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Abstract

The precise control of quantum systems is crucial for, e.g., the implementation of gate operations,
to prepare specific quantum states, or to enhance the sensitivity or polarization for quantum
sensing. To tackle such challenges, quantum optimal control (QOC) provides a set of tools in
order to bring quantum technologies to their full potential. Electromagnetic fields are used to
manipulate and guide the state of quantum systems for specific purposes. QOC shapes these
fields in order to perform quantum gates and circuits used for quantum sensing, computing or
simulation applications.
This thesis revolves around the development of control strategies, with a focus on spins in crys-
tals used predominantly for quantum sensing and metrology applications. I will have a look at
polarization techniques under elaborate experimental conditions, the assessment of gate evalua-
tion metrics, and the development of a software package for practical utilization on optimization
problems in simulation and experiment.
In particular, I present a strategy to speed up and increase the polarization of protons in a naph-
thalene crystal through dynamic nuclear polarization from the optically accessible electron spin
of pentacene molecules [1]. Due to a complex experimental setup, involving a microwave cavity
and various coupling parameters, we use closed-loop control to optimize the applied microwave
pulse shapes. The resulting protocol enables an efficient strategy for enhanced macroscopic
hyperpolarization of the sample for use in nuclear magnetic resonance experiments, that can
potentially be transferred to different experimental scenarios.
Control strategies need to be viewed in the context of experimental constraints and the control
hyperparameters have to be tuned together with the specific control problem. We therefore
created a software package called the Quantum Optimal Control Suite (QuOCS) in Python,
to provide a unified framework for the development of control algorithms [2]. Its modular and
open-source nature enables a straightforward extension with new ideas. It is easy to use and
thus lowers the hurdle to make use of QOC for a wide range of problems. We discuss its features
and show examples for the application through open-loop optimizations based on simulation as
well as closed-loop control with communication to an experiment.
The software is then used to investigate various gate and gate-set evaluation metrics for their
suitability in closed-loop optimization [3]. An ensemble of nitrogen vacancy centers in diamond
serves as the experimental test-bed for control objectives derived from methods such as quantum
process tomography, gate-set tomography and randomized benchmarking. It becomes clear that
gate operations have to be viewed in the context of their application and an extensive cross-
comparison provides a better understanding for the choice among the tested methods for control
tasks.
This thesis follows a path from the importance of a clever approach to a control problem, over
the relevance of the employed control algorithm and supporting features, to the choice of the
correct figure of merit that best encodes the important information.
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1 Introduction

This thesis is written in a time where the use of quantum systems is transitioning from fun-
damental research and proof-of-concept implementations to real-life applications. To the es-
tablished devices such as transistors, lasers, QLEDs, atomic clocks, solar cells, MRI scanners
and electron microscopes, more and more technologies based on quantum mechanics join the
party. Often called the second quantum revolution, the understanding of quantum effects in
bulk material is advancing to the control of single atoms, molecules and spins. Advances in
each of the four pillars of quantum technology, namely quantum computing, quantum simula-
tion, quantum communication and cryptography, and quantum sensing (and metrology), can
be found aplenty. Accessible quantum computers are available from companies such as IBM,
Google, IonQ, QuiX, D-Wave, Quantum Brilliance, XeedQ, PASQUAL, Rigetti and Xanadu
and quantum processors can reach numbers of more than 1,000 physical qubits [4, 5]. Several
claims for quantum advantage over classical computers have been made in the past years [6–
9] but were later retracted or disproved. In principle, Shor’s algorithm [10] provides a signifi-
cant speedup for the factorization of prime numbers that is needed to crack today’s encryption
methods. The current record for prime factorization on a quantum device was achieved using
a D-Wave quantum annealer [11] for the number 8,219,999. What sets the quantum computer
apart from it’s classical pendant is superposition and entanglement. The hunt for ever growing
entangled states [12–15] is happening on numerous platforms. More companies such as Daimler
and Hyundai [16–18] are investigating methods of quantum simulation to explore, e.g., battery
chemistry [19] to improve their performance and durability. Bosch has founded a start-up to
focus on bringing quantum sensors for medical applications to the market [20, 21]. Quantum
annealers like the D-Wave machines and Aquila from QuEra aim to find the ground state of a
specifically configured quantum system that represents the solution to a real-life problem. In
that way, flight gate assignment [22] and aircraft scheduling problems [23] can be cast into a
Hamiltonian for which the lowest energy state corresponds to the optimal solution of the given
task. Another task for quantum computers and simulators are calculations of proton folding [24,
25] which are relevant for the research of diseases and the development of medical drugs. Fi-
nancial market applications such as portfolio optimization, risk assessment and price prediction
sprout [26–29] and are investigated by researchers and companies alike. In order to share secrets
such that even the most powerful supercomputers can not refactor the information, quantum
cryptography [30–32] and communication [33] can be used. They spark interest in security com-
panies and the military and may even be included in the electronics of mobile phones in the form
of random number generators in the near future. Finally, quantum sensing [34–37] can enhance
the detection of very weak signals to a high precision used, e.g., for medical applications and bio-
sensors or the detection of particles in real time [38]. Quantum metrology [39–41], on the other
hand, focuses on the measurement of physical parameters and constants to ever higher accuracy.

In order to overcome some of the obstacles and pave the way towards the realization and im-
provement of these technologies, it becomes apparent that precise control of the used quantum
system, and the operations performed on it, is a must. The fundamental physics of the most
widely used quantum systems is usually well understood [42]. It is the interaction of the system
with it’s environment that leads to errors in the state preparation, the execution of state manip-
ulations and the preservation of quantum information. To be able to manipulate the state of a
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1 Introduction

system and interact with it, it has to be sensitive to electromagnetic fields. These fields are used
to drive transitions between different states in the energy spectrum and couple to other systems
in order to exchange information. However, if such interactions happen unintentionally it can
lead to, e.g., the loss of coherence, the decay of a state into another, or leakage to undesired sub-
spaces. The sources of these detrimental effects can either be inherent to the system due to the
nature of its properties, they can be introduced during its fabrication or unavoidably occurring
defects or vibrations in the surrounding host material, or can be caused by imperfections and
fluctuations of the electronics used for the control and read-out [43, 44]. Typically, the quantum
systems are controlled by irradiation with laser light, oscillating microwave of radio-frequency
fields, or potential wells in order to trap, move and excite particles. Since these controls are not
just static values but are varied over time, their exact modulation is crucial for the success of a
desired operation. To find the optimal way to design these controls, Quantum Optimal Control
(QOC) offers a set of methods and strategies to accomplish the implementation of an operation
on a quantum system in the best way possible [45]. These controls can be constant but variable
parameters such as bias voltages, dwell times and laser attenuation or time-dependent functions
of, e.g., the amplitude for a voltage ramp [46]. By the definition of a quality or cost func-
tional that depends on the provided controls and the fidelity of the resulting action, a number
of algorithms can be employed to find an optimal solution [47]. Depending on the problem at
hand and the amount of knowledge about the system, the methods can range from analytical
solutions over numerical approaches to black-box optimization. If a trustworthy model of the
system can be written down in equations, gradient-based optimization has proven very effective
for open-loop optimization, where the controls are found in simulation [48]. To take specific
properties of the conditions in the lab or on a machine into account, closed-loop optimization
with information from measurements on an experimental setup can be performed.

In this thesis, we want to focus on the latter part of closed-loop QOC in particular and see, how
it can be applied in the laboratory using two different quantum systems [1, 3] in combination
with specifically for this purpose developed control software [2]. Chapter 2 gives an introduction
to QOC, followed by an overview of gate evaluation metrics. The nitrogen vacancy center
in diamond is discussed and some applications are illustrated. On the example of pentacene in
naphthalene, methods for dynamic nuclear polarization are explained and the system is extended
with a cavity. Equipped with this knowledge, the first publication in Chapter 3.1 shows our
advances in the polarization of the protons in naphthalene molecules through the optically
accessible pentacene electron spin. Closed-loop optimization of the applied microwave pulses
lead to the development of a protocol called ARISE to facilitate the design and optimization of
hyperpolarization sequences. In Chapter 3.2, the Quantum Optimal Control Suite (QuOCS) is
highlighted, its features are explained and some application examples are demonstrated. Finally,
the work shown in Chapter 3.3 investigates the suitability and properties of gate and gate-set
evaluation metrics for their use in closed-loop optimization through experiments using a nitrogen
vacancy ensemble in diamond.
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2 Fundamentals and Methods

This chapter introduces the fundamental concepts of the investigated quantum systems and the
methods used for the theoretical understanding, simulation and optimal control in this thesis.

2.1 Quantum Optimal Control

2.1.1 Control Theory

In the 17th century great minds like Galileo Galilei [49], Johann Bernoulli [50], Isaac Newton [51],
Gottfried-Wilhelm Leibniz [52] and Marquis de l’Hôpital [53] were already concerned with op-
timal control problems. Bernoulli proposed one of the first and most famous optimal control
problems, later to become known as the brachistochrone problem. Similar to a problem that
Galilei discusses 58 years earlier, he wants to find the fastest way to get from one point to a
lower point in space under gravity in the shortest time possible. Not unlike today’s problems,
where we often want to navigate through the state-space of a quantum system [54], this problem
can be tackled by variational calculus and optimal control. One of the fundamental theorems
for modern control theory is Pontryagin’s maximum principle, that connects the solution of an
optimization problem to the Hamiltonian description of the system [55].

A quantum system in the simplest case is usually described by two parts: the drift Hamiltonian
Hd(t) and control Hamiltonians Hc,i(t), which both might depend on time. The drift Hamilto-
nian describes the dynamics of the system itself left alone or possibly under external fields that
cannot be manipulated directly. The control part describes external perturbations that can be
shaped in order to execute an operation or stir the system in a desired direction. The evolution
of the whole system is then governed by

H(t) = Hd(t) +
∑

i

ui(t) ·Hc,i(t) (2.1)

with the control amplitudes ui(t). Assuming Eq. (2.1) contains the full description of the system,
the time evolution of a state ρ =

∑
j pj |ψj⟩⟨ψj | with

∑
j pj = 1 can be written as the Liouville-

von Neumann equation [56]

∂

∂t
ρ =

i

ℏ
[ρ,H(t)] (2.2)

where from now on we are going to set ℏ = 1. Markovian as well as non-Markovian effects
can be included via Lindblad operators, Kraus operators or linear maps (see Secs. 2.2 and 3.1).
The time-evolution in a closed system can be expressed by the transformation of an initial state
ρ0 = ρ(t = 0) with a unitary operator U such that

ρ(T ) = U ρ0 U
† (2.3)

where the unitary gate is a solution of Eq. (2.2). This connects the control functions ui(t) to
the resulting final state under their influence and the effective action performed on the system.

