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Introduction

Research interest in the terahertz (THz) frequency range surged in the second
half of the 20th century, driven by its potential to investigate new material
properties. With the invention of oxygen and nitrogen liquifiers in 1883 and
helium liquifiers in 1908, scientists were able to explore low-temperature and
low-energy phenomena. THz spectroscopy, with its inherent sensitivity to the
meV energy range (1 THz =̂ 4.1 meV), is uniquely positioned to explore low
energy phenomena. This sensitivity allows for the study of phenomena such
as the binding energy of Cooper pairs, magnetic excitations, charge density
waves, or more general low energy electron dynamics in strongly correlated
materials. Achieving THz frequencies is inherently difficult: microwave gen-
eration is limited to under 100 GHz, and optical infrared spectroscopy strug-
gles with frequencies below 10 THz, resulting in the so called THz-gap. Be-
fore the advent of modern THz generators, researchers used backward-wave
oscillators to reach frequencies from a few GHz up to 1 THz [1–3]. Although
effective for studies like measuring the magnetic excitations in rare-earth or-
thoferrites [3], these early methods were surpassed by more advanced tech-
niques developed later, following the development of ultrafast laser sources
in 1966 [4, 5].

In 1988 and 1989 Ch. Fattinger and D. Grischkowsky demonstrated the
possibility of generating and detecting freely propagating THz pulses on sub-
picosecond timescales [6, 7] based on observations made by Auston et al. in
1984 [8]. The power of this approach was demonstrated a year later with
the broadband, i.e., 0.1 to 2 THz, investigation of doped silicon [9]. Further
development improved the accessible frequency range up to 4 THz [10], en-
abling the investigation of low energy phenomena laying in the energy range
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between 0.4 and 16 meV. However, this approach was limited in the time res-
olution and detector response function. These problems were addressed by
Q. Wu and X.-C. Zhang in 1995 were they demonstrated free-space electro-
optic sampling of THz beams using crystals instead of antennas [11].

The development of freely propagating THz pulses on subpicosecond
timescales opened the possibility for a usecase in ultrafast optics applications.
One of the first results was an optical pump THz-probe study of silicon per-
formed by Jürgen Zielbauer and Martin Wegener [12]. With the investigation
of various phenomena using THz pulses as a probe, there was growing in-
terest in using THz pulses as a pump to potentially achieve coherent control
of many of these low-energy phenomena. For tabletop experiments this ad-
vancement came in 2002 when Hebling et al. developed the by now well
known tilted-wave-front optical rectification technique [13]. With this new
method, THz pulses with peak electric fields up to 1 MV cm−1 [14] became
usable in pump probe experiments to access and drive low energy excitations
directly, paving the way for new experimental approaches.

Recently, the field of ultrafast THz spectroscopy expanded to the investi-
gation of THz driven nonlinear phenomena [15–18]. The high field strength
achievable nowadays can drive systems so far out of equilibrium that the first
order perturbation description is not accurate anymore. By using harmonic
generation scientists were able to investigate the Higgs mode in supercon-
ductors [15, 16] and the charge carrier dynamics in Dirac matter [17]. By us-
ing 2D THz pump spectroscopy it was possible to investigate the nonlinear
energy flow between lattice and magnetic subsystems [18].

These advancements in ultrafast THz spectroscopy will be used in this
thesis to investigate quantum phenomena at low temperatures. A particu-
lar focus is on the THz harmonic generation in the strongly correlated tran-
sition metal oxide (Sr,Ca)RuO3 and the BCS superconductor MgB2. Further-
more, the magnetization dynamics under strong THz drive in the ferrimagnet
(Gd,Bi)3Fe5O12 are studied.

(Sr,Ca)RuO3 (Chapter 2) is a strongly correlated metal in where the struc-
tural, electronic and magnetic properties all depend on each other. While
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SrRuO3 is a ferromagnetic Fermi-liquid, whereas CaRuO3 lacks a confirmed
magnetically ordered ground state and shows non-Fermi-liquid behavior.
This indicates a quantum phase transition taking place between SrRuO3 and
CaRuO3 [19–21]. The main driving mechanism behind the phase transition
is the stronger octahedral distortion in CaRuO3, which results in increased
electronic correlation and suppresses the magnetic order [22]. Despite exten-
sive efforts, the low-temperature optical conducting properties are still not
fully understood. The first far-infrared spectroscopic measurements were
performed in 1998 [23], and as recently as 2021 [24], there are still works
offering different interpretations to understand the optical response. This
thesis extends these investigations to the nonlinear response of (Sr,Ca)RuO3

in the THz frequency range, aiming to reveal the microscopic origin of the
low-temperature optical conducting properties.

MgB2 (Chapter 3) is the BCS type superconductor with the highest known
transition temperature at ambient conditions, which is 39 K [25]. The collec-
tive ground state that forms in a superconducting condensate has two funda-
mental excitations. These excitations are a change in amplitude, commonly
referred to as the Higgs mode, and a change in phase, commonly referred to
as the Nambu-Goldstone mode [16]. The Higgs mode lacks electric charge,
magnetic moment, and other quantum numbers, making it inaccessible to
linear probes [16]. However, in recent years THz harmonic generation spec-
troscopy has been established as a good probe of the nonlinear properties of
superconductors [15, 16, 26, 27]. By changing the temperature of the super-
conductor, the frequency of the Higgs mode can be tuned to be in resonance
with the THz excitation frequency, leading to a strong increase in THz third
harmonic generation [15, 16]. In this thesis, third harmonic generation is used
to investigate the nonlinear response of MgB2 in an external magnetic field.

(Gd,Bi)3Fe5O12 (Chapter 4) is an insulating ferrimagnet with magnetic
properties determined by the interactions among three individual sublattices.
There are two iron sublattices that strongly interact and align antiferromag-
netically. Due to their different magnetic moments, they form a joint iron
sublattice with a non-zero magnetization [28–30]. The gadolinium sublattice
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couples antiferromagnetically to the joint iron sublattice, giving rise to an ex-
change mode whose frequency depends on the magnetization difference be-
tween the sublattices [28–30]. The difference in temperature dependence be-
tween the gadolinium and joint iron sublattices offers a high degree of control
and tunability of the exchange mode [28–30]. In this thesis, this high degree
of control is utilized to tune the exchange mode into resonance with cavity
modes created by the sample interface, leading to an enhanced response.
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1 Methods

In this thesis, a variety of measurement techniques are used to investigate the
equilibrium and non-equilibrium properties of different materials. The main
focus of this work lays on the optical properties of materials within the THz
frequency range; therefore, understanding the principles behind THz gener-
ation and detection is important. First, the concept of nonlinear polarization
and the resulting nonlinear wave equation will be introduced. After which,
the generation of THz radiation via optical rectification with tabletop laser
sources is discussed. Additionally, undulators are explained as an alterna-
tive source of THz radiation. Furthermore, the THz detection process, both
coherent and non-coherent methods, are shown. Lastly, there is a discussion
on the various measurement schemes using THz radiation employed in this
work.
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1.1 Generation and Detection of Terahertz Radiation

The coherent generation and detection of THz radiation, due to the limita-
tions of electronics and optics, is not straightforward. Both processes are
based on nonlinear optical effects requiring high power short laser pulses
to be efficient. To understand these nonlinear processes, it is essential to con-
sider the underlying physical principles.

1.1.1 Nonlinear Polarization

The foundation for all descriptions for the interaction of electromagnetic fields
with matter are the Maxwell equations [1–3]

∇ · D = ρ, (1.1)

∇ · B = 0, (1.2)

∇× E = −∂B
∂t

, (1.3)

∇× H =
∂D
∂t

+ J. (1.4)

Here, ρ, J, and ∇ =
(

∂
∂x , ∂

∂y , ∂
∂z

)T
are the charge density, the electric current

density, and the nabla operator, respectively. D, B, E, and H are the electric-
and magnetic flux densities, and the electric- and magnetic- field strength,
respectively. These fields are connected via the constitutive relations [1–3]:

D = ϵ0E + P, (1.5)

H =
1
µ0

B − M, (1.6)
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where P, M are the polarization and magnetization of a given material in an
electric or magnetic field, ϵ0 and µ0 are the vacuum permittivity and perme-
ability. In vacuum, without materials or charges present, the Maxwell equa-
tions lead to the well known wave equation [2]

∇2E − 1
c2

0

∂2

∂t2 E = 0, (1.7)

with c0 the speed of light in vacuum.
When a material is present an applied electric field induces a polarization

P inside of the material. This polarization can depend arbitrarily complicated
on the electric field E however, in most cases a perturbative description is
sufficient [2, 3], e.g.,

P = ϵ0

(
χ(1)E + χ(2)E2 + χ(3)E3...

)
. (1.8)

Here, χ(1) is the linear electric susceptibility defined as χ(1) = ϵr − 1 with
ϵr the relative permittivity tensor describing the material’s dielectric proper-
ties [4]. Taking a polarizable material into account, Eq. 1.7 changes to

∇2E − 1
c2

0

∂2

∂t2 E =
1

ϵ0c2
0

∂2P
∂t2 . (1.9)

In this equation, ∂2P
∂t2 acts as a driving term for the electric field [2]. The polar-

ization P can be divided into a linear P(1) ∝ E and a non-linear PNL contribu-
tion. Furthermore, to account for dispersion, the fields can be decomposed
into their frequency components as follows:

E = ∑
n

Ene−iωnt, (1.10)

thus transforming Eq. 1.9 into frequency domain and yielding [2]:

∇2En(r) +
ω2

n

c2
0

ϵ(1)(ωn) · En(r) = − ω2
n

ϵ0c2
0

PNL
n (r). (1.11)
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This equation is known as the Helmholtz equation and will act as a basis for
further discussion on the terahertz generation in the next section.

1.1.2 Terahertz Generation

Nowadays, multiple methods exist to generate THz radiation for experiments.
In this thesis, two main methods for generation were used: Laser-based table-
top sources utilizing optical rectification in the co-linear and tilted-wave-front
geometries and accelerator-based undulator sources.

Optical Rectification

The main method used to generate THz radiation in a tabletop setup is based
on optical rectification. It can be imagined as difference frequency generation
(DFG) between two photons of a short light pulse. Figure. 1.1 shows an illus-
tration of the DFG process in which two photons from a broad near infrared
pulse interact inside a nonlinear crystal.

𝜔

I

𝜔1 𝜔2

𝜔THz

k1
k2

kTHz

kx

ky NIR

Figure 1.1: Illustration for the difference frequency generation process. Two photons
of a near infrared pulse (NIR) generate a photon at THz frequencies.
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For this process to occur, the nonlinear crystal must have broken inversion
symmetry, meaning a nonzero χ(2) is required [3]. The emergence of DFG in
such a system can be understood by calculating the second-order nonlinear
polarization P(2), using two oscillating electric fields, E1(t) and E2(t), with
different center frequencies ω1 and ω2 applied:

P(2) = ϵ0χ(2)E1(t)E2(t) (1.12)

Assuming the electric fields are sinusoidal, with Ex(t) = E0 sin(ωxt) Eq. 1.12
becomes:

P(2) = ϵ0χ(2)
(

1
2

E2
0 [cos((ω2 − ω1)t)− cos((ω1 + ω2)t)]

)
. (1.13)

Two frequency mixing terms emerge, one with the sum (SFG) (ω1 + ω2) and
one with the difference (DFG) (ω2 − ω1) of both frequencies [3]. The DFG
process generates a photon with the energy and momentum relation

ωTHz = ω2 − ω1, (1.14)

kTHz = k2 − k1. (1.15)

Here ωx is the frequency and kx the momentum of the corresponding photon.
The coupled equations that describe the difference frequency process and

satisfying for each frequency component Eq. 1.11 in a loss-less medium are [2]

dE1

dz
=

2ideffω
2
1

k1c2 E2E*
THzei∆kz, (1.16)

dETHz

dz
=

2ideffω
2
THz

kTHzc2 E2E*
1ei∆kz, (1.17)

where E1 and E2 are the complex amplitudes generating the DFG, E2 is as-
sumed to be constant within the crystal, ETHz the complex amplitude of the
generated light, deff is the effective element of the χ(2) tensor, z the position
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inside the crystal and

∆k = k2 − k1 − kTHz (1.18)

the so called phase mismatch between the 3 waves. It is immediately visible,
that the amplitude change dETHz/dz is an oscillating function with the posi-
tion in the crystal z, and the period 1/2∆k. Therefore, to efficiently generate
the THz amplitude, i.e., have the sign of dETHz/dz be constant, the product of
the crystal thickness d and ∆k needs to be smaller then π to be within a halve
cycle oscillation of ei∆kz [2]. To understand why reducing ∆k towards zero is
called phase matching it is instructive to use k = nω

c0
and calculate:

nTHzωTHz

c0
= k2 − k1, (1.19)

nTHz

c0
=

k2 − k1

ωTHz
. (1.20)

The left side is equivalent to the inverse of the phase velocity of the THz
pulse vph. and for sufficient small ωTHz, the right side can be expressed as a
differential dk

dω . This being the inverse of the group velocity of the NIR pulse
leads to the relation

vTHz
ph. =

dω

dk
, (1.21)

showing that reducing the phase mismatch means matching the phase veloc-
ity of the THz pulse to the group velocity of the generating pulse.

While for some crystals the crystal thickness is easily tunable, there are
limits to the practicality of ultra thin crystals. Moreover, a reduced crystal
thickness shortens the time for the DFG process to take place reducing the
amount of generated THz radiation. Therefore, it is imperative to choose a
material and geometry where ∆k is as small as possible.
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Collinear phase matching The general concept behind collinear DFG is
straightforward. A near infrared pulse is either focused into or passes col-
limated through a χ(2) crystal. While passing through the crystal, THz ra-
diation is emitted at every point following Huygens-principle as elementary
waves [5, 6], therefore the THz wave forms as a cone. Based on the genera-
tion pulse and THz energy a maximum thickness satisfying ∆kz < π/2 for
this configuration can be estimated. Using a pulse centered at 800 nm ≡
374.7 THz generating a photon with the frequency of 1 THz inside ZnTe
yields z <= 0.0067 m = 6.7 mm. However, this calculation is to simple,
as it assumes that the only frequency generated is 1 THz, which is an over-
simplification.

As illustrated in Figure 1.1, a broad pulse is generated. Therefore, for
each generated frequency and generating frequency pair one has to consider
the phase matching condition. Further complicated by the fact that materials
have dispersion, changing the phase mismatch ∆k between the THz and NIR
frequencies. Finally, optical active phonons in the THz frequency range have
a large influence on the dispersive and absorptive properties, limiting the
crystal thickness in most cases to sub 1 mm [3]. The typical peak field strength
that can be generated using this generation geometry is < 10 kV/cm with
nonlinear crystals [3]. However, of note is the recent developments of organic
crystals for THz generation achieving field strength of up to 3 MV/cm [7].
The values for the nonlinear crystals used throughout this thesis are shown
in table 1.1.

Tilted-Wave-Front Generation Increasing the efficiency of THz generation
and achieving peak fields strong enough for THz pulses to become useful as
an excitation pulse in ultrafast optics applications requires a more elaborate
generation geometry than co-linear generation. Figure 1.2 (a) shows the gen-
eral concept behind the so called tilted-wave-front generation technique first
introduced by Hebling et al. in 2002 [5]. The wave-front of the generating
NIR pulse is tilted with respect to the propagation direction z. This results
in the projected group velocity vgcosγ along the propagation direction of the
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Figure 1.2: Tilted-Wave-Front generation geometry. (a) A NIR wave (red) propa-
gating along z direction. Left side THz radiation (blue) is emitted as circular waves
forming a cone of emission. Right side with its wave-front tilted by γ reducing the
group velocity vg projected on the THz emission cone, matching its phase velocity
vphTHz . (b) Collimated light shines on a grating, creating a spacial momentum dis-

tribution inside the χ(2)−crystal resulting in large area where the phase matching
condition is fulfilled.

cone of THz emission being reduced, therefore matching the phase velocity
of the THz pulse.

One way to realize the tilted-wave-front geometry is shown in Fig.1.2(b).
Here a grating is used to tilt the wave front. It can be thought of as creating
a spatial distribution of the wave vectors of the generating pulse inside the
nonlinear crystal. As shown in Figure 1.2 (b), the resulting THz pulse does
not travel collinear with the generating pulse in this geometry. By carefully
choosing the angle of incidence on the grating, field strength up to 1 MV/cm
have been achieved [5, 8].

Another important aspect not depicted in Figure 1.2 (b) is the lens/mirror
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system that images and magnifies the spot on the grating into the nonlin-
ear crystal. Furthermore, optical elements introduce chromatic and spheri-
cal aberrations, distorting the wave-front and reducing the generation effi-
ciency [8]. In this thesis, a two lens system is used, but other configurations
can be considered depending on the specifics of the generating pulse and
grating used [8].

Accelerator Based Generation

N
S

S
N

N
S

S
N

N
S

S
N

N
S

S
N

N
S

S
N

N
S

S
N

N
S

S
N

N
S

S
N

𝜆𝑢

z

Detector

𝜃

Figure 1.3: Schematic illustration of the function of an undulator. An highly rela-
tivistic electron beam (red) passes the undulator along z. The magnetic field (shown
as small dipole magnets with N north and S south pole) is perpendicular to the elec-
tron velocity and forces the electron path to oscillate with the undulator wavelength
λu. The accelerated electrons emit electromagnetic radiation in a cone which can be

detected or used for experiments.

Another source of strong THz pulses are facility-based accelerator sources
[9, 10]. At these facilities, electrons are accelerated to highly relativistic speeds
before being sent through an undulator, that can generate electromagnetic ra-
diation [11]. Figure 1.3 shows a schematic of the process of generation inside
an undulator. The undulator is comprised out of an alternating configuration
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of magnets. The distance between two magnets with the same orientation is
called the undulator wavelength λu [9, 11]. An electron that enters the un-
dulator from the left side with the velocity vz is forced onto an oscillating
path due to the Lorentz force and while the electrons are accelerated they
emit electromagnetic radiation [4, 11]. Since the electrons acceleration period
is repeated Nu-times the emitted electromagnetic wave interfere with each
other. Wavelength that interfere constructively can be described by the so
called undulator equation:

λ(θ) =
λu

2γ2

(
1 +

K2

2
+ (θγ)2

)
, (1.22)

with θ being the angle of detection relative to the undulator axis,

γ = 1/

√
1 −

(
vz
c0

)2
being the Lorentz factor and

K =
eBλu

2πmec0
(1.23)

the undulator strength parameter with e, B, and me being the electron charge,
the applied magnetic flux and the electron rest mass, respectively. By tuning
the parameters λu and B of the undulator and changing the electron velocity
vz one can achieve a wide range of electromagnetic radiation from THz to
X-ray radiation [9–11].
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1.1.3 Terahertz Detection

In this section, the methods used in this thesis for detecting THz radiation is
discussed. First, the function of a bolometer, used for determining the power
of a THz pulse, is examined. Second, electro-optic sampling (EOS), which
allows the detection of the amplitude and phase of the electric field compo-
nents of the THz pulse in one measurement, is described.

Bolometer

A bolometer is a detector used for measuring the power of electromagnetic
radiation. This process can be seen as a reverse black body radiation process.
Here, radiation is focused onto a black body which heats up. The black body
is coupled to a controlled heat bath and the temperature of the black body is
measured with a resistor. After a new thermal equilibrium is established the
incoming power can be estimated by measuring the temperature differential
between the heat bath and the black body. Since different frequencies have
different absorption coefficients, a bolometer must always be calibrated for
the frequency it is going to be used for.

Electro-Optic Sampling

Electro-optic sampling is used to measure the amplitude and phase infor-
mation of electromagnetic radiation within one measurement. It is based on
the Pockels effect which describes the change in refractive index n0 when an
electric field E is applied [3]:

∆n = n3
0deffE, (1.24)

with deff being the effective electro-optic tensor element found in Table 1.1,
meaning the crystal used for electro-optic sampling needs to have a broken
inversion symmetry in the same way the generation crystal does [3]. Since
the electric field has a direction, the change in refractive index can be posi-
tive or negative, enabling the EOS crystal to be used as a tunable waveplate.
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Figure 1.4: Illustration of the function of electro-optic sampling. (a) Linearly po-
larized light passes through a nonlinear ZnTe crystal with no external electric field
applied. The λ / 4-waveplate transforms the linear plorization into circular with
equal contribution of horizontal and vertical components. These are split by a Wol-
laston prism and then detected by Si diodes. (b) An electric field applied at the ZnTe
crystal changes the polarization state of the linearly polarized light passing through,

resulting in a change of detected intensities at the Si diodes.

Figure 1.4 shows a schematic illustration of the function of electro-optic sam-
pling. In Figure 1.4(a), linearly polarized light passes through a ZnTe crystal
with no external field applied. Therefore, after the crystal, the light does
not change its polarization state. After passing through a λ / 4-waveplate,
the light becomes circularly polarized. This polarization is split by a Wollas-
ton prism in its vertical and horizontal components, which are detected by
a pair of Si diodes. Since the intensities of both components are identical,
∆I = IA − IB = 0. In Figure 1.4(b) an external field is applied, inducing a
birefringence in ZnTe. The resulting polarization after transmission trough
the crystal is elliptical and, depending on the applied electric field direction,
has a different chirality. This change in ellipticity alters the polarization after
the λ / 4-waveplate, making it non-circular. Therefore, the intensities of the
horizontal and vertical components after the Wollaston prism differ, resulting
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in ∆I ̸= 0. The difference in the detected intensity then is proportional to the
applied THz electric field [3]:

∆I
I

=
ω800 nmn3

0
c0

deffzETHz (1.25)

with z being the thickness of the crystal, ω800 nm the frequency of light at
800 nm.

