle for Szeg6 projection on
lower energy forms in our context. We strictly follow the proof of [56, Theorem
4.6 & Theorem 4.7]. We let A > 0. From the spectral theory for self-adjoint
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operators, cf. [21], it is well-known that on Dom O l(ﬂ) we have

(2.3.85) Y : 13, (X) - Dompy”,
(2.3.86) o = 011 on Dom o7,

and Hf\q)ljl(ﬂ) : Dom Dz(;q) — L§,(X) is continuous. Since Dom Dl(ﬂ) is dense in
L%,q(X), we can extend Hf\q)ml(ﬂ) continuously to L%,q(X) in the standard way.

Similarly, for every m € IN, we can extend Hgf’) (O Z()q) )™ continuously to L%,q(X )

and we have
(2.3.87) (Dl(f’))ml—lgtq) = H(Aq) (Dl(ﬁ))m : L%,q(X) — Dom Dl(ﬂ) is continuous.

Now, we fix A > 0. We can construct a continuous operator

(2.3.89) N{": 13, (X) = Dom 0"
such that

(2.3.89) oy N + 1 = Ton 13, (X),
(2.3.90) NS 4+ 11 = I on Domo\?.

The first important global result we have is the following.

THEOREM 2.8. With the assumptions and notations in Theorem 1.1, for g = n_
we have

(2.3.91) 011 = 0on X.

PROOF. Because X is compact, we can write X = U]-Zil Q); for some coordi-
nates patch {Q);} ]I\L p and let {x; }]Iil be a smooth partition of unity subordinate
to {Q]}]Iil By Theorem 2.3, on each Q); we have

(2.3.92) 0G4+, = I+F,
where Si==S8_,j+S8,F¢€ L—°°(Q].; T*qux), and
(2.3.93) G]- c L;l% (Qj; T*O’qX), S;/], c L(%)’% (Qj; T*O’qX).

We recall that D,gq), Gj and S; are all properly supported on (};, so we have
(2:3.94) F: &'(Q, T1X) — 45°(Q, T1X),
and if we let

N N
(2.3.95) S:= .Z%Sf oxj, G:= Z% Gjoyj F:=
J= J=

N
F] O X],
j=1
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then on X we can check that

(2.3.96) 0WG+S=1+F, FeL X TX).

We can take formal adjoint operation in the above relation to see on X we have
(2.3.97) G oW+ 5 =1+F

We observe that by Schwartz kernel theorem, with respect to the L?-inner prod-
uct (-|-), for Rj(x,y) € 2'(Q; x Q;, L (T*1X, T*91X) we have

(2.3.98) Ri(x,y) = Ri(y,x), (Rjox;)"(x,y) = Rj(y,x)x;j(x).

Combining this observation with the properties that G; and S ; are properly
supported on (); and the facts (2.3.93) and (2.3.94), we have

G,G*: H (X, T*%1X) — H*"I(X, T*Y1X), Vs € Z,
(2.3.99) S,S8* : H(X, T*%1X) — H*(X, T*"1X), Vs € Z,
F*: H (X, T*%1X) — H*(X, T*%1X), Vs € Z.

The reason why we need (2.3.97) is because the only estimates we have so

far are (2.3.87) and (2.3.99). By composing (2.3.97) with O l(jq)ng\q) both sides from
the right, we have

(2.3.100) G (o + so@nl = 0@l 4+ o,

We recall that Déq)S]- = 0 on each Qj. Hence we have Dl(jq)S = 0 on X and also
S*Déq) = 0 on X. Then for H*(X, T*%1X) = L?(X, T**1X) we have

(2.3.101) s ol . HO(X, T*09X) — H%(X, T**1X), Vs € Ny
From (2.3.87) and (2.3.99), we see that
(2.3.102) G* (o™ . HO(X, T*99X) — H' (X, T*4X).
From (2.3.102), (2.3.101), (2.3.100) and (2.3.99), we conclude that
(2.3.103) o HO(X, T*99X) — H' (X, T*4X).
By composing (2.3.97) with Déq)H(Aq) both sides from the right, we can repeat

the smae procedure above and deduce that

(2.3.104) (Déq))ZH(Aq) L HO(X, TX) — HY(X, T*09X).
From (2.3.104) and (2.3.99), we get

(2.3.105) G*(Déq))znf\q) L HO(X, T1X) — H2(X, T*0X).
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Combining (2.3.105), (2.3.101) with (2.3.100), we obtain

(2.3.106) o HO(X, T*09X) — H2(X, T*4X).
Continuing in this way, we can deduce that

(2.3.107) o HO(X, T*9X) — H*(X, T**9X), Vs € Ny,
Since Dl(ﬁ)l—[(;’) = Hgfl)ljl(ﬂ), we also have

(2.3.108) o : HO(X, T*4X) — H*(X, T*%1X), Vs € No.
By taking adjoint in (2.3.108), we can conclude that

(2.3.109) o - H5(X, T*09X) — HO(X, T*4X), Vs € No.

Similarly, we can repeat the procedure above and deduce that for every m € IN,
Oy 1 . H5(X, T*01X) — HO(X, T*4X), Vs € Ny,

Oyl HO(X, T*9X) — H¥(X, T*4X), Vs € No.
Now, from (2.3.89), we have

(2.3.110)

(2.3.111) s*ol"NW 4 sl = 5.

By the relation S*Dl(ﬂ) = 0on X, from (2.3.111), we have

(2.3.112) 5% — s\ : HO(X, T*09X) — H*(X, T*4X), Vs € Ny.
From (2.3.97), we have

(2.3.113) ol + sl =l 4 e,

From (2.3.99), (2.3.110), (2.3.113) and (2.3.112), it is not difficult to see that
(2.3.114) s* — 117 : HO(X, T*4X) — H(X, T**X), Vs € Ny
and hence

(2.3.115) s—11" . H5(X, T*%4X) — H(X, T*%1X), Vs € N

Combining (2.3.115) with (2.3.99), we deduce that for any s € INp we can extend
ng) to the space H=%(X, T**1X), and we have

(2.3.116) 1% . H5(X, T*%9X) — H5(X, T*%1X), Vs € N,
From (2.3.116) and again by S*Dl(ﬂ) = 0 on X, we have

(2.3.117) s oI . H-5(X, T*09X) — H*(X, T**X), Vs € Ny
From (2.3.117), (2.3.110), (2.3.100) and (2.3.99), we obtain
(2.3.118) o - H5(X, T*01X) — HY(X, T*4X), Vs € No.
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By composing (2.3.97) with Dlgq)l—[gq) both sides from the right, we can repeat

the procedure above and deduce that

(2.3.119) (o2 H5(X, T*99X) — H' (X, T*4X), Vs € No.
From (2.3.119) and (2.3.99), we get

23120)  G*(@P)2\? . Ho5(X, T*0X) — H3(X, T**9X), Vs € N.
Combining (2.3.120), (2.3.117) with (2.3.100), we obtain

(2.3.121) o - H5(X, T*09X) — HX(X, T*1X), Vs € No.
Continuing in this way, we deduce that

(2.3.122) o - H5(X, T*09X) — H'(X, T*%X), Vs,{ € No.
Hence, ng)H(Aq) =(0on X. U]

THEOREM 2.9. With the same notations and assumptions of Theorem 1.1, for q =
n_ and any A > 0, for any open cover X = Ujlil Q); by coordinate patches {Qj}]‘l\iy
we set { )(j}].lil be a smooth partition of unity subordinate to {Q]}]Iil By Theorem
2.3 on each Q) we have D,gq)Gj +S; = I+ Ej for some E; € L=°(Q; T*%7X) and
some properly supported G; € L%_/l%(()j; T*04X), St € L%’%(Qj; T*04X), Sj =
S_j+Sy Ifwelet

N N N
(2.3.123) S:=) Sjox;, G:=) Gjoxj, E:=) Ejoy;
then we have
(2.3.124) 1" =S on X.

PROOF. In the following we will also use the relations already verified in the

proof of Theorem 2.8. For any fixed A > 0, By composing (2.3.97) with Dl(ﬂ)HE\q)

both sides from the right, we have

(2.3.125) G o + s 117 = 111 on X.
Combining the above relation and Theorem 2.8, we can see that
(2.3.126) s =117 — F on X,

where

= Gofm?,

(2.3.127)
F; =0on X.



2.3. Szegd projections for lower energy forms 41

On the other hand, from (2.3.89), on X we have
NPos + s = s.

Since F, := DZ(JL’)S = 0 on X, we can check that on X

s=11"s+N\"F,
st =5 + ENY,
where F; is the adjoint of F,. From (2.3.126) and (2.3.128), we deduce that

(2.3.128)

s+ F =11 + N\7F,
s +F =119 + BN,
where F' is the adjoint of F;. From (2.3.129), we have

(2.3.129)

(3130) (s +F -1 (5+F ~ 1) = B (N{" 2 on HO(X, T04X).

It is clear that (N @)21—"2 = 0 on X. From this observation and (2.3.130), we
obtain

(2.3.131) (s*+R-1{)(s+F —1{") =0on X.
We also notice that

(s*+R-1")(s+F —11{")
(2.3.132) =55+ 5'F} — S'TIY 4 ;5

+hF -/ — 1105 — W F 4+ 117

By F; = 0 on X, we get
(2.3.133) FS=0, S*F=0 onX.
From (2.3.127) and Theorem 2.8, we see that

(2.3.134) AT = 6ol (17)2 = ¢ol"11¥ = 0 on X
and hence
(2.3.135) 11" F; =0on X.

From (2.3.127), we see that F; F}' = G*(O l()q))zngq) G, and from the proof of The-

orem 2.8, we see that (Dl(jq))zngq) = 0 on X. Thus,

(2.3.136) RF =G+ (o176 = 0 on X.
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From (2.3.126), (2.3.127),(2.3.132), (2.3.133), (2.3.134), (2.3.135) and (2.3.136), it is
straightforward to check that

(2:3.137) (s + B -10) (s +F -~ 1)

=5*S — H(Aq) on X.
From (2.3.137) and (2.3.131), we conclude that
(2.3.138) 5*s =117 on X.

It is not difficult to check that S*S = S on X using the argument in the beginning
of the proof of Theorem 2.8. Combining this observation with (2.3.138), we get

(2.3.139) s=11" on X.
0

A direct application of the previous theorem is the following statement,
which can help us localized the calculation later.

THEOREM 2.10. With the same notations and assumptions in Theorem 1.1, for
q = n_ we have

(2.3.140) WE(ITY (x,y)) = {(x,7,x, =) : (x,7) € £},
(2.3.141) S:=Y :={—ca: cecR,}whenn_+#ny,
(2.3.142) $i=%:= {—ca: ce€ R} whenn_ =n,.

and in particular
23143)  1V(x,y) € 6 <X x X \ diag(X x X), Z(T;"X, T;‘O"’X)> .

PROOF. By Theorem 2.9, we have

N  rtoo | .
23144) TV (x,y) =} / et =15 (x,y, £) xj (y)dt
=170

N ot | '
+Z/ ezt(p+,j(x/y)s+’7(x,]/,t)Xj(y)dt
j=170

on X x X, where foreachj=1,---,N we have

) +o0 .
(23.145) sT(x,y,t) ~ ) s (x, )"
j=0

in S7, (Qj x Q; x Ry, Z(T;"X, T,’;O'qx)) ,
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(2.3.146) st (x,y,t) = 0whenn_ # n,,
(2.3.147) s’ (x,x) £ 0,

(2.3.148) OH(x,x) #Owhenn_ =ny,

and

(2.3.149) ¢+,i(x,y) € TT(Q) x Q),

(2.3.150) Im q);,j(x,y) >0,

(2.3.151) ¢+,j(x,y) = 0ifand only if x = y,
(2.3.152) drp+,i(x,x) = —dy= i(x, x) = Fa(x).

By [40, Theorem 8.1.9] and the above description of oscillatory integrals, we can
check that

(2.3.153)

(Z/ et =iV (x,y, t dt+2/ 01Vt (x, y, )d>

~

= diag(Z x Z),
where for a distribution kernel u(x, y) we use the notation

(2.3.154) WF (u) := {(x, 15, y,11y) = (%, 72,9, —11y) € WE(u)}.
Finally, by [31, Proposition 7.3] for example, we immediately have

23155) TV (x,y) € 6 (X x X\ diag(X x X), Z(T;"X, T;‘O'qX)) .
O

In the last of this section, we recall the explicit formula about the leading
term of our Hérmander symbol sT(x,y,t). Following the notations and as-
sumptions in Theorem 2.5, we denote

n
(2.3.156) det Ly := [ u;(x)
j=1
We let
(2.3.157) {T;};_, denote the basis of T*%1X dual to {Wj}7:1.

Without loss of generality, we assume that
(2.3.158) yj(x) <0:1<j<n,
(2.3.159) pi(x) >0:n_+1<j<n
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We put

(2.3.160) Ne= = {cTi(x)AN---ATy_(x): c€C},
(2.3.161) Ny i={cTy 11 (x) A+~ ATy(x): c€C},
and let

(2.3.162) o TEX o NI

(2.3.163) o T o N

be the orthogonal projections onto Ny~ and Ny * with respect to (- | - ) respec-
tively. We recall that m(x) is the given volume form on X and v(x) is the volume
form induced by the Hermitian metric (- |- ).

THEOREM 2.11 ([56, Theorem 3.5]). Following Theorem 2.3, if ¢ = n_, then for
leading term s (x,y) in the expansion (2.3.32) of s~ (x,y, t), we have

_ 1 v(x)
(2.3.164) sp (x,x) = ST |det Ly | ml—x , x €.

In addition, if n_ = n., then for leading term s (x,y) in the expansion (2.3.32) of
s (x,y,t), we have

1 v(x)
(2.3.165) 59 (¥,%) = 5y [det £y WT;“, xeQ.




CHAPTER 3

Toeplitz operators for lower energy forms

The goal of this chapter is to study Toeplitz operators for lower energy forms
(3.0.1) ) = 1 0 PoT1{¥) : 4™(X, T09X) — € (X, T"9X).

We recall that here A > 0 is any fixed number, g € {0, -- ,n}, dimg X =2n+1,

ng) is the Szegd projection for lower energy forms, and P is a pseudodifferen-

tial operator of order one denoted by P € LL(X; T*%9X). We will first recall the
notion of Fourier integral operators of Szeg6 type and systematically establish

the elementary spectrum results for our Toeplitz operator T! i when P has some
natural assumptions.

3.1. Fourier integral operators of Szeg6 type

In this section we recall the geometric microlocal analysis in [28, §4] which
will also be intensively used in the proof of our main result.

DEFINITION 3.1. With the same notations and assumptions in Theorem 1.1,
forg = n_ welet H : 4°(Q, T*%1X) — ¢°(Q, T**1X) be a continuous op-

erator with the Schwartz kernel H(x,y) € 2’ <Q xQ, Z(T, T;0x, T qX)). For

any m € R, we say that H is a Fourier integral operator of Szego type of weight
m or order m — n if on () x () we have

(3.1.1) H(x,y) = H_(x,y) + Hy(x,y),
+oo

(3.1.2) H=(x,y) E/ et = WP (x,y, t)dt,
0

where ¢+ (x,y) are as in Theorem 1.1 and we have the following data properly
supported in the variables (x,y):

(3.1.3)
(x,y,1) Zﬁ %,y in sy (O x QO x Ry, Z(T,71X, T7X))

(3.1.4)
ht(x,y,t) =0ifn_ #ny.
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We denote the space of Fourier integral operators of Szeg6 type of weight m by
N (Q; T*91X) and Iy () T*7X) := Uper &(Q; T1X). Tt is clear that the set
I (Q; T*97X) is non-empty by Theorem 2.3.

We observe that, given the properly supported condition for the symbols of
any H € I (Q; T*91X), it follows that

(3.1.5) H: 65°(Q, T*1X) — 65°(Q, T"X),
(3.1.6) H:&'(Q,T%X) — &'(Q, T*X).

We notice that for any H € Iz (Q; T*%7X), the terms h;F (x,y) are not unique,

where j € INy. We give an example of this phenomena. For simplicity we take
g =n_ =0and let

(3.1.7) hy (x,y) :
(3.1.8) h (x,y) :=

and set

(3.1.9) h™(x,y,t) ~ t"hy (x,y) + " Thy (x,y)

hy (x,y) +p(xy)e-(x,y), p(x,y) € T(QxQ),
hy (x,y) —imp(x,y),

+00 )
+ Z‘ét’”fhj(x,y) inS" (A x QxRy).
=

Then it is not difficult to check that
(3.1.10)

+oo | +oo |
Ly de= [T GO (xy, dt - mod (0 x ),
0 0

hence /1, (x,y) is not unique, so is h; (x, x). We refer the discussion of related
problems to [61] and §5.

However, for different Szeg6 phase functions with error of the size O(|x —
y|?), they still determine the same leading term for the corresponding Fourier
integral operator of Szeg type on the diagonal.

We now systematically study the basic properties of Fourier integral opera-
tor of Szegd type. We first define the following notation for the class of Szeg6
phase functions.

DEFINITION 3.2. For the pair (X, T'0X,&) in Theorem 1.1, 9 = n_, any co-
ordinate patch (), x) in X and any A € €°(X,R;), we let Ph(FA«, ), re-
spectively, be the set collecting all functions P+ (x,y) € €*(Q x Q) with the
following effects:

(3.1.11) Im = (x,y) >0,
(3.1.12) Y+ (x,y) =0ifand only if y = x,
(3.1.13) dypx(x, x) = —dyp(x,x) = FA(x)a(x).
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For any ¢+ € Ph(FAw, ), we denote from now on by

(8.1.14) #7(x,y,1) € 84 (O x Qx Ry, 2(T,YX, TMX) )

the full symbol up to S~ (Q x Q x R, Z(T:%X, T:*"X)) such that:
y p y

(3.1.15)
S+ = S% on (),
(3.1.16)

Foo .
Sy, (x,9) i= [ @0 (x,y, D,
(3.1.17)

+oo ,
S (x,y,8) ~ Y s ()" T in S (Q x QO xRy, Z(T,VX, T;‘O'qX)) ,

j=0
(3.1.18)
s¥%(x,y,t) and s}h (x,y) are properly supported in the variables (x,y), Vj € INy.

In fact, we have the following known formula for slop1 (x,x).

THEOREM 3.3. With the same notations and assumptions in Definition 3.2, for
any P+ € Ph(FAwa, Q)), we have the transformation rule

(3.1.19) o7 (x,x) = A(x)" s (x, %),
with respect to (2.3.32).

PROOF. For the stream of the reading, we present the argument appeared in
[35, Theorem 2.13]. By the classical formula [13, (1.6)] for x # 0, Re x > 0 and
m € Z.,, we have in the sense of distributions that when m > 0

+oo
(3.1.20) / e~ = m(x + i0) "]
0

where the distribution (x + iO)_m_1 is defined as in [40, §3.2]. Moreover, we
have for the finite part (F. P.) distribution, c.f. [40, §3.2], that when m < 0
(3.1.21)

F.P /W etxpmgr — U™ ioym=1 (log(x 4+ i0) +y — m211
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where 7y := limy; 10 (Z}”:l % —log m> is the Euler constant. Combining these

formulas with (3.1.16) and (3.1.17), we have

(3.1.22)

Sy (x,y) = (_i(lpjzl/;z:(;;":iy‘)io))”‘l‘l + Gy (x,y) log(—i(p=(x, y) +i0)),
(3.1.23)

Py (59) = Y20 = )19 (3, 9) (=it (v, 9)) + F (5, )p ()",
(3.1.24) "~

Go () = 30 b () (i (),

=0/ :

where Fx(x,y), Fp. (x,y), Gy (x,y) € €°(Q x Q, Z(T*1X, T*91X)) and we
recall that we have the following relation of distributions and oscillatory inte-
grals

1
3125) — — =1lim—
( ) = (x,y) +10 95%1/’?(3(#)"‘19
1 ptoo . . 1 pto .
= lim - el(ll):F(x'y)—'_le)tdt — _./ ell/):F(x/y)tdt.
6—=01 Jo 1Jo

From Theorem 2.6, we have some smooth function f+(x,y) with f+(x,x) # 0
such that

(3.1.26) p5(x,y) — f+(0,y)p=(x,y) = O(|x —y[™).

For any point xg € (), we can take a local coordinates x around xp such that the
characteristic vector field T satisfies T = — axiﬂ. Identifying xg as 0 € R?**1,
then (2.3.37) and (3.1.26) imply that

(3.1.27) £((0,x2141),0) = A(0) 1 4 O(|x241]).-

After writing (2.3.31) and (2.3.32) in the same form of (3.1.22), (3.1.23) and (3.1.24),
we can compare Sy = Sy through the relations (3.1.26), (3.1.27) and

(3.1.28) 0 # 9((0,x2041),0) = O(|x2n41])
to find that
(3.1.29) 53 ((0,x2141),0) = A(0) " 1537 ((0, x2441),0) + O(|x2n41))-

Because SE)F are continuous, we can see that

(3.1.30) s3(0,0) = A(0) " 5% (0,0).
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For the argument above works for all point in (), we have
(3.1.31) 9% (x,x) = A(x)" s (x, x).
O

The most important material in this section is the following variant of [28,
Lemma 4.1].

THEOREM 3.4. With the same notations and assumptions in Definition 3.1, we
consider the certain operator H € I12(Q; T*%1X) with the assumption that

(3132) H = (S_ + S_|_) oH=Ho (S_ + S_|_) on Q,

(3.1.33) Ty hy (x,x)Ty” =0, Vx € Q,

and when n_ = n,. we additionally require

(3.1.34) Ty the (x,x)Ty " =0, Vx € Q.

Then if we write

(3.1.35) W (xy) =Y, b y)er(x) @ w(y)
[1=[Jl=q

in the strictly increasing index, cf. (1.1.23), we have

(3.1.36) (% y) — oy (2, ) 95 (x,y) = O(|x —y[ ™)

for some py(x,y) € € (Q x Q).

PROOF. For the stream of reading, we give a proof here following [28, Lemma
4.1]. The basic idea is that this theorem is independent of coordinates, and we
can take a good coordinates x = (x1,--- ,X2,41), ¥ = (Y1, - ,Yan+1) such that
by the properties (2.3.36) and (2.3.37) we can apply the Malgrange preparation
theorem [40, Theorem 7.5.6] to write

(3.1.37) hd (x,y) = p5(x,y) @+ (x,y) +r+(x,y')

for some smooth r(x,y) = r(x,y’), where y' = (y1,- - - , y2n). However, to show
r+(x,y’) is a matrix with all entries vanishing to infinite order on the diagonal,
we need to reduce our theorem to some special situation.

Let us first prove our theorem in such special situation. At each point xy € (2
identified as 0 € R***!, we can always take a coordinates x = (x1, -+, X2,11)
and y = (y1,- -+ ,Yan+1) Near xg such that

0
3.1.38 T=— ,
( ) 0X2411
(3.1.39) a(x) = dxp,iq at x,
(3.1.40) o, = dz A 9 at xo.

0z
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We denote ¥’ = z = (x1,--- ,xp,) and vy = w = (y1,-- - ,Yy2n). For the same
H € [#(Q; T*1X) in our theorem, we additionally assume that

(3.1.41) H = H" is formally self-adjoint,
(3.1.42) ¢+ (x,Y) = Fxous1 £ Yon1 + 85(x,Y),
(3.1.43) hi(x,y) =h§(x,y).

Our first goal is to show that in this case

(3.1.44) hg (x,y) = O(|(x, ) 7).

Now we fix Qy € Q, where () is an open set of 0 € R***! and 0 E RZn+1
is identified as a point in Q. We let T € €°(R,[0,1]), T = 1 on [—3,1]. We
put ¢ > 0 be a small constant so that e !(xp,41 — Y2u11) & supp T for every
(%', Xon41) € Qo and every (V, yon+1) ¢ Q. From our assumption we have

(3.1.45) H=(H_+Hi)o(S_+854).
So for any g € 65°(Qp, T**1X), we have on ) that
(3.1.46) Hg(x) = H_oS_g(x)+ HyoS:g(x)
+H-05:8(x) + Hy 0 S-g(x) + Fg(x),

where F is a smoothing operator on (),

—+00 —+00
(3.147) H=zoSzg(x / / / / 79 (x.0) +itgz(wy)
W (x,w',y) 0T (w,y', t)g(y)dm(y)dtdm (w)dy,

and

—+00 +o00
(3.1.48) Heo S:tg / / / / ivox(x,w)+iteL(w,y)
W (x,w', ) o sF (w, y', )g(y)dm(y)dtdm(w)dy.

