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Abstract

In this dissertation we explore universal structures associated to time translation
symmetry breaking in nonequlibrium O(N)-models. We extend the paradigmatic
model A dynamics of a nonconserved order parameter [1] to include nonconservative
forces driving it manifestly out of equilibrium. These lead to temporal instabilities
towards phases that break time translation symmetry. The ensuing time crystalline
order marks a nonthermal phase of matter beyond the Landau paradigm in equilib-
rium. We identify two different time-crystalline patterns, an oscillating phase and
a rotating phase. Both of them are distinguished by the symmetry generators they
break.

By appropriate expansions of the underlying field theory, we analyse the critical
phenomena associated to the instabilities towards time-crystalline order. This con-
stitutes a generalization of the temporal instabilities defined in the classic work by
Cross and Hohenberg [2] to include noise, the crucial step to determine universal scal-
ing behavior. At the finite frequency instability marking the transition between fully
symmetric phase and a dynamical many-body limit cycle, we find that the critical
degrees of freedom are described by an O(N) x SO(2) model. The additional SO(2)
symmetry is an incarnation of time translations that are spontaneously broken along
the transition. In a perturbative RG analysis in d = 4 — € dimensions, we identify a
novel, nonthermal universality class. Notably, even though the effective field theory
could display an emergent thermal equilibrium, infinitesimal deviations from such an
equilibrium suffice to push the system to the nonthermal fixed point on large scales.
The transition between an ordered and the rotating phase is governed by a critical
exceptional point, where a spectral nonanalyticity coincides with criticality. Such
a point is impossible in equilibrium and leads to giant, superthermal fluctuations
with nonanalytic dispersions. We show that these fluctuations can be controlled by
a resummation of the perturbative series and establish that CEP fluctuations lead
to a fluctuation induced first order transition.

The breaking of time translation symmetry in the time crystalline phases leads to
a soft Goldstone mode even in the absence of any internal symmetries. This mode
realises the KPZ universality class leading to subexponential decaying correlations in
low dimensions. The interplay with internal Goldstone modes in the O(N) x SO(2)
model leads to additional novel regimes described by strongly interacting weak scal-
ing fixed points in the one-loop flow equations. This paves the way to a potential
extension of the KPZ phenomenology in higher symmetry groups.

These phenomena can be realised in wide range of systems. We present a general

approach to induce time-crystalline order by parametric pumps in systems that are
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subject to model A type dynamics in equilibrium. We also show that the presented
universal scaling laws also apply in dynamic phases of nonreciprocally coupled mat-
ter. Surprisingly, this phenomenology can also be realised by arbitrarily weak drives.

We demonstrate this for a light irradiated ferrimagnet.
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Introduction

The identification of quantitative, universal behaviors of macroscopic observables in
phases and phase transitions is one of the most prominent endeavors in theoretical
physics. It is usually impossible to track the motion of the 10?* and more micro-
scopic particles that constitute the system at hand. Instead, one can build predictive
effective field theories that do not require detailed knowledge of the microscopic par-
ticles, but only rely on a handful of phenomenological parameters that can be fixed
experimentally. For example, the hydrodynamic Navier-Stokes equations accurately
capture the dynamics of liquids without the need of any information about e.g. the
molecules constituting water.

In more abstract words, this is an incarnation of scale separation. The dynamics at
large scales should be determined by the state of the system at these large scales.
The macroscopic degrees of freedom are then continuous, averaged densities ¢(x,t)
of the microscopic degrees of freedom that vary over distances and times that are
much larger then the respective microscopic scales. Then, an effective equation of
motion, potential or free energy for these densities can be constructed as an ex-
pansion in these densities. The form of this effective field theory is constrained by
the dimension of the system as well as the symmetries and conservation laws that
it needs to respect. In turn, systems of very different microscopic ingredients, can

result in effective models that are of the same shape on macroscopic scales, if they
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share their symmetries. The quantitative values of the parameters of that effective
theory, lifetimes of excitations, diffusion constants and their like, can however not be
fixed by symmetry alone (even with a lot of hand waving) but do depend on the mi-
croscopic details. Their determination requires experiment or ab initio calculations
based on the underlying microscopics.

There are however important exceptions, where the quantitative prediction of ob-
servable quantities by symmetry based effective field theories alone is possible. In
the presence of a divergent correlation length, the system becomes scale invariant
and observables such as correlation functions and susceptibilities of a system take
an algebraic scaling form. The dimensionless exponents of this scaling form do not
depend on any scales but typically only on symmetries and dimensionality. Scale
invariance and universality are naturally of great interest in theoretical physics. It
offers a way to understand complex systems by means of simple scaling laws and
provides predictive power over wide ranges of systems sharing symmetry and dimen-
sionality. But where can we expect to encounter universal scaling laws and how do
we derive the respective universal exponents?

In thermal equilibrium, this is addressed within Landau’s symmetry based classi-
fication of phases, transitions and critical phenomena. At the core of this idea is
a symmetry based, phenomenological expansion of the free energy of the system
in the spirit of effective field theories. The ground state of a phase is determined
by the minimum of this free energy. Different phases can be classified according
to the symmetries that are broken spontaneously by their ground state. Since the
fact that a ground state has a certain symmetry or not is binary and cannot change
continuously, transitions between different phases with different symmetries have to
occur through either discontinuous first order transitions or through critical points
at which the correlation length diverges. Such critical points then display scale in-
variance and the ensuing universal critical exponents constituting its universality
class emerge in any system undergoing a transition characterized by the respective
symmetries. The quantitative exponents of a universality class can be determined by
the renormalisation group (RG). It describes how a system evolves under systematic
coarse graining, by block spinning [3] in real space or integrating out fast modes in
reciprocal space [4]. Over the past decades the powerful toolbox of fluctuating field
theories and RG has been successfully employed to determine a plethora of respective
universality classes [5], including relaxational dynamics around a thermal state [1].
Universal scaling is however not restricted to fine tuning a system to critical points.
Goldstone theorem ensures, that in phases with spontaneously broken continuous

symmetries, there is soft, gapless excitations leading to scale invariance without the



necessity of any fine tuning. Within field theories, the physics of Goldstone modes
is determined by so called nonlinear sigma models [6].

So far, this discussion has been centered around universality in systems in thermal
equilibrium. But what happens if we leave the realm of thermodynamic equilibrium?
What are phases that cannot be described by an (emergent) thermal equilibrium,
what is the fate of scale invariance and universality within these phases and at their
transitions, and under which conditions can they emerge? The concept symmetry
based effective phenomenological models is not tied to thermal equilibrium. Rather
than modelling a free energy functional, we can directly construct effective equations
of motion and identify phases with the stable late time solutions of these. Critical
points can be identified via instabilities of these solutions [2]. This has been done
successfully in a plethora of systems where the contraints of thermodynamic equilib-
rium are broken, ranging from light driven atomic gases and materials and growth
phenomena, flocking transitions in biological systems over metamaterials and active
matter to the dynamics of human populations [7, 8, 9, 10, 11, 12, 13, 14, 15, 16].
Universality can also emerge in these systems, the crucial technical step to describe it
is the inclusion of noise fluctuations that 'wash out’ any memory of initial conditions
and fuel coarse graining. ! In many cases, even though drives and dissipation may
break equilibrium conditions (i.e. detailed balance), the system displays an emer-
gent, effective thermal behavior at large scales and the universal exponents belong
to known thermal universality classes [17, 18, 19]. This does however not always
happen. Indeed, nonthermal universality classes have been identified e.g. in wet-
ting transitions falling into the universality class of directed percolation [20, 21],
self-organized criticality in e.g. avalanches [22, 23] or the famous KPZ equation
[24, 7, 25], describing the roughening of surfaces. An overarching principle to clas-
sify nonthermal phases of matter and diagnose the respective scaling laws analogous
to the Landau paradigm is not known. Identifying phases and universal structures
far from equilibrium is a broad and active research field in physics.

A striking instance of a nonthermal phase of matter is a so called time crystal. Its
order parameter is not static, as is usually the case, but continuously traces out
a limit cycle even in the presence of dissipation. It thus breaks time translation
symmetry. It cannot occur in thermal equilibrium [26, 27] as it would constitute
a perpetuum mobile breaking the second law of thermodynamics. It can however
occur as the nonequilibrium stable state of a driven system, where there is a constant

energy influx. Such phases have caught a lot of attention recently in the context of

!Noise is generically present in a coarse grained system coupled to an external bath. Therefore,
neglecting it is an approximation, not including it.
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nonreciprocal matter [28, 29, 30, 31] but also theoretically as well as experimentally
in driven-dissipative quantum gases [32, 33, 34, 35].

Phases and transitions breaking time translation symmetry have so far been un-
charted territory from the stance of universality. In this thesis we set out to un-
derstand universal structures associated to time crystalline order. We extend the
formalism of symmetry based effective field theories for real and vector valued order
parameter fields beyond equilibrium and identify phases breaking time translation
symmetry. At all ensuing transitions, as well as within the time crystalline phases,
we identify the slow degrees of freedom that lead to scale invariant behavior. By sys-
tematic expansions the these degrees of freedom we derive the respective RG flows
determining the universal scaling laws. At the critical points, we discover a novel,
nonthermal universality class and fluctuation-induced first order transitions. Fur-
ther, we identify nonequilibrium scaling laws within the time crystalline phases in
low dimensions. For low symmetries, we find the paradigmatic KPZ universality. In
more symmetric set ups, our analysis points at novel fixed points generalizing KPZ
to O(N) x SO(2) symmetry groups. Since the effective model we use is minimal
and only based on symmetries and dimension, it is expected to emerge for a large
class of microscopic systems with the given symmetries on a coarse grained level,
once driven suitably out of equilibrium. We present a general and one more explicit
proposal, how to realize it in magnetic materials using simple driving schemes. We

further connect to the existing proposal of nonreciprocally coupled matter.



The nonthermal O(N) model

We begin our analysis of universality in time-crystalline matter by giving an ex-
tended overview of the key mechanisms and results contained in this thesis. A more

detailed derivation of these follows the ensuing chapters.

We start by introducing the Markovian, nonconservative O(N) model, as the
work horse of this thesis. In the spirit of effective field theories, we want to model
the dynamics of an density ¢(x,t) of system with an internal O(N) symmetry in d
spatial dimensions. O(N) symmetric theories emerge in a broad range of systems
from atomic gases over magnetic materials to the mesonic degrees of freedom in
QCD. Since we are considering dynamics on length scales £ much larger than the
microscopic scales a (typically a lattice spacing), it is effectively continuous with
rotational and translation symmetry. We start by considering the equilibrium case,
where the system is coupled to a thermal bath that can exchange energy with the
system and fixes its temperature 7' (we work in units with kg = 1 throughout the
entire thesis). This manifests in noise and dissipation. Further, we assume that the
coupling to the bath breaks the conservation law associated to the O(N) symmetry

and therefore there are no gapless hydrodynamic modes. If the system is coupled to
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a thermal bath, this culminates in model A of Hohenberg and Halperin [1]

270,9(x,t) + 62;[?1&) +€&(x,t) =0 (2.1a)
V[gp] = /t %qﬁ(x, O (r + 02 + ZVHo(x,t) + gp(x, t)? (2.1Db)

where ¢ is a diagonal gaussian white noise (§;(x,')§;(x, 1)) = 4yT6;;0(x' —x)6(t' —1),
p(x,t) = p(x,t) - d(x,1) is the O(N) invariant field amplitude and V[¢] an effective
O(N) symmetric potential. This dynamics satisfies thermal equilibrium conditions
at temperature T', the steady state probability distribution of the random variable ¢
is P[¢] ~ exp(—SV[¢]) [36]. The potential V[¢] is of the prototypical sombrero hat
form, where 7 controls the ordering phase transition from symmetric to long ranged
ordered phase.

We now want to leave the realm of thermodynamic equilibrium and its proximity
and allow the system to relax to stable states that are not described by thermal
distributions. To this end we consider systems where detailed balance conditions
are broken on microscopic scales (in contrast to breaking it on the boundaries by
e.g. bathes with different temperatures). This can for instance be achieved by drives
with external nonthermal sources such as lasers or when the microscopic particles
can themselves can burn energy, i.e. constitute active matter. At this point, we are
not interested in understanding how exactly this happens microscopically, but want
to understand the potential macroscopic impacts of breaking of detailed balance.
Within our effective field theory approach, this means to add additional terms to
(2.1) that are ruled out in equilibrium. The simplest (and most relevant) are non-
conservative force terms beyond the simple dissipation, that do not derive from a
potential. These are, to lowest order in field amplitudes and derivatives, nonconser-
vative damping contributions u p(x, t)0,¢(x,t) and u’' ¢(x,t)0sp(x,t) and we finally
arrive at the nonthermal O(N) theory

(8,52 + (27 — ZV? + up(x,t))0;
/ (2.2)
+ 74 Ap(x,t) — 0vPV? + %&p(x, t)>¢(x, t)+&(x,t) =0.

While we have added the nonthermal terms on phenomenological basis here, we give

examples how to realise the physics of this model in various set ups in chapter 7.
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2.1 The mean field phase diagram

In a first step to understand the phase structure of the nonthermal O(N) model,
we perform a mean field analysis. This amounts to finding spatially homogeneous
solutions ¢ (t) to the noiseless equation of motion. The simple most solution is of
course the trivial case, ¢, (t) = 0. It is however only stable against small fluctuations
ify>0,r>0.

Upon tuning r through zero while keeping a positive damping v > 0, there is an
instability towards a static, ordered phase with ¢, = \/T/)\fz where 1 is a unit
vector, whose direction is spontaneously chosen. This phase transition is the ordering
transition induced by the equilibrium potential V taking the famous ”sombrero hat”
shape leading to spontaneous breaking of the O(N) symmetry.

In equilibrium, tuning r through zero, is only meaningful is the presence of the ¢*
coupling (or a higher order nonlinearity), since else it would lead to an unbound,
unphysical potential. Instead, it allows for a compensation of the negative potential
curvature by means of a finite field expectation value pg s such that r 4+ Apg s = 0.
Similarly, without the nonconservative nonlinearities u, u’ a negative damping v < 0
renders the system unstable and all solutions grow exponentially. This is remedied by
the presence of e.g. the irreversible force upd;¢, allowing for a finite field expectation
value pgq that compensates for the negative damping, 2y + upg4. In this case,
however, the equilibrium force term stemming from the potential does not vanish

and the remaining mean field equation of motion reads

O o + (1 + Apa)py = 0 (2.3)
(¢0)* = pa = —%7 (2.4)

which leads to a perpetual rotation at angular velocity £ = +/r + Apg at fixed

amplitude p; within a spontaneously picked plane, i.e.

Po.q = \/Pa (cos Etny + sin Etng) . (2.5)

Here nq,no are two spontaneously chosen mutually orthognal unit vectors that fix
the plane of rotation.

The rotation is however not the only possible dynamical mean field solution that
emerges when tuning the damping into an anitdamping. Instead of rotating, the
field can also start to oscillate along a spontaneously picked axis, @ yaqp = @vap(£)n.
The amplitude oscillations are determined by the the paradigmatic Van der Pol



8 CHAPTER 2. THE NONTHERMAL O(N) MODEL

'

Static order Symmetric phase

po £ 0, Bip, = 0 ¢. =0

B T

Time-crystalline order

po 7 0, 99,0

Figure 2.1: Mean field phase diagram of the nonthermal O(N) model. Time-
crystalline order emerges for negative values of the damping. Transition line A is
the ordering transition of model A. Transition line B is the direct transition between
no order and time-crystalline order. Its universality class is determined in chapter
4. Transition line C is the critical exceptional transition between ordered and time-
crystalline phase and discussed in chapter 5. The universal scaling of Goldstone
modes within the time-crystalline phase is adressed in chapter 6.

oscillator [37]

(af + (27 + (u + u’)gb%,dp)(?t +7r+ )x(b%,dp) ovap = 0 (2.6)

which is well known to host perpertual oscillatory solutions at v < 0 and has been
a base model for both classical and quantum limit cycles [38, 39, 40, 41, 42]. These
however contain higher harmonics and have no general closed analytic form. As we
show in 4, whether the rotating or oscillatory state is realised depends on the relative
strenght of u and u/. Clearly, in the special case of N = 1, the dynamics of a real
valued field with Z; symmetry, the oscillating phase is the only possible dynamic
limit cycle.

This analysis reveals that, on mean field level, the nonthermal O(N) model hosts
phases where the order parameter traces out a limit cycle. It thus breaks the con-
tinuous time translation symmetry of the original model leading to time-crystalline

order. The corresponding mean field phase diagram is depicted in Fig. 2.1.

The full model in d spatial dimensions including noise allows to determine the
impact of fluctuations on the phase diagram. This is the crucial step to determine the
universal scaling laws associated to time translation symmetry breaking in interplay
with an internal O(N) symmetry group. In chapter 3 we briefly introduce the field

theoretic framework adapted throughout this thesis. The universality class of the
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transition between the symmetric and the time-crystalline phase is determined in 4
and the transition between statically ordered phase and time-crystal in 5. Within
the limit cycle phase, there is gapless Goldstone modes due to time translation
symmetry breaking as well as the breaking of the internal O(N) group leading to
universal scaling behavior. We analyse the various symmetry breaking patterns and
the ensuing scaling laws in chapter 6. Finally, we show how this universality class
is realised in various physical set ups, ranging from nonreciprocal active matter over
pumped magnets to driven dissipative spinor gases in chapter 7. Before delving into

the details we present the main results in the remainder of this chapter.

2.2 Transition from symmetric phase

First, we consider the transition from the symmetric phase (¢) = 0 into the limit
cycle phases. The detailed analysis is given in chapter 4 which is based on [43]. The
transition occurs, on mean field, when tuning the damping ~ to zero while keeping
a finite r > 0, i.e. transition line B in the mean field phase diagram Fig. 2.1 The
first, important question regards the order of this transition. The finite value of
r corresponds to a finite frequency scale at the transition. Indeed, the frequency
at which the order parameter starts to rotate (or oscillate) does not go to zero
close to the transition but jumps, a behavior usually associated to first order phase

transitions.
0 fory > 0

E = (2.7)
\/T— % fory <0

for the rotating phase. On the other hand, the expectation value of the amplitude

of the rotation does grow continuously at the transition

0 fory > 0
Ga = 5 (2.8)
—=t fory <0

indicating a second order phase transition. Both behaviors are also depicted in Fig
2.2. A stronger indication for a second order phase transition is the bare correlation

function at the transition point

C(t,q) < ¢ 2" cos \/rt. (2.9)

Next to the oscillations at the finite frequency scale, it displays an algebraic infrared

singularity, indicating a diverging correlation length — a clear signature of a second
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Figure 2.2: The mean field amplitude and angular velocity of the limit-cycle phase
across the transition. While the amplitude grows continuously in with a square root
behavior close to the transition, the angular velocity jumbs.

order phase transition.

Still, the finite frequency scale spoils a direct scaling ansatz for the correlations
and responses and a straightforward RG analysis. As we show in chapter 4, this can
be remedied by identifying the amplitudes of the oscillations as the relevant criti-
cal degrees of freedom. In that framework, time translation symmetry manifests as
an internal SO(2) symmetry and the transition is described by an O(N) x SO(2)
symmetric field theory. This field theory can describe the instabilities to both the
oscillating as well as the rotating phase, and we determine that the sign of u — o/
determines which phase is realised.

A perturbative renormalization group analysis of the O(N) x SO(2)-model deter-
mines, that below the upper critical dimension d. = 4, the transition is described by
a nonequilibrium fixed point. Its nonthermal nature is most strikingly evident by
different anomalous scaling exponents for dynamical correlation and response func-
tions violating fluctuation dissipation relations. One can use the ratio of correlation
and response to define an effective, scale dependent temperature. At the transition
this temperature will however diverge with a universal exponent, a consequence of
the nonthermal nature of the RG fixed point.

The Gaussian fixed point of this transition describes both the instability towards
the rotating as well as the oscillating phase. Below the upper critical dimension, the
interacting fixed point however only describes the transition into the rotating phase
and there is no fixed point for the transition into the oscillating phase. This is a
signature of a so called fluctuation induced first order phase transition, the transition
into the oscillating phase is rendered discontinuous by interacting fluctuations. The

phase diagram at fixed r for varying v as well as u — v is depicted in Fig. 2.3.



2.3. THE CEP TRANSITION FROM THE ORDERED PHASE 11

O(N) symmetric ¢, =0

Van der Pol phase Rotating phase
O(N) = O(N—-1) | O(N)— O(N —2)

Figure 2.3: Phase transition line B between symmetric and time-crystalline order.
There is an additional axis ' — u. For uw — u’ > 0 there is the transition B into
the rotating phase, that falls into a nonthermal universality class. For v — u < 0,
there is the transition B’ into the oscillating van der Pol phase. It occurs through
a fluctuation induced first order transition. Within the time-crystalline regime the
transition between the different symmetry breaking patterns D is of first order.

2.3 The CEP transition from the ordered phase

Next, we turn to the transition between the ordered phase, transition line B in Fig. 2.1
and the rotating phase in chapter 5, which is based on [44]. It has been argued, that
such transitions are described by so called critical exceptional points (CEPs) in the
context of noreciprocal phase transitions [28] and on mean field, this is indeed the
case in our model. Exceptional points have gained a lot of attention in recent years
in the study of nonhermitian Hamiltonians arising in open systems [45, 46, 47, 48, 49,
50, 51, 52, 53, 54, 55, 56, 57]. They arise at points, where the Hamiltonian becomes
nondiagonalizable due to its nonhermiticity and two or more eigenvectors coalesce.
They typically separate purely dissipative, overdamped parts of the spectrum from
underdamped regimes. The simple most example is of course the point separating
over- from underdamped motion of the damped harmonic oscillator. Its dispersions
are given by wy 9 = —iy=£ m and the exceptional point sits at the branch cut
of the square root at w? = 72, highlighting how exceptional points occur at spectral
nonanalyticities.

Let us turn back to the phase transition at hand. The slow dynamics in the statically
ordered phase are dominated by the gapless Goldstone modes, the phase fluctuations
around the static order parameter. In chapter 5 analyse these fluctuations in the
vicinity of the transition into the rotating phase. The transition is triggered by tuning
the effective damping 6 = 27+ up, of the phase fluctuations to zero, while their mass
vanishes due to their gapless nature. This amounts to indeed tuning an exceptional

point to criticality, realising a CEP. We can thus address the fate of universal scaling
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exponents in a fluctuating theory at a CEP within our field theoretic set up.
The universal theory is dominated by two key aspects of the CEP:
a) Spectral nonanalyticity Close to the CEP, the momentum dependent dispersion

of the phase fluctuations are
wia(q) = —i(0 + Zq®) £ vlq. (2.10)

Here, the scale Z amounts to diffusion while v is the velocity of the propagating
exctiations. The damping ¢ marks the distance from the critical exceptional point
(CEP). At the CEP, the coexistence of v and Z leads to an inhomogeneous scaling
behavior in time, the real part of the dispersion scales linearly in momenta indicating
a dynamical critical exponent z = 1, while the imaginary part scales quadratically
corresponding to a z = 2 behavior. Furthermore, there is the nonanalyticity at q = 0
typical for a CEP [50, 57].

b) Superthermal mode occupation At a finite noise level D, the statistical occupation
of modes at a CEP is strongly enhanced as compared to thermal equilibrium [29]. It

is measured by the equal time correlation function, which at the CEP scales as

D

This strongly exceeds the thermal occupation of a gapless mode at low momenta
C~q2

Both effects strongly impact the transition below the upper critical dimension of four.
The superthermal occupation (2.11) of fluctuations leads to an infrared divergence
of fluctuations below four dimensions and thus destroys the ordered phase, pushing
the system back into the symmetric phase, before one even reaches the transition.
On the other hand, if one starts deeply in the ordered phase, nonlinearities con-
spire with the nonanalytic spectrum to cause a fluctuation induced first order phase
transition between static order and rotating time crystal. On the level of the loop
corrections this is remiscent of the seminal work by Brazovskii [58], albeit in a phys-
ically very different setting. The nonanalytic structure of the spectrum leads to a
suppression of two-loop topologies and allows for a controlled resummation of the
entire perturbative series within the framework of Dyson-Schwinger equations re-
vealing the first order transition.

There is a new interacting scale pyg, where pg is the strength of the static order and g
of the interactions of the phase fluctuations, which determines wether the superther-
mal occupation destroys the preexisting order pushing the system in the symmetric

phase, or if there is the fluctuation induced first order transition occuring first. The
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Figure 2.4: Schematic phase diagram beyond mean-field (d < 4). The CEP line is
replaced by a first-order phase transition where the angular velocity F jumps from
zero in the ordered phase to a finite value in the rotating phase. For initial values of
0 and 7y closer to zero, the enhanced fluctuations destroy the order parameter before
reaching the CEP. The symmetric phase has thus an extended stability regime and
the multicritical point moves.

corresponding schematic phase diagram is depicted in Fig 2.4.

2.4 Scaling within the time-crystalline order

The prior results establish the universal phenomoenology associated to critical points
where time translation symmetry breaks spontaneously for a large class of systems,
with any internal O(NN) group and no additional hydrodynamic modes. We turn to
universal scaling laws within the time crystalline phases itself in chapter 6. Since
these phases break continuous symmetries, first and foremost time translation sym-
metry, there is gapless Goldstone modes which in turn lead to universal scaling laws
within the phases. These scalings are observable throughout the entire phase and do
not require any fine tunings. We find that the scaling laws within the time crystalline
phase can differ from the ones of thermal equilibrium realising the KPZ universal-
ity class and potentially generalizations thereof. Observation of these scaling laws

is a signature of the time-crystalline orders described by the nonthermal O(NN) model.

2.4.1 No internal symmetry

In the case of N = 1, a simple real field, where there is no internal continuous

symmetry, we show how the spontaneous breaking of time translation symmetry
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leads to gapless fluctuations along the limit cycle. Since there is a distinct direction
of growth along the limit cycle, these fluctuations are described by the paradigmatic
KPZ equation, initially designed to describe roughening of growing surfaces. Further,
since time translation symmetry is only broken to discrete translations by the limit
cycle period, the broken symmetry group is R/Z = SO(2). This means, that there
is vortices in low dimensions which can unbind and destroy quasi-long range order
through the BKT mechanism. The KPZ nonlinearity is marginally relevant in two
dimensions and expected to unbind vortices, thus there is no true long quasi long
range order in two-dimensional time crystals. In summary, in a situation with no
continuous internal symmetries, the following scaling behavior is observable in time-

crystalline matter:

One dimension — There is no long range order. However on length scales domi-

nated by phase fluctuations, the decay of the correlation function C(¢,x) is

C(t,0) ~ e 4" (2.12)
C(0,r) ~ e P, (2.13)

where y is the roughness exponent, and 5 = x/z, where z is the dynamical critical
exponents. For thermal diffusion in one dimension z = 2 and § = 1/4. In the KPZ

phase, the exponents are known exactly in one dimension: 8 =1/3, y = 1/2.

Two dimensions — There is nonuniversal length scales £ pyz and Eggr determin-
ing the onset of KPZ scaling and vertex unbinding respectively. If éxpr < Epgr

this leads to the following scaling of the equal time correlation function

e /KT for 1> Eprr
C(O,T) ~ { o= Br for Egpy < r < Epkr (2'14)

ra for r < Expy

with the KPZ exponent x ~ 0.78 [59]. If {prr S Expz, the KPZ scaling regime

vanishes.

Three dimensions — In three spatial dimensions, the Gaussian fixed point of

the phase fluctuations is stable. Therefore, there is a stable time-crystal order with
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gapless diffusive behavior
C(t,x) = 2279C(2%/1). (2.15)

However, there is the KPZ roughening transition predicted in three dimensions at
a finite strength of the nonlinearity. We therefore speculate, that the realisation of
time-crystalline matter in three dimensions can provide a path towards a realization

of this nonequilibrium transition in a physical system.

2.4.2 Time crystalline order in the O(N) model

The situation becomes more cumbersome but also richer in the presence of an in-
ternal O(N) symmetry group. Most strikingly, as we have seen for N > 2 there
is not a single time-crystalline phase but two distinct ones, the oscillating and the
rotating phase. Both of them spontaneously break not only the SO(2) part of time
translation but also the O(N) group, but in different patterns. The oscillating phase
breaks the O(N) x SO(2) group down to O(N — 1) while the rotating phase breaks
it to O(N —2) x SO4(2). There is a total of N broken symmetry generators (N — 1
associated to the internal O(N) group and one to time translations) and correspond-
ing gapless modes in the oscillating phase. In the rotating phase this number grows
to 2N — 3 broken generators and respective gapless excitations. How do these addi-
tional Goldstone modes impact the scaling behaviors identified above? Does scaling
break down or is there new fixed points, differing from KPZ? To answer these ques-
tions, we develop an effective field theory for the Goldstone modes of the respective
phases. Formally, the Goldstone modes live in the coset spaces of the respective
symmetry breaking pattern O(N) x SO(2)/O(N — 1) for the oscillating phase and
O(N) x SO(2)/(O(N —2) x SO4(2)) for the rotating phase. We systematically con-
struct the actions for the modes within these symmetry spaces to leading order in
field amplitudes and identify two additional nonlinearities that are marginal in two
dimensions, such as the KPZ coupling, in the oscillating phase and three in the rotat-
ing phase. While the one-loop RG flow equations have been studied in the physically
rather different set up of drifting polymers [60, 61], the ones of the rotating phase
are entirely new to the knowledge of the author.

In a first analysis, we identify various fixed points governing the (sub)exponential de-
cay of correlations in one dimensions. These scalings generalize the results presented
for the case of the single Goldstone mode of time translation above. It turns out,
that for many fixed points, there is only a weak scaling form, where the correlation

functions of the Goldstone modes 6 corresponding to the internal symmetry genera-
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tors scale differently than the one of the Goldstone mode of time translations . We
thus distinguish between the respective exponents z,, 29, Xa, Xo- In the oscillating
phase, for N < 4, there is a parameter regime where the system flows to a strongly
coupled KPZ fixed point where z, = zp = 3/2 and x, = x9 = 1/2. This fixed point
exists however only for N < 5, and not at all in other parameter regimes, where the
system displays weak scaling zg # z, with nontrivial scaling laws. In the rotating
phase, we cannot identify a fixed point with strong scaling at all, at least on the
one-loop level employed here. Instead, the system flows to weak scaling with zy = 2
and z, = 1/2.

These results are restricted to one-loop approximations of the RG flow, but clearly
identify a whole set of novel scaling regimes with nontrivial exponents in time-

crystalline matter.

2.5 Realisations

In the last part of this thesis we present schemes to realise the phases and transitions
described above in physical systems. The key ingredients are an O(N) symmetry, no
relevant conserved charges, and a nonequilibrium pumping contribution that triggers
time translation symmetry. The many nonuniversal aspects of the transitions and
phases, such as for instance the value of critical pump strengths or couplings etc,
depend on the microscopic details of the respective systems and cannot be quantita-
tively predicted from effective field theory. The universal scaling exponents presented
above and derived in detail in the main text of this thesis are however only relying
on symmetry and should be observable in all presented systems.

In the following we will describe two generic ways to create time-crystalline phases
in systems with an O(N) (or Zy) symmetry. First, we consider parametric pumping
at a high frequency of a system with a small damping. Then, we turn to nonrecipro-
cally coupled order parameter fields. We finish by a concrete realisation scheme for

a ferrimagnet driven by oscillating magnetic fields.

2.5.1 Parametrically pumped magnets

Based on symmetry, the question arises, how the time-crystalline phase can be in-
duced in systems whose dynamics is described by an effective O(N) potential theory
in thermal equilibrium by suitable drives. A prime example of such a system are
Heisenberg Antiferromagnet or Ferromagnets, whose long wavelength dynamics are
captured by an SO(3) symmetric theory. Typically, the total magnetization is not
conserved by coupling to e.g. phononic bathes which leads to a Gilbert damping.
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Can we induce a limit cycle phase in such a system by a realistic driving protocol?
The key step to trigger the instability towards a dynamical limit cycle is, as dis-
cussed in the mean field analysis, to generate an antidamping from a pump. This
can in principle be achieved by coupling a system to an inverted bath with a highly
occupied reservoir at high frequencies. This is done for instance in driven-dissipative
exciton polariton condensation [62, 63, 64]. By parametrically pumping an O(N)
order parameter density at a high frequency €2, a high mode occupation is generated
through parametric resonance at modes with momenta gq such that their frequency
is w(qq) = ©2/2. Such a pump can for instance be realised by oscillating electric
fields [65]. These modes now scatter incoherently into the long wavelength regime.
In a closed system this scattering is ultimately responsible for thermalization, we
keep the long wavelength regime however at a finite temperature by coupling to a
cold thermal bath. Under these circumstances, the parametrically excited modes
at large momenta serve as the inverted reservoir and we derive analytically, that it
yields the desired antidamping effect.