Crystal Spectral
Range
(THz)

Nonlinear
Coefficients
(pm/V)

Near-IR
Group
Index

THz
Refractive
index

ZnTe 0.1-3 4 3.24 3.17
GaP 0.1-7 1 3.55 3.32

Table 1.1: Properties of nonlinear crystals used in this thesis [3].
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1.2 Measurement Schemes

In this section, the different measurement schemes used in this thesis are ex-
plored. First, the THz time-domain spectroscopy setup used to character-
ize the samples are detailed. Furthermore, the data treatment for THz time-
domain data and how to extract the optical properties is discussed. Second,
the THz pump-optical probe setup used in Chapter 4 is described. Finally,
the THz harmonic generation setup used in Chapter 2 is outlined.

1.2.1 Terahertz Time-Domain Spectroscopy

Astrella

Sample

Delay line

ZnTe ZnTe ൗ𝜆 4

WP

Si

M

M

M

M

M

M

PM PM

PM PM

BS

L L L

Figure 1.5: Schematic view of the THz time-domain spectroscopy setup. An Astrella
(Ti:Sapphire) laser generates 800 nm pulses at a repetition rate of 1 kHz (red beam
path) used for generation and detection of THz pulses (blue beam path). Abbrevi-
ations shown: (BS) beamsplitter, (M) mirror, (L) lens, (PM) parabolic mirror, (λ / 4)
quarter-wave-plate, (WP) Wollaston prim, and (Si) denotes the pair of Silicon diodes.

Terahertz time-domain spectroscopy (THz-TDS) is a commonly used tech-
nique for investigating the optical conductivity of samples. THz-TDS has two
primary components: The generation and detection of THz radiation [12–15].
Figure 1.5 illustrates the experimental setup for measuring THz-TDS used in
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this thesis. Initially, broadband terahertz radiation is generated through co-
linear DFG. Subsequently, the emitted THz radiation is collected by a parabolic
mirror and focused onto the sample. The sample is placed on a cold finger
within a continuous flow cryostat to enable temperature control. To mini-
mize reflective losses, the cryostat windows are made of Polymethylpentene
(TPX). After passing through the sample, the THz radiation is collected by
another parabolic mirror and then focused onto a 1 mm thick ZnTe crystal
for electro-optic sampling. To eliminate absorption by water in the air, the
entire THz generation and detection system must be either purged with dry
Nitrogen gas or maintained under vacuum.

Analysis of Terahertz Time-Domain Spectra

𝐸(𝜔) 𝑎2𝑡1,2𝐸(𝜔) 𝑡2,3𝑎2𝑡1,2𝐸(𝜔)
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𝑎2
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𝑡2,3𝑟2,1𝑟2,3𝑎2
3𝑡1,2𝐸(𝜔)
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Figure 1.6: Illustration showing how the transmission function is build up with Fres-
nel coefficients.

Electro-optic detection, as a coherent detection method, allows for the si-
multaneous measurement of phase and amplitude of the transmitted THz
radiation. This capability enables the extraction of the complex transmit-
tance function t̂(ω), which encodes the material properties in the complex
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dielectric function [3]. To model the complex transmittance of our sample,
one can imagine the sample as an optically thick slab, as depicted in Figure
1.6. Assuming the electric field before the sample is denoted as E0(ω), the
transmitted field can be described using Fresnel coefficients [4, 16]:

Êt(ω) = t2,3a2t1,2Ê0(ω), (1.26)

where t1,2, a2, and t2,3 represent the transmission coefficient at the first inter-
face, absorption coefficient in the medium, and transmission coefficient at the
second interface, respectively. Assuming a simple case in which media 1 and
3 are vacuum and medium 2 has the complex refractive index n̂(ω), one can
write [3]:

Êt(ω) =
4n̂(ω)

(n̂(ω) + 1)2 ei ωd
c (n̂(ω)−1)Ê0(ω), (1.27)

thus yielding:

t̂(ω) =
Êt(ω)

Ê0(ω)
=

4n̂(ω)

(n̂(ω) + 1)2 ei ωd
c (n̂(ω)−1). (1.28)

When the sample is sufficiently thick, internal reflections can be disregarded
by truncating the time window before the arrival of reflections. However,
this approach has limitations. Considering a typical THz pulse duration of 5
ps and a typical refractive index of 3, if the sample thickness is less than 250
µm, the reflections within the sample arrive within the same time window
as the first pulse and must be accounted for in the complex transmittance
formula. The calculations follow the same methodology as in Equation 1.28.
Additional terms (see Fig. 1.6), that consider the reflections at the sample in-
terface and the absorption occurring during internal reflection have to be in-
troduced. For the general case where the first and second media are vacuum,
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the complex transmittance is given by [14, 16]:

t̂(ω) =
4n̂(ω)

(n̂(ω) + 1)2 ei ωd
c (n̂(ω)−1)

k

∑
i=0

((
n̂ − 1
n̂ + 1

)2

e2i ωd
c n̂(ω)

)k

, (1.29)

with the sum taking k-number of reflections into account. To investigate
metallic thin films using this geometry, the conductive thin film limit has
to be considered. Using Equation 1.29 as a starting point one can do a non-
trivial Taylor expansion to arrive at the so called Tinkhams formula [12–14,
17]

t̂(ω) =
1 + n̂(ω)

1 + n̂(ω) + Z0σ̂0(ω)d
(1.30)

with n̂, Z0 = 377 Ω, σ̂0, and d being the complex refractive index of the sub-
strate, the permittivity of free space, the complex optical conductivity of the
thin film, and the thickness of the thin film respectively [12, 13].

Having discussed how to describe the complex transmission function, the
next step is to extract the optical parameters. For Equation 1.30 this can be
done analytically by solving for σ̂0, but Equations 1.28 and 1.29 are not ana-
lytically solvable. To find a value for n̂ numerically the common approach [3]
is to subtract the measured complex transmittance function from the model
function and search for a value of n̂(ω) where the difference between both
functions becomes zero:

0 = t̂model(n̂(ω))− t̂measured(ω). (1.31)

To figure out complex number zeros, an iterative method is used, where the
Newton method is the most straightforward choice [3]. The present func-
tions show oscillatory behavior demanding close attention to the initial pa-
rameters. When it comes to making an educated guess for the real part of
the refractive index, one can use that it describes the speed of light inside the
material. Therefore, a practical approach involves extracting the difference
in position of the transmission peak and reference peak in the time domain
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spectrum. Factoring in the sample thickness allows for the estimation [4, 16]:

∆t =
d(n − 1)

c
→ n =

∆t · c
d

+ 1. (1.32)

As for the imaginary part of the refractive index, it can be estimated by ex-
amining the reduced peak amplitude of the transmitted signal and assuming
that the real part of n̂ is the sole reason for reflection resulting in

Et = E0 ·
4n

(n + 1)2 e−κ ω
c d, (1.33)

as non complex estimation of the transmitted signal [4, 16]. Hence it can be
estimated:

κ = − c
ωd

ln
(
(n + 1)2

4n2 · Et

E0

)
. (1.34)

Starting with the initial estimate n̂esti. = n + iκ, one can calculate the mea-
sured n̂ for the first frequency point. Subsequently, for each frequency point,
the previously calculated value of n̂ is used as the new initial estimate. This
iterative process progresses through the entire frequency range, thereby en-
abling the extraction of optical properties across the THz spectrum [3].

1.2.2 Terahertz Pump-Optical Probe

Figure 1.7 shows a schematic view of the terahertz pump-optical probe (TPOP)
setup used in chapter 4. The laser used in this experiment is an Astrella sys-
tem (Coherent). It produces pulses centered at 800 nm, with 6.3 mJ per pulse
and a repetition rate of 1 kHz. After the pump and probe beam path are
separated using a beamsplitter, it is helpful to describe each beam path in-
dividually. The probe beam is reflected multiple times using mirrors (not
shown) to compensate for the beam path length difference with the pump
path. After which, the probe is focused onto the sample through a borehole
in a parabolic mirror to be collinear with the pump beam. The sample is
mounted in a continuous flow cryostat for temperature control between 4.2 K
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Figure 1.7: Schematic view of the THz pump-optical probe setup. An Astrella
(Ti:Sapphire) laser generates 800 nm pulses at a repetition rate of 1 kHz (red beam
path) used for generation of the THz pulses (blue beam path) and as a probe. Ab-
breviations shown: (BS) beamsplitter, (M) mirror, (L) lens, (PM) parabolic mirror, (G)
grating, (LNO) LiNbO3 crystal, (λ / 2) halve-wave-plate, (WP) Wollaston prim, and

(Si) denotes the pair of Silicon diodes.

and 350 K. At the sample position it is possible to apply an external magnetic
field of µ0H = 150 mT in or out of plane of the sample. After transmitting
through the sample, the probe pulse is collected by a lens and brought to
the detection section. In the case of this thesis, THz-induced rotation is de-
tected, therefore the probe beam passes through a λ / 2-plate and afterward
through a Wollaston prism. The cross-polarized beams are detected by a pair
of balanced Si photo-diodes. However, this can be easily changed to measure
THz-induced change in ellipticity by swapping the λ / 2-plate for a λ / 4-
plate or THz-induced second harmonic generation by introducing a 400 nm
bandpass filter before the diodes.

The pump beam first passes through a motorized delay line to be able to
tune the arrival time at the sample position. After which, it is brought into
the tilted-wave-front generation stage. The general principle is described in
section 1.1.2. Here the −1st order refracted beam and a two lens system to
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image the grating into a LiNbO3 crystal are used. The crystal is connected to
a copper block that is water cooled to increase the efficiency of the DFG pro-
cess [18]. The generated THz beam is modulated with a chopper for lock-in
detection and afterwards re-sized using a telescope of two parabolic mirrors.
After which, it passes two linear polarizers for polarization control and then
is focused onto the sample using another parabolic mirror.
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Figure 1.8: Schematic of the third harmonic generation measurement setup. An As-
trella (Ti:Sapphire) laser generates 800 nm pulses at a repetition rate of 1 kHz (red
beam path) used for generation of the THz pulses (blue beam path) and detection
of the generated harmonic. Abbreviations shown: (BS) beamsplitter, (M) mirror, (L)
lens, (PM) parabolic mirror, (G) grating, (LNO) LiNbO3 crystal, (λ / 4) quarter-wave-
plate, (BP) band pass filter, (WP) Wollaston prim, and (Si) denotes the pair of Silicon

diodes.

1.2.3 Terahertz Harmonic Generation

Figure 1.8 shows a schematic view of the terahertz harmonic generation setup
used in chapter 2. The harmonic generation measurements in chapter 3 were
performed in the Helmholtz Zentrum Dresden Rossendorf; therefore, the
THz pulse there was generated by an undulator, not via tilted-wave-front
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generation, but the general measurement principle still holds. Similar to sec-
tion 1.2.2, the beams are separated by a beamsplitter and mostly follow the
same beam path. The difference in the pump beam path is that, before being
focused on the sample, the broadband THz pulse passes through a bandpass
filter centered at frequency f . After which, it is focused on the sample, trans-
mits through the sample and is collimated by a parabolic mirror. Then, it
passes through a second bandpass filter at x · f , where x is the x-th harmonic
that was selected to study. Afterwards, it is focused into a ZnTe crystal for
EOS detection. The probe pulse in this experimental configuration is used as
a sampling pulse for the EOS detection of the THz electric field.
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2 Third Harmonic Generation
and Quantum Critical Systems

2.1 Introduction

The main content of this chapter is the publication "Reinhoffer et al. Strong
Terahertz Third-Harmonic Generation by Kinetic Heavy Quasiparticles in
CaRuO3. Physical Review Letters 132 196501 (2024)" [1], focusing on the strong
THz third-harmonic generation (THG) in CaRuO3. Additionally, further in-
vestigation of the nonlinear response in different chemical compositions of
the series Sr1−xCaxRuO3 are presented. As a basis for understanding these re-
sults, this section will cover the physical properties of Sr1−xCaxRuO3 and the
previous work done in understanding the electronic ground state. Further-
more, the assumptions underlying the Boltzmann transport model, which is
used to simulate the nonlinear response of CaRuO3, are discussed.
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Figure 2.1: Comparison of crystal structures of CaRuO3 (left), SrRuO3 (middle), and
BaRuO3 (right). The tilt of the octahedra in CaRuO3 and SrRuO3 result in an or-
thorhombic crystal structure, compared to the cubic BaRuO3. Furthermore, the dis-
tortion of the octahedra is relatively larger in CaRuO3 then in SrRuO3. Picture from
Y. Wang et al. High stability of electro-transport and magnetism against the A-site

cation disorder in SrRuO3. Sci Rep 6, 27840 (2016) under CC 4.0 [2].

2.1.1 Sr1−xCaxRuO3

The crystal structure of Sr1−xCaxRuO3 makes it a member of the perovskite
family. Figure 2.1 illustrates the crystal structures for CaRuO3, SrRuO3 and,
for comparison, the cubic perovskite BaRuO3 [2]. The alkaline earth metals
strontium and calcium sit in between eight oxygen octahedra with ruthenium
at the center. The octahedra are tilted and rotated relative to each other, re-
sulting in the orthorhombic Pbnm structure [2–4]. CaRuO3 has a stronger
distortion than SrRuO3 as a result of the smaller ionic radius of Calcium [2].
Although the difference in Ru-O-Ru bond angle between the two compounds
is only approximately ∼ 10◦, this small variation leads to a significant differ-
ence in their magnetic and electric properties [2, 4].

One of the most pronounced differences is that SrRuO3 is a ferromag-
netic metal, whereas no confirmed magnetic ordered ground state exists in
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CaRuO3 [5–7]. However, it is widely believed that CaRuO3 is on the verge
of magnetic order [8]. This is corroborated by numerous reports on vari-
ous methods of inducing ferromagnetic order in CaRuO3 [8–10]. Ferromag-
netic order has been shown to emerge when applying compressive strain to
CaRuO3 via a substrate [8], inducing disorder through partial substitution of
Ru with Ti [9], and by introducing hydrogen atoms into the lattice through
protonation [10]. In all cases, the main mechanism driving the phase tran-
sition is the reduction of the octahedral distortion [10]. Substituting Sr with
Ca reduces the magnetic transition temperature from Tc = 163 K to 0 K at
circa 70 % Ca substitution, indicating a quantum phase transition [6, 7]. In
thin films of Sr1−xCaxRuO3, the choice of substrate and film thickness can be
additional parameters to tune the magnetic properties, such as changing the
magnetic easy axis and coercive field strength in SrRuO3 [11].

The relatively stronger octahedral distortion in CaRuO3 compared to Sr-
RuO3, results in enhanced electronic correlations, which influence not only
the magnetic properties but the charge transport as well [4]. At low temper-
atures, the expected temperature dependence of resistivity for most metals is
ρ ∝ T2, known as Fermi liquid behavior [12, 13]. This dependence is observed
for SrRuO3, whereas CaRuO3 deviates from it, with ρ ∝ T1.5 at temperatures
below 10 K, showing non-Fermi liquid behavior [6, 7, 14]. In Sr1−xCaxRuO3,
the change from Fermi to non-Fermi liquid behavior occurs at x = 0.7, the
same composition at which the magnetic phase transition is observed, un-
derscoring the strong interplay between structural, electronic, and magnetic
properties within this compound family [6, 7]. Recently, the topological na-
ture of the electronic transport in SrRuO3 has emerged as a focal point within
the scientific community, opening the way for the exploration of new physi-
cal properties in Sr1−xCaxRuO3 [15, 16].

Several studies in the THz frequency range on Sr1−xCaxRuO3 have aimed
to understand the origin and dynamics of the non-Fermi liquid ground state
[17–23]. In both CaRuO3 and SrRuO3, studies have found that a narrow zero-
frequency peak forms at low temperatures. However, for both compounds,
the entire THz spectral range cannot be described by simple Drude theory,
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and additionally a Fermi liquid theory-based description fails for CaRuO3 [21].
To describe the THz conductivity in CaRuO3, two different models have been
employed: one involving a single conduction band with an energy-dependent
scattering rate [20], and the other proposing multiple conduction channels as
the origin of the unusual conductivity [23]. A basis for both these interpre-
tations can be found in temperature dependent angle-resolved photo emis-
sion spectroscopy measurements on CaRuO3 [24]. Below 80 K, an electron
band at the gamma point, characterized by an effective mass of m∗ = 13.5me,
becomes coherent. This flat band shows strong electronic correlations and
could facilitate low-energy electronic transitions close to the THz spectro-
scopic window, thereby artificially increasing the observed scattering rate
[24]. Furthermore, the presence of multiple bands at the Fermi energy could
give rise to multiple conduction channels [23, 24]. These unusual scatter-
ing dynamics in the THz frequency range form the basis of the Boltzmann
transport model, which is used to phenomenological explain the observed
nonlinear response of CaRuO3.

2.1.2 Boltzmann Transport

Describing electron dynamics in electric fields can be done using the time-
dependent Boltzmann transport equation [25]:

∂ f (t, p)
∂t

=
f0(p)− f (t, p)

τ
+ eE(t) · ∇p f (t, p), (2.1)

with τ being the electron relaxation time, e the electron charge, E(t) the ap-

plied electric field, ∇p =
(

∂
∂px

, ∂
∂py

, ∂
∂pz

)T
the nabla operator, and f0(p) the

equilibrium electron distribution described by the Fermi-Dirac statistics [4]:

f0(p) =
1

e
ϵ(p)−ϵ f

kBT + 1
, (2.2)

with kB = 1.38x10−23 m2kg
s2K the Boltzmann constant, T the temperature, ϵ f the

Fermi energy, and ϵ(p) the electron dispersion. Equation 2.1 has an analytic
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solution for τ = const. [26] while for the case of τ(p) there is no analytic
solution. Therefore, for a more general solution for arbitrary functions of
τ(p), a numeric approach is chosen. To simplify the simulation, equation
2.1 is reduced to one dimension and rewritten to be solvable using the Euler
method:

f (t + ∆t, px) = f (t, px) + ∆t
f (0, px)− f (t, px)

τ(px)

+ ∆teEx(t)
f (t, px + ∆px)− f (t, px)

∆px
,

(2.3)

here t and px are now discrete functions with step sizes ∆t and ∆px between
elements. The specifics for the used functions Ex(t) and τ(px) can be found
in the publication in section 2.2.4. Here, the focus will be on one particularity
of having a non constant τ(px). Taking equation 2.1, solving it for f0(px) and
integrating over px gives a function reflecting the number of electrons in the
system

∫
f0(px)dpx =

∫
τ

∂ f (t, px)

∂t
dpx −

∫
τeE(t) · ∇px

f (t, px)dpx +
∫

f (t, px)dpx.

(2.4)

A problem emerges when τ starts to dependent on px; specifically, the in-
tegral values on the right side change, which in turn affects the number of
electrons. However, in the investigated samples there are no inter band ex-
citation at THz frequencies, therefore the number of electrons in the system
is constant. The simplest way to account for this discrepancy between the
real experiment and numerical simulation is to renormalize f (t, p) after ev-
ery time step ∆t.
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2.2 Strong Terahertz Third-Harmonic Generation by Ki-
netic Heavy Quasiparticles in CaRuO3

2.2.1 Introduction

Driven by quantum fluctuations associated with the Heisenberg’s uncertainty
principle [27], a phase transition can occur in the zero temperature limit thro-
ugh tuning of external parameters such as chemical substitution and applied
pressure [28, 29]. A variety of novel physical phenomena are observed in
the quantum critical metallic systems [27–29]. Whereas in an ordinary metal
the electrons can be treated as a weakly interacting liquid of fermions (i.e.
Fermi liquid), a metal close to the quantum critical point is more complex
which results from competition of different interactions and exhibits various
non-Fermi-liquid behaviors [13, 28, 29].

The 4d transition-metal oxides are of particular interest in the investiga-
tion of exotic quantum phenomena induced by electron correlations [12]. The
4d orbitals are characterized by a sizable onsite Coulomb repulsion and at the
same time more extended in space than their 3d counterparts. Therefore, the
4d transition-metal oxides are not necessarily correlation-induced Mott in-
sulators, but can be a strongly correlated metal whose properties cannot be
fully described by Fermi-liquid theory [20, 30]. With more than one electron
(or hole) in the 4d shell, the Hund’s coupling between the electrons is impor-
tant and may even play a dominant role over the effective Coulomb repulsion
in determining the magnetic and transport properties [4, 31].

Based on the Ru4+ (4d4) ions the perovskite ruthenates ARuO3 (A = Ca or
Sr) are representative examples of quantum critical metals. Characterized by
a tilt and rotation of each RuO6 octahedron from the ideal cubic perovskite

This section has been published as a letter in Physical Review Letters [1]. The following
is a reformatted version of the original paper as published. Reprinted with permission from
Chris Reinhoffer, Sven Esser, Sebastian Esser, Evgeny A. Mashkovich, Semyon Germanskiy,
Philipp Gegenwart, Frithjof Anders, Paul H. M. van Loosdrecht, and Zhe Wang Physical Re-
view Letters 132 196501 (2024). Copyright 2024 by the American Physical Society.
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structure, the orthorhombic distortion in CaRuO3 is slightly greater than in
SrRuO3. The small structural difference already leads to very different phys-
ical properties, since the onsite Coulomb repulsion and the Hund’s coupling
is only fine balanced which is sensitive to weak perturbation [4]. Whereas
SrRuO3 exhibits ferromagnetism at low temperatures, CaRuO3 is located in
an adjacent paramagnetic phase and very close to the ferromagnetic quantum
critical point [4].

Various unusual metallic properties are observed in CaRuO3. Above 1.5 K
the temperature dependence of its dc electrical resistivity deviates clearly
from the characteristic quadratic dependence for a Fermi liquid [6, 7, 14, 32].
The optical conductivity of CaRuO3 does not simply follow the Drude model
[6, 19, 21, 23, 33]. Above about 0.6 THz, the frequency dependent optical con-
ductivity cannot be described by a Fermi liquid theory [20, 30]. Below 100 K
angle-resolved photoemission spectroscopy revealed a well-defined heavy
quasiparticle band with an enhanced effective mass of 13.5me [24], clearly
indicating the effects of strong correlations in CaRuO3 [4, 22, 34].