We can take the change of variable oy = to and switch the order of integration
in the above oscillatory integrals and we have

+oo +o0 .
(3.1.49) (HzoS+)(x,y) = / / / pit(9= (x0)+ 0 ()
o Jo Jo
W (x,w',v)osT(w,y, t)t m(w)dwdodt,
and we also have
“+00 —+00 X
(3.1.50) (HyoS+)(x,y) = / / / pit( 9= (x0)+ 0 ()
o Jo Jo
W (x,w', ) o s (w,y, t)t m(w)dwdodt.
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We notice that we can write
(3.1.51) (Hy o S+)(x,y) =7 (v, y) + II7 (x,y),
where

—+00 —+o00 .
(3.152) IF(x,y) = / / / oit(g5 (L) g (wy)
¢ 0 0 Q

T( Xon+1 _8 Wan+1 )I’l:F(

x,w,ot) o s (w,y, t)t m(w)dwdodt,
and

+o0 —+o0 .
153) I0F (x,y) = / / it(g (x0)o+ o (wy))
(3153 W7 (xy) = [ /O [ citor

<1 — T(x2”+1 — Wt )) W (x,w,ot) o st (w,y, t)t m(w)dwdodt.

s

By (2.3.35), for II] we can integrate by parts with respect to ¢ and conclude that
I (x,y) is smooth. Moreover, since both H+(x,y) and S+ (x,y) are smoothing
away from the diagonal on (), along with the fact I (x, y) is smooth we just
see, we know that I (x, y) is also smoothing away from the diagonal on ) and
we may assume that |[x — y| < e. From (2.3.37), we can see that

(3.1.54) du(@x(x, W) + ¢+(W,Y))|w=x=y = (0 + 1)ay

is non-vanishing. So when ¢ > 0 is suitably small, in I] we can integrate by
parts with respect to w and conclude that I (x, y) is smooth. In conclusion, we
have

(3.1.55) Hr oS4+ =00on Q.
Since when w = y = x and ¢ = 1 we have

(3.1.56)  du(oes(x,w) + ¢x(w,y)) = do(0z(x,w) + ¢ (w,y))) =0,

using the integration by parts argument we just use before with some minor
change, we can also write

+oo oo ,
(3157) (Hy 05+)(x,y) = /0 /O /Q P09 (x0)+ 9 ()

1—0 Xon+1 — Woan+1
(=T yr(FRe

T x,w',y) osT(w,y, t)t m(w)dwdodt
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Our next step is to apply Melin-Sjostrand complex stationary phase formula
Theorem 2.2 to (3.1.57) to study the leading term /j. We notice that

it (0o (x0)+o=(wy))

— it (0= (x,w)+ (Fwznr1ty2n 1 +8+ (wy')))

(3.1.58) —ptitYoni1 it P (W,U;x,y’)’
where
(3159) q)$(w, g,Xx, y/) = 0’4)$(x, w) F Wopa1 + g¥ (w, yl)

We will use the following notations. For an open set W C R and for every
f € €°(W) we write f € €°(WC) to denote any almost analytic extension

[22, pp. 93-94] of f, where W€ is an open set of C™ with WENR™ = W. Now
we take @ (w,7; x, ') so that
(3.1.60) (W, 05X, 7) = 09 (X, D) F W1 + 35 (@, 7).

We denote U := {y € R*" : Jyp,41 € Rsuch that (y/,y2,11) € Q}, and we
have the critical points

B.lel) BT(XY) =BT (EY), - B (XT)) € ¢*(QF x UC, 2,
(3.1.62) ~T(X, 7)€ €= (O x US,Q),

which is the solution by implicit function theorem for the system of equations
F(5 7 F (= ~ ~
G169 G 0 b5, 7),77 (55T

CAE EEFTET) + %B: SEDL) =0

where,j=1,---,2n+1,and

a% 5 (D) ETSET) = 555 (ET)) =0

Now, by applymg complex stationary phase formula of Melin-Sjostrand Theo-
rem 2.2 and Theorem 2.5 to

(3165) / / ltq); waxy

U)T(x2n+1 Wan+1 )h:F(

(3.1.64)

T( x,w',v)osT(w,y, t)t m(w)dwdo,

along with (3.1.55) and (3.1.57) we get

+oo too L 4
(3.1.66) H(x,y) = / et 5Y) £ (x,y, t)dt —|—/ et V) £ (x,y, t)dt
0 0
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on )y, where
(3.1.67)

o7 (%) = o7 (B0, 1) y) = FBh 1 (0 y') £ yaner + 35 (B(x,y), ¥,
and
(3.1.68)

fryt) ijF x, y) I in S}y (Qg x Qg x Ry, Z(TIX, T1X)),

(3.1.69)
fiF(xy) € €%(Qo x Qo, L(T*1X, T*1X)), j € No.

We also have

3.170)  fi (xy) = f5 (2 y") = e(x,y g (x, ¥ (x,y")) o 5T (BT (x,¥/), ),
where ¢(x,y") € €%°(Qy x O, C) is the term of determinant of tangential Hes-
sian of t® (@, 7; X, ) at (@,7) = (BT (x,y'), 7T (x,y’)) and is nowhere vanish-
ing for every (x,y) € Qp x Q.

We notice that by treating ST o ST with the same order of integration (as
oscillatory integrals) as we just calculated, again by Melin-Sjostrand stationary
phase formula Theorem 2.2, the Szeg6 phase function of the Fourier integral
operator ST o ST in this manner is also ¢;. Thus, from (3.1.42), (3.1.67), ST o

ST = ST and Theorem 2.6, we can check that

(3.1.71) 9= (x,y) — o7 (x,y) = O(lx —y|™™).
Hence, we can replace ¢ by ¢+ and we have
(3.1.72)

+oo
[T et = )y e+ [0 (0t — £y, ) = 0
0
on ()y. From the proof of Theorem 2.6 and induction, we can check that

(3.1.73) hg (x,y) — fo (x,y) = O(]x —y[™).
From this observation and (3.1.70), we get

—_~

(BL74) B (xy) —clxy)hd (x, B(x,y)) o 55 (B(x,y),y) = O(|x — y[ ™).
From Theorem 2.5, Theorem 2.11 and (3.1.74), we can deduce

(3.1.75) he (x,y)(I—77) = O(|x —y|).
Similarly, by the assumption that
(3.1.76) (H.+Hy)o(S_+S.)=H

we can repeat the procedure above and deduce that
(3.1.77) (I—tF)h§ (x,y) = O(|x — y|).
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From (3.1.75), (3.1.77) and the assumption that

(3.1.78) Ty hy (x, %)ty =0,

(3.1.79) Ty Thy (x,x)Ty " = 0whenn_ =ny,
we can conclude that

(3.1.80) hi(x,y) =O(|x —yl).

We now show we can use induction to prove our theorem in our special
situation. We recall that now for the given point (xo, o) € Q0 x ) we identify it
as (0,0) € R?"1 x R?"*1, We assume that

(3.1.81) ng (x,y) = O(|(x,y)[™)

for some Ny € IN. To check the our goal at (N + 1)-order, we notice that from
the assumption

(3.1.82) H=(S_+S;)oH=Ho(S_+5.),
and from the previous argument, we already have

(3.1.83) hg (o y) (1= 7") = O(|(x, )| ™),
(3.1.84) (= T)hg (x,y) = O(| (x, )",
So we only need to check whether

(3.1.85) Teth (x,y)Ty T = O(](x,y)|N°+1).

Following the convention in our theorem, we recall that we suppose the neg-
ative eigenvalues y; < 0 of Levi form are from j = 1,--- ,n_ and the positive
eigenvalues 1 > Oarefromj=mn_+1,---,n We write

(3.1.86) h(oy) =Y, hij(xy)wr(x)" @ wf(y)
T[=[J|=q

in the strictly increasing indexand Iy = {1,--- ,q}, Jo={q9+1,--- ,n},qg=n_.
To prove (3.1.85), we only need to prove that

(3.1.87) h, () = O(|(x, )|,
(3.1.88) h ) = O(|(x, )0,
From (2.3.26), we have
(3.1.89) 0 030 (S_+84) =00 0 (S_ +54) =0,

and moreover along with (2.3.24) we can see that

(3.1.90) 3o(S_+5)=Gon™od,0(S +5,)=0.
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This implies that
R e (xy) (3 - 41 TR e (xy).—
(3.1.91) /0 "= (9 v )5y (x,y)t dt-l—/o e"P=sl (x,y, t)dt

+oo _ too
+/ et P+ (), i )sT (x, y) " Ldt +/ etk (x,y, t)dt = 0,
0 0

where s (x,y,t) € S%(Q x Q x Ry, L(T*1X, T*%1X)). We notice that from

(3.1.42) we can see that 9; ¢ (x,y) are independent of y,.1. Then we can
apply the partial (inverse) Fourier transform argument in the proof of Theorem
2.6 and find some symbols Sy(x,y) and $1(x,y’, k) and an operator F;~ such that

(31.92) K" (0p-)(x,¥)Sg (x,y') + ST (x, i, k) = e *&- Y E- (1)),
(3.1.93) k"+1<abx¢+><xy>8+<xy>+s+<xy k) = e ke B (x,y),

where

(3.1.94) Sg(x,y)[y=x = 54 (x,x) #0,
(3.1.95) SF(x,y,k) € SI_4(Q x Q, Z(T*9X, T*09X)),
(3.1.96) FF =0 (k).

We recall that ¢ (x,x) = 0, which implies that here g(x,y’)|,=x = 0. Then by
multiplying k~"~! both sides in (3.1.92) and (3.1.93) it is clear that

(3.1.97) (9pxp=) (x,¥)S§ (x,y') = O(lx —y[ ™),

and we can apply S (x,y)|y=x # 0, Leibniz rule and induction to show that
(3.1.98) (@95 (1) = O(x =y ™).

Also, by the assumption (3.1.32) of H we can check that

(3.1.99) dpoH=09,0(S_+S,)oH=0.

This implies that

(3.1.100) / et =) (9, .o Yh (x,y,t dt+/ elt?-)gy ho (x,y, t)dt

+/ P 0V @y ) (x,y,t dt+/ PGy (x,y,)dt = 0,

and by (3.1.98) we can rewrite the above relation by
(3.1.101) / elt?- s (2, y t”dt+/ et -GN (x,y, t)dt

_,’_/ olto+ (xy) h*(x y tndt—{—/ oo+ xy)h+(x y, t)dt = 0,
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where hi (x,y,t) € S’gfl(Q x QO x Ry, Z(T*1X, T*%1X)). By the above rela-
tion, the assumption here that i{ (x,y) = hj(x,y’') and the same partial (in-
verse) Fourier transform argument in the proof of Theorem 2.6, we can then
check that

(3.1.102) Il (x,y) = O(|x =y ™).
Then, by combining (3.1.84), (3.1.83) and (3.1.102), we can check that

(3.1.103) Op Ty hy (%, )T F = O(|(x,y)\N°),

which is equivalent to

(3.1.104 2 (e 0) = O((e ™), =g 1 m
9d - — Noy 4 _

(3.1.105) a_z].hlo,fo(x’y) =0(|(x, ™), j=1,---,4.

Similarly, from the argument before we can also check that

(3.1.106) 9,0(S_+5,)=0,

(3.1.107) 0,0 H=09,(S_+S.)oH=0,

and we can repeat the same procedure before with some minor change to de-
duce that

(3.1.108) T Th (2, )T = O(|(x,9)|™),
which is equivalent to
3.1.109 I o) = O y)N), j=1,---
(3.1.109) 9z; oY) =0 ™), j=1---,4,
d .
(3.1.110) a_4hf+o/fo(x'y) = O(|(x,y)|N0), j=q+1,---,n

From our temporary assumption H = H*, we have
+oo | +oo
(3.1.111) / et -~ (x, y, £)dt + / '+t (x, y, )dt
0 0

+oo Foo
E/ e”‘P(x"‘/)h'*(x,y,t)dt—l—/ ML T (x, y, 1) dt,
0 0

We recall that ¢+ (x,y) € Ph(Fa,Q)) and S5 = S%. Accordingly, from Theorem
2.6 we have

(3.1.112) 9% (x,y) — f+(0,y) e (x,y) = O(|x — y[™),
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where f+(x,x) # 0. From the above relation and (3.1.20), we can write the
oscillatory integral

+oo oo o
(3.1.113) / et O Y (x, y) 1 dE = / eltes(xy) Mt’”dt.
0 0

f2(x, )
We denote
hg " (x,y)
3.1.114
( ) Fy(x,y) := f$(x )
(3.1.115) Fr(xy) = Fr (%Y xani1 F g5 (%, 1))-

By almost analytic extension, we have Fx(x,y) = Fx(x,v,y2.11). Also, by
Taylor formula, we have

(3.1.116) Fr(x,y, Jant1)
= Fe (0, xon1 F 8= (0, ¥)) + (%211 + Panr1 8= (x,¥))r5 (%, y).

By the above relation and along with our special choice of ¢+ here, we can write

+o0
/ eitor (W E, (x, y) Mt
_/ A= y) (x, ]/ tmdt—|—/ oites xy)gg¢(x,y)r(x,y)tmdt

(3.1.117) :/ et P+ Y F (x, v/ tmdt+/ et W)y (x, y)(;ttm)dt,
0

where we apply integration by parts of oscillatory integrals. From the proof of
Theorem 2.6, we can see that

(3.1.118) Fz(x,y") = ho(x,y") = O(lx —y|™),

which implies that
(3.1.119)

h (0, on1 T8 Y) — F2(x, Y, X001 F 8, y)IT (x, ) = O(Jx —y| ™).

We recall that by Schwarz kernel theorem we have H*(x,y) = H(y, x), so

we can take Iy T (x,y) = E(y,x). We also recall that here a(0) = dxp,1
and dy¢+(x,x) = dyp=(x,x) = Fa(x,x). So from (3.1.104), (3.1.105), (3.1.109),
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(3.1.110), (3.1.119) and induction hypothesis, we can check that

9 :
(31120) a_thO/IO(x’y) = O(|(‘x’ y)|NO)’ ] = q + 1’ T /n/
]
J .
(31.121) 5 h @) = 0@ ™), j=1---.q
]
9 :
(3.1.122) ﬁhlo,lo(x'y) =o(|(x,y)[N), j=1,--- g,
J
J :
(3.1.123) = (X y) = o(|(x,)|N), j=qg+1,-,n
J

For simplicity, in the later discussion we will only demonstrate the case for
hy, 1, @and the case for h;g j, can be calculated similarly. From our assumption

that h; ; (x,x) = 0 and Taylor formula, for a fixed j € {g+1,---,n} and fixed
a, B € INg such that a + B = Ny, we have

0 0 0 0
o Yyar Y Y N\B - _
(3.1.124) <<(aZ] aw]) (82] Bw]) ) h10110> (0’0) =0.

This relation implies that

0 0

az] aw] 00 al/“Z/ﬁl/ﬁZENO A
N1 +0y=n
B1+pa=p
xr+p1>0

% ((aizj)m(ai%)az(aizj)ﬁl(ai@j)mh;o’b) (0,0),

where each ¢y, 4, 6,6, 1S @ constant. When a; + 1 > 0, from (3.1.104) and
(3.1.122) we get

d d d
(3.1.126) ((a—zj)“l(a—%)“z(a—z)ﬁl(T)ﬁzhm,IJ (0,0) =0

for every «aq, a2, B1, B2 € No, a1 + a2 = «, B1 + B2 = B. From this observation
and (3.1.125), we get

0 0

(3.1.127) <(a_z])a(a_w])ﬁhiﬂo> (0,0) = 0 forevery a, p € Ng, a« + = Np.
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Similarly, for a fixed j € {1,---,q}, we can repeat the procedure above and
deduce that
(3.1.128) ((; ¥ (B?U )ﬁhg ) (0,0) = 0 for every &, B € Ny, a« + B = Np.

Also, again by hj, 1,(x,x) = 0, we have
(3.1.129)

9 o \V
+ hy . (0,0) =0 for every N € IN with |[N| < Nj.
(ax2n+1 ay2n+1> IO,IO( ) Yy | ‘ 0

Since here the special hy, 1,(x,y) = hy, 1,(x,y') is independent of y5,41, we have

0
3.1.130 —h, (x,y) =O(|(x,y)| "
( ) o~ ol (X Y) ([ G, )[T)
and with the above observation we can deduce that
N
(3.1.131) aThI_I (0,0) = 0 for every N € IN with [N| < Np.
Oxy, g 0

From this relation, we can repeat the argument above with minor change and
deduce thatforj e {g+1,---,n}, £ € {1,--- ,q}, we have

(3.1.132) ((a%)%(i)%(i)“( T Wh%,m) (0,0) =0,

ow; 0z;" “odwy’ “0xou41
for every g, Bo, &, p € INY, v € Ny, |ao| + |Bo| + |a] + |B] + || = Np. Com-
bining all the above argument, we prove by induction that in this special case
hy, Io(x,]./) Yanishes to infinite order at (p, p). We can show so does h;g/ 1 (0 Y)
by the similar method.

For the purpose of reducing general case of our theorem to the special case
we just demonstrate, we consider H* be the formal adjoint with respect to the
given L?-inner product on Q% (X). As before, by Schwartz kernel theorem we
can write

(3.1.133)

oo
()= [ e e Gy e [ Oy,
0
(3.1.134)

9F(x,y) = —9%(y,%),
(3.1.135)
W5 (x,y,t) = hF*(y, x, t).

Under the same notations and coordinates before, again by the relation
(3.1.136) dypz(x,x) = —dyo=+(x, x) = Fa(x),




3.1. Fourier integral operators of Szegd type 60

and Malgrange preparation theorem [40, Theorem 7.5.5], after some arrange-
ment we can write

(3.1.137)  ¢x(xy) = fir (%, y)(Fxons1 £ Yons1 + 81,2 (x,Y)), Imgy+ >0,
(3.1.138) —9=(v,x) = for (%, y)(Fx2ns1 £ Yon+1+ 2+ (x,y)), Imgo+ >0,

where (f1+f2,+)(x,x) # 0. By (2.3.36) and (2.3.37) we can check that the complex-
valued phase functions ¢+ (x,y)t and —¢=(y, x)t generate the same equivalent
canonical relations as almost analytic manifolds [72, Definition 4.1 & Theorem
4.2], so we have the Melin-Sjostrand’s equivalent of phase functions

(3.1.139) @5 ()t ~ (Fxons1 £ yoni1 + 81, (x,¥)) ¢,
(3.1.140) — @5y, )t ~ (Fron1 £ Yons1 + 25 (%, ¥)) £

By the proof of Theorem 2.6 we can check that
(3.1.141) g1+ (0Y) =25 (x,y) + O (Jx—y[™).

For simplicity, from now on we denote

(3.1.142) ¢o=(x,y) = Fron1 £ Yoni1 + 85 (x,y),
(3.1.143) 8%, y) = g1+ (xy),

and we already have

(3.1.144) ¢=(x,y) = A% y)o=(x,y).
We also notice that (3.1.141) and Remark 2.7 imply we may write
(3.1.145) 95 (x,y) = oz (0, 1) (x,y).
Now, for
(H+ H)(x,y)

400 | foo .
E/ e”"’—(x'y)h_(x,y,t)dt—i—/ MY = (x,y, £)dt
0 0
400 | Foo .
(3.1.146) —|—/ e”"’+(x'y)h+(x,y,t)dt—|—/ LYt (i, y, 1) dt,
0 0

we can apply the trick of (3.1.113), (3.1.116) and integration by parts of oscilla-
tory integrals to check, up to some Fourier integral operators of Szeg6 type of
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weight n — 1, we have

(H+H")(x,y)
(3.1.147)

— / th>

x ( hy (%Y, Xons1 — §—(x,Y)) n hy (V' Xon1 —8(x/y')/x))) dt

A () 2o — 8- () o (6,9, xous1 — 8- (2,)
+oo
+ / elto+(xy)
0

e Y X+ 8+ (%) g (Y, Xani1 + 84 (x,), X) "
f”+1 (%Y, x2n41 + 8+ (x, 1)) f”+1 (%Y, xon11+ 8+ (x,y'))

Similarly, up to some Fourier integral operators of Szeg6 type of weight n — 1,
we also have

(iH —iH")(x,y)
(3.1.148)

+oo |
- / it (1)
0

% (l E(; (x/]//;x2n+1 _g_(x’y/)) — E(yllxszrl g(xly/)lx))) dt

A (), o — 8- (0 ) AN (Y, Yo — 8- (%, Y)

+/ zt4>+ xy

« h+ (2, v, xon1 + 8+ (%, 9)) h (v, xon1 + 8+ (%, '), %) gt
f”+1 (%, %1+ 8+ (1Y) f”+1 (x, Y, Xons1 + 8+ (%))

We also notice that both H 4+ H* and iH — iH™* are formally self-adjoint, and
by our assumption we have
(3.1149) (H+H")=(S-+S+)o(H+H")=(H+H")o(5-+8S54),
(3.1.150) (iH —iH*) = (S_ +S) o (iH — iH*) = (iH — iH") o (S_ + S..).
We notice that at (x,y) = (0,0) we have the following relations

(3.1.151) hy (x,x', x0p11 F g5 (x,x")) = h (x,x) is a zero map ,
(3.1.152) FIrl (x, %, xon 1 F g5 (x, X)) = 11 (x, x) # 0.



3.1. Fourier integral operators of Szegd type 62

So at (x,y) = (0,0) we also have

(3.1.153) hg (Y 2o F 826, X)) | g (¥, v F (), %)
1. ~1’l+1 / / ~1/l—|—1 / ; f— ,
A (Y, xon Fe+(0 X)) 57 (0, xou1 F g+ (x,x7))
(3.1.154) i hi (5 y xon1 F8=(x,x") . hg (v, %2041 F g5 (x, %), %)
e N}’H’l / / N}’l—l—l ; ; —
Ay i F 8= (00) 3 (00t F g (x,07))

Thus, the Fourier integral operators H 4+ H* and iH — iH* are exactly in the
form as we already studied in the special case, and we immediately have

—~

hi (x,y, xonp1 F 85(x,y)) hi (', xon11 F 8(x,y'), x)

—~

(3.1.155) - -
ATy o Fe=(ny) A (Y xu Fe=(xY)
=0 (IxmI™),
(3 1 156) i h8: (X,y/, Xon+1 :Fg:F(x/y/)) i E(yll X2n+1 :Fg:F(xly/)l X)
ATy v F 8= y) AT (0¥, xan1 F 85 (1))
=0 (IxI™).
Accordingly, we get
nE x, vy, x Tor(x,v o0
(3.1.157) NHOH( Vorn =) _ g (1)

1 (oY o F 8+ (%))
From the above relation, it is not hard to check that

(3.1.158) hg (xy vnn Fex(xy) =0 (Ixy)[7).

As we mention in the beginning of the proof, by applying the Malgrange
preparation theorem [40, Theorem 7.5.6] to the variable y,,.1 we can write

(3.1.159) h$ (x,y) = p=(x,y)dp=(x, y) +r(x, )

for some r(x,y’) € €°(Q x U, Z(T**1X, T*%1X)). In particular, we can take
almost analytic extension of (3.1.159) in the variable y,,1 such that
(3.1.160)

hg (Y, Yonv1) = 05 (¥, Yant1) (FXans1 £ Yant1 + 85 (%, y)) +r£(x, ).

We can put 2,41 = X2441 F 5(x, ') in the above equation, and with the fact
that 7(x,y’) is independent of y,,, 11 and (3.1.157) we immediately see that

(3.1.161) r+(x,y") = O (|(x,y)| 7).
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The above argument holds for any point. So by (3.1.137), (3.1.159) and (3.1.161)
we finish the verification of our theorem. U]

3.2. Microlocal analysis of Toeplitz operators

With the same notations and assumptions in Theorem 1.1, we consider the
Toeplitz operator for lower energy forms

(32.1) TS =117 o PoT1{? : Q%(X) — Q%4(X)

associated by a formally self-adjoint P € L} (X; T*%1X). We denote the principal
symbol of P by

(3.2.2) po € €*(T*X, 2 (T*1X, T*01X)),

and we assume that the following Levi-elliptic condition holds:
(3.2.3) Ty po(—ax)y >0:g=n_,

and additionally

(3.2.4) T polay) Tt <0: g=n_ =n,.

In this case we say that Tl(ﬂ))t is a Levi-elliptic Toeplitz operator and denote its

q)

Schwartz kernel by TI(,’ 1 (x,y). Our definition coincides with the one for elliptic
Toeplitz operators [12, §2] on CR manifolds for g = n_ = 0.

We have the following microloal structure of Toeplitz operators on lower
energy forms, which can be deduced from the method of complex stationary
phase of Melin-Sjostrand [72, pp. 156], Theorems 2.3 and 2.10. Reader can also
refer the proof in [28, Theorem 4.4].