In order to fully state the control problem, we now need to define the cost functional J (ρ0, {ui(t)} , t)
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2 Fundamentals and Methods

as the control objective that needs to be minimized to obtain the optimal solution for the given
control task. It is in general a functional of the initial state, the controls and the time. Ideally,
it is a convex and steady function with a single global minimum and can encode information
about the state of the system and the fidelity of operations on it, as is discussed in the next
section.

2.1.2 Control Objectives: The Figure of Merit

The control objectives include any condition that needs to be fulfilled to achieve a successful
operation. The cost functional for quantum control is mostly called the Figure of Merit (FoM)
and contains any relevant information about the quality of the applied manipulation to the
system and can be extended with additional conditions for constraints on the controls and the
state of the system itself during the evolution. One of the most commonly used objectives is the
fidelity F [57–59]. The definition of a fidelity changes depending on the context of its use. For
example can the fidelity of a state overlap between two quantum states be written as

Fψ = |⟨ψ | ξ ⟩|2 or Fρ =

(
tr

(√√
ρ ν

√
ρ

))2

(2.4)

where ψ and ρ are the evolved states and ξ and ν the targets. For unitary operations (gates) it
can be formulated in terms of a gate fidelity

FU =
1

N2

∣∣∣tr
(
U †V

)∣∣∣
2

(2.5)

where U is the control gate, V the target gate and N the dimension of the Hilbert space. This
representation disregards global phases, since they often are not relevant on the experiment. A
definition including the global phase can be made via

FU,Re =
1

N
Re
[
tr
(
U †V

)]
. (2.6)

To get the discrepancy between any two matrices A and B, regardless of their properties such
as unitarity, hermiticity or dimensions, the Frobenius norm of their difference can be used with

FoMFrob = ||A−B||Frob =

√√√√
m∑

k=1

n∑

l=1

|Ak,l −Bk,l|2 (2.7)

as a quantity to be minimized. One can note that 1
2N · ||U −V ||2Frob = 1−FU,Re in the case of U

and V being unitary. In optimization, it does not matter if the FoM is maximized or minimized.
For consistency and due to conventions we are always going to define the FoM as a functional
for minimization. Therefore, the appropriate FoM used to maximize fidelities is the infidelity
I = 1 − F , if the fidelity is properly normalized to always result in a value between 1 and 0.

However, more application-specific FoMs can be used as well. For sensing protocols the sensitiv-
ity can be optimized using Bayesian approaches [60] or the Fisher information [61]. Experimen-
tally, other quality or performance measures such as the polarization of nuclei in a sample using,
e.g., nuclear magnetic resonance (NMR) or the photoluminescence contrast for state preparation
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2.1 Quantum Optimal Control

can be used and appear in publications [1] and [2] and sections 3.1 and 3.2, respectively.

Most often several effects contribute to the total cost function. Thus, constraints or undesired
effects can be added to the FoM using weighted penalty terms. These so-called Lagrange mul-
tipliers balance the gain of the fidelity and negative contributions and in the optimal case the
infidelity as well as the penalty terms can be put to zero. These terms can include the population
of ”lossy” states during the time-evolution, large amplitude peaks of the control functions or
the total energy pumped into the system (see fluence in Supplementary of Ref. [3]).

2.1.3 Control Algorithms

The goal of optimal control is to find controls such that the cost functional is minimized. This
task can be done by numerous control algorithms of which some are summarized in this section,
where we will focus on methods developed specifically for Quantum Optimal Control.

One method is the design of a perpendicular pulse so that it compensates for the errors intro-
duced by the main pulse for a state transformation via the Derivative Removal by Adiabatic
Gate (DRAG) [62–64]. It is specifically useful to suppress leakage to close levels outside of the
computational subspace of the qubit.

Detailed knowledge about the quantum system and access to a reliable model opens up the pos-
sibility to calculate the gradient of the cost functional with respect to the control pulses. The
development of optimal control algorithms for quantum systems to shape the control pulses using
gradients started in the end of the 1980s by Rabitz and Tannor [65–67]. Krotov’s method [57,
68–71] calculates sequential updates for the control pulses at different times by considering the
overlap of a back-propagation with the old controls and a forward propagation with the new con-
trol functions. The slightly younger GRadient Ascend Pulse Engineering (GRAPE) [72] method
uses the gradient of a performance function to update the controls at each time-discretized step
in one iteration concurrently. This is done using two full time-evolutions, one forward and one
backwards, and has its origins in NMR and electron paramagnetic resonance (EPR) applica-
tions [73, 74]. Those methods usually adapt the amplitudes of piece-wise constant pulses and
can lead to sharp spikes that have large jumps between two adjacent time bins. The response
time of the experimental hardware often imposes bandwidth limitations on the controls that
have to be taken into account [75]. Extensions to generate smoother pulses have thus been
developed [76, 77].

However, the calculation of an exact gradient of the figure of merit with respect to each control
parameter is not always easy or efficient and can even be near impossible, e.g., in an experi-
ment. Furthermore, methods that generate smooth, bandwidth-limited pulses by design can be
favourable in many situations [78, 79]. The chopped random basis (CRAB) method aims to find
such pulses without using gradient information [80, 81]. The controls are hereby expanded in
a suitable basis of functions [82], like the Fourier basis or Chebyshev polynomials, that is trun-
cated at some order to enforce bandwidth restrictions. The remaining function space is then
chopped into smaller pieces and one specific basis function is selected randomly from each piece.
This strategy allows for an improved convergence of the algorithm [80]. Each basis element is
assigned one (or more) parameters such as their amplitude of how much they contribute in the
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2 Fundamentals and Methods

composition of the final pulse. A control pulse with CRAB can then be written in the form

ui (t)CRAB = g (t) +

Nb∑

k=1

c1,k sin (νkt) + c2,k cos (νkt) (2.8)

in the case of the Fourier basis. The update pulse composed of sine and cosine functions on the

interval
[
2π·nmin

T , 2π·n
max

T

]
is added to a provided guess pulse g(t). The integer Nb is the order

of basis discretization, nmin and nmax define the frequency range (typically nmin = 0) and c1,k
and c2,k are variable parameters. These parameters are then optimized to minimize the FoM of
the control problem using a suitable search method. By carefully selecting the number of basis
elements to contain as little parameters as possible but give the shaped control pulse enough
complexity to fulfil its purpose [83], the parameter-space can be kept to a minimum. In that
way, even very simple gradient-free methods as the Nelder-Mead simplex search algorithm can
be employed to find the best CRAB parameters. This advantage is especially useful for black-
box-like optimization scenarios, such as closed-loop experimental control, where no analytical
gradient is accessible and estimation would be too resource- and time-consuming. Although the
CRAB method has led to advances in control for various platforms [84–86] the restrictions on
the search-space can lead to false traps and local minima that are hard to escape from. In order
to circumvent such problems and improve the convergence of the optimization, the method can
be extended to what is called the dressed CRAB (dCRAB) algorithm [59, 87]. Instead of just
using one instance of a randomized basis, the optimization can be restarted once the current
control parameters have resided in a (possibly local) optimum. Keeping the so far improved
pulse shape, the controls can be updated with a fresh set of newly randomized basis vectors
in what is called a new super-iteration (SI). Similar to Eq. (2.8) the control pulse can then be
written as

ui (t)dCRAB = g (t) +

NSI∑

j=1

Nb∑

k=1

c
(j)
1,k sin

(
ν
(j)
k t
)

+ c
(j)
2,k cos

(
ν
(j)
k t
)

(2.9)

where NSI is the number of super-iterations. This changes the shape of the parameter landscape
and enables the algorithm to escape local minima and false traps to converge to a global optimum,
given the pulse restrictions and number of optimization steps. Successful usage examples of the
dCRAB method can be found for numerous quantum platforms [1, 3, 14, 88–94], which have to
deal with their own methodological or experimental oddities. Strategies to make this powerful
algorithm easily accessible and support the user with features to cope with experiment-specific
constraints and nuisances are provided in publication [2] and Sec. 3.2 of this thesis.

Naturally, gradient information can still be leveraged to improve the search for the optimal ex-
pansion parameters [76]. Methods like gradient optimization using parameterization (GROUP) [95],
gradient optimization of analytic controls (GOAT) [96] and gradient ascent in function space
(GRAFS) [97] aim to combine the idea of CRAB expansions with efficient gradient-based opti-
mization. Automatic differentiation (AD) has become popular in the machine learning commu-
nity [98] and the availability of many libraries, e.g., in Python such as PyTorch, TensorFlow,
and JAX or for Julia (see [99]) help to further advance numerical optimization [100, 101].

Now that we have seen how operations on quantum systems can be optimized, the question
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2.2 Gate Evaluation Metrics

arises: ”How do we extract information about the quality of a quantum operation?”. This
question is tackled in the next section.

2.2 Gate Evaluation Metrics

In Sec. 2.1.2 we have already seen the state and gate fidelity that can be used to assess how well
they overlap with a target. This, however, assumes the knowledge of the full state or matrix rep-
resenting the unitary quantum gates and is usually only accessible in calculations or simulation.
In this section, we want to have a look at a more general description of quantum operations and
processes and how they can be extracted and estimated by measurements on the system.

To make meaningful use of the system, one needs to be able to implement several gates that can
be combined into quantum circuits, i.e. sequences of gates, that perform a desired task. We will
call such a gate-set G and it can contain any gate that you can perform on the system, such as
for example

G = {G0, G1, G2, G3, G4, G5, G6}
= {1, Xπ/2, Yπ/2, Xπ, H, S} .

(2.10)

Here, the identity 1 is sometimes also called the null gate and denoted with {} to signify that
it means to ”do nothing for no time” [102]. Its purpose is to simplify the equations later in this
section. The X and Y gates are called Pauli gates and denote rotations of a qubit about the x-
or y-axis as generated by the spin-12 operators Sx = 1

2σx and Sy = 1
2σy, where σx and σy are

the respective Pauli matrices. The index indicates the angle of rotation so that we get, e.g.,

Xφ = e−iφSx . (2.11)

The Hadamard gate H is basically a rotation about the axis (x + z)/
√

2 on the Bloch sphere
and transforms the pure states |0⟩ and |1⟩ into equal superpositions with an opposite phase.
The phase gate S is a rotation of π

2 about the z-axis. Both gates can be decomposed into Pauli
gates [103] as done in Sec. 3.3.

In order to have the minimum set of gates needed to prepare any relevant state, we define

F = {F0, F1, F2, F3}
= {G0, G1, G2, G3} .

(2.12)

It is also needed for the readout of specific components of a state. These state preparation and
measurement (SPAM) gates are often also called the fiducials and the gate-set in Eq.(2.10) can
be named the germs [104].

The description of quantum operations as gates is sufficient if everything is perfectly unitary.
But in real life and on experimental setups noise sources acting on the system and the controls
can cause incoherent and statistical errors that do not preserve the unitarity, since most of the
times the full environment can not be considered. A way to elegantly represent such effects into
the description of a quantum process is the process matrix formulation discussed in the following
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2 Fundamentals and Methods

section.