An established approach to characterize a quantum critical system is based
on the featured divergent behavior of its thermodynamic quantities, such as
thermal expansion, specific heat, or Grüneisen ratio, which exhibit universal
scaling with zero temperature being approached [35]. Also the dynamical
response functions, e.g. optical conductivity, can follow a universal depen-
dence on frequency, which is characteristic for a quantum critical point, see
e.g. [36–39]. However, beyond the thermal equilibrium these quantities may
not be well defined. In contrast, nonlinear transport properties have been
predicted to be very sensitive to quantum phase transition and can exhibit
characteristics for a quantum critical system [40–45]. For instance, close to
a magnetic quantum critical point of a metallic system the current density
scales nonlinearly with the applied electric field strength [44]; In an insulat-
ing quantum critical system of the one-dimensional Hubbard model, very
efficient high-harmonic radiation can be generated due to optically induced
interband transition [45]. Motivated by these theoretical studies, in this work
we investigate the ultrafast nonlinear transport behavior of the proximate
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quantum critical metallic system CaRuO3 by using time-resolved terahertz
(THz) third-harmonic generation (THG) spectroscopy.

Comparing with the short electrical current pulses of microseconds which
lead primarily to Joule heating effects in the sample [46], the THz pulses with
much shorter pulse duration probe directly the sub-picosecond (ps) nonlinear
transport properties without considerable heating issues. The nonlinear cur-
rent related to the THz field driven kinetics of the quasiparticles is studied
by measurement of THz THG. The third-harmonic radiation is observed in
the frequency range where the dynamical response of the system is beyond
a description by the Fermi-liquid theory [20, 30]. In contrast to the mecha-
nism involving interband transitions [45, 47] which requires higher-energy
pump pulses e.g. mid-infrared [48], in our experiment only the bands in the
vicinity (a few meV) of the Fermi surface are essentially responsible for the
THz harmonic generation. Our results show that third-order nonlinear THz
susceptibility in CaRuO3 is resolvable below 80 K and increases evidently
with decreasing temperature. For different driving frequencies, the normal-
ized temperature-dependence curves overlap very well with each other. The
master curve resembles the temperature dependent evolution of the spectral
weight of the heavy quasiparticle band [24], pointing to the crucial role of the
strong correlations to the observed nonlinear responses.

2.2.2 Experimental Details

High-quality CaRuO3 thin films were grown using metal-organic aerosol de-
position technique [20] on 3° miscut (110) oriented NdGaO3. We carried out
the THz spectroscopic measurements on a thin film with a residual resistiv-
ity ratio (RRR) of 35 and a thickness of 43.7 nm which has been characterized
previously [46]. A continuous helium-flow cryostat was installed for mea-
surements at different temperatures. Broadband THz radiation was gener-
ated in LiNbO3 using the tilted pulse-front optical rectification technique [49,
50] based on a Ti:sapphire amplified laser (800 nm, 1 kHz, 6 mJ). Narrow-
band THz driving pulses with centre frequencies of f = 0.4, 0.5, and 0.7 THz
were prepared by using corresponding bandpass filters with full width at
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Figure 2.2: (a) Illustration of the THz THG experiment. THG from CaRuO3 thin
film is measured in transmission configuration and the THz electric field is detected
by electro-optic sampling (EOS). (b) Electric field of the THz pump pulse with a
central frequency of f = 0.5 THz. (c) THz electric field emitted from CaRuO3 at
5 K measured through a 3 f -bandpass (BP) filter. (d) Spectrum obtained by Fourier
transformation of the waveform in panel (c). (e) THG amplitude E3 f vs driving field
amplitude E f , which follows a power law dependence of E3 f ∝ E2.6

f (solid line) only

slightly deviated from the perturbative dependence ∝ E3
f (dashed line).

half maximum of 0.2 f and an out-of-band transmission of < −30 dB [see
Fig. 2.2(b) for f = 0.5 THz]. The emitted THz electric field was recorded by
electro-optical sampling (EOS) [51] [see Fig. 2.2(a) for an illustration]. For the
detection of THG another bandpass filter with a centre frequency of 3 f was
placed after the sample to suppress the linear response. For fluence depen-
dent measurements [Fig. 2.2(e)], two wire-grid polarizers were installed in
front of the sample.

2.2.3 Results

The crystal structure of CaRuO3 belongs to the centrosymmetric Pbnm space
group, therefore the even-order nonlinear susceptibilities vanish and we will
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focus on the third-harmonic generation. For a driving pulse of f = 0.5 THz,
the emitted THz electric field from the CaRuO3 thin film at 5 K is shown in
Fig. 2.2(c). An evident oscillation of the electric field in time domain cor-
responding to a frequency of 3 f = 1.5 THz is the third-harmonic gener-
ation, which can be directly read from its Fourier transform spectrum [see
Fig. 2.2(d)]. Figure 2.2(e) displays fluence dependence of the integrated am-
plitude E3 f of the emitted electric field, which exhibits a power law behavior
of E3 f ∝ E2.6

f slightly deviated from the perturbative dependence of ∝ E3
f . At

the highest fluence, we can estimate a third-order nonlinear susceptibility via
|χ(3)| = E3 f

E3
f
= 1.4 × 10−17 V−2m2.

We further characterize the nonlinear THz response by measuring the
THG as a function of temperature. As shown in Fig. 2.3(a), the strongest THG
signal is observed at 3.3 K in the time-delay window from 5 to 12.5 ps. This
signal decreases gradually with increasing temperature. At 80 K the signal
after 7 ps becomes nearly indiscernible, while before 7 ps a weak signal per-
sists until 300 K. At 300 K our fluence dependent measurement shows that
this persisting signal follows a linear dependence on the fluence, thus is a
transmission of the driving pulse rather than third-harmonic radiation. The
enhancement of the signal after 7 ps with decreasing temperature is more
clearly seen in the Fourier transform spectra in Fig. 2.3(b). The integrated
amplitude of the emitted 3 f and f components is presented in Fig. 2.3(c)
and Fig. 2.3(d), respectively, as a function of temperature. Below 80 K the
substantial increase of the third-harmonic radiation [Fig. 2.3(c)] is accompa-
nied with an evident drop of the transmission for the fundamental frequency
f = 0.5 THz [Fig. 2.3(d)]. The monotonic decrease of transmission at low
frequencies reflects an enhanced metallic response with decreasing temper-
ature, which is consistent with the observation of reduced dc resistivity and
higher THz reflectivity [14, 20].

For a fixed driving field, the observed temperature dependent transmis-
sion indicates that the effective THz field in the thin film varies with tempera-
ture, therefore we use the nonlinear susceptibility |χ(3)| = E3 f

E3
f

to characterize

the nonlinear dynamical responses of CaRuO3 at different temperatures, also
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Figure 2.3: (a) THG signal in time domain at different temperatures. (b) Fourier
amplitude of the signal in panel (a). (c) THG amplitude E3 f and (d) the transmitted

amplitude E f of the fundamental frequency as a function of temperature.

for different THz field strengths and frequencies. Figure 2.4(a) shows the
experimentally determined |χ(3)| as a function of temperature for different
driving frequencies of f = 0.4, 0.5, and 0.7 THz. While at a fixed tempera-
ture the absolute value of |χ(3)| increases at lower frequencies, for all three
frequencies |χ(3)| monotonically decreases at elevated temperature and van-
ishes above 80 K. By normalizing |χ(3)| with respect to the maximum value
of each frequency [see Fig. 2.4(b)], the three curves overlap well with each
other, exhibiting a frequency-independent temperature dependence of non-
linear response.

This master curve reveals a characteristic temperature scale, below which
a well-defined electronlike quasiparticle band is formed right below the Fermi
energy, as directly observed by angle-resolved photoemission spectroscopy
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for driving frequencies of 0.4, 0.5, and 0.7 THz. (b) Normalized |χ(3)| for THz drive
frequencies of f = 0.4, 0.5, and 0.7 THz follow the same temperature dependence.
The shaded area represents the simulated |χ(3)| where the width reflects the uncer-
tainties of experimentally determined α in (c) [20]. (d) Simulated spectral amplitude
of emitted electric field for α = 0 and α < 0 at 5 K versus harmonic order. (e) Snap-
shots of charge-carrier distribution f (p) at zero and peak THz electric field Emax at
5 K. (f) Changes of charge-carrier distribution at Emax for different experimental val-

ues of α with respect to that of α = 0.

[24]. In comparison with density functional theory calculations, this quasi-
particle band is strongly renormalized with an effective mass of 13.5me, indi-
cating a strong correlation effect. For the spatially more extended 4d orbitals
in CaRuO3, the strong correlations result from the Hund’s coupling [4, 31],
which has been found also to account for a similar temperature dependent
evolution of heavy quasiparticles in a related compound Sr2RuO4 [52, 53].
The characteristic temperature is much higher than the scale, i.e. T < 1.5 K,
where a Fermi-liquid type T2 dependence of electrical resistivity appears [20],
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but reflects a coherence-incoherence crossover of the heavy quasiparticles re-
lated to the strong correlations [52]. At higher temperatures a good metallic
response in optical conductivity is absent as manifested by the disappearance
of Drude-like behavior at low frequencies [21].

It has been established that THz high-harmonic radiation can be gener-
ated from nonlinear kinetics of relativistic quasiparticles with linear disper-
sion relation (see e.g. [25, 26, 54]). According to the band-structure calcula-
tions [20, 31], some of the bands close to the Fermi surface in CaRuO3 may
likely follow a linear dispersion relation, which potentially also leads to THz
third-harmonic generation. However, these bands have not been experimen-
tally confirmed so far. Moreover, the harmonic generation associated with a
linear dispersion should be well visible already at room temperature. There-
fore, our observed enhancement of the third-harmonic generation at low tem-
peratures is unlikely governed by these bands. In contrast, we ascribe the ob-
served nonlinear response to THz field driven kinetics of the experimentally
observed heavy quasiparticles in CaRuO3 with an energy-dependent scatter-
ing rate.

2.2.4 Theoretical Description

We describe the field driven transport by using the time-dependent Boltz-
mann equation(

∂

∂t
+

1
τ

)
f (t, p)− eE(t) · ∇p f (t, p) =

f0(p)
τ

, (2.5)

where f (t, p) denotes the time-dependent distribution function at time t and
momentum p for a band that is characterized by a dispersion relation ϵ(p).
E(t) is the electric field of the THz drive and f0(p) is the Fermi-Dirac dis-
tribution at the equilibrium state. For a parabolic band with an energy-
independent relaxation time in a slowly varying electric field, Eq. (2.5) re-
duces to the Drude model and the corresponding transport behavior follows
the Ohm law, i.e. j = σE. In the relevant frequency range of our experiment,
previous studies in the linear response regime have revealed clear deviation
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of the transport behavior in CaRuO3 from the description by the Drude model
[6, 19, 21, 23, 33], and also predicted energy-dependent relaxation time due
to electron-electron correlations [4, 31]. To parametrize the experimentally
observed energy-dependent relaxation time in Ref. [20], we assume a linear
dependence in our simulation, i.e. τ(p) = τ0

(
1 + αp2) with τ0 being the

energy-independent scattering time and α < 0 describing the increased scat-
tering rate at higher energy.

We solve Eq. (2.5) numerically for a heavy electron parabolic band with
the experimental parameters [20, 24], i.e. an enhanced quasiparticle mass of
13.5me, a Fermi energy of EF = 7 meV, τ0 = 1 ps and a THz peak electric field
of Emax = 50 kV/cm. The experimental values of α at various temperatures
are derived from the results of linear THz spectroscopy [20] and given in
Fig. 2.4(c). In the simulation a multicycle THz pulse with a Gaussian envelop
is adopted, whose central frequency and bandwidth are set in accord with
the experimental values. The THz field driven current density is evaluated
by j(t) = −e

∫ dp3

(2πh̄)3 f (t, p)∇pϵ(p), thereby we obtain the time-dependent
emitted THz electric field as the time derivative of the current density.

The emitted THz signal contains components of the fundamental frequen-
cy and the third harmonic radiation. Through Fourier transformation we de-
rive the third-order nonlinear susceptibility as |χ(3)| ∝ E3 f

E3
f

with E3 f and E f

being integrated amplitudes in the frequency domain around 3 f and f , re-
spectively, which as a function of temperature is presented in Fig. 2.4(b). One
can see that corresponding to a negligible energy dependence of the relax-
ation time (i.e. α ≈ 0) at high temperatures [see Fig. 2.4(c)], the third-order
nonlinear susceptibility is essentially zero. This means that a heavier effec-
tive mass alone (corresponding to a weaker curvature of the parabolic disper-
sion) cannot account for the experimentally observed THG. With decreasing
temperature, the absolute value of α increases [Fig. 2.4(c)], which leads to an
enhancement of the THG [Fig. 2.4(b)]. Therefore, a more evident dependence
of the scattering rate on energy is responsible for the enhanced THz nonlin-
earity.

To further illustrate this effect, in Fig. 2.4(d) we compare the amplitude
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of emitted THz field for zero and a negative value of α at 5 K. While for
α = 0 only radiation of the fundamental frequency is emitted, for α < 0
higher-order harmonic generation becomes very evident. Microscopically,
the field-driven nonlinear current density is closely related to the deviation of
the charge-carrier distribution from the Fermi-Dirac function. The snapshot
of the distribution corresponding to the peak THz field (i.e. E = Emax) is pre-
sented in Fig. 2.4(e) together with the zero-field distribution at 5 K for com-
parison. Under the drive of the THz field, the distribution is clearly stretched,
which cannot be described by a Fermi-Dirac function, featuring the important
contribution of the nonthermal states to the nonlinear response.

Even for α = 0 the strong THz electric field can drive the system far from
thermal equilibrium, therefore it is instructive to quantify the corresponding
nonthermal effects due to the energy-dependent scattering. As displayed in
Fig. 2.4(f), we evaluate the changes of distribution function at the peak field
Emax for α’s at different experimental temperatures with respect to that of
α = 0. The changes are more significant at lower temperatures corresponding
to larger absolute values of α [see Fig. 2.4(c)]. As reflected by the positive and
negative changes around the Fermi level, the charge carrier distribution is
more strongly stretched away from a Fermi-Dirac function with increasing α,
which lead to the observed enhancement of THz harmonic generation.

Going beyond the phenomenological model, it is highly compelling to de-
velop a microscopic description of the many-body nonequilibrium dynamics.
Since the microscopic properties and linear responses of CaRuO3 in equi-
librium state have been very well described in the framework of dynamical
mean-field theory (DMFT) [4, 31], to carry out a nonequilibrium DMFT cal-
culation [55] in accord with our experimental settings will provide important
microscopic understanding of the nonlinear responses of the quantum many-
body nonequilibrium states. Complementary to our terahertz harmonic gen-
eration spectroscopy, a time-resolved terahertz pump angle-resolved photo-
emission-probe spectroscopic investigation should enable a direct compari-
son with the nonequilibrium DMFT calculations.
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2.2.5 Conclusion

To conclude, by driving the strongly correlated metal CaRuO3 with intense
terahertz field, we observed third-harmonic radiation below 80 K, in agree-
ment with the temperature dependence of a heavy quasiparticle band emerg-
ing close to the Fermi surface. The field-driven kinetics of the heavy quasi-
particles is simulated by adopting a Boltzmann transport equation with an
energy-dependent scattering rate, which reflects the previously observed non-
Drude behavior. The observed third-harmonic generation is not necessarily
a unique feature for CaRuO3, but should represent in general a peculiar non-
linear characteristic for nonequilibrium states in strongly correlated metals
close to a quantum critical point [40–45, 47, 56, 57]. We anticipate that our
work will motivate further studies of the universal characteristic nonlinear
responses in quantum critical metals.

2.2.6 Contributions

Zhe Wang conceived the project. Chris Reinhoffer performed the measure-
ment with help of Semyon Germanskiy. The numerical simulation of the
Boltzmann transport model were performed by Chris Reinhoffer. The sam-
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Esser and Sebastian Esser. Chris Reinhoffer, Semyon Germanskiy, Evgeny
Mashkovich, Paul van Loosdrecht and Zhe Wang discussed the experimental
results and analysis. Chris Reinhoffer wrote the main part of the manuscript
in close collaboration with Zhe Wang and Evgeny Mashkovich. All men-
tioned authors helped with refining the final written manuscript.
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2.3 Third-Harmonic Generation in Sr1−xCaxRuO3

As mentioned in the previous section, the THG in CaRuO3 might not be
unique but could be a more general characteristic for strongly correlated met-
als with quantum phase transitions. To verify this suggestion, the first step
is to investigate the nonlinear response to a THz drive in Sr1−xCaxRuO3 for
different values of x before extending it to different materials. Therefore, in
this section the linear and nonlinear response of Sr1−xCaxRuO3 in the THz
frequency region will be investigated for four samples of varying chemical
composition.

For the purpose of this investigation, new samples were grown using the
pulsed laser deposition (PLD) technique. Similar to section 2.2, the sam-
ples were grown on a 0.5 mm thick, [110]-oriented NdGaO3 substrate. To
have a comparison with the previous measurements for samples grown with
metal-organic vapor deposition, a 40 nm CaRuO3 film was grown. Further-
more, 20 nm samples of Sr1−xCaxRuO3 with x ∈ {0, 0.6, 0.8, 1} were grown.
First, the focus will be on the linear and nonlinear response of the batch of
20 nm samples. After which, the nonlinear response of the 20 nm and 40 nm
CaRuO3 sample will be investigated and compared.
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2.3.1 Terahertz Time-Domain Spectroscopy
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Figure 2.5: Temperature dependent transmission of (a) SrRuO3, (b) Sr0.4Ca0.6RuO3,
(c) Sr0.2Ca0.8RuO3, and (d) CaRuO3.

Previous measurements have shown that the conducting properties of
Sr1−xCaxRuO3, depending on the composition, can be quite different [21]. To
characterize the conductivity of the four samples used, temperature depen-
dent terahertz time-domain spectroscopy measurements were performed. Fig-
ure 2.5 shows the transmission spectra as a function of temperature for all
four 20 nm samples. SrRuO3 shows the strongest temperature dependence,
while Sr0.2Ca0.8RuO3 shows the least, with CaRuO3 and Sr0.4Ca0.6RuO3 being
in between. The transmission of SrRuO3 decreases from 50 % at 300 K to ∼
18 % at 5 K for 0.5 THz changing from a flat line to having a positive slope be-
tween 300 and 5 K, indicating a redistribution of spectral weight from high to
low frequency. An explanation for this phenomena would be the formation
of a zero frequency Drude peak at low temperatures known to occur in these
samples [21]. The strong decrease of the transmission and the formation of a
zero frequency peak indicate a metallic sample with few defects resulting in
a scattering rate in the THz region.
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For CaRuO3 and Sr0.4Ca0.6RuO3 shown in Fig. 2.5 (d) and (b), a similar de-
crease in transmission, from ∼ 70 % at 300 K to ∼ 50 % at 5 K at 0.5 THz, is ob-
served. The higher transmission at low temperatures in CaRuO3 compared to
SrRuO3 is expected, because the conductivity of the later is three times larger
then the former [21]. However, one would expect the low temperature con-
ductivity of CaRuO3 to be larger then Sr0.4Ca0.6RuO3 because the conduction
properties in a mixed compound are inherently dominated by the structural
disorder in the lattice [21]. The reason for the apparently bad conducting
properties in CaRuO3 is that the target used for the PLD growth is stoichio-
metric but the growth process via PLD can induce Ru deficiencies [58]. The
SrRuO3 target has an overabundance of Ru to account for this phenomenon.
Sr0.2Ca0.8RuO3 (Fig. 2.5 (c)) shows the weakest temperature dependence of
the transmission indicating a low conductivity and high scattering rate simi-
lar to Sr0.4Ca0.6RuO3.
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Figure 2.6: Temperature dependence of the integrated spectral weight of (a) SrRuO3,
(b) Sr0.4Ca0.6RuO3, (c) Sr0.2Ca0.8RuO3, and (d) CaRuO3. Low f is the integral from
0.2 THz to 0.5 THz and high f is the integral from 0.9 THz to 1.2 THz from Fig. 2.5

(a)-(d).

Observing the formation of the zero frequency Drude peak without hav-
ing to extract the optical conductivity data can be done by integrating over
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different spectral regions in Fig. 2.5. Figure 2.6 (a) - (d) shows the tempera-
ture dependence of two different spectral weights, at low frequency (low f)
from 0.2 to 0.5 THz and at high frequency (high f) from 0.9 to 1.2 THz, for all
four samples. For SrRuO3 there is a clear difference between the low f and
high f regions appearing below 100 K indicating a redistribution of spectral
weight from high to low frequency. This happens in the same temperature re-
gion where the zero frequency peak appears [21]. For both mixed compounds
Sr0.4Ca0.6RuO3 and Sr0.2Ca0.8RuO3 the low f and high f spectral weights show
no difference over the whole temperature range. The expected behavior for
metals with a scattering rate larger then the THz frequency is that they show
a flat conductivity, matching our observation and expectation for the mixed
compounds [21]. CaRuO3 on the other hand shows a small but visible differ-
ence between low f and high f at low temperatures indicating a small spectral
weight redistribution. For CaRuO3 thin films a zero frequency peak has been
observed [19–21].

2.3.2 Terahertz Third-Harmonic Generation

The next step is the investigation of differences in the nonlinear THz response
of Sr1−xCaxRuO3 with x ∈ {0, 0.6, 0.8, 1}. For that purpose first, the fluence
dependence of the THG in the 20 nm samples is compared. After which, the
temperature dependence of the emitted THG and the nonlinear susceptibility
will be shown. Furthermore, the difference in THG for samples of different
thickness is investigated for CaRuO3.