The crucial nonlinearities u and u' are generated, as well, however the reservoir also
heats the system up. This will eventually overcome the antidamping contribution at
very high reservoir occupations and the limit cycle phase can only be realised, if the
equilibrium damping is not too large. We find the rotating phase also numerically
in cubic systems subject to the parametric drive. The resulting schematic phase

diagram is shown in 2.5.

2.5.2 Nonreciprocal Matter

Another general approach to realise time-crystalline phases in nonequilibrium sys-
tems is so-called nonreciprocal matter, a concept that has sparked considerable re-
search activity recently [28, 29, 66, 67, 30, 68, 69, 31, 70, 71]. The basic idea is to
couple to degrees of freedom A and B in a way that is ruled in equilibrium dynamics
by the action-reaction principle through so called nonreciprocal interactions. This
means that the way that A reacts to B is not mirrored by the way B reacts to A.
A simple example in active matter is for instance flocking birds. Within a flock a
bird only sees the bird in front of it and aligns with it but not the one behind it.
The interaction between two individual birds is not reciprocal. This leads to models
with so-called vision-cone interactions [72]. The more extreme case occurs when the
reaction from A to B is attractive while the reaction from B to A is repulsive. If,
for example, one considers two spins whose nonreciprocal interaction is such that A
wants to align with B while B wants to antialign with A, there is a parameter regime

where A and B start to perpetually rotate in a sort of ”catch and run”. This behavior
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Figure 2.5: Schematic phase diagram of the parametrically pumped SO(3) model.
Heating competes with antidamping and time-crystalline order emerges in a finite
range of pumping strengths. The universality classes of the transitions are deter-
mined in chapter 7.1.

extends to the case of nonreciprocally coupled fields in d spatial dimensions [28]. In
7.3, we show that the universal long wavelength dynamics of these dynamic phases
and the 'nonreciprocal phase transition’ into that phase are governed by the effective
field theory developed in this thesis. This means that while there is a current effort
to engineer spin systems, such that they interact nonreciprocally on the microscopic
level and realise nonreciprocal phase transitions [30, 71|, the macroscopic universal
phenomena associated to time translation symmetry breaking can also be realised

by the pumping scheme laid out above.

2.5.3 Rotating Ferrimagnet

The transition between the ordered and rotating phase can also be realised in princi-
ple by arbitrarily weak drives out of equilibrium in solid state systems. The gapless
nature Goldstone mode makes it very easy to excite by drives. However, usually
it is hard to generate a directed motion along the Goldstone mode, e.g. if it is a
O(2) phase ¢ induce a coherent rotation (p) = wt. Typically, there is at least a Z
symmetry ¢ — — such that external drives induce a righthanded rotation equally
often as a lefthanded one, and on average () = 0 and the system simply heats
up. This is different, if there is low enough symmetry such that there is a preferred

direction. Time reversal symmetry in thermal equilibrium still prevents a coherent



2.5. REALISATIONS 19

directed motion, the same arguments that rule out a continuous time crystal in equi-
librium, but as soon as external drives break equilibrium conditions, directed motion
is possible. This principle has been successfully demonstrated in systems where the
translational symmetries of the microscopic lattice are broken by a large scale pat-
tern, such as shown recently for large magnetic textures that are incomensurate with
the microscopic lattice [73, 74, 75]. The breaking of spatial translation symmetry
leads to a (quasi) gapless (quasi) Goldstone mode that moves the pattern. Since
there is low enough symmetry such that there is a preferred direction, a very fast
external drive can lead to a slow collective rotation of the structure.

In that spirit, we consider a ferrimagnetic system in 7.2. The closed system has
no full SO(3) spin rotation symmetry, but a SO(2) symmetric xzy plane and a Z,
symmetry flipping the orthogonal z component of the magnetic moments. Below a
temperature Ty it develops an antiferromagnetic order within the xy plane, sponta-
neously breaking the SO(2) symmetry. Upon cooling the system further, there is an
Ising like transition at T, < Ty where the system develops ferromagnetic order along
the z-axis. In this ferrimagnet (coexistence of antiferromagnetic and ferromagnetic
orders), the Ising order parameter singles out a preferred direction of rotation. We
show, that driving the system simply by a rapidly oscillating magnetic field, couples
the xy Goldstone mode ¢ to the Ising order parameter m, such that 0, = v.m, + ...
and the staggered magnetization in the xy plane starts to rotate collectively in the
xy-plane. Since 7, is proportional to the driving power, this happens already at
arbitrarily small drives. We show, that the transition between the ordered xy phase
into the ferrimagnet at any finite drive strength is indeed governed by the nonther-
mal O(N) model. We can thus predict the critical phenomena observable in the
driven ferrimagnet — a fluctuation induced first order transition, the massive fluc-
tuations close to the CEP, KPZ-scaling within the phase in low dimensions and a
divergent effective 'temperature’ at the transition between paramagnet and rotating

ferrimagnet. The schematic phase diagram is shown in figure 2.6.
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Figure 2.6: Schematic phase diagram of a driven ferrimagnet as function of tem-
perature and the power of an external driving source, e.g., a laser or an oscillating
magnetic field. We assume that in equilibrium the system displays antiferromagnetic
xy order for 7" < T and becomes a ferrimagnet for 7' < T, < Ty by developing an
extra out-of-plane ferromagnetic component. Driving induces in the ferrimagnetic
phase a rotation of the xy order parameter. The transition is governed by a criti-
cal exceptional point (CEP) with its characteristic first-order phase transition (red
line). The enhancement of fluctuations close to the CEP bends the transition line
between paramagnet and xy order down, culminating in a multicritical point where
all transition lines meet. For larger driving strength also a direct transition from
the paramagnetic into the rotating ferrimagnetic phase will occur. Thus, all phases
and phase transitions of the effective model, Fig. 2.1, can be realized. Originally
published in [44]



Field theory methods

Before turning to the detailed derivations of the results presented above, we briefly
introduce the relevant methodology and notation in this chapter. This first three

sections of this introduction are a modified version of the respective parts of [44].

3.1 MSRJD: From Langevin equations to path in-

tegrals

To systematically study how noise fluctuations in spatially extended systems in
the presence of nonlinearities impact the critical behavior at transitions and within
phases with spontaneously broken transitions, we turn to the powerful framework of
path integrals and generating functionals for fluctuating field theories. For stochas-
tic dynamics like (2.2), this is done via the Martin-Siggia-Rose-Janssen-DeDominicis
(MSRJD) construction [76, 77, 78]. A Langevin equation

Llglo(t,x) +&(t,%x) =0 (3.1)

with Gaussian white noise
(&,(t, x)é’j(t’, x')) =2D6(t — t')d(x — x')dy;. (3.2)

21
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corresponds to a path integral
715, = /D(ﬁm(}esw,cﬂﬂxi%ﬂw (3.3)
with the action
- [ ¢ (x)2@le(x) - D3 (V)9 (34)

¢ is the N-component order parameter field also entering the Langevin equation,
and we introduced X = (x,t) to streamline notation. ¢ is an N-component auxiliary

variable, associated to the noise, often referred to as response or quantum field. The
MSRJD action of the nonthermal O(N) model (2.2) is then

S, @] = Solp, @] + Slnt[¢ P, (3.5a)
/ BX)T (88 + (27— 2970, + 7 —*9?) $(X) — DS(X)"B(X)

(3.5b)

Sl 3] = [ ABX)TBLPCX) + (X ASX)p(X) + 5 SO S(X)2up(X),

(3.5¢)

The path integral Z [j,j'] generates the noise averaged correlation and response
functions of the Langevin dynamics by taking derivatives with respect to the source
fields 4, 7, and evaluating at vanishing sources. In particular, the (retarded) two-

point response function and correlation function are, again using a shorthand nota-

tion @ = (q,w)

6?InZ B ,

Xo(Q,Q) = m o = G(Q)(Q+Q), (3.6)
?InZz . ,

Ci;(Q,Q") = m im0 G5 (@Q)(Q +Q'), (3.7)

where we used time and space translation invariances. The rotating phase has a
time-dependent stable state which generically breaks this structure, but we will see

that in the proper comoving frame it is recovered.

These objects represent the full two-point Green functions of the theory, includ-
ing all corrections due to nonlinearities and noise. Absent spontaneous symmetry

breaking, they are o 0;; by O(N) symmetry. The full Green function in Fourier
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space G(Q) is a 2 X 2 matrix in the Nambu space ® = (¢, ¢)” and has the form

~(GR Q) GH(Q)
Q(Q)—(GA(Q) 0 ) (3.8)

We introduce here a notation borrowed from Keldysh field theory, with retarded
(GR), advanced (G = (GT)T) and Keldysh (G¥) component for the Green function.
It highlights the connection to the Keldysh formalism for quantum systems out of
equilibrium, from which the MSRJD path integral emerges as a semiclassical limit,

see e.g. [8] for a review.

3.2 The effective action

While the path integral for the dynamical partition function, Eq. (3.3), encodes all
information of the problem, we transit here to another object — the effective action
(see [79] for an in-depth discussion of this object, and [8, 36] for the nonequilibrium
effective action). It encodes the same information but organizes it in a way that is
beneficial for the analysis of the present problem, both conceptually and in terms
of practical calculations. For example, it allows for a simple proof of Goldstone’s
theorem, and the construction of the associated soft modes including in the rotating
phase. It will also enable us to develop a quantitative potential picture for the
fluctuation induced first order transition.

The effective action functional is defined as the Legendre transform of the gener-
ating functional for connected correlation functions, W[4, j] = In Z[j, 5]: T'le, @] =
supjj[—W[j,j'] + [y de+ Jep]. Similarly to a classical action, the effective action
induces an equation of motion. Its solution ¢, yields the physical field expectation
value, with ¢, # 0 signalling macroscopic occupation/condensation, while ¢ = 0
when evaluated at the physical point due to probability conservation [80]. The full

equation of motion is given by

oT o

— = =0. 3.9
o lo=(¢)0=(8) 0@ lo=(¢).0=(d) (39)

The effective action has an intuitive path integral representation as

Ty, @] = _ln/D¢Di5§€—5[¢+¢,&+¢]+g§,é+g§¢7 (3.10)

with 7 = 2L, 5 = %L Eq. (3.10) states that the effective action obtains from the bare
%) ép

action by summing over all possible configurations of the Nambu field ® = (¢, &)T



24 CHAPTER 3. FIELD THEORY METHODS

Conversely, omitting fluctuations in a mean-field approximation reproduces the bare
action, I'[¢, @] = S|, ¢|. The representation makes it transparent that the effective

action shares the symmetries of the bare one absent sources.

The second derivative with respect to the Nambu field ((Q), ¢(Q))? around a

time and space translation invariant solution of the equations of motion satisfies
1 0 FA

Q@) =

Q) I'(Q)

(@) ¢RQ)
GNQ) 0

) (QR+Q)
)5(Q+Q’)7 (3.11)

and thus gives the full Green function of the theory in q,w-space including the
—1
retarded and advanced responses G*/4(Q) = (FR/ A(Q)) and the correlation func-

tion G (Q) = —GRQ)TX(Q)GA(Q) .

Higher order field derivatives of I' give the full one-particle irreducible (1PI), or
amputated, correlators. To streamline equations in the remainder of the text, we

introduce the following notation for field derivatives of the effective action evaluated

on ¢ = ():

FET’TZLB&m (X17 ) Xn-‘rm) =
5m+n1'\

0Pi (X1).--00i,, (X )0@i 1 (Xing1) - 000 (Ximgn)

(3.12)

Similarly, we can write the functional derivatives of the original MSRJD action S(™™),
In that sense, one can understand the vertices I'™™ (X1, ..., X,,4,) as the fully renor-
malized, spacetime dependent analogs of the original couplings S™™. For instance,
in the case of the nonthermal Ising or Van der Pol model, (3.5) but for N = 1, i.e.

a single real field, we have

SUQ1 Qe Qs Qu)| = (BA =2l +ws+w)uw) 6 (3Q).  (313)

p=p=

And we can define the fully renormalised versions A, @ of the couplings A, u by pro-

jecting on the respective frequency structures of T3 (Qy, ..., Q4).

Note that a breaking of time translation invariance leads to Green functions that are not
diagonal in frequency space.
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Figure 3.1: Basic diagrammatic rules adopted in this thesis.

3.2.1 Diagrammatics

Importantly, the vertices can be represented in a perturbative series in terms of the
microscopic nonlinearities S and the bare Green functions. The series can be
represented diagramatically by the respective one-particle irreducible diagrams, see
e.g. [36] or [80] for an introduction on dynamic perturbation theory and diagram-
matic techinques for MSRJD or Schwinger-Keldysh path integrals. Here, we choose
the convention, that straight lines correspond to fields ¢ while dashed lines corre-
spond to response fields . Thus, a bare Keldysh Green function is represented by
a straight line, while a bare retarded Green function corresponds to a dashed line
that turns into a full line (and vice versa for the advanced Green function). Vertices
S(mm) have m dashed and n full lines as sketched in Fig. 3.1

A full resummation of these diagrams yields the Dyson-Schwinger equations for
the respective vertices [6]. For a real field theory whose microscopic action contains
only contains terms up to quartic order in fields the lowest order Dyson-Schwinger

equation (DSE) reads schematically
1 1 1 3 1 4
Iy =8y + §5§1)G - 65§1)GGGF(3), (3.14)

where the superscript (n) denotes the total number of field derivatives and I;
denotes a super index containing all internal and external degrees of freedom char-
acterising a field configuration (e.g. space, time and RY vector index and an index
distinguishing fields and response fields for a O(N) symmetric MSRJD field theory).
All internal indices that are traced over are supressed above. Importantly, (3.14) is
valid for any field configuration. We can generate the higher order DSEs by taking
functional derivatives with respect to the fields, using (3.11), i.e.

)

3
5¢ G1213 - _G12I4Fg4)[1]5G1513 (315>
I

with traces over the superindices Iy, I5 and only evaluated at the correct saddle point
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(e.g. for an expansion in a symmetric phase ¢, @ = 0) in the end. The resulting
equations are exact self consistent equations for the fully renormalized, momentum
and frequency dependent vertices of the theory. There is of course a conservation of
difficulty, and they cannot be simply solved. E.g. iteratively solving the resulting
tower of self consistent equations with the starting Ansatz I' = S reproduces the
1PI perturbative series. Still, the DSEs will come in handy in 5, where we can solve

them in a controlled manner.

3.3 Thermal equilibrium via a symmetry

So far, we have not explained how exactly we diagnose an (emergent) thermal equi-
librium in our system in practice. If the system is in thermal equilibrium, the full
correlation and response functions obey a Fluctuation Dissipation Relation (FDR),

which reads for the two-point functions (kg = 1)

2T
Cw

G*(Q) = —(¢"(Q) - ¢*(@). (3.16)

In thermal equilibrium with global detailed balance, fluctuation-dissipation relation
(FDR)s have to hold not only for the full, renormalized two-point Green functions,
but also for all higher n-point correlations and responses as well. This leads to an
infinite tower of relations to be checked. This can however be elegantly avoided,
as the FDR can be understood as a consequence of a symmetry of the MSRJD (or
Schwinger-Keldysh) action and effective action [78, 81, 82, 83, 8, 84, 85, 86]. Rather
than calculating all full n-point functions, it is sufficient to check if the MSRJD
action has that symmetry to establish if the system is in thermal equilibrium or not.

For O(N) vector fields, this thermal symmetry is given by

p(x,1) = p(x, ~1),

(3.17)
@(X, t) — Qb(X? _t) + /3@&90(39 _t)'

There is one parameter in the transformation, which is associated to the tempera-
ture 8 = %, shared by all subsystems (all subsystems are in equilibrium with each
other, sometimes referred to as detailed balance). Force terms ~ ¢(x,t)F[¢] in

the Lagrangian generate the following additional contribution under the symmetry
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operation (3.17)

/t(;~b(x, t)Fl¢] — /(}b(x, t)F[p] + 659, (3.18)
08 = /ﬁ@tqﬁ(x, t)F¢]. (3.19)

If now the force F[¢] is conservative, i.e. F¢p] = —g—g we have
55 = / %[j’] ~0. (3.20)

Thus, any conservative term is invariant under (3.17). Non-conservative damping
terms are allowed in equilibrium, however only if they come with associated noise
terms with a strict relation for the coefficients, e.g. for the full momentum depen-

dence of the damping

- / Q@B — T, (3.21)
q,t

~ / 27+ Zq* +...)pi(0pps — TE), (3.22)
q,t

so that the thermal symmetry is realised. The presence of the thermal symmetry is
then equivalent to the existence of a fixed ratio between dissipative and fluctuating

terms.

In other words, the quadratic part of the action (3.5a) is invariant under this
transformation if the full renormalized damping ¥(q) and the full renormalized noise
level D(q) are proportional to each other with

r_ Pl (3.23)

3(q)’

[\]

where in a state of true thermal equilibrium the temperature is independent of the

momentum q.

If the system is driven out of equilibrium on a more microscopic level, such a fine
tuning of parameters is unnatural. However, thermal symmetry (i.e. equilibrium)
can emerge under coarse graining at long wavelength, e.g. in the vicinity of phase
transitions [17, 19, 87].
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3.4 Universal scaling and critical phenomena

We now briefly introduce the concepts needed in this thesis to determine the uni-
versal critical exponents. For a more detailed introduction to renormalization group
techniques, we refer to the literature, e.g. [6, 88]. Dynamic scaling and RG for
MSRJD path integrals can be found for instance in [36] and [8].

At critical points, or more generally in the presence of gapless excitations, the cor-
relation length of correlation as well as responses diverges. This leads to algebraic
scaling behavior of physical observables. The exponents of this algebraic scaling are
dimensionless numbers that do not depend on any scale, in fact at a critical point
there is no inherent scale, and only have information about dimension and symme-
tries of the system. In the vicinity of a nonequilibrium critical point, we parametrize

the dynamical correlation and response functions of a complex field as

XE(q,t) ~ g B (g ig e qr), (3.24)
C(g,t) ~ ¢ >0t ig"™", qr™). (3.25)

Here, r is the single parameter that is fine-tuned to zero to reach the critical point.
The exponent v describes how the correlation length diverges, as one tunes to critical-
ity & ~ r7%. The dynamical critical exponent z fixes how the life time of excitations
7 diverges at the critical point with the correlation length 7 ~ £*. The anomalous
dimensions 7 and 71’ determine how interactions alter the singularities of correla-
tion and response function from the ones of the bare, Gaussian theory. In thermal

equilibrium they are tied to each other, n = 7' by the fluctuation dissipation theorem

Cw,a) = = x"(w.q). (3.20)

The static exponents v and 7 fix the universality class in thermal equilibrium and
are solely determined by symmetry and dimension. Relaxational dynamics towards
the equilibrium additionally depends on the potential presence of conserved currents
and require reversible mode coupling of critical and hydrodynamic modes determin-
ing the dynamical exponent z. For transitions breaking an O(N) symmetry, this
is the paradigmatic classification of Halperin and Hohenberg [1]. Far from thermal
equilibrium fluctuation dissipation relations do not hold and the correlations and
response can attain differing anomalous scaling dimensions. A subtle but important
exponent is 7., which has been identified in [89]. It is a subleading, anomalous scaling
contribution that describes how an effective thermal equilibrium can emerge under

coarse graining. It essentially captures how a violation of the thermal symmetry laid
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out above can vanish under coarse graining. We will see this in more detail in 4.

To determine these universal critical exponents, one thus needs to calculate the full
inverse Green function I'®(w,p) of the corresponding MSRJD field theory. This
is of course easier said than done. An exact derivation of the full correlations and
responses at any point in parameter space is usually impossible to begin with, but
if the perturbative expansion in loop corrections may be convergent, so that one
can get controlled, approximate results. At the critical point however, the simple
perturbative loop corrections become singular and we need to something more. For-
tunately, the scaling hypothesis comes to aid. We introduce a finite momentum type
scale 11 and evaluate at a point in parameter space where r = p?# with 7 the di-
mensionless distance from the critical point. Here, the perturbative corrections are
still finite and we can derive how they gradually change when slowly decreasing .
After one such small step, we can replace the bare vertices with the new, updated
vertices and perform a small decrease of y again. Doing this in infinitesimally small
steps yields a set of coupled differential equations, the dimensionfull perturbative

renormalization group [-functions.

,uaugi = Bz({gl}) (3-27)

In the last step we introduce dimensionless versions of all coupling parameters g;,
gi = i g; such that 8;({g:}) = p®B;({g}). This then immediately gives rise to the

dimensionless RG flow equations

10.G; = =g + Bi({G:})- (3.28)

If we now send 1 — 0 to reach the critical point, we arrive at the fixed points of the
dimensionless RG-equations. We remark that in this procedure we keep reinserting
vertex corrections into the series. This corresponds to a resummation of an infinite
set of perturbative diagrams and is sufficient to remedy the infrared singularity of
bare perturbation theory. Since in the vicinity of the fixed point everything scales,
we can infer the scaling exponents the scaling exponents scaling of the couplings and
the corresponding self energy corrections with p close to the fixed point. We will see
this at work in 4. This procedure is laid out in more detail, for the equilibrium case
in e.g. [88]. We note, that on the one-loop level rescaling with a momentum scale
i in the presence of a UV cutoff A leads to a UV cutoff A/u for the dimensionless
loop integral. This means that the cutoff dependence of the one-loop corrections
reproduces the same ( functions. Deriving RG equations from the dependence on

the UV cutoff of one-loop diagrams corresponds to Wilsonian momentum shell RG
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found in many textbooks.



Transition from no order to time crystal

We start our detailed discussion of the universal scaling laws in time-crystalline
matter with an analysis the critical properties of the transition between the fully
symmetric and both time crystalline phases, the rotating as well as the oscillating
one. It is marked by a breaking of time translation symmetry. As discussed in
chapter 2, time translation can be broken either into rotations or oscillations, both
phases differ by their symmetry breaking pattern. The main results of the following

field theoretic analysis are:
e The transitions are governed by an O(N) x SO(2) symmetric field theory

e While both transitions are of second order at mean field and above the upper
critical dimension, fluctuations render one them first order below the critical

dimension

e The other transition is governed by a nonthermal fix point at which no effec-
tive thermal equilibrium emerges. This manifests in critical exponents violating
fluctuation dissipation relations and divergent effective scale dependent tem-

peratures.

This chapter is based on [43] but rewritten and rearranged. The perturbative RG

analysis adopts a slightly different scheme without multiplicative counter terms but

31
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is equivalent at the leading order in perturbation theory considered here. All figures

presented in this section were published in [43].

4.1 MF phases + Symmetry breaking pattern

At the transition between the fully disordered and the time-crystalline order, not
only the internal O(N) symmetry breaks spontaneously, but also time translation.
Continuous time translation however does not break down fully, but only to discrete
translations by the period of the order parameter limit cycle. Thus the part of time
translation that is broken is R/Z = SO(2) and the field theory describing the fixed
point of the transition is characterised by an O(N) x SO(2) symmetry.

This can be derived explictly in the vicinity of the transition, i.e. at v — 0. The

linearised equation of motion reads
(07 + (2v = ZV?)0, +r — v*V?) ¢(x,1) + € = 0. (4.1)

The corresponding bare correlation function reads

e~ (5Pt

(6:(q, 1)bi(—q,0)) ~ D= —— cos(V/rt + ——=

Zg? + \/_ T, (42)

displaying an algebraic divergence as |q| = ¢ — 0 indicating a divergent correlation
length & ~ 'y*% implying a second order phase transition with mean field critical
exponent v = % There remains, however, a finite frequency scale wy ~ /r that
spoils full scale invariance. This hinders a straightforward RG analysis to incorporate
the effect of interacting fluctuations.

We first have to absorb this scale to distill the correct critical degrees of freedom. To
this end, let us first consider the solutions to the deterministic, linearised equations

of motion for v < /7

D (x,1) = x;1(X,1) cos /1t + Xo(x, 1) sin /1t (4.3)
The amplitude fields x; 5(x,t) € RY vary slowly in space & ~ 7_% and time 7 ~ 71,
Furthermore, it is the amplitudes x , that develop a finite, static expectation value
in the time-crystalline phase. If x; L x, the system is in the rotating phase while
X1 || X2 marks oscillations along an axis. The external SO(2) time translation
symmetry becomes internal in these degrees of freedom: A shift of the zero point of

time ¢ — ¢ + «a according to the definition 4.3 corresponds to a rotation of x; and
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X into each other

( N ) — R(a) ( ) ) , where R(a) € SO(2). (4.4)

X2 X2

Thus, a theory in terms of these amplitudes will display an O(N) x SO(2) symmetry.
It can be derived from the original equations of motion by the following procedure.
First, it is useful to pass to a Hamiltonian formulation of the problem by introducing
the conjugate fields Il(x,t) = % We then insert the dynamic ansatz (4.3) into
the coupled equations of motion, which now are first order in time. This produces
sinodal terms oscillating at frequencies w = n+/r, n = 1,2, 3. Since these oscillations
are much faster than the time scales of the amplitdue fields x5, v/r > v, we can
average over them by means of a rotating wave approximation [90]. This removes all
explicit time dependencies and the fast frequency scale /7 and we arrive at a fully

O(N) x SO(2) symmetric dynamics for the amplitudes x ,.

SH, OH,
) L e p—25 =0, b 1,2 4.5
txa+5xa+ebdxb+€a (a,b) € {1,2} (4.5)
A K
H = /ddwé [(Vx1)? + (Vxo)?] + %p + %/P + 317,

with [ € {c,d}, &, two independent noises, and the two O(N) x SO(2) invariants:
p=xi+x3and 1 =1(x3— x2) + (X1 - Xs)?. where the parameters of (4.5) in
terms of the microscopic model (2.2) 7. = 0, vqg = 7, Ze = v*/2wy, Zg = Z/2,
ga = u/2, kg = (W —w)/4, g. = N\ 2wy and k. = A/4dwy. The equivalent MSRJD

action is

0H, ey 0H,
Xa (t7 X) @ 5Xb(t7 X)

Sl = [l (Ol + ; )-px
For H. = 0 this model displays a full O(N) x O(2) symmetry with purely dissipative
dynamics. This case is in fact well known as the effective field theory for some
frustrated magnets in equilibrium [91]. There, the additional O(2) symmetry stems
from a pattern formation on very small scales in space rather than in time.

This O(N)xSO(2) symmetric model may break into to different patterns, resembling
the two possible time crystalline orders. The instability of the symmetric phase
above the upper critical dimension, i.e. where the Gaussian fixed point describes the
transition, occurs at v; = 0. If now k4 > 0, the system will condense to finite p > 0
but 7 = 0 which fixes x? = x3 and x; L X5, i.e. the system goes into the rotating
phase. This phase breaks O(N) x SO(2) to O(N — 2) x SO4(2), where SO(2)4
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is a combination of an internal O(NV) rotation in the plane of the rotation and a
time translation which compensates for this rotation and there is a total of 2N — 3
Goldstone modes corresponding to the broken generators. If however x; < 0, the
relevant saddle point has 7 > 0 and since it has to be extremized it will have x; || X
resembling the oscillating Van der Pol phase. This phase breaks the symmetry group
to O(N — 1) and thus there is a total of N Goldstone modes. N — 1 stem from the
possible rotations of the oscillating axis. Modulations of the phase of the oscillations
along the axis constitute an additional soft mode stemming from time translation
symmetry breaking. In terms of the microscopic parameters of (2.2), kg = v’ — u
and thus for u > v’ there is oscillations, while for u < u’ there is rotations. We will
elaborate on the nature of the soft modes deep within the time crystalline phases
and their universal scaling behavior in chapter 6.

Before turning to the renormalization group analysis, we make a further connection
to known models. We can represent the effective dynamics (4.5) by generalised
complex Gross-Pitaevskii equations by introducing the complex vector valued field

¥ =X, +ix, € CV. In terms of this field the dynamics becomes
. . g * K *
(lat—ZV2+W)¢+§(1/J'¢ o+ 5yt +£=0, (4.7)

with 7 = iZy+ Ze, g = iga + g and K = ikg + ke. Eq. (4.7) is a generalized
noisy Gross-Pitaevskii equation, where the imaginary parts encode the effect of drive
and dissipation on top of the coherent Hamiltonian dynamics. This shows, that
for N = 1, where 9 reduces to a complex scalar and (4.7) to the normal noisy
Gross-Pitaevskii equation, the transition of the noisy Van der Pol equation in d + 1
dimensions is identical with the one of driven dissipative Bose condensates [89, 92, 93]
and the noisy Hopf bifurcation of classical oscillators [18, 94].

The RG fixed point of this transition displays emergent thermal equilibrium behavior
and falls into the O(2) model A universality class of Halperin and Hohenberg. The
approach of this fixed point in the RG flow however features an additional exponent

describing the emergence of equilibrium conditions under coarse graining, [89, 92, 36].

4.2 Field theoretic set up

We now turn to quantify the impact of interactions on the scaling behavior of the
correlation and response functions at the critical point between symmetric and time
crystalline phases for N > 1, where the action does not reduce to any known problem.

For this sake we adopt the complex representation (4.7) cast into an MSRJD path
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integral whose action reads

Sl ] = / B (20— 2V )+ L))
tix 2 (4.8)

+ o )W) +ec. — 2D -ap.

o =

Here, all couplings Aare complex, i.e. A' = A, + i\, with the exclusion of 7. Its
imaginary part -, can always be absorbed by going into a rotating frame or introduc-
ing a chemical potential in the case of a Bose gas. We have also introduced Z; since
without rescaling, loop corrections can produce real as well as imaginary corrections
to this term.

As we have introduced in chapter 3, we can diagnose the emergence of an (effective)
thermal equilibrium on the level of the path integral via the thermal symmetry. Its
presence is equivalent to thermal fluctuations dissipation relations for all n-point
functions of the respective action. Recasting the symmetry operation (3.17) for

complex fields yields [§]

T(w,t) > (o, —)",  B(a,t) - (o, —1) + %@‘I’(w, Lo (49)

where 7" denotes the equilibrium temperature. Evidently, the thermal symmetry of
the original fields is broken in the limit-cycle phases [44]. This propagates to the
effective theory, and Eq. (4.9) is not a symmetry of the action (4.8) either. However,
one can allow for a more general thermal symmetry in the presence of coherent and

dissipative dynamics [92],

- - 1
U(x,t) — Y(x, )", Y, (x,t)— Y, (¢, )" +—0¥(x,—1)",
(@ 0) = o —1)', Bl t) = e, )+ AR

where W, (x,t) = (1 +ib)¥(x,1),

with b an additional parameter akin to a chemical potential of bosonic degrees of
freedom. The action Eq. (4.8) is now symmetric under Eq. (4.10) if and only if
H. = bH, (which fixes the parameter b) with temperature 7' = D/2 in our units.
This implies a fixed ratio between the real and imaginary parts of the couplings,
Tk = ge/9a = Ke/Kq. There is no condition between the real and imaginary parts
of v = i7v4 + 7. because we can always shift the value of 7. — 7. + Aw via ¥(t) —
exp(tAwt)1(t), i.e., a redefinition of the finite frequency parameter wy as discussed
above. (This means that the corresponding effective thermal behavior is found in a

rotating frame.)

The presence of this symmetry can be rationalized by noting that, if H. = bHy,
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we can rewrite the Langevin equation (4.7) as

oy | OHy £
1—ib+51,b*+1—z'b_0’

(4.11)

and we in fact recover a purely conservative Hamiltonian dynamics that describe
thermal equilibrium with a noise (i.e., ¥) rescaled by (1 — ib), in agreement with
Eq. (4.10).
On the bare, Gaussian level, the correlation function of this action is

D e (Zad?*+v—iZeq?)|t]

Zaq® +

C(q,t) = (Vi) (g, t) (4.12)
which agrees with the original one, (4.2) up to the oscillating scale /7 which has
been successfully absorbed by the change of frame. At the transition to the time
cristalline phase 7 — 0, the correlation and response function obey a scaling form

defining the universal critical exponents of the transition

xR(q,t) ~ g 2R (G i gy ), (4.13)
Clg,t) ~ ¢ >C(tq*,ig" ", qv™"). (4.14)

Here, the exponents v, n and z defining an equilibrium fixed point are complemented
by the nonthermal anomalous dimensions 7’ and 7. Fluctuation dissipation theorem
dictates that n = 1 in thermal equilibrium and thus a deviation marks a nonthermal
fixed point violating FDR on the level of universal scalings. In the known case of
driven-dissipative Bose condensation, n = 1/ at the fixed point and there is an emer-
gent equilibrium with purely dissipative dynamics, rx = 0. However, the subleading
exponent 7. # 7 describes how coherent contributions stemming from the nonther-

mal microscopics slowly vanish equilibrium emerges upon coarse graining [89, 93].