THEOREM 3.5. In the situation of Theorem 1.1 and for q = n_, T}ﬂ% is the sum of
Fourier integral operators

(3.2.5) TS =T, +Ty, +F onQ,

where F : &'(Q); T*1X) — €°(X; T*%1X) is continuous and we have the Schwartz
kernel

+oo
(3.2.6) Ty (x,y) :/ et W) g (x,y, t)dt
0

associated with the Szeg6 phase function ¢ (x,y) in Remark 2.7 and the symbol

(3.2.7) a¥ (x,y,t) € SH(Q x Q x Ry, Z(Ty X, T,79X))
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with the properties that
(3.2.8) at(x,y,t) Z aF (x, )" T in SI(Q x Q x Ry, Z(T, "X, Ty X)),

(329) af(x,y,t) = O when n— # ny,
at(x,y,t)and a]?(x,y) are properly supported in the variables (x,y) for all j € Ny,
|det Ly| v(x) 4

(3210) aa (X, x) = 27T”+1 m(X) x_PO(_'xx)T;Z_/
and when n_ = n we additionally have

|det L«| v(x)
(3.2.11) ag (x,x) = T m(a) T polay)Ta .

In fact, given any m € R and P € L"(X; T*%7X), since in our context we
have H(q) € Lﬂ) ! (X; T*1X), by Calderon—Vaillancourt theorem we have that

Tlgi H( ToPo HS\ 7) is also a bounded operator between the Sobolev spaces

H; ™ (X) and Hj,(X), where H (X) := H*(X,T*%1X), for all s € R. We
denote this fact by

(3.2.12) Tl(ﬂi O(1) in Z(H"™(X), Hy ,(X)), Vs € R.

Also, we can still construct the parametrix for Levi-elliptic Toeplitz operators
although they are defined by the elliptic pseudodifferential operator.

THEOREM 3.6. In the situation of Theorem 1.1 and for g = n_, we can always find
a formally self-adjoint pseudodifferential operator Q € LC_I1 (X; T*91X) such that

(3.2.13) DoTi) =T o T, =11 on X.

T
To, QA

PROOF. First of all, we notice that if we can find some Q € L *(X; T*%7X)
such that T((Q)A o TI(,% = T( 1) 6 T((Qg\ = HE\ ), then we can replace Q be 1 >(Q+QY)
which is clearly formally self—ad]omt

For the generality of our argument, we demonstrate the case n_ = n, and
the case n_ # n, follows from the same argument with some minor change.
In the following we always use the convention (1.1.23). When g = n_, we
have py,1,(—&x) > 0 and we can find a conic neighborhood C;” of ©.™ such that
P1,,1,(—®x) > on the closure of C; . We take a function p(x,7) € €*(T*X) that

p vanishes for small ||, p is positively homogeneous in 1 of degree zero when
|7| > 1, p equals to one when (x,7) in a conic neighborhood of X~ and p has
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support in the closure of C; . We also take any r(x,7) € Sal (T*X\ C; ) and we
can see that for {1 ;, := ppy, 1, + (1 — p)r we have £y, € S (T*X) and

(3214) 510’10(—063()}710,[0(—04,() =1.
We can also similarly construct ¢;, ;, € Sc_ll (T*X) such that
(3.2.15) Cro,go () Py o (@) = 1.

By the above argument we can find L(O € L '(X; T*%1X) with the princi-

pal symbol € = Yiylywp ® wJA’* € S;HT*X, £(T*9X, T*%1X)) such that
(3.2.14) and (3 2.15) holds. Then for any coordinate patch () C X, by combining

Theorem 3.5, Melin-Sjostrand stationary phase method Theorem 2.2, Theorem
2.5,(1.1.17), (1.1.18) and Theorem 2.10 we can check that

(3.2.16) T\ o TH) = Iy + I + Ry on Q.

where Ry : &'(Q, T*%1X) — €°(X, T**X) is continuous and the Schwartz
kernels

too
(3.2.17) IF(xy) = / eito= (oY) % (i, y, £)dt
0

have the same ¢+ before and the following data properly supported in (x,y):
SF(x,y,t) ~ z+°°5ﬂ( y)t" T in S (Q x Q x Ry, Z(T*09X, T*4X)),

(3.2.18)
Fiy)= ) Vﬁ(x,y)wf\ ® wJA’* for the strictly increasing index sets,

T=[J|=q
(3.2.19)

_ det L,| v(x
o, (%) = Y]?;]O(x,x) = | x| 2(%)

27+l m(x)’

By Theorem 3.4 and the above relations, we can deduce that T(‘Zg) L ° TI(,[R -
Y% = Hy + Go on Q, where Hy € I271(Q; T*%9X) and Gy : &(Q, T01X) —
€ (X, T*%1X) is continuous. Then for any N € N andj=1,--- ,N—1, with
the same method we can construct LU/) € L;ll*] (X; T*%1X) such that

N0 ) @
(3.2.20) Z T, Tpp — I = Hy + Gy on 0,
where Hy € IN(Q; T*%1X) and Gy : 6'(Q, T*%1X) — € (X, T*%1X) is con-

tinuous. We can then construct the symbol ¢ € S;ll(T* X, Z(T*91X, T*04 X))
from the asymptotic sums of the complete symbol of L), j = 0,1,---, and
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we can define L € L '(X; T**1X) by the symbol ¢. Since the above argument
holds for arbitrary (2 and X is compact, we can check that Téfi))\ o Tlgﬁ - Hg\q) =
0 on X. By the same method above, we also have an R € L;'(X; T*1X) such
that TI(J ))\ o Ty (g ) ng) = 0 on X. Then we have that Tg))\ = Tg))\ o ng) =
Téq))\ o (Tl(j/i o Tl(z/)\> = <T£ A) 1@\) o Tlgq% = H(Aq) o Tlgq% = Tl(zq))\ on X and we
conclude our theorem. O

We have the following type of elliptic estimates which now easily follows

(9)

from Theorem 3.6. For convenience, we denote H, , (X) := Ker (I — H&q)).

THEOREM 3.7. In the context of Theorem 1.1, for every s > QO there exists a con-
stant Cs > 0 such that

(3:2.21) lullsir < Cs (ITSulls + llulls)  vu € 7).

In particular, given a non-zero eigenvalue u € R of Tl(ﬂi and for any s € Ny, there
exists a constant ¢ > 0 such that

(3.2.22) lulls < cs(L+ ) lull, Vi € Ker (TS — ul).

In other words, Ker(TI(;R —ul) € Q% (X) forall u € R. Moreover, (3.2.22) holds
with 4 = 0 for all u € Ker Tl(,q))\ N Héq/i(X)

PROOF. By Theorem 3.6, when u € H\7)(X) we have a Q € L !(X; T*1X)
and a smoothing operator F such that

(3.2.23) w=11"u = 110 0 Qo11”) o T u + Fu.
By the continuity of Q, H(Aq) and F, we have a constant C; > 0 such that
(3.2.24) lullsr < IT) 0 Tohullss + | Faellssn
(3.2.25) < (ITulls + ulls
PA

holds for all u € HZ(J?))\(X ).

In particular, for an eigenform u of Tl(,q))\ corresponding to an eigenvalue y #
0, we have

(3.2.26) =T u =117 o Tou = ur1u.

Thus u € Hé?}\ (X). By applying the above estimate inductively, we have
(32.27) [lls+1 < Cs(UfpDlulls < -+ < es (1 [p])*Jul,
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where Cs, c; > 0 are some constants. For the case of p = 0, if u € Héqi(X) then
the same argument still works. O

From Theorem 3.7, we immediately have the following self- adjoint exten-
sion of Tl()q))\ in L%’q(X) = LZ(X, T*qux).

THEOREM 3.8. In the context of Theorem 1.1, the maximal extension

(3.2.28) Ty : Dom T, € L3,(X) — L3, (X),
(3.2.29) Dom Ty} := {u € L3,(X): THu e 13,(X)},
is a self-adjoint extension of \+ In particular, Spec T, ( ) C R

PROOF. Let (T(q))* : Dom(Tl()/i) C L3  (X) = L2 4(X) be the Hilbert space
adjoint of Tl(j /{ We first show that Dom T1(> /i C Dom( TI(,Q/{) and ( TI(, ;)H = TI(, /{

on Dom Tl() ))\ Let v € Dom T( ))\ and let w = HE\ )v From Theorem 3.7, we can
see that w € Hé’q(X). We can take a sequence {w;} et * in O0%(X) such that

w; — win H%,q(X) as j — +oo, and by (3.2.12) we also have Tl(j?))\wj e Q% (X)
such that T}ﬂjw]- — Tlgq/{w in L%/q(X ). Now, for all #,v € Dom T{ﬂi, on one hand
(3.2.30) (Tﬂu\v) = (1Y o T ulo) = (TN ul11"0) = (T ulw).

On the other hand (T Au|w) = lim;j_, ;oo (T {,‘Qu|w]) We notice that we can take

a sequence {u,}, in €°(X) such that u; — u in L?>(X) and Tl(ﬂ})\ug — Tl(ﬂ))\u in

H~1(X), as £ — +oo. Along with w; € €*(X) for each j, we have

- (9) q)
231 tim (T4 (e — ) < i [[(TE (0 — )| syl =0,
which implies that
(3.2.32) PAu|w]) = ghr+n (TP Aug|w]) = ehrf (ug|TPAw]) (u|T1(37))\w]-).
We have

(4) _ 1 (4) RT (4)
3.2.33 T =1 T =1 T ;
( ) | p,/\”|w)‘ ]—1>I-Poo|( p,/\“|w])’ jjr_{loo‘(”‘ p,/\w])|
_jjrfw\\u\\ ITppwill = I Tppwll - [lul

Combining all the estimate above we see that there exists a constant C > 0 such
that

(3.2:34) (TS ulo)| < Cllu]
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for all u,v € Dom T}ﬂi. This implies that v € Dom(TI()q))L)* and (Tl(ﬂ))L)* v =

(q9)
TP//\Z).

Conversely, for all v € Dom(TPqA) i, by the Riesz representation theorem we
canfindaw € L%/q(X) such that

(3.2.35) (TS ulo) = (ulw),

forall u € DomTI(;R with (Tlgq%)f{v = w. In particular, for all u € Q% (X), by
the density argument in (3.2.32), we can check that

(3.2.36) (ulw) = (Tulo) = (TF))igulo) = (u[T0),
which implies that Tlgﬁv = w (almost everywhere) as an element of L%/ g (X). O

We have the following analogue of [12, Proposition 2.14]. The proof is quite
standard from the technique of elliptic estimate and Rellich compact embedding
lemma.

THEOREM 3.9. With the same notations and assumptions in Theorem 1.1, for q =
n_, the spectrum Spec(TI(ﬂi) C R consist only by eigenvalues, where the non-zero

eigenvalues all have finite multiplicity. For any ¢ > 0, the set Spec TIS‘Q N [c,00) N
(—oo, —c| is a discrete subset of R. Also, the only possible accumulation points of

Spec(Tl(,‘f))\) are +oo.

PROOF. We first show that Spec(Tl(ﬂ))\) consists only by eigenvalues. If we

suppose otherwise, then we have a number i Spec(Tl()ﬁ) such that p — T}ﬂ} is

injective. We claim that for this A there is a constant C > 0 such that
(5237) IGe = Te)ull > Cllu

for all u € Dom Tl()q))\ We notice that u = Hg\q)u + (I — H(A[”)u and Tl()q))\ o(I—

H(Aq)) = 0. Thus to verify this inequality we may assume u = H(Aq)(u.) Supposing
q

(3.2.37) does not hold, we can find a sequence {u]};;";’ in Dom Ty with u; =

Hgf’)uj and ||u;|| = 1 such that || (x — Tlg'?%)ujﬂ < %||u]|| = % However, we have

1
(3.2.38) lujll < CLlITSH | + lus) < G + Ikl +1)

for some constant C; > 0 by Theorem 3.7. From Rellich compact embedding
lemma, we can find a subsequence u;, — v in L%’q(X ) such that ||v|| = 1, which

contradicts v € Ker (y — TIS";) = {0}. Now, with (3.2.37) we can check that
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the closed range property Range(y — Tl(jq))\) = Range(y — T}ﬂ%), and along with
linear algebra we get

L%,q(X) =Range(y — Tlﬁﬂ) @ Range(y — TZ(,',J))\)L
=Range(y — T}ﬂ;) @ Ker (p — Tl(fli

(3.2.39) =Range(y — TI(;Q)
This leads to a contradiction because such A & Spec(Tl(ﬂi) makes p — Tl(ﬂ))L be-
come bijective and have the bounded inverse. So Spec(Tl(?f’))L) consists only by

eigenvalues, and all the eigenforms corresponding to non-zero eigenvalues are
smooth by Theorem 3.7. Moreover, if we suppose that dim Ker (Tl(ﬂi —uil) =
+o00, then we can find orthonormal sequence {f;},%] in Ker (T}ﬂi — p;I). How-
ever, with Theorem 3.7 and Rellich lemma this implies that there is a subse-
quence of {f; }]J;"f converges in L%/q(X), which contradicts the orthonormal as-

sumption of { f]};;o;’ So all the non-zero eigenvalues of Tl(ﬂ))\ have finite multi-

plicty.
For any 0 < ¢; < ¢ < oo, we claim that Spec TI(;Q N [c1,co] is a discrete
subset of R. If we suppose otherwise, then we can find infinitely many f; €

Q™(X), j = 1,2,---, such that Ty fi = w;fj, uj € [er,cal, (fil fo) = i
By Theorem 3.7 and the above relations, we can see that { f]}]*:"f is uniform
bounded in Hé’q (X) .+So we can ipply Rellich compact embedding lemma to get
a subsequence {fj, },_, of {fj}j:1f where 1 < ji < jo < -+, such that fj, — f
in L%’q(X) as { — +oo, for some f € L%’q(X). But ( fj, | fj,) = 0if £ # h and we
get a contradiction. We conclude that Spec Tl(ﬂi N [c1, c2] is a discrete subset of
R, for any 0 < ¢; < c3 < oco. We can also use the same argument to show that
Spec TI({’% N [c1, ¢2] is a discrete subset of R for any 0 > ¢; > ¢ > —oo. Thus, for
any ¢ > 0, Spec Tl(f’i N [c,00) N (—o0, —c] is a discrete subset of RR.

Finally, by the spectral theorem of self-adjoint operator [21, Theorem 2.5.1],

we know that the only possible accumulation points of Spec(TI(fR) are too. [

From the above spectral theorems, we have the following formula.
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THEOREM 3.10. With the same notations and assumptions in Theorem 1.1, for
q = n_ we can find an L?-orthonormal system { fi}tiey such that TI(;?))\ fi = Ajfjand
(3.2.40)

TN = L XK @ £ (y) € X @ (T,77X)",
k=1A;€supp x

In the end of this section, we discuss more about the spectral theorem of Tl(ﬂ;
when g = n_ # n,. We first present a weaker statement comparing to Theorem
3.7 with a proof independent of Theorem 3.4. We will also present that when

q = n_ # ny, the spectrum of Tlgﬂ could be bounded from below.

The condition we assume here is stronger than Theorem 1.1: we assume that
q = n_ # ny and the principal symbol of P is positive definite on the set X~
cf. (2.3.21). First, we notice that for any Q € LC_I1 (X; T*1X), we always have the
composition formula

(3241) T, oTyh =11 0 Qo1 o PoI!

= ng) oQoPo Hg\q) + ng) oQo P, Hgfl)] o HS\q).

Second, we recall a fundamental result: combining [45, Part I, Theorem 7.7] and
[56, §4], on ) x () we actually have

(9) [ i(p(reo )~y dn
(3242) H)\ (x,y) = /e(lp( 1) <y'7>)a(+oo,x,17)(27r)7+1
where
(3243)  a(+oo,x,1) € SYUT*Q, 2(T*1X, T*1X)),
+o0

(3244)  a(+oo,x,1) ~ Y aj(+o0,x,71) in S o(T*Q, L(T**1X, T*1X)),
0

(3.245)  aj(+oo,x,17) € €X(T*Q, L(T**1X, T*X)), j=0,1,---,
(3.2.46) aj(+o0,x,An7) = Aaj(+o0,x,m), A >1, [y >1,j=0,1,---,
and

(3.2.47) P(+oo,x,1) € €°(TQY),

(3.2.48) P(400,x,An) = Ap(4o00,x,1), A > 1, || > 1,

(3249)  df,(p(+o0,x,1) —(x,7)) =0on X, « € Ng"', 0 < |a| <1,
and

(3.2.50) aj(-l—oo, x,77) = 0 in a conic neighborhood of Z+,Vj € INp.
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Using Melin—-Sjostrand complex stationary phase method Theorem 2.2, we can
check that

(3 = [ G0~ _dn__
(3251) [P, H)\q ](X,y) = /e (p(+ n)—(v ’7>)ap(—|—00, X,T]) (27_()2”+1/

where ap(+40, x, #7) vanishes on £~. By using Taylor expansion of ap(+co, x,7)
near 2.~ and (3.2.49), along with [45, Part I, Proposition 5.18] we can check that

= NI—

(3.2.52) P, e,

272

(X; T*1X),
and with Calderon—Vaillancourt’s theorem we have the continuity

(3.2.53) [P, T17] = O(1) in £ (H(X, T**9X), H**3 (X, T*1X))
for all s € R. Accordingly, for all s € R we always have

3254 MW oQo [P, 101" = 0(1)
in & (HS(X, T04X) 5 H*1(X, T*O'qX)) .

Third, because here we assume that the principal symbol of P is positive
definite at >, we can find a conic neighborhood Cl_ of X~ such that the prin-
cipal symbol of P is also positive definite on the closure of C;. We let C;
be another conic neighborhood of £~ such that C; € C; and take a suitable
F € LY(X; T*%1X) such that

(3.2.55) F = 0 outside Cy,
(3.2.56) F=1onC(C,.

By choosing a suitable P € Ll (X; T*%7X) which has the symbol positive defi-
nite on T*X, it is not difficult to find an operator & given by

(3.2.57) P :=FoP+(I-F)oP

such that

(3.2.58) the principal symbol of & is positive definite on T*X,
(3.2.59) TS =T,

Hence, we may assume the principal symbol of P is positive definite every on
T*X, and if Q is the parametrix of P, thatis, Q € L;ll (Q; T*91X) such that

(3.2.60) QoP =],
then (3.2.41) and (3.2.54) imply that the following (non-sharp) estimate

(3261)  TITY —1{ = 0(1) in Z(H (X, T"X), H* "2 (X, T**7X)),
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and for all u € H*1(X, T*%1X) with u = ng)u, we hence have the (non-sharp)
estimate

(3.2.62) [ulls+1 < G (||T1()7%”||s+% + ”””s+%) /

where C; > 0is a constant.
In fact, we can still get the standard elliptic estimate in Theorem 3.7 if we
apply Theorem 3.4 to (3.2.41). On one hand, we have

(3.2.63)
QS QolP, Hf\q)] o Hg\q)
(3.2.64)
:Hg\q) oQo[PH ]OH
(3.2.65)
=11 o (Y, QJo [P, T]) o T + 1T 0 Qo (I o [P, T17] o TTY)

where HS\q) o [P, ng)] o Hg\q) = 0. On the other hand, from the Fourier integral
operators of Szegd type and Melin-Sjostrand complex stationary phase formula
Theorem 2.2, we can check that

+oo
3266) I\ o[, Qo [P, 1] o 1 = / e~ (VW AP (x,y, t)dt,
0

where ¢_ is a Szeg® phase function for Hg\q) and s7P (x,y,t) ~ Z]J"’g ;7 Plx,y)t
in 57 (Q x QO x Ry, Z(T*X, T*01X)) with s]" (x, x) = 0. From Theorem 3.4
and integration by parts in t, we may assume that s7(x,y,t) € S7,(Q2 x Q X
R, Z(T*1X, T*%1X)). We can check that the phase functions ¢(+o0, x,77) —
(y,m) and ¢_(x,y)t are equivalent at each point of the set {(x,y,7) € Q x Q) X
R?"*1 .y = x, (x,7) € 7} in the sense of Melin-Sjostrand [72, Definition 4.1
& Theoren 4.2]. By [45, Part I, Proposition 5.18], the above argument implies
that

(3267) o [, Qo [P, 1] o I € L) (X;T°07X),
2/2
and again by Calderon—Vaillancourt’s theorem we can hence get the continuity

(3.2.68) H ) o Qo|[P, H ] = 0(1) in Z(H*(X, T*O'qx),HSﬂ(X, T*Oqu))

for all s € R. Then by the same parametrix argument & before, we have an
alternative proof of Theorem 3.7 in a more restricted situation.

Finally, we show that when the principal symbol of P is positive definite
at X~ and n_ # ng, Spec(Tl(f’%) is in fact bounded from below as the case of
n_ = 0. The argument is as follows. From the construction we just present
before, we can find a pseudodifferential operator & < Ll(X; T*04 X), whose
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principal symbol is positive definite on whole T*X, and a smoothing operator
F such that on X we have
(3.2.69) T =11 0 2011 + F,

We notice that by an equivalent definition of smoothing operators, we have a
constant ¢y > 0 such that

(3.2.70) |(Fulu)| < ||[Ful - |Ju]| < collu|]?

holds for all u € Q% (X). Also, because the principal symbol of & is positive
definite on whole T*X, we can apply Garding inequality (cf. [31, pp. 51]) and
find some constants ¢1, C > 0 such that

1
(3.271) (Zulu) = =llully = Cllull = —exl[u]
for all u € Q% (X). Now for ¢ # 0 and u € Ker (Tl(ﬂi —ul) N Q%(X), by
u= Hg‘q)u and the above discussions, We have a constant ¢, > 0 such that
(3.2.72) (TS ulu) = (I 0 2 o 11V ufu) + (Rufu) > —ca|u?

for all u € Q%(X), which implies that 1 > —c, > —o0 in this context.



CHAPTER 4

Semi-classical asymptotic expansion for the spectral operator

In this chapter we prove Theorem 1.1 and Theorem 1.2. We recall that we
assume X is compact.

When g ¢ {n_,n,}, we recall that Hg\q) € L=®°(X; T*%1X) and this implies
that TY) € L=°(X; T*09X). This is equivalent to that TS : H*(X; T*01X) —
HY(X; T*91X) is continuous for all s,/ € R. So we can apply Rellich compact

embedding to see that T! i is a compact operator on X. We then know Spec T l(,q})\,

g¢&{n_,ni} isa bounded setin R, cf. [21, Theorem 4.2.2] for example. As we
assume that x € €5°(IR), when k — +oc0 we can conclude that:

(4.0.1) Ifq¢ {n_,ny}, x(k"'TJ)) =0 on X.

The main difficulty is the case ¢ = n_. Since x € %;°(R), by standard
spectral theory and functional analysis, we can check that

(4.02) XUTY) = x (k1T o 1117,

Our strategy is to apply Helffer-Sjostrand formula

(4.0.3) X(kingj)) = x(k~ pA)OHA
dz \dz
_/ kT T S
_ dz Ndz
_/ P))\) 1OH§Lq) 27t

to solve the full asymptotic expansion of the Schwartz kernel x (k™ !Tp (‘7) ()
as k — +oo. The first difficulty is the microlocal analysis of (z — TI(J ;) o H( )

when z ¢ Spec(Tl(j?))\), and the second challenge is the semi-classical analysis of
the integral

ox(%) (@9)y-1 04z dz
(404) \/C —_(Z — TP,/\) e} H)\ i

= , k — 4o0.
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4.1. Expansion of resolvent type Toeplitz operators

In this section we always assume g = n_. With respect to (1.1.23), we recall
that we use the convention
411) po(x,m)= Y, prxnw)® wIA’* for strictly increasing I, | ,

[=T1=q
(412) IO::{ll”'/q}Hlfll<01"'/]/£q<01
(413) ]O::{q—i_l/"'/n}H,uqul>Ol"'/,un>0/
d
(4.1.4)  {m1,---,un} are the eigenvalues of the Levi form £ := —2—2‘ .
TI0X

We also recall that we assume

(4.1.5) p[oljo(—a) > 0,
and when n_ = n, we additionally assume that
(4.1.6) Pfo,]o("‘) < 0.

In the expansion of (z — Tl(ﬂ))\) 1o Hf\q), we will come across various types of

smoothing operators that are dependent on z. These operators will appear as
the remainder of the expansion. Subsequently, we will demonstrate that when

this expansion of (z — Tl(ﬂ))\)’1 o H(Aq) is incorporated into the Helffer-Sjostrand

formula, the terms that involve these operators contribute solely as k -negligible

operators.
From now on, we let
(4.1.7) Te?¢ (R), T(t) =0 fort <1, t(t) =1 fort > 2.