Fluence Dependence

One of the first steps in investigating a nonlinear response is to measure the
fluence dependence to find out if the signal is perturbative or non-perturba-
tive in nature. To perform fluence dependence measurements, four compo-
nents were used. The first is a pair of wire grid polarizers, which control
the strength of the THz field while maintaining its initial polarization. The
second component is a set of bandpass filters, with a filter at 0.7 THz placed
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Figure 2.7: Fluence dependence of the third-harmonic generation of (a) SrRuO3,
(b) Sr0.4Ca0.6RuO3, (c) Sr0.2Ca0.8RuO3, and (d) CaRuO3. The measurements were
performed at 5 K with 0.7 THz as a driving pulse. All curves are fitted with

E3 f = AEp
f + E0.

before the sample and another at 2.1 THz placed after the sample. Lastly, an
additional wire grid polarizer is positioned behind the sample to ensure that
the measured polarization is well defined. For each data point, two measure-
ments are performed: one with only the 0.7 THz filter in place and another
with both filters in place. The field E f is determined from experiments with
only the 0.7 THz bandpass filter, integrating over the spectral region from 0.5
to 0.9 THz. To determine E3 f both bandpass filters are used, and the integra-
tion is over the spectral region from 1.9 to 2.3 THz.

Figures 2.7 (a)-(d) show the fluence dependences of the nonlinear signal
at 5 K and 0.7 THz as a driving pulse. For all samples a clear nonlinear depen-
dence of E3 f on E f is observed. To extract this dependence a power law with
E3 f = AEp

f + E0 is fitted to the data sets. E0 represents the value measured
at 3f frequency when the polarizers were rotated with 90 ◦ to each other, and
corresponds to the noise floor of the experiment. The power law, instead of
a linear combination of a linear and cubic function, was chosen because the
temperature dependence (discussed later) excludes a linear contribution. In
this case the extracted powers p are 2.7(1), 2.9(2), 2.9(2), and 2.6(1) for SrRuO3,
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Sr0.4Ca0.6RuO3, Sr0.2Ca0.8RuO3, and CaRuO3, respectively. Although, within
their uncertainties these values overlap with each other, there appears to be
a difference between the pure and mixed compounds. SrRuO3 and CaRuO3

deviate from the expected p = 3 dependence for a perturbative effect while
the mixed compounds could be reasonably explained with p = 3.

There are three possible explanations for this phenomena in SrRuO3 and
CaRuO3. Firstly, there could be an additional linear contribution coming
from leakage of the broadband THz pulse through the first THz bandpass
filter at the third harmonic frequency of 2.1 THz. This would explain the ap-
parent deviation from the perturbative regime by reducing the overall power.
However, the problem with this interpretation is, that the detected leakage of
the fundamental needs to have a similar contribution in every fluence depen-
dence, since the extracted powers are comparable. This is difficult to believe
because of the strong difference in the transmission properties observed in
Fig 2.5 at the fundamental frequency. Furthermore, the transmission for the
fundamental frequency is the highest in the mixed compounds. This would
lead to the strongest deviation from perturbative behavior for these samples,
which is not observed in these measurements.

Additionally, the temperature-dependent spectra can be compared to in-
vestigate the influence of leakage (a more detailed discussion of the tempera-
ture dependence is provided in the next section). Based on the overall metal-
lic behavior of the samples shown in Fig. 2.5 and on measurements reported
in the literature [20], it can be inferred that the transmission at 2.1 THz should
be higher at 300 K than at 5 K. Therefore, if leakage of the pump pulse at 3f
frequencies were a significant factor, it would be most prominent in the 300 K
measurements. However, as shown in Fig. 2.12 in the appendix, for the three
highest temperatures, there is no visible signal in either SrRuO3 or CaRuO3,
ruling out this possibility as an explanation. Furthermore, leakage of the fun-
damental through the second bandpass filter can be excluded because for the
E3 f measurement it is not in the correct frequency range and for the measure-
ment of E f the second filter is not in place.

The second possible interpretation would be a saturation effect reducing
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the power for the highest fluence and therefore reducing the overall power.
This is unlikely again because of the difference in transmission properties
drastically changing the effective field inside the sample for the 4 samples.
Furthermore, fitting the data until 75 % maximum field strength shows the
same power dependence as a fit over the whole data range.

The last possible interpretation is, that the process of third-harmonic gen-
eration is non-perturbative and has a characteristic power law dependence
of p = 2.5. This would align with our previous THG fluence measurements
on CaRuO3 shown in Fig. 2.2 (e) showing a power of p = 2.6. Notable here is
that this measurement was performed with a driving field of 0.5 THz and the
THG at 1.5 THz, were a relatively large spectral density of the broadband THz
pulse is available, and a residual can be detected at 300 K seen in Fig. 2.3 (b).
However, the matching power law to these measurements at 0.7 THz drive is
notable and could be a sign of a specific underlying physical process. Simi-
lar to the p = 2.5 scaling found in the Dirac semi-metal Cd3As2 [25], graphite
and graphene before saturation [59] possibly signifying the presence of linear
dispersion.

Temperature Dependence

The next step is to investigate and compare the temperature dependence
of the four different compounds. Figure 2.8 (a) shows E3 f as a function of
temperature allowing for a comparison of the absolute nonlinear emission.
CaRuO3 shows the largest emission of third-harmonic followed by SrRuO3

and Sr0.4Ca0.6RuO3, Sr0.2Ca0.8RuO3 emits the least amount of radiation at 5 K.
Overall the temperature dependences behave similar, the THG starts to be ob-
servable below 100 K and increases towards lower temperatures, comparable
to our measurements in section 2.2. This can be emphasized by the normal-
ized curves shown in Fig. 2.8 (b). Within the accuracy of the measurement
all four measurement series overlap with each other, indicating a common
physical origin for the nonlinear response.
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Figure 2.8: Temperature dependence of the emitted third harmonic E3 f . (a) E3 f for
the four 20 nm samples. (b) E3 f for the four 20 nm samples normalized to its peak

value.

One important consideration is that the emitted third harmonic radiation
scales with the effective driving field inside the sample. To minimize the de-
pendence of the measured signal on the sample conductivity, it is beneficial
to extract the nonlinear susceptibility |χ(3)| ∝ E3 f /E3

f . Figure 2.9 (a) shows
|χ(3)| as a function of temperature for the all 20 nm samples. It is noticeable,
that SrRuO3 has a |χ(3)| an order of magnitude larger then the other samples.
This is due to the fact that even though the emitted third harmonic generation
is in the same order of magnitude as the other samples (Fig. 2.8 (a)), the effec-
tive field inside the sample is smaller, due to the relatively high conductivity
of SrRuO3.

To investigate the temperature scaling between the samples it is insightful
to normalize |χ(3)| to its maximum value. Figure 2.9 (b) shows the normal-
ized curves and, similar to Fig. 2.8 (b), within our measurement accuracy
all measurements show the same scaling behavior. |χ(3)| gets large enough
to be measured below 100 K and increases continuously to lower tempera-
tures. The increase appears to be exponential in nature with the data points
scaling linearly on the logarithmic temperature scale. Therefore, as a phe-
nomenological first step a fit with |χ(3)| = Ae−(T−T0)/T1 can be performed.
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Figure 2.9: Temperature dependence of the nonlinear susceptibility |χ(3)|. (a) |χ(3)|
for the four 20 nm samples. (b) |χ(3)| for the four 20 nm samples normalized to its

peak value.

Setting A = 1 and T0 = 5 K results in T1 = 41(3) K as the single fitting
parameter (see Fig. 2.10). In an analogue to pump-probe experiments this
would represent a "decay temperature", a characteristic temperature/energy
scale of the underlying process. This would correspond to a thermal energy
of ϵTherm. = 41 K · kB = 3.5 meV. Remarkably, this energy is close to the
reported energy of the Weyl nodes relative to the Fermi energy in SrRuO3

of 8.5 mV [15] indicating a possible connection between the third-harmonic
generation and the presence of linear dispersion. This in combination with
the fluence scaling E2.6

f for the pure compounds could be indications that the
nonlinear response stems from linear dispersion. Showing that, not only is
the transport in SrRuO3 influenced by Weyl fermions, but the whole series
Sr1−xCaxRuO3 could be influenced by them.

Going into a more detailed analysis of the temperature dependence, the
occupation of states close to the Fermi energy can be considered. This is done
by using the Fermi-Dirac distribution:

F(ϵ, T) =
1

e
ϵ−µ0
kBT + 1

, (2.6)
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Figure 2.10: Fits of the temperature dependence of |χ(3)|. The exponential and
Fermi-Dirac fits are shown as an average of the fits to the individual samples.

with µ0 the chemical potential, kB the Boltzmann constant, T the temperature,
and ϵ the energy. The interesting observable to consider is the change in
occupation at a certain energy and starting temperature T0 as a function of
temperature leading to

∆F = F(ϵ, T)− F(ϵ, T0). (2.7)

Choosing µ0 = 0.5 meV, T0 = 300 K and normalizing ∆F leaves ϵ the only
variable. To fit ∆F to the normalized |χ(3)| data, an additional scaling fac-
tor A0, with no physical significance, is introduced. Fitting equation 2.7 to
|χ(3)| (see Fig. 2.10) of the four samples gives an average ϵ − µ0 = −3.3 meV.
This suggests that the state responsible for the third harmonic generation is
located 3.3 meV below the Fermi energy, matching the characteristic energy
scale extracted with the exponential fit. The two known candidates are the
coherent heavy quasiparticles at low temperatures known in CaRuO3 [24]
and the Weyl points in SrRuO3 [15].
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Figure 2.11: Temperature dependence of E3 f and |χ(3)| for two different thicknesses
of CaRuO3 thin films.

Thickness Dependence

The last step is to investigate the temperature dependence in samples with
different thicknesses. First, this is to exclude the reason for this non-linearity
to be heating. Second, if the temperature scaling is characteristic it should
not depend on the sample thickness. Figure 2.11 (a) shows the emitted third-
harmonic E3 f as a function of temperature for two CaRuO3 thin films with
thicknesses of 20 nm and 40 nm. For both samples the response starts to be
measurable at 100 K, however the nonlinear response of the 20 nm sample
shows a stronger increase and is roughly 2 times larger at 5 K. There are two
mechanisms at play here, the reduced thickness leading to less absorption of
the emitted third harmonic inside the sample, while there is halve as much
sample available for generation of radiation. In this case the reduced absorp-
tion seems to be the dominating contribution. |χ(3)| (shown in Fig. 2.11 (b))
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as a material parameter should be the same for both samples, however they
clearly start to differ below 30 K. The possible reason for this might be sample
quality changing the low temperature conducting properties. Furthermore,
the influence of strain differs for samples of different thickness, influencing
and changing sample properties.

The normalized curves for E3 f and |χ(3)| are shown in Fig. 2.11 (c) and
(d). For both curves, within the measurement accuracy, they lay on top of
each other. This behavior is expected for two samples of the same material.
However, the fact that the 40 nm sample scales similarly to the 20 nm sam-
ple suggests that it also follows the characteristic scaling observed in other
compounds with a thickness of 20 nm, further indicating a common scaling
behavior within this group of compounds.

2.3.3 Conclusion

In summary, the linear and nonlinear THz response of four different chem-
ical compositions of Sr1−xCaxRuO3 were investigated. The fluence depen-
dence shows a power law for the third harmonic of p = 2.6 deviating from
the perturbative expectation in the pure compounds and indicating the un-
derlying mechanism possibly facilitating some sort of characteristic scaling
behavior. This is corroborated by the fact that all temperature dependences
(independent of the samples conducting properties) show identical scaling.
These results show the underlying mechanism of THG in the four compo-
sitions to be a common one. The closest equivalent for the observed flu-
ence scaling is found in materials with known linear dispersion [25, 59],
which would match the recent discovery of Weyl fermions in SrRuO3 thin
films [15]. This could mean all investigated samples show signs of linear dis-
persion with an extracted energy scale of 3.5 meV matching the predicted
position of the Weyl nodes in SrRuO3 [15]. However, the measured tem-
perature dependence of the flat band in CaRuO3 [24] matches our experi-
mental data and therefore making it a possible explanation for the tempera-
ture scaling. Furthermore, the Fermi-Dirac fit indicates the energy position
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of the state of origin to be close to the Fermi energy, as is the heavy quasi-
particle peak in CaRuO3 [24]. This would mean that all investigated sam-
ples show strong frequency dependent scattering facilitating the nonlinear
response. While for CaRuO3 and SrRuO3 this is a known phenomena in
the THz frequency range, for the mixed compounds the disorder induced
scattering screens this effect from being observable with conventional linear
spectroscopy [18–23]. Unfortunately, there are no nonlinear THz measure-
ments on other flat band/heavy quasiparticle materials leaving no compar-
ison for the fluence dependence. Without a microscopic theory of the low
temperature ground state in Sr1−xCaxRuO3 or an extensive study incorporat-
ing ARPES, magneto-transport, and harmonic generation spectroscopy it is,
at the moment, not possible to distinguish between these two possibilities.
Furthermore, if the THz third harmonic generation stems from frequency-
dependent scattering, additional effects could also be an explanation. [23].
However, this study shows that even in samples with high degree of disor-
der, THG could be a powerful tool to probe and investigate materials with
strong low energy electronic correlations.
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2.3.4 Appendix

Temperature Dependence of the Spectra
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Figure 2.12: Fourier spectra of the nonlinear response for (a) SrRuO3 and (b) CaRuO3
at different temperatures.

Figure 2.12 (a) and (b) show the Fourier spectra measured with the f and 3f
filters in place at different temperatures for SrRuO3 and CaRuO3. For SrRuO3

at 5 K, there is a significant signal centered at 2.1 THz, corresponding to the
third harmonic generation (THG). However, at the highest temperatures, no
signal is visible at this frequency. In the case of CaRuO3, it could be argued
that there is a potential signal at 1.9 THz at the highest temperatures, but
it is on the order of the noise. Given that the signal-to-noise ratio (SNR) is
approximately 1 and that the signal does not change magnitude with tem-
perature (as would be expected for a linear contribution from the residual
pump pulse), it is considered to be noise.

The α parameter

Since the simulation and experimental values are ultimately normalized for
comparison, the absolute value of α is not critical. What is important is
that α in the simulation captures the temperature-dependent scaling of the
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frequency-dependent scattering time observed in the linear spectroscopy mea-
surements. To achieve this, certain assumptions can be made. First, as re-
ported by Schneider et al. in Physical Review Letters 112, 206403 (2014), elec-
trons driven by different frequencies exhibit different scattering times. For
electrons in a metal, this implies that they are driven to a distribution around
the energy ϵ = ϵ f + ϵν, where ϵ f is the Fermi energy and ϵν is the energy of
the photon.

For simplicity, let’s consider a single electron excited to exactly ϵ. This
energy can be related to a momentum p via the electron’s dispersion relation,
ϵ(p). If we assume that, within the Boltzmann transport model, the electric
field varies slowly enough for the electron to reach this momentum p, we can
establish a valid equivalence. However, this is not universally the case, and
an exact mapping of the energy of the excited state to the electron’s momen-
tum is not required for the model, at least not to encapsulate the temperature
dependence. Since the temperature scaling is the crucial factor, the energy
dependence of the excited state at each temperature can be mapped to mo-
mentum space without needing absolute values. The method used to derive
the formula for scattering time in the simulation is explained in the following
paragraphs.

To employ the described time-dependent Boltzmann transport model, a
formula for τ(p) and values that encapsulate the strength of the momentum
dependence is required. The first step to achieve this involves extracting the
frequency dependence as reported by Schneider et al. in PRL 112, 206403
(2014). For this purpose, two possible plots can be considered: Fig. 4(c),
which shows σ1 ∝ τ, and Fig. 4(d), which depicts ρ1 ∝ Γ ∝ 1

τ . Each plot has
its own advantages and disadvantages. Fig. 4(c) offers the advantage of high
point density but is limited by the inclusion of only a few temperatures. Fig.
4(d), on the other hand, has a lower point density but includes the complete
temperature range. For this work, the data from Fig. 4(d) was chosen because
the extracted parameter is essential for describing the measured temperature
dependence.

As a first step, the data from Fig. 4(d) is replotted as 1
ρ1

∝ τ as a function
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of frequency ν for all temperatures. Given that this replotting results in only
four points per temperature, a linear fit is employed to extract the slope α as
a function of frequency:

τ(ν) = αν + τ0. (2.8)

It should be noted that this description is a simplification of reality. Fig. 4(c)
demonstrates that a linear description is not accurate for the lowest temper-
atures. Within a Fermi-liquid framework, a power law description would
provide a more accurate representation [13]. However, introducing the ad-
ditional fit parameter required by a power law description is questionable
due to the limited number of data points available for fitting. Furthermore,
the model employed is phenomenological, lacking a microscopic or qualita-
tive description, and is used to qualitatively describe the observed nonlinear
response.

In the model, a free electron description with a simple parabolic band is
employed, characterized by the dispersion relation [4]:

ϵ(p) =
h̄2 p2

2m
. (2.9)

As discussed before this is based on the simplified assumption that the elec-
tric field drives the electrons to the energy corresponding to the energy of the
excited state with the driving frequency. With this assumption in mind, one
can express τ(ν) = αν + τ0 as τ(ϵ) = α ϵ

h + τ0, where h is Planck’s constant,
and then substitute the dispersion relation:

τ(p) = τ0

(
α

h̄2 p2

2mτ0
+ 1

)
. (2.10)

One final consideration is that the units of α and τ0 are not explicitly defined,
since in the extraction process, 1

ρ1
∝ τ was used. Therefore, all constants are
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combined into a new term, α′, reducing equation 2.10 to:

τ(p) = τ0
(
α′p2 + 1

)
. (2.11)

The value of τ0 is taken from Schneider et al., Physical Review Letters 112,
206403 (2014). Additionally, α′ is proportional to the extracted α from Schnei-
der et al., and the product α′p2 cannot be less than 1, as this would result in
a negative scattering time. Since the simulation is performed within the first
two Brillouin zones, with p ∈ [−2π/a, 2π/a], where a is the lattice constant,
we require that α′ < a/2π. The advantage here is that the maximum value
of the extracted α is -0.65, and the minimum is -0.04. Therefore, by setting
α′ = α · a/2π, all the necessary conditions are satisfied and we do not need
to introduce additional scaling to the extracted α.
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3 Harmonic Generation in the
BCS Superconductor MgB2

3.1 Introduction

The main content of this chapter is the publication "Reinhoffer et al. High-
Order Nonlinear Terahertz Probing of the Two-Band Superconductor MgB2:
Third- and Fifth-Order Harmonic Generation. Physical Review B 106, 214514
(2022)" [1], investigating the nonlinear response of the Bardeen - Cooper -
Schrieffer (BCS) superconductor MgB2 in an applied magnetic field. To bet-
ter understand the wider context of this publication, it is helpful to intro-
duce the physical principles and sample investigated in these measurements.
For this purpose, this section will first introduce the Higgs mode, an ampli-
tude oscillation in the superconducting ground state, as it is the main driving
mechanism behind the nonlinear response investigated in this study [1]. Af-
ter which, MgB2 is going to be introduced which is known to be the BCS
superconductor with the highest critical temperature at ambient pressures,
and the work that has been done to understand its properties.
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3.1.1 Higgs Mode

The existence of a Higgs mode in superconductors has been a topic ever since
the microscopic description of the superconducting ground state existed [2].
The well-known Higgs mode in particle physics, although experimentally
confirmed first [3, 4], was theoretically predicted after the Higgs mode in su-
perconductors [2]. While the discovery of the Higgs mode in particle physics
in 2012 is widely celebrated and accepted [5], the experimental confirmation
of the Higgs mode in superconductors is still a actively debated topic [6, 7].
One of the problems in observing the Higgs mode is that it does not have an
electric charge, magnetic moment, and other quantum numbers, resulting in
nonlinear coupling being the only possibility to access the Higgs mode [8].

The mathematical description of the Higgs mode, can and been done in
multiple ways [8]. Here a phenomenological description is chosen, therefore
the Ginzburg-Landau theory is a reasonable starting point. The order pa-
rameter for the superconducting ground state is chosen to be ψ(r) as a com-
plex function. It can be interpreted as the cooper pair density, i.e., nc(r) =

|ψ(r)|2 [9]. Accordingly the free-energy density of a superconductor can be
expressed as a power expansion:

f (ψ) = f0 + a|ψ(r)|2 + b
2
|ψ(r)|4, (3.1)

with a = a0(T − Tc) and b > 0 [9]. This free energy potential in the case of
T < Tc is shown in Fig.3.1 (a) denoted as t0 projected on the real part of ψ(r).
To ensure that ψ(r) is a slowly varying an additional term is added taking
into account that the order parameter is a function of the whole supercon-
ductor [9]:

f (ψ) = f0 + a|ψ(r)|2 + b
2
|ψ(r)|4 + h̄

2m∗ |∇ψ(r)|2, (3.2)

with m∗ the effective mass of the cooper pair. Lastly, in an applied electric-
or magnetic field, f (ψ) should be independent of the vector potential chosen.
This requirement leads to the time-dependent Ginzburg-Landau equation of
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the free-energy density [9]:

f (ψ) = f0 + a|ψ(r)|2 + b
2
|ψ(r)|4 + 1

2m∗ |(−i∇− e∗A)ψ(r)|2, (3.3)

with e∗ the effective charge of the cooper pairs and A is a vector potential
connected to the external field E(t) = −∂A(t)/∂t [8, 9].
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Figure 3.1: Higgs mode. (a) Free energy potential of the superconducting
ground state ψ before a THz quench (solid) and after THz quench (dashed). The
quench leads to the collective oscillation of the superconducting condensate (Higgs
mode) [10]. (b) Dispersion of the Higgs mode, with the energy gap at the Γ-point

2∆ [8].