4.3 RG analysis

4.3.1 Perturbative RG equations

We now want to derive the fluctuation corrections to the critical exponents below
the upper critical dimension. To that end, we first rescale the response field as
1:0 — Z, 11:& to get rid of the potentially complex prefactor of the time derivative
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Gqw) =—--- GAq,w) =—<-~- Gf(qw) = ——
(a) Retarded propagator (b) Advanced propaga- (¢) Keldysh propagator
tor
b d
%(511,0517,11 + 5a,d5b,c) + Réabdcd - L’
a/ c

(d) Four-point vertex

Figure 4.1: Diagrammatic representation of the Feynman rules for the perturbation
theory for the complex action (4.8).

which leads to

ZaReZy+ Z,ImZ, . Z.ReZ — ZsIm Z,
|Z4? e |Z4?

D=DZ7? K;= (4.15)

~ _ 1 . _
We do another rescaling 9 — D™V2K24p, ¢ — Dl/QK'CZU2 and t — tK'. Further,

we rescale all couplings with the respective constants to arrive at

S[d, ] = / B0 (LY )+ @ )

X

S YY) e = . (4.16)

! Here, rg describes the competition between coherent and dissipative dynamics and
is an additional marginal parameter absent in equilibrium. In terms of the original
bare action parameters it reads

K. Z.ReZ;— Zylm Z,

_ e , 417
"W K, T Z,ReZ + Z.Im Z, (4.17)

We now need to calculate the self energy corrections to scaling at the critical
point. We turn to the perturbative expansion in terms of loop diagrams to leading
order in the coupling k, g, see Fig 4.1 for the definition of the diagrammatic rules.

We work around the critical value of v which to leading order in perturbation theory

!The rescaling of the couplings 7, g and & with the wavefunction renormalisations pops up in
a full RG treatment when connencting the vertex renormalizations back to the couplings. In the
perturbative scheme we adopt here, this only leads to subleading contributions however, and we
drop them right away for brevity.
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is

N +1 N+1 1
Vo= g—=— + k" / G*(quw,y=0)=g—— + K /—2 (4.18)
2 aw 2 q 9

)

and absorb this into a shift of v, such that the critical point indeed occurs at v =
0 + O(g?). We now look at the leading order loop corrections for v as well as the
renormalized vertices gt and x* in the vicinity of the critical point. We are interested
in the scaling of these as v — 0. For this we introduce a scaling variable p such
that v = u?%,q = puq within the loops and study how the corrections behave as we
send © — 0. The one-loop contributions are depicted in Fig 4.2. Importantly, the
different contractions of the tensor structures of the O(N) indices lead to factors of
N everytime there is an unconstrained trace over an internal O(NV) index within the
loops. All external frequencies and momenta are set to zero and the momentum as
well as frequency integrations can be performed straight forwardly. We first note a

few important points:

e In a perturbative expansion, for all couplings \; = 7, g, we have A\F = \; +

O(g, k) and we can thus interchange them

e The momentum rescaling sends any possibly existing cut off A to infinity as
uw—0

e All loops carry a UV divergence as ¢ — 0 which manifests as a simple pole.

This is the leading order term in an e-expansion

e Treating both ¢ and k as a perturbation is justified if at the RG fixed point
g%, kTt = O(e) which we will verify a post.

Using all this information, to leading order in € the loop contributions read

N+1 [
R 2 2
=y — (g——= o) 4.19
v =y (g 5 +f€) ()% +O(K%, g% €) (4.19)
R /Lie (N+3)g * * * * ]'
=g — 2 2
9" =g 2(4%)25( ) (g+9") + 26"+ 29K + g"K + gk +1+Z,TKgg
+ (’)((g, ,-@)3) (4.20)
R p % * 3
— — P Nrk + 2 o( , ) 421
K™=k 2(4@26(9/%9 K+ gk +1+2.TK( KK+ H9)>+ (9,6)”). (4.21)

We now differentiate these corrections with respect to u to arrive at the dimensionfull
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Figure 4.2: Loop diagrams considered in the text. The first three graphs renormalize

the self-energies. (a) and (b) correct the retarded part of the action Ff;) " while (c)
@ ,

Db The one-loop diagrams (d) renormalize the interac-
tion. The red arrows indicate that diagrams with both arrow directions have to be
considered.

corrects the noise part I’

[-functions

N +1 ey
e (N + 3)9 * * * * 1 2
D9 = 2 2
1109 (47T)2< 5 9+ 97) + 26K + 29K + 9" + gk +1+Z.TK(9)
(4.22b)
R __ H’ie * *
ok = (47)? (QQH + 9K+ gr" + - (Nkk + 2/19)) : (4.22¢)

These flow equations can be rendered dimensionless by the scaling Ansatz v =
u*4, g = ucg, K = pk and by identifying 4, g, & with 4%, ¥, &% at leading order in
perturbation theory. This identification, is where the nontrivial difference between
simple one-loop perturbation theory and perturbative RG flow equations arises. By
integrating the flow only infenitesimally and reinserting the result into the perutrba-

tive loop expansion, we effectively resum a whole class of diagrams [88]. We arrive
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at the dimensionless one-loop RG beta functions

N+1 ¥
DA = —94 NTL LR 4.23
By = 10,4 = —€g (4.24)
1 ((N+3)g,. . " e an Ly
*(4@2( 5 (G +97) +2RRT + 20k + Gk + gk s

. . 1 A ek A 5 o
B = po,k = —ek + (4m)? (29/@+g k+ gr* + T~ (NR* + 259)) . (4.25)

We are interested in the limit g — 0 which is given by the fixed points 3; = 0 and
the scaling close to the fixed points. The fixed point for 4 will always be 4, = 0.
We can already see, that the fixed point for the interactions & and ¢ will be of
order € justifying their perturbative treatment close to the upper critical dimension.
However, at one loop level we cannot fix rx and thus we need to including leading
two-loop corrections to determine its own beta function.

To that end, we consider the corrections to the marginal action parameters Z;, Z,,
Z., D, which we all rescaled at the level of the bare action. After loop corrections,
they thus read

Zy=141i0,%%(w=0,q =0) (4.26)
Zy=1-Redp X (w=0,q=0) (4.27)
Z, =1k —ImdpeXf(w=0,q=0) (4.28)
D=1-Y%(w=0,q=0) (4.29)

where X denotes the retarded part of the self energy and X the noise part. To
this end we need to calculate the sunset loop integrals depicted in Fig. 4.2. The
corresponding frequency and momentum dependent contributions to the retarded

inverse propagator read

N+1
Ap(l,l)(w, p)=— (ng+ + Nk%+ 2gk) 11 (w, p)
- 5(99 5 + kK" + gr" + g"K) I2(w, P)

(4.30)
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with
I(w,p) = / GR(—Q1 — Qy + P)GX(Q1)GN (~Qy) (4.31)
Q1,Q2

Lo(w, p) = /Q | GRQu Q- PIGFQUG Q) (4.32)

where we used the shorthand notation @; = (w;, q;). Similarly, the sunset diagram

renormalizing the

N+1)

AT9(0,0) = (gg*( + RR*N + gr* + rfg*) X

/Q 0 (GK(_Ql — Q2)GK(Q1)GK(—Q2) + GK(Ql + Qz)GK(Q1>GK<Q2>) (4.33)

The frequency and momentum integration itself coincides with the ones done in
[94, 93] and we refer for there for the detailed calculation. To leading order in e we

thus arrive at

—2e ;
i o N +1 9 2—1irg
D2 L = [ N Qgp)— K
o’ 2e(am)i 9 g TR A 20R) g
1, N+1 1 —irg
_ *— * * * o 4.34
599" —5— KR+ gr + g '{)6—22‘77{]’ (4.34)

2 [log (W) (kg™ + gr* + g’ (N + 1) + N|x[?)

. ER _
0 (4m)2¢ 21 — irg )?
log (3—?7%) (%g2(N + 1)+ 29k + KQN)
_ T } (4.35)

for the spectral parts and

K _ 12 (3G9 (N + 1) + RE*N + g&* + kg") [3 I 16
Se(dm)* (1 + 12.) S\OF 21+ )
+2r <arctan(7"K) + arctan <%()> } (4.36)

for the noise level. We note that the spectral parts are only dimensionless if rescaling
the external momenta and frequencies with their canonical dimension, i.e. p =
pp,w = p?@. The respective dimensionless RG-flow derivatives 0, Z;, 10, (Zq+iZ.)
and pd,D can now straightforwardly obtained by first taking p derivatives of the

self-energy contributions and then plugging in the dimensionless couplings, as before.
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We are left to find the RG S-function for rx. To that end, we need to rescale the
full effective action as we did in the beginning with the bare action and use (4.17)

to find at leading order in perturbation theory, that
Bry = 10, = 10, 2. — 10, Zg — (1 + 13)pd, Im Z;. (4.37)

Summing all the respective - functions is straightforward but however yields a very
long expression whose exact form does not give any insight to the reader but can be

handled easily with the computer algebra tool of choice.

4.3.2 Fixed point structure

We are now finally in a position to derive the RG-fixed points describing the tran-
sition between the disordered phase (¢) = 0 and the time-crystalline phases with
rotating or oscillating long range order. To that end we need to solve for the zeroes
of the RG flow equations (4.22) and (4.37) . While the fixed point of 3, is always
v« = 0, the remaining system of coupled equations cannot be solved analytically but
only numerically.

First, we consider the equilibrium fixed point as a limiting case. As shown above,
an emergent equilibrium emerges, if at the fixed point there is an effective thermal

symmetry, which is the case if

e = 3 = B (4.38)
Gdx Kdx

Restricting oneself to that plane in parameter space, i.e. fixing g. = rggqs and
Ke = T'kkq, then solving the one-loop flow equations B, . for rx dependent fixed

points ¢4 and k4. and plugging this into 3,, = 0 yields

5 (rse) =5 (4635 + (N + )32 + 2NAZ) F(ri), (1.39)
16
160 =(rwos () A0

+

(rk — 1) arctan (rg) 4 (rk + 3) arctan (%K> )

If we set N = 1, where we expect to recover the case of the noisy, complex Gross
Pitaevskii equation or Hopf-bifurcation, we indeed do [93]. Since f(rk) is monoton-
ically increasing and crosses zero at rx = 0, all stable equilibrium fixed points have

Tkx = Jex = Kex = 0, which entails they display an emergent O(N) x O(2) symmetry
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0.5

Figure 4.3: RG flow diagram of the O(N) x SO(2) model. In the equilibrium plane
there is the Guassian fixed point G, the O(2N) symmetric Wilson-Fisher fixed point
WF at g. = k. = kg = 0 and the two O(N) x O(2) equilibrium fixed points
CL. The equilibrium plane is shaded in grey. Infinitesimal deviations out of the
equilibrium plane from the Gaussian fixed point are however enough to drive the
flow to the stable, complex conjugated nonthermal fixed points Ni. Figure was
originally published in [43]

rather than O(N) x SO(2). The universality class of O(N) x O(2) also describes
transitions in some frustrated magnetic systems, and we recover the leading order in
e flow equations in the rx = 0, equilibrium plane [95].

These equilibrium fixed points are however not stable if one allows for deviations
from equilibrium. The full stable fixed point comes in a pair of complex conjugated
fixed points which have the same critical exponents and importantly do not obey
the thermal constraint (4.38). Thus, the O(N) x SO(2) theory is one of the rare
cases, where deviations from equilibrium constitute a relevant perturbation out of
the equilibrium plane, and coarse graining will enhance nonequilibrium effects rather
than washing them out.

At the fixed point, we have £} > 0 for all N > N, ~ 1.6 and it therefore describes the
transition between the symmetric phase and the rotating phase. There is no fixed
point left, that describes the transition between symmetric and oscillating phase, a

signature of a fluctuation induced first order phase transition [79].

At the fixed point, we can now derive the critical exponents from the RG flow
equations straightforwardly. The rescalings used above together with the scaling

ansatz (4.13) imply

vl =—pd, (%), n=wpdInZy, z=2-pd,InK;"

/ . (4.41)
n' = pd, In(Z;) + po,In K;*, n.=mn— pd,In(rg).
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N Phase | v71 —2 n z—2 n' Ne
22, eq. Rot. | —27/50€ | 0.0207€¢* | 0.0207ce? n —0.0207¢'€?
22, neq. | Rot. | —0.942¢ | —0.142¢2 | 0.0055¢2 | (0.00030 + 0.018¢)e> n
3, eq. None X X X X X
3,neq. | Rot. | —1.27¢ | —1.49¢* | —0.017¢* | (—0.035 + 0.0674)¢? n
2, eq. vdP —€/2 €2/48 ce? /48 n —ce?/48
2, neq. Rot. | —0.853¢ | —0.353¢? | 0.0072¢*> | (0.010 + 0.00704)¢> i

Table 4.1: Critical exponents for different values of N in- and out-of-equilibrium to
lowest nontrivial order in €. The equilibrium static results are reproduced, see [95].
The column “Phase” indicates the transition into which phase (rotating or Van der
Pol (vdP)) is second order, while the other one is fluctuations induced first-order.
For the N = 3 equilibrium case, no attractive fixed point exists, and both phase
transitions are first-order. We use ¢ = (6log(4/3) — 1) and ¢ = (4log(4/3) — 1).
This table was originally published in [43]

where all the p derivatives are evaluated at the fixed point and to leading order, i.e.
we always use that Z; = Re Z; = D = 1+0(€?), Z, = rx+0O(e?) and Im(Z;) = O(e?)
and then plug in the one-loop 3 function for v and the two-loop corrections for all the
anomalous exponents. Since the fixed point values at leading order are only available
numerically, the same holds for the critical exponents. The results are summarised
in table 4.1.

Note, that at the stable fixed points Im7n’ # 0. This indicates of oscillatory
behavior of the RG flow towards the fixed point. Remarkably, n # Ren/, i.e. the
anomalous scaling corrections to dynamical correlations and responses differ. This
is in violation of fluctuation dissipation relations. If one in turn uses FDR to define

an effective scale dependent temperature

wC(w, q)

T R lo.q) w0, q) (4.42)

Teps =
it would diverge as T.5¢ ~ gRe”' =" at the phase transition between symmetric and
rotating phase. Such an effective temperature can in principle be measured by probes
for the frequency dependence of the mode occupation, for instance comparing Stokes-
and Anti-Stokes-peaks in Raman spectroscopy. In this way the nonthermal nature
of the phase transition is directly observable experimentally. Altogether, this leads

to the phase diagram depicted in the introduction Fig. 2.3.



Critical Exceptional Points

After determining the universality class of the transition between the symmetric
and the limit cycle phase, we turn to the transition between statically ordered and
rotating phase in this chapter. To that end we focus on the case of N > 2 components
and the transition into the rotating phase. As outlined in the introduction, this
transition occurs through a so called critical exceptional point. This puts us in the
position to determine the universal behavior associated to a CEP. The main results

are

e (ritical exceptional points lead to superthermal occupation of long wavelength

modes and nonanalytic spectra.

e The superthermal mode occupation melts down any order before reaching the

CEP below for dimensions.

e Interactions and the nonanalytic spectrum can lead to a fluctuation induced

first order phase transition before the meltdown of order.

e The competition of meltdown and first order transition is determined by an

emerging interaction scale

The contents and figures of this chapter have been published in a modified version
of sections IV-VI of [44].

45
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5.1 EPs and CEPs

Before delving into the analysis of loop contributions of critical fluctuations at the
transition, that we have claimed to be a critical exceptional point in the introduction,
let us define what we exactly mean by that word in this context and how it fits into

the discussion of exceptional points in nonhermitian systems.

5.1.1 Modes, dispersions and critical points

First, we briefly fix some further basic conventions and nomenclature for the remain-
der of this work. We can access the mode spectrum around a given stable state ¢,

by linearizing the coarse grained equation of motion around its solution

> @) desat) =0, (5.1)
r =P,

where we have assumed that the equation of motion is Markovian, i.e. depends only
on one time variable, as it is the case for this work. The set of linearly independent

solutions <5cpa(q, t)) are the excitation modes. Put differently, the modes span

gee

the kernel of the inverse Green function in time and momentum space I''{(q, t). If
I'%(q, t) is not explicitly time dependent but only contains time derivative operators,
the modes usually take the d¢p,(q,t) = e = @D§p_(q,0), where w,(q) are the mode
dispersions. The dispersions are also the roots of det '*(w, q) = 0 and equivalently
the poles of the retarded Green function in frequency space. The real part of a
dispersion gives the frequency or inverse period at which the corresponding mode
oscillates, while the imaginary part yields how fast the mode dissipates, i.e. its
inverse life time. See also Fig. 5.1 for an illustration.

For the solution ¢, to be stable, no dispersion can have a positive imaginary
part since this corresponds to an exponentially growing fluctuation. Therefore, an
instability towards a new phase occurs if one tunes some parameter such that a
dispersion is at the verge of moving into the upper complex half plane, i.e. when the
imaginary part of the dispersion goes to zero. The system reaches a critical point
and a continuous phase transition takes place, indicated by a divergence of e.g. the
two-point correlation function at equal-time G*(q,t = 0). Typically, continuous
transitions occur for a vanishing dispersion w(q) = 0 but an instability at finite
frequency can however occur, too. This corresponds, for example, to the cases I
(q. = 0) and ITI; (q. # 0) in the classification of instabilities in noiseless systems
by Cross and Hohenberg [2].

In the simplest case of a single scalar field variable, the linearized renormalized
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equation of motion at low frequencies reduces to the damped harmonic oscillator

(92 + 29, + 7(a) ) dep(a, 1) = 0 (5.2)

or, equivalently
I (q,w) = (—w® = 27(q)w + 7(q)). (5.3)

The modes are
Spr(q, t) = e ™2l (5.4)

with dispersions

wi2(q) = —7(q) £ v/7r(q) —7(q)% (5.5)

As an example at the mean-field level, we have 7(q) = v?’q* +r and v(q) = 7+ 2q
using (2.2).

Stability, i.e. a finite lifetime for both modes, demands that » > 0, v > 0. If
one tunes the mass term r to zero, one dispersion becomes gapless wy; = 0 while
the other remains decaying wes = —2i%(q). The first becomes unstable upon tuning
the mass r negative. In our case, we reach the critical point describing the phase
boundary A of the phase diagram Fig. 2.1. Tuning the damping = negative also
induces an instability. However, it does not proceed through a point where the
dispersions vanish in the complex plane, but both dispersions maintain a finite real
part w2 = £/ at v = 0. It corresponds to the phase transition B in Fig. 2.1, as

discussed in chapter 4.

5.1.2 (Critical) exceptional point

We first consider the case of a single damped oscillator, N = 1. A special point occurs
when there is a wavevector q* at which ¥*(q*) = 7#(q*) and both formerly indepen-
dent modes coalesce. At this point a new linearly independent solution emerges:
dppp(a,t) = te @) §p ,n(q*,0). This marks an exceptional point. The damped
harmonic oscillator’s EP separates a purely dissipative, overdamped regime, where
both dispersions are imaginary without a real part, and an underdamped regime
where excitations oscillate due to a finite real part of their dispersions. Clearly, at
an EP the square root appearing in (5.5) vanishes and therefore the EP occurs at a

nonanalyticity of the dispersion relations.
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Equivalently, it is also possible to rewrite Eq. (5.2) as a first-order linear differ-
ential equation of the form 0,0¢p = Mdp. An exceptional point, i.e. a coalescence of
modes, is then defined as a point in parameter space where the 2 x 2 matrix M is
not diagonalizable in internal indices, making contact with the more usual definition
of EP [46, 50, 57].

We say that there is a critical exceptional point, if the dispersion at which the
EP occurs is gapless, i.e. when 5(q*) = 7(q*) = 0. For q* = 0, we then have, at the
CEP,

Mg =0,w) = —w? (5.6)

underlying the necessity to keep the second order time derivative. We emphasize
again that a CEP is hence a property of the full renormalized inverse retarded Green
function.

We now generalize the notion of a CEP to the dynamics of N component fields.

A full retarded Green function that can be diagonalized in field space,
TH(Q) = T(Q)dy, (5.7)

where T are of the form (5.3) therefore displays a CEP if and only if the full
diagonalized inverse Green function has at least one element 'S which verifies (5.6).
We show later that the case of a CEP occurring through a nondiagonalizable Green
function can always be mapped to this case in the vicinity of the CEP. Since the
dynamics is diagonal and thus decoupled, we now drop the index ¢ and concentrate
on the pair of modes becoming critical and exceptional simultaneously. In our case
at mean-field, the inverse Green function is diagonal and all its elements take the

form
I'(q,w) = —w? — Ziwg® + v*q?, (5.8)

and the dispersions at the CEP are

7
wio(q) = —25012 + v|q|. (5.9)

Reaching a CEP generically requires two fine tunings, both (q = 0) and 7(q = 0)
have to be tuned to zero. We will show however in Sec. 5.2 that the transition between
the static and the rotating phase constitutes a CEP. There is only one fine tuning
necessary as the vanishing of #(q = 0) for phase fluctuations in the static ordered

phase is guaranteed by Goldstone’s theorem. The idea to generate CEPs with only
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one fine-tuning by considering systems with a Goldstone mode was first put forward
in [66, 23].

5.1.3 Superthermal mode occupation

The discussion of (critical) exceptional points above makes it clear that these are
spectral properties, related to the retarded Green function. Now, we study the
consequences of such points for the statistical properties, i.e. mode occupation num-
bers. These are encoded in the full equal-time correlation function or Keldysh Green
function. The CEP is signalled by a vanishing of two coalescing modes wy 2(q) as
q — 0. Near the CEP, the Keldysh Green function associated to the coalescing

critical modes takes the form

(5.10)

where D(Q) = I'(Q) is a generic frequency and momentum dependent noise kernel

of the respective field direction.

To determine the physics at low frequencies and momenta, we can restrict the
discussion to D(Q — 0) = D, which absent fine tuning is larger than zero, corre-

sponding to a generic Markovian noise level !.

This general property of a CEP reproduces the structure pointed out in [66].
There are two poles at w = 0 that multiply, causing a significantly enhanced infrared
divergence of the correlation function, irrespective of the precise forms of the disper-
sions. This can be easily seen by inspecting the equal-time Keldysh Green-function
obtained from (5.10),

]

G¥(q,t=0) ~ -

)’ (5:11)

since both v and r go to zero precisely at the CEP.

With the mean-field dispersions (5.9), the equal-time correlation function is given

!The constant noise level also distinguishes the CEP from the Goldstone fixed point of models
with conserved currents such as in the Hohenberg-Halperin E, F and G [1, 36], where the spectrum
of the Goldstone excitations in the ordered phase coincide with that of a CEP. However, their
noise kernel has to vanish as D(q) ~ g? due to conservation laws and thus there is no enhanced
fluctuations as at a CEP transition. These scaling regimes do not describe transitions but the fixed
points of symmetry broken phases itself.
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Im(w+ 2) Im(w 2)
2 1  Re(wi2)
-1
—2!
(a)
Im(w+ 2)
2 -1 1 pRe(w2)
-1
)

(c)

Figure 5.1: Position of the poles of the retarded response of a scalar field in the
complex plane. The dispersions are parametrized as w;s = —%(27 + Zq?) +
V4022 — (27 + Zq?)?/2, with v = Z = 1. a) Purely underdamped motion
r = 27, all poles have a finite distance from the real and imaginary axis. b) Un-
derdamped excitations exist, constituting a line of poles on the imaginary axis. The
gap between real axis and the pole spectrum remains finite r = 0.4v. At large
enough wavevectors, there is an EP separating the underdamped from the over-
damped regime. It can be clearly detected by the pole lines with finite real part
terminating nonanalytically in the line of overdamped excitations. ¢) Gapless (crit-
ical) excitation spectrum, 2y > 0,7 = 0. The line of underdamped poles touches
the zero in the complex plane. At finite damping, a gapless spectrum always has
an underdamped regime at low momenta. d) CEP spectrum, 2y = r = 0. The EP,
where the underdamped motion terminates sits at the zero in the complex plane. At
finite momenta, all excitations are underdamped. Real and imaginary parts of the
dispersions scale differently with momentum.
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by

GK(qt=0)~ 2

@7

(5.12)

which has a significantly stronger infrared divergence as in the vicinity of a usual

2 e.g. at the phase boundary A

(Gaussian) critical point where GX(q,t = 0) ~ q~
and B of the phase diagram Fig. 2.1, where respectively r and v are fine-tuned to
0. In particular, it is superthermal: the fluctuation-dissipation relation (see next
subsection) implies generally that G¥(q,t = 0) ~ q~2. This is a hint that a CEP is

a genuine non-equilibrium feature.

5.1.4 Critical Exceptional Points of N-component fields

We now elaborate on how any CEP occurring in noisy Markovian dynamics of a
vector valued field can be mapped to the damped harmonic oscillator case discussed

above.

We first note that we can always map a system of N differential equations of
second order in time derivatives into a set of 2N first order differential equations
by introducing w = 0;¢ as an independent variable. In physics terminology we
pass from a Lagrangian to a Hamiltonian representation. Using this, the (diagonal)
linearized equation of motion or inverse Green function I'*(q, t) of the N-component

damped harmonic oscillator discussed in 5.1.2, can always be written as
(014 M(q))o® =0 (5.13)

where ® is a 2N component vector and 1 and M(q) are 2N x 2N matrices. The
eigenvalues of M(q) are the dispersions iw,(q) and the corresponding eigenvectors
the 2N linearly independent modes. In this representation an exceptional point (EP),
where two modes coalesce, occurs if and only if M(q) is not diagonalizable at q*,

and therefore has at least one 2 x 2 Jordan block

M(q) = (“"EP ! ) (5.14)

0 inp

The dynamics of excitations close to a CEP at q* = 0 is governed by an inverse

Green function that is block diagonal with blocks that are at most of size 2 x 2 and
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with at least one block taking the form

iwl(q) 1
(atlg + ( 0 (q)) >5<1>CEP —0 (5.15)

where 6®cgp are the fluctuations contributing to the CEP and wy(q = 0) = wa(q =
0) = 0. This structure also implies the superthermal mode occupation in the presence

of generic Markovian noise as shown in [66].

Reciprocally, by reverting this procedure, any system that has a CEP arising
from the structure (5.15) can generically be brought back to the form of a damped
harmonic oscillator with a diagonalizable inverse Green-function even in presence of

noise. This done explicitly in the discussion of nonreciprocal field theories in 7.3.

5.1.5 CEP exists only out-of-equilibrium

Here we show that indeed a CEP cannot occur at thermal equilibrium. In that
circumstance, the full correlation and response functions obey a FDR, which reads

for the two-point functions (kg = 1)

(@) = 2 (6"Q) - ' @), (5.16)

w

In thermal equilibrium with global detailed balance, FDRs have to hold not only
for the full, renormalized two-point Green functions, but also for all higher n-point
correlations and responses as well. As we have discussed in chapter 3.3, this is
equivalent to a symmetry of the MSRJD action. Requiring thermal equilibrium at

a temperature T of the quadratic sector thus amounts to
T=—= (5.17)

where 7(q) is the renormalized momentum dependent damping
3(q) = 0_iu'F(w =10,q) (5.18)
and D(q) the renormalized noise level

D(q) =T"(w=0,q). (5.19)
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We have argued in chapter 3.3, that typically, this defines an effective temperature
at low scales, where both ¥ and D are some finite constants.

This reasoning however breaks down as a matter of principle as one tunes
through zero entering the rotating phase. Intuitively, this phase is clearly nonther-
mal, as it has a time dependent stable state and such a perpetuum mobile cannot
occur in equilibrium. This behavior should extend to phase boundaries of the rotat-
ing phase, and therefore in particular at a CEP.

More formally, for the damped harmonic oscillator (5.3) with 7(q = 0) # 0,

it is always possible to realize the thermal symmetry (3.17) with a temperature

— D)
= 2v(a)’
zero momentum is tuned to zero, 7(q — 0) ~ |q|* with a > 0, in the presence of

But, by definition of a CEP where the full renormalized damping at

a finite noise level D(q — 0) ~ D, the dynamics has to break thermal equilibrium
conditions. Indeed, (5.17) does not hold and the quadratic action does not respect

thermal symmetry at a CEP.

5.2 Gaussian Theory and Symmetry restoration

Spectra

After these general considerations about modes EPs and CEPs, we now turn back to
the transition from ordered to rotating phase. To that end, we analyse the linearised
spectra close to the transition. We write the action of fluctuations around their re-
spective mean-field solutions ¢, which also serve as a low frequency, long wavelength

description of the phases. That is, we expand the action to quadratic order

Slp. + Ab. b ~ / (5.20)

x,t

(Ap(x, 1), p(x,1))Gy ! <A¢(X’ t)> .

b(x,1)

We note that, by reversing the MSRJD construction, this corresponds to expanding
the Langevin equation to linear order around a respective mean-field solution. This
allows us to access the spectrum of dispersions w;(q), to derive the inverse bare Green
function Gy * of fluctuations in the various phases, and to identify the CEPs and their

properties. In the static phase, we pass to a phase-amplitude representation

N
d =\/po+0p exp(z 0:T1)éx,
=2

N
¢ = \/%GXP(Z 011 )X, (5.21)
=2
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where ¥ € RY is parametrized as ¥ = (0p,0s,...,0x), and expand to quadratic
order. The amplitude sector is

Sy = po/ plOF + (6 + ' py — ZV?),
x,t (522)

+ 2200 — v*V?)p — DR,

with the relative amplitude fluctuation p = ;TPO while the Gaussian fluctuations of

the phases s, ..., 0 are described by
S0 = po / G(02 + (0 — ZV2)0, — v2V2)0; — DiZ. (5.23)
x,t

This action also serves as a starting point for an effective long wavelength theory
describing the transitions out of the statically ordered phase.

Using the phase-amplitude description of the broken phases, we can approach the
transition from the static into the rotating phase. It occurs upon tuning the effective
damping

0=2y— — 5.24

T (5.24)
through zero. This marks it as a CEP as defined in Sec. 5.1.1, since the modes
becoming critical have no mass-like contribution to begin with due to their Goldstone

nature.

Furthermore, the amplitude fluctuations remain gapped and damped for any
u >0

—i5 + u'po 4 (8Apo — (9 +u'py)*)"/?
2 2 '

They can thus be discarded from an effective long wavelength description. See
App. 8.3 for a discussion of the transition into the oscillating phase at v’ < 0.
At the phase transition, there is a 'condensation’ of 9,6; = F (i.e., the angular veloc-
ity picks up a finite value), while the choice which mode 6; starts to rotate is made

spontaneously. The equal-time correlator of the phase fluctuations

D
Ce(t = 07 q) =

— 5.26
po?qQ%(Zq? +9) ( )

4

displays an enhanced divergence ~ q~* at § = 0, as expected in the vicinity of a

CEP.
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This CEP transition does not fall into any known universality class a priori. We
thus first discuss the scaling behavior of the linear fluctuations in the vicinity of the
CEP in more detail. This discussion is exact above the upper critical dimension of
the transition, which we determine also to be d. = 4 in Sec. 5.3. There, we will also

analyze the problem beyond Gaussian fluctuations.

In the following, v sets the highest momenta, i.e. we work at ¢ < v, where our
effective field theory at low momenta is valid. We are also close to the CEP i.e. we
work with 6/2 < v, Z. In this regime for finite damping § > 0, the dispersions of

the phase fluctuations are

1 02
wia(q) = _5(5 + Zq°%) £ 4/v2q? — T (5.27)
There is thus a non-critical EP at a finite momentum scale qgp = %. It only affects
the dynamics, separating overdamped, purely dissipative modes from underdamped,

propagating modes. This translates to a length scale

Epp ~ v/0, (5.28)

separating both regimes. In contrast to a critical length scale, it does not signal the
divergence of a correlation function. The correlation function displays an enhanced
divergence ~ q~* as expected for a CEP. The additional divergence as the damping
gap 0 is tuned to zero generates is indeed not controlled by &gp, but by a divergent
length scale

€= (5.29)
indicating a critical exponent

(5.30)

N —

for the mean-field transition.