DEFINITION 4.1. In the situation of Theorem 1.1, for 4 = n_ we denote by
E:(Q; T*41X) the set of finite linear combinations of the operators with kernels

+oo M,
(4.1.8) /0 e(x,y,t) = th(x))Ml T(et)dt

over C, where the symbol e(x,y,t) € S~®(Q x Q x Ry, Z2(T*91X, T*%1X)) is
properly supported in the variables (x,y), p(x) € €*(X,R), and M, M, € Np.

DEFINITION 4.2. In the situation of Theorem 1.1, for ¢ = n_ we denote by
F.(Q; T*%1X) the set of finite linear combinations of the operators with kernels

+oo 7M>2
(4.1.9) A fx,y,t) = tp))™ T(et)dt

over C, where the symbol f(x,y,t) € S™®(X x Q x Ry, Z(T*V1X, T*%1X)) is
properly supported in the variables (x,y), p(x) € €*(X,R), and M, M, € Np.
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DEFINITION 4.3. In the situation of Theorem 1.1, for § = n_ we denote by
G.(Q; T*41X) the set of finite linear combination of the operators with kernels

ZM>
z—tp(x))™
where g(x,y,t) = O(|x —y|t®), g(x,y, 1) € ST(QAx QA xRy, Z(T1X, T09X))

for some m € R, g(x,y,t) is properly supported in the variables (x,vy), p(x) €
€*(X,R), M1, M, € Ny, and ¢ € Ph(Aa, Q) for some A € €*(X,R).

T(et)dt

+oo
(4.1.10) /0 eV g (x,y, t) (

DEFINITION 4.4. In the situation of Theorem 1.1, for § = n_ we denote by
R.(Q; T*04% ) the set of finite linear combination of the operators with kernels

too oo oo .
(4.1.11) /0 /0 /Qe”‘/’ﬂx'w)*wl/’i(w'y)rl(x,w,t)orz(w,y,a)

ZM>

(z—tp(x))™h

T(et)m(w)dwdodt

or

400 400 . .
(4.1.12) /0 /0 /Qeltl/’]F(x'w)*lm/’i(w'y)rl(x,w,t)orz(w,y,a)
zM2

(z— op(w))M "

where r1(x,w, t),r2(w,y,0) € SU(Q x Q x Ry, Z(T*1X, T*91X)) for some
m € R, r1(x,w,t) is properly supported in the variables (x,w), r2(w,y, o) is
properly supported in the variables (w,y), p(x) € €*(X,R), My, My € Ny,
and ¥+ € Ph(FAw, Q) for some A € €% (X, R).

(e0)m(w)dwdodt

DEFINITION 4.5. In the situation of Theorem 1.1, for 4 = n_ we define the
notation L; ®(Q); T*%1X) by the set collecting all elements of the form Yjey Ciltj,
where ¢j € C,

(4.1.13) u; € &(O; T*09X) U F,(OQ; TX) U G, (Q; T1X) U R, (Q; TX),
and |]| < +oo.

We are ready to construct the parametrix type Fourier integral operator for

the operator (z — T}ﬂi)

THEOREM 4.6. With the notations and assumptions in Theorem 1.1, (1.1.10),
(1.1.11) and (1.1.23), we let g = n_, z & Spec(Ty) \ {0}, T € € (Ry) of (4.2.2)
and take a fixed constant € > 0 such that T(et)x(t) = x(t). Then the Fourier integral
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operator Az : 65°(Q, T*1X) — 65°(Q, T*1X) given by

too sy (x,v)
4114) A.o(x,y) = / gito—(xy) %0 e (et)dt
( ) Azo(xy) 0 z = tprp,p(—ax) (ef)

+oo | +
+ / eitos(xy)__S0 (1Y) £ (et )dt
0 Z=tpjo,1o (x)

depends on z smoothly and we have
(4.1.15) <(z —T) 0 (S_ +51) 0 Ao (S— +54) - H(‘”) (x,1)

= / lt‘{" xy r] (x y’t Z) dt"‘/ ltl}r-k xy)MT(gt)dt

C(z—1)2 (z +1t)2
up to a kernel associated by an element in L;*(Q); T*%1X), where
(4.1.16) ¥_ € Ph(p, } (—a)(—a),Q),
(4.1.17) ¥, € Ph(p, | (—a)x,Q),
and
(4.1.18) (Y t;z) =0whenn_ = ny,
(4.1.19) rf(xy tz) = Z rlaﬁ(x y,t )t"‘zﬁ,

|| +[B<2

(4.1.20) Xy t) € STHA x Q xRy, L(T1X, TX)),
(4.1.21) o of (x,y,t) are properly supported in the variables (x,v).

Also, up to a kernel associated to an element in L *°(Q); T*%1X) we have

(S—+S4)0Az00(S- +5+)>(X,3/)

+oo | +
(4122) = / it - () & Z(x_ yt’) (et)dt + /O el”’mw%r(a)dt,

where
+oo ,

(4123) af(xy,t) ~ ) af (x,y)t" T in SHA X Q% R, 2(T*X, T*%1X)),
j=0

at(x,y,t) and ocf(x,y) are properly supported in the variables (x,y) for all j € Ny,

(4.1.24) at(x,y,t) =0whenn_ #ns,
_ |det Ly| v(x) _,_
(4.1.25) ay (x,x) = 27'[""';6 (x) o (—ex),
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and when n_ = n. we additionally have
|det Ly| v(x) _
(4.1.26) af (x,x) = 27r”+f ) P (—a).

PROOF. For the generality of our argument, we assume n_ = n, and the
case n_ # ny also follows from our proof with some minor change. We first
notice that for any u € 65°(Q, T*%7X), by Theorem 2.3 and (2.3.143), there are
operators E, F : &' (Q; T*%1X) — € (X; T**1X) such that

(4127) (z—=T) o (S_+S:)u = (z— TW) o (I + E)u
(ZH< ) ﬁ”i Yo (119 — 7)) o Ey
B / et Ty t) —ta (x,y,t)) u(y)m(y)dydt

+ / 0+ (z5¥ (x,y, 1) — ta* (x,y, 1)) u(y)m(y)dydt
0
+ (2E — F)u+ (211 — T3 o Eu.

We notice that the operators zE — F and (zHSf’) - Tlﬁﬂ) o Earein L;®(Q); T*%1X).
On the other hand, we have

(4.1.28) Azpo(S-+Sy) =By +B " +B ;" + B,

where

+oo -
B " (x,y) =/Q (/0 pito-(xw) 50 (x,w) x)t”"c(st)dt> o S+(w,y)m(w)dw

z —tpp,1,(—&
—+00 n
4129) = / T(et)t
0 zZ — tplo,[o(_“x)

too
y (/ / et (v)+0o= (@) (x, w) o 5T (w,y, ta)m(w)dwda) dt,
0o Jo

and

+oo | +
B (x,y) = /Q ( /0 gl (x0) S0 (/) )t”T(et)dt>oS;(W,y)m(w)dw

z- tp]oJo(“x
+o00 n
4130) = / :(Et)t
0 z—tpgp(a)
+o0 .
% (/ /Qezt(90+(x,w)+tf§0¢(w,]/))sar (x,w) osT (w,v, ta)m(w)dwdrf) dt.
0

By Definition 4.5, the operators B_;" and B~ are in L;®(Q; T*%1X). Also,
using Melin-Sjostrand stationary phase formula Theorem 2.2 and Theorem 2.5,
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cf. also [13, §4] or [45, pp. 76-77], we have
T(et)t"
Z— tpl(),lo (_“x)

T(et)t"
b 0(x,y, t)dt + EFO(x,
Z = tpjo,Jo (&x) Gy 1) =)

+oo
(4.1.31) B,y (x,y) :/0 elto-(xy) b (x,y,t)dt + E; (x,v)

+oo
(41.32) BI;(x,y) = /0 elto+(xy)

where EF? € L;®(0; T*1X) and
(4.133)

400 .
b O(x,y,t) ~ ) b;F’O(x,y)t_] in $%(Q x Q x Ry, .Z(T*9X, T*X)),
j=0
(4.1.34)
b3 (x,x) = s (x, x).

Combining the calculation before, up to some element in L;®((); T*%1X),
we can check that

(4.1.35) ((z ~TW) o (S_ + s+)) o (Azp0(S-+54)) =Coy +CHT,
where

+oo 400 . .
(4.1.36) C 5 (xy) :/0 /0 /Qemp(x,W)+lﬁ<p(w,y)T(€ﬁ)’3n
zs )

“(x,w,y)—ya (x,w,y) ,_,
ob " (w,y, B)m(w)dwdyd
Z— Bpi i (—aw) (w,y, B)m(w)dwdydp

and

(4137) C;[--i— X, y /+oo /+00/ ivQ+ (x,w)+iBe (w,y) (Eﬁ)ﬁ

zs*(xw'y 'ya+(xw'y)o g
g = B o) Py i) duidyag.

For C_~, werecall that pj, j,(—a) > 0 and we can apply the change of variables

(4.1.38) B=pi(—au)t, >0,
(4.1.39) v = pp, (—aw)to, 0 >0,
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and we have

(4.1.40)
“+o00 —+o00
i) = [ [ [exp (it bty (~aa)(@g- (x,w) + o-(w,9)
X (epiyhy (—0)t) (pighy (—2)t)"

z-s~ (x,w, pp i (—aa)te) = prl (—aw)t-a” (x,w, pp ) (—ew)to)
z—t
© b—,O(w’ Y, P]E}[O(_“w)t)Pi)?Io(—aw)t m(w)dwdadt.

Werecall thats—,a~ € S (Q x Q x Ry, Z(T09X, T*01X)), b0 € S%(Q x O x

R,,.Z(T*%1X, T*%1X)), and the leading coefficients So g by 0 in their symbol
asymptotic expansion satisfies

X

(4141) Lla (X,X) = PIO,IO(_“x)Sa(x/ X) = PIO,IO(_“x)bo_'O(x/ X)-

Accordingly, we can write

z-s (x,w, pi)}lo(_“w)tg) — pfolllo(—ocw)t ~a” (x,w, pi)’llo(—ocw)ta)

(4.1.42) wh
o b_'o(w, Y, PI_O,IIO(_“w)t)
B (259 = Piop (—w) Hag ) (x,w)
L L A b o by “(w,y)
N 27 (x,y,w,t,0) —ta (x,y,w,t,0) +285; (x,y,w,t,0) —tA (x,y,w,t,0)
z—t !

where for each fixed ty > 0

(4.143) A (x,y,w, to,0) € STHAX QX Q xRy, Z2(TOX, T1X)),
(4.144) o (xy,w,ty0) € STHAX QX Q xRy, L(TX, TX)),
(4.145) S (x,y,w,ty,0) € SH(Qx Qx Q x Ry, £(T09X, T*X)),
(4.146) A (x,y,w,ty,0) € SH(Q X Q x Q x Ry, Z(T9X, T*1X)),
and for each fixed oy > 0

4.147) A (xv,y,w,t,00) € STHA X QA x Q xRy, L(TX, T*0X)),
(4.148) o (x,yw,t00) € STH(Qx QxQ xRy, Z(TVX, T07X)),
(4.149) S (xv,y,w,t,00) € STHAX QX Q xRy, L(T0X, T*1X)),
(4.150)  A; (x,y,w,t,00) € STHAX QX Q xRy, L(TOX, TX)).
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We notice that at w = x = y we have

pI_OZO(—aw)t”U”(zsg — pl_olllo(—ocw)*ltaa)(x,w)

(4.151) - o by (w,y)

= pfofl[o(—ocx)t”a”so_(x,x) o5y (x,x).
Also, for
(4.1.52) O (w,05%,y) = p i (—&) (09— (x,w) + ¢—(w,y)),

by (2.3.36) and (2.3.37), at w = x = y and ¢ = 1 we have
(4.1.53) dw¢7 — d0'®7 — O.

Also, atw = y = x = xg and ¢ = 1, by Theorems 2.3 and 2.5, under the local

coordinates we can check that
< 2D >2n+1 ( 2 >27’l+1
1 Jw;dwy dw;do j=1

H(P-) k=1
4154 det ——= := det — Jr
( ) 27T 2mi | a0\ ! D
dodw; =1 02
equals to
(4.1.55)
il | 7
2711 4| *
1H
Zm1 *
. *
—2n—2 :
Prl,  (—&x) - det 4ilp| . ,
’ 2711 4 0]
271? *
<L
1 2711
L* * * * * 2 0. (2n+2) x (2n+2)

and from direct calculation we can check that the value above is

oo 2211—2 ’
(4.1.56) Pt (—axo)mlm---m # 0.

We also recall that under our convention and coordinates, the volume induced
by Hermitian metric satisfies

(4.1.57) 0(0) = 2".
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So by the above calculating results (4.1.40), (4.1.42), (4.1.51), (4.1.54), (4.1.56),
(4.1.57) and Melin-Sjostrand stationary phase formula Theorem 2.2, up to a ker-
nel associated to an element in L; *(Q); T*%1X), we can write

too - _tAT
(4158  Cg(xy) = / -t 2 (x’yl_tt 0 (W) o ey

1 ’ /t —tIFy r Y
+/ et- G i—t (%Y t)T(St)dt.

Here ¥ _(x, ) is the critical value for ®_ (@, 7; x, y) in (4.1.52), and by [72, Lemma
2.1], (2.3.36) and (2.3.37) we can check that

(4.1.59) ¥-(x,y) € Ph (= ppl (—a)e) .

Also, the symbols here satisfy

(41.60) Sy (x,x)=A5(x,x) = p’;oﬁé(—ax)sa(x,x),

4.1.61) E{(xyt), F{(xyt) € S5HQ X Q xRy, L(TX, T*09X)).

Similarly, since we assume that pj, j,(—«) = —pj,j,(«) > Owhenn_ =n_,
we can also write

(4.1.62)
C+’+( )_ +o0 +o0 t o, (
ey = [ [ [ exp (it () (0 (xw) + gi (w,))

X T(epg g (— ) ) (P, (&))"

z-sT(x,w, P]_O,ljo(_"‘uJ)t‘T) Pr. ]0( ay)t-at(x,w, P]_O,ljo(_“w)ta)
z+t
o b0 (w,y, pp. Y (—a)t)p; 3, (— o)t m(w)dwdodt.

X

Then by the same argument for C_;, up to a kernel associated to an element in
L;*(Q; T*1X), we can write

1257 (v, y) + tAG (x,y)

+oo .
4.1. T (x,y) = / i (v "
(4163)  Cpi(vy) = e z 4t elet)at
+/+ eit‘lj+(x,]/)ZE1 (x,y,t;iilg‘l (x,y,t)T(Et)dt,

where

(41.64) Yi(x,y) €Ph(p, | (-a)a),

(41.65) S (x,x) = Af (x,x) = pjih (ax)sg (x,x),

(4.1.66) Ef(x,y,t), Ff(x,y,t) € S5HQ x Q xRy, L(TX, T*09X)).
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We notice that in terms of Definition 3.2 and Theorem 3.3, we can write

+
(4.1.67) S+(x,y) = /0 e/ (xy) (s T(x,y)t" +s1 (x,y,t)> T(et)dt,
where s} 7 (x,,t) € SHQ x Q x Ry, £L(T*%1X, T*04X)) and

(4.1.68) sg’(x,x) = pfoj}ofl(—ocx)sa(x,x).

Combining all the calculation so far, we conclude that up to a kernel associated
with an element in L, ®(Q); T*%1X)

(z=T§) o (8- +51)0 A0 (5 +54) — 1Y) (x,y)

= (Cop +Clg" = 5-+54) (xy)

(4.1.69) _/ ett- (ZS 0 (%:y) = tAg (x,¥) —s?(x,y)) t"T(et)dt

z—t

z87 (x, T(x,
+/ ot (S o ( y)zittA 0 () m( y)> T(ct)dt

z—t

o A o S =
N /+ eit‘F_(x,y)Z(El $4 )(x, y,t) t(IFl 51 )(x,]/; t) T(St)dt
0

o + Y A
s [T X SR DB =8 JERD e

where Ef, FT, s, € 8"71(Q x Q x Ry, Z(T*4X, T*04X)).
The final step of the proof is to apply Theorem 3.4 to reduce the above for-
mula. For the purpose we first let

(4.1.70)  I:= <(Z ~ T 0 (S— +54) 0 Azg0 (S—+54) — H(Aq)> =0

From the previous calculation, we can check that up to a smoothing kernel on
QO x () we have

(4.1.71) I(x,y) = it (x Y (A —si ) (x, y) T (et )dt
0 0

+ / e+ ) (A — 5¥) (o, ) e (et d

+ / =) (BT — s¥) (v, y, £t (et)dt

+ / oY) (B — 57) (x, y, ) (et)dt.
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By (4.1.70), (4.1.60), (4.1.65), (4.1.68) and the above formula, we can see that I
satisfies all the assumptions in Theorem 2.6 and we have

(4172) (Ag —sp ) y) — fy () ¥-(x,y) = O(|x — y|™),
(4.1.73) (A =0 ) (xy) = fif (R y) ¥4 (x,y) = O(|x —y[ ™).
On the other hand, if we let
)
(174) M= o ((z —T) 0 (S-+54)0Azgo (S +54) — H(;’)) .
then directly from (4.1.69) we have
+oo
(4.1.75) T(x,y) = / oY) (8 1 AT) (x, )P e (et dt
+ / ) (85— AT (v, y) " T (et)dt

+ /0 elf‘l’—<xfy>(—1E; +FD)(x,y, ) LT (et)dt

too
+ /O oMYA (EF — B (x,, )t T (et)dt,

Again by (4.1.70), (4.1.60), (4.1.65), (4.1.68) and the above formula, we can see II
satisfies all the assumptions in Theorem 2.6 and we have

(4.1.76) (=Sg +AY) (v y) — fi ()Y (x,y) = O(|lx —y|™),
(4.1.77) (Sg — A (0 y) — fi (0, 1) ¥+ (x,y) = O(|lx —y[*).

Then by (4.1.72), (4.1.73), (4.1.76) (4.1.77) and (2.3.84), up to a kernel associated
to an element in L;*(Q; T*%7X) we can write

/+°° ¥ (xy) (zSo‘ (xy) = tAy (1Y) —s3’<x,y>) 17 (et)dt

z—t
+/ e (me y)z_—'i_—tifA+(x e y)> T(et)dt
(4.1.78) —/ it~ (v gl(zx_—y;)'fz)t” Le(et)dt

zt"I’ (xy) gl (x y’tz) n—1
+ / e e
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where
(4.1.79) gyt =Y, &yt
|| +[B[<1
Combining all the calculation above, we can conclude our theorem. [

Now we can state and prove the most important result in this section.

THEOREM 4.7. With the assumptions and notations of Theorem 4.6, for every N &
No and j = 0,---,N, we can construct Fourier integral operators Azj RN+t

650 (Q; T X) — 65°(Q; T*1X), which smoothly depends on z, such that up to an
element in L7 (Q; T*%9X) we have

N
(4.1.80)  (z— Z (S-+S5:)0Aj0(S_+Sy) =TI\ + R, 1.

In fact, up to a kernel associated to an element in L;*(Q; T*%1X), we have

t.Bz'Y

+o00 E X, Y,
/ e Bl 00 (%Y, 1) (et
0

(Z t)2]+1

Bzv
+/ ot (r) ZIP i (50 T(et)dt,

(Z + t)2]+1

where zxf;,,y(x,y,t) € ST (Ax Q xRy, Z(TVX, T*X)), a ﬁ (x,y,t) is prop-
erly supported in the variables (x,y) and oc;ﬁ(x, y,t) = 0 when n_ # ny. Also, up
to a kernel associated to an element in L;*(Q; T**1X), we have

+oo 2\[3\+\7|<2N+2R Ha,y, t)thy
(41.82) Ronsi(x,y) = /0 LS - f)ZN - T(et)dt
t+oo | Y RN+ x,y, H)tPzY
N / Y () DB Y|<2N 2 /S,;N+2( Yot) (et
0 (z+t)

where
(4.1.83) RIZ T (x,y,t) € SENTHA X QX Ry, Z(TX, TIX)),
(4.1.84) R; ;\] 1 (x,y, t) is properly supported in the variables (x,y),

(4.1.85) RE;\]H(x,y,t) = 0when n_ # ny.
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PROOF. From Theorem 4.6, we already have Fourier integral operators A,
and R, with all the properties we need. Especially, the properties of (4.1.81)
are verified from the calculation of Melin-Sjostrand stationary phase method
applied in (4.1.58) and (4.1.63). This suggests us to use induction to prove our
theorem. Now we assume our theorem holds for some N = Ny € INg. We
denote

R, Ny+1(x, )

I Z|:3\+\'Y|<2N L RN (2, y, )P
= s 0 ﬁv
o - / ’ (z — t)2No+2 T(et)dt
+1
b [ gt  Zjpl<ang2 Ry (v, D2 (et)dt
e (2 + )20 72 T(e
and
(4.1.87) Ry (2,1 ZR;; N, N1
(4.1.88) R No+1 Xyt +<><>R+No+1 x )~ No-1-1
By Y Byl y

(=0

in S’f,BN_l(Q x QO x Ry, Z(T*1X, T*%1X)). For z ¢ Spec(Tl(,‘?))\) \ {0} we con-
sider the operator A, n,+1 @ 65°(Q) — 65°(Q)) determined by the oscillatory
integral

Az Ng+1(%,Y)

(4.1.89) (et)dt

. / th) (xy) Z“B|+|7‘<2N0+2aﬁ’y (x,y,t)tﬁz”Y
= 2Ny 13
( tplollo( x)) ot
+,No+1
it () yZlpl+lvl<anor2 gy (% y, t)tPz7
+ 2No+3
(z = tpg o (ax))

where we have the following symbols properly supported in the variables (x, y):

T(et)dt,

- No—1 1 CNa—
(4190) g™ (v, 1) = —RyN T (y) - pll 0T (a0
No—1 1 CNa—
(@191 ag T Gy, t) = =R () - pl TP (—ag e Mo,
From our construction, it is clear that
(4.1.92) oc;”i(x,y,t) =0whenn_ #ny,

and by the same stationary phase method of Melin-Sjostrand applied in (4.1.58)
and (4.1.63), up to a kernel associated to an element in L;*(Q); T**1X) we can
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check that
(4.1.93)

((Z Tz(v))\) o(S—+S54)0 A Ng+10(S-+54) + R, N0+1> (x, )

= / -1 (et)
0
No+1

LIl +|7|<2No+2 (Z(S,g,iy + Ry N — t(%,:ﬁ“’“ +Rg fi\]OH)) (x,y, t)tPz7
X

(z — t)2No+3 dt

+/ zif‘i[hr xy t)

+No+1 | ptNo+1 +No+1 | p+No+1
XE|5|+|7|32N0+2(<SM° +RENT) (AN RN (1) P27
(z + t)2No 13

dt,

where

+o00
(41.94) SFN (g, 1) ~ Y SENF (N0
=0

in S, M7 Q x Q x Ry, Z(T*01X, T*09X)),

and

(4.1.95) MNW (x,,t) ZA;FWNQH )¢~ No—1-¢

in S7 ;M HQ x Q x Ry, Z(T*01X, T*0X)),
and we have the leading term relation

(4.1.96) Sio0 T (xx) = AT (3, x) = —RINT (%, x).