Equation 3.3 as a description of the superconducting ground state is suffi-
cient to capture many of the observed phenomena in superconductors [9]. To
investigate possible excitations, the wave function can be expanded in a per-
turbative way with ψ(r) = (ψ0 + H(r))eiθ(r) [8]. Here H(r), and θ(r) represent
an amplitude, and a phase component of fluctuation of the order-parameter,
respectively. These two fluctuations are called Higgs mode (amplitude) and
Nambu-Goldstone mode (phase) [8]. Using this perturbation and applying
a unitary gauge A′ = A −∇θ/e∗, the GL potential up to the second order
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fluctuation becomes [8]:

f = −2aH2 +
1

2m∗ (∇H)2 +
e∗2ψ2

0
2m∗ A2 +

e∗2ψ0

m∗ A2H + .... (3.4)

Here two interesting observations can be made: First, the term −2aH2 shows
that there is an energy gap for the amplitude (Higgs) mode that has to be
overcome. Second, the first term where the electromagnetic field A interacts
with the Higgs mode H is e∗2ψ0

m∗ A2H showing the coupling to be nonlinear [8].
Figure 3.1 (a) shows the excitation mechanism as a process similar to two
photon absorption. Two photons combine and quench the superconducting
order, changing the free energy landscape. The oscillation of the amplitude
(Higgs mode) is a result of this new excited state. Figure 3.1 (b) shows a
schematic of the dispersion of the Higgs mode. At its lowest point the Higgs
mode has the energy of the superconducting gap [8]. However, the Cooper
pairs condense with the same energy of 2∆ resulting in quasiparticle excita-
tions playing a role in the excited state [8].

Even though the Higgs mode is accessible by nonlinear coupling between
it and electromagnetic waves there needs to be an observable to detect this
process. One possible observable is the generated superconducting current j
defined as [8]:

j = − ∂F
∂A

= − ie∗

2m∗ (ψ
†∇ψ −∇ψ†ψ)− e∗2

m∗ Aψ†ψ, (3.5)

with ψ† being the complex conjugate of ψ. Here again it is possible to take
a perturbative approach ψ(r) = (ψ0 + H(r))eiθ(r) and collect terms including
the Higgs mode H,

j = −2e∗2ψ0

m∗ AH. (3.6)

Having two oscillatory functions present results in frequency mixing terms
similar to section 1.1.2. Assuming the driving field to be oscillating with the
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frequency ω, it is known from the A2H-term that the Higgs mode is oscil-
lating with 2ω. Therefore, the term AH results in a current oscillating at
3ω emitting electromagnetic radiation at the same frequency, resulting in the
third harmonic generation [7, 8]. The energy gap of superconductors 2∆ is in
the order of few meVs making THz harmonic generation a good method to
investigate the Higgs mode [7].

Beside the Higgs mode, there can be other contributions to the nonlinear
response of a superconductor, with the most obvious one being the break-
ing of Cooper pairs [8]. In recent years, there has been an ongoing debate
within the scientific community about which process has the largest contri-
bution to the third-harmonic generation (THG) in superconductors [8, 11].
While there is agreement that the Higgs mode is a subdominant contribution
in the clean limit of superconductivity, no consensus has been reached for the
dirty limit [11]. This ongoing investigation highlights the complexity of un-
derstanding nonlinear phenomena in superconductors and underscores the
need for further experimental and theoretical studies to clarify these mecha-
nisms.

3.1.2 MgB2

The superconductivity of MgB2 was discovered in 2001 [13], which is rela-
tively late considering that, as a metallic compound, it is readily available and
easy to fabricate [14]. Electron-phonon coupling was found to be the driving
mechanism behind the superconducting transition, making MgB2 the BCS su-
perconductor with the highest critical temperature at ambient pressures up
to Tc ≈ 40 K [14]. Another intriguing property of MgB2 is that the supercon-
ductivity needs to be described by a two band superconductivity model [15],
arising from the crystal structure influencing the electronic properties [14,
16]. Figure 3.2 (a) shows the crystal structure of MgB2, consisting of layers
of magnesium on a hexagonal lattice separated by layers of boron forming a
honeycomb lattice [16]. The bands forming the superconducting bands are
the p-orbitals from the boron. In the plane the px and py orbitals hybridize
and form the pxy-orbital responsible for forming two σ metallic bands and
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Figure 3.2: Properties of MgB2. (a) Crystal structure of MgB2 consisting out of honey-
comb boron layers (red) separated by magnesium (blue) layers created using VESTA
[12]. (b) Temperature dependence of the two superconducting gaps measured with

STM adapted from data in [7].

the pz-orbitals form the two metallic π-bands [14, 16]. The charges in the
σ-bands couple to the in-plane phonons of the boron lattice, mediating the
superconducting transition [14]. The π-bands are coupled to the σ-band re-
sulting in the superconductivity appearing at the same critical temperature
for both bands [14]. Figure 3.2 (b) shows the energy of the superconducting
gap for both bands as a function of temperature adapted from data in [7]. The
superconducting gap is larger for the σ-band than for the π-band which is in
line with what would be expected for a band that mediates the superconduc-
tivity in the other band [7, 14].

This data has been published as part of a letter in Physical Review B [7]. The plot is a
reformatted version of the original data as published. Reprinted with permission from Sergey
Kovalev, Tao Dog, Li-Yu Shi, Chris Reinhoffer, Tie-Quan Xu, Hong-Zhang Wang, Yue Wang,
Zi-Zhao Gan, Semyon Germanskiy, Jan-Christoph Deinert, Igor Ilyakov, Paul H. M. van Loos-
drecht, Dong Wu, Nan-Lin Wang, Jure Demsar, and Zhe Wang Physical Review B 104, L140505
(2021). Copyright 2021 by the American Physical Society.



3.1. Introduction 79

The first measurement of the THz optical conductivity of MgB2 was con-
ducted by Kaindl et al. at the end of 2001, only a few months after the discov-
ery of its superconducting properties [17]. Figure 3.3 (a) shows THz trans-
mission spectroscopy data for select temperatures normalized to the trans-
mission at 36 K. After crossing the superconducting transition (in the sam-
ple measured at 36 K) the transmission characteristics of the sample change.
For frequencies below the superconducting gap the transmission decreases,
in line with the expectation that electromagnetic radiation decreases expo-
nentially within a superconductor [4, 18], while the transmission above the
superconducting gap increases. This can be understood looking at the the
extracted optical conductivity data in Figure 3.3 (b). The real part of the opti-
cal conductivity σ1, representing the absorption inside the sample, is smaller
for all frequencies in the superconducting state compared to the normal con-
ducting state. This can be explained by the fact that the pair braking exci-
tation above the bandgap energy has a smaller cross-section than the quasi-
particle scattering in the normal conducting state. Furthermore inside the
bandgap there are no excitations possible at low temperature leading to a
strong suppression of σ1 below the bandgap. However, the superconduct-
ing state screens radiation and the penetration depth of radiation (scaling
inversely with the imaginary conductivity σ2) leads to the decrease in trans-
mission below the superconducting gap [4, 17, 18].

The fact that MgB2 has a band which can be in the dirty limit of super-
conductivity and that the superconducting gap is in the order of 1 THz [14]
made it a perfect candidate material to investigate the Higgs mode [7]. As
discussed in section 3.1.1, the coupling between light and the Higgs mode
should exhibit a resonance when 2ω = 2∆ and could more efficient in the
dirty limit of superconductivity [8]. Therefore, using third harmonic genera-
tion as a probe would result in a maximum of the generated intensity when
the resonance condition is fulfilled [7, 8]. Figure 3.3 (c) shows the results of
this experiment performed by Kovalev et al. in 2021 [7]. By changing the THz
driving frequencies and tuning the temperature of the sample, they were able
to tune the system in and out of the resonance condition. This enabled them



80 Chapter 3. Harmonic Generation in the BCS Superconductor MgB2

0

1

2

   4  K   1 2  K   2 0  K
 2 6  K  3 6  K

Tr(
ω

)/T
r 36

K

( a )

1 0 2 0 3 0 4 00

1 i n  T H z
 0 . 3
 0 . 4
 0 . 5
 0 . 6
 0 . 7

TH
G 

int
en

sity
 I 3f

 (n
orm

.) 

T e m p e r a t u r e  ( K )

( c )

1 20

5  σ1  σ2

F r e q u e n c y  ( T H z )

σ 1
,2 (

10
5  Ω

-1 cm
-1 ) ( b )

Figure 3.3: Linear and nonlinear THz response of MgB2, data adapted from [7]. (a)
THz transmission of MgB2 at different temperatures normalized to the transmission
at 36 K. (b) Real and imaginary part of the optical conductivity of MgB2 for 4 K and
36 K. (c) THz third harmonic generation as a function of temperature for different

THz driving frequencies.

to show that the THG emission does, in fact, exhibit a maximum when the
resonance condition 2ω = 2∆ is met [7]. Furthermore, they observed no res-
onance with the superconducting band in the clean limit and demonstrated
that the THG is polarization independent, which further supports their claim
that the observed THG results from the nonlinear coupling of light to the
Higgs mode [7].

This data has been published as part of a letter in Physical Review B [7]. The plot is a
reformatted version of the original data as published. Reprinted with permission from Sergey
Kovalev, Tao Dog, Li-Yu Shi, Chris Reinhoffer, Tie-Quan Xu, Hong-Zhang Wang, Yue Wang,
Zi-Zhao Gan, Semyon Germanskiy, Jan-Christoph Deinert, Igor Ilyakov, Paul H. M. van Loos-
drecht, Dong Wu, Nan-Lin Wang, Jure Demsar, and Zhe Wang Physical Review B 104, L140505
(2021). Copyright 2021 by the American Physical Society.
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Based on these experimental findings the aim is to advance the under-
standing of the nonlinear coupling of light to the Higgs mode. For that pur-
pose, an experiment was designed which not only allowed the previous find-
ings to be reproduced by being able to tune the frequency of the light via
filters and the superconducting gap via temperature; the setup was able to
measure up to the fifth harmonic generation and could tune the supercon-
ducting gap by applying a strong external magnetic field up to 10 T.
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3.2 High-Order Nonlinear Terahertz Probing of the Two-
Band Superconductor MgB2: Third- and Fifth-Order
Harmonic Generation

3.2.1 Introduction

High-harmonic spectroscopy has been demonstrated to be very powerful in
revealing novel properties of matter, especially by providing time-resolved
dynamical characteristics for states far from thermodynamic equilibrium [19–
50]. From these high-order nonlinear characteristics one can realize dynam-
ical Bloch oscillations [21–23, 27], reconstruct electronic band structures [24,
25, 37], and identify topological and relativistic effects [26, 29–33, 51]. For a
more complex system with strong electron-electron interactions, high-harmo-
nic generation opens up new opportunities to disclose fingerprints for ex-
otic states of matter, such as amplitude (Higgs) modes [8, 52], stripe phases
in cuprates [46], light- or current-driven symmetry breaking phases [47, 53,
54], and light-induced phase transitions in strongly correlated systems [38,
44]. Moreover, ellipticity dependence of high-harmonic generation allows to
probe magnetic dichroism [55, 56] and molecular chirality on a sub-picosecond
time scale [57].

Recent developments on accelerator-based intense and high-repetition-
rate terahertz source have enabled high-harmonic spectroscopic studies in
the few terahertz-frequency range (1 THz ∼ 4.1 meV) with femtosecond time
resolution [28, 29, 48, 58]. In this work we use the terahertz (THz) high-
harmonic spectroscopy to investigate characteristic nonlinear response of the
representative two-band superconductor MgB2.

This section has been published as a article in Physical Review B [1]. The following is a
reformatted version of the original paper as published. Reprinted with permission from C.
Reinhoffer, P. Pilch, A. Reinold, P. Derendorf, S. Kovalev, J.-C. Deinert, I. Ilyakov, A. Pono-
maryov, Min Chen, Tie-Quan Xu, Yue Wang, Zi-Zhao Gan, De-Sheng Wu, Jian-Lin Luo, S.
Germanskiy, E. A. Mashkovich, P. H. M. van Loosdrecht, I. M. Eremin, and Zhe Wang Physical
Review B 106, 214514 (2022). Copyright 2022 by the American Physical Society.



3.2. High-Order Nonlinear Terahertz Probing of the Two-Band
Superconductor MgB2: Third- and Fifth-Order Harmonic Generation

83

With a layered crystalline structure, MgB2 consists of boron atoms form-
ing a primitive honeycomb lattice and magnesium atoms located above the
center of the boron hexagons in-between the boron planes [13]. The Fermi
surface in MgB2 is characterized by a two-dimensional σ-band (bonding px,y

bands) and a three-dimensional π-band (bonding and antibonding pz bands)
[59]. Below a superconducting transition at about 40 K, two superconducting
energy gaps open simultaneously in the σ- and π-bands with 2∆σ = 13 – 14
and 2∆π = 3 – 5 meV, respectively, at the lowest temperatures [60–62]. With a
stronger intraband scattering the π band is in the dirty limit [63–65], whereas
the σ band with a smaller scattering than 2∆σ is intermediately clean (see e.g.
[7, 65]). As a type-II superconductor MgB2 maintains a Meissner phase up
to a lower critical field Hc1 ∼ 0.1 T (see e.g. [66]), while the upper critical
field Hc2 exhibits evident anisotropy with respect to magnetic field orienta-
tion (see e.g. [67, 68]). Moreover, the resistive superconducting transitions
are not sharp in applied magnetic fields, which may reflect metastability of
the vortex system around Hc2 [67, 68]. In resistivity measurements for H ∥ c
the onset of superconductivity determines Honset

c2 = 7.0 – 7.5 T, while the zero
resistivity occurs at Hzero

c2 = 3.0 – 3.5 T for the lowest temperatures (see e.g.
[67, 68] and Appendix Fig. 3.8). Ordered vortex-lattice phases were resolved
well below Hzero

c2 [69]. For H ∥ ab the upper critical field extends up to above
20 T [67, 68].

With a relatively high Tc and a representative two-band nature, MgB2

as a model system has been vividly investigated by various pump-probe
spectroscopic techniques (see e.g. [6, 7, 70–73]). For example, nonequilib-
rium dynamics of optically excited carriers was studied by optical reflection
probe [70] or THz probe [71] with sub-ps time resolution, in which the im-
portant role of electron-phonon couplings has been revealed. A white-light
probe of the optically excited transient states disclosed fingerprint for inter-
band scattering between the σ- and π-bands [72], and found a particular E2g

phonon mode which interacts strongly with the σ-bands [72, 73]. More re-
cently, THz field driven nonequilibrium states of MgB2 was investigated by
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THz probe [6] or by harmonic generation [7], which provided possible evi-
dence for Leggett mode or Higgs mode, respectively. Since these experiments
were performed for different frequencies and waveforms of pump pulses, a
more systematic study remains necessary to clarify the involved nonequilib-
rium dynamics [74].

Following our previous work on temperature dependence of THz third-
harmonic generation in MgB2 in zero magnetic field [7], here we carry out
studies of THz third-harmonic generation in applied external magnetic fields
and also observe fifth-order harmonic generation as a function of tempera-
ture. These investigations provide a more systematic characterization of the
THz nonlinear response of the superconducting state in MgB2.

3.2.2 Experimental Details

High-quality single-crystalline MgB2 thin films with the c-axis epitaxy and
a thickness of 10 nm were grown on 5 × 5 mm MgO (111) substrate by us-
ing a hybrid physical-chemical vapor deposition method, and characterized
by x-ray diffraction and charge transport measurements [75]. Magnetic field
dependence of dc resistivity was measured with a current of 100 µA at var-
ious temperatures for applied fields parallel to the c-axis, using a physical
properties measurement system (PPMS-9T, Quantum Design).

The THz harmonic generation measurements were performed at the TEL-
BE user facility in the Hemholtz Zentrum Dresden-Rossendorf. Intense nar-
row-band THz pulses were generated based on a linear electron accelerator
which was operated at 50 kHz and synchronized with an external femtosec-
ond laser system [58]. The THz radiation was detected by electro-optic sam-
pling in a ZnTe crystal using the synchronized laser system. Bandpass filters
with central frequencies of a bandwidth of 20 % were applied to produce
narrow-band THz radiation of desired frequencies. The bandwidth here is
defined as a full-width at the half-maximum of transmission, which corre-
sponds to +-10 % of the central frequency. Well beyond the central frequency
the transmission is suppressed by about 30 dB. The experiment was aligned
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in a transmission geometry. The emitted harmonic radiation was detected af-
ter the sample in the direction of the normally incident THz beam. For the ex-
citation and detection of high-harmonic generation, f -, 3 f - and 5 f -bandpass
filters with central frequencies of f = 0.3, 3 f = 1, f = 0.4 and 5 f = 2.1 THz
were used. Magnetic field dependent measurements were carried out in a
cryomagnet (Oxford Instruments) with the magnetic field applied along the
c-axis of the MgB2 thin films, the same orientation as for the dc resistance
measurements.

Since the MgB2 samples degrade in air, we sealed a fresh piece of sample
under vacuum before the user experiment. During the experiment the sam-
ple was installed in an evacuated cryostat. The spectroscopic data presented
here was acquired for a continuous 84 hours experiment. The transport data
were obtained on a different piece of sample.

3.2.3 Experimental Results and Discussion

Experimental Results

We start with reproducing the previously reported third-harmonic genera-
tion [7], since we are now using a different THz source i.e. based on an elec-
tron accelerator and measuring a different piece of sample. Under the drive
of a 0.3 THz excitation pulse with peak electric field of 13 kV/cm, the electric
field of emitted radiation from MgB2 was recorded in time-domain, which for
28 K below Tc is presented in Fig. 3.4(a). In addition to the major peaks (as
marked by the circles) that correspond to the driving pulse, one can clearly
see two additional peaks [see arrows in Fig. 3.4(a)] between every two neigh-
bouring major peaks. This is a direct observation of third-harmonic radiation
from the superconducting state of MgB2 on sub-picosecond time scale. By
performing Fourier transformation of the time-domain signal, the obtained
spectrum exhibits two sharp peaks at f = 0.3 THz and 3 f = 0.9 THz, respec-
tively [Fig. 3.4(b)]. We note that the time-domain signal is measured through
a 3 f -bandpass filter, which suppresses the f components substantially, lead-
ing to the apparent larger amplitude at 3 f in Fig. 3.4(b).
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Figure 3.4: (a) Emitted THz electric field from MgB2 driven by a f = 0.3 THz pulse
at 28 K and in zero magnetic field. The data is recorded through a 3 f -bandpass filter
with a central frequency of 1 THz. The arrows indicate the 3 f signal. (b) Fourier
spectrum of the time-domain signal in (a) exhibits third-harmonic radiation at 3 f =
0.9 THz. (c) f - and (d) 3 f -components of the emitted electric field as a function of
temperature. (e) |χ(3)| ≡ E3 f /E3

f versus temperature. The dashed line indicates the
temperature with the resonance condition 2 f = 2∆π fulfilled.

The amplitude of the f and 3 f components (E f and E3 f ) as derived from
Fig. 3.4(b) is presented in Fig. 3.4(c) and Fig. 3.4(d), respectively, as a function
of temperature. While the monotonic decrease of E f with reduced tempera-
ture reflects increased screening in the superconducting phase [7, 17, 65, 76–
79], the third-harmonic radiation E3 f exhibits a broad maximum around 30 K.
Above Tc the third-harmonic yield is essentially zero, whereas dramatically
enhanced below the superconducting transition. Below 30 K, E3 f starts to
drop again with decreasing temperature. Such a decrease might have sim-
ply resulted from the enhanced reflection of the driving field well below Tc,
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Figure 3.5: (a) Terahertz electric field emitted from MgB2 driven by a f = 0.4 THz
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f and |χ(5)| ≡
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f , respectively. Dashed line indicates the temperature corresponding to the
resonance condition 2 f = 2∆π .

since the third-order response should be more sensitive to the screening of
the driving field. However, this cannot fully explain the observed maximum
in the temperature dependence curve. We evaluate temperature dependence
of a third-order susceptibility |χ(3)| via normalized E3 f /E3

f , as presented in
Fig. 3.4(e). With decreasing temperature from Tc, |χ(3)| increases monoton-
ically until 30 K, while at lower temperatures |χ(3)| levels off. At 30 K, the
resonance condition 2 f = 2∆π is fulfilled [61], i.e. twice the pump frequency
equals the superconducting energy gap in the π band. Hence, the observed
temperature dependence of the third-harmonic generation reflects the non-
linear response of the superconductivity, rather than just being a consequence
of the enhanced screening of the driving field.

High-harmonic radiation even up to the fifth order is observed from the
superconducting state of MgB2 under a drive of 0.4 THz pulse with a peak
electric field of 60 kV/cm, which can be seen directly from the time-resolved
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Magnetic field-temperature phase diagram of MgB2. Hzero
c2 corresponds to zero re-

sistance (see Appendix Fig. 3.8), below which ordered vortex-lattice (VL) phase is
formed [69]. Honset

c2 are the fields where the resistance starts to drop (see Appendix

Fig. 3.8). The field-dependent T(3 f )
c (H), in agreement with Honset

c2 (T), determines the
superconducting (SC) phase boundary.

electric field of the radiation [Fig. 3.5(a)]. This is more evident in its Fourier
spectrum [Fig. 3.5(b)], which displays clearly the fundamental, third-, and
fifth-harmonic components. The absence of even-order harmonics is dic-
tated by the existence of an inversion symmetry in the crystal structure of
MgB2 with a space group of P6/mmm [13, 80]. Here we have employed a
5 f -bandpass filter to enable a simultaneous detection of the different compo-
nents, from which we can estimate the temperature dependence of the non-
linear susceptibilities, as presented in Fig. 3.5(c) and Fig. 3.5(d) for normal-
ized |χ(3)| ≡ E3 f /E3

f and |χ(5)| ≡ E5 f /E5
f , respectively. Finite values of the

nonlinear susceptibilities appear below Tc, characterizing nonlinear response
of the superconducting state. With decreasing temperature an initial rapid
increase of |χ(3)| and |χ(5)| is followed by a gentle one below about 28 K or
rather level-off behaviour towards the lowest temperature. As indicated by
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the dashed line in Fig. 3.5(c)(d), this temperature corresponds to the same res-
onance condition, 2 f = 2∆π, for f = 0.4 THz and the π-band gap 2∆π [61].
We note that neither the 3 f nor the 5 f signals observed here are just leak-
age of the pump pulse through the bandpass filters, otherwise they should
appear also well above the superconducting transition with even higher in-
tensity because of reduced screening of the pump pulse.