This critical length scale diverges less quickly than the exceptional length scale
¢gp close to the transition, so that in the critical regime x < &. fluctuations are

underdamped. The critical regime is therefore found for momenta satisfying

q>> 62> qup. (5.31)

At the CEP 6 = 0 however, the coexistence of dissipation and propagation persists
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Im(ws 2 Re(w2) Re(w: 2)

c) (d)

Figure 5.2: The dispersions of the phase fluctuations close to the critical exceptional
point. a) and c¢) show the imaginary (dissipative) and real (propagating) part of
the dispersion at a finite damping with §/v? = 1. The exceptional point separating
purely dissipative dynamics from underdamped motion is clearly visible. At vanish-
ing momenta one mode becomes gapless marking its Goldstone nature, whereas the
other mode maintains a gap 0. As one approaches the CEP § = 0 shown in b) and
d), the egg-shaped structure in the dissipative part shrinks to zero, both modes dis-
sipate as ~ g2 and display a linear scaling in their real parts, indicating propagation
at a constant velocity in real space.

2)
1 24
)

(b

down to vanishing momentum, where
i
Wy g = —§Zq2 + v|q], (5.32)

see Fig. 5.2. The linear scaling of the real part of the dispersion in momentum space
will manifest as spherical propagation of excitations at constant velocity v, whereas
the dissipative part will lead to diffusive decay in real space around the mean position

|x| = vt. This is also seen by inspecting the correlation function in (q,t) space

D 1,02
———exp 27" cos(|vgt]). (5.33)

K
t
G"(q,t) 74q

Hence, there is no unique dynamical z exponent: the lifetime of a critical fluctuation

2 at the CEP, and its oscillation period in momentum space as

scales as 74 ~ ¢~
7. ~ ¢~ 1. These two scaling behaviors coexist, controlling different properties of the
dynamics of excitations, and inhibit the existence of a homogeneous scaling solution
of the action and a true scale invariance of correlation functions even at the Gaussian

fixed point 2.

2One may then be tempted to keep only the lowest order power in momenta in the disper-
sion (5.32) arriving at a dynamical exponent z = 1. This would amount to neglecting the damping
term Z in Eq. (5.23). This is non-physical, because the system would only receive energy from the
noise without any dissipation. More formally, Eq. (5.33) would be infinite for Z — 0. We are thus
forced to keep the lowest power in momenta for both imaginary and real part of the dispersions.
This has to be contrasted with the quantum case, where there is no dissipation but where also the
noise vanishes as |w| — 0.
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5.2.1 Symmetry Restoration

We now provide a simple argument stating that the enhancement of fluctuations in
the vicinity of a CEP renders it impossible to reach below four dimensions if interac-
tions are not taken into account. We will see that the fluctuations either restore the
full symmetry before the CEP is reached, or render the transition between statically
ordered and rotating phase first order. We use the phase-amplitude decomposi-
tion (5.21). As we have seen, the phase fluctuations become critically exceptional at

the transition, and the static correlation function is

Déij

<9z(Q7 t0)0j<_q7 t0>> = GO i (q7t = O) pov2q2(Zq2 + 6) ’

(5.34)

The CEP is reached as the damping § — 0. This implies in the Gaussian approxi-

mation

50, 1
Gen<q7t_ 0) ; @

(5.35)
Thus, the Gaussian correlation function Gf;(x = 0,t = 0) develops an infrared
divergence in d < 4 spatial dimensions in the vicinity of the CEP, which is regularized

by the damping;:

d—4

J 2
po

<9i(X0,t0)9i(X0,t0)> = G(If”(x = O,t = 0) =C (536)
Here C' > 0 is a non-singular constant that depends on the dimension and the ultra-
violet cutoff of the theory. Its exact value is not important for our argument, we only
rely on the fact that it is positive and finite. We see that when the damping van-
ishes, the Gaussian fluctuations of the Goldstone modes diverge and would destroy

any order. Indeed, neglecting amplitude fluctuations,

(p(x0,t0)) = \/polexp (ﬁ:@l (x0, to T11>> (5.37)

1=

2
= \/po exp (2tr<92(X0,t0) (Xo,to»Tl,iTl,j)él

_\/_exp< 2N _1)05 )el (H0>0,

and the enhanced Gaussian fluctuations due to the CEP alone destroy the order
parameter before one can reach the CEP at § = 0 below four dimensions. The order

parameter is suppressed when the argument of the exponential in Eq. (5.37) is of
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order one, i.e. at a symmetry restoring scale

2
Osym v2Z -1
% ~ <7p0) ) (5-38)

restoring all parameters previously absorbed in C'. This argument is reminiscent of
the Mermin-Wagner theorem, which prevents the existence of symmetry breaking in
and below two dimensions in the usual case. However, it applies only to the critical
point here, not to the entire phase. On the other hand, the rotating phase exists and
is not destroyed by fluctuations above two dimensions.

This leaves three scenarios for the transition upon including the effect of fluctu-
ations and interactions :
(i) There is no direct transition between static and rotating phases, but a fully sym-
metric, disordered regime in between. This is the expectation solely based on the
exceptional Gaussian fluctuations.
(ii) There is a (weakly) first order transition, induced by interactions. A non-trivial
scaling regime close to the transition may still emerge in principle.
(iii) The phase transition is second order. This is only possible, if nonlinear effects
reduce fluctuations by generating a sufficiently large anomalous dimension. In equi-
librium this happens, for example, for the 2d Ising model, where the anomalous

dimension shift the naive lower critical dimension from two to one.

The third scenario will be ruled out by our analysis. We will show, that indeed
a first order transition occurs for sufficiently large py. For smaller py the interaction
effects do not have room to build, and as one approaches the CEP the enhanced
fluctuations push the system back in the symmetric phase through the model A
transition.

The same mechanism has to arise while approaching the CEP line from the
rotating phase and the symmetry restoring nature of the enhanced fluctuations will

therefore strongly move the phase boundaries as sketched in Fig. 2.4.

5.3 Fluctuation induced first order

We now show how a first order phase transition into the rotating phase at finite ¢
can occur.

As we have seen in Sec. 5.2, the amplitude fluctuations around the stable state
in the broken phase remain damped and gapped in the vicinity of the CEP at § = 0,

and can be integrated out. For N = 2, this yields the effective Gaussian action for
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the phase field (5.23),

Sy = / 0(0? 4 (6 — ZV?)0, — v*V?)0 — D>, (5.39)
t,x

)

We rescaled the fields 6 — 6/,/py and 6 — QN/\/%
The symmetry O(2) = SO(2) x Z, acts on the phase field as

SO@2): = 0+a, Zy: (6,6) = —(6,0). (5.40)

This approach assumes that the fluctuations of the amplitude modes are small
0p < po and thus breaks down once the renormalized amplitude becomes small.
Approaching the CEP below four dimensions, this will be the case if we reach the
scale § ~ p(()d74)/ 2, signalling that we instead reach a regime where the symmetry
gets restored as we have shown above. In the following we work in a regime with
sufficiently large pg, assuming that the scale at which the symmetry gets restored
is not reached. This yields a criterion, whether symmetry restoration occurs or the

scenario laid out below is realized.

We first discuss in greater detail how the transition is explained from this action
above the upper critical dimension, and develop an effective potential picture which
will turn out to be useful in the following. When crossing the phase transition by
tuning ¢ through zero, the order parameter starts to rotate at a finite angular velocity
and the Z, symmetry is spontaneously broken. In terms of the phase variable, it
corresponds to the ‘condensation’ of II = 9,6, which evolves in an effective Ising like

potential

V(1) = gm + %H4, (5.41)
where the fourth order term has been added to make the mean-field theory well-
defined in the rotating phase (0 < 0). In that phase, we obtain II = \/poE =
\/m and recover the square root behavior of the angular velocity encountered
in mean field in chapter 2. Therefore, this potential picture works despite the
out-of-equilibrium nature of the problem. Beyond mean-field, we will get an effec-
tive equation of motion for the dressed order parameter using the effective action

formalism (see Eq. (3.9)). The potential picture will in turn remain applicable.

Since a Z, is broken spontaneously along the transition, it is natural to compare
it to the Ising universality class. Indeed, on the mean-field level, the phase transition
is reminiscent to some extent to the usual Ising transition, where the role of the Ising
field is played by 0,6. This can be rationalized by noting that the Ising model is

recovered when v = 0. However, recall from the shape of the correlation function
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(5.33), that setting v to zero would destabilize the entire theory and our model and

transition differs from the Ising field theory.

5.3.1 Beyond Gaussian Fluctuations

We now determine how interactions lead to a fluctuation induced first order scenario
below the upper critical dimension for sufficiently large py. To this end, we approach
the CEP from the statically ordered phase. The broken SO(2) symmetry, Eq. (5.40),
ensures that the field 6 can only appear with derivatives, while invariance under Z,
excludes cubic — or higher odd powers — interactions; in particular, it rules out the
Kardar-Parisi-Zhang nonlinearity #(V6)? and the cubic nonlinearity (8;6)2. The
lowest order local interaction terms that one can add to the quadratic action within

these bounds are

Sint = % 0(0,0)° + % / 00,0(V0)?. (5.42)
x,t

Xt

These are the most relevant allowed couplings in an renomalization group (RG)
sense. The existence of two time scalings in the Gaussian Green functions, as dis-
cussed in Sec. 5.2, renders a simple power counting analysis at the Gaussian fixed
point impossible. Therefore, we will instead calculate the diagrams renormalizing
the various couplings, and infer their scaling dimensions from the associated infrared
divergences. These two time scalings also suggest that, for non-static quantities, not
only § but also the quantity ¢ /v? shall control the form of correlation functions. We
will see that this scale indeed explicitly appears in the renormalization corrections

beyond mean-field.

Perturbative corrections

The diagrammatic rules associated to the four-point vertices (5.42) and the per-
turbative corrections to two-point functions (self-energies) up to two loop-order are
presented in Fig. 5.3. One-loop corrections to the four-point functions are given in
Fig. 5.4.

Interactions — We now discuss how the parameters of the effective action are
renormalized perturbatively, and how they are impacted by the presence of the non-
analyticity of the CEP in the spectrum. For this sake we first take a look at the
one-loop diagrams renormalizing the four point vertices displayed in Fig. 5.4, but

the phenomenology will go beyond this particular example. First, we consider the
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Figure 5.3: Self-energies up to two loop-order. The first three graphs correct the
retarded part of the action '™V, and the last one the noise term I'®%. The solid
line denotes the bare Keldysh Green function G¥, and the solid-to-dashed line the
retarded Green function Gf. The four-point vertices can be either g; or g, defined
in (5.42).

Py

Figure 5.4: One-loop corrections to ') renormalizing the interactions, P; = (p;, w;).
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case where ¢, is renormalizing itself. The first diagram in Fig. 5.4 with g; as vertices

is equal to wowswy Iy ; with

Ly (p,wy) = / i(w + wy)W?G(q + p,w + w,)GX (q,w), (5.43)
q,w
where p = p1 + P2, w, = w1 + wy and qu = [dqdw/(27)*V. The two other
diagrams are obtained by permutation of momenta. We now are interested in the
infrared behavior of this loop as one tunes § — 0, i.e. approaches the CEP. When

§/v? becomes small, we find that it diverges as
d—4
[ll,f(pawp) ~ 6?a (544)

for small dimensionless momenta p = \/% < /0 /v, but that this IR divergence is

smaller for finite dimensionless momenta

d—4 6 d—1

Ill,[(pW‘-)p) ~ 5T(§>Th(pva)’ (5'45)

with h some nonsingular scaling function, and therefore become subleading. This
implies a very sharp non-analytic behavior as shown in Fig. 5.5. This is due to the
peculiar form of the dispersions at the CEP which induces a resonance condition in
the integral to get the highest divergence, as discussed below and in App. 8.4 where
Egs. (5.44) and (5.45) are also proven.

Similar scaling shapes hold for all combinations of the vertices gy 5. From (5.44),
we can infer that the upper critical dimension is d. = 4. Above it, all interactions
are irrelevant and the Gaussian theory is exact asymptotically at long wavelengths.
(5.45) implies, that only loops with transfer momentum p < ‘/73 929 ) contribute
to the renormalization of the vertices as we approach the CEP. We can thus regard
all finite transfer momenta to lead to subleading contributions.

This means, that divergences of vertex corrections depend on the momentum
configuration of the respective vertex in a highly non-analytic way and a derivative
expansion around p = 0 is not possible. In particular, we find that the two limits
p — 0 and 6 — 0 cannot be exchanged, see Fig. 5.5. This non-analytic structure can
be related to the nonanalyticity of the exceptional point. Intuitively, this is indicated
by the EP momentum scale qgp = % already seen in the linear spectrum in Sec. 5.2
above which dimensionful transfer momenta p are cut off (since the critical regime
is described by ¢/v/§ ~ 1, we are generally interested in momenta q > qgp).

We now illuminate the origin of these different scalings, which result from a

resonance condition on the external momentum. In a nutshell, after frequency inte-
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0.8 1

0.2 1

Figure 5.5: Iy, ;(p = p/d"/%,w, = 0) defined by Eq. (5.43) in d = 3 for v = 0 (solid
line) for v = 1 and different values of § (dashed/dotted lines). For v = 0, the rescaled
integral is independent of § and diverges as §~'/2. For v # 0, this divergence is found
only for smaller and smaller p < 6'/2/v as § — 0, and the integral is more and more
peaked around zero. For 6 — 0, Ij;; therefore becomes non-analytic and is non
negligible only at p = 0.

gration, rescaling of momenta by introducing q = q/§"/?, and for small values of 0§,

the diagram 5.3c at zero external frequency reduces to

Ill,] =

(5d24/ fi(a,p) + O ()
2 Jg Z(P2+2p-@)°A @)+ f1(P. @A (32 (A(§2) + A((P+d)2)) + O ()
(5.46)

In this expression, we use A(y) = y+1, and f1(q,p) = (P+a)*A(q®) +@*A((p+q)?).
In the denominator, we keep a higher order in terms of § since it becomes the
dominant term in the expansion as soon as v? (p? + 2p - q) is small. This is always
true for p = 0, but only occurs for special configuration of momenta when p # 0.
When this is fulfilled the integrand behaves as 64272 and only as 62! when it is
not: there is a resonance condition to get the highest divergence. Mathematically,
the integrand in (5.46) becomes non-analytic and behaves as a Dirac distribution in
the 6/v* — 0 limit to still give the stronger divergence. This behavior can in turn
be used to compute the integrals, see App. 8.4.

This is in sharp contrast with more standard renormalization corrections, where
the leading momentum dependent term scales accordingly to the momentum in-
dependent part, and where higher order terms in momentum are negligible in the
infrared in the spirit of a gradient expansion. This expansion in momentum cannot

be used here because of the non-analytic structure. Indeed, we show in App. 8.6 that
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such an expansion generates spurious divergences with arbitrarily high power in §.
This also illustrates why standard power counting does not work: the presence of
the additional scale v?/§ allows for a more complex scaling of integrals, which breaks

the generic scaling behavior.

Self-energies — This structure also strongly impacts the perturbative corrections
at higher loop orders. We now discuss that matter for the two-point vertex I'®.
We will see that it makes sunset diagrams 5.3c¢ and 5.3d less divergent than the
tadpoles one 5.3a and 5.3b. We begin the analysis with the tadpole diagrams. They
are linear in the external frequency, and momentum independent. They therefore
only renormalize the momentum independent damping coefficient §. The one-loop

tadpole gives

Kq ¢!
Iy, = — dg——- 5.47
u= (91+gz)/ Gt (5.47)

where Ky = S4/(2m?) with S; the surface of the d-dimensional sphere. In these
expressions, new dimensionless quantities have been introduced via the following
rescaling: § — 07, g1 — ¢12%/D and g — g2Z*v?/D. Performing the integral over

momentum gives

Szy—mmgmf& (5.48)
with K, = —Kyn/(2sin(nd/2)) > 0, and ¢ = § + (g1 + g2) K4/2 fOA dq/q*. Here, A
denotes the UV cutoff used to regularize the loops. This is consistent with d. = 4,
since the perturbative corrections in (5.48) to the damping become non-negligible
below four dimensions. The contribution of the two-loop tadpole diagram 5.3a is
simply given by the square of Eq. (5.47) and behaves as §973.
We now turn our attention to the loop integrals of the sunset diagrams Fig. 5.3c
(for two g; vertices going into the loop, the same however holds for all vertex com-

binations) at vanishing external momenta. It can be written as

=gt [ *6*(@uila.w) (5.49)
a
L.e. the bubble diagram analysed earlier reappears as a subgraph of the sunset dia-
grams and their transfer momentum is integrated over. Since the point of vanishing
transfer momentum at which the resonance occurs is a zero measure set, only the
subleading scaling of I1;(q,w) contributes to the sunset diagram. Thus the whole
sunset diagram, even at finite momentum or frequency, is subleading when compared

to the other terms in the renormalized two-point function at small damping. Indeed,
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while Iy scales as 6973 for §/v% > 1 (like the tadpole diagram 5.3b), it is suppressed
in the critical regime §/v?* < 1 where

5\

Loy ~ 5‘1—3(@) < 603, (5.50)
Eq. (5.50) is proven in App. 8.4, and a similar result is found for diagram 5.3d
with 972 replaced by 6¢~*. At finite external momentum, the sunsets are even less
divergent since they display the same non-analytic structure in their p dependencies
than the one found for the one-loop diagrams (see Fig. 5.5). More details can be
found in App. 8.4.

This shows that the presence of the EP leads, for d > 1 and in particular for
the dimensions of interest d > 2, to smaller infrared divergences in two-loop sunset
diagrams, which in turn indicates that they will contribute only subdominantly in the
critical regime and can be neglected. Only one-loop contributions without transfer
momentum survive and the corrections to v, K, and D associated to anomalous
dimensions and z exponents all vanish.

Formally, this is a valid assumption if I5(p) remains very small compared to all
terms in Eq. (5.48) i.e. to the renormalized damping 6. Because Iy diverges when
the damping becomes small, this necessarily implies a condition on the prefactor of
the loop i.e. on the interactions g; + g2, which have to be sufficiently small. This
condition can only be self-consistently checked once we have computed &, and we
therefore defer its discussion to Sec. 5.3.2.

In principle, one has to check that higher loop terms for the self-energies and for
interactions follow a similar pattern and are also negligible. The discussed pattern
however extends to all diagrams in the perturbative series that contain loops with
more than one momenta. Thus, only graphs with a one-loop structure i.e. graphs
that are products of one-loop graphs, and without momentum transfer survive when
§/v? becomes small. Alternatively, this is elegantly recovered in the DSE framework
since the full effective action can be computed solely from (dressed) tadpole and

sunset diagrams, see App. 8.5.

Self-consistent equations and first-order phase-transition

Because of the emergent one-loop structure, with negligible higher loop effects, it is
possible to resum the entire perturbation series, or equivalently to solve the corre-
sponding DSE; see Fig. 5.6 for a diagrammatic representation.

For the reason laid out above, we neglect the sunset topology of the DSE. Then the
DSE for the for the damping of the retarded two-point function (i.e. the renormalized
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Figure 5.6: Diagrammatic representation of the DSE. The solid and solid-to-dashed
lines correspond respectively to the full Keldysh and retarded Green functions. The
vertices correspond also to the full vertices T and T*) except for those that are
represented with a square box, which correspond to the bare vertices S(*3). Diagrams
obtained by permutation of external legs attached to 6 fields (solid line legs) are not
shown.

control parameter of the transition &) reads

g ;L P25452 (5.51)

0=06—K),

We have to do a little more work and consider some momentum dependency of
the fully renormalized vertices gy 2(p1, P2, P3). First, we write out the diagrammatic
DSE for the four-point vertex in terms of the vertices of the full effective action I'

and the bare action S and the Green’s function G:
F(lg)(P47P17P27P3> = S<13)<P47P17P27P3)X

(1 /Q GK(Q)G (Q + 1 1 + -F)Q)I (13)( (Q Pl -F)Q)v Q) Pl?‘l 2>> perm.,

where Py = —(P; + P, + P3) and where the permutations apply on the set Py, P,
and P3. We know from our previous analysis, that only the constellations where
there is no momentum transfer through loop contribute close to the transition and
thus on the right hand site only the vertex I'!3)(P;, —P;, Py, —P,) enters the self
consistency equation. We thus make the Ansatz, that only the following momentum

constellations or ”hot spots” contribute to the flow. We parametrize them as

G1a=01(-p,q,—q,p), P,a#0,p #4q (5.53)
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for which only one of the momentum permutation in 5.4 contributes,
910 = 51(—=P,P, =P, P), P # 0 (5.54)
for which two permutations contribute and
g1 = 31(0,0,0,0) (5.55)

for which all three diagrams contribute. Carrying out the frequency integration leads

to the self consistency equations for the full macroscopic couplings,

g1+ g2 1
W= 01— o | ———, 5.56
g1, g1 5 [ /q (q2 n 5>2 ( a)
g1+ g2 1
- -2 a — =, 556b
g1y =G 5 I, /q TR (5.56b)
g1+ g2 1
c=01— 3 0 | ———. 5.56
g1, g1 5 91, /q (q2 n 5)2 ( C)

The integral that appears in Egs. (5.56) can be calculated and the equations can be

inverted to give

P p—— (5.57a)
1 —|— 0125 2
Sﬂ
1— a9 ?
gl,b = glﬁ? (557b)
14 CYQ(S 2
57
1— 2«
gl,c =0 2_@ ) (557C)
1+ 0625 2

with ap = (g1 + ¢92) K}(d — 2)/2 > 0. We see that, while the coupling g, , at finite
momenta is always positive, the couplings ¢; . with zero incoming momenta can be
negative for sufficiently small 6. This therefore opens the route to a fluctuation
induced first-order phase transition since a potential with a negative quartic term
typically displays a first-order transition [79]. The fourth-order is now momentum
dependent, and one has to specify which quartic couplings should enter the effective
potential Eq. (5.41) for the order parameter E' = 0,0/,/po and check if it is negative.
The condensation mechanism occurs at zero momenta, and E is given by minimizing

the effective equation of motion I'? with a constant order parameter ,0(z,t) = E.
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Figure 5.7: One-loop contribution to the six-point function I'™®). The diagrams
obtained by permutation of external and internal lines are not shown.

It translates, in momentum space, to

0i0(p,w) = Ell(p,w) = \/poEd(p)d(w). (5.58)

In the effective equation of motion for E, the fourth order term is proportional to
71(0,0,0)0,0(p = 0,w = 0)* = g1..(y/poE)*. The coupling that fixes the limit cycle
rotation frequency FE is therefore g; . which can indeed turn negative because of
Eq. (5.57c). This will drive the first-order phase transition. The coupling g, can
also turn negative (see Eq. (5.57b)) which could indicate some instability at finite
momentum close to the transition. However, it is larger than ¢; . and turns negative
for even smaller damping, for which the first-order transition we discussed has already
taken place. It therefore does not alter the first-order scenario we describe. Since
the renormalized coupling g does not enter its flow, but only its bare version, we
do not give its analog self consistent solution here but refer to the appendix 8.5. We
note the structural similarity of these slef consistent equations to the mechanism of

fluctuation induced first order transitions for systems with pattern formation [58, 96].

Now, to have a well defined potential, we need to add a sextic term in the
potential, i.e. u10(8,0)7/5! in the action. Exactly as for the quartic couplings, there
are several hotspot configurations of momenta for which only one-loop diagrams
contribute. One has to consider different couplings associated to each of these hotspot
regions. To describe the effective potential, we however only need the value of this

coupling at zero external momenta,
uy. =11(0,0,0,0,0). (5.59)

Being an irrelevant coupling, its value is entirely set by the quartic couplings at small
5. Its renormalization is then given by the one-loop diagram displayed in Fig. 5.7.

The resummed expression is obtained by using dressed propagators and interactions.



5.3. FLUCTUATION INDUCED FIRST ORDER 69

This leads to

Ul e = 159%—_d;47 (560)
(1+ad * )3
where as = (g1 + ¢2) K} (d —2)(4 — d)/8.
We are now in the position to solve the resulting equations, and discuss in greater

details how the first-order transition takes place.

5.3.2 Solution of self-consistent equations

The resulting system of equations constituted by Eqs. (5.51), (5.57) and (5.60) is
solved by extracting the damping & from the first equation, and inserting it into the
others.

Asymptotically, the system does not reach any fixed-point, ruling out the second-
order phase transition scenario (iii) of Sec. 5.1.2. We find that the (9,0)* coupling
becomes negative and the effective potential describes a first-order transition for
sufficiently small ¢ as shown in Fig. 5.9: new minima appear for a finite 0,0 = F,
and the order parameter jumps from zero to a finite value. From Eq. (5.57¢), the
phase transition happens approximately when the quartic term becomes negative,

l.e. at a first order transition scale

—(d—4)/2
(g0 + 9200 7~ 1, (5.61)
giving
5o ~ (g1 + go)¥ . (5.62)

We are left to compare this scale for the onset of a first order transition to our
previous result on the symmetry restoration sy, via the suppression of py. The
system displays a new scale (in terms of the original non rescaled variables)

o Z(g1 +v°g2)
= Po

; 2 = P09 (5.63)
sym

which sets whether there is symmetry restoration (ppg < 1) or a fluctuation in-
duced first order transition (pgg > 1) separated by the multicritical point (pog ~ 1)
where both transition lines meet. The resulting qualitative phase diagram is shown
in Fig. 2.4. Furthermore we remark, that the first order transition scale dg, coincides
with the Ginzburg criterion where non-Gaussian fluctuations are expected to play
a role. (The Ginzburg criterion can be simply derived by comparing one-loop con-

tributions to the order parameter fluctuations to the bare one). This means that in
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Figure 5.8: Summary of scales for the two different scenarios obtained while ap-
proaching the CEP. (a) The first-order scenario occurs before reaching the point
where the symmetry get restored since py' > ¢, and the system ends up in the
rotating phase. (b) The symmetry gets restored at large distances, and the system is
in the disordered phase. In both cases the red dashed area indicates the scale which
is never reached because the other scenario takes place first.

a situation close to the weakly first-order situation, i.e. 1> § > dgym, 05, One can
observe the Gaussian scaling behavior described in Sec. 5.2 on length scales £ < \/%
but there is no intermediate regime where one can observe interaction corrections to
that scaling, including anomalous dimensions, before reaching the regime of either
symmetry restoration or first order transition. This is different from e.g. driven-
dissipative condensates below the lower critical dimension, where one can observe
KPZ scaling at finite length scales smaller than the length scales at which order
breaks down [8, 97]. The different possible scenarios are summarized on Fig. 5.8.

To get a complete picture describing all regimes, one needs a method that can
describe both the broken phase within which the first-order transition occurs and
the regime in which the amplitude goes to zero. One possible route would be to use
the functional RG (FRG) which is known to describe both the phase transition and
the broken phase in equilibrium [98].

Validity — Let us finally assess the validity of the assumptions made, and discuss
quantitatively under which conditions the subleading corrections are negligible. The
sunset contribution Eq. (5.50) (using the renormalized damping in the loop) to &

can be neglected when it is small compared to all terms in Eq. (5.51). The most
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Figure 5.9: The effective potential as a function of II = 9,6 obtained by solving
Egs. (5.51), (5.57) and (5.60) becomes characteristic of a first-order phase transition
at a finite renormalized damping 6. The results are presented for d = 3, g1 = ¢» =
107t and v = 1.

stringent condition is obtained by demanding it to be negligible with respect to the

zero-order term 0. It gives the following condition,
(g1 + g2)?0" 461V < 1. (5.64)

The one-loop diagrams with momentum transfer can be neglected when (5.45) is
way smaller than g; + go, and the sunset 5.3d when it is way smaller than D, which
both lead to the very same condition. Equivalently, the condition (5.64) is recovered

nonperturbatively using DSE as discussed in App. 8.5.
The condition (5.64) becomes, using Eq. (5.62), (g1 + g2) @D/ < 1, which

is satisfied in 2 < d < 4 for sufficiently small values of the bare coupling constants,
i.e. for a microscopic theory not too far away from the Gaussian fixed-point. In
that case, ¢ is generically small close to the transition because of Eq. (5.51). The
transition is then weakly-first order and the condition §/v? < 1 is in turn also not

violated, and our calculation is fully justified in this regime.

One can formally still try to solve the equations for even smaller values of § i.e
deep in the ordered phase where the true damping is instead defined at the nonzero
minima. This always gives a solution with § > 0, and the minimum at 8,0 = 0
does not disappear. Note that this issue also arises in Brazovskii’s phase-transitions
scenario [96]. However, the condition (5.64) is not satisfied in this regime, and the
solution does not apply anymore. We are however interested in the critical regime
here. We analyse the nature of the phase fluctuations deep in the phase in chapter
6.
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5.3.3 Z, symmetry breaking and SO(2) ~ U(1) case

Explicit Z, breaking — We now discuss the case where the symmetry is SO(2) or
U(1) instead of the O(2) symmetry discussed so far. In that case the Zy symmetry is
explicitly broken, and a linear term 9,0 = po + ... is allowed in (5.39), together with
the cubic non-linearity A(9,0)* and the KardarParisi-Zhang (KPZ) non-linearity
6VH-Vh. This induces an explicit rotation of the order parameter, and thus no static
phase. Since there is no unbroken internal symmetry left that could be spontaneously
broken, no second-order phase transition can occur at the mean-field level, and no
CEP is found. This is equivalent to adding a magnetic field o in the Ising case:
the effective potential for 0,0 generically does not display spontaneous symmetry
breaking anymore, but rather describes a first-order phase transition at the mean-
field level already between phases with different rotation speeds. There is thus no
divergent correlation length occurring, and there is no way to get the enhancement
of the fluctuations found at the CEP.

The CEP transition can still be reached by tuning only one additional parameter:
[to can be chosen such that there is an emergent additional Z; symmetry at the
critical point, where our model is then recovered. There is thus a first-order phase
transition line whose end point is exactly the CEP described in this work. This
is the transition discussed in [66]. However, their study of fluctuations include the
cubic and KPZ non-linearity, while their values are zero at the CEP because of the
additional fine-tuning. It therefore does not describe the CEP transition of interest
here. All of this is analogous to the second order transition found at the endpoint of
the liquid-gas transition that falls in the Ising universality class with upper critical
dimension d. = 4. It has an emergent Z, symmetry at the transition, and one does

not consider the cubic non-linearities.

5.3.4 O(N > 2) case

We now turn to the generic O(N) case. We first discuss the corresponding action
and the additional interactions that arise between Goldstone modes for N > 2 that
add some complexity. We then explain how we can generalize the previous results
for the first-order scenario even in the presence of these new interactions.

The model one obtains after phase-amplitude decomposition and integration of
the amplitude mode, defines what is often referred to as non-linear o model (NLoM).

The Gaussian part of the action in the static phase is given by

So = / 7 (0 + (=KA +0)0; — v*A)w — D7 - 7, (5.65)
x,t

5
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where ™ = (05, ...,0y). Beyond mean-field, we need to consider the generalization
of (5.42),
_ N ~ 2, 92 2
Sint = E/ 7 - Oy (0ym)” + 571‘ Oy (Vr)~. (5.66)
x,t

)

However, contrary to the O(2) case, there are higher order terms that do not
only involve derivative terms for N > 2 as usual for NLeM [6]. This is due to the
fact that the O(N) symmetry does not act anymore as a shift symmetry for the
Goldstone modes when N > 2 [99]. For example, the term &Tﬁtd) leads, following
the procedure explained in Sec. 5.2, to

—1

d 0= O+ %((w ) — (Rem)m) Ot (5.67)
where the neglected terms are irrelevant. A similar pattern arises for every operator
present in (5.65) and (5.66). The coefficients of these new operators are not inde-
pendent from the one in (5.65) and (5.66) because they are generated by the same
operator. This originates from the underlying O(N) symmetry of the model and
therefore remains true even beyond mean-field. It is then common to refer to py'
as a coupling constant in the NLoM. The new operators then lead to a non-trivial
(self-)renormalization of the amplitude which is absent in the O(2) case. Within
the statically ordered phase, the renormalized amplitude is finite, and at sufficiently
small scale, the higher order terms can be neglected and the action reduces to its
Gaussian part. Indeed, for large pg, only fluctuations with |7r| < 1 contribute to the
functional integral and higher order terms become negligible since they come with

powers of py* [6] °.

We are now ready to discuss the situation when approaching the CEP. From
previous subsections, we expect g; and g, but also p; ' to have dimension 4 —d. This
can be checked diagrammatically. Mean-field results can then be used above four
dimension sufficiently deep in the ordered phase * and we start by discussing it since
it will be useful below. It turns out that we can generalize the potential picture
developed for the O(2) case. Omitting the addtional terms coming from (5.67), we

3This argument can be made quantitative by the RG. The coupling Po ! goes to zero in di-
mensionless units at the Goldstone fixed point associated to the ordered phase [6] and the action
reduces to its Gaussian part at low-energy.