2.2.1 Quantum Maps

Operations on quantum systems can be represented by linear maps Λ : H → H with the Hilbert
space H = Cd of dimension d that act on a density operator and transform it to another state
ρ 7→ Λ(ρ). Such a map can be written as

Λ(ρ) =

M∑

i=1

KiρK
†
i (2.13)

which is called the operator-sum representation [105] with the so-called Kraus operators {Ki} [106].
Since we want to describe a physical process, the density matrix should always stay positive
semidefinite under this transformation. This is also called complete positivity (CP) and fulfilled
if the linear map Λ̃ : H̃ → H̃ acting on the extended Hilbert space H̃ = H⊗H′ with any other
space H′ acts only on the original subspace, i.e Λ̃(ρ ⊗ ρ′) = Λ(ρ) ⊗ ρ′ [107]. Usually, we also
want to preserve the trace of ρ and this trace preservation (TP) is achieved by the completeness
condition

M∑

i=1

K†
iKi = 1 (2.14)

on the Kraus operators [102]. Such maps can be used to describe the actions of gates directly
but also be added on top to represent effects of noise that, e.g., lead to the depolarizing channel
with

K1 =

√
1 − 3p

4
· 1 , K2 =

√
p

4
· σx , K3 =

√
p

4
· σy , K4 =

√
p

4
· σz (2.15)

which shrinks the length of the Bloch vector so that for p = 1 the system ends up in a completely
mixed state.

The CPTP map in Eq. (2.13) can be extended by writing the Kraus operators Ki in terms of a
fixed set of operators that form a basis for the set of operators acting on ρ [105]. These can be
the Pauli matrices Pj ∈ P = 1, σx,−iσy, σz so that we write

Λ(ρ) =

d2∑

j,k=1

χjk PjρP
†
k . (2.16)

This form is called the chi matrix representation and we will call χ the process matrix. If the

Kraus operators are written as Ki =
∑d2

j=1 cijPj then chi is χjk =
∑

i cijc
∗
ik. The process matrix

has the advantage that the full effect of a quantum process can be captured and described by a
single matrix, i.e. the action of the gate itself plus phenomena like decoherence and relaxation
to the ground state.

This leads us to the question of how to determine the transformation that an unknown quantum
operation or a set of operations induce in a system by performing measurements on said system.
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2.2 Gate Evaluation Metrics

2.2.2 Tomography

Quantum Process Tomography

A well known method that uses state tomography to determine the process matrix of a quantum
operation is called quantum process tomography (QPT). Following Ref. [105], for a single qubit
this can be done by the preparation of the input states

|0⟩ , |1⟩ , |x⟩ =
1√
2

(|0⟩ + |1⟩) and |y⟩ =
1√
2

(|0⟩ + i|1⟩) (2.17)

via application of the appropriate fiducials on the state that can be prepared reliably on the
system (usually |0⟩). For example can |y⟩ be prepared by the application of a Xπ/2 gate on |0⟩
which is the SPAM gate F1 in the set defined in Eq. (2.12). Then the resulting output states
under the operation of interest are recorded as

ρ′1 = Λ(|0⟩⟨0|)

ρ′2 = Λ(|x⟩⟨x|) − iΛ(|y⟩⟨y|) − (1 − i)

2
(ρ′1 + ρ′4)

ρ′3 = Λ(|x⟩⟨x|) + iΛ(|y⟩⟨y|) − (1 + i)

2
(ρ′1 + ρ′4)

ρ′4 = Λ(|1⟩⟨1|)

(2.18)

which have to be mapped out by state tomography [108]. This can again be done using the
SPAM-set in Eq. (2.12) to determine the projection along each axis of the state on the Bloch
sphere by rotating it to the z-axis, assuming this is the accessible observable. Therefore, mea-
surements of the type

pij = ⟨⟨E|FiGtomogFj |ρ⟩⟩ (2.19)

are used, where Fj prepares the states in Eq (2.17), the application of the gate of interest Gtomog

is the Λ in Eq. (2.18) and the Fi are used to determine the resulting state. The double brackets
⟨⟨·| denote that we take the density matrices and operators in Hilbert-Schmidt space to simplify
the notation (see Refs. [3, 102] and Sec. 3.3). The initially prepared density matrix |ρ⟩⟩ is evolved
by the gates and SPAM gates and projected onto the measurement operator ⟨⟨E|. From the
specific choice of operators for Eq. (2.16) and the set of experiments in Eq. (2.18) that map

ρ1 = |0⟩⟨0| , ρ2 = ρ1 · σx , ρ3 = σx · ρ1 and ρ4 = σx · ρ1 · σx (2.20)

such that ρ′j = Λ(ρj) for j = 1, 2, 3, 4, a convenient expression for the process matrix can be
found as

χ = Θ

[
ρ′1 ρ′2
ρ′3 ρ′4

]
Θ with Θ =

1

2

[
1 σx
σx −1

]
. (2.21)

Repeating these measurements for all gates in the gate-set G can be used to characterize the
whole set. However, in QPT the SPAM-set is assumed to be faultless and all errors are attributed
to the investigated gate. If the SPAM gates are already imperfect, this can lead to false estimates

9



2 Fundamentals and Methods

of the process matrix. A method that analyzes the whole gate-set holistically, also acknowledging
errors and noise in the SPAM-set, is called gate-set tomography (GST). Therefore, some variants
of GST are discussed in the next sections.

Linear Inversion Gate-Set Tomography

Gate-set tomography can be used to estimate the total gate-set as a whole, including the state
that is prepared and the state for projective measurement. Linear inversion gate-set tomography
(LGST) is similar to QPT. Instead of measuring the effects of a single gate, we sandwich all
gates in our gate-set between every possible combination of state preparation and measurement
to obtain the expectation values

pijk = ⟨⟨E|FiGkFj |ρ⟩⟩ =
(
G̃k

)
ij

(2.22)

and define
(
|ρ̃⟩⟩
)
i

= ⟨⟨E|Fi|ρ⟩⟩ =
(
⟨⟨Ẽ|

)
i
. The quantities marked with a tilde then contain

the sorted, recorded expectation values. We have selected the first gate of G as the identity or
null gate, which by definition does not do anything, so we can use it to convert the measured

expectations values back to matrices that represent gate operations. Since G̃−1
0 G̃0

!
= 1 we can

use the Gram matrix g = G̃0 so that

Ĝk = g−1G̃k

|ρ̂⟩⟩ = g−1|ρ̃⟩⟩
⟨⟨Ê| = ⟨⟨Ẽ| .

(2.23)

The gates and states obtained in this way can be in a different gauge from the definitions in
Eq. (2.10) and Eq. (2.12). For the systems considered in this thesis, the z-axis is typically defined
through the experimental preparation and readout procedure. However, x and y are arbitrary
and only given by a relative phase shift of π/2. A global rotation of the coordinate system can
thus lead to the same expectation values for two different sets of gates, if they can be related
by a gauge transformation T ′

k = B̂−1TkB̂ ∀k. The sets {Tk} and {T ′
k} are then called gauge

invariant. Therefore, such a gauge transformation B̂ is used to match the estimates as close as
possible to the target definitions in the gate-set via

B̂∗ = argmin
B̂

K+1∑

k=1

Tr

{(
Ĝk − B̂−1TkB̂

)† (
Ĝk − B̂−1TkB̂

)}
(2.24)

with the K + 1th gate defined to be |ρ⟩⟩⟨⟨E|. The final estimates by LGST are then given by
the optimized gauge matrix B̂∗ via

Ĝ∗
k = B̂∗ĜK

(
B̂∗
)−1

|ρ̂∗⟩⟩ = B̂∗|ρ̂⟩⟩ and ⟨⟨Ê∗| = ⟨⟨Ê|
(
B̂∗
)−1

. (2.25)

At this point we could use the starred estimates to understand the gate-set at hand and its
actions. However, these gates and states are in general not physically correct, i.e. not normalized
and unitary, which is no surprise because they are build up from noisy measurement data and
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can’t represent decoherence effects properly. For this reason, typically process matrices are
reconstructed from the values in Eq. (2.22) using the estimates of Eq. (2.25) with a maximum
likelihood estimation.

Maximum Likelihood Estimation

In the context of gate-set tomography, the maximum likelihood estimation (MLE) aims to
find the most likely and physical description of the prepared states, projection operators and
actions of the quantum operations on the system. Especially for the LGST method described
above, where all entities are reconstructed from ”noisy” measurements, the closest estimate to
a physical representation of the system is desired. A suitable likelihood function for the LGST
measurements can be written with a normal distribution as [102]

L
(
Ĝ
)

=
∏

ijk

exp

(
−
(
pijk − p̂ijk(ξ⃗)

)2
/σ2ijk

)
(2.26)

where pijk describes the measured values, p̂ijk(ξ⃗) the estimators expressed through a parame-

terization with the parameters ξ⃗, and σijk being the sampling variance of the measurement. A
maximization of this likelihood function is then the same as minimizing the negative logarithm
of L. Written in terms of process matrices this results in the minimization of the least-squares
problem

l
(
Ĝ
)

=
∑

ijk

(
pijk −

∑

mnrstu

(χFi)tu (χGk
)rs
(
χFj

)
mn

Tr{EPtPrPmρPnPsPu}
)2

/σijk (2.27)

where ρ, E, and all χ depend on ξ⃗. A parameterization for the maximally likely initially prepared
state, the state onto which the measurements projects and the actions of the gates can be done
via a concatenation of several Kraus maps that describe rotations on the Bloch sphere and effects
like decoherence. These can then be combined in the process matrix or expression of the states
in Eq. (2.27). Using the guesses obtained from Eq. (2.25) these expansion parameters t⃗ can then
be found through a suitable minimization method implemented in packages such as SciPy or
Optim.jl, depending on the used programming language. Unfortunately, these minimizations
usually take several minutes on standard hardware [104, 109, 110] so the procedure can be
impractical for a closed-loop optimization.