This implies that up to a kernel associated to an element in L;*(Q; T*%1X) we
have

@197) (=T o (S-+51)0 Aungra 0 (S— +S54) + Ronye ) (x,9)

—,No+1 ‘3/ o
B g+ ly|<aNo 3 By (X, Y, £) 1 2
(4.1.95) E/ T (et) zz—t[;2170+3 dt

1
() (o) B 128043 Byt (x,y, )P 2
+/ (et) (z 1 1)2No+3 dt,
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where

(4.1.99) B (x,y, 1) Z]BEN,O;I N1

in S, M Q x Q x Ry, 2(T*01X, T*0X)).
By (4.1.96), in the above asymptotic expansion we also have

(4.1.100) By, M (x,x) =0

for all (B,9') € INZ such that |B'| + |7'| < 2Ny + 3. On the other hand, we
notice that by induction hypothesis we have

No
41101)  (z—T)o Y (S +54)0 Az 0(S- +5y) — IV = Ry nyi
j=0

up to an element in L;*(Q; T*%7X). Thus, we consider the operator

(4.1.102) I := ((Z - Tl(,ﬁ) 0(S-+S54)oANgr10(S-+54)+ Rz,N0+l> ‘

We notice that up to a kernel associated with an element in L, *(Q; T*%1X), we
have

Io(x, y)

_ [T RS Z\ﬁ\<2No+3B5/ e,y 0)tP
B ( t>2N0+3

(4.1.103) T(et)dt

+/ 1t‘I’+ xXY) E‘.B |<2Np+3 Bﬁ’ (x/y’ t)tﬁ

ANoT3 T(et)dt,

and from (4.1.96) and (4.1.101) we can check that I satisfies all the assumptions
in Theorem 3.4. This implies that

(4.1.104) B tb00(XY) = forpoag ()Y (x,y) = O(|x —y[T),
(41105 Byt o(ny) — forptae(x ) ¥ (xy) = O(lx —y| 7).
Next, we consider

(4.1.106)

0 0
I == (E(Z - Téq,i) o(S-+S54)0 A, Ng+10(S- +S54)+ &RZ,No-l—l)

z=0
we can apply the same argument for I; and check that

— No+1 — No+1 No+1
(4.1.107) (IBZNOS,LO +(2No +3)]B2N0-O£,0,0> (x,y) - gzwof’él(x y)¥-(x,y)
=O(lx —yI™),
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,No+1 ,No+1 ,Np+1
(41108) (B0 o+ (2No +3)BRA 00 ) (%) — &40 05 (0, 1) ¥+ ()

= O(]x —y[™®).
From (4.1.104) and (4.1.105), we immediately have
(4.1.109) Byt o(Xy) — b1 (6, ) ¥ - (x,y) = O(lx —y[ ™),
,No+1 ,No+1 00
(4.1.110) Bkt 10(x¥) = fonovan (6 ) ¥4 (x,y) = O(lx —y[ ).
In the order of j = 2,3, -,2Ny + 3, we also consider
(4.1.111) ‘
_ (Y (9) J
I := g(z —Tpy)o(S—+S4+) oA Ngr10(S-+54) + @RZ,NOH »

We can then use the same method above to recursively verify that for j =
2,3,:,2Ny + 3 we also have

41.112) Byt (xy) — ot () Y- (x,y) = O(|x — y| ),

2Np+3—7,4,0 No+3—j,j
,No+1 ,No+1 00
41113) By o (oy) = fNgts g ()Y (x,y) = O(lx — y| ™).

These relations enable us to apply integration by parts in ¢ in (4.1.98), and after
some straightforward arrangement we can see that up to a kernel associated to
an element in L7 (Q); T*%1X) we have

No+1
((z ~ T o Y (S_+54)0Az0(5-+54) H&‘”) (x,y)
j=0

- ((Z - TI(;?,)\) o (S—+S4)o Az Nyr10(S—+S4) + Rz,No+1> (x,y)

41114) = /0+°° S (x) 25|+|7I§2NZ4_R£,'271:;1(3@ Uz t)tﬁzv’r(st)dt

+ /0 O i () Zﬁ|+|v|§2N(oZ+i IEJZ (:4("/ y, O Z7T(8t) -
for some
41.115) RPN (x,y,1) € STOTHQ X Q X Ry, Z(TX, T09X)),
(4.1.116) RE;\] 0%2(x, y,t) properly supported in the variables (x, y),
(4.1.117) R;,$]0+2(x, y,t) =0whenn_ # n,.

This completes the induction and the proof of our theorem. [
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4.2. Helffer-Sjostrand formula and the semi-classical estimates

In this section, we establish the semi-classical estimate for Helffer-Sjostrand
integral

@y [ OXE) L @)1 (42N dZ
(42.) x0T = [ Rt tenP B

in the operator level as k — +o0. To simplify the discussion we define some
notations.

DEFINITION 4.8. We let
(4.2.2) TeEE”(R), t(t) =0 fort <1, 7(t) =1 fort > 2.

For N € Ny, we use the notation Silz\] (Q; T*%1X) to denote the space of Szegd
type Fourier integral operators H, smoothly dependent on z and associated by
the kernels

oo o) Latr<p? My (XY, 1)
423) Hi(vy)= [ et =2t 2 dt
( ) Z(x y) 0 (Z—t)lB (S)
Za+ <pZ"hi, (x,y,t)
1t1/;+ xXY) =B & dt

* / (z+t)P T(et)at,
where B € N is arbitrary, &, v € INg and
(4.2.4) hi, (x,y,t) € SENTHQ x Q x Ry, Z(T*09X, T*09X)),
(4.2.5) hi.(x,y,t) is properly supported in the variables (x,y),

(4.2.6) hoo(x,y,t) =0whenn_ #ny.

The consideration of function T above is to avoid the possible blow-up of the
negative power of ¢ near 0 when we define H;(x,y). When z = 0, H; is nothing
but a Fourier integral operator of Szegd type.

DEFINITION 4.9. With the same notations and assumptions in Theorem 1.1,
forq=n_andanym € Z, welet Z " ((}; T*%4X) be the set of all k-dependent

continuous operators Hy : 45°(€2, T*04 X) — (X, T*%1X) such that the dis-
tribution kernel of H satisfies

too
(42.7) Hyy(x,y) = /0 Y- = (x, y, 1, k) dt

+/ ikt (xy) ht(x,y,t,k)dt + Gi(x,y),
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where Gy = O(k™®°) on X x Q), ¢+ € Ph(FAwx,Q), A € €°(X,Ry),

+00
T ~ Y nF
(42.8) KT (x,y,t,k) Jg hi (x,y,1,k)
in ST, x O x Ry, Z(T*Y1X, T*%1X)),

loc

(4.2.9) hF(x,y,t,k) € S (1,0 x Q x Ry, 2(T09X, T*9X)),
Flxy

loc

4.2.10) hF(x,y,tko) € S'"(Q x Q x Ry, L(T*9X, T*04x
j Y 1,0
for each kg > 0,

h¥(x,y,t,k) and h;F(x, y,t,k) are properly supported in the variables (x,y) for
all j € Ng,and bt (x,y,t,k) = 0if n_ # ny.

We need the following lemma.

LEMMA 4.10. For H; € Sgg((); T*%1X) in Definition 4.8, we actually have

0X(%),, dzNdz —(N-1)
4211 H I Q; TX).
(#4211 /cazzzm'ezlk( )

PROOF. Without loss of generality, we take § = n_ # n,, and the case
n_ = n, can be deduced from the same argument with some minor changes.
By using integration by parts to the variable t in the oscillatory integral, we can
write

Ix(%) dz A dz
by
(4.2.13) /ﬁ /+°°eit¢_(x,y)Exﬂgﬁzvh%(x,y,t)T(Et)dt dz A dz
- c az 0 (z—t)F 27ti
_/ IxX(f) (=1)F !
“Je 0z (B-1)!

(N 1 . dzANdz
J— 1 1/}_ (x,y) Y1,—
/0 (at> (6 Lz ha,y(x,y,t)r(et)> St

ey 27Ti
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Then, by the oscillatory integral version of Fubini theorem, we can write the last
integral by

[5G (

NP 1 dzAdz
- p—(xy) Tho
(81‘) (e Y. ZVhg . (x,y,t)T(et) o dt.

a+y<p

By Cauchy-Pompeiu formula, we have

X(%) (0 1 it 1 dzANdz
— ¥ (xy) 2 ' T - v
zZ <8t> <e (d)h“”(x' vtz z—t 2

a+y<p

(1.5, 2) " rancions)

a+y<p

So we know (4.2.14) equals to

(4.2.16) ((;1_)/;: /0+°° <k> y tv( )ﬁ_l (eiﬂlﬂf(x,y) (et (%, Y, )) dt

x+vy<pB

Ly 961 ,
= elty-\% T(et)hy o (x,y,t)—— | tTx dt

(16_1)' 0 DCJrz}gﬁ 1 ¥ at’g 1 k

too T(ekt)hy . (x,y, kt) op~1
- ikt (x,y) ay k+r—(-1) Y dt.
e

I wE. T B-D RN

By hy . (x,y,t) € SZ{N” (Q x Q xRy, L(T*9X, T*%1X)), we have the as-
ymptotic expansion

+o00
4.217) KB VR (xy, ke) ~ Y k(NS ()
j=0
in SN (1,0 x 0 x Ry, 2(T01X, T09X) ).
We recall that € > 0 is a fixed number such that 7(ef)x(f) = x(t) whenever
t € supp x NR4+. By our assumption on x, when k > 0 is large enough we
can see the products between 7(¢ekt) and derivatives of x(t) are always non-
zero. We also have (t(et) — t(ket))x(t) € S, 2°(1;R4). By the definition of

loc

I ,({N_l) (Q; T*%4X), we hence complete the proof of our theorem. O]

We can now prove the following important estimate.
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THEOREM 4.11. For any L, € L;*(Q; T*%1X) in Definition 4.5, we have

0X(%), dzAdz e
(42.18) /C ELECE 0 (k) onx <0,
PROOE. First of all, when
+oo 1
(4.2.19) L.(x,y) —/0 e(x,y,t)mr(st)dt,

where M; € IN and the symbole(x,y,t) € S~ (Q x Q x Ry, Z(T*V1X, T*41X))
is properly supported in the variables (x, y), from the proof of Lemma 4.10 and
especially the first line of (4.2.16), we can find some E(x,y,t) € S™®(Q x Q) X
R,, Z(T*1X, T*%1X)) properly supported in the variables (x,y) such that

8}5(%) dZ/\dZ —|—oo 1 o —0o0
/C S —/ E(x,y, t)x(k't)dt = O (k™) on X x Q.

After applying some minor modification, this method also works for any L, &
E(Q; T*4X) and any L, € F(Q); T*%1X).
Second, we consider

+oo 1
— itp(xy) -
(4.2.21) L.(x,y) /0 e g(x,y,t) RN T(et)dt,

where ¢(x,y,t) = O(|x —y|t®), g(x,y,t) € ST(QAx QA xRy, ZL(T*X, T*09X))
for some m € R, g(x,y,t) is properly supported in the variables (x,y), M; €
N, and ¢ € Ph(—Aw, Q) for some A € (X, R;). Again by the first line of
(4.2.16), we can can find a G(x,y,t) = O(|x — y|T*°) properly supported in the
variables (x,y) and G(x,y,t) € SI'(Q x Q x Ry, £(T*%X, T*01X)) for some
m1 € R such that

ox (2
(4.2.22) ) );(_k) L:(x,y dzzfudz / VNG (x, y, 1) x (K1) dt.

We notice that for any point p € (), we have ay ( p,p) > 0 from our assump-
tion. From the Malgrange preparation theorem, we can check that

(4.2.23) ¥(x,y) = f(xy) (Yant1 + Yo(x,y))

near (p, p), where ¢y and g are smooth functions near (p, p), f(p,p) > 0, Imy >
0 around (p,p) and ¥ := (y1, -+ ,Y2n). When Q is small enough, we may
assume that (4.2.23) holds on Q) x () and as (2.3.47) we also have

(4.2.24) Imy(x,y) > Clx' —y/|> onQ x Q,

where C > 0 is a constant. We let G(x,y,t) be an almost analytic extension of
g(x,y,t) in the vy, variables. For every N € IN, by using Taylor expansion at
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Yonr1 = —o(x,y’), we have

~ N .
(4225 G(x,y,t) = G(x, (v, y2ns1),t) = Y Gi(x, ¥/, £) (Yans1 + Yo(x, y))
=0

j
+ (Yans1 +o(x, ¥ )V Ry (3,3, 1),
where
(4.2.26)  Gj(x,y,t) € ST(Qx QA x Ry, L(TX, T*X)), j=1,--- ,N,
(4.2.27)  Rny1(x,y/,t) € STHQ x Q x Ry, Z(T*X, T1X)).

On one hand, since G(x,y,t) = O(|x — y|*t*), by taking (N + 1)-times deriva-
tives of y,+1 in (4.2.25) we can first check that

(4.2.28) Rn+1(x,y,t) = O(x —y| ™).
Then similarly we can check that
(4.2.29) Gi(x,y,t) =O(]x' = y'|"™™), j=N,N—-1,---,0.
We then let
N
(4.2.30) Gn(x,y,t) = ePEy) Z Yot + o(x,y)) Gi(x, ¥, 1),

and consider the operator G x) defmed by kernel

+oo
(4.2.31) G (2, y) = /0 Cn(x,y, ) x(k1E)dt.
From (4.2.24) and (4.2.29), we can check that
(4.2.32)

eWENGi(x,y/,t) € ST®(Q x Q x Ry, Z(TX, T*%X)), j=1,--- N,
(4.2.33)
Gn(x,y,t) € S°(Q x QA x Ry, 2(T*VX, T*1X)).

Then by the result we just have proved in the first step we have
(4234) G(k,N) = O(k_oo) on X x Q).

Also, we notice that by (N + 1)-times of partial integration we have
(4.2.35) / MY (41 + o,y )N Ry 1 (x,y, 1) x (k)

N+1 400 . L N+1-j
_ Z/O eltw(x,y)vNH,j(x,y,t)k—(NJrl—J)a—X(k—lt)dt,
=0

ot
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where vy 1;(x, 1) € ST (Q x Q x Ry, Z(T*04X), T*04X) for each j =
0,---,N+ 1. By taking the Taylor expansion of g(x,y, t) to arbitrary high order
N and by the condition that G(x, y, t) is properly supported in (x, y), the above
arguments imply that

/ I%(2) dz A dz
C

(4.2.36) S La(x,y) 5~ =0 (k™) onXx0Q

27Ti

for L, in the form of (4.2.21). With some minor change of the argument we just
used, this method also works for any L, € G,(Q; T*%1X).
Finally, we notice that for L, € R,(Q; T*%7X) of the form

too ptoo , .
@237) Li(xy) = [ [ [ -Gt (w0 rafw,y,0)

M2

CEDL]

where ¥+ € Ph(FAwx, Q) for some A € €°(X,Ry) and rq1,r, are Hormander
symbols, by the properties that ¢(x,w) = 0 when x = w, P(w,y) = 0 when
w =y, dpp_(x,w) = dyppy(w,y)atw = x =y, t > 0and ¢ > 0, we have
the following observation: given a suitably small 6 > 0, when |x —w| > ¢
we can apply arbitrary times of partial integration in f; when |w —y| > J we
can apply arbitrary times of partial integration in ¢; when |x — y| < 2 we can
apply arbitrary times of partial integration in w. Then by this observation and
the proof of the previous lemma we can check that

T(et)m(w)dwdodt,

0X(%) dz A\ dz e
(4.2.38) /C L LT =0 (k™) onXx0,
and again with some minor changes the same argument also works for general
L, € R.(Q; T*V1X). O

The next Theorem follows directly from Lemma 4.10 and Theorems 4.7 and
4.11.

THEOREM 4.12. With the same notations and assumptions in Theorem 4.7, for any
m € Noand oy := (S_+S4) 0 Azmo (S— + Sy), we have

0F(3)  dzndz )
(4.2.39) A = /«: "L T € T (O T 0X),

In fact, up to an k-negligible kernel on X x ) we have

+

4240) A (x,y) = | " Gk (2Y) g (g £

0

+oo
n / MY+ (XY) gt (x y, £ K)d,
0
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where
(4.2.41) Y. € Ph(p; } (—a)(—a),Q),
(4.2.42) ¥ € Ph(p, | (—a)a,Q),

and we have the following data are properly supported in (x,y):
(4.243) aT™(x,y,t k) ~ Z“’" jF M (x,y, )k TIm
in 5”H "(1;Q x Q xRy, Z(T09X, T*09X)),

loc

(4.2.44) Vj € Ny, a;F’m(x, y,t) #0 = t € suppyx,
(4.2.45) at™(x,y,t) #0 = t € suppx,

and

(4.2.46) at(x,y,t,k) =0whenn_ # n, .

Moreover, for m = 0,
| det L] v(x)

(4.247)  agP(x,x,t) =

(
|det Ly| v(x) _, 4

(4248) () = T omr s Py (o) X(D

From Theorem 4.12, now we have
x(1TH)

X (@)\—1 _ (ndzNdz

Tpp) ™ oIl “omi

( Z Ao+ (2 — Tlgq/{) 1(RZ,NJrl + Pz,N+1)>

dz Ndz
27T

(4.249) = Z Atm) + Rens1) + Fone1),
m=0

where R, n1 is as described in Theorem 4.7, F, y.1 € L;®((); T**1X), and

9x(%) _ dz \Ndz
(4.2.50) Rions1) = /C R T T o R o
X (%) dz Ndz

(4.2.51) Fionin) = [ 5 (2 = TS) o Eona
We are going to show that for any N € Ny we have

(4252) F(k,N0+1) = O(k ) 1n X(H N (Q’ T*O/qX)’HN(X, T*O,qX))

comp

2711
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and for any Nj, N, € INg we can find an Ny > 0 large enough such that
(4253)  Rgnyrn) = O(™M) in 2 (Hp2, (Q, T1X), HN2 (X, T*X)).

comp

To proceed further, we need the following resolvent estimate.

THEOREM 4.13. For z ¢ Spec(TI(Jﬁ) and any s € Ny, we have
(4.2.54)

S
Mo (z—T) ' =0 (‘IEJ Z‘> in £ (H (X, T**9X), H**1(X, T**X)).

PROOF. From Theorem 3.6, we have some Q € L;ll(X; T*04X), Tg’)A =
% 0 QoTI\¥ and F € L~%(X; T*%4X) such that

(4.2.55) Tgﬂ o(z— TI(,‘K) —2T9 119 ¢ F,

This implies that

(@) _r@y-1 _ _7@) (@) _ 7la)y-1 _ 7la)y-1
(4.2.56) IL\" o (z—=Tpy) " = —Tgy +zTg 0 (z—Tpy) " +Fo(z—Tpy) .
From Theorem 3.8 and the spectral theory of self-adjoint operators, we have

4257)  (z-T9)'=0 <®) in Z(L2(X, T*X), [2(X, T*X)).

By the above estimate, (3.2.12) and (4.2.56), we immediately have
(4.2.58)

Y o (z — T4

)y 1=0 (|h|i|zl> in . Z(L*(X, T*"1X), H (X, T**1X)).

(0]

We can put this estimate back to (4.2.56), then by Tg}\ o(z— Tl(,?))‘)*1 = Tg, )A

H(Aq) o(z— T}f’%) ~! and the same argument and estimate we just used, we have
(4.2.59)

1\ o (z — T

2
)" =0 <|1|§1|z|) in Z(H'(X, T*1X), H*(X, T**7X)).

We can hence bootstrap and get our theorem. [
Now we can prove the following.

THEOREM 4.14. With the same notations and assumptions in Theorem 4.7, for any
operator E, € £,(Q; T*91X) and N € Ny, we have

dz Ndz
2711

ox (2
(4.2.60) /C @(z — T 1o E,

—O(k™N)ing (H*N (Q, T1X), HV (X, T*‘WX)) .

comp
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PROOF. For simplicity, we assume that the kernel of E; is given by

+oo M
(4.2.61) E:(x,y) = /0 e(x,y,1) ﬁ

where e(x,y,t) € ST®(Q x Q x Ry, Z(T*1X, T*%1X)) is properly supported
in the variables (x,y), and M;, M € INy. The general situation can be deduced
from some straightforward modification of the below argument.

T(et)dt,

We notice that when z ¢ SpeC(Tl()?))\) we have

(9) Tz(ﬂi (9) I
(42.62) (z—Tph) ' = . o(z—Tph) '+ =

i r
== Do (z- +221+J
where M € N is arbitrary,
(4.2.63) T =T o o Ty
is the j-times composition between T(q) and Tlg /%O := 1. Also, we notice that

z # 0 when z € supp X(3), and from H( 7 o H( 7 — H(A) and [IT} 1 Tl(,q/i] =0we
can also check that

(4.2.64) Y,z -1 =0

when z € supp X (7).
Then, on one hand, for the integral

X(F) i) o dzANdz ()i oxX(%) _i_: . dzNdz
9K —1—j p(4)] _ 7(9) / k) —1-j
(4.2.65) /C =7 Ty o E; 5 =Ty o g C E, T

we can apply Fubini theorem in the sense of oscillatory integrals so that

IX(F) -1 dz N\ dz
NAAY 14 ]
(4.2.66) / 5 2 Ez(x,y) ;

_ too ZMz dz/\dz
_/ 1- ]/ e(x,y,t)m ( )dt 27‘[1

Using (M; — 1)-times of integration by parts to ¢, we can find the above integral
equals to

T 9 sz i _1dzNdz
= I j+My . 1
(4.2.67) /0 /CBZ (X (k) z > (z—1t) = d(x,y,t)dt,

where 6(x,y,t) € ST®(Q x Q x Ry, Z(T*1X, T*41X)) is properly supported
in the variables (x,y) and é(x,y,t) # 0if and only if ef € supp 7.
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So we can apply Cauchy-Pompeiu formula and get

dz \Ndz
—1 —j+Mp -1
(4.2.68) / / ° ) 2= s (v,
—+o00
_/ ( )t—l M2 (x,y, t)dt = O (k).

q)

By the Sobolev-boundedness of Tl(,, 1» we know that this part of integral satisfies
the estimate we want.

On the other hand, for arbitrary M € INg such that M = 0 mod 4, we have
the integral

IX(F) M (g M (q)\— dz \dz
(4.2.69) /E St M T o (2= Tph) o B
@4 [ X(E)__p @) D1 @M dzAdZ
:TP,/\Z O/C—BZ z MH/\q o(Z—TPfI/\) 1OTP,/\2 oE, P

By Theorem 4.13, the continuity of Tl(fli between Sobolev spaces and the direct

estimate of E,, we can check that for ahy M € INp we have

1, @ g dzNdz

A ox(E) _
(42.70) TS? o /C LM o (- T o T 0
I 1+ M, M+M 1 M;
o ap e MmN
klzesupp 7 f1+M Imz|  |[Imz/M

M
= O(k~ 1 M2=My in 2  Heoho (Q, T*01X), HM (X, T*01X) ) .
p

Combining all the estimates above we complete the proof. [

We would like to note that durmg the proof of the previous theorem, the step

where we split T p, into T pa° Tp ¥ p is crucial. This step is designed to prevent
the argument from breakmg down when we apply Theorem 4.13. Specifically,
it helps us avoid a situation where the term |z|° contributes an excessive power
of k, which can occur when s is too large.

With the same proof, we also have the following.

THEOREM 4.15. With the same notations and assumptions in Theorem 4.7, for any
operator F, € F,(Q; T*1X) and N € Ny we have

Ix (%) @1 _ . dzAdZ
(42.71) /C —Z(z—Tm) R

Ok Nying ( Comp(Q, T*%4X), HN (X, T*quX)> .
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The next kind of remainder estimate needs more work.

THEOREM 4.16. With the same notations and assumptions in Theorem 4.7, for any
operator G, € G,(Q; T**1X) and N € Ny, we have

dz Ndz
2711

e
(4.2.72) /C @(z ~ T oG

=0k N)in.g (H—N (Q, T*X), HV (X, T*O'qX)> .

comp

PROOF. For simplicity, we prove the case for g = n_ = 0 and

(4.2.73) G:(x,y) = /+°° Y ¢ (x t)i
L. z\ Ay y 0 g ’ y, (Z —_ t)Ml
where g(x,y,t) = O(|x —y[T®) is in S"(Q x Q x Ry, Z(T*9X, T*1X)) for
some m € R and is properly supported in the variables (x,y), M1, My € N,
and ¥ € Ph(—Aea, Q) for some A € €°(X,R). The general situation can be
deduced from some straightforward modification of the following argument.
As in the proof of Theorem 4.11, we may assume that

T(et)dt,

(4.2.74) Y(x,y) = f(x,y) (Yan+1 +¢o(x,y)) onQ x Q.
Also, as (2.3.47) we may assume that
(4.2.75) Imy(x,y) > Clx' —y/|> onQ x Q,

where C > 0 is a constant. We let g(x,y,t) be an almost analytic extension of
g(x,y,t) in the y,,, 11 variables. For every N € IN, by Taylor expansion we have

(4.2.76) g(x,y,t)

N .
=Y iy, ) (Want1 + Yo(x,y')) + (yans1 + Po(x, Y )N (xy,t),
i=0

where
4277)  gi(x,y,t) € SH(Qx Q xRy, £(T*09X, T*X)), j=1,--- N,
42.78)  rnyi(x, Y, t) € SM(Q x Q x Ry, Z(T9X, T*X)).

On one hand, since g(x,y,t) = O(]x — y|T*), we can check that

(4.2.79) rne1(xy, ) = O(|x —y| ™).
Then, we also have
@280  gi(xy. ) =O(¥ —y/[*), j=N,N—1,-- 0.
We let
. N .
(4.2.81) G (x,y,t) = e Y (yo 1 + 9o (x, y))gi(x, Y, 1),

j=0
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and consider the operator G, y by kernel

42.82 G — [T entng N—2" (et
(4.2.82) N(X,Y) = ; e N(x,y, )m'c(e) :
From (4.2.75) and (4.2.80), we can check that

(4.2.83) Cn(x,y,t) € ST x Q x Ry, 2(TX, T*91X)).