“The irrelevance of py ! does not preclude the existence of non-trivial corrections above four
dimensions (by analogy with the usual equilibrium NLoM above two dimensions).
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again have a potential of the form

0 g
Vet (pr = (0)*) = 5pm + 4—};}3,. (5.68)

This potential is simply the generalization of Eq. (5.41). It would display the typical
spontaneous symmetry breaking of O(N — 1) down to O(N — 2). Here, we have
additional terms of the form (5.67) that prevent our model from reducing to the
equilibrium O(N) case for 9,7 even when v = 0. However, they are present to ensure
that the O(N) symmetry is intact, and they fix the value of the amplitude. We can
therefore expect that they do not play any role when it comes to the rotational
angular velocity. Again, extremising this potential yields the mean field expextation
for the angular velocity E ~ v/6. In addition, one can also study the fluctuations
around the rotating order by writing the field as @ = (\/poEt + 0,01 ), with 6 the
longitudinal mode and @, € RY~2 the transverse modes of the broken O(N — 1)
symmetry. Their respective action matches (8.9) and (8.7) obtained directly from
the expansion around the rotating phase in appendix 8.3.1. This fully justifies our
assertion that the potential picture works also in the O(NN) case. We therefore again

rely on it also beyond mean-field as we discuss now.

Below four dimensions, g1, g and also p; ' become relevant. They have the same
dimension around the Gaussian fixed-point and therefore grow at the same rate next
to it. We can use the same strategy as in the O(2) case: We expect the ¢g; and go
couplings to again favour the first-order phase transition. Sufficiently deep in the
ordered phase at the bare scale, we can therefore neglect the restoring effect linked
to py  since its contribution to loops will become non-negligible only at larger scale.
In that case, we get the generalizations to O(N — 1) field of the different diagrams
discussed in Sec. 5.3.1. This only adds N dependent prefactors in front of the loop
integrals but leaves the integrals involved unchanged, and therefore their momentum

structures and divergences.

The self-consistent equations are therefore similar to the O(2) case. The same
mechanism for first-order transition apply again because the structure pointed out for
the quartic couplings ¢ . which led to this scenario in the O(2) also arises. Explicitly,
we find (see App. 8.5) that

(9 — 4030 (28T (N’ +2) + 3))
(200 + 3) (28T (N' +2) + 3)

Jre = 1 (5.69)
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with N' = N — 1. We can conclude that ¢; . turns negative when

[ 2002(N'42) \ T
e = o)

i.e. at the same scale we have in the O(2) case, given by (5.62), up to a N-dependent

factor.

In the opposite limit, the p, ! coupling grows first and we approach the point
where the symmetry gets restored first. In a generic situation, the NLoM will break
down again. We reach the same conclusion as for the O(2) case, and also obtain the

qualitative phase diagram Fig. 2.4.

5.4 Summary

Let us briefly summarize this long, and technical chapter. We have considered the
transition between the ordered and the rotating time-crystalline phase. It is purely
dominated by the fluctuations of the gapless phase fluctuations and on the Gaussian
level occurs through a critical exceptional point. The ensuing diagrammtic analysis
thus also constitutes a general study of fluctuations at such a CEP. The CEP induces
nonanalytic momentum dependencies of loop corrections. And while complicates
matters in the first step it turns out to be a very useful feature, suppressing a large
class of diagrams. This allowed us to determine in a controlled resummation of
the diagrammatics, that the strongly enhance fluctuations at a CEP do not always
destroy preexisting order and make a direct transition between static order and
rotation impossible. Instead, there occurs a fluctuation induced first order transition,
if preexisitng order is strong enough.

This finishes our discussion of criticality at the onset of time crystalline order.
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Time-crystalline matter

In this chapter we focus on the universal scaling laws emerging within phases with
time translation symmetry breaking. Scaling at the transitions into the limit cycle
phases emerges due to the finetuning to criticality exactly at the transition. Within
the phases, the spontaneous breaking of time translation symmetry ensures the ex-
istence of gapless modes through the mechanism of Goldstone theorem leading to
universal scaling behavior throughout the entire phase without requiring any fine
tuning. In the case of an additionally broken O(N) symmetry with N > 2, there is
additional Goldstone modes that couple to the one arising from time translations.
Below, we first formally show how a soft mode indeed arises around a time depen-
dent stable state of time translation invariant dynamics. We then argue and show
for concrete examples that this soft mode is subject to a KPZ nonlinearity, which
will impact its scaling in low dimensions

The results presented in this section are unpublished so far. They are results of
discussions of Romain Daviet, Sebastian Diehl and Carl Zelle. The derivations have
been carried out in collaboration by Romain Daviet and Carl Zelle. The numerical
simulations presented in 6.2.3 where performed by Armin Asadohalli for his Bachelor

thesis under supervision of Romain Daviet, Sebastian Diehl and Carl Zelle.

7
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6.1 Time translation symmetry breaking

First we consider the case where there is no continuous internal symmetry present
and thus soft modes solely arise due to the breaking of time translation symmetry
and thus have no equilibrium counter part. This establishes how critical scaling can
emerge in an entire phase far from equilibrium without breaking any internal sym-
metries. Let us first define, in what sense we consider a system to display continuous
time translation symmetry and how it may be spontaneously broken. We consider

MSRJD generating functionals of the form

213.3)= | DoDigeSedithaieris (6.1)

S[¢7 &] = /t Q;(ta IE) . F[Qg(tv ZL‘), Qg(tv SB), va¢(tv ZB), ¢(tv $)} + 2&(@ $) : D[¢> 8#] : <t7 33)
(6.2)

The dependence of the deterministic part F' on spatial gradients is not restricted to
any power in derivatives. The noise kernel D may also depend on ¢, i.e. contain mul-
tiplicative noises, as well include derivative operators, i.e. colored (time derivatives)
or conserved (gradients) noise. We are interested in the dynamics of fluctuations in
a stable state where all information on initial condition is lost. In that case the time
integration runs over the whole time domain ¢ € (—o00, c0) and there is no boundary
contribution to the integral. This dynamics is time translation invariant, if both
deterministic as well as noise kernel do not depend on time explicitly, i.e. J,F = 0,
and only implicitly through the time depends of the field(s). Then, shifting time
t — t + ty = 7 leaves the action invariant, as such a simple shift of variables has no
Jacobian and 0,¢ = 0,¢ and boundary terms do not contribute. The latter would
not be true in a case with information on initial conditions singling out a time frame.
Since the path integral measure is also time translation invariant, invariance of the
action implies invariance of the effective action F[(ﬁ, ¢], the Legendre transform of
the logarithm of the MSRJD path integral. As shown in 3.1, its second derivatives
w.r.t. the fields yields the full Green Functions of the theory, i.e. correlator as well
as retarded and advanced response while its first derivative gives access to the fully

noise averaged order parameter ¢,y through a generalized equation of motion.

=0. (6.3)
$=0,0=¢ron (t)
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A system is in a phase with time translation symmetry breaking, if the noise averaged
expectation value of the field is time dependent

Orp(t) = 9 (o(t))¢ # 0. (6.4)

or, in terms of the effective action, if the solution generalized equation of motion (6.3)
is time dependent. Since we identify phases with stable states of noisy, dissipative
dynamics and all information on initial states is lost, time translation invariance of
the effective action itself implies that if ¢(¢) is a solution to (6.3), so is ¢(t+«). We
thus have a continuous set of equivalent stable states, fluctuations between which
are soft Nambu-Goldstone modes. We now translate this in more concrete technical

terms. First, recap the shorthand notation

P(mn)(tl’ Ty, tQ, T2y ..., tm+n, Im-i—n)
om gn 3
= 50 ;i Tlg,¢. (65
50(t1,21)-0(tns ) 0D (bt 1, Ton 1) 0D (b s T ) 0.0 (65)

For small time shifts we have ¢(t + €¢) = ¢(t) + €0;p(t) and equivalently for the

response field. Since time translation is a symmetry, we have:

0="T[¢,¢] — T[p + €0s,  + €0,]
=e@“W&@uﬂ@ﬂm@+ﬂﬂ%&@aﬂ@&aw) (6.6)

Evaluating this on the physical saddle point in field space, ¢(t), this does not yield
any information, since there the first functional derivatives of I" vanish by definition.
We can however take another derivative, before evaluating on the saddle point. We

immediately drop all terms that vanish trivially on the saddle point and arrive at
‘ / POD (¢, s £, x) 00 porr () = O (6.7)
t'x!

where ') is now also evaluated on the saddle point, i.e. it constitutes the physical
spectral part of the fully renormalized inverse Green function. Note that this is only
a nontrivial statement if we are indeed in a phase with time translation symmetry
breaking, i.e. if ;¢pons # 0. In that case, given in tact translational symmetry in

space and using the fact that e is arbitrary we have

/ POV % = X) O dpon (t) = / OO 19 = 0)dpon(t) =0.  (6.8)
tx!

t/
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This formally shows, that the full, nonperturbative Green function has indeed a
pole corresponding to a nondecaying mode at vanishing momenta in a phase with
spontaneously broken time translation symmetry. If we can go into a frame that is
comoving with the limit cycle where 0;¢gon(t) = vé), we have

I (w=0,q=0) =0, (6.9)

the standard Goldstone mode as a pole of the full Green function at vanishing fre-
quency and momenta. This extends the paradigm of soft Nambu-Goldstone modes
arising in phases with broken spontaneous symmetries to nonthermal time crystalline

phases even absent internal symmetries.

6.2 Time translation symmetry breaking - KPZ
and BKT

We now consider the case of a limit cycle or time crystalline order without any further
continuous internal symmetries in more detail. We are interested in the fluctuations
of the Goldstone mode along the limit cycle at very long time scales, much larger
than the period of the limit cycle itself. We can thus average over the limit cycle
period to eliminate explicit time dependencies in a phase expansion and arrive in
the case of (6.9).

6.2.1 Scaling predictions from EFT

Before carrying this procedure out explicitly, we develop an effective field theory
solely based on symmetry and dimension predicting the respective scaling behaviors.
This has also been done in [100] but without the crucial step to analyse the impact
of nonlinearities on the scaling behavior of the Goldstone mode. As already shown
in chapter 4, spontaneous time translation symmetry breaking through a limit cycle
order parameter is described by an SO(2) symmetry breaking. Thus, all terms of the
equilibrium theory of an SO(2) = U(1) Goldstone mode # are present in an effective
field theory for phase fluctuations along the limit cycle. On top of that, the only
possibly relevant nonlinearity, that is not compatible with equilibrium conditions
is the KPZ coupling ~ Agpz0(V0)2. The KPZ nonlinearity breaks equilibrium
conditions, as it does not derive from a potential, and is furthermore disallowed

if there is a Z, symmetry (0,6) — —(,0). Thermal equilibrium conditions are
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necessarily broken to generate time dependent ground state behaviors to begin with.
Because there is a notion of directionality — the phase 6 grows continuously in one
direction — there is also no Z; symmetry and the KPZ coupling will be generated.
Putting all of this together, the action of the Goldstone mode of time translation in

a comoving frame takes the form
5hi/é(xm@mxw—zmv%@¢y+ng&of>—Dm@. (6.10)
x,t

Here, X[0.], Z[0.] are the equilibrium couplings of the SO(2) Goldstone action. Their
functional shape is fixed by the nonlinear realisation of the symmetry. We still need
to discuss the noise kernel D[f.]. Since there is no conservation law or other sym-
metry restriction, the leading order contribution to it will be simply a constant,
corresponding to a Gaussian white noise. Since all other contributions come with
higher order derivatives, due to the shift symmetry and are thus less relevant, we
ignore them.

We now briefly recapitulate the power counting of this action at the Gaussian fixed
point. The dynamical exponent of time at the Gaussian fixed point is z = 2. De-
manding that the noise kernel is marginal for stability and dimensionlessness of the

action yields

~ d+2 d—2
)= —— [0]=—5— (6.11)
This leads to
9 _
A] = Td (6.12)

In three dimensions and higher, the KPZ nonlinearity A is power counting irrelevant
at the Gaussian fixed point. Since this is also true for all equilibrium nonlinearities
captured in X[0] and Z[f], the Gaussian fixed point captures the universal scaling
behavior of phase fluctuations of a limit cycle. This predicts universal algebraic
scaling of correlations and responses in time crystalline phases at large time and

length scales in three dimensions
o5 W
Clw,q) = %€ (q—) (6.13)
o) =i (). (6.14)
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In one dimension, long range order is washed out by the massive fluctuations of the
gapless Goldstone modes, as expected from Mermin-Wagner theorem. The correla-
tion function can however still be dominated by the phase fluctuations. For the field

itself, these fluctuations show up as
C(x, ) = ($(x,)6(0,0)) ~ ¢~ 0000007, (6.15)

! The dominance of the phase fluctuations is true for intermediate scales until
the gapped amplitude fluctuations are activated as well. Since the KPZ nonlinearity
is relevant in 1D, the correlation function of # is expected to obey the exactly known

KPZ scaling exponents in one dimension

C(0,t) ~ e’ (6.16)
C(r,0) ~ e B, (6.17)

where y is the roughness exponent, and 8 = 2y, where z is the dynamical critical
exponents. In the KPZ phase, the exponents are known exactly in one dimension:
g =1/3, x = 1/2. In regimes where thermal diffusion dominates, i.e. when the
initial KPZ coupling is so small that at intermediate scales the Gaussian fixed point
dominates the 6 correlation function, or if the correlation is already dominated by
the gapped amplitude fluctuations, we have x = 1/2 and g = 1/4.

In two spatial dimensions the phenomenology is somewhat richer. Restricting to the
equilibrium case, there is a quasi long range ordered phase with algebraic equal time

correlation function
C(r,0) ~r@ (6.18)
with a noise dependent exponent
an~D. (6.19)

Upon increasing the noise level topological defects, the vortices, unbind through the
BKT transtion and disorder the system leading to exponentially decaying correla-
tions.

The KPZ coupling in two dimensions is marginally relevant. Thus, starting from the
QLRO phase, it grows slowly under RG and ultimately destroys the QLRO above

!This form can be shown explicitly for sinodal limit cycles. It follows from the rational of acting
with /X7 with 7 the symmetry generator, on the ground state and using that envelope of the
very long time dynamics is governed by the phase fluctuations.
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a length scale &xpy leading to subexponentially decaying correlation functions with
B ~ 0.24 and y =~ 0.78 for r < &kpz and t <K fﬁ/g‘z [101]. From one-loop beta

functions, one can estimate
Ekpz o< 5T (6.20)

where )\g is the bare KPZ coupling. Further, the KPZ nonlinearity is expected to
"activate’ vortices leading to defect unbinding and ultimately the full breakdown of
QLRO and exponentially decaying correlations [102]. In summary, for limit cycle
order in two spatial dimensions, we expect no QLRO at very long distances. If
however the microscopic KPZ nonlinearity is small, such that &kpy is large, there is
algebraically decaying correlation functions for distances r < Agpz. If on the other
hand &kpyz is small, but the noise level is also small, such that the length scale {gkr
at which vortices unbind and lead to exponential correlations, one can observe the
scaling exponents of two-dimensional KPZ for distances {kpz < r < Egkr. On the
one hand this scaling behavior is a testable prediction of effective field theory for any
system with time crystalline order and no other broken continuous symmetries. On
the other, it also points at new experimental platforms that realize two-dimensional
KPZ scaling, e.g. large arrays of synchronized and noisy oscillators conceivable for
instance in electrical circuits or the 'magnon condensates’ introduced in chapter 7.
In three dimensional systems, there is true long range order and topological defects
are not expected to play a similarly important role as in two dimensions. This may
give a new angle to realise the strong coupling roughening transition of the three-

dimensional KPZ equation, a task so far elusive in experiment.

6.2.2 N =1 as an explicit example

We now turn from the general, symmetry based arguments and predictions from
above to a more concrete expample. We consider the Z, version of the nonthermal

O(N) model (2.2) for a real field ¢(t,x) € R
(07 + (27 + u¢® — Z1V?)0, + wi + A* — ZV?) ¢+ £ =0, (6.21)

which is a generalisation of the paradigmatic van der Pol oscillator to spatially ex-
tended fields. In chapter 4, we have shown, that it captures the transition of
driven dissipative Bose condensation described by a noisy, complex Gross-Pitaevskii

equation. Just below the transition v < 0, |y| < wp, its mean field solutions are
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approximately sinudal
¢o(t) = Acoswpt (6.22)

with A = y/—4v/u and w¥ = w? —2\vy/u. To derive this solution, one has to average

over the oscillation period, to wit
27 /wp 1
2 Wp 2
cos” wpt =~ — cos t)dt = —. 6.23
32 | (wpt)dt = 5 (623)

This is justified, as wy' > —y~! is a very fast scale by assumption.

We parametrize fluctuations around the mean field as
o(t,x) = (A+ a(t,x)) cos(wpt + 0(t,x)). (6.24)

Here, 6(t,x) is assumed to by a slow fluctuation, such that 926 ~ 0 and we anticipate
that the amplitude fluctuations a(¢,x) are overdamped, as well d;a ~ 0. Plugging

this Ansatz into the equation of motion and using (6.23) yields

(—wpa — 2uA’wpa — Z1 Awp(V0)? + Z,AV?0) sin(wpt + 0) + & =0 (6.25)
(—2wDA«9 + Z,A(V0)? — Z,V2a + 2/\Aa> cos(wpt +0) +£=0.  (6.26)

Here we have also restricted to the linear level in a(t,x). We can now project these
equations on the sin and cos contribution respectively and thus generating to in-
dependent noises with equal noise level. Furthermore, we see that the amplitude
fluctuations decay exponentially for long wavelengths and will follow the phase flu-
cutations adiabatically. We can then use the first equation to adiabatically eliminate
a (i.e. d,a = 0 and solve for a(9,0)) and plug into the second equation to arrive at

an effective noisy equation of motion
00 — ZV?0 + g(VO)* + & = 0. (6.27)

We have explicitly derived the KPZ equation for the phase fluctuations of the van
der Pol limit cycle with

VA 1 VA
_ _ 1 (ra 6.28
2uwt A’ 7= 2w (2uA 2) (6.28)

and &(t,x) is again delta correlated white noise with noise level Dy = (2wpA)~'D,

where D is the noise level of the original microscopic noise.
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In the above derivation, we have relied on the van der Pol limit cycle having an
approximately sinodal form. This is not true deep within the oscillating phase. The
derivation can however be generalized to generic limit cycles. To that end we switch
again to a Hamiltonian or phase space representation ® = (¢, I1)T. In the case of
a generic limit cycle, we have ®y(t) = (f(¢), f'(t)). We now introduce a generalized
comoving frame given by the tangent vector of the limit cycle in phase space f(t)
and its normal N (¢)

T(t) = (f'(), f"(0)". N = (=" (), f'(1)". (6.29)

We then parametrize fluctuations around the mean field as
(t,x) f{t+0(t,x)) .
d(t,x) = = +a(t,x)N(t+0(t,x)). 6.30

Since ¢ = f(t + 0) solves the equation of motion, the gaplessness of the phase
fluctuations @ is ensured. The general procedure is now the following. First, one plugs
this parametrization into the equation of motion and then projects on T(t + 0(t,x))
and N(t,x). Since V2 operators will generate terms ~ (V6)? when they hit f
or f" KPZ couplings are already seeded. There will however remain explicit time
dependencies through f and f’. Since deep in the phase the fluctuations of 6 persist
on time scales much larger than the limit cycle period 7 of f(t), one can use the

method of averaging over the period 7 [90] to eliminate these time dependencies.

6.2.3 Numerics

Above, we have argued on a formal level as well as derived within controlled approx-
imations, that in phases where time translation symmetry is broken by a limit cycle
there are universal scaling regimes governed by the KPZ equation for a compact
variable without relying on any continuous internal symmetries. In this section we
aim to confirm this by numerical simulation of the van der Pol equation (6.21) on
one- and tow-dimensional lattices. We then compute the correlation function C(t, x)
on these lattices and test the predicted scaling behavior from section 6.2.1.

These simulations have been carried out by Armin Asadollahi for his Bachelor thesis
under the supervision of Romain Daviet and the author of this thesis. We indeed
find subexponential decay of the autocorrelation function in one dimension with a
dynamical critical exponent 1/z = 0.62 for a chain of length L = 128, close to the
exact value 1/z = 2/3, see left panel of Fig. 6.1. We note that in the similar case

of KPZ in a Bose condensate, the numerically found value for 1/z from the auto-
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Figure 6.1: KPZ scaling of the of the correlation function of a one-dimensional noisy
Van der Pol oscillator arrays. Left panel: Envelope of the autocorrelation function of
a 1d oscillator chain with L = 128 sites (blue points). We clearly see subexponential
decay as described by (6.16) and find 1/z &~ 0.62, red line. Right panel: analogeous
analysis of the equal time correlation function of a square lattice with 128 x 128 sites.
We find 2y ~ 0.73

correlation function is also smaller than the exact result , 1/2pc &~ 0.614 [103]. In
two dimensions, we find algebraically decaying correlations with a noise dependent
exponent, with a crossover to a exponentially decaying regime, a clear signature of
a BKT crossover at finite system sizes, as predicted above in (6.18) and (6.19), see
Fig. 6.2. For a different set of initial parameters, increasing the value of the bare
KPZ nonlinearity, we find subexponential decay in the equal time correlation func-
tion with an exponent 2y ~ 0.73 which is again in good agreement with numerical
simulations of the KPZ equation 2ykpz ~ 0.78 [101], see right panel of Fig. 6.1. A
similar analysis has been performed for the complex Gross-Pitaevskii equation for
driven dissipative exciton-polariton condensation [104] where one can exactly elimi-
nate the limit cycle frequency. They observe a regime where vortices do not destroy
order and find KPZ scaling in two dimensions, analogeously to the results presented
here. Their numerical result 2y ~ 0.72 agrees very well with the one we identify for
the Van der Pol oscillator.

6.3 Goldstone modes of the O(N) x SO(2) model

While we have shown that the Goldstone mode of time translation symmetry realizes
the known, nonthermal universality class of the KPZ equation, entirely new scaling

laws are seem possible if the Goldstone mode of time translation couples to Goldstone
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0.4

Figure 6.2: Noise dependence of the exponent « of the correlation function C(t =
0,z) ~ =% in the QLRO regime of the Van der Pol square lattice (L x L = 128 x128).
We observe the linear noise dependence of the scaling exponent and breakdown of
algebraic scaling at high noise strength, as expected.

modes from other internal symmetries. I.e. in the time crystalline phases of the
nonthermal O(N)-model. In this section we systematically develop the Goldstone

actions for these phases.

6.3.1 Effective actions

Before delving into the RG analysis we systematically construct the effective long
wavelength field theories for the Goldstone modes of the oscillating and the rotat-
ing phase respectively. To that end, we analyse the symmetry breaking pattern to
determine the number of modes and how the unbroken part of the symmetry group

restricts their interactions

Oscillating Phase The oscillating phase is characterised by an order parameter
field that oscillates along a spontaneously picked direction in field space. WLOG we

choose this to be the 1-axis and write

<¢> = ¢0(t)(1707'“70)T- (631)

In the amplitude bases that absorbs the explicit time dependence introduced in

chapter 4, this corresponds to

<X1> = ¢0(17 07 ) O)T7 <X2> =0. (632)

As already argued in 4, this phase breaks the SO(2) part of time translation sym-

metry and also breaks the internal O(/N) symmetry down to the unbroken subgroup
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O(N — 1). We thus have a total of N broken symmetry generators giving rise to
gapless Goldstone mode. Their equation of motion is constraint by the nonlinear
realisation of the broken symmetry generators as well as by the way these modes
transform under the unbroken subgroup O(N — 1). Formally speaking they live in

the coset

O(N) x SO(2)/O(N — 1). (6.33)

First, we consider the Goldstone mode from time translation which we call a(t, x).
Time translation acting on (¢) as defined in (6.31) only acts nontrivially on the first
component of (¢). The elements of the unbroken subgroup rotate the 2" through
N component of (@) into each other and thus time translation and the unbroken
subgroup commute. Therefore, a(t,x) transforms as a scalar under O(N — 1).

The broken O(N) generators are the ones that rotate the first component of (¢) into
the remaining N — 1 components. Clearly, the unbroken O(N — 1) group rotates the
broken O(N) generators into each other. Thus, the N — 1 corresponding Goldstone
modes transform as a vector under O(N — 1) and we can write them as 0(t,x) =
(01(t,%),....,0n_1(t,x))T € R¥=1. We can now construct an effective equation of

motion by the following rules The rules to construct the effective field theory are:
e « is a scalar without a Zy symmetry.
e 6 — RO, with R € O(N —1).

e To implement the nonlinear symmetry to lowest order, all the Goldstone modes

have a shift symmetry, and only derivative interactions are allowed.

The resulting equations of motion are given by

O — Zo V2 + Ao (V)2 + Xg(VO)? + &, =0, (6.34)
010 — ZyV?0 + gVave + &, = 0. (6.35)

or an equivalent MSRJD action
Spse = / a (o — ZoVia+ Ma(Va)® + X(V0)* — 7,a)
t,x
40 (ate — ZyV20 + gVave — wé) . (6.36)

Notably, this model has been studied within perturbative RG in [60, 61] in the
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physically very different context of drifting polymers. We will refer to the respective
results in our RG analysis.

Rotating phase We perform the same analysis for the rotating phase, where

WLOG we choose the 1 — 2 plane as the plane of rotation
(@) = ¢o(cos Et,sin Et, ..., 0)T. (6.37)
or in the language of the O(N) x SO(2) field theory

(x1) = ¢0(1,0,...,0)", {x5) = ¢0(0,1,0,...,0) . (6.38)

This phase breaks the O(N) x SO(2) symmetry to the unbroken subgroup H =
O(N —2)xSO(2)4. The O(N —2) part of H rotates the N —2 vanishing components
of (¢) into each other. The SO(2)4 is a combination of time translation symmetry,
which rotates the mean field along the circle in the 1 — 2 combined with an internal
O(N) rotation in the 1 — 2 plane that exactly compensates for this rotation. Thus,
there is one broken SO(2) generator corresponding to rotations along the limit cycle,
leading to one Goldstone that we again call «(t,x). We note that a rotation in the
1—2 plane generated by «, commutes with SO(2), and also with the rotations of the
3" to N component of (¢) that constitute O(N —2). Thus a(t, x) again transforms
as a scalar under the unbroken group H.

The remaining 2(N — 2) broken generators are the N — 2 generators that rotate
the first component into the 3" to N** component and we call the ensuing modes
041, .~—2 and the N —2 generators that rotate the second component into the 3 to
only acts on the 3"¢ to N** component, it rotates the . modes into each other and
the #_ modes respectively, it does however not mix the two sets. Thus, the two sets
0. = (0+1,...,04 n 2)" € RY72 transform as vectors under O(N — 2). On the other
hand, since SO(2), rotates the first and second component and thus mixes 6, ; with
6_; and thus the 0 = £ component transforms as a vector under SO(2)4. We arrive
at the following rules to construct the EFT for the 2N — 3 Goldstone modes 0., «

e (v is a scalar without a Zy symmetry.

e 0. — RO., with R € O(N — 2). The only allowed tensor to contract the
O(N —2) indices of 6, is 6;;.

e The allowed tensors to contract the SO(2) o = =+ indices are 0, and €, .
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e Only derivative terms are allowed, and we only keep the possibly relevant ones.

The equations of motion read as

0o — ZoV2a + Mo (Va)? + Mg ((VOL)2 + (VO_)?) ) L6 =0,  (6.39)

atea - (Zeéaa’ + Zceaa’)v200’ + (gdaaa’ + gceoa’)vavea’> + EGJ = 0. (640)

Here, g. constitutes a genuinely new cubic nonequilibrium coupling impacting the

scaling behavior.

6.3.2 One-loop RG analysis

We now analyse how the scaling of the Goldstone modes in limit cycle phases is
impacted by the cubic nonlinearities in a perturbative one-loop expansion. Since we
restrict ourselves to one-loop, we can do a simple momentum shell RG, where we
consecutively integrate out small momentum shells. To that end, we first calculate
the self energy corrections to the Goldstone modes at vanishing frequencies with a
UV cutoff A for the loop integrals. There is an intimate connection between the
diagrammatics of the rotating and the oscillating phase, which becomes clearer by
again introducing a complexfield 8 = 6, +i0_ € CV¥~2 where the MSRJD action of
the soft modes of the rotating phase takes the form

Srot = / a (o — ZVPa+ Ao (Va)? + 2| VO|* — 7,d) (6.41)
t,x

)

10" (00 = (Za+1Z)VP0 + (ga+i9.)VaVO—60) . (6.42)

We thus have a generalization of the oscillating case to a complex vector field 8 with
N — 2 complex components. Note that o remains a real field and thus Z,, Ao, Mg
remain real couplings. Thus, we can treat oscillating and rotating phase to some
extent on the same level diagrammatically. When computing the diagrams, we have
to be careful about dealing with real parameters or complex ones. The corresponding

one loop diagrams are depicted in Figures 6.4 and 6.3.
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Scaling solutions in the oscillating phase

f-functions We start by discussing the derivation of the flow equations in the

oscillating phase. In the oscillating phase, the diagrams for the spectral part read

SR(w = 0,p) = 4N / (- (a—p))(p- (q— p)CR(w G (w.q— p)

(q-(p—a)(q-p)Gi(w,q—p)Gk (w, q)

+2(N — 1))\99/ (a-(a—p)(p- (a—p))Gy(w, q)Gf (w,q - p)

(q-(p—a)(qa-p)Gi(w,q—p)Gy (w, q) (6.43)
and
S (w=0,p) = 92/ (a-(a—p)(p-(q—p))G(w, )G (w,q - p)

(q-(p—a)(q-p)Gi(w,q—p)Gh (w,q)

20y / (a-(a—p))(p- (a—p))G w,q)GK (@, q - p)

aw
(@-(p—a))(a P)Gi(w,a-p)Gy(w,q) (6.44)
The noise contributions read
SK0.0) 2% [ a'GRwal + 2280 -1 [ aGiwa? (649
q,w q,w
SK0.0) =" | ‘6l w6 (w.a) (6.46)
e

where the Green’s functions are

1

Glolw ) = =7 = (6.47)
279,01
Ghalw a) = =5 7 (6.48)

We can perform the frequency integrations analytically and project the momentum
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dependence of the spectral self energy and arrive at

0257(0,0) = (22222 1oV — 129922 ) 220, /A dgq?® (6.49)
p? =l 7 Z2) 2d ),
R o 982
0 55(0,0) == -7 (6.50)
Ya((d = 1)Z4 + dZy) Yo((d —1)Zy + dZ.) /A i3
2 d
(g 7 + 2 7 | dag
72 72 A
SE0,00= (22 + NNV -1)2 Qd/ dgq®3 (6.51)
Z3 Z 0
2 A
2K(0,0) == o0 / dggt? 6.52
000 = e+ 2 ), 49 (6.52)

where Qg is the area of the sphere in d-dimensions divided by (27)?. For the spectral
contribution, one needs to take care to also include the p dependence stemming from
the propagators and also use [ d%(q-p):f(q®) = (p/d)* [ d%qq®f(q?). These self
energies are the one-loop corrections of Zy,,2vp,. From this, we can derive the

dimensionfull S-functions by simply taking a cutoff derivative *:

Vo Yo\ d—2 d—2
A@AZa = (2/\2— + (N - 1)/\gg—> —QdA (653)
72 7z) 2d
de ’}/a((d — 4)Za + ng) 2’)/9((d — 4)29 + dZa) d—2
ANONZy = A A
2o = (7 7 ( iz, T iZs
(6.54)
72 72
AOAYa = — (Aiz—g + A3(N — 1)2—93) QaA T2 (6.55)
a 0
2 768
Aoy = — L JaV0%%d_ pa-2 (6.56)

" ZoZg(Zo + Z)

We are left to calculate the vertex corrections to get the flow equations for the
couplings. Importantly, if all three internal propagator lines belong to the same
field, these diagrams cancel out. In the pure KPZ case, this is due to the Galilean

invariance of the KPZ equation and holds also at strong coupling. Following the

2This is equivalent to a Wilsonian momentum shell RG with sharp cutoffs, which only works at
the one-loop level.
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same steps as above, we arrive at the following dimensionfull flow equations

AdxAa =0 (6.57)
Zag - 220/\04)(27920/\0 - 7&209)
dZO%Zg(Za + Zp)

(g - 2)‘04)(’704299 - 2792a>\9>
dZaZQ(Za + Z9)2

AOpNg IQAQQdACkQ( (658)

AOpg =gQgN2 (6.59)

We now introduce dimensionless couplings to find scaling fixed points and connect

to the scaling exponents:

< QiYa < Qavi ~ QiYa Zy
>\Ol - Aom )\ - —)\ y = —= 539, e p—
\/ Z3A2— "N\ Qrazina 9 727, -0 T 7,

(6.60)

With these, we arrive at the dimensionless flow equations
 AonZ,  2—d 5 .
Vo = =5 = (Aeg(N — 1)+ 2)\a> (6.61)
AONZy 20(d+7(d—4)) + g(d(1 +71) —4)
- _ - _ .62
v Zs J 2d(1 + 1) (6:62)
Aorve =
o = — i” =22+ (N —1)A2 (6.63)
AOrve 7’
_ — pu— 6-64
"te Yo 14+7r ( )
1 -
Bs., = §(d — 2= No + 3Va) Ao (6.65)
14 (5= 20)(§ — 2V Aa)
s == —2-2 - .
Bre = 52 (d Mo + Mo + 31 2010 (6.66)
1 V(G = 2X0) (VT — 2Ma)
=-gld—2+2 — N — :
ﬁg 29 (d + I/a+l/9 7704 d(l—I—T‘)2 (6 67)
Br=1(vg — Va) (6.68)

We note, that we have reproduced the one-loop flow equations from [60, 61], where
the focus was put on the one-dimensional case. In the limit N = 1, where there is
no additional Goldstone mode next to the one from trime translation «, we recover

the one-loop KPZ flow equations and are back in the scenario 6.2.
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(¢) Noise contributions to 7, (d) Noise contributions to
e

Figure 6.3: Diagrammatic one-loop contributions to the couplings of the Goldstone
modes within the rotating phase

Fixed points and scaling exponents We now turn to the fixed point solutions
of the large N flow equations and the ensuing scaling exponents. In analogy to
the scaling form of the KPZ mode arising in the case without internal symmetries
discussed in 6.2, we define the scaling exponents of the fields via the asymptotic

scaling of their correlation function as follows

Co(t,x) ~ |x|2XC,(|x]? /1) (6.69)
Co(t,x) ~ [x|*XCy(|x|? /1). (6.70)

Here we allow for a weak scaling where there is no unique scaling of time if z, # 2.