Randomized Linear Gate-Set Tomography

A strategy that does not rely on the rigorous definition of fixed and predetermined circuits is
randomized linear gate-set tomography (RLGST) [111]. It aims to find the error matrices ek or
noise maps for a set of gates as well as ρ̂ and Ê. To this end, following Ref. [111], the noise
maps are defined as

Ĝk = (1 + ek) · Tk , |ρ̂⟩⟩ = (1 + eρ) · |ρT ⟩⟩ and |Ê⟩⟩ = (1 + eE) · |ET ⟩⟩ (2.28)

for a set of gates Ĝ where Tk, |ρT ⟩⟩ and |ET ⟩⟩ are the expected, ideal targets. Similarly to
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Eq. (2.22) in LGST, a number N of gate-strings Ĉ with the length L (number of gates in a gate-
string) are generated randomly from the gate-set. In that sense the gate-strings can bee seen
as a combination of state preparation, a subsequent operation on the state, and a measurement
sequence before the readout

Ĉ(i) = Ĝγ(L) · Ĝγ(L−1) · Ĝγ(L−2)...︸ ︷︷ ︸
measurement

...Ĝγ(j+1) · Ĝγ(j) · Ĝγ(j−1)...︸ ︷︷ ︸
operation

...Ĝγ(3) · Ĝγ(2) · Ĝγ(1)︸ ︷︷ ︸
preparation

. (2.29)

The lookup-table γ(j) → {1, ..., |G|} ∀j maps the randomized index j = 1...L to the gates in
the set G and takes care of the randomization. The number N of these gate-strings depends
on the size of the gate-set and should be larger than the number of noise parameters, i.e. the
number of entries in the error matrices. The expectation value of a ”noisy” circuit Ĉ can then
be expanded as

p̂(i) = ⟨⟨Ê|Ĉ(i)|ρ̂⟩⟩
= ⟨⟨C(i)⟩⟩

+ ⟨⟨eEC(i) +

L∑

j=1

T
(i)
γ(L:k+1)eγ(j)T

(i)
γ(j:1) + C(i)eρ⟩⟩

−− −−−−−−−−−−−−−−−−−−−−−−−−−−−
+ ⟨⟨eET (i)

γ(L:2)eγ(1)T
(i)
γ(1) + T

(i)
γ(L:3)eγ(2)T

(i)
γ(2)eγ(1)T

(i)
γ(1)

+ ... + T
(i)
γ(L:2)eγ(1)T

(i)
γ(1)eρ⟩⟩ + ...

(2.30)

where C is the idealized circuit. A linear approximation can be made if we have Lϵ ≪ 1 where
ϵ is an upper bound with ||ek||, ||eρ||, ||eE || ≤ ϵ and 0 < ϵ ≪ 1 for some matrix norm || · ||. In
that case, the last two lines in Eq. (2.30) are cut off and the differences between the measured
and expected values can be written as

∆p(i) = p̂(i) − p(i) = ⟨⟨Ê|Ĉ(i)|ρ̂⟩⟩ − ⟨⟨C(i)⟩⟩

≃ ⟨⟨eEC(i) +
L∑

j=1

T
(i)
γ(L:j+1)eγ(j)T

(i)
γ(j:1) + C(i)eρ⟩⟩

(2.31)

and only one insertion of the error matrix at each possible position in the gate-string is kept.
With the introduction of an orthonormal basis {|Ba⟩⟩}d2a=1 and using the identity∑

a |Ba⟩⟩⟨⟨Ba| = 1, we can write [111]

ek =
∑

a,b

⟨⟨Ba|ek|Bb⟩⟩|Ba⟩⟩⟨⟨Bb| =
∑

a,b

ek;ab|Ba⟩⟩⟨⟨Bb|

eρ|ρ⟩⟩ =
∑

a

⟨⟨Ba|eρ|ρ⟩⟩|Ba⟩⟩ =
∑

a

eρ;a|Ba⟩⟩

⟨⟨E|eE =
∑

a

⟨⟨E|eE;a|Ba⟩⟩⟨⟨Ba| =
∑

a

eE;a⟨⟨Ba|

(2.32)
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which can be linked to Eq. (2.31) through

∆p(i) ≃
∑

a

c(i)ρ;aeE;a +
∑

a,b

c
(i)
k;abek,ab +

∑

a

c
(i)
E;aeρ;a . (2.33)

The coefficients are then given by

c(i)ρ;a = ⟨⟨Ba|C(i)|ρ⟩⟩
c
(i)
k;ab =

∑

j|γ(j)=k

⟨⟨E|T (i)
γ(L:j+1)|Ba⟩⟩⟨⟨Bb|T

(i)
γ(j:1)|ρ⟩⟩

c
(i)
E;a = ⟨⟨E|C(i)|Ba⟩⟩

(2.34)

so that ∆p can be related to the error matrices, or more exact to a vector of the entries of all
error matrices, in the form

∆p = Ce
(pseudo) inverse−−−−−−−−−−→ e = C−1∆p (2.35)

where C is called the design matrix. By inversion of C, the systems of equations can be solved
directly from the deviations of the measured to the ideal expectation values and the knowledge
of the selected random gate-strings. The inversion is done through a pseudo-inverse, since C is in
general not a square matrix. From the error matrices one could reconstruct the estimates of the
gates and reach something similar to the results from LGST that can be further processed with
an MLE or used as a quick estimate for the gate-set’s quality. In the context of optimization,
however, the error matrices can be used directly to serve as a minimization target through
optimal control and is further discussed in Sec. 3.3 and Ref. [3].

2.2.3 Randomized Benchmarking

Randomized benchmarking (RB) is a well-known technique and a de facto standard protocol
used for systems based on, e.g., superconducting qubits [112–116], trapped ions [117–120], or
liquid-state NMR [121, 122]. The idea behind RB is to prepare the quantum system in an
initial state that can be prepared in a reproducible way. Then one randomly selects a number
L of gates from a set and finds the (L + 1)th gate such that it brings back the system in its
initial state. After the application of the random gate-string, the survival probability, i.e. the
probability to come back to the initial state, is determined (see Fig. 2.2.1). Therefore, this
randomized selection is repeated several times so that sufficient combinations in the gate-strings
are averaged. The experiment is repeated for varying gate-string lengths L.

The average fidelity of a unitary gate V under the completely positive map characterizing the
noise Λ is given by [123]

Fg(Λ, V ) =

∫
dψ ⟨ψ|V † Λ

(
V |ψ⟩⟨ψ|V †

)
V |ψ⟩ (2.36)

integrating over every state in the Hilbert space. We want to put all the experimental control
errors and inherent decoherence of the system into the map Λ and prepare a fixed, arbitrary
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input state |ψ⟩ so that the average gate fidelity over all unitaries U is [124]

Fg(Λ
twirl) =

∫

U
dµ(U) ⟨ψ|U † Λ

(
U |ψ⟩⟨ψ|U †

)
U |ψ⟩ (2.37)

where dµ(U) means that the unitary U is selected from the Haar-measure [125]. This way the
channel Λ is twirled over the Bloch sphere to capture all possible effects and get a proper average.
The so twirled and Haar-averaged map Λtwirl can then be seen as a depolarizing channel that
decays the survival probability exponentially with the length of the twirling sequence [123]. In
order to measure this average gate fidelity, the integral in Eq. (2.37) needs to be replaced by a
discrete set of measurements. This can be done if the set of gates from which the U are selected
forms at least a unitary 2-design [126]. Fortunately, the Clifford group fulfills this property [127,
128] and even has the advantage that the final gate in a sequence, to bring back the state to its
initial position, can be found efficiently [129].

G ∈ 𝓖 G ∈ 𝓖 G ∈ 𝓖 F ∈ F LaserLaser

randomly selected

L number of gates

selected such that state 
is flipped back to ρ0

Figure 2.2.1: Visualization of an RB measurement. The initial state ρ0 is prepared with a laser
pulse (as done, e.g., for NV centers). A number L of randomly selected gates is applied, whereas
the last gate is selected such that it brings back the state to the initial ρ0 in the ideal case. A
second laser pulse is used for the readout (and renewed preparation for the next measurement).

By increasing the number of Cliffords, L, an exponential decay of the survival probability can
be expected. For a single qubit the Clifford group consists of 24 unique elements that can be
composed of the gates defined in the gate-set as used in Sec. 3.3 [103]. On average one Clifford
gate corresponds to 1.833 gates of the gate-set. The decaying survival probability is typically
fitted by a model

Fseq(L) = A · pLref +B (2.38)

to obtain pref, where L is the length of the Clifford sequences. Higher order fit models are also
possible [130]. The parameters A and B absorb the SPAM errors and the error on the final
gate. The decay parameter pref is related to the average error per Clifford r = 1 − Fave =
1− pref − (1− pref)/d, with d = 2n being the dimension of the Hilbert space, so that the average
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(Clifford) gate fidelity is [121]

F ave = pref +
1 − pref

d
. (2.39)

Interleaving a target gate of interest between each individual Clifford and performing the same
fit to obtain pgate leads, after subtraction of the reference, to the interleaved gate error [131]

rgate =

(
1 − pgate

pref

)(
d− 1

d

)
. (2.40)

Optimization of the gate fidelities directly via RB can be done via a method called optimized
randomized benchmarking for immediate tune-up (ORBIT) [132]. Here, the sequence fidelity,
i.e. the survival probability, at a fixed length L is optimized. This also enables us to vary the
length of the randomized gate-string to see the effect of an optimization on different regimes,
similar to RLGST. Based on these principles, even more advanced methods such as for example
randomized compiling [133] can be used for error mitigation and the improvement of the average
gate fidelity.

The methods discussed in this chapter have been used and investigated for gate and gate-set
optimization in Ref. [3] and Sec. 3.3 with an experimental application to an ensemble of nitrogen
vacancy centers in diamond. Therefore, an overview of this platform and its properties is given
in the next section.
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2.3 The Nitrogen-Vacancy Center

2.3.1 Overview

The nitrogen-vacancy (NV) center is a point defect in diamond [134]. It is formed by the
replacement of two carbon atoms in a diamond lattice by one nitrogen atom and the creation
of an adjacent vacancy [135]. The resulting structure is also called a color center due to its
photoluminescent properties. Besides the NV center, other defects such as germanium- [136],
silicon- [137–139] and tin-vacancy [140] have been investigated and display similar properties.
Recently, point defects in the lattice of silicon carbide have become more and more popular [141,
142]. In this thesis, however, we want to focus on the NV center in diamond.

N

V

Figure 2.3.1: Nitrogen Vacancy in the Diamond Lattice. The nitrogen atom is shown in green
and the adjacent vacancy in blue. Carbon atoms of one unit cell are colored black with their
covalent bonds in brown.