This implies that G, y € £:(Q; T*04X ), and Theorem 4.14 implies that on X x Q)
we have

dz Ndz
2711

X&)

(4.2.84) =

(z — T}:ﬁ)_l 0 G, N

=0(k™) on X x Q.
On the other hand, for the operator {, n associated by the kernel

(4.2.85) C-n(xy)
+oo . M
— /0 eztllJ(x,}/) (]/2714—1 + 1_p0(x, yl))N+1rN+1(JC, Y, t)(ziwﬂf(gﬂdt/
by
ity(x,y) MNYN+T _ N M itp(x,y)
(4.2.86) eV (Yanga + o(x, y')) " = (if (x,y))~ EYIES LA

and integration by parts in f, we can also write
(4.2.87)
oN+1

too
N(xy) = /0 eltlp(x'y)ZMzatNH ((z — 1)~ 'V{\r+1(x/% t) 'T(?f)) dt

for some r{\,H(x, y,t) € S"(Q x Q x Ry, L(T*1X, T*%1X)). Now for the op-
erator

o 9X(%) @)\ -1 dz Ndz
(4.2.88) C(k,N) T /C\SpeC(Tl(g?))l) oz (Z - TP,A) OCZ,N i
we recall that when z ¢ Spec(Tlgﬁ) we have
(9).M 9),j
T 17l
(@)\-1 _ “PA P\
(4.2.89) (z — Tpl?)\) = —M ° (z— et Z P
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where M € N is arbitrary, Tl(ﬂ/i’j = Tl(ﬂ))\ 0--+0 Tl(jq/i is the j-times composition

between Tl(ﬂ))\ and Tl(ﬂ))\’0 := [. So we can write

o~ (q) M _
— IX(%) Tr (@)1 dz \dz
w230 L _/C\Specﬁé‘?i) oz o o T el T
M-1 ) ox (2 —
(q)j / X(k) —1—j dz N\ dz
’ ]; Tea”° C\spec(tlf)) OZ CN "

By the proof of Theorem 4.11, we can check that for all M € IN we have

M-1 . ox (2 ) z
(4291) Z TI(’q/)\’] o/ Mz—l_] gZ,NdZ ANdz -0 (k—oo) on X x Q.
=0 €

\Spec(TI(;?))L) 0z 2711

It remains to handle the estimate for the first part of the integral in (4.2.90)
for large N. For this purpose we need to choose some suitably large number M,
which is an arbitrary number in (4.2.90). When N € N is large enough and

(4.2.92) N+M;—m=0 mod 4,
we take
(4.2.93) M= W

Then, from the formula of {, y in (4.2.87), the observation that 2 7(et) = O(t~%),
and the elementary estimate

1 - 2 2
(4.2.94) S a
lz—t]2  |zz—tZ]2 ~ |Im (22 — t2)|?  |Imz|? #2

up to a kernel associated by an element in &,(Q; T**1X) we can write

+oo |
(4.2.95) Con(xy) = /0 FMENRE L (x,y,t,2)T(et)dt,

where for all multi-indices «, B, y we have some constant ¢ KapBy > 0 such that

Mi+My+(N+1

B
(4296)  [9%00 RL 1 (x,y,t,2)] < ckap,y T 2TV
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when x,y € K € Q and t € R such that t(et) > 0. By the above estimate of
R{\l 1 (x,y,t,z), we can check that up to a an element in &, (); T*04X) we have

4297) 0 |Z|M1+M2+(N+1)
(4.2. CaN = |Im z[Mi+(N+1)

_3M
in.% (HCOI;{p(Q, T*0aX), 3 T% 1% (X, T*O'qX)> .

Then, by combining all the above estimates above and Theorem 4.14, for any
N € NN which is arbitrarily large enough such that N + M; —m = 0 mod 4,
then the number 2M := N + M; — m is consequently arbitrarily large and we
have

aX(%) -M +(q)M () —1 dz \dz
/C\Spec(T,Sﬁ) oz - Tpy o(z=Tpy)  olzN S
- IX(F) _—m @)Y (9) (9)y—1 (9).% dz N dz
= C\Spec(TZ(;K) = z Tp’)\ o (H/\ o(z— TP,/\) > o TP,/\ YN i

M M_
e sup k2 ‘ ]Im z‘1+M1+(N+1) . k_M . ‘Z‘ 7 +75—1 . ‘Z‘M1+M2+(N+1)
k~lz€supp X KM N Imz[  |[Imz|Mi+(N+1)

(4.2.98)
_3M
—O(k~ ™M) in & (Hconiﬁp(Q, T*09X), H? (X, T*04 X)).

Here we recall that for x € %§°(IR) we can take X such that ¥ € €°(C), so there

is a constant C > 0 such that £ < |z| < Ck when k~'z € supp ¥.
Combining all the estimates above, we finish our proof. [

We also have the following.

THEOREM 4.17. With the same notations and assumptions in Theorem 4.7, for any
operator %, € R (Q; T*¥1X) and N € Ny, we have

ox (2
(4.2.99) /C 7;(;) (z—Th) o2

—O(k™N)ing (Hcgﬁp(g, T09X), HN (X, T*0 X)) .

dz Ndz
2711

PROOF. For #, in the form of (4.1.11) and a very small € > 0, we notice
that for the function ity (x, w) + ic+(w,y), when |[x —w| > €, |[w—y| > €
and |x — w|, |w — y| < €, we can apply arbitrary times of partial integration in
t, o and w, respectively. Along with the elementary estimate that |z — #|~! <
|z| - |Im z|~!#~1 when t > 0, we can hence directly estimate %, and we can
apply the same argument in Theorem 4.14 to get our theorem. [
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From Theorems 4.14, 4.15, 4.16 and 4.17, we can conclude the remainder
estimates contributed by the elements of L;*(Q); T**1X) as follows.

THEOREM 4.18. With the same notations and assumptions in Theorem 4.7, for any
L, € L;7°(Q; T*4X),

IX(%) (4)y-1, 7 42/ dzZ
(42.100) Lig = [ LT Mo LS,
and any N € Ny, we have
(4.2.101) Ly = O(k™) in 2 (Heomp (Q, T1X), HY (X, T*1X)).

The only remainder estimate remains to be checked is the following.

THEOREM 4.19. With the same notations and assumptions in Theorem 4.7, for the
operator

dz Ndz

oxX(%) (1)
(z— Ty .
27Tl

P’/\)il o HE\LI) o Rz,N—l—l

7

(42102) R(k,N+1) :/C?

and for any Ny, Ny € Ny, we can find an No > 0 large enough such that
(42103)  Ryonyr1) = O(k™™N) in L (H 2 (Q, T*9X), HN2 (X, T*04X)).

comp

PROOF. For simplicity, we only prove the case for n_ # ny, and the sit-

uation n_ = ny can be deduced from the same argument with some minor
change. For all M € IN, we recall that we can write
(4.2.104) Rk n+1)
9X(7) (q),M @) dz A dz
42105 = [ E,-MT@OM o (- TW) 1o R ,
( ) Cspec(rlt)) 02 PA° R T
@) X ( : dz A dz
421060 + Y T¥o / » X5 1 Rons1 22,
o C\Spec(Ty) 0Z 27t
We recall that here we have
(4.2.107)
—,N+1 By
too Yipl+lyi<en+2 Rg T (0, y, )Pz
R X, :/ eltt-(xy) = a T(et)dt,
ZN+1(%,Y) 0 (Z_t)2N+2 (et)
and

(4.2.108) ¥_ € Ph(p, (&) (—a),Q),
(4.2.109) Rp H(xy, 1) € SNTHQ X Q x Ry, 2(TX, TO1X)),

(4.2.110) Rl;“i\] *1(x,y,t) is properly supported in the variables (x, y).
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On one hand, by partial integration in t and Cauchy-Pompieu formula, we

can check that
a%(%) 1—j dz Ndz
—*2z7 /R .
/C\Spec(Tl(,?))\) 0z ZN+1 2711
1 foo _
(42111) :m Z /0 elt‘Yi(x'y) R‘B,',i\j—’_l (x, Y, t)t'BT(E't)

" B+y<2N+2
aitZN—H (X (%) t—l—j+7) dt + 0O (k—oo> ,
whichis O(k™N) in & (Heons (Q, T*%1X), HN2(X, T*04X)) for any given Ny, N, €
INo when N is large enough.
On the other hand, for the integral

(4.2.112)

OX(E) _—Mla)M @)y -1 dz A dz
/C\Spec(TISﬂ) 0z ©  Iea °(z=Tpp)" oReNt1 T

when M =0 mod 2 we can rewrite it by
(4.2.113)

OX(}) __m¥ () @)1 _ ()% dz A dz
/C\Spec(T,(;ﬂ) z - Tpy* ol o(z=Tpy) " 0Tp) " o Ren i

Here the number M € N is arbitrary and we can do the same estimate as in

M

(4.2.98): by applying the Sobolev continuity estimate in the order of TI(JK’T,
M ~/1—

H(Aq) o(z— T}{Q)—l, Tl(,f’)’T and R, .1, and using ‘%;Z) = O (k"N|Im z|N)

and the estimate that k < |z| < 2k when z € supp x(k~!z) and k is large, we
can check that for any Nj, N € Ny, we can find a suitable and large Ny >
0 and another large number M > 0 depending on Nj such that (4.2.113) is

O(k™M) in 2 (Heond (Q, T**1X), HN2 (X, T*04X)).
Combing all the estimates above, we complete the proof of our theorem. []

By Theorems 4.12, 4.18 and 4.19 and taking the asymptotic sum of the sym-
bols of Ay ,,), m € Ny, the standard semi-classical analysis immediately implies
the following result.

THEOREM 4.20. In the situation of Theorem 1.1, for q = n_ we have an Ay €
72 (Q; T*%1X) such that for any Ny € IN we have

(4.2.114)
XU(TITE) = Agy = O(k~™0) in 2 (Heomp (Q, T*¥1X), HN (X, T*09X)).

In the end of this section, we use the results just proved to establish an im-
portant estimate.
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LEMMA 4.21. In the situation of Theorem 1.1, for ¢ = n_ we have a constant
C > 0 independent of k such that

(4.2.115) #{eigenvalues A; of Tl(ﬂ))\ : kil)\j € supp x} < C- k¥ +2
where the notation #A we mean the number of the set A.

PROOF. By Theorem 4.20 and using the finite partition of unity of the com-
pact manifold X, we see that when k is large there is a constant ¢ > 0 indepen-
dent of k such that

(4.2.116) I Tl < ek ull, Vu € E°(X, TO4X),
where || - || is the L?>-norm on X. Combining the above estimate and Theorem
3.10, we can also deduce that
Aj _
42117) J;w () = It Tl < -k
j€

for some constant C > 0 independent of k. Since all our results hold for arbitrary
X € 65°(R), we can take some p € 65°(IR, [0,1]) such that p = 1 on supp yx, then
we have

(4.2.118)
A
#{eigenvalues A; of Tlgﬁ kA esuppx} < Y p? (%) < C-KHT2
i€l
for some constant C > 0 independent of k. O

4.3. The full asymptotic expansion

In this section we establish the asymptotic expansion of X(k_lTl(ff))\) in the
level of Schwartz kernel. To simplify our calculation for the remainder terms,
we fix a small enough number € > 0 and let

(431) ]l(k) = ]l[kl—e,kl—&-e} + ]1[,k1+e/,k1—e},

where e grve] and 1(_give g1 are the indicator function of [k'~¢, k'*] and
[—klte, —k17€], respectively.

Let us start the discussion from the principal terms of our expansion. We will
show in the following that the truncation 1) does not influence the principal
terms of X(k_lTl()?))\)(x,y).

LEMMA 4.22. With the same notations and assumptions in Theorem 4.12, for any
m € Ny and p € 65°(Q) we have A,y 0 p (ng) — ]l(k)(Tl(,ﬁ)) = O (k=) on
X x X.
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PROOF. For simplicity, in the following we prove our result when g =n_ =
0, and the general case of ¢ = n_ can be deduced from the same argument with
some minor change.

We notice that Ay ) © o <H§\q) — 1 (T},‘ﬁ)) = I(x,y) + Il(x,y), where

(432) (o= T (A (5 0)| (o) ) Fi(),
)L]‘ >klte

(433) My = L (A (50| () () Fi(w),
/\]‘ <kl-e

and {f;}e; is an orthonormal system in L%,q(X) such that f; € Ker (Tl(,q))t — Al).
As before, we may assume that 9y (x,y) # 0on Q x Q. One one hand,

ay2n+1
by partial integration we have
434) (xy)=— ), fy)
|/\j|<k17€
//eik“"(“’y) I < ! a_'m(x,u,t,k)p_fj(u)m(u)>dudt,
8u2n+1 lktau2n+1¢

and we notice that we can apply arbitrary times of partial integration in this
way. On the other hand, by Theorem 3.7 and Sobolev embedding theorem we
know there exists 19 € IN such that for any ¢ € INy we find a constant C;, > 0 so
that

(4.3.5) 1) e (x) < Ce(1+ Aj[)*, Vi € No.
By the above two observations, the assumption that |A;| < k'=¢in II(x,y) and

Lemma 4.21, we can deduce that IT(x,y) = O(k™®°) on X x X.
)

Next, we fix a large enough number N € IN, and by the fact that Tlqu is
self-adjoint we also have

(4.3.6) I= ¥ FAN [T o A y)pfi(w)dm(u),
Aj>klte

where Tl(,‘?))t’N is the N-times composition of T}ﬂi. From (4.3.5), the direct estimate

of A,y and the Sobolev continuity of Tlgﬁ, the Sobolve embedding theorem,

the assumption that A; > k'*€ in I(x,y) and the fact that the number N € N
can be arbitrary large, we have I = O(k™*) on X x X. O

THEOREM 4.23. With the same notations and assumptions in Theorem 4.12, for
any m € Ng and p € €5°(Q) we have A ) © pH&q) = Agm € Iy i (Y T*04X).
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In fact, up to an k-negligible kernel on X x () we have

(4.3.7)

A(k,m)(x,y) = /OJFOO eiktqj*(x'y)a_'m(x, y,t,k)dt + /OJFOO eiktqj+(x’y)a+'m(x, y,t,k)dt,
where

(4.3.8) ¥ € Ph(p, ) (—a)(—a),Q), ¥+ € Ph(p, ) (—a)a,Q),

and we have the following data properly supported in (x,y):

4o .
(439) a™" (x, Y £, k) ~ Z a;':’m (X, Y, t)kn‘l'l—m—]
j=0
in Sn—i—l—m (LQ % O X ]R+,.$(T*0"7X, T*O’qX)),

loc

(4.3.10) Vj € Ny, a]?’m(x, y,t) #0and a™"(x,y,t, k) #0 = t € suppx,

and we have a* (x,y,t,k) = 0 when n_ # n... Moreover, for m = 0 we have

det £, 0(x) 4

_’0 _
(4.3.11) 20" (%% 1) = P00 ST ) Plo

(—aex) x(D)F",

and when n_ = n,. we also have

det Ly| v(x
312 ) = p( S E A ) (-0

PROOF. We recall that by Theorem 2.4, we can write pHE\q) =p(S—+pS++
F) on X x Q, where the kernel F(x,y) € €°(Q x Q). By Theorem 4.12, the
partial integration argument in the proof of Theorem 4.17, and complex station-
ary phase formula of Melin-Sjostrand Theorem 2.2, we can check that Ay ) ©
0(S- +54) = Apm) € Iy (4 T*1X) as stated in our theorem. Also, by
writing

(4.313) (AgmopF)(x,y) = /eikt\lj(x'w)a_'m(x, w, t,k)(pF)(w,y)m(w)dwdt
+ / ¥+ (x0) g o (o, w0, 1, k) (0F) (w, y)m(w)dwdt + G(x,y),
where Gy = O (k™%°) on X x ), we can apply [31, Lemma 1.12] for example to

do partial integration in (w, ) as many times as we want and see that (A, o
pF)(x,y) = O (k%) on X x Q. This completes the proof. O

We can now conclude Theorems 1.1 and 1.2 through the next result.
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THEOREM 4.24. In the situation of Theorem 1.1 and g = n_, up to a k-negligible
kernel on Q) x ) we have

(4.3.14)
+oo | +oo |
X(k_lTI(f’i)(x,y) E/ Y-V A~ (x,y, t,k)dt—i—/ MY+ (Y AT (x,y, ¢, k)d,
‘ 0 0

where
(4.3.15) Y_ € Ph(—A1a,Q), ¥4 € Ph(Azx, Q), Aq(x), Ax(x) € €°(X,R4),

+00 )
(43.16) AT(x,y,t,k) ~ ) Af(x, y, )K"
j=0
in g1 (1;0 x ) % 1R+,g(T*0,¢7X, T*o,qX)),

loc
and AT (x,y,t,k) = 0 when n— # ny. In fact, when supp x "Ry # @, there is
an interval I € Ry such that when A]._(x, y,t) # 0and A~ (x,y,t) # 0 we have
t € I_forall j € INo, when n_ = n and supp x N IR_ # @, there is also an interval
I+ € Ry such that when A;r(x, y,t) # 0and A" (x,y,t) # 0 we have t € L, forall
j € INo. Moreover, with respect to (1.1.23), we have

|det Ly| v(x) }
27r”+f m(x) AT Xt pro gy (o) - Mg (x)) 7,

4317)  Ag(x,x,t) =

and when n_ = n,. we also have

(43.18) AJ (x,x,t) = ff;ﬁ;‘ | :1((’;)) ATFL(x) (=t - pro o (—x) - Aa(x)) £

In the last, for any T, Tp € €*°(X) such that supp(71) N supp(t2) = @ we have
(4.3.19) qox(k'T)) o =0 (k)
where 11, Ty are regarded as multiplication operators by the function Ty, Tp, respectively.

PROOF. Welet X = U, Oy and p; € €;5°(Q)y) such that )y oy = 1 on X. Then
for large enough k > 0 we have

(4.3.20) (T = X (kTR 0 Y-y 1y (T
{

Applying Theorem 4.20, for each N € INy we have the same operator Aﬁ €
72, (Qy; T*07X) therein and an operator Ré which depends on N such that

4321) x(k'TE) o Y proty Zx ) 0 pr o 1 (TH))
Y4

ZAioz)zo(]l(k)(Tf»ﬁ) —H +ZR opeo I )(T(lg)f
7
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where

(4.3.22) Rf y = O(k™N) in 2 (Heh, (Q, T*1X), HN (X, T*01X)).

comp

By Lemma 4.22, Theorems 4.23 and 3.9, we can see that
(4.3.23)

XET) oY proty(T) - LA -y, ¥ (Riyopf)®f
V4 14

¢ k1_€<|)\j|<kl+€

is O (k=*°) on X x X. We recall that up to an element of O (k=) on X x Q); we
have
(4.3.24)

+oo +oo
Af(x,y) = / oMYA (x,y, 1, K)dt + / oMY AT (3, y, 1, K)dt
0 0

for some ¥¢ ¢ Ph(pg,llo(—a)(—a), ), ¥ € Ph(P]_o,l]o(_“)“' ), and

+o00 .
(43.25) AT (x,y,t,k) ~ Y AT (xy, T
j=0

in 51 (1;Qg X Oy x Ry, £(TX, T*Of‘ix)>

loc

such that A;F’g(x, y,t) # 0whenever t € supp x forallj € Ngand A (x,vy,t,k) =
0 when n_ # n,. Moreover, with respect to (1.1.23), for all x € 3y we have

| det Ly| v(x)

—A _ —n—1 n
(4-3'26) AO (x/x/ t) - Pg(X) 27'C”+1 m(x) pIOIIO (_D‘x) X(t)t s
and when n_ = n, we also have
(4.3.27) A (x,x,t) = py(x) Qe L] DU) ont( )yt

27+ m(x) JoJo

By (4.3.22) and Sobolev embedding lemma, and (4.3.5) and Lemma 4.21, we
have

(4.3.28) Y L (Rinopfi)@f =0(K™) onXxX.

¢ k17€<‘/\]|<k1+€

Since A{ are properly supported on ), we get (4.3.19) from (4.3.23) and the
above estimate.

Finally, given any Q) C (J,; Qy, for any Aq(x), Ax(x) € €°(X,Ry)and ¥_ €
Ph(—A1&,Q) and ¥ € Ph(Aa,Q)), from [48, Theorem 2.4 and Lemma 6.8]
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(cf. also [48, §12]) we have
(4.3.29) / MY AT (3, 1 k) dt = 2 / YW AT (3, 1 k) dt

+O(k_°°) on ) x O
for the desired AT (x,y,t, k). We hence conclude our result. O

Our main results Theorem 1.1 and Theorem 1.2 follow immediately from the
previous theorem, so does Corollary 1.3.

PROOF OF COROLLARY 1.3. On any coordinate patch ()1, x), by Theorem
1.1 and the property that ¢+ (x,x) = 0, we have

—+o00

4330) x(k'TE0) (x,x) ~ Y K" ]<A (x) + A (x))
j=0
in $"1(1; 0, 2(T*%1X, T*%1X)),

loc

where A]-:F(x) € ¢*(Qq, Z(T*1X, T*%1X)) and

+o00
(4331) AF(x) = / AF(x, 3, D),
0

+oo d ; .
(4'3'32) Aa(x) = (/0 tnX(plo,Io(_“x)t)dt) |27e_:n£1| U(JQ) Tx

(
+oo det £,
(4.3.33) Af(x) = (/0 t”)((p;oljo(:xx)t)dt> |2;tn§1| Z((x)) " whenn_ =ny.

We let (), y) be another coordinate patch with Q; N (), # @, and by the same
reasoning we have

7

+oo ,
(4334) (k') (y,y) ~ LK1 (B (y) + B (v)
j=0

in $"1(1; 0, 2(T*1X, T*1X)).

loc

where Bf(x) € € (O, Z(T*1X, T*%1X)). Then on Oy N ), we have

(4335 V(AT + AT ~ Y (B 4 Bk
j=0 j=0

in SPTH(1; 0 N Oy, 2(T*X, T*1X)).

loc

The relation (4.3.35) shows that Aj_ + A;r = B]-_ + B].Jr on ()1 N )y and hence

there exists global A;-F € ¢ (X, 2 (T*V1X, T*1X)), j € Ny, such that our corol-
lary holds. [
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4.4. Expansion on circle bundles

In this section we explain the role of Theorem 1.1 in complex geometry by
the so called circle bundle framework. We start with a very important result for
Kéhler geometry and quantization introduced by Boutet de Monvel-Guillemin
[12, §§13-14]. We let M be a compact Kahler manifold and (L, k") — M be a
positive holomorphic line bundle over M with respect to a smooth Hermitian
metric h*, and we assume that the Chern curvature ﬁRL of (L,h') represents a
Kéhler metric on M. Then the principal circle bundle

(4.4.1) X={vel": | =1}

is a strictly pseudoconvex CR manifold called Grauert tube [30] and plays an
important application to the Kodaira embedding theorem for singular spaces.
The connection 1-form & on X associated to the Chern connection V' is a con-
tact form on X and the corresponding Reeb vector field 7 is the infinitesimal
generator dy of the Sl-action on X. In this case, a(—idy) = 1, 9y commutes
with the tangential Cauchy-Riemann operator 9;, and the Szeg6 projection TT,
and Spec(—idy) = Z. Thus the operator P = —idy restricted to the space of
L?-Caucy-Riemann functions H}(X) is an elliptic self-adjoint Toeplitz operator
of order one. Also, its positive spectrum consists of m € IN with finite multi-
plicity, and the eigenspace corresponding to m can be identified with the space
HO(M, L™) of holomorphic sections of L, the m-th power of L, cf. [12, Lemma
14.14]. Moreover, m large enough occurs in the spectrum with the multiplicity
p(m), where p is the Hilbert polynomial of (M, L). For related results about
spectral asymptotics for Toeplitz operators on strictly pseudoconvex circle bun-
dles, readers can refer to [6,15,74] for example. We also refer to [34] for the case
of irregular Sasakian manifolds.

Now, we discuss a more general situation in complex geometry. We as-
sume that (M, ]) is a complex manifold with complex structure | and L is a
holomorphic line bundle bundles over M with a smooth Hermitian metric h’.
We assume that V! is the holomorphic Hermitian connections, also known as
Chern connections, on (L, hL) and moreover, with respect to the Chern curva-
ture Rl := (V1)? the two form

_ ' pL
(4.4.2) w = 27TR

defines a symplectic form on M. Therefore under this context the signature
(n_,ny) of the curvature Rl (the number of negative and positive eigenval-
ues) with respect to any Riemannian metric compatible with | will be the same.