As presented above, the high-order nonlinear probe is very sensitive to
the superconductivity of MgB2. Hence we can utilize the third-harmonic
generation to study the nonlinear response of the superconducting state in
an applied magnetic field. Figure 3.6(a) displays the electric-field amplitude
of emitted third-harmonic radiation versus temperature for f = 0.3 THz in
various magnetic fields along the c-axis (H ∥ c). With increasing field from
0 T, the onset of the third-harmonic generation shifts continuously towards
lower temperature [see arrows in Fig. 3.6(a)]. Moreover, the resonance-peak
feature observed in zero field is replaced in finite fields by a monotonic in-
crease of the third-harmonic generation with decreasing temperature. Since
the high-harmonic radiation reflects time-dependent spatial average of the
nonlinear current over a mm beam spot size, the absence of a resonance fea-
ture may result from spatial inhomogeneity and metastability of the vortex
system, besides the suppression of superconductivity in fields.

The onset temperature of the third-harmonic generation as a function of
the applied magnetic field T(3 f )

c (H) is shown in Fig. 3.6(b), and compared
with the temperature dependence of characteristic fields Hzero

c2 (T) and Honset
c2

(T), which corresponds to the occurrence of zero resistance and the field
where the resistance starts to drop, respectively (see Appendix Fig. 3.8). One
can see that T(3 f )

c (H) matches very well with Honset
c2 (T) rather than Hzero

c2 (T).
Thus, the THz nonlinear response provides a sensitive probe of the supercon-
ducting stiffness in the applied magnetic fields. While below Hzero

c2 ordered
vortex lattice is formed [64], the finite resistance between Hzero

c2 and Honset
c2

probably results from vortex motion under excitation of electric current [67,
68].
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Discussion

Third-order harmonic generation in MgB2 thin films has been reported previ-
ously for the GHz frequencies (see e.g. [81–85]). These low-energy responses
are not only sensitive to intrinsic properties of the superconductor which can
be ascribed to backflow of thermally excited unpaired quasiparticles in the
presence of the superflow [86, 87], but also to extrinsic properties e.g. weak
links or vortex motion [81–85, 88]. In particular, the backflow of the unpaired
quasiparticle is responsible for the observed GHz harmonic response mainly
around Tc. In contrast to these previous studies, our present work focuses
on the nonlinear response in the THz frequencies, whose photon energy is
comparable to the superconducting gaps of this system at low temperatures
and about three orders of magnitude higher than the microwaves. Moreover,
the THz pulses with intense electric field drive the system out of equilibrium,
thus the observed nonlinearity reflects the high-energy nonequilibrium prop-
erties of the superconductor.

On the origin of the THz high-harmonic generation in conventional su-
perconductors there is an ongoing discussion at present. In fact in a BCS-
type single-band superconductor it was found that the activation of the Higgs
mode is not the only process which can be probe through the high-harmonic
generation. In particular, the Bogoliubov quasiparticles give further contri-
bution to the high-harmonic generation at 2∆, as it coincides with the onset
of the particle-hole continuum corresponding to the energy needed to break
the Cooper pairs. It was shown in Ref. [35] that in the clean BCS single-band
superconductor the charge-density-fluctuation contribution, associated with
Bogoliubov quasipartciles, to the third-harmonic generation current is three
orders of magnitude larger than that from the Higgs mode. Subsequent stud-
ies analyzed how impurities affect this ratio, and the current consensus is that
amplitude (Higgs) fluctuations contribution may dominate the THG signal at
sufficient disorder [41, 42, 89–91].

Very recently the analysis for the third-order harmonic generation has
been expanded to a two-band model [74]. The main conclusion of this study
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was that the third-order harmonic signal at a lower gap will be still domi-
nated by the contribution of charge density fluctuations even if one accounts
for the disorder, included in a semi-phenomenological way. To see whether
this is really the case one would be required to use a quasiclassical Green’s
functions formalism, which goes well beyond the present mostly experimen-
tal work. Instead, in what follows we outline the framework of calculating
the fifth-harmonic generation current in a clean case using a pseudospin for-
malism.

The Heisenberg equations of motion for the pseudospins σ⃗k are given by

∂t⃗σk(t) = i[Ĥ, σ⃗k] = b⃗k × σ⃗k(t) (3.7)

where the Hamiltonian Ĥ = ∑k b⃗k⃗σk with the pseudomagnetic field b⃗k. We
calculate the time evolution of the pseudospins up to the fourth order in the
vector potential A(t) by expanding the z component of b⃗k in the nonlinear
response regime

ϵk−eA(t) + ϵk+eA(t) = 2ϵk + ϵA2

k +
1

12
ϵA4

k + O(A6) (3.8)

with ϵk representing the dispersion relation,

ϵA2

k = ∑
i,j={x,y}

e2Ai(t)Aj(t)∂ki ∂k j ϵk,

and
ϵA4

k = ∑
i,j,l,m={x,y}

e4Ai(t)Aj(t)Al(t)Am(t)∂ki ∂k j ∂kl ∂km ϵk.

Restricting the analysis to a BCS-type single-band superconductor in the
clean limit (see Appendix), we find that either due to Higgs amplitude fluc-
tuations or Cooper-pair breaking (charge density fluctuations), third-order
harmonic yield exhibits a resonance enhancement for a resonance condition
2 f = 2∆, whereas enhanced fifth-order harmonic generation occurs at two
resonance conditions 4 f = 2∆ and 2 f = 2∆ (see Appendix Fig. 3.7). In the
clean limit, the fifth-harmonic generation is primarily due to the Cooper-pair
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breaking, similar to previous theoretical analysis for third-harmonic gener-
ation (see e.g. [6, 35, 40]). In contrast, in the dirty limit the third-harmonic
generation could be dominated by Higgs amplitude fluctuations (see e.g. [41,
42]). As for the amplitude fluctuations, the resonance condition 2 f = 2∆ in-
dicates a resonant excitation of a Higgs mode through two photons, which
is coupled to another one or three photons, leading to the third- or fifth-
harmonic generation, respectively. Corresponding to the resonance condition
4 f = 2∆, a Higgs mode can also be resonantly excited through four photons,
resulting in the fifth-harmonic generation.

An important experimental finding here is that a resonance feature in
the third- and fifth-harmonic generation [Fig. 3.5(c)(d)] is observed only for
2 f = 2∆π corresponding to the π-band gap in the dirty limit, although for
the clean-limit σ-band gap the resonance conditions 2 f = 2∆σ and 4 f = 2∆σ

should be experimentally accessible. These results do not support an inter-
pretation of the observed high-harmonic generation in MgB2 as being pre-
dominantly due to pair-breaking of the clean-limit band, but rather suggests
that Higgs amplitude fluctuations in the dirty-limit band mainly lead to the
high-harmonic signals. Nonetheless, this argument assumes negligible inter-
band couplings, and is essentially based on an independent band picture.
A rigorous analysis of a two-band model by taking into account interband
couplings and sufficient disorder is still required to elucidate the different
contributions, not only for the third-order harmonic generation, but also for
high-order harmonic generation as observed here.

3.2.4 Conclusion

By performing terahertz high-order harmonic spectroscopy of the supercon-
ducting state in the two-band superconductor MgB2, we revealed characteris-
tic nonlinear response of the superconductivity. As a function of temperature
and applied magnetic field, we investigated third- and fifth-order harmonic
generation in MgB2 driven by intense terahertz field, and established its su-
perconducting phase diagram. Resonance enhancement of the third- and the
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fifth-harmonic signals in zero field was observed only for the dirty-limit π-
band, i.e. 2 f = 2∆π, below the superconducting transition temperature, but
not for 2 f = 2∆σ or 4 f = 2∆σ of the clean-limit σ-band. While in a single-
band picture this suggests a dominant contribution of the Higgs amplitude
fluctuations to the high-harmonic generation in the dirty limit, the analysis
of a more realistic two-band model for MgB2 by taking into account the in-
terband couplings and disorder is still necessary for a more reliable interpre-
tation of our experimental results.
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3.2.5 Appendix

Pseudospin Analysis

To understand the signatures of the superconducting state and its collective
modes in the fifth-harmonic generation (FHG) we follow the standard ap-
proach of using the Anderson pseudospin outlined in [92], which is defined
as:

σ⃗k =
1
2

Ψ†
k τ⃗Ψk (3.9)

Here, τ⃗ denotes the Pauli-matrices vector and Ψk =
(

ĉk↑ ĉ−k↓

)T
is the

Nambu-Gorkov spinor. The BCS Hamiltonian can be written in the compact
form

ĤBCS = ∑
k

b⃗k⃗σk (3.10)
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with the pseudomagnetic-field b⃗k = 2
(
−∆

′
∆

′′
ϵk

)T
, where ∆ = ∆

′
+ i∆

′′
.

The gap equation can also be expressed via pseudospins

∆ = V ∑
k

(
⟨σ̂x

k ⟩+ i
〈
σ̂

y
k

〉)
where σ̂

x,y
k denote the component of the pseudospin vector. In the following

we restrict our analysis here to a single gap in the clean limit.
To calculate the third- and fifth-order nonlinear currents, we first com-

pute the gap-oscillation under irradiation whose vector potential is given by
A(t) = A0 sin (Ωt) with Ω = 2π f the angular frequency. We include the
coupling of the electronic system to the electromagnetic field via a Peierls-
substitution, which affects the z-component of the pseudomagnetic-field

b⃗k =
(
−2∆

′
2∆

′′
ϵk+eA + ϵk−eA

)T
. (3.11)

The time-evolution of the pseudospins obeys the Heisenberg equations of
motion

∂t⃗σk(t) = i
[
Ĥ, σ⃗k

]
= b⃗k × σ⃗k(t) (3.12)

Following the standard procedure we linearize the equations by expressing
σ⃗k(t) = ⟨⃗σk(0)⟩ + δ⃗σk(t) and ∆(t) = ∆ + δ∆(t) and decouple the resulting
system of differential equation by transforming Eq. (3.12) to Laplace-space.
We further set ∆ to be real at t = 0 which allows to express the equilibrium’s
values for the pseudospin components

⟨σ̂x
k (0)⟩ =

∆
2Ek

tanh
(

Ek

2kBT

)
〈
σ̂

y
k (0)

〉
= 0

⟨σ̂z
k (0)⟩ =

−ϵk

2Ek
tanh

(
Ek

2kBT

)
,

(3.13)

where Ek =
√

ϵ2
k + ∆2 is the Bogoliubov energy dispersion. To compute
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δ∆
′
(s) and δ∆

′′
(s) we expand ϵk+eA + ϵk−eA up to the fourth-order in A. Eval-

uating the obtained expression we obtain both δ∆
′

and δ∆
′′
:

δ∆
′
(s) =

1
2

(
α1∆e2A2(s) +

1
12

α̃1∆e4A4(s)
)(

1 − 1
λ(4∆2 + s2)F(s, T)

)
δ∆

′′
(s) = −α0

s
∆e2A2(s)︸ ︷︷ ︸

=δ∆′′
A2 (s)

− α̃0

12s
∆e4A4(s)︸ ︷︷ ︸

=δ∆′′
A4 (s)

(3.14)

where we separate δ∆
′
(s) = δ∆

′

A2(s) + δ∆
′

A4(s) into two parts. The factors
α0 = −ϵFa2

2 , α̃0 = ϵFa4

2 , α1 = −a2

2 , α̃1 = a4

2 originate from the nearest-neighbour
hopping term on a square lattice with a lattice constant denoted by a. For
simplicity we set a = 1. The function F(s, T) is given by:

F(s, T) =
∫

dϵ
tanh

(
E

2kBT

)
2E(4E2 + s2)

(3.15)

For simplicity we have assumed that A⃗(t) is parallel to the lattice vector.
Finally the current can be expressed via the z-component of the pseu-

dospin as j⃗(t) = v⃗k−eA
(〈

σ̂z
k (t)

〉
+ 1

2

)
. We expand v⃗k−eA up to the third-order

in A, transform j⃗ into Fourier space, and by plugging the expression for the
gap oscillation we arrive at the following six terms, contributing to the FHG.

The Higgs contribution ∝ δ∆
′
(s) towards the fifth-order nonlinear current

is given by

j⃗(5)H
∥ (5Ω) = −ie2A0 ∑

k

∆0(α0 + α1ξk) tanh
(

E
2kBT

)
Ek(4E2

k − 16Ω2)
2ξkδ∆′

A4(s = 4iΩ)

+
ie4A3

0
24 ∑

k

∆0(α̃0 + α̃1ξk) tanh
(

E
2kBT

)
Ek(4E2

k − 4Ω2)
2ξkδ∆′

A2(s = 2iΩ).

(3.16)
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where ξk = ϵk − ϵF with ϵF the Fermi energy. Thus we obtain two compo-
nents to the order of A2 or A4, respectively,

jH
A2(5Ω) = i

α1α̃1∆2e6A3
0A2(2iΩ)

24

(
1 − H(2iΩ, T)

2
− 1

2H(2iΩ, T)

)
,

jH
A4(5Ω) = −i

α1α̃1∆2e6A0A4(4iΩ)

12

(
1 − H(4iΩ, T)

2
− 1

2H(4iΩ, T)

)
,

(3.17)

where we define H(s, T) = λ(4∆2 + s2)F(s, T).
The contribution to FHG due to the phase fluctuations originates from the

sum containing ∝ δ∆′′(s), i.e.

j⃗(5)P
∥ (5Ω) = ie2 A0 ∑

k

∆0(α0 + α1ξk) tanh
(

E
2kBT

)
Ek(4E2

k − 16Ω2)
4iΩδ∆′′

A4(s = 4iΩ)

− ie4 A3
0

24 ∑
k

∆0(α̃0 + α̃1ξk) tanh
(

E
2kBT

)
Ek(4E2

k − 4Ω2)
2iΩδ∆′′

A2(s = 2iΩ)

(3.18)
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Hence

jP
A2(5Ω) = −i

1
12

α0α̃0∆2e6A3
0A2(2iΩ)λF(2iΩ, T),

jP
A4(5Ω) = i

1
6

α0α̃0∆2e6A0A4(4iΩ)λF(4iΩ, T).
(3.19)

Finally, the BCS contribution due to Cooper-pair breaking (often dubbed charge
density fluctuations) is

j⃗(5)CDF
∥ (5Ω) = ie2A0 ∑

k

∆2
0(α0 + α1ξk) tanh

(
E

2kBT

)
Ek(4E2

k − 16Ω2)

1
12

ξA4

k (s = 4iΩ)

− ie4A3
0

24 ∑
k

∆2
0(α̃0 + α̃1ξk) tanh

(
E

2kBT

)
Ek(4E2

k − 4Ω2)
ξ A2

k (s = 2iΩ)

(3.20)

Two separate components are given by

jCDF
A2 (5Ω) = −i

1
12

∆2e6A3
0A2(2iΩ)α0α̃0λF(2iΩ, T)

− i
1
48

∆2e6A3
0A2(2iΩ)α1α̃1(1 − H(2iΩ, T))

jCDF
A4 (5Ω) = i

1
6

∆2e6A0A4(4iΩ)α0α̃0λF(4iΩ, T)

+ i
1
24

∆2e6A0A4(4iΩ)α1α̃1(1 − H(4iΩ, T))

(3.21)

One observes that some of the terms are almost identical to that appear-
ing in the third-harmonic generation (THG) [40]. The new terms are those
proportional to A4(4iΩ).

Since the experimentally measured THz electric field is proportional to
the time derivative of the current density, we compute the Fourier ampli-
tude F (∂j(t)/∂t), which are just the expressions above with a leading fac-
tor of 5Ω. For the numerical computation we use λ = 0.25, TD = 500 K,
t = 10 · ∆0, ϵF = −200 meV and a broadening factor γ = 0.025∆0 where
2∆0 = 3.2 meV denotes the superconducting gap at zero temperature, and
assume a BCS-type temperature dependence of superconducting gap (see the
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Figure 3.8: (a) temperature-dependent dc-resistance of a MgB2 sample in zero field
and (b) dc resistance measured upon field sweeping at different temperatures.

inset of Fig. 3.7).
The computed FHG amplitude of various contributions (Higgs ampli-

tude mode, charge density fluctuations, and phase fluctuations) is presented
in Fig. 3.7(a)(b) for pump-pulse frequencies f = 0.8∆0 and 0.35∆0, respec-
tively. The charge density fluctuations and phase fluctuations provide the
same contribution to the FHG. For f = 0.8∆0 which is greater than ∆0/2, we
observe only one resonant peak in the FHG located at the temperature where
2∆(T) = 2 f . This is similar to the resonance condition for THG, meaning
that this is the THG process carrying over into the FHG. In contrast, for fre-
quencies below ∆0/2 such as f = 0.35∆0, we find two distinct peaks at the
temperatures T1 and T2, where 2∆(T1) = 2 f and 2∆(T2) = 4 f . The additional
peak at T2 arises as the resonant excitation of a Higgs mode through four
photons. In addition, we see that the BCS contribution dominates the FHG in
the clean limit, as expected also for THG (see e.g. [35, 40]).
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DC Resistance in Applied Magnetic Field

Figure 3.8 presents (a) temperature-dependent dc-resistance of a MgB2 sam-
ple in zero field and (b) field-dependent dc-resistance measurements for var-
ious temperatures with the magnetic field applied along the crystallographic
c-axis, which is the same orientation as applied in the high-harmonic genera-
tion experiment.

3.2.6 Contributions

Chris Reinhoffer, Zhe Wang and Paul van Loosdrecht conceived the project.
The high-order harmonic measurements were performed at the TELBE facil-
ity in the Helmholtz center Dresden-Rossendorf. As beamline users Chris
Reinhoffer, Patrick Pilch, Annecke Reinold and Zhe Wang were present. As
beam line scientists, Sergey Kovalev, Jan-Christoph Deinert, Ivan Ilyakov,
Alexey Ponomaryov and Min Chen were present. The pseudospin analy-
sis were done by Paul Derendorf and I. M. Eremin. The MgB2 thin films
were grown and characterized by Tie-Quan Xu, Yue Wang, Zi-Zhao Gan, De-
Sheng Wu, and Jian-Lin Luo. Chris Reinhofffer, Semyon Germanskiy, Evgeny
Mashkovich, Paul van Loosdrecht and Zhe Wang did the main analysis and
discussion of the experimental results. Chris Reinhoffer wrote the main part
of the manuscript in close collaboration with Zhe Wang. All mentioned au-
thors helped with refining the final written manuscript.
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4 Terahertz Magnonics in
(Gd,Bi)3Fe5O12

4.1 Introduction

The main content of this chapter is the manuscript prepared for publica-
tion in Physical Review B "Reinhoffer et al. THz Control of Exchange Mode
in a Ferrimagnetic Cavity (2024)" investigating the terahertz (THz) induced
magnetization dynamics in the rare earth iron garnet (Gd,Bi)3Fe5O12 within
a cavity created by the sample interfaces. By changing the temperature of
the sample a periodic modulation of the exchange mode amplitude is ob-
served with maxima appearing when the exchange mode frequency matches
the frequency of a cavity mode. This phenomenon is described by a sim-
ulation of the magnetization dynamics using Landau-Lifshitz-Gilbert (LLG)
equations under a pulsed periodic drive. To understand the physical prin-
ciples involved, this section will first introduce the magnetization dynamics
of a ferrimagnet with linear exchange coupling between the sublattices. Fur-
thermore, the assumptions for the simulations with the LLG equations will
be discussed. After which the physical properties of (Gd,Bi)3Fe5O12 are in-
troduced to better understand the origin of the highly tunable nature of the
exchange mode.
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4.1.1 Landau-Lifshitz-Gilbert Equations and Magnetization Dynam-
ics in Ferrimagnets

One of the most well-known phenomena in physics is precession of a top
when the gravitational and rotational forces are misaligned [1]. This process
is a result of conservation of angular momentum and is applicable to mag-
netic moments in magnetic fields [1–3]. When a magnetic dipole moment
m is in an applied magnetic field H with an angle between the moment and
field axis, the magnetic dipole starts to precess around the magnetic field vec-
tor (shown in Fig. 4.1 (a)) with the Larmor frequency

fLamor =
γ

2π
B, (4.1)

with γ the gyromagnetic ratio, and B the magnetic flux density, in a vacuum
B = µ0H [2, 3]. This precessional motion can be described by the Landau-
Lifshitz-Gilbert equation

dm⃗
dt

= −γm⃗ × B⃗ − βm⃗ ×
(

m⃗ × B⃗
)

, (4.2)

with β a phenomenological damping parameter [3, 4]. The term γm⃗ × B⃗ de-
scribes the torque applied leading to the rotational motion with βm⃗×

(
m⃗ × B⃗

)
describing the damping of the amplitude of the oscillation [3, 4]. However,
equation 4.2 is a description of a single magnetic moment within a field. Ex-
tending this description to the material case is done by including a macro-
scopic magnetization M⃗

dM⃗
dt

= −γM⃗ × µ0H⃗eff. − γ
α

|M⃗|
M⃗ ×

(
M⃗ × µ0H⃗eff.