From the definitions above, it is straightforward to identify

Za,g = 2 — Va6 (671)
2X0179 =2—-d— Va,H + 77a,9~ (672)

In the flow equations, at a strong scaling fixed point r takes finite values, which fixes
Vg = Uy, while it either grows to 0 or infinity at a fixed point with weak scaling.
The scaling in inferred from the d = 1 fixed point determines the exponential decay
of the correlations of the oscillating fields itself, equivalently to the Van der Pol
oscillator field discussed previously in 6.2.

Following [60, 61] for the flow equations of the oscillating phase in d = 1, we note
that the one-loop flow equations, the couplings do not change their sign. WLOG
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+2 g

(¢) Contributions to g4 — ig.

Figure 6.4: Diagrammatic one-loop contributions to the couplings of the Goldstone
modes within the rotating phase
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we can set A\, > 0. Then, the phase diagrams can be separated into four quadrants

determined by the sign of Ay and g. In the case Ay > 0,9 > 0, there is a KPZ fixed
point where § = 20 and vy = v, = Ny = N = 1/2 and thus

3 1

0l ==, Xab=—- 6.73

200 =55 Xa# = 5 (6.73)

This fixed point however only exists, if N < 5, as also found by numerical simulations

of the original equations of motion [60, 61]. A glance at the flow equations shows,

that indeed as long as § = 2\, vy = 1 /2 requires that g2 has to decrease as (N —1)~!

for growing N while vy = 1/2 bounds it from below. We see that for too large N,

we expect v, > vy and thus weak scaling with » — 0. Therefore, the flow equation

for g at r = 0 demands

—142v, +1v9—n,=0. (6.74)
Since v, > vy, this means that

—14+2u0,+1v5—1n,>0 (6.75)

and we see from [, that A\, = 0 is stable at this fixed point. The fixed point still
has § = 2)\g and therefore from B, = 0 follows

—1 474 — 219 + 3y = 0. (676)
and we find

(Va - na) = (VO - 779)- (6-77)

With 5\a =0and g = 25\9, the flow equations for v, and 7, imply v, = 7, and thus
vg = 1. Using all this, from the flow equations of 7y and v,, we can immediately

deduce v, = (N — 1)/4ny. Now plugging everything together, we have

N -1 4

—— pu— = - 6'78
N—I—S’ Vp Mo N +3 ( )

Vo = N =

We have assumed v, > 1y which holds for N > 5. For N < 5 the KPZ fixed point
remains stable. At N =5 both coincide and may only be distinghuished beyond the

one-loop level. We thus have arrived at a new scaling form, for large N, where there
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is only weak scaling and with exponents

N -1 4 1
D e S S 6.79
z N+3 N3 XeTXoTg (6.79)

In a similar fashion, we turn to the case § < 0, \g > 0 and identify a weak scaling
fixed point with v, > 1y and thus » = 0. In this case, there remains a loop correction
to the flow of Ay while the one to § vanishes again due to r = 0. The resulting fixed
point equations can be solved analytically and yield the following scaling exponents

for any value of N:

3N — 1 3N -1 N -2
Xe ZE5N 3 XM T 5N _3

(6.80)

We do not find a stable fixed point for ¢ > 0, Ay < 0. The weak scaling behaviors

we identified here have been observed numerically in [60].

Scaling solutions in the rotating phase

In an analogous way, we calculate the dimensionfull S-functions for the rotating
phase. In their full glory, they are lengthy and we refer to appendix 8.7 for their full
form. Any finite value of g. has an important qualitative impact on the RG flows.
The loops contributing to the flow of the KPZ coupling A\, do not cancel entirely
anymore. Using the same rescaled couplings as above, we arrive at the dimensionless
SB-function for A,:

1- 462 2g(N — 2)
— A (2—d— 290 T 4
ﬁ)\a 2>\a( d 7704"'3’/04) + \/F

We can already anticipate the impacts of this. The strong scaling fixed point where
both a and @ fields display KPZ behavior destabilized by any finite g. and indeed

we do not find such a fixed point anymore. Further, at weak scaling » — 0, the

(6.81)

rescaled couplings 6.60 are not leading to well behaved flows anymore as the novel
contribution becomes singular at » — 0. This can however be remedied, by using a

different ansatz for the rescaled couplings introducing o, Jey Ga Via

Ao = /5N, Ged =1%G0 . (6.82)
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Within these variables, we can safely go to a weak scaling fixed point » — 0, where

the flow equations take the form

vg=—AINZ; =0 (6.83)
Ve=—NIOAZ, =0 (6.84)
1o =0 (6.85)
(6.86)
(6.87)

Va:nazj\i

1 ~ .

B, = §(d—2—?7a+ua) Ao + 4(N — 2)\g§? 6.87
1 N

B3y = 5 (d =24 10 = 209 + 8/3va +1/3va) Ay (6.88)
1 A

6§c,d - 5 (d —2- Na + 7/3Va + 2/3Vd) Ge,d (689)

If now A, and Ay have the same sign, we can identify a fixed point where all couplings

are finite. We clearly have
3
=Ty = — 6.90
Vo =10 = 3 (6.90)
implying the scaling exponents

Za:§, 2z =2 Xa:X9:§. (6.91)

We thus have identified yet another scaling regime with weak scaling and a field with

the somewhat exotic dynamical critical exponent z = 1/2.

6.4 Summary

This concludes our discussion of the scaling behavior in time-crystalline phases. We
have seen, that time translation symmetry breaking leads to the presence of soft
Goldstone modes and thereby algberaic scaling behavior of this mode. It is generi-
cally described by a KPZ equation but may additionally lead to topological defects
and a BKT transition in d = 2. In low dimensions, where no true long range order,
and no true long range time crystal, is expected, the decay of the correlation and
response functions can still be governed by this KPZ mode, as demonstrated analyt-
ically as well as numerically.

This scaling behavior is impacted by the presence of additional Goldstone modes
due to the breaking of an additional O(N) group. We have developed an effec-

tive field theory governing these fluctuations. The one-loop RG analysis revealed
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that there is novel fixed points with weak scaling altering the behavior identified for
time-crystalline order with no internal symmetries. This analysis will be extended to
higher dimensions with true long range order in future work. We also remark, that
the identified fixed points are strongly interacting and the perturbative loop expan-
sion thereby not controlled. Other than in the case of the KPZ equation there is no
additional symmetries fixing the scaling laws. A quantitatively reliable prediction
requires the use of more sophisticated nonperturbative methods, like the functional

renormalisation group, and numerical simulation of the underlying dynamics.
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Realisations

In the prior chapters we derived the universal scaling laws emerging in nonequilib-
rium systems with O(N) symmetries when they break time translation symmetry
and develop a dynamical long range order. We now turn to the question what phys-
ical systems can realize such phases. The key ingredient is Zy or O(N) symmetry
and a sufficient drive out of equilibrium. Since this is very basic, we anticipate that
this physics can be realized in a broad range of set ups, underscoring the universality
of the mechanism.

A prominent route to realize dynamical limit cycle phases that has drawn a lot of
attention recently is utilizing nonreciprocity [28, 68, 29, 30, 31, 71] . While in equi-
librium Newton’s laws dictate that interactions between different classical degrees of
freedom has to be symmetric under exchange — every action causes an equal opposite
reaction — this reciprocity can be broken in active matter. As a plastic example one
can consider birds that flock — while a bird will align with the bird in front, the
individual in front is not affected by what happens behind it. Such nonreciprocity
can occur in plethora of active systems and metamaterials. It is easily imaginable,
that if it is strong enough, one can engineer phases where a subgroup tries to align
with the other while the other tries to antialign and a stable, dynamical catch and
run phase emerges. While various set ups to realize such phases have been proposed,

we show in 7.3 that on the universal level it is indeed captured by the field theory

101
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analysed above.

Engineering microscopic interactions to be suitably nonreciprocal is however not the
only way to generate time crystalline order. The field theory suggests, that if one
pumps the system in such a way, that pump exceeds dissipation into the environ-
ment and one effectively tunes a damping into an antidamping, the dynamical order
emerges. A single particle pump that exceeds loss is the origin of driven-dissipative
Bose condensation where the — unobservable — phase of the condensate rotates [62].
We have already encountered a close connection to driven-dissipative condensates
on the level of the universal effective field theory in 4. In 7.1, we propose a similar
driving scheme for magnets, or other systems described by an O(N) symmetric den-
sity. Using parametric resonance at high frequencies, we generate a highly occupied,
inverted bath that serves as an effective pump for the long wavelength degrees of
freedom. We show analytically, as well as through numerical simulations, how this
indeed triggers a slow rotation of the overall magnetization. The driving protocol
may be viewed as a generalization of driven dissipative Bose condensation to systems
with a higher symmetry group.

In a more specific set up, we show how oscillating magnetic fields, can induce mov-
ing order in ferrimagnets with an O(2) symmetry 7.2. We then elaborate on the
connection to nonreciprocal field theories in more detail and finish with a quantum

mechanical description using Lindbladian dynamics for pumped bosonic spinors.

7.1 Pumped Magnets

The contents of this section are prepared for publication by Carl Zelle, Romain

Daviet, Andrew J. Millis and Sebastian Diehl in parallel to completion of this thesis.

In this section we present a quite general scheme to induce a limit cycle order.
The idea is to use parametric drives that do not break any internal symmetry to cre-
ate an inverted bath. While the laid out theory works for O(/N) models at arbitrairy
N we focus on N = 3 as it describes the universal long wavelength dynamics in mag-
netic systems with full spin symmetry, for instance fully spin symmetric Heisenberg
models.

Below we first briefly introduce the equilibrium models for SO(3) symmetric (anti)
ferromagnets. We show explicitly, how the inverted bath created by parametric
resonance leads to an antidamping contribution by integrating out the bath and
computing the leading order self energy contributions. It does however also increase

the overall noise level of the system, heating it up and eventually destroying any or-
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der. Therefore, a fine tuning is necessary to truly induce the time crystalline phase,

too strong drives will simply lead to a hot, fully symmetric paramagnet.

There is an important difference between ferro- and antiferromagnet: While the
effective field theory for the AFM is O(3) symmetric, the ferromagnet only has a
SO(3) symmetry allowing for an additional cubic coupling term. This leads to a
different mean-field picture of the dynamical phases. While the staggered magneti-
zation of the antiferromagnet rotates as discussed above, the magnetisation of the
ferromagnet precesses around a spontaneously picked axes. The SO(3) cubic nonlin-
earity also impacts the loop analyses carried out throughout this section and alters

the universality class of the transition between ferromagnet and limit cycle.

Equilibrium Dynamics We consider the effective dynamics of a (staggered) mag-
netization density ¢(t,x) of an (anti)ferromagnet with full SO(3)-spin symmetry. If
the system is solely coupled to a thermal bath, it follows model A type dynamics

adip(t,x) + kp(t,x) X 0pp(t,x) + +&(t,x) =0 (7.1)

)
0p(t, x)
where, as usual, the temperature is set by noise strength and dissipation a. V[¢] is

an O(3) symmetric effective potential which can be expanded in field amplitudes as
1 T (A2 2 A 2
Vol = | 59(t.x)" (07 +r=2V°) ¢(t,x) + 7 (o, x) - (1, %)) (T:2)
t,x

Such a dynamics can for instance be derived by coarse graining a noisy LL.G equation
for Heisenberg spins and is also the expected low energy effective field theory based
on symmetries. The equilibrium transition from para- to ordered (anti)ferromagnet

T;—CTC. Since the staggered magneti-

is controlled by the reduced temperature r =
zation has an direction but no orientation, i.e. ¢ and —¢ describe the same state,

k =0 for the AFM and there is full O(3) symmetry.

Pumping Scheme We now drive this system symmetrically. The simplest way is
a parametric drive at large frequencies r — r(t) = r¢ + rp cos2Qt. Following the
theory of parametric resonance, after averaging over fast drive oscillations, this will
lead to a large occupation of fluctuations at momenta qq where the frequency of
the excitations equals half the drive frequency w(qq) = Q. Let’s briefly recapitulate

the theory of parametric resonance. To that end, focus on a single underdamped
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harmonic oscillator subject to a parametric drive
O}p + 270,00 + (wi + 7p cos ) = 0. (7.3)

Standard analysis reveals, that if the driving frequency is close to twice the oscillators
eigenfrequency w? = wi — %, Q? =~ w2, the damping of the solutions of (7.3) is

reduced to

¥y=7- % + O(Aw) (7.4)
where Aw = w — /2 is the detuning from resonance [105]. At this level, for ¥ > 0,
the system either decays to ¢ = 0 or blows up exponentially. Above the threshold of
the driving amplitude, the unbound growth of the resonant oscillator is remedied by
nonlinearities, that are generically present in a physical system. In the deterministic
case, there is still a threshold behavior, below a critical pumping strength the drive
has no effect on the time averaged occupation. This changes as one includes noise
fluctuations, which constantly kick the system out of its equilibrium. The life time

' = 4 which leads to an

of these excitations is now decreased by the drive to 7~
increasing occupation with drive amplitude also below threshhold in the presence of

noise, see Fig. 7.1.

This leads to the following picture visualized in Fig. 7.2: The low frequency
excitations are occupied thermally while there is a high, sharply peaked occupation
at frequencies €). These occupations can now scatter into the low frequency regime,
effectively acting as a pumping reservoir. We aim to show that this manifests in a
negative shift of the damping (i.e. an antidamping) of the low frequency excitations.
If this overcomes the bare damping due to dissipation of the low frequency modes,
the instability discussed in the previous chapters is triggered. This is in spirit very
similar to the pumping protocols put forward for driven dissipative Bose condensation
of exciton polaritons [64, 62, 89, 106, 102] which has been experimentally realised
[97]. In fact, also the nonthermal nonlinearities © and u’ of the nonthermal O(N)
model (2.2) are generated.

We now want to derive this effect. To this end we split the modes into the low
frequency modes ¢ and the large frequency modes that are highly occupied ¢~ .
Since the occupation of the fast modes is strongly peaked at a momentum shell qq

with width d¢q, we can write the Keldysh Green function of the fast modes as

GX(w,q) = Pé(q — q0)dq G (w,q) - G*(w, q) (7.5)
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Figure 7.1: Parametric pump of a single damped, noisy oscillator subject to para-
metric driving and a nonlinear force term ~ ¢3. Left: occupation of the oscillator at
constant drive frequency as a function of the oscillator’s eigenfrequency. Clearly, on
top of a thermal distribution there is a sharply peaked occupation at high frequencies
due to the drive. Right: Occupation at resonance as a function of drive amplitude
for increasing noise levels. At vanishing noise, there is a clear threshold behavior,
as explained in the text. As expected, the occupation increase due to pumping is
smooth in the presence of noise.

ay

Figure 7.2: Schematic pumping scheme. The parametric drive leads to a sharply
peaked, high occupation at all momenta |q| = ¢q (red band). This reservoir then
pumps the slow degrees of freedom through incoherent scattering processes.
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where we fix P by demanding that only integrating over frequencies yields the oc-
cupation of a single pumped resonator [ G*(w,q) = Nban 0¢0(q — go). We assume
for the spectral Green function, that

R -1

- (w—+i(y + Z192))? — Z2q* (7.6)

i.e. that the frequency at zero momentum can be neglected at the relevant momenta
w < ). We stress that the exact momentum dependence of the Green functions is
not of crucial importance for our mechanism. It has to be adapted for a concrete

material to get the correct fully nonuniversal numbers.

7.1.1 Self-energy contributions

The antidamping impact on ¢~ modes is given by the self energy contributions
stemming 3, stemming from integrating out ¢~, i.e. all internal loop propagators
are associated to the fast fields ¢~. The Green function of the slow modes ¢<
including the Keldsyh structure then is G-'(w,q) = Gy '(w,q) — X,(w,q). We are
interested in the shift of the damping caused by 3, i.e. &j)f(w =0,q=0).

Antiferromagnet In the case of an antiferromagnet, where x = 0, we have the
usual model A type O(N) theory to start with. The leading order contribution to
the frequency dependence of the self energy is the sunset diagram stemming from

the A¢* coupling. The loop integral reads

Isunset(w7 q= O) = (27T>2d2/

/ 5(w1+w2+w3+w)5(q1—|—qz+Q3)
q1,92,93 v wW1,w2,ws

Gi((wla (h)Gf(Wz, Q2)GR(W3, Q3)
(7.7)

Using a Fourier representation of the ¢ distributions, we rewrite

[Sunset(w’o) —(27T)3d3/ eitw (/ eis-q1+itw1GI>(<wl7ql)) (78)
st q1,w1

(/ eis-q2+itw2Gl>((w2,q2)) (/ eis.q3+itw3GR<w37q3)) ) (7'9)
q2,ws q3,w3

Now we use rotational invariance of the Greens functions, i.e. that they only de-

pend on ¢ = |q| and restrict ourselves to d = 3 to perform the angular momentum
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integrations. To this end we use

. o sin ¢s
[ Eacsr —2r [ parE (7.10)

where s = |s|. We can now straightforwardly perform the integration over s by
[ d3ss73sin®(sqq) = m*. We now compute the subintegrals I} = [ dw [ ¢dge®™G"(w, q)
and I = [dw [ gdge™ GE(w,q). Since G¥ has only poles in the lower complex half
plane, I; is proportional to (—t). Performing the frequency as well as momentum

integration yields

4etn? arctan Zy /7,
Zo

I = 6(—t) (7.11)

For I; we can use the momentum shell constraint of 7.5 to wit, for t < 0

. 2
Iy = 4mqadqnvatn / e 2 22792 2
w (B W=+ (w+Q)?)

AT g0 qnpam e (7 sin Qt — Q cos Ot)
Q

(7.12)

where 7q is the decay rate into the bath of excitations at go. In three dimensions,

we thus arrive at

Lounset(w, 0) = 276773 / dte™' I, I3. (7.13)

—00

We are only interested in the frequency derivative at w = 0:

Do Lsunset (w = 0,q = 0) = 270772 / dt ite™' I, 13 (7.14)

This integral can be performed analytically. For 2 > vq > v it yields

(qadq Npatn)? arctan Zo /7,
2567272

Owlsunset(w = 0,q = 0) &~ —i (7.15)
The full self energy contains additional factors of (A/4)?, the bare scattering of the

original theory, a combinatorial factor of 2 - 3 and a factor NV from the traces over
the internal O(NV) indices and thus

3NN

05w =0,q9=0) 3

awIsunset(w = 07 q= 0) (716)
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The shift of the damping is, by definition for the AFM (N = 3)

2

5 batn)’
5y =Tm 9,5 (w = 0,q = 0) ~ _N”(ngvw <0 (7.17)
Q

proving that the pumping effectively leads to an antidamping contribution. Here

N, = arctan Z2/71
v 25622

Equivalently, the pumped bath will also lead to a noise increase AD in the low
energy modes that will counteract ordering instabilities. This also manifests in a self
energy contribution stemming from a sunset diagram with three internal Keldysh
Green functions,

0
AD = N)\*275773 / dtId ~

—00

5((195(] nbath>3

20 (7.18)

where we symmetrised the ¢ integration which initially runs from —oo to oo and

again used o < Q.

Ferromagnet In the case of a ferromagnet, there is an interaction meijkq?)iat(;qu’)k
and thus the leading contribution to Q,Eﬁ stems from a one loop integral. We
however have to be careful with contracting the antisymmetric vertices. The con-
figuration, where the time derivative of the vertex hits an external leg leads to a
contribution to the damping

1
2
K eijk:

(27)4(63‘1% + €kij) /w’q(—iw)GR(q, w)Gf(q, w) = 0. (7.19)

The remaining contributions are

2
rR_ K B - YA 2K ([, R
0.5, —(27r)43w w:(f”k <6kﬂ /Mq( i(v—w)) G2 (v—w,q)G(r,q)
+ el =iy = w)) G (v — w, ) (—iv)GR(v. q)
2
. 2 K R . .nbathqgéq
= — K /V’q I/G> (1/, q)G (l/, q) = —Zw. (720)

As above, we have established, that the slow spin waves experience an effective
antidamping contribution due to the reservoir modes.
Similarly to the case of the antiferromagnet, there is also a self energy contribution

to the noise, which reads
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2 2
AD =2x* | G¥(wq)?~ (Phandndq)” (7.21)
w,q 27‘-7{2

7.1.2 Nonlinear dampings

As elaborated in the discussion of the phase diagram of the nonthermal O(N) model
in 2, the nonlinear damping contributions to the MSRJD Lagrangian u(¢-9,¢)(¢- @)
and u'/2(¢ - ), (¢p- @) are crucial to stabilize the limit cycle phases. Since they are
RG relevant in the vicinity of the transition into the rotating and oscillating phases
below four dimensions, as the prior analysis showed, we expect them to be generated
as soon as symmetries allow them upon coarse graining close to the antidamping
instability. Here we show explicitly how they are generated on the one-loop level as
above.

To that end we first look at the full frequency dependence, at vanishing external

momenta, of the vertex in leading order perturbation theory
54T
0o (= Do wi)Ba(wi)dp(w2) Py (ws)
=\ — A% (27) ¢! / <N2Gl><(w — wy — w3)GE(w)

q’w

F(lg) (wla Wy, U.)g) =

+ R (W — wy — w)GR(W) + G (w — w1 — WQ)Gf(w)) OO

(7.22)

Now, we identify
u = i@wlF(l?’) (wl, Wa, (AJ3) (723)

w;=0
0 = 5 (D + 0o D) 01, 03, 00) B (7.24)
to find that
i 2 [ (0,65 @) 6w + O (7.25)
U_Z(Qﬂ')dJrl q,w e - .

i =i DX / (0,65 () GR(w) + 0. (7.26)



110 CHAPTER 7. REALISATIONS

The loop integral over the reservoir Green’s functions can be performed straightfor-

wardly, in the same manner as in the self energy contributions and we find

_ A2(22 + 573) A npamdq

>0 7.27
1ol + 13)22n) (727)
N2 +1
u = ;— u (7.28)

We thus have established, that the nonlinearities stabilizing the limit cycle phases
are genereted with the correct signs by integrating out the pumping reservoir. Fur-
thermore, u’ > wu at leading order perturbation theory and the system will go into

the rotating phase rather than show amplitude oscillations.

7.1.3 The fate of SO(3)

We have shown how the effective field theory described and analysed in the chapters
2,4, 5, 6 emerges in magnets that are pumped parametrically at high frequencies.
There is however one key difference in the ferromagnetic case; the coupling force
term KOy X ¢ is not fully O(3) but only SO(3) symmetric and therefore absent
in the O(N) theories above. This alters the mean field phase itself: rather than
rotating aroung a grand circle of the sphere, the magnetization precesses around a

spontaneously picked axis (here the z-axis)
(@(t)) = ¢y (sin Q cos wot, sin Q sin wyt, cos Q)" (7.29)

with field amplitude ¢2 = —277, angular velocity, w3 = 7 + (X + k?)py and tilt angle
tan () = ./%, see figure 7.3 for a visualization of the different patterns. The
precession still breaks all three generators of SO(3) and the generator of broken
time translations coincides with the generator of rotations along the precession axis,
as in the case of the rotating phase of O(3). We now discuss the impact of x # 0 on

the universal exponents.

SO(3) paramagnet to limit cycle We now consider the transtion between para-
magnet and time crystal, characterised by SO(3) x SO(2) symmetry breaking. The
field theory describing O(3) x SO(2) symmetry breaking into a time crystalline phase
was discussed in Chapter 4 and [43]. We thus have to check if the terms distinguish-
ing SO(3) x SO(2) from O(3) x SO(2) are contributing to the perturbative RG flow.

The relevant degrees of freedom are the ampitude vectors yi2. In index notation
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T o

Figure 7.3: Limit cycle orders in driven magnets. Left: precession of a ferromagnet.
Right: rotation of an antiferromagnet. The planes of rotation and precession are
chosen spontaneously. There are two soft modes associated to tilting them. There
is one soft mode associated to spatial modulations of the phase along the precession
and rotation respectively

we write X, where upper Roman indices i = 1,2, 3 are the SO(3) indices while the
lower Greek indices o = 1,2 are the SO(2) ones. The simplemost SO(3) x SO(2)

invariants that are not also invariant under O(3) x SO(2) are of the form
(Ez'jkf(%aﬁ Xfxl) 5 <€mno (V2x31'> 5“/5'x§;><2/) (7.30)

and permutations thereof. These are thus of second order in derivatives and sextic
order in fields and therefore highly irrelevant. Hence, they will not impact the uni-

versal exponents in a perturbative expansion and the universal exponents coincide

with those of O(3) x SO(2).

Ferromagnet to limit cycle WLOG, we assume the magnetic order to lay in the
z axis and expand fluctuations around the mean field solution ¢ = (my, mg, o + 0y).
The longitudinal fluctuations oy are gapped and we restrict ourselves to the dynamics

of the Goldstone modes m; . At linear level, we have
8,5277% + ((5 — Z1V2)8tmi + 0'0/<J€ijatmj — ngzmi + 6 =0. (731)

Here, § = 2 + uo? is the tuning parameter which triggers the transition between
static (0 > 0) and rotating (0 < 0) phase and ¢;; is the totally antisymmetric tensor.
The gapless nature of the Goldstone modes implies that m can only appear with

derivatives acting on it, while the unbroken subgroup U (1) has to be linearly realised,
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restricting the mixing of m, . To study the transition, it turns out to be useful to
switch to a ”Hamiltonian” description of the dynamics, introducing a conjugate field

momentum 7 to wit

o + (6 — KNV*)m; + ogkeyymy — ZNV*m; + € =0 (7.32)
oym; = ;. (7.33)

We now write the real, two component fields (7, )7, (my, m2)T as complex numbers

™ =m +im € C, m = my +imy € C. The equation of motion becomes

o+ (8 +ioor — ZV? ) — ZNV*m + € =0 (7.34)
@tm = . (735)

This reveals that the universal fluctuations are captured by a noisy Hopf bifurcation
or complex Gross-Pitaevskii equation coupled to a Goldstone mode. Recasting the

Langevin dynamics presented in the main text, (7.34), into an MSRJD action reads

So = / T (t, %) (@W(t,x) + (0 +iook — Z,V?)(t, x) — ZQVQm(t,X)) + c.c.
t,x

”

— 2D + m*(t, x) (Oym(t,x) — w(t, X)) + c.c. (7.36)

The critical point is reached upon tuning 6 = 0. The finite imaginary part ogx is
absorbed by going to a rotating frame, as usual for complex GPEs and can thus
be set to zero. This however spoils a straightforward canonical power counting
from the second line in the action. This breakdown of canonical power counting is
frequently occuring at time translation symmetry breaking transitions as we have
seen in chapters 4 and 5 of this thesis. First, we take a look at the pole structure of
the Gaussian action in momentum and frequency space. To that end, we collect the
coherent and dissipative couplings into complex ones u = d +iogk, K1 = 21 Ky = Zs

where K may also pick up imaginary parts under RG. The frequency poles are

_ i(p+ Ki1q?) I \/_(M+K1q2)2

2
5 . + Koq?. (7.37)

wi2(q)
At the Hopf bifurcation, u ~ k? is relevant while K; ~ k° is marginal (where k
is a momentum scale). Evidently, full scale invariance is only maintained if Ky was
relevant as well, turning the point multicritical. At dynamical transitions, there may
not be a single dynamical exponent z [44] and we may fix K, to be marginal and

expand the frequencies to leading order in momentum scales, bearing in mind that
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the imaginary part of u stays finite at the transition due to x # 0 to wit

Wiopf(Q) = —i(8 — iogk) —i(Z) — iZ5)q> (7.38)
wan(q) = —i(Zy —iZy)q>. (7.39)

We thus have the poles of a diffusive Goldstone mode together with a Hopf bifurcation
at finite frequency as ¢ is tuned to criticality. We now want to check to which
extend the coupling to the gapless field m changes the universal behavior of the
Hopf bifurcating 7. To that end, we consider the lowest order coupling between both
degrees of freedom, which is the following interaction in the MSRJD Lagrangian

A (T*T)VM* - Vm (7.40)

Since canonical power counting does not work, we consider the one loop corrections
to A, generated )\, itself. This leads to a dimensionfull RG  function

kOkAm = A2 I (7.41)

where [ contains all the loop integrals. Here k denotes an momentum shell, a reg-
ularization of frequency integrals is not necessary. Clearly, this flow is becoming
dimensionless, if A\, ~ k®* and I, ~ k~**, i.e. the RG-scaling of \,, can be read of
the momentum scaling of the loop integral. For this, one has to use the scaling of
the Gaussian action parameters discussed above and perform the frequency integral
analytically via residue theorem.

Inverting the Gaussian part of the action to get the free Green functions and the
performing the frequency integrals of the respective loops, is straightforward fol-
lowing e.g. [36] and using (7.38) but lengthy and with no important information.
Importantly, all contributions to I, diverge as

I~ k72 + Ok (7.42)

and thus the scaling dimension of A,, is 2 — d and it is irrelevant for dimensions
d > 2. We can thus treat m on the Gaussian level. As usual for a criticality
at a single finite frequency, we go into a rotating frame, © — eir, m — eF'm
with E = ogk. This gives a mass like contribution to the mode m and it can be

integrated out adiabatically. This exactly reproduces the action of a noisy complex
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Gross Pitaevskii equation for 7 in the rotating frame
SeH 7, 1) = / 7 (O + 61 + (Z1 — iZ>/ E)V?T) + hoc. + 2D7* (7.43)
t,x

where canonical power counting is possible again and the standard RG machinery
can be employed and consequently the universal critical exponents in d = 4—e¢ remain
those of the Hopf bifurcation. This shows that the universal exponents of transition
between ferromagnet and time-crystal is described by the Hopf universality class
[18, 89, 93]

This is consistent mean field picture of a precession, at the transition we see a finite

frequency condensation of the conjugate spin wave momentum

7 = mo(cos vookt, sin ookt 0)7. (7.44)

Plugging this back into gg = (my,me,0 + 09), 8,5(; = 7 yields exactly the precessing
phase from 7.29. This RG fix-point is known [18, 89, 93], in fact we have encountered
it in chapter 4, it has an effective emergent temperature, i.e. n = 1. However, the
subleading exponent 7). describing the emergence of equilibrium conditions under
coarse graining distinguishes it from the Model A dynamical universality class in the

classification of Hohenberg and Halperin [1].