When a nitrogen atom is injected into the diamond lattice, the three free electrons of the N-atom
bind to three surrounding carbon atoms. The two unbound valence electrons of the nitrogen
atom and the three remaining electrons of the carbons around the vacancy form the nitrogen
vacancy center in its neutral charge state [143]. Typically, another electron is caught from a
nearby donor in the diamond lattice, leading to what is called the NV− charge state. NV centers
can occur in different charge states, namely NV0, NV− and in principle in NV+ [144]. Due to
its optical spin properties explained in the following, we limit the discussion to the NV− center
which will simply be called NV center in this work. This electron configuration results in an
effective spin S = 1 system with a ground state |ms = 0⟩ = |0⟩ and the degenerate states
|ms = ±1⟩ = | ± 1⟩. They are split by Dgs = 2.87 GHz if no electromagnetic fields are ap-
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plied to the system [145] as indicated in Fig. 2.3.2. From these levels the NV can be excited
optically with a wavelength of typically 532 nm while preserving the spin state (green arrows in
Fig. 2.3.2). After dissipation of vibronic excitations to the diamond lattice, the states can decay
radiatively back to the ground states under emission of a photon with 637 nm at the zero phonon
line (ZPL) (red arrows in Fig. 2.3.2) and a wide phonon side-band at higher wavelengths [145].
For the ms = ±1 states of the excited triplet, however, there is a chance that they decay back
to the ground state via a pair of singlet states, also called inter-system crossing [146], as shown
in Fig. 2.3.2. This process happens under emission of a photon with much lower energy and is
mostly filtered out in experiments, which is why | ± 1⟩ are also called the dark states. A decay
via this path is not spin preserving and ends up in the ms = 0 projection of the ground triplet
states. In that way the NV center can be optically pumped into the |0⟩ ground state [147] and
initialized for the use in experiments. At the same time this mechanism is utilized to measure
the integrated emission of fluorescence for repeated sequences in order to determine the final
state of the electron spin afterwards [148]. The readout and initialization conveniently happen
simultaneously.

weak

stro
ng

weak

strong

Figure 2.3.2: Energy level scheme of the NV center. The |ms⟩ = 0 and |ms⟩ = ±1 ground
state levels are split by the zero-field splitting Dgs if no magnetic field is applied. Irradiation
with a green laser (λ = 532 nm) excites the states to higher energy levels from which two decay
paths are possible. A radiative decay directly back to the ground state emits a photon with a
wavelength of 637 nm at the zero phonon line (ZPL). A second path via two meta-stable singlet
states is possible and more likely if the NV was in the excited |ms = ±1⟩ spin projection. Under
Application of a static magnetic field, the degeneracy between |ms = +1⟩ and |ms = −1⟩ is lifted
and they are split by 2γNVB through the Zeeman effect. The |ms⟩ = 0 state is left untouched.
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Setting ℏ to 1, the Hamiltonian for the electron spin part of the NV center can be written as [58,
148–151]

Hel =

ZFS︷ ︸︸ ︷
Dgs

(
S2
z −

2

3

)
+

magnetic︷ ︸︸ ︷
γNVB · S

+ ϵ∥Ez

(
S2
z − 2

3

)
− ϵ⊥

[
Ex (SxSy + SySx) + Ey

(
S2
x + S2

y

)]

︸ ︷︷ ︸
electric

(2.41)

where E = (Ex, Ey, Ez)
⊺ and B = (Bx, By, Bz)

⊺ are constant electric and magnetic fields, respec-
tively, and S = (Sx, Sy, Sz)

⊺ is the vector of spin matrices for S = 1. The first term describes the
aforementioned zero-field splitting (ZFS) in the absence of external electromagnetic fields. Mag-
netic fields couple to the NV via the second term in Eq. (2.41) with the gyromagnetic ratio for the
NV center of γNV = 28 GHz/T [148]. The electric part in the second line of Eq. (2.41) describes
the effects of both, external electric fields as well as effective fields arising from strain on the
crystal. The simplification of the coupling coefficients to only be along the NV axis (ϵ∥) or per-
pendicular to it (ϵ⊥) can be made due to the C3v symmetry of the defect [150]. Since the strength
of the electric coupling is much weaker than γNV, being only around ϵ∥ = 17 Hz/(V cm−1) and

ϵ⊥ = 0.35 Hz/(V cm−1) [150], they are often neglected or absorbed into the effective transition
frequency of the states.

Apart from these effects, other spins surrounding the NV center can also have an influence and
are discussed in the next subsection.

2.3.2 Interaction with Nuclear Spins

Nuclear spins in the vicinity of the color defect can interact with the electron spin of an NV
center [152]. The first candidate is the inherent nitrogen that comes with the NV center. The
naturally more abundant 14N has a spin of I = 1 while the isotope 15N, that can be introduced
during synthesis of the defect, is an I = 1

2 nucleus [145]. They have the strongest interaction
strength due to their small distance to the electron cloud. Next up are the carbon atoms of
the hosting diamond lattice. The common 12C, with an abundance of 98.9 % [153], have a spin
of zero and, therefore, do not interact with the electron spin, allowing for long coherence times
due to the spin-free environment. Diamonds that are enriched with 13C, however, can contain
an adjustable amount of the carbon isotope that is seen by the NV center and connects with
I = 1

2 . The extended Hamiltonian, that includes also interactions with nuclear spins, is [145]

HNV = Hel + ·
∑

k

(S ·Ak · Ik + Ik ·Pk · Ik − γk ·B · Ik) . (2.42)

The hyperfine tensor Ak describes the interaction between the electron spin and nucleus k.
Some nuclei can exhibit quadrupole interaction, which is encoded in Pk. Coupling constants for
nitrogen are in the range of a few MHz whereas 13C reaches over 130 MHz [154, 155]. Similar
as in Eq. (2.41) can the magnetic field influence the other spins and in this case it couples via
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the species-specific gyromagnetic ratio γk to the nuclear spin. The most relevant examples are
γ14N ≈ 3.1 kHz/mT, γ15N ≈ −4.3 kHz/mT, and γ13C ≈ 10.7 kHz/mT [156].

Typically, a static magnetic field along the symmetry-axis of the NV center is applied to induce
a Zeeman splitting (see Fig. 2.3.3)), usually between 400 − 500 G (40 − 50 mT). This lifts the
degeneracy between the |+1⟩ and |−1⟩ projections of the electron spin so that these transitions
can be driven selectively. If the splitting is large enough, only one transition can be selected
and serve as an effective two level system, i.e. our qubit. Furthermore, if the splitting between
the two selected states along the z-axis is large enough, Eqs. (2.41) and (2.42) can be simplified
because only the terms parallel to the NV axis remain and perpendicular terms for the electron
spin part are rendered negligible. This is also called the secular approximation [157].

Figure 2.3.3: ODMR Spectra of an NV center with fluorescence dips for the transitions from
ms = 0 to | − 1⟩ and | + 1⟩ at different magnetic fields shifted by the Zeeman effect. The main
dips are split by the hyperfine interactions with an 14N triplet.

2.3.3 Driving and ODMR

To drive the NV center between the ground and one of the excited states in the lower level, a mi-
crowave (MW) field that generates an oscillating magnetic field in the form HD = Ω cos(ωDt)Sx
can be added to the system in Eq. (2.41) where Ω depends on the magnitude of the applied
magnetic fields. If the frequency of the driving field matches the transition frequency ωab of
two levels of the energy spectrum, the spin states start performing Rabi oscillations with the
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flip-flop probability

Pa→b(τ) =
Ω2

Ω2 + ∆2
sin2

(√
Ω2 + ∆2

2
· τ
)

=
Ω2

Ω2
eff

sin2

(
Ωeff

2
· τ
)

(2.43)

where Ω is called the Rabi frequency, that corresponds to the magnitude of the driving field and
influences the speed of the oscillations, and ∆ = ωD − ωab denotes the detuning of the drive
frequency ωD to the resonance frequency ωab between states a and b. If the drive frequency is
swept while continuous illumination with green laser light, a dip in the detected fluorescence
is detected if the MW frequency hits a resonance condition (population of dark states). This
phenomenon is called optically detected magnetic resonance (ODMR) [158].
Instead of continuous wave irradiation, pulsed ODMR [159] can be used to apply narrow-band
pulses that can even resolve the hyperfine and quadrupole splitting of the NV due to the nitrogen
atoms (see Fig. 2.3.3)).

2.3.4 Applications of Color Centers

NV centers live in the inert host material diamond. That means their bio-compatibility enables
applications in biological systems such as living cells [160–162]. What favours applications in
life sciences is the possibility to work with the system at room temperature, which also reduces
the complexity of experimental setups and the cost of hardware. Nonetheless, they can be
cooled down to cryogenic temperatures to significantly enhance their lifetime and coherence
times [163]. In bulk diamond the color defects are located at a fixed position but they can also
be placed into nanostructures [164] or attached to atomic force microscope (AFM) tips and used
as scanning probe spin sensors [165]. Nanodiamonds containing NVs can be functionalized to
act, e.g., as biomarkers [166] or used for drug delivery [167]. Since color defects in diamond are
not composed of molecules that can decompose or react, they display no problematic photo-
bleaching or blinking [168], especially if used in bulk diamond.
3D electric field sensing for alternating current (ac) as well as direct current (dc) can be per-
formed with single NV centers [169]. Scanning electrometry with NVs in an AFM tip [170]
can be used to probe materials and in-situ monitoring of the electrolyte to determine battery
degradation was shown [171]. Due to the stronger coupling to magnetic fields, a plethora of
applications for magnetic field sensing with NV centers exists. They range from sensing ac and
dc fields [172–174] over scanning probes [175, 176], also with temporal resolution [177], and even
resulted in magnetometer prototypes [178].
The zero-field splitting parameter Dgs is temperature-dependent, so NV-based thermometers
were demonstrated [179, 180] that can be used, in the form of nanodiamonds, to detect tem-
perature changes in living cells [160]. Furthermore, applications to sensing pressure [181, 182]
and even keeping time for GPS localization [183] were proposed. A comprehensive overview of
quantum sensing in general and with NV centers can be found in Ref. [184] and Ref. [35].
In order to go towards quantum computing with NV centers, a network of the NV’s electron spin
coupled to individual nuclear spins can be used [185]. This is often called a spin register. The
electron spin, which can easily be initialized, read out and manipulated, serves as a mediator to
encode states stored in the nuclei, to entangle them and perform operations on the register [13].
Fig. 2.3.4 a) shows an illustration of such a spin register. To sense and detect the nuclear spin
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a) b)

c)

Figure 2.3.4: Sensing nuclear spins. a) Illustration of the NV electron spin coupled to the in-
herent nitrogen and eight carbon atoms [13], b) Dynamical decoupling sequence used for sensing
individual nuclei, c) Dynamical decoupling spectrum that shows the fingerprints of individual
13C atoms (adapted from [163]).
Image in a) published by the American Physical Society under the terms of the Creative Commons Attribution 4.0 In-

ternational license. Image in c) published by Springer Nature under the terms of the Creative Commons Attribution 4.0

International license. Link: https://creativecommons.org/licenses/by/4.0/

environment, dynamical decoupling (DD) sequences can be used, where repeated π-pulses on
the electron spin with a temporal spacing matching the frequency of a nuclear spin’s Larmor
precession leads to a dip in the recorded spectrum (see Fig. 2.3.4 b) and c)) [163]. In fact, the
same DD sequences can be used to control the individual nuclear spins [186] or to decouple and
protect the electron spin from decoherence. More complex operations can be used to build up
specific quantum circuits, e.g. using CNOT gates [187], to achieve universal control of a spin
register [185]. Lastly, quantum jumps on a single nuclear spin can be detected in real time with
a single-shot readout strategy using the electron spin [188].