We let gT* be any Riemannian metric on TX compatible with J. We let -

be the formal adjoint of the Dolbeault operator 3" on the Dolbeault complex
Q%(M, L™),q=0,---,n:= dimc M, with the scalar product induced by gTX
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and ht. We set

(4.4.3) D, = 2 (éLm +§”"*)
and denote by

(4.4.4) ot =M e 9 0t
the Kodaira Lapalcian. It is clear that

(4.4.5) D2, =20

is twice the Kodaira-Laplacian and preserves the Z-grading of Q% (M, L™). By
standard Hodge theory, we know that for any q,m € IN,

(4.4.6) Ker Dy |yoq a1y = Ker D3 oy pny = H(M, L™),

where H%1(M, L) is the Dolbeault cohomology, g = 0---,n. For D2, from
[67, Theorem 1.5] we have the Bochner-Kodaira—Nakano type formula and we
have the following vanishing theorem: when m € IN is large we have

(4.4.7) HY(M,L™) =0forq #n_.

The vanishing result above is Andreotti-Grauert’s coarse vanishing theorem
[1, §23], and the original proof is by using the cohomology finiteness theorem
for the disc bundle of L*.

When g = n_, the situation is more interesting from the point of view of
semi-classical analysis. We let

(4.4.8) B\ : L3 (M, L™) — H™(M, L")

be the Bergman projection for m-power of L on (0,q) forms. The Schwartz

kernel B,(ﬂ)(p’ ,p"") associated to BY is called the Bergman kernel, which is a

smooth kernel by standard Hodge theory. It is well known that B )(p’ v
admits the full asymptotic expansion [67, Theorem 1.7], also cf. [54, 68]. The
main goal of this section is to apply the asymptotic expansion of B,(,f )(p’ ) =
BYY (p',p') to directly verify Corollary 1.3 on circle bundles.

To start with, by the expansion of B (p/,p") and identifying £ (L*™, L™)
as C, for g = n_ and m € IN large enough we can write

+o00 ,
(4.4.9) B (p') ~ Y- m" by (p') in Sl (1; M, 2 (T**1M, T M))
j=0

and

+o00 )
@410) BT () ~ Y m"Ibf () in Soc(1: M2 (T0TM, T 09M))
j=0
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as m — 400, where we use the convention L™ := L*" for high power of dual
line bundles and use the fact that RL" has the constant signature (n — gq,4q). Also,
in this context we have the torsion free relation

(4.4.11) [—idg, W] C T(T1X), YW € T(T"'X).

Then by the differential of the flow d®! ia,, W€ can extend the definition of the
operator —idy by

. d
(4412) (=idgu)(Wi, -, Wy) = = (u(dcpf_,.a&wl,--- ,dcpf_iaﬁwq))

7

t=0
vu e Q¥(X), YW1, e I(T"'X).

Now, we consider the dynamical Toeplitz operator

(4.4.13) T\ .= 110 o (—idg) o 1)

on the circle bundle X over M. For x € ¢;°(R), we can check that

(4.4.14) T (3, x0) = -

2z L X () B o mu (),

meZ

where 71y : X — M is the natural projection such that 7ry(x) = p’. For sim-

plicity, from now on we write B,(ﬁ ) = B,(,?) o 71y and b?[ = b].qE o 7T);. Because of

the term x (%), when k — +oc0, we only have to take consideration of m satis-
fying |m| — 400 in (4.4.14). When q ¢ {n_, n}, by the vanishing theorem of
Andreotti—Grauert and (4.4.14), we have

(4.4.15) XK (x,x) = 0, k = +oo

in this situation.

When g = n_, we have to split the discussion into n_ # n, and n— = n.
When n_ # n,, again from the vanishing theorem of Andreotti—Grauert we
have

(4.4.16) BY =0, m— +oo,

and when g = n_ = n, however, we have expansion result (4.4.10) for B(_nn; 1) —
(4)

B

—m:
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For the generality of our calculation, from now on we consider g = n_ = n.
In this case we notice that for all N € IN, we have

@417 L x(7)BY ZX( )Zm” b}

melN

- 5 () S T ><k>“‘f'b]-—<x>

meN meN
and
N
m (9) m n—j1,+
(4.4.18) X (=) Bu (x)— x| |m|" b (x)
I x(g)wle- B oa(E) Gy

T () m-Ee T () () v

meZ g j=0 meZ.«g

On one hand, as k — +o0, (4.4.9) implies that for any ¢ € IN we have

= (s T () L

meN melN

(4.4.19)

ct
<Cme;]N‘X (g)‘mn N-1 O(kn N)

for some constant cy 5y > 0. Similarly, from (4.4.10), for any £ € IN we also have
(4.4.20)

Y ox(Z)BPm - ¥ x(%)%lml”‘fbf(ﬂ

meZ meZ.g j=0

= O(k”_N ).
ct
On the other hand, by the Poisson summation formula, cf. [40, Theorem 7.2.1]
for example, for any T € (50‘”( ) we have

(4.421) Y (F) = L et

me-. meZ

In the right-hand side of the above equation, when m # 0 we can apply arbi-
trary times of integration by parts in t, and when m = 0 we just have a number

/ T(t)dt. Accordingly, for any N € IN, we can find a constant Cy > 0 such that
R

k1 Y. T(%) _/RT(t)dt

meZ

By (4.4.17), (4.4.18), (4.4.19), (4.4.20), (4.4.22) and triangle inequality, we imme-
diately get the following special case of Corollary 1.3: For x € %;°(R) and

(4.4.22) < CykN,
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g =n_ =ny, we have

1) N pnt1—j [T At
(44.23) (k') (x, 2) ~ ];)k /O (O by (x)
T Sl AT
= 0 2 )
in S'1(1; M, 2(T*%9M, T*%9M)). When g = n_ # n,, from the same argu-

1
ment above we can see that the component contributed by the positive eigen-
values of Rl in (4.4.23) will be O (k=).

The above discussion and calculation on Grauert tubes is modified from [35,

§5.2] for the case of g = n_ and (n_,ny) = (0,n).



CHAPTER 5

The second coefficient of Boutet de Monvel-Sjostrand
expansion

In this chapter we discuss the second coefficient issue of Szeg6 type Fourier
integral operators by presenting the joint work of C.-Y. Hsiao and the author in
[61].

To unify the assumptions and notations in this relatively independent chap-
ter, we formulate Boutet-Sjostrand theorem again and from now on we always
use such convention unless we specify..

THEOREM 5.1. We let (X, T"?X, &) be a compact strictly pseudoconvex embeed-
able CR manifold of dimgr X = 2n+1,n > 1, and D C X be any open coordinate
patch with local coordinates x = (x1,--- ,Xou+1). We assume that the Hermitian
metric on CTX is given by the Levi metric. Then we have

(5.0.1) II(x,y) = /0+00 "W a(x,y,t)dt mod €=(D x D),

where for every (x,y) € D x D we have

(5.0.2) ¢(x,y) € €°(D x D),

(5.0.3) Imge >0,

(5.0.4) $(x,y) =0ifandonly if x =y,

(5.0.5) dxp(x,x) = —dyp(x,x) = —a(x),

and
T ‘

(5.0.6) a(x,y,t) ~ Y aj(x,y)t" 7 in ST o(D x D x Ry),
j=0

(5.0.7) ap(x, x) = 27_[1—n+1, for every x € D.

We will take the volume on X by A(x)dx = L(—%)" A a.

5.1. Some more background

We first recall some necessary tools and notations for our problem.
We start with the following version of stationary phase formula dues to
Hormander [40, Theorem 7.7.5].
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THEOREM 5.2. We let D C IR" be an open set, K C D be a compact set, F €
¢ (D), Im F > 0in D. We assume that

(5.1.1) ImF(0) = 0, F'(0) = 0, det F”(0) #£0, F' # 0in K\ {0}.
Foru € ¢5°(D), suppu C Kand any k > 0, we have

. . 7(0)\ "2 .
(5.1.2) /elkF(x)u(x)dx — ¢*FO) det (kF—(O)) Y kT Pu
271 N

< CkN Y sup [0%ul.

la|<N K
Here, C is a bounded constant when F is bounded in €* (D), % has a uniform
bound and
; H
(5.1.3) Pju e 2 Z 1'_]2—0<F”(0)—1D, D>v (h u)(O).

[17]1
v—pu=j20>3u Uy

—1dy,
Also, h(x) := F(x) — F(0) — %(F”(O)x,x) and D := ( : ) )
—idy,
This formula is essential for calculating the first order term of Szeg6 kernel
expansion explicitly.
Next, we recall some fundamental facts from pseudohermitian geometry.
We call

(5.1.4) HX := Re (TLOX B TO'1X)

the contact structure of X, and let ] be the complex structure on HX so that T*YX
is the eigenspace of | corresponding to the eigenvalue i. We use the convention

(5.1.5) 0:= —u.

PROPOSITION 5.3 ([78, Proposition 3.1]). With the same notations and assump-
tions, there exists an unique affine connection, called Tanaka—Webster connection,

(5.1.6) V=V ¢°(X,TX) - ¢°(X, T*X @ TX)

such that

(i) Vyé>®(X,HX) C ¢€*(X,HX) for U € €*(X, TX).
(ii) VI = V] =Vde = 0.
(iii) The torsion T of V satisfies: T(U, V) =d0(U, V)T, (T, JU) = —Jt(T,U),
U, v e (X, HX).
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ForU € ¢*(X,TX),W,V € €*(X,HX),werecall that V] € €°(X, T*X ®
Z(HX,HX)) is defined by

(5.17) (VU)W = Vu(JW) - [VuW
and VdO € €°(T*X ® A*>(CT*X)) is defined by
(5.1.8) Vudd(W, V) = Ud8(W, V) — d8(VuW, V) — d8(W, Vi V).

Moreover, the relations V] = 0 and Vda = 0 imply that the Tanaka-Webster
connection is compatible with the Levi metric. By definition, the torsion of V is
givenby T(W,U) = VU — VW — [W, U] for U,V € ¢*(X,TX) and (T, U)
for U € (X, HX) is called pseudohermitian torsion.

We let {L,}"_, be a local frame of T"?X and {6*}"_, be the dual frame of

{Ly}"_,. We use the notations Zz := L, and 6% = 0%. We write

(5.1.9) VL, = wh © Ly,

(5.1.10) Vig=wb ® Ly,

and recall that VT = 0. We call wf the connection one form of Tanaka—Webster

connection with respect to the frame {L,}”_,. We denote @f the Tanaka—Webster
curvature two form, and it is known that

(5.1.11) Of = dwh — wi A b,

By direct computation, we also have
(5.1.12) O = RY .0/ A 0" + AZ,07 16" + BL, 6/ A 6" + Con 0,

where Cj is an one form. The term Rf 2 is called the pseudohermitian curvature

tensor and the trace

n .

e ]

(5.1.13) R = Jg R

is called the pseudohermitian Ricci curvature. Also, we write
(5.1.14) do = ig 50" \ 0P

and we let ¢ be the inverse matrix of g .- By the definition

(5.1.15) Recal == §R 2

we have the notation Ry, for the Tanaka—Webster scalar curvature with respect
to the pseudohermitian structure 0.
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5.2. Uniqueness result for sub-leading coefficient
We need the following fact for oscillatory integrals.
LEMMA 5.4. We let D C R" be a small enough open set near 0 and assume that
(5.2.1) F(x) e °(D),F(0) =0, ImF >0, dF #0 ifImF =0,
and
(522) G(x) € €°(D), G(0) #0, Im(FG) >0, d(FG) # 0 ifIm (FG) = 0.

holds. For any m € Z, in the sense of oscillatory integral we have
+oo too #m
tG(x)F — tF o
(523) /0 el (x)F(x) t"dt = /0 el (X)Wdt mod € ( )
PROOF. First of all, by continuity, we may assume that on D
1
(5.2.4) Gl = 51G(0)] > 0.

From the construction of oscillatory integral, when m € INj, in the sense of
distribution we can check that
+oo | +oo .
/ eztG(x)F(x)tmdt — lim ezt(G(x)F(x)+1€)tmdt
0

e—0.J0
m!
= I e R + e
_ m! lim 1
G(x)m+l e—o (—iF(x) +
m! 1
—lG( ))m+1 (F( )_|_10)m+1

oo th £
(5.2.5) = / ot

E?x) )m+1

For m € Z.y, we can use the similar argument w1th some change to the log
term singularities and verify the statement. [

We can now state and prove the following important lemma.

LEMMA 5.5. With the same assumptions and notations in Theorem 5.1, we fix a
point p € D. For Szeg0 phase functions ¢y, ¢o such that

(5.2.6) (T*¢p1)(p, p) = (T?¢2) (p,p) =0,

if we have

too +oo
(5.2.7) / e”"’Z(x'y)oc(x,y,t)th/ Y B(x,y, £)dt mod €%(D x D),
0 0
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where a(x,y,t), B(x,y,t) € S (D x D x Ry ) satisfy

(5.2.8) ao(p, p) = Bo(p, p),
(5.2.9) (Tao)(p, p) = (Tho)(p,p) =0,
then we get
(5.2.10) a1(p,p) = B1(p, p)-
PROOF. We can take local coordinates x = (xq, - -+, x2,,41) of X such that
d
(5.2.11) T= 3

We can check and may assume that

(5212) $2(x,y) = f(x,y)P1(x,y) + O(|x —y[7)
for some f(x,y) € €~ (D x D). Without loss of generality, we can assume that
(52.13) P2(x,y) = fx,y)1(x, ).
From (5.2.6) and (5.2.13), we can check that
(5.2.14) foox) =1, =2 (0,0)=0,
0X2-41
and hence
(5.2.15) f ((O, x2n+1), 0) =1+0 <\x2n+1\2> .

By Lemma 5.4 and the expansion of (5.2.7), we can check that

o — )t (x,y) (—ig1 f)/ (x,y) mod g7+
frH1(x, y) (—i(1(x, y) +i0))"+1
_ Yioln = )!Bi(x, ) (—ign)/ (x,y) mod ¢i!
(—i(¢1(x,y) +10))m+1

up to some log term singularities. In particular, when x # y we have

(5.2.16)

(5.217) é(n—j)!aj<x,y><—i¢1f>f<x,y>
L

= " (xy) Yo (= )18 (x, ) (—ign ) (x,y) + (=if )" (x,1)S (x, y).

j=0

forsome S € (D x D). Now, if we take x = (0, x2,+1) and y = 0 in the above
equation, then from (5.2.8), (5.2.9), (56.2.14) and (5.2.15), it is straightforward to
check that

(5.2.18) (21 — B1)((0, x2141),0) = O(|x2541])-



5.2. Uniqueness result for sub-leading coefficient 122

By the continuity and taking x7,.1 — 0, we get
(5.2.19) 145 (0, 0) = ,31(0, 0).
[

The condition of the leading term in the previous lemma is always achiev-
able by the following.

LEMMA 5.6. With the notations and assumptions in Theorem 5.1, we can take
¢(x,y) and a(x,y, t) such that for every (x,y) € D x D we have

(5.2.20) T20¢(x,y) =0,

(5.2.21) Txoap(x,y) =0,
1

(5222) ao(.x, X) = W

PROOF. We can take local coordinates x = (x1,- -, x2,11) of X so that T =
on D. By the relation

dx¢p(x,x) = —a(x),
we know that 27— (x,x) = —1 # 0. We can then apply Malgrange preparation

0x2, 11
theorem [40, Theorem 7.5.5] and may assume that on D we have

(5.2.23) ¢(x,y) = filx,y)(—x2m1 +81(x,y))
for some smooth functions f;(x,v), ¢1(x’,y) with f1(x,x) = 1 forevery x € D,
where X’ = (x1,- -+, X2,,). We note that ¢; is independent of x, 1 and let

9X2p141

(5.2.24) p(x,y) = —xou1 + 81(x, ).
It is clear that T2 o ¢(x,y) = 0. By Taylor formula, we have
(5.2.25)

ao(x,y) = do(x,y) = ao((x', &1(¥,¥)),y) + (=x2nt1 + &1(x ) r(x,y),
where 4y denotes an almost analytic extension of gy with respect to the real
variable x;,.1 and 7(x,y) € € (D x D). We let

(5.2.26) a0(x',y) == @((¥, g1(¥,y)),y) € 6°(D x D).
Then, by using integration by parts can check that

too
/ " Y) go (x, y) " dt
0

too
:/ elt"’(x'y)ao(x’,y)t”dt—i/
0 0
(5.2.27)

+oo | . +oo R(x’ y) _
= M) ag (2, t”dt+z/ ettp(xy) 22 T yn—1 gy
/0 0( ]/) 0 fl (x, ]/)

e i (eitfl(xry)(_x2n+l+gl(x/r}/))> Mt”dt

fi(x,y)



5.2. Uniqueness result for sub-leading coefficient 123

By Lemma 5.4, we have
(5.2.28)

+oo too .
/ e ag (1, y) ' dt = / e”"’(x'y)fl_”_l((x’,g(x’,y),y))ao(x’,y)t”dt.
0 0

We recall that ¢(x, y)t ~ ¢(x,y)t in the sense of Melin-Sjostrand theory. Hence,
in the context of Theorem 5.1, we can always replace a¢(x, y) by

(5.2.29) AN 8 y),v)ao(x, ),
which is independent of x,,,1 and satisfy
(5.2.30) Teo fi " (¥, g(x, ), y))ao(x',y) = 0.
Also, it is straightforward to check that
e 1
(5.2.31) N, g(x, x),x))ag(x, x) = P for every x € D
by our construction. Ll

We notice that this lemma already verified the statements of Theorem 1.6
except the most important relation (1.2.48).

Without loss of generality, from now on we assume that agp(x,y) are de-
scribed by Lemma 5.6. We have the following important result.

THEOREM 5.7. With the notations and assumptions used in Theorem 5.1, if we
assume that

(5.2.32) Oy, (¢(x,y)) vanishes to infinite order at x =y,
(5.2.33) 0y, (—(y, x)) vanishes to infinite order at x =y,
then we have
(5.2.34)
ao(x,y) — Sl = O(|x —y|N), forevery (x,y) € D x D, for every N € IN.
PROOF. For any fixed point p € X, we let x = (x1,---,x2,4+1) be a local
coordinates of X defined on D with x(p) =0, T = — axiﬂ and

(5.2.35) T'°X =span{L;: j=1,---,n},L;= 9 +O(]x]),
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By the relation that 9,IT = 0, we can check that for each j=1,---,n,wehave

+oo .
0= / (L)x o (" a(x,y, t))dt

(5.2.36) —/ YT (it) adt+/ eV, (a)dt.

Since we assume that 9y, ,¢(x,y) vanishes to infinite order at x = y, we can
check that

+
(5.2.37) /0 eV, (itg) adt = 0.

We recall that for a ~ Z;;"S a;j(x, y)t"~J we may assume that ag(x,y) = ao(x,y’).
By the Malgrange preparation theorem [40, Theorem 7.5.5] we may assume that

(5.2.38) P(x,y) = f(x,y)e(x,y),
(5.2.39) ¢(x,y) = —x2n41 + 81 (X)),
(5.2.40) flx,x) =1.

Also, by applying the Malgrange preparation theorem [40, Theorem 7.5.6] to the
variable x;, 11, foreachj =1, .- ,n we also have

(5.2.41) (Ljao) (x,y) = hj(x,y)(—x2u+1 + g1(x,y)) +1;(x,y)
With the help of partial integration in ¢, the above relations imply that

+oo | +oo
(5.2.42) /0 ey (x, ) dt —{—/O VIR (x,y, t)dt = 0

for some R(x,y,t) € S" (D x D x Ry). We can apply Lemma 5.4, Taylor
expansion argument and Melin-Sjostrand theory to rewrite the above relation

by
ri(x,y)
[, g1(x,y),y)

for some R;(x,y,t) € S 1(D x D x Ry). By the argument of partial Fourier
transform in the proof of Theorem 2.6, we can see that
ri(x/,
(5.2.44) ) — O(|x — y|*)
fr s1(xy)y)

+oo
(5.2.43) / £t oy) Pt + / ePR, (x,y,t) = 0
0

and accordingly
(5.2.49) (¥, y) = O(fx — y| ).
Furthermore, since now we have a4y = ao(x’,y) and

(5.2.46) (Ljao) (x,y) = hj(x,y) (—x2n11 + g1(x",y)) + O(|lx —y| ™)
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for each j = 1,---,n, by taking the derivative 5-*— both sides of the above
relation it is not difficult to see that

(5.2.47) 1i(0,0) = 0.

We also have

% ¢+ (=h) ) +Olfx —41™)

X241

(5.2.48) %903y, L(ag) = %35 (

foreachj=1,---,n. By Leibniz rule, ¢(0,0) = 0, (dx¢)(0,0) = —(dy¢)(0,0) =
—dxy,+1 and induction, it is not hard to check that

(5.2.49) hi(x,y) = O(|(x,y)[ 7).
So we can deduce from (5.2.46) that

= (@ y) =0(xy)[™), j=1--,n

allo

az;

(5.2.50)

where a% = 1(52 zax ). Similarly, by 0 = 9,11 = 9,IT*, IT*(x,y) = I1(y, x)

2 axZ]'
and the same argument above, we can also check that

oa oy
5251) S0(,y) = O (xy)[*), j=1,0m,
]
where -2 = 1(.-_¢— —i-9_) We claim that
dwj — 2\dyyj1 dY2;
1
(5.2.52) lag(x,y) — 27_(7“| = O(|(x,y)|N) for every N € N.

It is clear that (5.2.52) holds for N = 1. Suppose that (5.2.52) holds for N = Nj,
No € IN. We are going to prove that (5.2.52) holds for N = Ny + 1. We fix

j€{1l,---,n}and fixa, B € No, a+ B = No. From ag(x, x) = 5- —1 ., we have
d d d d

= P =
(5.2.53) ((« 7 " 50 ) (= 5 aw]) Jao ) (x,x) = 0.
From (5.2.53), we have

d d

(5.2.54) ((a—)”‘( =—1P10)(0,0) =

J a1,42,B1,82€No,a1+ar=a,B1+Br=PB,a2+p1>0

9 oy 9 a J p 9 B2
Cal,az,ﬁ1,ﬁ2<(a_zj) 1(8_7/!)]) (a_z]) 1(8_) ﬂo)(0,0),
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where ¢y, a, 6,5, 18 @ constant, for every ay, a2, 81,2 € No, a1 + a2 =, f1 +
B2 = B, &2 + B1 > 0. Since ap + B > 0, from (5.2.50) and (5.2.51), we get

5259 (520" (5o () () 00) (0.0) =0,
for every ay, a2, B1, B2 € No, a1 +ap = a, 1+ B2 = B, a2 + p1 > 0.
From this observation and (5.2.54), we get
(5.2.56) ((%)“(%)ﬁao) (0,0) = 0 for every a, f € No, a + B = Np.
j j

We can repeat the proof of (5.2.56) with minor change and deduce that

0 0
(5.2.57) <($)“(%)ﬁag> (0,0) =0 for every o, B € NG, |a| + |B| = No.
Since ag is independent of x;,,11 and ag(x’, x) = anTH, we have
Jd N
(5.2.58) (( ) ao) (x,x) =0, forevery N € N.
OY2n41

From (5.2.58), we can repeat the proof of (5.2.56) with minor change and deduce
that

6259 (o) (o) (52

r =
ow a]/2n+1) a0>(0,0) 0

for every o, B,y € NG, |a| + |B| + |7] = No.
From (5.2.50), (5.2.51), (5.2.57), (5.2.59), we can check that

1
a0 (x,y) = o=l = O Ge ) ™).

By induction, we get the claim (5.2.52). From (5.2.52), our theorem follows. [l

5.3. Calculation of the sub-leading coefficient

To calculate the value for sub-leading coefficient , we need to choose some
other suitable coordinates and phase function. We quickly explain our strat-
egy of the proof. On one hand, locally we already have choices ¢(x,y) and
s(x,y,t) ~ E;;"S si(x,y)#"J such that

too
(5.3.1) I1(x,y) E/ W) (x,y, t)dt
0
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with the properties

(5.3.2) T2 0 ¢(x,y) =0,

(5.3.3) Ty oso(x,y) =0,
1

(534) So(x, X) = W

On the other hand, given any point p in the local picture we will embed the
neighborhood of p into C"*!, which of course preserves the CR structure of X,
and construct a holomorphic coordinates zj = Xgj1+ x5, j=1,---,n, and a

special pair (qb(x,y),a(x, y,t) ~ Z;;"S aj(x,y)t”*J) such that

+oo .
(5.3.5) I(x,y) = / MY g (x, y, t)dt
0
with the properties that at (x,y) = (p, p), where p is identified at 0, we have
. ot
(5.3.6) Rgcal(0) = —2i j,Ez—l 92,97,02,9%, 0,0),
92\ L o4

(5.3.7) (0) = 2i 0), £=1,---,n,

aZgaZg =1 aZgafgaZ]'aZj

where A(x)dx is the volume form on X associated by «, and

(5.3.8) T? o ¢(x,y) =0,
1
(5.3.9) ap(x,y) = ponr1 t O(|(x,y)|N), forany N € N.