7.1.4 Phase Diagram

We now collect all analyses carried out above into a phase diagram of the pumped
ferro- and antiferromagnet. The physical tuning parameter that we use for the pump
strength is the occupation of the reservoir. At small pumping strengths, i.e. positive
effective dampings v > 0, there is the usual (anti)ferromagnetically ordered phase
at low bath temperatures, corresponding to the symmetric phase of the nonthermal
O(N) model, see 2.1. Upon increasing the bath temperature through the critical
temperature, magnetic order is destroyed, the critical point is described by model A
[1]. As we have shown above, the pumping reservoir leads to a shift of the effective
damping, v = o — 0. If 0y surpasses the Gilbert damping «, there is an effective
antidamping triggering an instability towards a phase with periodically moving av-
erage (staggered) magnetization ($(¢)). As we have shown, the heating contribution
of the pumping reservoir always exceeds the antidamping at large reservoir occupa-
tions, 67/AD ~ npa. Therefore, at too large pumping strengths, noise fluctuations
destroy any order pushing the system back into a thermal paramagnet. If the Gilbert

damping is too large, the required driving strength to overcome it is too large and
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Time-crystalline
precession/rotation

M Hopf

Reservoir occupation npq¢p

Paramagnet

Temperature T

Figure 7.4: At small drives there are the two static phases, paramagnet and antiferro-
or ferromagnet for positive or negative Heisenberg J respectively. At suitably strong
drives and low noise levels, time crystalline order emerges. Too strong drives push
the system back in a thermal paramagnetic state.

the limit cycle phase cannot be reached. The resulting schematic phase diagram is
depicted in figure 7.4.

The transition between paramagnet and the rotational limit cycle of the order
parameter falls into the universality class of the O(3) x SO(2) model discussed above
and is thus marked by the respective nonthermal exponents. As shown above, the
transition between antiferromagnet and time-crystal is governed by the CEP phe-
nomenology established in 5. There is giant fluctuations, melting antiferromagnetic
order close to the transition, and for low bath temperatures a first order transition.
The transition between ferromagnet and limit cycle is captured by the universality

class of the complex noisy Gross-Pitaevskii equation [89, 93].

7.1.5 Numerics

The field theoretical prediction of an emergent limit cycle behavior is confirmed by
numerical simulations of the original model (7.1) with parametrically driven poten-
tial as described above. Simulations of a 3-dimensional cubic model of size L = 32
show, that indeed initially a sufficient drive induces a high occupation of modes at
momenta qo. This however quickly scatter into the low momentum regime and lead
to a macroscopic occupation at q = 0, and at a finite frequency. There is a coherent,

long range ordered rotation of the order parameter, as predicted and visualized in
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Figure 7.5: Numerical simulations of Eq. (7.1) with 7 = —1,A = 0.5,2y = 1073 and
k = 0 (antiferromagnetic case). The driving frequency 2 = 2.15 is chosen to have
a parametric resonance of the longitudinal mode around momentum ¢q ~ 7/2. (a)
Large time solutions with rp = 2.4 is given by the orange solid line. The blue dashed
line shows the same trajectories averaged over the fast amplitude oscillations (with
frequency €2). The order parameter indeed traces out a circle. (b) Frequency of the
limit cycle wy and its averaged amplitude over the fast oscillations p as a function of
the driving power rp. ¢) and d) show the same for the ferromagnetic case k = 1.
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Fig 7.5. Along the transition between antiferromagnet and time crystalline order, the
mapping to the critical exceptional point of driven O(N) models predicts a decrease
of the amplitude at the transition due to the exceptionally enhanced fluctuations
and a square root behavior of the angular velocity going deeper into the rotating
phase from the transition. Both is confirmed by the numerical simulations as shown

in panel b) of Fig 7.5.

7.2 Ferrimagnet

In the parametric pumping scheme developed above, we have essentially created
an antidamping overcoming the intrinsic damping of the system. Most solid state
systems show however fas relaxation rates mainly due to coupling to thermal phonon
reservoirs, and thus one needs strong pumps which can in turn heat the system up
too quickly and destroy any order. In contrast, in the following, we will show that
it is possible to create the rotating time-crystalline phase in a ferrimagnetic system
with arbitrarily weak drives. A modified version of the following section including
figures has been published in Sec VII of [44]. The driving protocol was designed by
Achim Rosch.

7.2.1 Rotating order and CEP transition in the driven fer-

rimagnet

We consider an equilibrium spin system on a cubic lattice. The system is assumed to
have an anisotropy breaking the SO(3) spin symmetry down to U (1) rotations within
an easy xy plane and a Z; reflection symmetry along the z-axis. We assume the sys-
tem spontaneously orders in the easy plane for equilibrium temperatures T < Ty
constituting an zy (anti)ferromagnet. Furthermore it can undergo a ferrimagnetic
Ising like transition below a temperature 7. < T where an out of plane magneti-
zation along the z-axis develops. Instances of systems showing such type of phase
transitions are, for example, found in Refs. [107, 108, 109]. In the vicinity of this
phase transition the slow, long wavelength dynamics is captured by the U(1) Gold-
stone mode of the order in the xy plane, #, and an Ising variable m, describing the
ferrimagnetic order parameter. We thus construct the effective dynamics for these
degrees of freedom. Since there is no additional conserved charge, there is no hy-

drodynamic modes that need to be considered on top of them. The symmetries act
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as

Ul): 0—0+a,

(7.45)
Zy: 00— —0, m, — —m,.

Since the reflection and U(1) rotation do not commute the symmetry group of this
system is U(1) x Zy = O(2). We now drive the system out of thermal equilibrium
by applying a rapidly oscillating magnetic field with amplitude By. Since the drive
is very fast, the effective dynamics of 6 and m, is still Markovian and the drive
effectively couples the Ising and the Goldstone mode. The O(2) symmetry of the
system, the absence of conserved currents and the markovianity of the long time
dynamics indicate, that its coarse grained dynamics will be described the O(N = 2)
model discussed above. We derive the effective dynamics of the spatially averaged
collective Goldstone and Ising modes (#), (m) explicitly from a microscopic model
in Sec. 7.2.1. Since the correlation length ¢ is orders of magnitude larger than the
microscopic lattice spacing, £ > a, the spatial fluctuations of the dynamics can be
treated in a continuum limit with emergent rotational symmetry in space, as usual for
the effective dynamics close to a critical point. We thus model the spatial fluctuations
beyond the effective single mode with phenomenological constants Ky, Kq, K,, at

order V2. This procedure yields the following effective dynamics

g0l =gy, m, + KoV2%0 — Oym., + o,

7.46
amatmz = - 55‘/ + ate + K0V29 + gma ( )

z

where oy, stem from the Gilbert damping of the original spin system. &, &, are
respective Gaussian white noises which close to equilibrium are set by temperature
and ay,,,. V is an Ising potential for the ferrimagnetic order parameter, which can

be parametrised as

V= / t % (rm2 + K,,(Vm.)?) + %m;‘ (7.47)
with r = T" — T, the distance from the equilibrium ferrimagnetic transition. The
effect of the drive are nonvanishing values of K, and |y| oc B3 which do not exist in
equilibrium. We give a microscopic derivation of these dynamics below. Evidently,
the presence of a finite 7 indicates that a build up of ferrimagnetic order (m,) # 0
immediately induces a finite angular velocity for the xy order causing it to rotate in
the easy plane. For time and length scales above (apy)~! the effect of & in the first

equation get suppressed, and we can use this first equation of motion to eliminate
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m, and plug it into the second to indeed reproduce the nonlinear ¢ model for the
N = 2 CEP discussed in Sec. 5.3,

(02 + (6 — ZV2)0; — v*V2) 0 + % (3,0)° + € = 0. (7.48)
Since the spin damping coefficients o, are typically very small, we can restrict
ourselves to leading order contributions in these. We then have § = w, and
thus there is a transition into a rotating phase occuring at r = v, rendered first order
by CEP fluctuations as discussed above for all finite drivings ~,. In the vicinity of
the transition, r ~ 7., the remaining parameters are Z = 5—:, v? = Ky, + Kooy, =

ag

Koy, g = W—Q,f = g—zﬁm. In these units, we have py = 1 and thereby, by the
criterion found in the field theoretic analysis (5.63), there is a first order phase

transition between zy order and rotating ferrimagnet if

2
Aoy

V=

> 1, (7.49)

and the zy order is destroyed in the opposite limit.

Finally we remark on the connection to the equilibrium case v,, Ky — 0, where
there is an Ising transition into a static ferrimagnet. At the Ising fixed point however,
the nonequilibrium coupling 7, is relevant, so that once it is allowed via the breaking
of equilibrium conditions in terms of the drive, it will flow to a value of O(1) under
the RG for sufficiently large system sizes. In that sense the equilibrium transition
constitutes a multicritical point which will not impact the transition phenomenology
once one drives the system out of equilibrium.

Our results are summarized in the phase diagram sketched in Fig. 7.6, which
explores the phases as function of temperature 1" and driving power Pp. Here T
is the equilibrium temperature of the undriven system which in experiments is set
by phonon or electron baths and their coupling to a cryostat. The phase diagram
is based on the assumption, that in equilibrium, Pp = 0, the system undergoes a
sequence of two phase transitions upon lowering 7', first into an xy ordered phase and
then into the ferrimagnetic phase as discussed above. Driving the system has, first,
the effect that the effective temperature and thus the fluctuations grow linearly in the
driving power Pp for small Pp. Importantly, the coupling v, linear in Pp emerges in
the effective field theory, Eq. (7.46), which is highly relevant in the renormalization
group sense. Due to 7., the static ferrimagnetic order is transformed into a rotating
ferrimagnet for arbitarily small Pp as discussed above. Arbitrarily small, but finite
driving also destabilizes the second-order phase transition and one obtains instead

a weak fluctuation-induced first order transition characteristic of the CEP as for
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Figure 7.6: Schematic phase diagram of a driven ferrimagnet as function of tem-
perature and the power of an external driving source, e.g., a laser or an oscillating
magnetic field. We assume that in equilibrium the system displays antiferromagnetic
xy order for T' < Ty and becomes a ferrimagnet for 7' < T, < Ty by developing an
extra out-of-plane ferromagnetic component. Driving induces in the ferrimagnetic
phase a rotation of the xy order parameter. The transition is governed by a criti-
cal exceptional point (CEP) with its characteristic first-order phase transition (red
line). The enhancement of fluctuations close to the CEP bends the transition line
between paramagnet and xy order down, culminating in a multicritical point where
all transition lines meet. For larger driving strength also a direct transition from the
paramagnetic into the rotating ferrimagnetic phase will occur. Thus, all phases and
phase transitions of the effective model, Fig. 2.1, can be realized. This figure is also
shown in chapter 6.
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small 7., the condition of Eq. (7.49) is always obeyed. At larger driving, v, ~ a3,
the line of first-order transition ends when the xy order is destroyed by the strong
fluctuations arising from the superthermal mode occupation in the vicinity of the
CEP. We therefore expect, as sketched in Fig. 7.6, that the long-ranged xy-order
melts most easily just above the transition temperature T.. In the figure, we also
took into account that a finite Pp always leads to a net heating of the system
proportional to Pp, thus all transition lines bend to the left in Fig. 7.6.

Let us finally compare the symmetry U(1) x Zy, Eq. (7.45), to the symmetry
U(1) x Zy, realized by replacing the second line of that equation by m, — —m,, while
leaving 0 invariant. In this case, on the right hand side of the first line of (7.46), a
field-independent constant (as well as a KPZ non-linearity) is also symmetry allowed,
and will be generically non-vanishing once the drive is switched on. The system
is thus always in a rotating phase for finite drive, and no phase transition of the
above type would be realized. In other words, time translation invariance is broken

explicitly, as opposed to spontaneously as in our case.

Microscopic derivation

In the following, we provide a microscopic theory to show how a rotation of Goldstone
modes is induced at a ferrimagnetic transition if the system is driven out of thermal
equilibrium by an oscillating magnetic field B,(t). We consider classical spins S;,

IS;| = 1, on a three-dimensional cubic lattice with

H=J]) S8;Sy+5YSY— AS;S;
(:4)
+ 6,577 + 0487t — g:B.(1)S;. (7.50)

The model is invariant under global spin rotations around the z axis and we assume
J,A, 64 > 0. The sign in front of A is chosen to obtain a ferrimagnet. At T = 0,
B, = 0, the system orders antiferromagnetically in the xy-plane for dy > 2zJ(A — 1)
(z = 6 is the number of nearest neighbors) but the spins tilt out of the plane for
dy < zJ(A — 1) developing a uniform out-of-plane magnetization. By tuning J,, one
can thus describe the transition from an xy antiferromagnet to a ferrimagnet.

The dynamics of the system is obtained from the Langevin (or, equivalently,
Landau-Lifshitz-Gilbert) equation
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Figure 7.7: Average precession rate 0,6 as function of the anisotropy d, for the model
defined in Egs. (7.50) and (7.51). For sufficiently large §, the magnet develops an
out-of-plane magnetization and, simultaneously, the spins start to rotate. Solid lines:
mean-field numerics (i.e., for a noiseless model) for three different amplitudes By of
the oscillating field, dashed line: analytical result valid close to the phase transition

for small By using Eq. (7.46), Eq. (7.55) and the mean-field order parameter |m,| =
752+4(1*A). The parameters are B,(t) = Bycos(wt), w =7.2J, a = 0.2, g4 = 1,
9322, A:09, 54:6J

where the Gilbert damping « allows for a relaxation of the magnetization.

To obtain an equation for the time-dependence of the angle # parametrizing the
Goldstone mode, Eq. (7.46), and thus for ~,, it is most convenient [75] to compute
first the time-dependence of the relevant conservation laws, i.e., of the total mag-
netization M, = > . S7. Due to the damping terms, the magnetization M, is not

conserved and one obtains

OM, .
o= —@Z (Si x 8S;), = —@Z (1 —S%) 8,0, (7.52)

where 6; is the angle describing the in-plane orientation of S; and we ignored contri-
butions from &;(t) which at low temperature will only give rise to small corrections
to the value of v,. Next, we average Eq. (7.52) over time in the presence of an
oscillating magnetic field B,(t). The time average of 0,M, vanishes, 9,M, = 0, as
it is a total derivative of a bounded quantity. In contrast, 9,6, can be finite, as
the angle is not bounded and can have a net growth in each oscillation period T,
0:0; = (0;(t + T) — 0;(t))/T. Thus, we obtain a remarkably simple equation for the
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Figure 7.8: Coupling 7, defined in Eq. (7.46) as function of the driving frequency w
(points: numerics for By = 0.25 J, line: analytical result, Eq. (7.55)). The parame-
tersare « = 0.2, g4 =1, g5 =2, A=0.9, 6o =—-0.66.J, 6, =6J.

average angle § = (6;) = + >°.6; which is independent of the friction constant o

where (...) denotes the average over different sites i. Assuming that our system is
weakly driven out of thermal equilibrium by a small, time-dependent field B, (t), we
evaluate Eq. (7.53) in second-order perturbation theory and linear in the uniform

magnetization m, = (S7). Comparing to Eq. (7.46), we find
V. = 2(S;00:).., (7.54)

where we omitted corrections from @m as they are of higher order in either
m, or B,. Eq. (7.54) should be evaluated at the critical point, i.e., for §o = zJ(A—1).
The contribution to second order in B,(t) can be obtained by evaluating both S7 and
0:0; to first order and we find for an oscillating field of the form B, (t) = By cos(wt)

B2(ga — gp)*zJw?
2 (w2(1 + a?) — 4(2J)2A)° + a28(2J 2w (A +1)?

v, R (7.55)
where g4, gp are the g factors on the two sublattices.

In Fig. 7.7 the precession rate 0,6 obtained from a noiseless solution, &,(t) = 0, of

the equation of motions, Eq. (7.51), is shown in comparison to the analytical results.
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In the noiseless case (or, equivalently, in a 7" = 0 mean-field theory) one can use
translational symmetry and simulate only the equation of motion of two spins, one
on each sublattice of the antiferromagnet. Close to the phase transition and for small
amplitudes of the oscillating fields, excellent agreement of numerics and analytics is
obtained. The frequency dependence of 7, is shown in Fig. 7.8. The analytical result
fits the numerical result for all frequencies. For w ~ 2zJv/A the oscillating field
resonantly couples to a magnon mode, giving rise to a pronounced peak in v, as a

function of w.

Our analytical and numerical results confirm that a rotation of the Goldstone
mode (and thus also a critical exceptional point) can be induced by driving the sys-
tem only weakly away from thermal equilibrium. In our specific (noiseless) model,
we used an oscillating magnetic field and different g factors on the two sublattices
to induce a non-equilibrium state. General symmetry arguments suggest, however,
that the coupling 7, defined in Eq. (7.46) is always finite when the system is not in
thermal equililbrium. For example, one could instead use a laser tuned to an elec-
tronic resonance. In this case an absorbed photon will trigger a complex cascade of
electronic, spin and phonon excitations which are difficult to describe quantitatively.
We expect, however, that their net effect can be absorbed in an effective parameter

v, which describes that the spins will start to precess in the ferrimagnetic phase.

7.3 Nonreciprocal matter

Recently much attention has been devoted to systems with nonreciprocal interactions
on the microscopic level [28, 31, 69, 29, 30, 71, 68]. Nonreciprocity in that context
means, that there are at least to degrees of freedom ¢4 and ¢ whose coupling is not
symmetric under switching A <+ B. These interactions have been shown to give rise
to dynamical limit cycle and oscillating phases [28, 68] and inspired varios proposals
to realise this for instance in spin systems [30, 71]. The basic intuition is that if ¢4
wants to align with ¢p while ¢ wants to antialign with ¢4, there is a "dynamic
frustration” that can lead to a continuous motion of ¢4 and ¢p around each other

like a dog hunting its own tail.

All the above cases consider nonreciprocity on the level of the linearised dynamics
for two fields ¢, € RN, a = A, B

0P, = Ka, + &, (7.56)
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with noise £,. This dynamics is nonreciprocal if Ky, # K. One should think of
this dynamics as an expansion around a stable solution of some more complicated
dynamics. Then, stability demands that the eigenvalues \; of the matrix K have

negative real values
Re \; < 0V\; € spec K. (7.57)

An instability towards a new phase then occurs, if the real part of at least one of
these eigenvalues is tuned through zero. Importantly, there is an instability towards
a dynamical phase, if the imaginary part of the respective eigenvalue remains finite.
This is indeed what happens at the finite frequency critical point discussed in 4. In
that sense it is a generalisation of Type I, instabilities of Cross and Hohenbergs
classification [2] to include noise.

Let us look at a simple two-component nonreciprocal model with

K=" 9 (7.58)
g2 —ma

where nonreciprocity implies that ¢; # go. The eigenvalues of K are

+ _ 2
Al’zz_wi\/w—i_glg} (7.59)

Clearly, to induce an instability towards a dynamical phase, i.e. tune the real part
of the eigenvalues through zero while maintaining a finite imaginary part , g; and g
have to have opposite signs. In other words, there has to be a strong nonreciprocity
in the sense of competing aligning and antialigning forces. The instabiliy mirrors the
behavior of the gap at the finite frequency criticality of the nonthermal O(N') model.
At the instabilities, there is a pair of critical eigenvalues with complex conjugated
imaginary value A{, = +iy/~g192. The connection can be made more explicitly by
using that if either g; or go # 0 (WLOG we choose g; # 0) and solve the equation
of motion of ¢4 for ¢p:
(my+0)pa+&a

¢ = " (7.60)

This can then in turn be plugged into the second equation of motion to wit

076+ 2700 +1¢+ € =0 (7.61)
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with
2y =my 4+ ma, T =mima — 9192, £ = G1€p + (0; — gama)a. (7.62)

If the noises {4 5 are now white and Gaussian to begin with (which generically is
the case) and we consider long times, where the frequency dependence stemming
from 0,€4 is negligible, we have exactly reproduced the linear part of the nonthermal
O(N) model.

This can be generalized to the case of spatially extended and potentially vector
valued order parameter fields ¢4 p(t,x) € RY with a common O(N) symmetry
¢ap — R-¢,p with R € O(N) moving in O(N) symmetric ¢! potentials that are

nonreciprocally coupled:

Oipa+ (M1 — KiV?) P+ Aa(@4)’ s — g105 +E4 =0 (7.63)
Qg+ (my — KoV?)pp + Ap(@p)’dp — G204+ =0 (7.64)

Following the same procedure as before, we eliminate ¢ utilizing ¢g; # 0 in the first
equation and arrive at the nonthermal O(N) model (2.2) after neglecting higher
order terms in field amplitudes and derivatives, which are irrelevant in an RG sense.
We remark that one could also include nonreciprocal nonlinearities. This may make
the solution of the first equation of motion cumbersome, but assuming analyticity
one the microscopic level one can expand everything in derivatives and field ampli-
tudes and arrive again at the form of (2.2).

Nonreciprocal models of the type (7.63) have been studied numerically in two spatial
dimensions with N = 2 in [28]. While after eliminating ¢p the static aligned and
antialigned phases cannot be distinguished anymore, all other phases can be iden-
tified with the ones presented in this thesis. The ’chiral’ phase, where ¢4 and ¢p
circle around each other at a constant angle, maps to the rotating phase. The van

der Pol or oscillating phase corresponds to the ’swap phase’ of [28].

This clearly shows, that the field theory analysis above does apply to nonrecip-
rocal phase transitions and vice versa engineering nonreciprocal matter is a route
to realise the phenomena laid out above. From the perspective of the effective field
theory paradigm of Landau and Halperin and Hohenberg, this does not come all to
surprising. After all both models share the same symmetry group O(N), break ther-
mal equilibrium conditions and have no conserved currents that lead to additional

hydrodynamic modes.
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7.4 Driven Open Quantum Matter

This subsection has been published as section VIL.B. of [44]. The model (2.2) can also
emerge as a semiclassical limit of driven dissipative bosons subject to Lindbladian
time evolution. We consider the dynamics of N spatially extended bosonic fields with
creation operators a) (x,t) which is symmetric under O(N) rotations of the bosonic
fields. Based on symmetry, it is to be expected that the universal phenomenology of
the vector valued expectation value of these bosons after coarse graining is captured
by the model (2.2). We now give an explicit example for Lindblad jump operators
together with an O(N) symmetric Hamiltonian time evolution, where the coarse
graining procedure to obtain (2.2) can be done analytically. This has to be under-
stood as a proof of principle, that given the right symmetries (2.2) emerges as an
effective theory and is expected to happen for different microscopic setups where the
coarse graining is not straightforward, as well. To generate the nonlinear dampings,
two-body or higher order loss terms are necessary while the negative damping or
pumping required for the rotating phase can be obtained by an effective single par-
ticle pump.

We consider a Lindbladian time evolution for the density matrix p

~

hp = —ilH, j]

+ Z T ( /x [:a(X)ﬁ[:L(X) - %{[:L(x)[:a(x)’ ﬁ}) (7.65)

The Hamiltonian is split into a quadratic and an interacting part H = f]o + Hipe
with

=3 / ro(@)a! (@)as(a). (7.66)

and we add a generic O(N) symmetric ¢* interaction
Fo =23 / $4(%)%5(x)? (7.67)
ij U

with canonical field variable gzgj = \/Li(dj — d}). We consider local single parti-
cle pump and loss Li(x) = al(x) and Ly(x) = d;(x) with respective rates 7, =

Viny V2 = Yout, Where the identical rates forall i = 1,..., N ensure a weak O(N) sym-

metry. Furthermore, we include O(N) symmetric two body pump and loss processes
Ly(x) = 3, $i(x)a;(x) and Ly(x) = > di(x)al(x) with rates 75 = A, 74 = A,
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similar to the case of the single mode quantum van der Pol oscillator [110]. We
now perform the following steps: pass to the equivalent Keldysh path integral de-
scription of the Lindbladian time evolution, introduce the canonical field momentum
7;(t,x) = %(dj (t,x) —i—&;(t, x)) and take the semiclassical limit to obtain an MSRJD
action, see [8] for a review. Since the conjugate momentum appears only quadrati-
cally, we can perform the Gaussian integration over it, analogously to passing from
a Hamiltonian path integral to a Lagrangian in equilibrium (quantum) field theory.
Neglecting irrelevant terms that are higher order in field amplitudes or derivatives
acting on noise fields, we arrive at the MSRJD action (3.5a) with the couplings
Y= Yout — Yins ¥ = V2 A5 u =200 =3\ — Ay A = Ao+ BA\a+ M)y, D =
5 (in + Your) (12 + 297).

The choice of interaction and Lindblad operators, involving ¢ operators, while
giving simple expressions for the parameters of Eq. (3.5a), is somewhat artificial.
However, the calculation can be done analogously when including squeezing terms
~ ca;a; + h.c. that the bosonic U(1) symmetry to Z, on the quadratic level, and
again one arrives at our effective model description: By symmetry, we expect the

same effective long wavelength model to emerge.



Summary and Outlook

8.1 Summary

In this thesis we have analysed time crystalline order as a stable phase of nonequlib-
rium matter. We focused on determining the universal scaling laws emerging at
the critical transitions into time crystalline order and within the phase and gave
examples on how these phases may be realised in physical systems. The starting
point of the entire analysis is the nonthermal O(N) model introduced in chapter
2. It is a generalization of model A of the Halperin and Hohenberg classification to
include irreversible force terms. As such, it is a minimal field theory solely based
on symmetries which results in a certain structural simplicity. We have shown, that
in these models, for any internal O(/N) symmetry group, next to the transition into
a statically ordered phase already present in equilibrium, there is a time-crystalline
phase, where an order parameter traces out a limit cycle, for suitably strong drives.
We employed the tool box of nonequilibrium field theory, to determine the univer-
sality classes of the transitions into the time crystal. We have identified a novel,
nonthermal universality class for the onset of time-crystalline order from a fully
symmetric phase. The nonthermal nature of the critical scaling at this transition is
most pronounced, when looking at an effective temperature defined by fluctuation-

dissipation relations and observable through probes of the spectral occupation of
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fluctuations. Such a ’temperature’ (there is of course no true thermodynamic tem-
perature in such a set up), diverges as one tunes to the critical point. Notably, the
effective field theory governing the critical point in principle allows for the emergence
of an effective equilibrium. The corresponding fixed point is however unstable to any
perturbation away from equilibrium and in principle an infinitesimal deviation from
an effective equilibrium suffices for the RG flow to carry the system to the nonther-
mal fixed point upon coarse graining. The transition between the statically ordered
phase and the rotating phase is governed by a critical exceptional point, leading to a
superthermal occupation of low frequency fluctuations. This is poised to melt down
any preexisitng order before reaching the transition into the limit cycle phase. By
means of a controlled solution of the Dyson-Schwinger equations at this transition,
we have shown, that symmetry restoration is not the ultimate fate of the CEP, but
that there is a fluctuation induced first order transition between ordered and rotating
phase for sufficiently large order. Within the time-crystalline ordered phase, next to
the Goldstone modes of broken internal symmetry generators, there is a Goldstone
mode of time translation. We have shown, that this Goldstone mode is generically
described by the KPZ universality class impacting the scaling behavior within the
phase. On top, in low dimensions, there is vertices destroying quasi long range or-
der at large distances. In the presence of internal Goldstone modes, a one-loop RG
analysis shows, that next to KPZ scaling there is novel weak scaling fixed points
possible.

The structural simplicity of the nonthermal O(N) model, the fact that it is solely
based on symmetry considerations, suggests, that it emerges for any system meet-
ing the symmetry conditions, i.e. a weak O(N) symmetry and breaking of detailed
balance, upon coarse graining. The crucial question is, whether one can drive a
system reasonably, such that the effective antidamping transition is triggered with-
out simply heating the system up. We have shown four different routes to achieve
that. Pumping systems that in equilibrium fall into the universality class of model
A by a parametric drive at high frequencies leads to a highly occupied reservoir at
half the drives frequency through parametric resonance. This reservoir pumps the
slow, long wavelength degrees of freedom and can trigger the instability towards time
crystalline order. It however also heats the system up and thus a low equilibrium
damping of the slow modes is necessary to realize the time-crystal. In contrast, an
arbitrarily weak drive is sufficient to induce the rotating phase in the O(2) ferri-
magnet described in chapter 7.2. Extending the basic principle of driven-dissipative
exciton-polariton condensation [64, 111] to bosonic spinors that transform under an

additional O(N) group also realises the universality classes presented in this thesis.
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We also connect to the case of nonreciprocally coupled order parameter fields studied
in active matter.

In summary, we have developed a field theoretical framework to determine universal
phenomena associated to spontaneous breaking of time translation symmetry. For
all identified transitions as well as the time-crystalline phases, we have derived first
results for the respective scaling exponents. These scaling behaviors are predict to
emerge in nonequilibrium systems meeting the respective symmetry conditions and
developing time-crystalline order. Further, we developed new mechanisms to realize

time-crystalline order in magnetic systems inspired by the field-theoretic framework.

8.2 Discussion Outlook

At this point we want to collect and comment on open ends and caveats of the pre-
sented results and point to future directions. One of the key steps in the study of
time-crystalline order is to make it accessible in realistic set-ups. While the paramet-
ric pumping scheme put forward here provides a general pathway towards realization
in magnetic systems, the mechanism has to be adapted for a concrete system, us-
ing accurate, quantitative values for spin wave dispersions, life-times and scattering
length to fine tune the equilibrium model A type model to capture a realistic ma-
terial. A parametric driving may be induced by oscillating electric fields, i.e. laser
irradiation, as in [65]. To derive its exact strength therefore requires knowledge of
the light-matter coupling in the respective material. An important next step would
be the large scale simulation of more microscopic spin models subject to parametric
drives. One should however not be discouraged, a similar driving scheme was suc-
cessfully employed experimentally to induce a 'magnon condensation’ in microwave-
pumped Yttrium iron garnet (YIG) films [112, 113]. We expect that the universal
properties of YIG can be captured by the field theoretic tools at hand, however the
spin wave dispersions in YIG have minima at finite wavevectors and the condensation
occurs at such a finite wavevector leading to pattern formation. A careful analysis
of the consequences of this for the effective field theory is subject of future work.

Measuring the scaling behavior in these systems (most likely in large scale simula-
tions), puts the field theoretic predictions developed in this thesis to the test. A first
example are the numerical simulations of one-dimensional Van der Pol arrays pre-
sented in 6.2 which indeed display the predicted KPZ scaling. The theory predictions
for the novel universal exponents at the transition into the limit cycle are however
less quantitatively reliable, as they are derived in a perturbative expansion ¢ = 4 —d.

This expansion is obviously not controlled in three dimensions and a quantitative
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prediction of the exponents calls for the use of more sophisticated nonperturbative
methods, such as the functional RG [98]. The qualitative features such as the break-
ing of equilibrium conditions leading to violations of fluctuation-dissipation relations
are however expected to hold.

The exponents describing the behavior of the Goldstone modes within the time crys-
talline ordered phase is much more accessible than the critical exponents of the
transition, as they do not require fine-tuning to the critical point. Time-crystalline
systems without any internal symmetries may prove a viable route to realize KPZ
physics in large systems, allowing to access the strong coupling fixed point of the
two-dimensional KPZ equation and even the roughening transition in three dimen-
sions experimentally. A task that remained elusive so far. Next to the pumped
magnetic systems put forward in this thesis, modern metametarials seem to provide
a promising avenue in that direction. The single Van der Pol oscillator was for in-
stance designed to describe stable oscillations in driven electrical circuits and one
may realise the Van der Pol lattices by building lattices out of such electrical circuits
subject to noise in the spirit of topolectrics [114].

The analysis of the Goldstone modes of the larger O(N) x SO(2) group indicates
that there is fixed points with entirely novel, albeit weak, scaling exponents. This
is very promising, but should be taken with a grain of salt. The scaling results pre-
sented in this thesis hold in one dimension at strong coupling fixed points. In the
case of the KPZ equation its special symmetries render the one-loop exponents exact
even on the nonperturbative level. This is not the case for the generalized equations
of motion of the Goldstone modes of the O(NN) x SO(2) model. While in principle
there may be a hidden or emergent symmetry rendering exponents exact in the cases
where the system flows to a KPZ fixed point, the results for the novel fixed points
should not be trusted too much, the numerical simulations reported in [61] however
support the results for the oscillating phase. On top of that, the effective theory is
built on the assumption, that the decay of the correlation functions of the original
order parameter field is dominated by gapless phase fluctuations. This clearly breaks
down at long scales both in one and two dimensions for the O(N) x SO(2) such that
low dimensional fixed points are only observable up to a length scale which has to
be determined. For d > 2, there may be entirely new nonequilibrium transitions

beyond the KPZ transition, motivating a more thorough investigation.
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Appendix

8.3 Transition between static order and oscilla-

tions

In chapter 5, we have focused on the transition between static order and rotating
phase and have swept the transition between static order and the oscillating Van der
Pol phase under the rug. The appendix may be the right place to peek under that
rug.