NV centers can also be used as a single photon source, even at room temperature [189, 190].
This enables the entanglement between two distant NVs via photons over large distances [191,
192] and the design of quantum repeaters [193].

2.3.5 Ensembles of NV Centers

Ensembles of nitrogen vacancy centers allow for the accumulation of the fluorescence of many
color centers simultaneously, boosting the signal-to-noise ratio (SNR) of the measurement. Since
the SNR is proportional to the square root of the NV concentration SNR ∝

√
N , such ensembles

can lead to a much faster readout and improved sensitivity [194]. Their coherence times at room
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temperature have been shown to be T2 > 600 µs for Hahn-echo measurements [195] which can
be improved by, e.g., depleting the host diamond of impurities and the naturally abundant 13C.

Various fabrication methods to produce diamonds containing ensembles of NVs with different
concentrations, depths, and compositions of the nuclear spin environment enables tailored prop-
erties for applications as sensors [195, 196]. Most prominent and promising is the use of NV
ensembles as magnetometers with high sensitivities and a large field-of-view [173, 197, 198] also
for wide-field microscopy [199–202] and under high pressure [203]. They can also be used for
the imaging of thin films [204] to reconstruct the current flow in, e.g., thin graphene ribbons.
Figure 2.3.5 shows the magnetic fields and reconstructed currents flowing through a graphene
ribbon measured using a thin layer of nitrogen vacancy centers [205].

a) b)

Figure 2.3.5: Imaging the current flow in graphene with NV ensembles. a) Maps of the mag-
netic field in x-, y-, and z-direction produced by a current (left) and reconstructed current
density (right). b) Flow of currents near metallic contacts connected to the graphene ribbon.
(Figures adapted from [205])
Images published by the American Association for the Advancement of Science under the terms of the Attribution-

NonCommercial 4.0 International license. Link: https://creativecommons.org/licenses/by-nc/4.0/

Besides magnetic fields, electric field sensing with ensembles to investigate and characterize
charge environments has been performed [206]. Lastly, new phases of matter with properties
such as a discrete time-crystalline order are explored using ensembles NVs [207, 208].

2.4 Dynamic Nuclear Polarization

2.4.1 Overview

Magnetic resonance imaging (MRI) is based on the use of very strong magnetic fields to in-
troduce a, albeit tiny, polarization of the nuclear spins inside the object that is examined. In
order to increase the spin polarization given by the Boltzmann distribution, either the magnetic
field needs to be increased, or the temperature has to be lowered. This would result in a higher
resolution of the image or shorter measurement times, which benefit living patients inside the
scanner. The world’s most powerful MRI scanner uses a magnetic field of 11.7 Tesla with even
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stronger ones on the way [209]. Lower temperatures are often not an option due to the detri-
mental effects on a living organism. Therefore, other ways to increase the nuclear polarization
are of high interest. Hyperpolarized samples have so been successfully used for, e.g., sensitivity
enhancement of NMR experiments [210–213] or to develop broadband neutron spin filters [213–
216].

2.4.2 The Integrated Solid Effect

Dynamic nuclear polarization (DNP) is a hyperpolarization technique where the spin polariza-
tion of an electron spin is transferred to nuclear spins. These polarizable electron spins are
usually introduced into the sample artificially and then manipulated to interact with the nuclei.
In this thesis the focus lies on DNP schemes based on the solid effect [217]. Let’s assume a
Hamiltonian of the form

H = ωSSz + 2Ω cos(ωdt)Sx + ωI
∑

i

Iiz +
∑

i

S ·Ai · Ii (2.44)

for an electron spin with S = 1
2 and a number of nuclear spins with I = 1

2 and ℏ is set to
1. The oscillation frequency ωS includes the ZFS and the Zeeman effect. The electron spin is
driven by an oscillating field with frequency ωd and Rabi frequency Ω. The nuclear spins have
a Larmor frequency ωI and couple to the electron according to the last part of Eq. (2.44). In
a rotating frame about the z-axis with the drive frequency and assuming only one nuclear spin
for readability, the Hamiltonian can be written as

HIP = ∆Sz + ΩSx + ωI Iz + Sz (AzxIx +AzyIy +AzzIz) (2.45)

where we have used the rotating wave approximation (RWA) to truncate the Hamiltonian of
fast oscillating terms. Additionally, the secular approximation was used because, due to the
large ZFS and Zeeman splitting of the electron, the perpendicular coupling terms are orders of
magnitude smaller than the Sz components [157] for the systems considered in this thesis [173,
218–221]. The detuning ∆ describes the mismatch of drive and resonance frequency ∆ = ωS−ωd.
To access the polarization and make the two spins talk to each other, the electron spin needs to
be flipped away from the z-axis. Following Ref. [222], this can be described by tilting the frame
of reference about the y-axis about an angle

sin(β) =
Ω√

∆2 + Ω2
=

Ω

Ωeff
(2.46)

with the operator U = exp(iβSy) so that the new z-axis is along S′
z. The tilted Hamiltonian

then is

H ′ = Ωeff S
′
z + ωI Iz +

1

2
cos(β)S′

z (Az+I− +Az−I+ + 2AzzIz)

+
1

4
sin(β) (S+ + S−) (Az+I− +Az−I+ + 2AzzIz)

(2.47)
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with

S± = S′
x ± iS′

y

I± = Ix ± iIy

Az± = Azx ± iAzy .

(2.48)

Subsequently, another transformation into a frame rotating about the first term of Eq. (2.47),
i.e. Ωeff S

′
z + ωI Iz, can be made to average over a time t > 2π

ωI
. Since for polarization transfer

to occur the Hartmann-Hahn condition [223]

Ωeff =
√

∆2 + Ω2 ≈ ωI (2.49)

needs to be fulfilled, so that the rotations of the electron spin induced by the drive happen with
the same frequency as the Larmor precession of the nuclei and they are therefore on ”speaking
terms” with each other. This drops out fast oscillating contributions perpendicular to the new
z-axis. After a final transformation back into the previous frame, we arrive at

H ′′ = Ωeff S
′
z + ωI Iz + cos(β)AzzS

′
zIz −

1

4
sin(β) (Az+S+I− +Az−S−I+) (2.50)

and can recognize the flip-flop terms S+I− and S−I+ that are responsible for the polarization
transfer. For an electron spin with S = 1 which is reduced to an effective 2-level system, the z-
spin operator looks like Sz = |1⟩⟨1| = 1

2 (1 − σz) and leads to a shift of the Larmor frequency by
1
2Azz and therefore to the adapted Hartmann-Hahn condition of

√
∆2 + Ω2 = |ωI ẑ + 1

2A| [224,

225]. In that case the prefactor of the drive also needs to be changed to a
√

2 in Eq. (2.44).

One method to perform DNP is called nuclear spin orientation via electron spin locking (NOVEL)
[222, 226–228] where the electron spin is flipped with a π/2-pulse and then driven by a microwave
perpendicular to the flipping pulse. In that case β = π

2 and the polarization is flipped after a
duration of 2π

|Az±| . After transfer the polarization is distributed to surrounding nuclear spins

through what is called spin diffusion [229]. The whole process is then repeated numerous times
to slowly build up a significant polarization in the sample.

However, if the electron spin resonance line is broader than the resonance frequencies due to
the hyperfine interaction with the nucleus, DNP with the solid effect is strongly hindered [230].
Therefore, an improved scheme called the integrated solid effect (ISE) is often used. ISE uses the
idea of a Landau-Zener transition [231, 232] where either the microwave frequency of the drive
on the electron is swept at constant external magnetic field, or by sweeping the magnetic field
while fixing the drive frequency and amplitude. By doing so, the Hartmann-Hahn resonance
condition in Eq. (2.49) is passed twice as is illustrated in Fig. 2.4.1. Performing such an adiabatic
fast passage through the electron resonance line drastically increases the polarization transfer
rate [233] and has even led to a proton polarization of 80 % [214]. It can be very helpful if
there are several nuclei coupling with similar magnitudes. Then the resonance condition can
be fulfilled for all of them on the way during the variation of the detuning and the overall
polarization transfer is improved.

NOVEL [225, 228] as well as ISE [228, 234, 235] were experimentally investigated with NV
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Figure 2.4.1: Illustration of the Integrated Solid Effect. The blue circle indicates the Hartmann-
Hahn condition in Eq. (2.49) which is met twice if the frequency of the driving MW is varied
around the electron spin resonance frequency at constant amplitude Ω.

centers to polarize its surrounding spin bath (see Sec. 2.3.2). Other interesting systems that
were used as a test bed for the ISE development are p-type silicon wavers doped with boron [230]
and the electron spin of pentacene molecules embedded in, e.g., a naphthalene host to polarize
the protons of one or both molecules [233]. In this thesis we want to have a closer loot at the
system of pentacene in naphthalene in the next section.

2.4.3 Pentacene-doped Naphthalene

Pentacene molecules can be inserted into the crystal structure of a naphthalene host by replacing
two translationally equivalent C10H8 molecules along the c-axis [236]. The pentacene molecules
are slightly tilted by 10◦ from that axis [237] so the structure looks as depicted in Fig. 2.4.2.
The electron spin of pentacene can be excited from a singlet ground state to an excited state
S1 from which it converts into triplet states T1 via inter system crossing [238] as is shown in
Fig. 2.4.3. Since the lifetime of the singlet state is much shorter than the decay from the triplet
states, the system can be pumped into T1 by repeated laser excitation [239]. The levels are then
mainly populated in the ms = 0 with P (|T0⟩) = 0.76 and P (|T+⟩) = P (|T−⟩) = 0.12 [240].
The lifetime of the triplet state is on the order of 20 µs [237] and can be extended by using
deuterated pentacene (pentacene-d14) instead of normal molecules with hydrogen atoms, which
also narrows the ESR linewidth [241]. A static magnetic field aligned along the x-axis of the
pentacene induces a Zeeman splitting and can be used to tune the resonance frequency of the
triplet state transitions. By using a microwave filed to manipulate the electron spin states and
DNP strategies discussed above, the optically induced polarization can be transferred to the
surrounding nuclear spins. In the case of pentacene-d14 the resonance condition can be tuned
such that only the protons of naphthalene are addressed. The concrete terms for the hyperfine
tensor can be calculated from the relative position of the nuclei in the lattice with respect to
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the electron spin [224].

Figure 2.4.2: Crystal structure of naphthalene doped with pentacene. The pentacene (purple)
molecule can be in two different positions tilted by 10◦ with respect to the c-axis of the naph-
thalene crystal lattice [242].
Image reprinted from T. Eichhorn, M. Haag, B. van den Brandt, P. Hautle, W. Wenckebach, S. Jannin, J. van der Klink,

and A. Comment, “An apparatus for pulsed ESR and DNP experiments using optically excited triplet states down to

liquid helium temperatures”, Journal of Magnetic Resonance, Vol. 234, pp. 58–66, Copyright (2013), with permission from

Elsevier.