Then, we will perturb ¢ by the Malgrange preparation theorem [40, Theorem
7.5.5] and we will combine the trick in the previous section to show that actually

there is also a pair <<I>(x,y), A(x,y,t) ~ Zji"g A]-(x,y)t”_j> such that

+oo
(5.3.10) II(x,y) = / POV A(x,y, t)dt
0

with the properties that at (x,y) = (p, p) we have
(5.3.11) T2 0 ®(x,y) =0,

ot ot .
(5.3.12) W , —W(O,O), jl=1---,n,
(5.3.13) Ty 0 Ag(x,y) = 0,

(5.3.14) Ap(x,x) = # +0(|(x,v)]?).
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By the microlocal analysis of IT = I1?, we will show that we have

1 | & 9°A z o*d
3.1 A - -y
(5 3 5) 1(0’ 0) 27+l [/; (E)z]aZ]) (0) 1jZZ:1 aZjafjaZgaZg (0)

If the above strategy works, then by Lemma 5.5 and Lemma 5.6, we can com-
pare s1(p,p) = Ai(p,p) at all point p and we can prove Theorem 1.6 by the
calculation of A1 (p, p).

Let us start the proof now. We recall that in §1 we present the CR embedding
theorem dues to Boutet de Monvel: for any fixed point p € X there is an open
set U of p and an injective immersion F given by

(5.3.16) F:U—C",
(5.3.17) x = (Fi(x),---, Fipq(x)),

where Fi,- - ,F,41 € €*(X) NKer 9,. From now on, we identify U with
oM N Q), where

(53.18) oM :={zc C"!: r(z) =0},

(53.19)  r(z) € €°(C"L,R),

(5.3.20) J(dr) = 1 on dM, ] is the standard complex structure on C"*1,
(5.3.21) Q) is an open set of p in C" 1.

By standard Chern-Moser argument, we can find local holomorphic coordi-
nates x = (xll' T /x2n+2) =Z= (Z]_/' o /Zn—|—1), Z]' = x2]'_1 +1x2],] = 1,' .. ,Tl-|—
1, defined on small enough () such that
(5.3.22) z(p) =0,

n

(5.3.23) r(z) =2lmz, 1+ Y |22+ O(|(z1,- -, zaa])*),
j=1

and we have a special Szeg6 phase function

(5.3.24) d(x,y) :=p(z,w)|uxu
where

1 %ty P N1
(5.3.25) p(z,w) = = Y. W(O)E_! +O(|(z,w)|™ ™)

a,BENITY |a|+|B|<N
for every N € IN,
such that

too
(5.3.26) I(x,y) = / Y g(x,y, t)dt mod € (U x U).
0
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Now we let D be an open set of R***! and 0 € D. From implicit function the-
orem, if Q) is small enough, we can find a function R(xy, - - -, xp,41) € €%°(D)
such that

(5.3.27) forevery x € Qand (xy,--- ,x,41) € D,
x € Uifand only if xpp40 = R(xl,- - ,x2n+1).

From now on, we assume that () is small enough so that (5.3.27) holds. We let
x = (x1,- -+, X2n+1) be local coordinates of D given by the map

(5.3.28) (1, ,x2n41) € D= (x1,- -, Xop41, R(x1, - -+, x041)) € U.

From now on, we identify U with D and we will work with local coordinates
x = (x1, -+ ,X2n41) as (5.3.28). The following follows from some straightfor-
ward calculation. We omit the details.

PROPOSITION 5.8. With the same notations and assumptions in this chapter, we
have

1 2n
R() = — Y2+ O(xf¥),

(5.3.29) , =1
02R 1 .
0zj0Zk (0) = =20 k=1, m

OR 3R
(5.3.30) a(x) = dxp, 1 — 12 < dz]> +O(|x]h),

az] oz

' n ZR
(5.3.31) da(x) = 21 - 52,57 dzj \dzy + O(|x[?),
(5.3.32) TiYX = span 9 za—R J +O(|x|h) n
o X 8 aZ] axszrl -1 ’
9 2
(5.3.33) T(x)=— + O(]x]%).
0Xx2p111

In particular, the volume form on X given by

1 [(—da\"
(5334) A(x)dxl . -den_H = E — Y
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satisfies
A(0) =1,

(5335 N0y =0, =1, ,2m+1.
ax]'

We also need the following result.

PROPOSITION 5.9. With the same notations above, we have

(5-3-36) ¢(x/ y) = —X2p+1 T Y2n+1

+%i“%—%V+@%—%@ﬂ+OO&JW)
P

844) ] a4R .
T2mmm 0 = i, O bk s € (Lo ),
(5.3.37)
ot (00):—1'84—12(0) ik tse{l,--,n}
;W dWIWs 92j0zy0z,0zs - oo, n},
0 ) .9 .
where 35 = %(31/2]‘71 — 1%),] =1,---,n,and
(5.3.38) 124(0,0) = 0.

PROOF. By the construction of p(z, w) and our choice of coordinates, we can
check that

(5.3.39)

n
$(x,y) = —Xans1 +Yans1 — iR(x) + R(y) + }_ 2] + O (| (x,y)")
j=1
I & _
= —x1 + Vi1 + 5 1 (152 =22+ [wy2) + 0 (1))
j=1

ron
= 1+ Vi1 + 5 L |17 — w2+ (Eoy — 2@) | +0 (1 y)I*)

j=1
and
(5.3.40)
. 1 1
P(x,0) = — x0541 — iR(x) + = Y -
1 | !y q!
[X]'EN(),]::[,...’n+1’a1+...+“n+1:4 n-+
LO 1 W, iR P
Xa a1 P “n+1( )Zl Zy (x2n+l +1 (X))
Zl . Zn—l—l

+o(uP).
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From (5.3.40), we get
otp . 9'R :
(5341) W(0,0) = _IW(O)’ ]/k,g,S € {1/ U /n}.
Similarly,
otp . 9"R ,
(534:2) aw]aw]{awzaws (O, 0) = —ZW(O), ],k, ﬁ,S € {1, R, ,Tl}-

From (5.3.39), (5.3.41) and (5.3.42), we get (5.3.36) and (5.3.37).
Finally, because for all x near p we have

d

(5.3.43) T(x) = — +0(|x),
0X2p41

it is clear that

(5.3.44) T2¢(0,0) = 0.

O

By the Malgrange preparation theorem [40, Theorem 7.5.5] we may assume
that

¢(x,y) = f(x,y)®(x,y) on D,
O (x,y) = —x2011 + 8(x, ),

where f(x,v),8(x',y) € €°(D x D), x' = (x1,- -+, x2,,). From Proposition 5.9,
it is straightforward to check that

flx,y) =1+0((x,y)%),

(5.3.45)

(5.3.46) "
d(x,y) satisfies (5.3.36), (5.3.37) and (5.3.38).
So we have
+oo too
(5.3.47) I1(x,y) E/ e V) g (x, y, t)dt E/ ") A(x,y, t)dt,
0 0
where a(x,y,t), A(x,y,t) € SH(D x D xRy),
(5.3.48)

o0 ,
a(x,y,t) ~ Y ai(x,y)" Tin S%(D x D x Ry), aj(x,y) € €°(D x D),
=0

+o00 ,

A(x,y,t) ~ Z Aj(x,y)t”*] in S (D x D xRy), Aj(x,y) € ¢ (D x D),
=0

ai(x,y),Aj(x,y) € €°(D x D) forall j € Np.
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We can repeat the proof of Lemma 5.6 and conclude that we can take a;(x,y),
A]-(x, y) independent of x5, 11 for every j € INg. From now on, we assume that
aj(x,y), Aj(x,y) are independent of x5, 1 for every j € INg and denote them by

aj(x,y) = aj(x,y), j=0,1,---,
A](x,y) — Aj(x/,y), ] — 0,1’ cen
We recall that by the construction of p(z, w), we can directly check that

(5.3.49)

(5.3.50) 9p,x(¢(x,y)) vanishes to infinite order at x = v,

(5.3.51) éb,y(—a(y, x)) vanishes to infinite order at x = y.

So we can repeat the proof of Theorem 5.7 with minor change and deduce that
1

(5.3.52) ag(x',y) = o) +O(|(x,y)|N forevery N € NN,

and certainly
1
(5.3.53) ao(x, y) ly=x—0 = ST (Txoao(x’,y)) ly=x=0 =0

Moreover, from Lemma 5.4 and the proof of Lemma 5.6, we can take Ay (x’,v)
to be

(5.3.54) Ao(¥',y) = ao(x', y) :

(', g(x,y)),y)

where fis an almost analytic extension of f. From (5.3.46), (5.3.52) and (5.3.54)
and , it is easy to see that

4

1
(5.3.55) Ag(x',y) = it O(|(x,y)]?).
and of course

1
(5.3.56) Ao(x!, ]/)|y:x:0 = S (Tx oAy (x',y)) |y:x:0 —0
We also notice that
(5.3.57) (T?¢)(0,0) = 0 = (T?®)(0,0) = 0.

As we mention earlier, from Lemma 5.5 and Lemma 5.6 we can see that to prove
Theorem 1.6 we only need to calculate a1(0,0) = A1(0,0).
To compute A1(0,0), we apply the projection relation

(5.3.58) I1 = IT2.

Equivalently, in the sense of oscillatory integral we have

(5.3.59) II(x,y) = /DH(x,w)H(w,y)/\(w)dw mod ¢ (D x D),
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where A(w)dw is the volume form on X. Now, after shrinking D if necessary,
from

(5.3.60) (x,y) € €°(X x X \ diagX x X)

we may assume that all the base variables x,y, w € D are within a compact set.
Then, in the sense of oscillatory integral, we have

(5.3.61)
too
/ Y A(x, y, t)dt
0

+oo  pto0 ) )
= / / / ezt@(x,w)+zs<b(w,y)A(x, w, t)A(w, Y, S)/\(W)dwdtds
0 0 D

+o00 400 ) )
E/ (/ / eztcl>(x,w)+zta<1>(w,y)tA(x, w, t)A(w,y, ta)A(w)dwda) dt,
0 0 D

and the integrand over (w, 0) in the last line can be arranged into

oo /
(5.3.62) / / —Xon11+8(x W) 40 (—wani1+g(w'y))
X tA(x,w, t)A(w,y, to)AM(w)dwdo.

We consider the phase function

(5.3.63) ¥(w,0,x,y) == —xou41 + (X, W) + o (w1 + g, y)),
and it is clear that ImY > 0 for o > 0. We also have
(5.3.64) dy¥ = dypg (X, w) + o(—dwy, 1 +dug(W,y)),
0
(5.3.65) % = —wyut1 + g(w',y).

With respect to (w, o) we consider the matrix Hess(¥) which is a matrix of the
form

t
(5:3.66) Hess(¥) = |0z (80 0) 080" ) (G5 (~wa 8 y)'|
2 (—wops1 + (W, y)) 0
Directly, at (w,c;x,y) = (0,1,0,0) € R""! x Ry x R¥"*1 x R?"*1 we have
(5.3.67) ¥ = 0and duyo¥ = 0

and we can notice that ® satisfies (5.3.36), (5.3.37) and (5.3.38), cf. (5.3.46)), and
we can compute that at (w,o;x,y) = (0,1,0,0) € R""! x Ry x R+ x R?"+1,
(5.3.68)

2ilh, 0 0 2il, 0 0
detHess(¥) =det| 0 0 —1| =—det| 0 1 0| =(—1)""12?",
0 -1 0 0 01
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Hence, we can find a solution W(x’, y) and Z(x/,y) near 0 € R¥"*?and 1 € R,
such that

Y = = ¥ <
(5.3.69) (WS xy) = (W5 xy) =0,
We note that W(x,y) = W(x’,y) and W(x,y) = Z(x',y) are independent of
Xon+1- So by the stationary phase method of Melin—-Sjostrand Theorem 2.2 we
get

too
/ ") A(x, y, t)dt
0

too oo o
(5.3.70) = / / / @I A (x, w, 1) A(w,y, to) A(w)dwdodt
o Jo Jp

/Jroo eit(_xzn+1+§(xl’w(x,'y)) ) B(x’ Y t)dt’
0

where
(5.3.71) B(x,y,t) ~ Y Bj(x,y)t" 7in S%(D x D x Ry),
j=0

Bj(x,y) € €*(D x D), forevery j € Np.

Since both W(x/,y), (x’,y) and A;(x',y) are independent of x5, for every
j € Ny, it is straightforward to see that

(5.3.72) Bj(x,y) = Bj(x’,y) + O(|x — y|") forevery N € N, j € N.

Also, we observe that

NI—=

Bo(0,0) = det (Hes—s("))> 7 45(0,0)2A(0)

2711
1 1 ?
_ pnt
(5.3.73) =27 (zﬂm)
1
- ontl
= Ap(0,0).
For now IT = T2, we have
(5.3.74)
/+°° eit(_XZn+1+g(x/,]/))A(x, y, t)dt = /+°° eit(—xzn+1+§(x’,W(x’,}/)))B(x, y, t)dt.
0 0
Because of

(5.3.75) Ao(x,y)Bo(x,y) # 0,
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by the partial Fourier transform argument in the proof of Theorem 2.6, we can
show that
(5.3.76) 3 (x’,W(x’, y)> = ¢(x,y) + O(]x — y|N) for every N € N.

We may accordingly replace g (x’ W (x/, y)) by g(x’,y) and we have

400 | +oo
(5.3.77) / POV A(x,y, t)dt = / e'®EY)B(x, y, t)dt mod €*(D x D).
0 0

We need the following observation.
LEMMA 5.10. With the notations used above, we have
(5.3.78) Bj(x,y) = Aj(x,y) + O(|x — y|N) forevery N € N, j € N.

PROOF. We can apply Malgrange preparation theorem [40, Theorem 7.5.6]
and repeat the discussion of (5.2.17) to conclude that

(5.3.79) Bo(x,y) — Ao(x,y) = h(x,y)(—x2ns1 + g(x,y)) + O(]x — y|N)
forevery N € IN,j € N,

where h(x,y) € €°(D x D). After taking an almost analytic extension and
Xon11 = (¥, y) in (5.3.79), we can notice that up to O(|x — y|V), for every N €
Ny we have By(x,y) — Ao(x,y) being independent of x,,,,1, and we conclude
that

(5.3.80) Bo(x,y) — Ao(x,y) = O(]x —y|N) forevery N € N.

From (5.3.80), Malgrange preparation theorem [40, Theorem 7.5.6] and the dis-
cussion of (5.2.17) to conclude that

(5.3.81) Bi(x,y) — A1(x,y) = I (x,y) (—x2n41 + 8(x,y)) + O(|lx —y|V)
forevery N € IN,

After taking an almost analytic extension and Xp,11 = ¢(x/,y) in (5.3.81), we
can notice that up to O(|x — y|V) for every N € INg we have By (x,y) — A1(x,y)
is independent of x7,11, and we conclude this as

(5.3.82) Bi(x,y) — A1(x,y) = O(]x —y|N) forevery N € N.
Continuing in this way for j = 2,3, - - -, the lemma follows. [

Now we look from another way for the relation I'T = I12. From (5.3.70), we
see that

+o00 .
t / / (H(@OW)+e@0) A (0,1, £) A(w, 0, t0) A (w)dwde
0 D
~By(0,0)t" + B1(0,0)t" 1 4 ...

(5.3.83)
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We will see that from the the asymptotic expansion (5.3.83) and Lemma 5.10
there is a recursive formula between the first and the second coefficient. We let

(5.3.84) F(w,0) :=®(0,w) + c®(w,0) = g(0/,w) + o(—wa, 1+ g(w’,0)).

As (5.3.68) and the discussion of (5.3.68), we have (d,,F)(0,1) =0, (d-F)(0,1) =
0,

2il), 0 0
(5.3.85) detHess(F)(0,1) =det | 0 0 —1| =(—1)""127,

0 -1 0

by 0 0
(5.3.86) Hess(F)"'(0,1)=| 0 0 -1|,

0 -1 0
and

. n 82 82

3.87 Hess(F)~1(0,1)D,D ) = 2i 2
(5.3.87) (Hess(F)~'(0,1)D, D) 'V 5275 * e

where D := (—i0y,, -+, —i0xy, ., —iag)t is the column vector. By Hérmander
stationary phase formula Theorem 5.2, we have

(5.3.88) Bo(0,0)#" + B1(0,0)¢" 1 + - -

(5.3.89) ~t /O - /D etF(©0) A (0,0, ) A(w, 0, to) A (w)dwde
. 3+

(5.3.90) ettFO1) ot (tHess2(712(O,1)) ];) Fip,

(5.3.91) A2 TN (M Py + P ),

where

(5.3.92) Py = Ap(0,0)%A(0),

(5.3.93)

i—l

=y -
0§§§2 pl(p+1)!

n 82 az ]l+1
X |1 — + GH(x,0)Ap(0,x)Ag(x,0)A(x)c™) (0,1
(;azjazj ax2n+150> (GF(x,0) Ao(0, x) Ag(x,0)A(x)e™) (0,1)

+2A0(0,0)A1(0,0)A(0),
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and
G(x,0) i= F(x,0) — F(0,1) — = { Hess(F)(0,1) [ * *
4 . 4 7 2 7 0. _ 1 7 0. _ 1
1 X X
(5.3.94) = F(x,0) — > <Hess(F)(O, 1) <(7 - 1) , (U - 1) > :
We can check that
"G 2n+1
(5395) W(O,l) =0 forall n1 € NO , Xy € NO, |0€‘ = ‘0(1| + ’(Xz' < 2.
From Proposition 5.9 and (5.3.46), we can find that
(5.3.96)
"G 0~

®(0,x) + P(x,0))| =0, foralla € N3"", |a| = 3.

x=0

o 0D =55 (

Also, we observe that
0“G
a o
We now calculate each terms in P;: For y = 0 in the summation, the summand
is

(5.3.97) —(0,1) =0, foralla € Ny, |a| > 2.

1(.& o2 0? ,
(5.3.98) - (z ]; 52,32, + 8x2n+180> (Ag(0,x)Ag(x,0)A(x)c™) (0,1);

for y = 1 in the summation, the summand is

1 n n 84 84
3. — 2i
(5:3.99) 2i ]:L:‘ 02,0Z;02,0Z). az]azkazk + 1}2 020Z0X2 1100 T2 o002

1 X5, 41

acting on
(5.3.100) G(x,0)An(0,x)Ap(x,0)A(x)c"
valuing at (x,0) = (0,1); and for = 2, the summand is

1 o a6 n 86
(63101) 35 <—sz§: | 92j02,02,9%0200%; 3j,k2:1 02,0Z,02, 020X 1100

n 96 P >
+3i) —— +
= 0zj0Zj0x3, 1002  9x3, 1007

acting on

(5.3.102) G2(x,0)Ap(0,x)Ag(x,0)A(x)0™"
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valuing at (x,0) = (0,1). Thus, by Proposition 5.8, Proposition 5.9, (5.3.46),
(5.3.95), (5.3.96) and (5.3.97), also with (5.3.55) and Lemma 5.10, it is straightfor-
ward to check that

(5.3.103)
Py —A0(0,0)? [(i azA_> : i 0*(g(z,0) + ¢(0, Z))(OI,O)]
]

— 0z;0zZ; fiast azjaz]&zkazk

+240(0,0)A;(0,0)A(0).

From (5.3.35), (5.3.37), (5.3.46) and notice that Ay(0,0) = 57— ~—ir, We can rewrite
(5.3.103):

(5.3.104)
1 to[ 9% L 9*R 1
P=——— — 1 (0) + =——=——(0)| + =—=A1(0,0),
! (27T”+1)2 l; (aZ]aZ]> (0) j,kz—l aZ]'aZjaZkaZk( ) mrntl 1(0,0)
where R is as in (5.3.37). From Lemma 5.10 and (5.3.88), we get
(5.3.105) A1(0,0) = B1(0,0) = 27" Py,
From this observation and (5.3.104), we get
(5.3.106)
A1(0,0) = B1(0,0)
= 27" p
1 L ) 4 0*R
i l; (az,-az]-> +]Zl azz 0z, )| T2(0.0)

and it remains to calculate

63107) 40,0 =——— |V (L2 ) 0+ 7 PR (g
o 1\ - 27-(n+1 i1 aZ]aZ] jkzl aZ]'anaZkazk

Now, we calculate each term in (5.3.107) by the geometric data on X. We
will continue work with local coordinates x = (x1,- -+ ,x2,11) as (5.3.28). We
first calculate the Tanaka—Webster scalar curvature in terms of the coordinates
x = (x1,- -+, X2+1).The following data can be obtained from Proposition 5.8:

oOR R
(5.3.108) w(x) = dxgn1 — zz ( dz]) +0(|x[%),
i= E)z] oz
" 9’R
(5.3.109) de(x) = 2i Z ———dzj Adzp + O(|x]?),

82]8_
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(5.3.110) T(x) = — J +0(|x|?),
0X2y1 41
9 AR 9 !
(5.3.111) TlOX_span{L} —span{g—kigax +O(|x|4)} ,
] i 2n+1 =1
(5.3.112) Lj:i+za_R 9 +O(|x[*), j=1,--,n

82]- aZ] 8x2n+1

We write V. L; = l"i]-Ll, where V denotes the Tanaka-Webster connection in
Proposition 5.3. From [78, Lemma 3.2], we have

(5.3.113) da (Vi,Lj, L) = Li(de(Lj, Ly)) — de (Lj, [Li, L] 7o1) -
Directly, we can check that
aZ
_ ) 3
(5.3.114) de (V1L Ti) = da (r Ly, Lk> 2l + 0 (\x| )

- . R oR R 3

and
(5.3.116) [L;, Ly]
0 oR a OR 0 4
— | 15 g + Ol 5 — i 52— + Ol
_ (9R 9’R ~OR 82R o 0’R d o)
-\ 02 0Z X1 0%k 020Xy 41 0z;0Zk ) 9X2y41 '
So we have
(53117) da (L], [Li,zk]T(m) = O(|x|3)

Accordingly, by (5.3.29), foralli,j,k =1,--- ,n,
k
(5.3.118) T%(0) = 0.
Moreover, by taking % both sides in (5.3.113), from (5.3.29), (5.3.114), (5.3.115)
and (5.3.117), it is not difficult to check that
oT’ 'R

ij _
(5.3'119) azh (0) zaziazjazkazh (0
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Now, we let {¢*}_; and {93};7:1 be the dual frame of {L,}"_; and {fﬁ};?zl,

respectively. We denote
(5.3.120) VL, = wl ® Ly,

and we can check that the (1, 1) part of dwf is

n —
(5.3.121) - ) (LeF’3 ) 6 A 6"+ O(|x|),
k(=1

and the (1,1) part of ®§ = dwf wy A a)g denoted by

n
B ok A ol
(5.3.122) k;_l R’ 6N O
equals the (1,1) part ot dwg . Hence the pseudohermitian Ricci curvature tensor
at origin is

(53.123) R Z RP f %(0) ) i 34—R(0)
=" L & 920702,

Also, for

(5.3.124) —da = ig 50" A 0P,

we can find that 6*(0) = dz, and 6 (0) = dzg, and

(5.3.125) 2,5(0) = dup.

We let ¢ be the inverse matrix of g5+ We have ¢°(0) = .4 and the Tanaka-
Webster scalar curvature at the origin is

(5.3.126) Recat(0) = g*R ;(0) =2Y" )"

Finally, for the volume form

(5.3.127) Alx)dx = ((‘Td“) A a> )
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we have the expression

1 o 32R _ o)
— (—jk_lzazjazkdszdzk+O (\x| ))

v [ OR OR
A (dx2n+1 —1 Z (a—Z]dZ] — a—z]dzj> + O (|x|4>>

j=1

1 n %R dZ] A dzy 3 !
=— 2
n! (1;—1 aZjaZk —2i +O <|x| )

& [ OR oR _ 4
A (dxan — 1]; <8_z]~dzj — 8_Zjdzj> +0 <|x\ >) .

From Proposition 5.8, we can check that

(5.3.128)

(5.3.129)
PN 1\"'& 'R noo 'R
824824( ) =(=2) 2 ]; 82482482]-827( ) ]; az€aZgazjazj( )

From (5.3.107), (5.3.126) and (5.3.129), we conclude that
1
(53130) Al (0, O) - MT_HRSCEJ(O)'

Thus, the proof of Theorem 1.6 is completed for the point-wise equation (5.3.130)
holds for all xg € D and Ry, is globally well-defined on whole X and in partic-
ular on D.
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