)
, (4.3)

with α the Gilbert damping parameter, |M⃗| representing the saturation mag-
netization, and H⃗eff. the effective applied magnetic field influenced by mag-
netization and interactions [3, 4].
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Figure 4.1: Precession of magnetic moments in an external magnetic field. (a) Larmor
precession of a simple magnetic moment. (b) Quasi-ferromagnetic mode and (c)

quasi-antiferromagnetic mode of a ferrimagnet.

A ferrimagnet consists of magnetic moments with different magnitudes
aligned anti-parallel to each other [3]. Because they have different magnetic
moments, a ferrimagnet has a nonzero macroscopic magnetization [3]. This
results in them showing modes that scale with applied field as a ferromag-
netic mode, therefore called quasi-ferromagnetic [3]. However, an additional
mode appears that is not explainable by a single equation of motion [4–6].
This can be remedied by imagining the ferrimagnet as a system of two mag-
netizations that are coupled to each other, leading to a system of coupled
equations:

dM⃗1

dt
= −γM⃗1 × H⃗eff. − γ

α

|M⃗|
M⃗1 ×

(
M⃗1 × H⃗eff.

)
, (4.4)

dM⃗2

dt
= −γM⃗2 × H⃗eff. − γ

α

|M⃗|
M⃗2 ×

(
M⃗2 × H⃗eff.

)
, (4.5)

with M1 and M2 describing the magnetizations of the different subsystems [4,
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5]. In the case of no damping and a linear coupling between the magnetiza-
tions through an exchange field H = N12(M2 − M1) with N12 the exchange
parameter, this set of coupled equations gives rise to the Kaplan-Kittel ex-
change resonance with frequency

ω = γN12

(
|M⃗2| − |M⃗1|

)
, (4.6)

in addition to the quasi-ferromagnetic mode [4–6]. Both modes of a ferrimag-
net are sketched in Fig 4.1 (b) and (c), while in the quasi-ferromagnetic mode
both magnetizations precess in unison, in the quasi-antiferromagnetic mode
the magnetizations cant with respect to each other while they precess counter
to each other.

The system of coupled differential equations is the basis for the descrip-
tion of the magnetization dynamics in (Gd,Bi)3Fe5O12 (GdBIG) observed in
section 4.2. The properties of GdBIG will be discussed in the next section. In
the rest of this section, the focus will be on some detail of the numerical sim-
ulation. In contrast to section 2.2, the interest is in directional components
of the magnetization requiring a full three-dimensional treatment. For that
purpose, equations 4.4 and 4.5 are written in terms of the Euler method:

M⃗1(t + ∆t) = M⃗1(t)− ∆tγ

[
M⃗1(t)× H⃗eff.(t)−

α

|M⃗|
M⃗1(t)×

(
M⃗1(t)× H⃗eff.(t)

)]
(4.7)

M⃗2(t + ∆t) = M⃗2(t)− ∆tγ

[
M⃗2(t)× H⃗eff.(t)−

α

|M⃗|
M⃗2(t)×

(
M⃗2(t)× H⃗eff.(t)

)]
.

(4.8)

This set of equations can be iteratively solved using the effective magnetic
field and the values for γ, α, and N12 found in the section 4.2. To extract the
frequency of the exchange mode, the system is brought out of equilibrium
with a single light pulse. By changing the magnetizations M⃗1 and M⃗2 the
system is simulated at different temperatures. Extracting the frequency of
the oscillation therefore results in a temperature dependence of the exchange
mode. This is used for extracting the amplitude of the exchange mode when
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the excitation becomes more complicated then a single pulse.

4.1.2 Properties (Gd,Bi)3Fe5O12
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Figure 4.2: Structural and magnetic properties of garnets. (a) Garnet unit cell with
the tetrahedral, octahedral, and vacancy sites shown in blue, green, and black, re-
spectively. Figure adapted from Andrew J. Princep et al. The full magnon spectrum
of yttrium iron garnet. npj Quantum materials 2, 63 (2017) [7] under CC 4.0 license. (b)
Magnetization of the rare earth iron garnets YIG and GdIG, data adapted from [8].

The crystallographic family of the garnets has found use in a wide range
of applications thanks to their highly tunable nature [4]. One of the most
prominent examples is the use in high powered lasers where rare earth doped
yttrium aluminum garnets (YAG), i.e., Nd:YAG and Yb:YAG, are used as gain
medium [9, 10]. The reason for this versatility is the garnet structure shown
in Fig. 4.2 (a) [11, 12]. The structure consists of three sites: the oxygen tetrahe-
dral sites shown in green, the oxygen octahedral sites shown in blue, and the
vacancy sites shown in black [4, 7, 13]. In the case of YAG, the tetrahedral and
octahedral sites are occupied by aluminum and the vacancy sites by yttrium.
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For magnetic tunability, the aluminum can be replaced by magnetic ions
like iron, resulting in the well-studied yttrium iron garnet (YIG) [7, 13]. Fig-
ure 4.2 (b) shows the magnetization of YIG (gray squares) as a function of
temperature [4, 13]. YIG shows a magnetization below the Curie tempera-
ture Tc = 550 K which increases with decreasing temperature saturating at
5µB/formula unit [4, 13]. However, with the magnetic moment per iron in 3+
oxidation being 5µB and 5 iron ions per formula unit, the expected magnetiza-
tion summing over the magnetic moments would be 25µB/formula unit for a
ferromagnetically ordered crystal. This shows that the two iron sites (octahe-
dral and tetrahedral) couple antiferromagnetically with each other with the
ratio being 2:3 resulting in ferrimagnetic order with residual magnetization
of 5µB/formula unit [4, 13]. The exchange between these two iron sublattices
is mediated via the super exchange mechanism [4, 13].

Replacing the yttrium with gadolinium changes the temperature depen-
dence of the magnetization drastically [13]. Figure 4.2 (b) shows the magne-
tization as a function of temperature for GdIG (red dots). The Curie tempera-
ture is still at 550 K, being a result of the iron lattices ordering [13]. However,
after a short increase in magnetization with decreasing temperature, there is
a temperature point of zero magnetization [4, 13–15]. The explanation for this
phenomenon is that the magnetic moments of the Gd ions align antiferromag-
netically to the net magnetization generated by the combined iron sublattices
without being strongly coupled with each other [13–15]. However, the mag-
netic moment carried by Gd3+ is larger than Fe3+, therefore leading to a point
where the Gd moment can compensate the magnetization of the iron sublat-
tices, resulting in a net zero magnetization. The temperature where this oc-
curs is called compensation temperature Tcomp [13–15]. In a ferrimagnet, the
net magnetization aligns itself with externally applied magnetic fields [3].
Therefore, when MGd < MFe above Tcomp the magnetization of the iron sub-
lattice is aligned along the external field while when MGd > MFe below Tcomp

the Gd moments are aligned along the field [4, 13–15]. This switch of mag-
netization direction is not visible in the magnetization but can be made visi-
ble by measuring magneto-optic Kerr effect (MOKE) with 800 nm as a probe
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wavelength [4]. The Kerr coefficient for 800 nm is dominated by the response
of one of the iron sublattices, due to crystal field excitations of the iron ions
in the octahedral sites at 700 nm and 900 nm, making it sensitive to the direc-
tion of the magnetization [4, 16]. This effect can be enhanced by substituting
Gd with Bi which shifts the crystal field transitions, increasing the observed
magneto-optic effect with 800 nm [16]. The sensitivity to the magnetization
direction is combined with a THz excitation and LLG analysis in the next
section to study the temporal magnetization dynamics of (Gd,Bi)3Fe5O12.
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4.2 THz Control of Exchange Mode in a Ferrimagnetic
Cavity

4.2.1 Introduction

In an era where large language models are becoming increasingly dominant
in society, the need for faster computational power is more pronounced than
ever before [17]. However, the predominant form of data storage technology
today is still ferromagnetic-based, which limits operational frequencies to a
few GHz [18]. To achieve significantly higher frequencies, i.e. in the THz
range, antiferromagnetic magnetic recording and control is the subject of in-
tense investigation nowadays [19–30]. Among media with antiferromagnetic
ordering, ferrimagnets are especially appealing as they combine the feasibil-
ity of magnetic control with high THz-scale eigenfrequencies. One material
class at the center of these investigations has been the rare earth iron gar-
nets [6, 27–29]. Iron garnets crystallize in the lā3d structure where the iron
ions form two sublattices sitting in oxygen octahedral M⃗a and tetrahedral
sites M⃗d with a ratio of 10 µB:15 µB, while the rare earth ions occupy the in-
terstitial sites. By substituting the main rare earth element [8], and by doping
with non-magnetic ions [31], the magnetic properties of these materials be-
come highly tunable. Due to the strong Fe-Fe exchange interaction, iron gar-
nets typically are treated as ferrimagnets characterized by two sublattices:
Gadolinium M⃗Gd = M⃗c and joint iron M⃗Fe = M⃗d + M⃗a, respectively. The
strength of the exchange interaction between these sublattices can be directly
probed by measuring the corresponding magnetic exchange mode [5]. The
frequency of this resonance is highly sensitive to temperature, especially in
the vicinity of the magnetic compensation point, where |M⃗Fe| = |M⃗Gd|. Fur-
thermore, substitution of Gd with Bi enhances the magneto-optical response,
enabling ultrafast magneto-optical spectroscopy [16, 32]. The exchange mode
can be excited either resonatly [33] or via opto-magnetic effects [27].

There are several approaches to increase the coupling strength between
photons and magnons: some are based on energy concentration using cavi-
ties [34–36], while others exploit multiple terahertz pulses as a stimulus to
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coherently control the magnon response [37, 38]. In this paper, we com-
bine the concepts of cavity engineering with multiple THz pulse excitation
to demonstrate the vast tuning possibilities of the coupling strength between
light and magnetization at THz frequencies. Specifically, we analyze the prac-
tically important case where the cavity is created by the two interfaces of a
plane-parallel micron-scale plate made of the ferrimagnet itself. The tunabil-
ity of the exchange mode frequency through temperature control allows us
to couple it with multiple cavity modes in a controllable way. By performing
THz-pump optical-probe experiments, we monitor the amplitude and the fre-
quency of the exchange mode to reveal the corresponding magnon-photon
coupling strength at various temperatures. The enhancement of the mode
amplitude is readily observable when the frequency of the magnon mode is
resonant with an eigenmode of the cavity, while a reduction of the effective
damping is observed across the full temperature range between 80 and 130
K. Numerical simulation based on Landau-Lifschitz-Gilbert equations in a
two-sublattice system in a cavity show good agreement with the experimen-
tal findings. Overall, this work touches on a previously unexplored realm of
THz cavity spin dynamics and provides a systematic understanding of the
dynamical magnetic response of a ferrimagnetic cavity.

4.2.2 Material and Methods

A 200 µm thick single crystal of (Gd,Bi)3Fe5O12 (GdBIG) oriented along the
(111) direction was grown using liquid phase epitaxy and polished to the
prescribed thickness [27]. The sample was mounted in a continuous flow
cryostat and cooled using liquid nitrogen with a dc magnetic field applied
in the sample plane. Broadband THz pulses were generated using the tilted-
pulse-front optical rectification technique in a LiNbO3 crystal [39]. For that
optical pulses from a Ti:sapphire amplifier with 6 mJ per pulse, 1 kHz repe-
tition rate and a center wavelength of 800 nm were used. Part off this beam
was split of to be used as a low intensity probe pulse. Two types of THz spec-
troscopy experiments were conducted: THz time-domain (TDS) spectroscopy
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Figure 4.3: Static characterization of GdBIG. (a) THz electric field transmitted
through the sample ESam and an empty sample holder ERef at room temperature,
offset for better visibility. (b) Transmission spectrum of GdBIG at different temper-
atures. The reference spectrum is shown as a gray background, where the sharp
absorption lines result from the water vapor absorption. The cavity modes are num-

bered according to their order.

and THz-pump optical-probe (TPOP). In TDS, the THz beam was transmit-
ted through the GdBIG sample, after which the THz pulse field strength was
detected via electro-optic sampling in a 1 mm thick ZnTe crystal [40]. TPOP
was performed by overlapping the 800 nm probe beam with the THz beam
within the sample. The THz-induced changes of the probe polarization were
detected using the balanced photodiode technique [40]. Both the THz and
optical radiation were at normal incidence. For both experimental configura-
tions, the polarization state and fluence of the THz radiation was controlled
using two wire grid polarizers. In TDS the THz electric field strength was re-
duced below 10 kV

cm , whereas for TPOP, THz field strengths up to 700 kV
cm were

used.

4.2.3 Results

As a first step, the transmission properties of GdBIG were studied by THz
TDS spectroscopy at different temperatures. Figure 4.3(a) shows the THz
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electric field transmitted through the sample ESam and the reference THz
electric field ERef at room temperature. The main peak of ESam is delayed
by ∼3.1 ps compared to the reference signal. Furthermore, a second peak at
∼10.7 ps is visible, originating in the back reflection of the THz pulse from
the rear interface of GdBIG. For a sample thickness of 200 µm and the time
delay observed in ERef the effective refractive index n, in the ∼ 1 THz fre-
quency range, is estimated to be ∼5.6. The amplitude transmission spectra
plotted in Fig. 4.3(b) are calculated as the ratio of the absolute values of the
ESam and ESam FFT spectra. A strong periodic modulation of the transmis-
sion is observed, which is caused by formation of a THz pulse train due to
multiple reflections from both crystal interfaces [16]. The peaks shift to lower
frequencies with decreasing temperature indicating an increase in the refrac-
tive index. Moreover, the sample becomes non-transparent above 1.3 THz at
300 K and above 1.1 THz at 5 K, indicating the presence of an absorption line
outside of the spectral window which is softening with decreasing tempera-
ture. This absorption line is absent in pure Gd3Fe5O12 [41], which suggests
that this could be a phonon mode involving Bi in the interstitial sites. This
notion is reinforced by the appearance of a Raman-active optical phonon at
1.8 THz when substituting Gd with Tb in Gd2.34Tb0.66Fe5O12 [42]. Without
changing the coupling strength, the mass ratio between the Tb and Bi ions
would lower this phonon frequency to ≈1.6 THz. Furthermore, room tem-
perature Raman measurements (Fig. 4.6) shows the presence of a peak at 1.28
THz. According to the mutual exclusion principle [43], the appearance of this
mode in both Raman and IR spectra can be explained by the lowering of the
crystal symmetry due to the random distribution of Bi dopants in GdBIG [44].

Next, TPOP spectroscopy was performed. Figure 4.4(a) shows THz in-
duced polarization rotation at three distinct temperatures of 130 K, 100 K, and
80 K. The time traces indicate a rich frequency spectrum which is strongly
temperature-dependent. Corresponding Fourier spectra are plotted in Fig.
4.4(b) showing multiple peaks composing the induced polarization rotation
in Fig. 4.4(a). Two of the most pronounced features, centered at 0.13 THz and
0.26 THz, do not move with temperature, while the frequency of the 0.4 THz
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Figure 4.4: Temperature dependence of the Gd-Fe exchange mode. (a) THz-induced
polarization rotation for 80 K, 100 K, and 130 K, offset for better visibility. (b) Fourier
spectra of the time traces from panel (a), the arrows indicate the exchange mode,
offset for better visibility. (c) The frequency (black circles) and the effective damp-
ing (red triangles) of the exchange mode as a function of temperature. Both val-
ues are extracted with a Lorentzian function fit to the exchange mode peak. The
black line shows a fit based on the Kaplan-Kittel exchange resonance formula (see
Eq. S5) [5] with the molecular field parameter NGd-Fe = −0.80 mol

cm3 . The red line is

a fit with αeff
exch = αeff

(
|M⃗Gd|+ |M⃗Fe|

)
/
(
|M⃗Gd| − |M⃗Fe|

)
[45] with the constant ef-

fective Gilbert damping factor of the sublattices αeff = 0.0046.

peak at 130 K increases to 0.7 THz upon lowering the temperature down to
80 K. The extracted peak position with a temperature step of 2 K is shown in
Fig. 4.4(c), in an excellent agreement with the temperature dependence ob-
served for the exchange resonance between the Gd and Fe sublattices [46].
The positions of the other visible peaks in Fig. 4.4(b) that do not change with
temperature within our measurement accuracy, are consistent with the 1st
and the 2nd cavity modes in Fig. 4.3(b). Therefore, they can convincingly be
attributed to the forced response of the spin system to the THz pulse, shaped
by multiple reflections at GdBIG surfaces. Moreover, the cavity modes mod-
ify the observable line-width of the magnetic resonance, thereby enabling
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control of the apparent effective damping of the exchange mode, αeff
exch. The

apparent change in damping results from the recurrent parametric excitation
of the spin system by a phase-matched sequence of the THz pulses within
the cavity. The extracted line-width of the exchange mode at every tempera-
ture is shown in Fig. 4.4(c). The value of αeff

exch varies from 0.007 to 0.04 in the
observed temperature range. This is almost one order of magnitude lower
than previously reported measurements on similar compounds. With a non-
resonant excitation the intrinsic damping of the exchange mode was shown
to be from 0.05 to 0.1 [47]. Rigorous estimation of the enhancement is chal-
lenging due to limitations in frequency resolution and the low finesse of the
cavity. However, we observed that the enhancement is consistent with the
finesse, measuring 5-6 in our experiment.

Controlling the exchange mode necessitates understanding the underly-
ing excitation mechanism. To this end, the THz field strength dependence of
the induced magnetization dynamics was analyzed. As illustrated in Fig. 4.5
(a), the amplitude scales linearly with the strength of the THz field. More-
over, the change of exchange mode amplitude with changing THz field po-
larization β, where β = ̸ (M⃗, H⃗THz), shown in Fig. 4.5(b), reveals a sine-like
dependence. The two observed maxima at β = 90◦ and β = −90◦ are in
agreement with the linear Zeeman torque excitation mechanism [37].

Taking advantage of the high tunability of the exchange mode with tem-
perature, we analyzed its coupling with the cavity modes and their influence
on the resulting spin dynamics. Figure 4.5(c) shows the amplitude of the
exchange mode as a function of its frequency, where each data point corre-
sponding to a distinct temperature. Although the net magnetic moment of
GdBIG significantly decreases as the temperature approaches the compensa-
tion point Tcomp = 223 K [27], this monotonic trend does not account for the
observed periodic behavior. However, consistent with the Zeeman torque
excitation mechanism, the amplitude of the exchange mode linearly depends
on the THz field strength. To illustrate this, we present the spectrum of the
magnetic field of the transmitted THz pulse, HTHz ∝ ESam, measured with
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Figure 4.5: THz light - exchange mode coupling mechanism. The exchange mode
amplitude as a function of THz pulse field strength (a) and THz field polarization
(b). These measurements were performed at a temperature of 100 K. The solid lines
are the expected dependencies for a Zeeman excitation mechanism. (c) Amplitude
of the exchange mode as function of its frequency. The spectrum of the transmitted
pulse train corresponding to the magnetic field of the THz pulse HTHz is shown as a
gray background. (d) Amplitude of the exchange mode as function of its frequency
derived from the simulations (see Sec. 4.2.4). The simulated excitation spectrum of

HTHz is shown as a gray background.

EOS at 100 K, shown as a gray background in Fig. 4.5(c). Indeed, the ex-
change mode amplitude increases twofold when its frequency matches one
of the cavity resonances.

4.2.4 Theoretical Analysis and Discussion

To understand the THz-induced magnetization dynamics in the presence of
cavity modes, we employ the modified Landau–Lifshitz–Gilbert equation
formalism. Taking into account the dominant role of the iron-iron exchange,
the magnetization dynamics can be described by coupled equations for a
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two-sublattice ferrimagnet [48]:

dM⃗i

dt
= −(µ0γi)

[
M⃗i × H⃗eff

i

]
− (µ0γi)

αi

|M⃗i|
M⃗i ×

[
M⃗i × H⃗eff

i

]
(4.9)

with µ0 the vacuum magnetic permeability, Mi the net magnetizations, γi the
gyromagnetic ratios, and αi the Gilbert damping factors of the Gd and Fe
sublattice dynamics. H⃗eff

i is the effective magnetic field defined as

H⃗eff
Gd,Fe = H⃗app + H⃗THz − NGd-FeM⃗Fe,Gd. (4.10)

Here, the first term with µ0H⃗app = 150 mT represents the applied external
magnetic field, H⃗THz denotes the THz pulse magnetic field, and NGd-Fe the
effective Gd-Fe exchange parameter. To model the impact of the cavity, we
introduce multiple delayed THz pulses so that the temporal profile of the
THz stimulus closely follows the experimentally observed transmitted field
ESam in Fig. 4.3(b) at 100 K. A comparison of the simulated and measured
THz waveforms and spectra is presented in Fig. 4.7(a,b) of the Appendix B.

The exchange field which is responsible for the coupling of the two sub-
lattices, is represented by the last term in Eq. 4.10. It is worth noting that
the two-sublattice model fails to account for the temperature dependence
of the effective Gd-Fe coupling. Instead, a three-sublattice model should be
considered where the two Fe magnetizations are treated separately (see Ap-
pendix C). Moreover, by applying the three-sublattice model, the connection
between NGd-Fe and parent molecular field coefficients can be derived. From
fitting the temperature dependence of the exchange mode frequency with
the Kaplan-Kittel model [5], we obtain NGd-Fe = -0.89 mol

cm3 , which is in a good
agreement with the value derived from the SQUID data [46]. Away from the
compensation point Tcomp = 223 K it is safe to assume that the Gilbert damp-
ing factors αFe = αGd = α [45] and almost temperature independent [47],
while their values were set to 0.03 based on the previous measurements on
this sample [27] and γFe ≈ γGd = γ = 28 GHz

T [48].
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By numerically solving Eqs. (1) using the Euler method, the magnetiza-
tion dynamics of the sublattices was extracted. To compare the simulation
results with the experiment it is important to note that the Faraday rotation
at 800 nm, in our experimental geometry, is mostly sensitive to the magne-
tization of the iron sublattice in GdBIG [27]. Figure 4.7(c) shows the simu-
lated and experimentally observed THz-induced magnetization dynamics at
100 K. Both time scans show a fast oscillation attributed to the exchange mode
dynamics. The experimental scan has an additional low frequency compo-
nent that is not captured by our simulations. However, the simulation does
not take into account propagation effects and dispersion of the sample, there-
fore an exact match is not expected. Simulating temperature changes by vary-
ing the sublattice magnetizations allows us to extract the amplitude and the
frequency of the exchange mode shown in Fig. 4.5(d). The gray background
illustrates the spectrum of the applied THz magnetic field HTHz. Similar to
the experiment, the amplitude of the exchange mode is enhanced when its
frequency coincides with the cavity modes created by the sample interfaces.