2.4.4 Spins inside a Cavity

In some experiments, the sample with the spins and polarization target is put inside of a res-
onator [243]. This can be done, e.g., to obtain a stronger field for higher Rabi frequencies [244]
or a more homogeneous field distribution.

The Hamiltonian for the system of cavity, electron spins, and external driving field can be
written in a Jaynes–Cummings form with the creation and annihilation operators a†c and ac for
the cavity and the raising and lowering operators for the spins inside as σj+ and σj−. It reads [245]

Hcsd = ∆csa
†
cac +

1

2

∑

j

∆jσ
j
z

+ i
√

2γcav

(
β(t)a†c − β(t)∗ac

)
+
∑

j

gj

(
σj+ac + σj−a

†
c

) (2.51)

in the frame rotating with the spin frequency ωs. The first term describes the field inside the
cavity with the detuning from the spins ∆cs = ωc − ωs and the second term describes the spins
that can be detuned from their average frequency by ∆j = ωj − ωs. The interaction of the
drive β(t) via the cavity response γcav is given by the third term. The last part shows the
exchange between cavity and spins with each spin’s potentially individual coupling strength gj .
Assuming the field inside the cavity is strong enough to be treated classically the average of the
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Figure 2.4.3: Energy level scheme of pentacene coupled to a nucleus. Excitation with a laser
drives the electron spin state to S1 and via inter system crossing to the triplet states. The longer
lifetime of the triplet states compared to a direct decay creates an overhead of population in T0.
DNP techniques can be used to transfer this polarization to nuclear spins.

annihilation operator is found to be [245]

∂

∂t
⟨ac⟩ = −γcav⟨ac⟩ − i

∑

j

gj⟨σj−⟩ +
√

2γcavβ(t) − i∆cs⟨ac⟩ (2.52)

which can be further simplified, if we also assume that there are only few spins that interact
with the field inside the cavity and therefore do not influence it much, so we get

∂

∂t
⟨ac⟩ = γcav (Ω(t) − ⟨ac⟩) − i∆cs⟨ac⟩ (2.53)

where we defined Ω(t) =
√
2γcav
γcav

β(t). From this equation we can see how the field builds up
inside the cavity based on the drive, the excitation already inside and the perturbation through
a mismatch of the driving frequency.
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3 Publications

In this chapter, the main results of the three publications presented in this thesis are reviewed
and set into current research perspective:

• Alastair Marshall†, Thomas Reisser†, Phila Rembold†, Christoph Müller, Jochen Scheuer,
Martin Gierse, Tim Eichhorn, Jakob M. Steiner, Patrick Hautle, Tommaso Calarco, Fe-
dor Jelezko, Martin B. Plenio, Simone Montangero , Ilai Schwartz, Matthias M. Müller,
Philipp Neumann; ”Macroscopic hyperpolarization enhanced with quantum optimal con-
trol”, In: Phys. Rev. Res. 4.4 (2022), p. 043179, DOI: https://doi.org/10.1103/
PhysRevResearch.4.043179

• Marco Rossignolo†, Thomas Reisser†, Alastair Marshall, Phila Rembold, Alice Pagano,
Philipp J. Vetter, Ressa S. Said, Matthias M. Müller, Felix Motzoi, Tommaso Calarco,
Fedor Jelezko and Simone Montangero; ”QuOCS: The quantum optimal control suite”, In:
Computer Physics Communications 291 (2023), p. 108782, DOI: https://doi.org/10.
1016/j.cpc.2023.108782

• Philipp J. Vetter†, Thomas Reisser†, Maximilian G. Hirsch, Tommaso Calarco, Felix
Motzoi, Fedor Jelezko and Matthias M. Müller; ”Gate-set evaluation metrics for closed-
loop optimal control on nitrogen-vacancy center ensembles in diamond”, In: npj Quantum
Information 10.1, 96 (2024), DOI: https://doi.org/10.1038/s41534-024-00893-y

(† These authors contributed equally to this work.)

Each section starts with a summary of one article, followed by the metadata, an overview of
the contributions by the author of this thesis, and ends with the content of the publication itself.
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3.1.1 Summary

NMR finds its applications, inter alia, in magnetic resonance spectroscopy (MRS) and magnetic
resonance imaging (MRI). In order to boost sensitivity and to improve the quality of the acquired
spectra and images, hyperpolarized materials are of high interest [246, 247]. With many use
cases in chemistry [248] and biology [249], methods of DNP and subsequent utilization in NMR
experiments are an active field of research. Medical use cases are, e.g., the use of hyperpolarized
xenon to increase the signal for brain imaging in rats [250] and companies like NVision [251]
even provide commercial offers of machines to produce hyperpolarized samples for injection.
The goal of the publication discussed in this section [1] is to employ optimal control strategies in
order to enhance the macroscopic polarization of a crystalline sample of naphthalene doped with
pentacene and find a simple recipe to reproduce the results in similar experimental scenarios.

In the publication, we perform DNP from the highly optically polarized electron spins in deuter-
ated pentacene to the nuclear spins (protons) of naphthalene. The sample was grown in-house
by NVision in Ulm and is placed in a polarizer device under a static magnetic field of 230 mT
and a temperature of 130 K. The crystal sample, mounted on a motorized stage, can be shuttled
between a microwave cavity and an NMR coil. A pulsed laser generates the polarization in the
triplet state of the electron spin. To transfer the polarization, shaped microwave pulses are used
to manipulate the system. To calibrate the simulation model, parameters such as the lifetimes of
the electron states, the conversion of voltages to Rabi amplitudes and the distribution of detun-
ing values between single electrons and the cavity resonance are determined. Furthermore, the
cavity response γcav is required. In order to determine it, we recorded the Rabi oscillations on
the electron spins for an applied, constant external drive field and varying values of the cavity-
spin detuning ∆cs (see Sec. 2.4.4). Doing the same with the simulation model and taking a
Fourier transform to find the Rabi frequency distribution Ω leads to heat-map plots as shown in
Fig. 3.1.1 a). The mismatch between simulation and experiment is calculated from the integral
over the difference of both data-sets and denoted as ∆I. Varying the cavity response factor in
simulation to obtain the curve shown in Fig. 3.1.1 b) suggests a value of γcav = 9.24 MHz after
finding the minimum of a Gaussian fit to the ∆I values.

Simulations of the polarization buildup are performed considering the 30 most strongly coupled
nuclear spins, calculated from their relative positions to the electron spin in the crystal lattice
formed by pentacene and naphthalene. For each curve shown in Fig. 3.1.2, the time evolu-
tion of the system, including the distortions by the cavity, the decay rates of the used triplet
spin states and three nuclear spins is calculated 1000 times and averaged. For each instance,
three different nuclei are selected randomly. In this way, effects like the repolarization of the
electron and redistribution of polarization between the nuclei can be captured to some degree.
To investigate the best approach for DNP, we start off with a linear detuning sweep at fixed
microwave amplitude for the externally applied field, similar to the ISE. The cavity distorts the
field inside, but the crossings of the Hartmann-Hahn resonance condition remain, as can bee
seen by the orange indication lines in Fig. 3.1.2. Evidently, polarization is built up as measured
in the bottom row of Fig. 3.1.2. The parameters of the sweep, i.e., the amplitude, sweep rate,
and duration, have been tuned manually. This initial guess serves as the benchmark of further
optimized pulses and is used as the input pulse for a dCRAB optimization using the RedCRAB
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Figure 3.1.1: Determination of the cavity response factor γcav. a) To quantify the mismatch
between simulation and experiment, ∆I, the driven oscillations for different values of the cavity-
spin detuning ∆cs are Fourier transformed to give the plotted Ω. b) The integral of the differences
between the two heat-maps is then calculated for a range of cavity response values in simulation
to find the best overlap at γcav = 9.24 MHz (dashed black line) after a Gaussian fit to get the
minimum of ∆I. (Reprinted from [1])

software package [252], which implements a remote version of the dCRAB algorithm [1, 14, 91–
93]. The first step we perform is to optimize this ”Linear” sweep (left column in Fig. 3.1.2) by
varying the externally applied amplitude and phase of the microwave pulse. This results in the
”Optimal (Linear)” pulse shown in the second column of the figure. We can see a much faster
initial polarization buildup and the overall higher polarization achieved, with an improvement of
about 19 % compared to the ”Linear” ISE-like approach. Especially the repeated crossing of the
resonance line is expected to give the main contribution to the enhancement. For that reason,
a ”Sinusoidal” pulse is constructed, that repeatedly sweeps through the resonance, indicated by
the orange colored lines and areas in Fig. 3.1.2, in a sinusoidal fashion for the detuning ∆ with
constant amplitude. Also, the pulse duration is increased to 160 µs so that more time for spin-
diffusion is allowed and to utilize as much polarization of the electron spin as possible, before it
decays to the ground state S0. We see that the general improvement of the ”Optimal (Linear)”
pulse is maintained in the ”Sinusoidal” pulse, albeit with a slightly lower final polarization of
the sample. Another closed-loop optimization of the amplitude and phase with RedCRAB leads
to the final ”Optimal (Sin.)” pulse shown in the last column of Fig. 3.1.2. It has the best final
polarization, beating the initial guess by ∼ 28 %. The initial slow-down of the first crossing
sweep is responsible for the very fast polarization increase in the first few microseconds of the
pulse, as experimental tests shown in the Appendix of the publication confirm. The performed
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Figure 3.1.2: Optimization progression. The rows show, from top to bottom, the detuning of
the pulse from the spin resonance over time, the amplitude of the externally applied field (dotted
blue line) and the field inside the cavity (blue line) where the resonance condition depending on
the detuning is indicated in orange. The bottom plots show the measured (blue) and simulated
(black) buildup of the polarization during the pulse. The final polarization reached is indicated
with a black line to guide the eye. From left to right, the columns correspond to the linear
(ISE-like) guess pulse, the optimized pulse based on that, a sinusoidal pulse design based on
the optimization result in column 2, and the final optimized pulse in the fourth column after
starting from column 3. (Reprinted from [1])

simulations reproduce the main qualitative features of the polarization buildup curves, although
with some significant mismatches especially for the ”Optimal (Linear)” pulse. We attribute this
to the fast time-dynamics of the pulse amplitude and detuning and the lack of knowledge about
the true transfer function of the setup’s electronics, causing distortions to the actual pulse seen
by the pentacene spins.

Investigations of a long-term polarization buildup, where the optical preparation of the electron
spin and subsequent transfer with the pulses is repeated over the course of several hours, show
the practical use of the optimized technique. With the ”Optimal (Sin.)” pulse the sample polar-
ization reaches an overall higher final polarization (increase by 26 %) than the ”Linear” pulse.
Furthermore, the time to reach the same polarization as 98 % of the saturation observed for the
”Linear” pulse is shortened by over 5 hours for the optimized pulse.