For N =1, this is the only available phase, but for N > 2, it competes with the
rotating phase. The transition from the statically ordered to the oscillating phase
does not occur via a CEP. Indeed, the linearized equation of motions in the static

phase are given by, see Sec. 5.2,
O25p + (0 + 2u'py — ZV?)0,6p + 2Apy — v*V?)dp = 0, (8.1)
for the amplitude and
070; + (6 — ZV?*)0, — v*V?)h; = 0, (8.2)

for the Goldstone modes. When ' > 0, upon tuning § to zero, the damping of the
amplitude mode remains positive, while the Goldstone modes become unstable and
start to rotate in order to compensate for the negative damping. However, when
u' < 0, the first instability occurs for the amplitude mode, which starts to display
van der Pol oscillation. At the critical point, v'pg + d = 0, the dispersion of the
amplitude modes are

wi2 = £/2Apo, (8.3)

indicating that this transition occurs through a finite frequency instability as anal-
ysed for the direct transition in chapter 4. It is however not N but the single

amplitude mode dp that becomes critical. This leads to the hypothesis that the

135
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transition is described by the finite frequency criticality of the d-dimensional Van
der Pol oscillator. From a symmetry point of view, this seems plausible, as in the
transition from static order to oscillations only time translation symmetry is sponta-
neously broken. The unbroken internal group O(N — 1) is the same in both phases.
But do we expect the N — 1 additional Goldstone modes that exist on both sides of
the transition to change the critial theory? We found in chapter 4, that the critical
theory of the Van der Pol oscillator is captured by a complex field v (¢,x) € C that
becomes critical. Couplings this field minimally to the phase fluctuations 6 € RV

leads to couplings of the form

Sww= [ 906(VOy (8.4)
tx

which has canonical dimension [g] = (d — 2)/2 and is thus irrelevant close to the
upper critical dimension and we thus deduce that the transition between static order
and oscillating phase is governed by the N = 1 Van der Pol universality, which as
determined in 4 falls into the universality class of the noisy, complex Gross-Pitaevskii
equation. A more thorough field theoretic analysis can substantiate or falsify this
expectation in the future.
The careful reader might have noted, that at the transition between symmetric order
and limit cycle phase the sign of © — u' determines the competition between oscillat-
ing and rotating phase, whereas for the transition between order and limit cycle it is
the sign of u/. This can be connected by analytically deriving the dispersions of the
fluctuations in the rotating phase and check for instabilities. This is done in 8.3.1
and from (8.8), we can analytically extract the dispersions of the modes involving the
amplitude fluctuations. There is indeed a mode that becomes unstable, for values of
the parameters which agree with numerical simulations. The exact expression of this
dispersion is rather complicated but simplifies in some limits. In particular, deep in
the rotating phase, i.e at large F, the threshold is found to be u' > w. It confirms
that u tends to stabilize the swap phase and u the rotating phase. On the contrary,

for E — 0, the rotating phase is stable for any positive value of u'.

8.3.1 Phase-amplitude representation

In this appendix, we give detailed derivations of the action describing the fluctuations

around the static and rotating orders obtained by writing the fields in a phase-
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amplitude decomposition

N N
¢ = \/po + dpexp(ET 1) eXP(Z 0:iT1:)é1, ¢ = \/poexp(ETzt) eXP(Z 0:T14)X,
i=2 i=2

(8.5)

where ¥ € R is parametrized as ¥ = (6~p, Oy, . .. ,0~N). The static ordered phase
is included as a special case £ = 0. For simplicity we drop summation indices in
the following, and use T = 0;T1,. The derivative terms like &Ta@ generate terms
exp(—T)0, exp(T) and higher orders in derivatives, which have to be evaluated using
the infinitesimal form of the Baker Campbell Hausdorff formula. Since we are only

interested in the quadratic action at this point, one can however truncate to

exp(=T)3; exp(T) = 3 (9;0:)Tu;i + O(6") (8.6)

2

and equivalently for the gradient terms. In the case of the statically ordered phase
we thus arrive at the quadratic action displayed in the main text in Sec 5.2. In
the rotating phase, i.e. at finite angular velocity E, we immediately arrive at the

quadratic action for the perpendicular phase fluctuations S9¢
x,t

The parallel (0) and amplitude (p = 257’;) fluctuations however mix on the quadratic

level:

Spe = po / P2 + (2u' py — ZV2)0, — v*V2)p + 0(8? — ZV20, — (V¥ + ZE)V?)0
X
— 2E(0,0 4 0(2upoE + 2Ed,)p — 2D(6* + j)?

(8.8)

This action clearly violates the thermal symmetry conditions since the coupling be-
tween phase and amplitude are not symmetric. We can access the dynamics of the
slow phase fluctuations alone by performing the Gaussian integration over the gapped
amplitude field on the level of the path integral. This yields the following effective
Gaussian action for the phase field (after proper rescaling of the field)

S0 = po / B(0? + (5 — ZV2)0, — 1°V2)0 — 2D¢? (8.9)
X
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where the shifted couplings close to the transition, i.e. for small angular velocities

E are
=8|+ O(E?), Z=Z+0(E), v =v"+0(E). (8.10)

This procedure of integrating out the amplitude mode (i.e passing to a NLoM) can
be carried beyond the quadratic level to derive the nonlinearities for the interacting
theory. For the case N = 2, this can be done without any truncation in #, while for
N > 2, a truncation in 6; leads to terms of the form (5.67) discussed in the main text.
The precise coefficients obtained through this procedure do not really matter as they
will not remain intact in the RG flow once one starts coarse graining the dynamics.
The important point is that with the rescaled fields used in (5.42), there is always
a contribution of order one in a p;' expansion that therefore does not vanish in the

large pg limit.

8.4 Explicit loop calculations

A slightly modified version of this appendix has been published as an appendix in
[44].

In this appendix, we compute the integrals arising from loop corrections which are
given in the main text. We start by the two-loop sunset diagram because there is no
momentum running through the loop which simplifies the analysis and then discuss

the one-loop integral with momentum transfer.

8.4.1 Two-loop sunset

Let us prove Eq. (5.50) which gives the correction to § induced by ¢g; and comes
from the diagram 5.3c. In the following, all integrals are considered to be suitably

regularized in the UV when divergent. It reads
Iy = / DGR (QU)WEGK (Qu)i(wr +wn) GR(Q1 + Qo). (8.11)
Q1,Q2

The frequency integrals can be performed, and after rescaling of momenta ¢ o —

q120"/%, we obtain
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Iy :E fi(ai,qz) + O(6)
4 q1,92 A(qb Q2)A(QI2)A(Q22)
v* 2 (8.12)

Alar, a2) = (a1 - 92)® — (9192)”]
+ fo(a1, q2) [A(Q12) + Aq2”) + A(gr + Q2)2>] + O (0)

In this expression, we defined f; and f5, two functions independent of v whose precise
forms are not important for the argument. The only property we will use is that
fi(d1,92) = f2(q1,92) when q; and qo are aligned. We neglected the subleading
terms in ¢ which do not contribute to the leading infrared divergence. However, as
discussed in the main text for the one-loop integral (5.46), we keep a higher order
term in the denominator because the leading term can in fact become small under
certain conditions. This is the case for every momentum if §/v? is large. In this
regime, the integral reduces to
63 1 1

Lz = 2 avae Aar?) + Alaz?) + A((ar + 92)?) Alai?)A(gz?)’

(8.13)

and behaves as §973, i.e. exactly as the tadpole diagram 5.3b. Now, approaching
the CEP where 6/v? becomes small, the first term in the denominator of Eq. (8.12)
dominates for generic momenta, but still vanishes when q; and q, are aligned. The
integrand thus behaves as 6~ when the momenta are almost aligned, But only as
0972 when they are not, giving a subleading contribution to the integral. We thus
have a resonance condition to get the highest divergence. This is shown in figure 8.1a.
Formally, the denominator of the integrand in (8.15) behaves as a Dirac distribution.
To make it apparent, we rewrite the integral over qs using hyperspherical coordinates

around qj,

§d—3 1
Iy ~ d1qgdQ2 — — ] 8.14
2550 4 /ql/q2 BEATN (@) A(@B) (8.14)

where

dfsin(0)2 f1(qu, g2, cos())

Loy = / 2 (q1g2)? [cos(0)2 — 1° + fa(gi, g2, cos(8)) [A(q?) + A(q3) + A((an + (g;)f%])’

where 6 is the angle between q; and qs.
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This last integral (8.15) can be brought to the following form,

a(cos(0))
[cos(6)2 — 1]% + n2b(cos(6))?’

L, = 1 / dfsin(9)* 2 (8.16)
with n = /d/v? and a, b smooth non-vanishing functions around +1. We dropped

all the dependencies in momentum for the sake of clarity. Using z = cos(f), the

fraction in (8.16) is of the form

1 1
Fo) = e~ (@ —) (&40

1 1 1 ™
—>Im (x g g 77 R %b(@) — 5 (6= 1) +6(x +1). (818)

It indeed behaves as a Dirac distribution, reflecting the resonance condition. At small
but finite 7, the Dirac distributions are slightly extended, and while performing the
integral in (8.15), we can use that n*F(z) is essentially equal to one for | cos(f)£1| <
n and zero otherwise. It means that only small deviations of cos(f) around +1 of
order 7 contribute to the integral, i.e. only small deviations of ¢ of order /n around
zero and 7, and we can only keep the leading terms in a series expansion around

these points for the other terms. Integration then yields

N s
Ty ~ / dee*2a(1) + / df(r — 0)%a(-1), (8.19)
0 T—/N
a1 0 d-1
~ 077 2 = O(ﬁ) 4, (820)

where C is a multiplicative constant, proving Eq. (5.50), Iy ~ 5d_3(%)% since the
remaining integrals are free of any parameters. We emphasise that the additional
variable § /v? enters the corrections, reflecting the absence of a full scaling solution at
the CEP. This is confirmed by numerical integration over the momenta presented in
Fig. 8.1b in two and three dimensions: I5 /6?3 is indeed a function of § /v? only, and
the power law behaviors found at small § agree quantitatively with the analytical

results.

The same structure arises for the other sunset integrals (e.g. with g instead of
g1 as vertices or the sunset obtained from diagram 5.3d), and they can be computed

using the same procedure.

It is also instructive to rephrase this discussion using (q, ¢) variables in the loops.

The corresponding expressions are obtained by Fourier transform with respect to
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121/5(143

10077 107  107® 107* 10!
§/v?
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Figure 8.1: (a) The integrand of (8.12), denoted A(x), is plotted as a function of
x = cos(f) where 6 is the angle between p; and ps, p1 = 1/2, po = 1, v = 1 and
different values of 6. At small 6, it becomes sharply peaked around x = +1, reflecting
the resonance condition. (b) I/d%73, plotted in d = 2,3 is a function of §/v? only.
At large 0/v? < 1 the integral behaves as %72 but gets suppressed by an additional
power law when the ratio §/v? is small. The power law behaviors (indicated by the
dashed lines) agree quantitatively with (8.19).
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time to their (q,w) counterparts. The integral I becomes

Igl:// Gg(ql,t)/ Gg(qz,t)Gg(ql—i—qz,t)cos(v|q1\t)cos(v|q2]t)cos(v|q1—i—q2|t),
t Jau qz

(8.21)

where we denote G&(q,t) = O(t) exp(—A(q?)t) and G (q, t) = exp(—A(q?)|t])/A(q?),
purely dissipative Green’s functions which are also those that appear in model A.
Absent the oscillating terms associated to v, this integral scales as d¢3 and dis-
plays a typical z = 2 behavior. Now, the oscillating terms (seen as perturbation
of this scenario) oscillate faster and faster at finite ¢ in the scaling regime where
we choose t ~ ¢~2. In the spirit of a Rotating Wave Approximation (RWA), we
can keep only the non-oscillating terms. Since the oscillating terms are of the form
exp(it(£]qr + qz| £ |q1] £ |qz2])), we recover our resonance condition, q; and g

have to be aligned to yield a significant contribution.

8.4.2 Omne-loop integral

We now discuss Eqgs. (5.44) and (5.45), involved in the corrections of the quartic
interactions coming from the diagrams displayed in Fig. 5.4. The calculation is
closely related to the one done for the sunset integral above, and a similar resonance
conditions arises. The diagrams read, with w, the frequency and p the momentum

entering the loop,

I (p,wp) :/ i(w + wy)wW?G(q + p,w + w,)GX(q,w)

h (8.22)

= [ G5l 06 (a -+ p. ) costelaln) costola -+ plo) explicy)
q,t

respectively in q,w and q,t variables.
Before discussing the finite momentum case, we note that for p = 0, after per-
forming the integral over the frequency and rescaling of momentum g — ¢é/2, the

integral reduces to

4 1
Lig(p=0)~d=2 / — , 8.23
L e [N ) &2
in the scaling regime where @, = w,/d ~ 1. We also again use A(y) = y+ 1. This is
in line with formula (5.44).
Now at finite momentum, there is several resonances that can arise depending

on the precise value of the external frequency and momentum. The first resonance
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is found for frequencies close to w, ~ =£v|p|, and exactly corresponds to the one
we have in the sunset integral: p and q have to be aligned. Intuitively, this can
be understood from the RWA argument we developed above: the oscillating terms

in (8.22) are, when w, = £v|p|, of the form
exp(ivt(£[q + p| £ |a| £w.)) = exp(ivt(£|q + p| £ [q| = +v|p]), (8.24)

which is the same form we got for the sunset diagram. They are not oscillating again
exactly when p and q are aligned. This peculiar resonance directly originates from
the non-vanishing real part of the relation dispersions at the CEP, and it can be
checked explicitly that the highest divergences of the Gaussian Green’s functions in
(q,w) coming from (5.23) are obtained exactly for w = +v|q|. In a sense, while the
divergence occurs through the imaginary part of the dispersion relations, the real part
acts to some extent like a finite frequency scale (because it goes infinitely slower to
zero for small momenta) around which the divergences occur. This is technically very
reminiscent of the role of a finite momentum scale in the Brazvoskii’s scenario [58]

where it is also the reason why loops with momentum transfer are negligible.

To make the link with the sunset diagram explicit, the integral with w. = +v|p|

can be written as

d—4
Tt (pywsy = %0lp]) ~ 65" /

q

B[ (- a+&°) +0(9)
A(q?)

(z’% [(p-a)? —p°@] + 19l (b-a+a) [A (@) +A(B+a))] +0() )‘1] |
(8.25)

Its real part is exactly the integral over qs in Eq. (8.12), with p playing the role
of q;. This renders the intuition developed around Eq. (5.49) rigorous, and we can
thus use the analysis done in the previous section. Again, we have to keep a higher
order term in the denominator because its contribution can dominate the integral in
some cases. When approaching the CEP, ¢ is small with respect to v2. In that case,
the second term dominates only when v?/5[(p - @) — p>q?]? is sufficiently small. Tt
is again true for every momenta q when p?v?/J is small i.e. for small dimensionless
momentum p < §'/2/v and the integral behaves as §(*9/2, proving Eq. (5.44). But
for a finite dimensionless momentum p ~ 1, the resonance condition appears, and the
integrand in (8.25) behaves again as a Dirac distribution: the highest divergence is
found when q and p are aligned, as in the sunset integral. This allows us to perform

the integral, and using the result of the previous section, it leads to (5.45).
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Interestingly, there is another type of resonance. In particular, at zero frequency
and finite dimensionless momentum, see Eq. (5.46) where we got a different reso-
nance condition: the highest divergence is found when v? (p? + 2p - q) is small. This
resonance condition also shows up as very sharp and non-analytic behavior which
allows us to get the scaling of the integral with ¢ in a similar fashion. We find, for
some p not too large, a slightly different behavior, Iy, ; ~ §@=9/2(5/v?)Y/2 when § is
small. We can expect the frequency and momentum contributing the most to the
loops to sit on the highest divergences and thus to involve the first scaling (5.45).
Anyway, this cannot change the conclusions of the main text because both behaviors
lead to smaller divergences at finite momentum for any frequency, no matter the
precise power law we get.

To conclude, we found that for a finite frequency but at zero momentum, the loop
is given by (8.23), and thus assume a usual scaling form with frequency @ = w/J.
Therefore, we do not need to use specific frequency dependencies of the different

couplings as we do for the momentum dependencies.

8.5 Dyson-Schwinger equations

A slightly modified version of this appendix has been published as an appendix in
[44].

8.5.1 N =2 case

The DSE constitute an exact hierarchy of equations between the 1PI vertices. It
emerges as consequence of the shift invariance of the effective action. It is discussed
for the usual ¢ case e.g. in [115] but the method can be applied directly within the
MSRJD framework. The effective action can be written using the shift invariance
with respect to to both fields, see (3.10),

[0, 9] = / DifDheSH00+01+ 55604550 (8.26)

The DSE can be obtained by taking functional derivatives with respect to the
fields of this equation. To simplify notation in the following, we use the Nambu fields
© = (9,7) and introduce

orr
) _
0= 60, (X,)...00; (X))

ri e, (8.27)
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with [; a super-index including internal and external indices, I; = {i;, X;}. Func-
tional derivatives with brackets e.g. Fg’:) 1,[©] denote functional derivatives before
any evaluation on the equation of motion. The formalism can be readily extended to

an N-component field by including the resulting indices within the internal indices.

Since the action does not contain any term independent of § which would break
conservation of probability, we define the master DSE by taking a derivative with

respect to the response field which yields
T, 9; X] = (SUO[) + 6,9 + 6; X1]). (8.28)

This equation tells us that the dressed equation of motion is given by the expectation
value of the bare equation of motion. In the following we work with the bare action
given by (5.39) and (5.42),

S = / 02 + (—KV2 + )9, — v®V2)0 — D> + %é(@te)?’ + %éate(ve)% (8.29)
x,t

which describes the fluctuations of the Goldstone mode for N = 2. It is a fourth
order polynomial, so a series expansion in the fluctuating fields 6 and 6 stops at finite

order and gives
1 1
T = g4 §s§f’>G - gs}f)GGGF(?’), (8.30)

where sums over indices and © dependencies are implicit.

This master DSE gives relations between the full 1PI vertices and involves the
renormalized propagator, making it a non-perturbative method. By taking addi-
tional functional derivatives with respect to the fields, one can generate equations
for higher order vertices. Approaching the transition from the phase where (9,0) = 0
i.e the static ordered phase in our case, we can concentrate on the 1PI vertices eval-
uated at © = 0. If a series expansion around ¥ = 0 and ¢ = 0 is valid, this also
describes the broken phase. We expect it to be the case close to the first-order phase
transition. Note that this is also the case in Brazovskii scenario where the calcula-
tions done around zero and around a finite order parameter agree well [96]. For the

retarded inverse Green-function, we get

POD(P,0 = 0) = SAI(P) + - / SU(P,—P,Q)G*(Q)
2Jq

1

! / SUI(P.Qr, Qo —(P+ Q1 + Q) (8.31)
2 Q1,Q2

x G (Q1)GX(Q2)GH(Q1 + Q2+ P)T™(=Q1, —Qs, (P + Q1 + @2), —P),
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N \
ray = ¢y + Q {67 ras) — g13)_ /{\<

(a) DSE for I'(*1) ) One-loop DSE for I'(13)

w&ﬂ

(c) One—loop DSE for T'(1

MI»—-

\

\
15 — g(15) 4 9

Figure 8.2: Diagrammatic representation of the DSE. The solid and solid-to-dashed
lines correspond respectively to the full Keldysh and retarded Green functions. The
vertices correspond also to the full vertices T and T*) except for those that are
represented with a square box, which correspond to the bare vertices S(*3). Diagrams
obtained by permutation of external legs attached to 6 fields (solid line legs) are not
shown.

where we neglected contribution coming from four point vertices that are higher
order in ¥. They are irrelevant at the Gaussian CEP for all dimensions of interest
2 < d < 4 and only lead to subleading divergences in the following. More generally,
all couplings that are irrelevant at the Gaussian CEP fixed point induce smaller
loop divergences (it is even the way we define and operator to be irrelevant at the
Gaussian fixed-point because of the absence of a full scaling solution). Since the
DSE will become one-loop exact in the regime we are interested in, any irrelevant
operator brings subleading divergences in the DSE. Diagrammatically, Eq. (8.31)
can be represented by Fig. 8.2a.

In the DSE framework, the renormalized effective action is obtained only from
dressed tadpole and sunset diagrams. The main difference with the two-loop expres-
sion obtained from Fig. 5.3 is that the sunset involves the full fourth-point vertex
'3 instead of S, and we have to specify the form of the vertices used to solve
the DSE. As discussed in the main text, the effective action can be parameterize us-
ing effective couplings ¢g; and g, that become momentum dependent upon including
interactions because of structure of the loops as discussed in the main text. To be
specific, the renormalization depends on the number of pair of momenta that sum to

zero, but not on the precise values of these momenta. Based on these considerations,
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the four-point vertices can be parameterized as

13 . 2 .
I )(—Pza P1, —P1, P2, W4, W1, W2, W3 W1WaWwWsgl,q — W3P192,a — Z(w1 - wz)Pl * P292.b,

13 .
P( )(_p27070ap27w47w17w2aw3 1W1WaWs g1 a

) =i

)

F(IS)(_pb P1, —P1, P1, W4, W1, Wa, ws) =W WawW3g1,p — i(wl — Wy + wg)p%gzc,
I (0> 0,0,0, w4, wr, wa, w3) =1W1WaW3 1 ¢

(8.32)

where p; and pg are different finite momenta p; o ~ V6 and wy = — (w1 + wa + ws).
All other configurations do not get renormalized.

Anticipating that all couplings will only decrease or stay constant (which can
be checked a posteriori), the condition for neglecting the two-loop contributions is
therefore given by replacing I'*3) by SU3) in (8.31). The loop diagrams are then
computed exactly as in Sec. 5.3.1 and App. 8.4. The condition Eq. (5.64) is thus
recovered non-perturbatively, only by considering the sunset topology. When it is
fulfilled, the DSE have only one-loop contributions which simplify them considerably,
and they can be solved. In particular, from (8.31), the renormalized damping &
satisfies the self-consistent equation (5.51).

The DSE equation for the four-point vertex I'™) is represented diagrammatically
in Fig. 8.2b. We neglected two-loop contributions and the effect of all irrelevant

vertices. The corresponding equation is, as in the main text

F(13)<P47P17P27P3) - 5(13)(P47P17P27P3)

8.33
- / GK(Q)GM(Q + P+ P (—(Q + P, + P2),Q, Py, P) + perm., (8.33)
Q

where Py = —(P; + P, + P3) and where the permutations apply on the set P, P, and
P3;. When the condition (5.64) is met, the loop in the right hand side is subleading
and negligible whenever there is a running momentum going into the loop. Injecting
the forms (8.32) into Eq. (8.33) then allows us to get equations for the different cou-
plings. In particular, we get back Eqgs. (5.56a) and (5.56¢). The resulting equations

form a linear system that can be inverted. The complete solution reads

_d—4 _d—4
g1 1-— O[Q(S 2 1-— 20(2(5 2
Jao= " a2 Jp=91— a2 Ne=91— _a=a> (8-34)
1+O[252 1+Oég(52 1+()é2(52
9o g2 4 92 2 92
920 = — i 92pT T _zir PeT 3 —7 T 3 —1 92
1+ a0 ? 1+ a0 ? 1+ g ? 1+ a0 ?
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with Qg = (gl + gg)K{i(Q — d)/2 and Qg = gzK[/i(Q — d)/d

The possibility of a negative quartic coupling (which induces the first-order tran-
sition) is cured by taking into account the renormalized six-point vertex I'**). Being

13) " Again, its renormalization

irrelevant, its value is set by the four-point vertex I'(
depends on the configuration of incoming momenta. There are five different config-
urations which get renormalized differently. We however only need this vertices for

vanishing momenta,

I (15)([)1 = O, ..., P5 = O, — E Wi, W1,y ... 7(Jc.)5) = iw1w2w3w4w5u1,e, (836)
with
Ule = a = Ule =, .
1, 91+ 92)91, @ e + go )

found using the DSE diagrammatically represented in Fig. 8.2c. It leads immediately
to Eq. (5.60).

8.5.2 N > 2 case

For N > 2, the DSE equations discussed above can be directly used in the N-
component case by adding the O(NV) indices in the internal indices. As discussed in
Sec. 5.3.4, in the regime where the bare condensate is large, the action is simply the
generalization of (8.29) to a vector field 7 € R¥~! with an O(N — 1) symmetry. It

is given by

50:/ ﬁ'-((3?+(—KA+5)8,5—UQA)Tr—Dﬁ'-fH—%/ ﬁ'-@tﬂ(ﬁtﬂ)z—l—%ﬁ'-aﬂr(Vw)Q.
x,t x,t

(8.38)
The loops that appear in the perturbative expansion or in the DSE equations (Fig. 8.2)
and their scaling properties are therefore the same. The additional O(N) structure
only changes the prefactors (sometimes called symmetry factors) of the loops which
become N-dependent. The O(N) symmetry factors are the standard O(N) ones and
can be found in e.g. [116].

We now show that the quartic coupling controlling the value of the order param-
eter i.e. the generalization of ¢; . also becomes negative and that there is again a

first order phase transition. We will therefore concentrate on the renormalization of
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g1, which at the bare level generates the following vertex:

ST@
5ﬁa(P4)57Tb(P1)(57T0(P2)(57Td(P3)

. 1(13) .
= dwiwowsl gy g (Pa, Pr, Pa, Ps) = iwiwawsgi Taped,

(8.39)

where we define
1
Tabcd = g(éabécd + 5a05bd + 5ad5bc)7 (840)

and I3 which denotes the part of I'® encoding the renormalization of g;.

We first look at the set of momenta which corresponds to what we called the g; ,
coupling above. In perturbation theory, the diagrams 5.4 lead to

F:J,(l}cgcz(_p17 pl? _p27 p2a Wy, W1, W2, (,(.)3)

(8.41)

d—4

2
= 91T obed — 04257%1((]\7/ + 4)dap0cd + 200600d + 20440 ),

where N’ = N — 1. However the different Kronecker delta functions get different
coefficient because only one diagram among the three of Fig. 5.4 contributes. We
thus see that the ansatz done for the vertex using gy, in (8.32) is not sufficient to
self-consistently solve the DSE. We need to parametrize it as

Fifif’}(—pl, P1, —P2, P2, Wi, Wi, w2, w3) =(97 40ab0ca + 91 o0acObd + 9 oOadbe)-  (8.42)

The DSE equation then gives

1+ oy 0 2 g1
91,0 = 91 —d-4 2 L o—d—1 gi,a =%~ __daa- (843)
(1+042§(5 2 )(1+C¥2u(5 2 ) 1—}-0&2%5 2

Using again the DSE for the four point function at zero momenta we find

s (N +4)g7 , + 491,
F(13) (Oa O) 07 07 Wy, Wy, W2, CU3) = gl,cTabcd - (91 - &25 2 57 L Tabcda

(8.44)

where we define ¢ ., underlying the fact that we do not need an extra parameter in

that case. This gives, using (8.43),

(9 — 4030 (282 (N’ +2) + 3))

20 (8.45)
(200 +3)(2d "z (N'+2)+3)

J1c =01
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For N = 2, we recover the same result we got for g;. in (8.34). We indeed see
that the couplings g; . turns negative for sufficiently small damping for all N. By
inspecting Eq. (8.37), we see that the sextic coupling u . is clearly positive no matter

the precise N-factor of the loops, and we therefore find the same first-order scenario.

8.6 Scaling and the breakdown of the gradient ex-

pansion

This appendix has been published as an appendix in [44].

We now elaborate in a bit more detail how the scaling of various operators is inferred
in the vicinity of the CEP given that canonical power counting does not work due
to the breakdown of gradient expansions and the different scaling of coherent period

and lifetime of excitations

wegp(q) = —iKq®+ vlq]. (8.46)

The scaling is then fixed by finding an ansatz that renders the dimensionfull RG f-
functions dimensionless. It is on first sight possible to make a homogeneous scaling
ansatz for the effective action of the phase fluctuations by choosing a dynamical
critical exponent z; = 1 and thus being forced to have [K] = —1, i.e. (dangerously)
irrelevant. This however yields Green functions that diverge for all momenta at the
Gaussian fixed point.

One therefore has to analyse the divergences of loop contributions to infer the
scaling dimensions of various couplings. Due to the breakdown of the derivative
expansion it is not possible to infer the scaling of momentum dependent operators
by taking momentum derivatives of loops renormalizing for instance the self energy.

We demonstrate this explicitly for the case where one allows a cubic interaction
~ M(8,0)? breaking O(2) to SO(2) as in [66] for comparison. Note, that this coupling
is absent at a fixed point with (emergent) O(2) symmetry. This is analogous to the
Z, symmetric endpoint of the liquid gas transition described by the Ising universality
class. Regardless, the loop integral through which such a coupling renormalizes the
damping (i.e. the part of the self energy linear in frequencies) is exactly the loop
analysed in the main text which renormalizes interactions, cf Fig. 5.4. The following
result about the breakdown of the gradient expansion thus also immediately applies
to the couplings discussed in the main text. At vanishing momenta, it implies a
scaling dimension 6 — d for this cubic coupling, like for the ¢* coupling in the Ising

case. However, as discussed, the infrared divergence of the loop is lowered at finite
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transfer momenta and there is no convergent derivative expansion of this loop close
to the fixed point.

If one takes momentum derivatives of this loop, as one would in a derivative expansion
of the self energy corrections, one generates spurious singularities as the dependence
on dimensionless momenta becomes nonanalytic at p = 0, see App. 8.4.2. Now
trying to enforce a scaling form for such an expansion of the self energy, as it usually
emerges in equilibrium critical phenomena, leads to operators with apparently larger
and larger upper critical dimensions. This is an artifact of the break down of the
derivative expansion due to the nonanalyticity of the CEP.

Explicitly, such an expansion to fourth order in dimensionless momenta p yields

o
0, T® = K (ZP" + 25 + K0 4 QNP 4 ap KT+ O(Y). (8:47)
Cutting this expansion at order p? would imply that there is an operator /a4 with
dimension [\/a5A] = 25¢ inferring an upper critical dimension d. = 8 [66]. Going to
order p* one would then however diagnose d, = 10 from the operator \/aj\. Clearly
arbitrarily large upper critical dimensions are generated within such an expansion,

demonstrating again that a standard derivative expansion is inapplicable in this case.

8.7 Flow equations within the rotating phase

Here, we give the dimensionfull flow equations for the complex action of the Gold-
stone modes of the rotating phase analysed in chapter 6.3. They are derived equiv-

alently to the ones of the oscillating phase given in the main text, by evaluating the
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Feynman diagrams 6.3,6.4. Using Zy = Zp +iZ. and g = g4 + tg. they read:

(d—2) (29 ZiN2 + (N — 2)79 25 ga)e)

AN Z,, =NT2 4
OnZa 47272 (8.48)
2y (A7, — d(Z + Zg)) 2’)/9)\9(Z + ZF — 4Zd)

N9y Zp =2 (9 eM 0 a _ o T 29 4
OnZs ( dZo(Zo + Zp)? Za(Zo+ Z3)? ) (8.49)
2 2
_Ad—2 ’70/\06 . 79)\9
Ay =A <—Z§ +2(N =27 ) (8.50)
2 Zo+ Z4q)
Aa :Ad72 |g| fyafye( « d 851
Ao ZoaZa(Z2 + (Zo + Z2)2) (8:51)
4(N — 2)g?
Ao :Ad—”—g)gw (8.52)
Zd
)\gAd_Q
A - .
Ao Z272(72 + (Zo + Z4)?) (8.33)
(mzd (2XaZa(gZe + 9a(Za + Za)) = |9 Zal Zo+ Za)
+ 4'76201)\9 (gdZa(Za + Zd) - .chaZc - 2)\aZd(Zo¢ + Zd)))
— 29*’)/&(2)‘04 - g)
Adyg =A2g* 54

— 4y e

(Za+ Z) (9024 +19:(Za + Za+ Zg)) + 2Z4(Zo + Zp)* s
ZHZ2 + (Za+ Za)?)?
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