We believe that the concept of driving high-frequency spin dynamics with
a THz pulse train in a cavity formed by the crystal interfaces can be fur-
ther explored. For example, we suggest a sandwich structure consisting of
a THz generation crystal and a ferrimagnet capped by optically transparent
and highly THz reflective interfaces. The progress in THz coating makes it
possible to achieve very high reflection coefficients, which accentuate the ac-
tion of the THz pulse train on the medium. For example, indium–tin–oxide-
coated glass has THz amplitude reflection coefficient r as high as 0.9 [49],
while using THz Bragg mirrors this value potentially can reach 0.99 [50]. This
is substantially higher than that obtained in a bare GdBIG crystal with Fres-
nel reflection at interfaces, where we estimate r = 0.7. To study the impact of
interface reflection, we simulate THz-induced magnetization dynamics with
r = 0.95 and plot the amplitude as a function of the frequency of the exchange
mode in Fig. 4.8(a). A much higher dynamical range of the mode amplitude
variations is observed, while αeff

exch can be further reduced by fourfold. This
is illustrated in Fig. 4.8(b) by comparing magnetization dynamics waveforms
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at a temperature of 128 K. Moreover, in conjunction with using ferrimagnets
with much lower intrinsic damping, e.g., yttrium iron garnet [51], exchange
mode coupling with THz light might even enter the strongly coupled regime
[52, 53].

4.2.5 Conclusion

In conclusion, we investigated the coupling between light at THz frequencies
and the Gd-Fe spin exchange mode in GdBIG using THz-pump optical-probe
measurements. We show that tuning the exchange mode into a resonance
with the cavity modes strongly enhances the efficiency of the THz excitation
of high-frequency spin dynamics. The excitation mechanism is attributed to
the Zeeman torque. Moreover, the cavity reduces the effective damping of
the exchange mode 5-fould. The results are analyzed by means of numeri-
cal simulations based on a system of coupled Landau-Lifshitz-Gilbert equa-
tions which show a good agreement with the experimental observations. A
three-subsystem approach developed here for the first time allowed to con-
clude that the effective Gd-Fe molecular field strength exhibits no variations
in the 70-130 K temperature range. This work improves the understanding
of efficient control of the exchange modes at THz frequencies. Furthermore,
it opens an intuitively clear and uncomplicated path to achieve strong cou-
pling between light and sub-THz exchange modes by means of designing the
effictive interfaces of a magnetic material.

The supporting data and codes for this article are available from Zen-
odo [54].
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4.2.6 Appendix

Raman Measurement

The Raman spectrum was recorded by a triple-grating spectrometer using
a 532 nm continuous wave laser in backscattering geometry at a power of
1 mW on the sample. The direction of polarisation of the analysed light was
parallel to that of the incoming beam. The Raman spectrum in the relevant
spectral range is shown in Fig. 4.6.
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Figure 4.6: Raman intensity measured on GdBIG in parallel polarization configura-
tion at room temperature.

Modeling of THz Magnetic Field

To model the THz pulse magnetic field HTHz, we used sequences of pulses
defined as
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Figure 4.7: (a) Magnetic THz field applied in the simulation compared to the exper-
imentally measured THz field transmitted through the sample at 100 K. (b) Corre-
sponding Fourier spectra. (c) Comparison of the THz-induced magnetization dy-

namics in the sample between experiment and simulation at 100 K.

HTHz(t) =
N

∑
k=0

H0 · r2ksin(ω0t − k · ω0τ) · e−(t−k·τ)2/2σ2
, (4.11)

with H0 the magnetic field amplitude, ω0 the center frequency, σ the pulse
duration, N the number of reflections, r amplitude reflection coefficient at
the crystal interface, and τ the time delay introduced by propagation in the
medium. To follow the shape of the THz pulse used in the experiment we
choose µ0H0 = 0.266 T, ω0/2π = 0.6 THz, and σ = 0.63 ps. The coefficients
r and τ are calculated using a constant refractive index of n = 5.6 extracted
from the THz-TDS measurements in Fig. 4.3. N = 10 is selected to ensure
that all reflections within the chosen time window are accounted for. Fig-
ure 4.7(a) shows the resulting sequences of THz pulses compared to the THz
electric field measured with EOS after transmitting through the sample at
100 K. A very good agreement of the corresponding spectra is also evident,
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Figure 4.8: (a) Numerical simulation of the behavior of the exchange mode ampli-
tude as a function of its frequency with two different reflection coefficients at the
interface. (b) THz-induced magnetization dynamics modeled with the reflection co-

efficient r = 0.7 (bottom curve) and r = 0.95 (top curve).

see Fig. 4.7(b). To compare the THz-induced magnetization dynamics with
that observed in the experiment we plot the out-of-plane component of M⃗Fe

in Fig. 4.7(c).
This approach allows for the testing of different paths to optimize the

excitation efficiency of the exchange mode. Figure 4.8 shows the simulation
results of THz-induced spin dynamics with the reflection coefficients at the
interfaces of r = 0.95. The other parameters are kept the same. It is seen that
improving the cavity finesse up to 60 results in a threefold enhancement of
the dynamic range of the spin exchange mode peak amplitude (green circles).

Effective Exchange Constant

Rare earth iron garnets are typically considered two-sublattice magnets. This
assumption is based on the fact that the molecular field coefficient Nad, which
accounts for the interaction between iron at the octahedral and tetrahedral
sites, is much larger than the iron-rare earth (rare earth is indexed by "c")
molecular field coefficients Ncd and Nca [55]. For that reason, the majority of
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recent papers do not address the connection between the effective coupling
constant NGd-Fe and the three-sublattice molecular field coefficients. How-
ever, this assumption potentially overlooks the temperature dependence of
the effective coupling constant [56]. Considering a three-sublattice model
instead provides an additional way to estimate NGd-Fe by analysing SQUID
data in combination with molecular field theory. The main steps for deriving
NGd-Fe are provided below.

To address the dynamics of a three-sublattice magnet, we write three Lan-
dau–Lifshitz equations assuming no damping for simplicity:

dM⃗a

dt
= −(µ0γFe)

[
M⃗a ×

(
H⃗THz − NadM⃗d − NacM⃗c

)]
dM⃗d

dt
= −(µ0γFe)

[
M⃗d ×

(
H⃗THz − NdaM⃗a − NdcM⃗c

)]
(4.12)

dM⃗c

dt
= −(µ0γGd)

[
M⃗c ×

(
H⃗THz − NcaM⃗a − NcdM⃗d

)]
Then, we look for a solution in the form M⃗i = M⃗init

i + m⃗iei2π f t, where M⃗init
i

are the ground state magnetizations, m⃗i are the corresponding perturbations,
and i corresponds to the indices a, d and c. We assume that all magnetizations
are collinearly aligned in a ground state, note that Nad = Nda, Nca = Nac, and
Ncd = Ndc, take into account terms only linear on m⃗i and exclude terms of
the second order on Nac and Ndc. Then, the Gd-Fe exchange frequency can
be found:

fGd-Fe =
µ0γ

2
[Nad (Md − Ma)− Nac (Ma + Mc) + Ndc (Md − Mc)]

− µ0γ

2
[
N2

ad
(

M2
a + M2

d − 2Ma Md
)

−2NacNad
(

M2
a + Ma Mc − Ma Md + Mc Md

)
−2NadNdc

(
M2

d − Ma Md − Ma Mc − Mc Md
)]1/2

(4.13)
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fGd-Fe =
µ0γ

2
[Nad (Md − Ma)− Nac (Ma + Mc) + Ndc (Md − Mc)]

− µ0γ

2
Nad (Md − Ma)

[
1 − 2

(
Nac

Nad

)
M2

a + Ma Mc − Ma Md + Mc Md

M2
a + M2

d − 2Ma Md

−2
(

Ndc

Nad

)
M2

d − Ma Md − Ma Mc − Mc Md

M2
a + M2

d − 2Ma Md

]1/2

(4.14)

Given that the iron-iron exchange interaction considerably exceeds the
rare earth-iron exchange interaction, Nac, Ndc << Nad, the last two terms in-
side the square root in Eq. 4.14 represent a small parameter to which a Taylor
expansion can be applied. This results in

fGd-Fe = −(µ0γ)NGd-Fe |Md − Ma − MGd| ; (4.15)

NGd-Fe = −NcdMd + NcaMa

Md − Ma
. (4.16)

Equation 4.16 clearly shows that since the magnetizations M⃗d and M⃗a are
temperature-dependent, the effective Gd-Fe exchange coupling also exhibits
temperature dependence when the three-sublattice model is considered. Sub-
stituting molecular field coefficients Ncd = 6 mol

cm3 and Nca = -3.44 mol
cm3 from [4]

gives estimation of NGd-Fe changing in the range from -0.89 to -0.90 mol
cm3 in the

studied temperature range from 80 to 130 K.
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Summary

The main objective of this thesis is using high intensity terahertz (THz) pulses
to excite, discover, and understand previously unknown physical phenom-
ena in different classes of materials. In the process of this thesis the strongly
correlated transition metal oxide (Sr,Ca)RuO3, the two band superconduc-
tor MgB2 and the ferrimagnetic garnet (Gd,Bi)3Fe5O12 are investigated. For
that purpose, the relatively new field of THz harmonic-generation (HG) spec-
troscopy and the more established THz-pump optical-probe (TPOP) experi-
ments are used. Furthermore, THz time-domain spectroscopy (THz-TDS) as
a method for material characterization is utilized.

In the case of (Sr,Ca)RuO3 it is predicted that an itinerant-electron system
close to a magnetic quantum critical point should show a universal nonlin-
ear conductivity. Such a nonlinearity would give rise to harmonic genera-
tion when applying an ac field. First, THz HG is measured in CaRuO3, as
it is a prime candidate material for the proposed phenomenon. A remark-
ably strong third harmonic generation (THG) is observable at low temper-
atures. The frequency dependence suggests that this phenomenon is influ-
enced by electron transport, and the temperature dependence corresponds
to the formation of coherent heavy quasiparticles observed in ARPES mea-
surements on CaRuO3. These two observations in combination enable a nu-
merical description of the THz HG in CaRuO3 using a Boltzmann transport
model capturing the key observations. Next, different chemical compositions
of (Sr,Ca)RuO3 are studied using THz HG and THz-TDS. The THz-TDS mea-
surements show no unexpected behavior in their temperature dependence
speaking for the comparability of the samples with other samples measured
in literature. All investigated samples show THG making a process based
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purely on the quantum critical nature of CaRuO3 unlikely. Furthermore, the
temperature dependence in the four investigated samples is identical sug-
gesting a common origin of the nonlinearity with CaRuO3. However, the
fluence dependence shows non-perturbative character with a power law of
2.5 similar to the one observed for materials with linear dispersion. Linear
dispersion is known to strongly influence the low temperature conduction
properties of SrRuO3 and is predicted for CaRuO3 as well. Whether coher-
ent heavy quasiparticles or linear dispersion, our measurements point to a
common origin in the ground state transport properties of (Sr,Ca)RuO3.

The two band superconductor MgB2, as currently the BCS superconduc-
tor with the highest Tc at ambient pressures, lends itself to investigate phe-
nomena based on the superconducting ground state. One such phenomenon
is the Higgs mode, an oscillation of the collective superconducting ampli-
tude, predicted to exist as a consequence of the BCS ground state. THG has
been shown to be a valid probe of the Higgs mode in MgB2, enabling the in-
vestigation of the BCS state contactless and on ultrafast time scales. This is
used as a basis to extend the knowledge to higher harmonic generation and
behavior in an applied magnetic field. MgB2 shows fifth harmonic genera-
tion in the superconducting state matching the resonance condition observed
for the THG and connecting it to the lower energy band in MgB2. Further-
more, a pseudospin analysis shows the validity of this interpretation. The
measurements of the THG in an applied magnetic field reinforce the con-
nection to the superconducting ground state. For an increasing applied field
the onset of THG is observed at lower temperatures matching the measured
phase diagram for MgB2. Additionally, THG is observed at the onset of the
superconducting state forming, before the zero resistance state is established,
demonstrating the versatility of this approach in probing the superconduc-
tors.

As a ferrimagnet, (Gd,Bi)3Fe5O12 (GdBIG) is host to a high frequency ex-
change mode in the THz range combined with a net nonzero magnetization,
simplifying the investigation of magnetization dynamics. Furthermore, as a
single crystalline sample with thicknesses in the hundreds of micrometers,
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the same length scale as THz wavelengths, physical effects seen in cavities
can strongly influence the response to a THz pump pulse. TPOP measure-
ments with the optical probe measuring the THz induced polarization rota-
tion reveal two phenomena. First, the magnetization dynamics show multi-
ple modes that are not eigenmodes of the spin system but are eigenmodes of
the cavity created by the sample interfaces. These modes forces the magneti-
zation of GdBIG to follow, allowing for the detection with an external probe.
Second, the exchange mode is observed to be of highly tunable nature with its
amplitude oscillating with temperature. The excitation mechanism is found
to be Zeeman torque using polarization and fluence dependent measure-
ments. The excitation is linearly dependent on the magnetic field strength
and is maximized with the magnetic field applied orthogonal to the sample
magnetization. Furthermore, a numeric simulation of the exchange mode
temperature dependence using coupled Landau–Lifshitz–Gilbert equations
reveals the temperature oscillation of the exchange mode to be a product of
its overlap with cavity eigenmodes of the system. These measurements show
that by carefully choosing the properties of a system, these properties can be
combined to enhance the resulting response.
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Zusammenfassung

Das Hauptziel dieser Doktorarbeit ist die Verwendung hochintensiver Tera-
hertz (THz) - Pulse zur Anregung, Entdeckung und zum Verständis bisher
unbekannter physikalischer Phänomene in verschiedenen Materialklassen.
Zu diesem Zweck werden das relativ neue Gebiet der THz harmonischen
Generation (HG) und das etabliertere mit THz-Pulsen anregen und mit op-
tischen Pulsen abfragen (TPOP) genutzt. Darüber hinaus wird die THz -
Zeitbereichsspektroskopie (THz-TDS) als Methode zur Materialcharakteri-
sierung genutzt. Im Rahmen dieser Arbeit werden das Übergangsmetal-
loxid (Sr,Ca)RuO3 mit starker Wechselwirkung zwischen den Elektronen, der
Zweibandsupraleiter MgB2 und das isolierende und ferrimagnetische Granat
(Gd,Bi)3Fe5O12 untersucht.

Im Fall von (Sr,Ca)RuO3 wird vorhergesagt, dass ein itinerantes Elektro-
nensystem in der Nähe eines magnetischen quantenkritischen Punktes eine
universelle nichtlineare Leitfähigkeit aufweisen sollte. Eine solche Nichtli-
nearität würde beim Anlegen eines Wechselstromfeldes zur Erzeugung von
Harmonischen führen. Zunächst wird THz HG in CaRuO3 gemessen, da
dieses Material ein ausgezeichneter Kandidat für diese Phänomene ist. Ei-
ne bemerkenswert starke Erzeugung der dritten Harmonischen (THG) ist bei
nie- drigen Temperaturen zu beobachten. Die Frequenzabhängigkeit deu-
tet darauf hin, dass dieses Phänomen durch den Transport beeinflusst wird,
und die Temperaturabhängigkeit stimmt mit der Bildung kohärenter schwe-
rer Quasiteilchen überein, die bei ARPES-Messungen an CaRuO3 beobachtet
wur- de. Diese Kombination ermöglicht eine numerische Beschreibung der
THz HG in CaRuO3 unter Verwendung eines Boltzmann-Transportmodells,
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das die wichtigsten Beobachtungen erfasst. Als nächstes werden verschiede-
ne chemische Zusammensetzungen von (Sr,Ca)RuO3 mit THz HG und THz-
TDS untersucht. Die THz-TDS-Messungen zeigen kein unerwartetes Verhal-
ten in ihrer Temperaturabhängigkeit, was für die Vergleichbarkeit der Pro-
ben mit anderen in der Literatur gemessenen Proben spricht. Alle unter-
suchten Proben zeigen THG, was einen rein auf der quantenkritischen Na-
tur von CaRuO3 basierenden Prozess unwahrscheinlich macht. Darüber hin-
aus stimmt die Temperaturabhängigkeit in den vier untersuchten Proben mit
derjenigen überein, die zuvor für CaRuO3 beobachtet wurde, was zur kohä-
renten Bildung schwerer Quasiteilchen passt. Die Fluenzabhängigkeit ver-
ordnet jedoch die THG in allen Proben in einem nicht-perturbativen Bereich.
Diese Fluenzeabhängigkeit entspricht derselben, die für Materialien mit li-
nearer Dispersion beobachtet werden. Es ist bekannt, dass lineare Dispersi-
on die Tieftemperatur-Leitungseigenschaften von SrRuO3 stark beeinflusst,
und es wird vorhergesagt, dass dies auch für CaRuO3 gilt. Ob kohärente
schwere Quasiteilchen oder lineare Dispersion, unsere Messungen deuten
auf einen gemeinsamen Ursprung hin, der auf den Transporteigenschaften
von (Sr,Ca)RuO3 im Grundzustand beruht.

Der Zweibandsupraleiter MgB2, der BCS-Supraleiter mit dem höchsten
Tc bei Umgebungsdruck, eignet sich gut als Material zur Untersuchung von
Phänomenen, die aus dem supraleitenden Grundzustand entstehen. Eines
dieser Phänomene ist die Higgs-Mode, eine Oszillation der Amplitude der
kollektiven supraleitenden Wellenfunktion, deren Existenz als Folge des BCS-
Grundzustands vorhergesagt wird. THG hat sich als gute Messmethode für
die Higgs-Mode in MgB2 erwiesen und ermöglicht die Untersuchung des
BCS-Zustands ohne Kontakt und auf ultraschnellen Zeitskalen. Dies dient
als Grundlage in dieser Arbeit, um das Wissen über die Erzeugung höhe-
rer Harmonischer und das Verhalten in einem angelegten Magnetfeld zu er-
weitern. MgB2 zeigt eine Erzeugung der fünften Harmonischen im supra-
leitenden Zustand, die mit der für die THG beobachteten Resonanzbedin-
gung übereinstimmt und mit dem energetisch niedrigeren Energieband in
MgB2 verbunden ist. Darüber hinaus bestärkt eine Pseudospin-Analyse die
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Gültigkeit dieser Interpretation. Die Messungen der THG in einem angeleg-
ten Magnetfeld verdeutlichen die Verbindung zum supraleitenden Grundzu-
stand. Bei einem zunehmenden angelegten Feld wird das Einsetzen der THG
bei niedrigeren Temperaturen beobachtet, die mit dem gemessenen Phasen-
diagramm für MgB2 übereinstimmen. Darüber hinaus wird THG zu Beginn
der Bildung des supraleitenden Zustands beobachtet, bevor der Zustand der
Null-Leitfähigkeit erreicht ist, was die Vielseitigkeit dieses Ansatzes zur Un-
tersuchung von Supraleitern zeigt.

Als Ferrimagnet beherbergt (Gd,Bi)3Fe5O12 (GdBIG) eine hochfrequente
Austauschmode im THz-Bereich in Kombination mit einer endlichen Magne-
tisierung, was die Untersuchung der Magnetisierungsdynamik vereinfacht.
Da es sich um eine einkristalline Probe mit einer Dicke von einigen hundert
Mikrometern handelt, was der Wellenlänge von THz-Strahlung entspricht,
können physikalische Effekte, die in Resonatoren auftreten, die Dynamik
nach einer THz-Anregung stark beeinflussen. TPOP-Messungen mit einer
optischen Abfrage, die die THz-induzierte Polarisationsrotation misst, zei-
gen zwei Phänomene. Erstens zeigt die Magnetisierungsdynamik mehrere
Moden, die keine Eigenmoden des Spinsystems sind, sondern Eigenmoden
des durch die Probengrenzflächen geschaffenen Resonators. Die diese Mo-
den zwingen die Magnetisierung von GdBIG, ihr zu folgen, was den Nach-
weis mit einer externen Abfrage ermöglicht. Zweitens wird beobachtet, dass
die Austauschmode von hochgradig veränderbarer Natur ist und ihre Am-
plitude mit der Temperatur oszilliert. Der Anregungsmechanismus wird an-
hand von polarisations- und fluenzabhängigen Messungen auf das Zeeman-
Drehmoment zurückgeführt, wobei sich die Anregung als linear und rich-
tungsabhängig vom Magnetfeld des THz-Pulses erweist. Darüber hinaus
zeigt eine numerische Simulation der Austauschmode unter Verwendung ge-
koppelter Landau - Lifshitz - Gilbert - Gleichungen, dass die Temperaturos-
zillation der Austauschmode ein Produkt der Überlappung mit den Eigen-
moden des Resonators ist. Diese Messungen zeigen, dass durch eine sorgfäl-
tige Auswahl der Eigenschaften einer Probe diese Eigenschaften kombiniert
werden können, um die resultierende Reaktion zu verstärken.
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