To generalize the whole optimization process, we propose a 3-step scheme called autonomously
optimized repeated linear sweep (ARISE). Since a good initial guess is very beneficial of op-
timization, the first step is to tune a linear sweep by finding the best sweep range ∆max and
duration Tlinear for the setup at hand. From these parameters, a repeated sweep between ±∆max

back and forth for Nosc times with a period τ0 = Tlinear is constructed. The parameters Nosc and
τ are then optimized by a simple search. Finally, the resulting pulse shape is fed as a guess into
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a closed-loop optimization to fine-tune the time-dependent detuning ∆(t) in order to obtain the
best performance for polarization buildup.

In conclusion, we have shown that closed-loop optimal control can enhance the polarization
transfer for a spin ensemble in a complex experimental setup, starting from conventional tech-
niques, by at least 26 %. The much shorter time it needs to reach a high polarization enables
experimentalists to prepare several samples per day. The developed ARISE protocol can help to
take advantage of the discovered features of the final sequence and can be used to improve DNP
for similar systems such as, e.g., NV centers coupled to 13C nuclei as mentioned in Sec. 2.3.2.
Furthermore, it serves as a good starting point for other macroscopic ensembles and also for
further optimization and investigation of the system dynamics. Finally, the gained experience
and feedback for the usage of the control software RedCRAB has immensely helped in the im-
provement of the software and the development of new features. The obtained know-how also
led to the development of its open-source successor, the quantum optimal control suite QuOCS,
which is highlighted in the following Sec. 3.2.
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Hyperpolarization of nuclear spins enhances nuclear magnetic resonance signals, which play a key role
for imaging and spectroscopy in the natural and life sciences. This signal amplification unlocks previously
inaccessible techniques, such as metabolic imaging of cancer cells. In this paper, electron spins from the
photoexcited triplet state of pentacene-doped naphthalene crystals are used to polarize surrounding protons. As
existing strategies are rendered less effective by experimental constraints, they are replaced with optimal control
pulses designed with REDCRAB. In contrast to previous optimal control approaches, which consider one or two
effective nuclei, this closed-loop optimization is macroscopic. A 26% improvement in signal and 15% faster
polarization rate are observed. Additionally, a strategy called autonomously optimized repeated linear sweep
(ARISE) is introduced to efficiently tailor existing hyperpolarization sequences in the presence of experimental
uncertainty to enhance their performance. ARISE is expected to be broadly applicable in many experimental
settings.

DOI: 10.1103/PhysRevResearch.4.043179

I. INTRODUCTION

Sensitive nuclear magnetic resonance (NMR) spectroscopy
and magnetic resonance imaging (MRI) are key drivers in
research areas from life sciences through material science to
quantum computing. The feasibility and sensitivity of such
experiments critically depend on the polarization of the uti-
lized spins. Dynamic nuclear polarization (DNP) techniques
have been shown to increase NMR signals by multiple orders
of magnitude [1], enabling previously inaccessible imaging
techniques [2]. DNP transfers the polarization from highly
polarized electron spins to a target species of nuclear spins
[3] used for NMR protocols. Electron spins are polarized, for
example, by thermalization at low temperatures and high mag-
netic fields or by optical polarization of atoms and suitable

*These authors contributed equally to this work.

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

molecules in gases, liquids, and solids [1,4–11]. In this paper,
the electron spins of photoexcited triplet states in pentacene
are used as the source of polarization, and the proton spins
of naphthalene are used as the target. The final polarization
of the sample is enhanced via the application of quantum
optimal control (QOC) techniques to a dynamic nuclear po-
larization scheme in a closed-loop fashion. The efficiency of
the overall proton polarization process is increased by op-
timizing the DNP transfer process using closed-loop QOC.
To guide the algorithm towards a solution which produces
a strongly increased signal, it is helpful to provide a good
initial guess. Consequently, a new multistep protocol is intro-
duced called autonomously optimized repeated linear sweep
(ARISE). It provides a systematic approach to the improve-
ment of “integrated solid effect”-like (ISE-like) linear sweep
DNP sequences in the presence of an unknown experimental
transfer function. The macroscopic properties of the polarized
crystals have been further investigated in a separate publica-
tion [12] confirming an improved sample polarization of 25%.

Some background regarding the target quantum system
and existing DNP strategies, as well as an introduction to
QOC, is given in Sec. II. In Sec. III A the measurement tech-
niques are explained in more detail, and a description of the
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FIG. 1. Experimental realization. (a) Schematic of the in-house polarizer device. The sample (red) is mounted on a sample stick, which
allows it to be moved between a MW cavity and an NMR coil inside a magnetic field at cryogenic temperatures. The laser is coupled to the
system via an optical fiber. (b) Level scheme of pentacene (electron spin) and naphthalene-based protons (nuclear spins), including the effect
of laser excitation (green) and natural decay (blue). Spin diffusion to external nuclear spins [17] is indicated. (c) 30 s of hyperpolarization
show a clear signal enhancement compared with a 1-h thermal buildup; the thermal signal is scaled by a factor of 50 to emphasize its faint
polarization peaks. (d) Schematic of the pulse sequence, consisting of a laser pulse for electron spin initialization and a MW pulse (of variable
frequency) for polarization transfer to the nuclear spins. This basic block is repeated with a repetition rate of 1 kHz (i.e., 30 000 repetitions are
performed in 30 s). After the polarization, the sample is shuttled into the NMR coil, where the magnetization is measured. An integral over the
detected proton polarization is passed to REDCRAB, which provides the shape of the next MW pulse.

experimental setup is given in Sec. III B. The polarization
results are introduced in Sec. IV A, and a description of the
ARISE protocol is given Sec. IV B. The model used in the
simulation is introduced in Sec. V, and details of the simula-
tion are given in Sec. V A. In Sec. VI the results of the paper
are put into context.

II. BACKGROUND

A. Pentacene-doped naphthalene crystals as a target

The system of naphthalene doped with pentacene, shown
in Fig. 1(b), exhibits unique properties. In its ground state,
the electron spin is in a singlet state, and therefore the host
crystal is free of paramagnetic defects. Consequently, proton
relaxation times of 50 h and above have been demonstrated at
77 K and 0.5 T [13].

In its metastable triplet state, the pentacene molecule
exhibits a highly polarized electron spin with favorable life-
times. Together with surrounding nuclear spins, this forms a
central spin system that resembles other well-known systems
such as nitrogen vacancy (NV) centers in diamond or phos-
phorus in silicon. This quantum resource for DNP leads to
record values of 80% proton polarization [14], which amounts
to a polarized proton concentration of 50 M. Exemplary appli-
cations of these nuclear-spin-polarized crystals are portable

neutron spin filters in neutron scattering experiments [13,15]
and polarization agents for NMR spectroscopy [12,16].

Under typical operating conditions (e.g., high magnetic
field), electron and nuclear spins are mutually off-resonant,
prohibiting direct polarization transfer. Advanced spin control
methods, such as DNP, can be used to transfer polarization.
Real-world experimental constraints such as material quality,
field inhomogeneities, and limited power and bandwidth com-
monly impair the ideal performance of existing DNP methods.
Under such constraints, the maximum achievable polariza-
tion is reduced, and the time to reach a certain polarization
increases.

B. Existing DNP strategies

In the case where the heterogeneity among spins is suf-
ficiently small, they are all equally well controllable. As a
result, techniques such as nuclear orientation via electron-
spin locking (NOVEL) [18,19] can be employed to transfer
polarization. As the environmental complexity and inhomo-
geneity increase, other techniques are needed. Transferring
polarization while counteracting a broad electron spin res-
onance (ESR) is done with the so-called “integrated solid
effect” (ISE) [20,21]: After the electron spin initialization,
either a linear magnetic field sweep is performed, while the
sample is driven by a constant microwave (MW) field B1, or a
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linear MW frequency sweep is performed at a static magnetic
field. The ISE method is notable for both its simplicity and
its robustness and has been shown to reach up to 80% total
nuclear polarization in naphthalene under optimized condi-
tions (e.g., liquid He cooling, sample quality) [14]. It has also
been applied to NV centers in diamond at room temperature
[11,22–24]. While optimizing DNP sequences on a model,
i.e., performing open-loop quantum optimal control, is one
method to recover some of their performance [25–27], another
is to employ closed-loop QOC by allowing an algorithm to
directly control the experiment [shown in Fig. 1(d)] [28–32].
The latter approach is particularly appealing when the exper-
imental setting is very complex or impossible to accurately
model. Due to the complex molecular environment, coupled
with experimental constraints, the system’s true transfer func-
tion is obscured, making accurate simulation difficult.

C. Quantum optimal control

Many advances in quantum technology were only possible
due to the design of sophisticated control strategies using
methods of QOC [28–32]. Established methods of QOC in-
clude gradient-based algorithms such as gradient ascent pulse
engineering (GRAPE) [33,34], the Krotov algorithm [35,36],
or gradient-based algorithms based on automatic differenti-
ation [37], as well as algorithms based on an expansion of
the control pulse into a truncated basis such as the dressed
chopped random basis (dCRAB) algorithm [32,38,39], typ-
ically coupled with direct search maximization algorithms.
This pulse expansion ansatz can also be combined with the
gradient approach [40–42]. The dCRAB algorithm is read-
ily applicable to closed-loop control as it can be integrated
directly with an experiment, allowing the user to treat the
system as a black box. For this purpose, the dCRAB al-
gorithm was implemented in the QOC software packages
Remote-dCRAB (REDCRAB) [43–46] and its open-source ver-
sion, Quantum Optimal Control Suite (QUOCS) [47]. Recently,
REDCRAB enabled automatic calibration of quantum gates
[45] and robust sensing operations [48] with NV centers in
diamond, optimization of Bose-Einstein condensate (BEC)
creation in ultracold atoms [46], and the creation of a 20-
atom Schrödinger cat state with Rydberg atoms in an optical
lattice [49].

III. METHODS

A naphthalene crystal doped with pentacene-d14 grown
in-house provides the electron spin system used as the po-
larization target. The crystal is placed in a magnetic field
of 230 mT at around 130 K. This temperature is chosen
because this is the limit of the polarizer. A series of laser
pulses initialize the pentacene molecules into their metastable
spin-polarized triplet state T2 [see Fig. 1(a)] via the singlet
state S1, from which it decays to the lower T1 triplet via
intersystem crossing (ISC) [50]. Depending on the occupation
of the T1 states, the pentacene returns to its ground state S0

after 80–180 μs. During this intermediate time, a MW DNP
sequence transfers electron spin polarization to the densely
packed proximal proton spins. Strong dipolar coupling among
protons distributes polarization throughout the entire crystal

FIG. 2. Optimization procedure. Comparison between the linear
sweep pulse (top left) and the pulse after optimization (top right). The
MW amplitudes are shown in orange, and the detuning from cavity
resonance is shown in blue, representing the control pulses, which
are shaped during the optimization. Bottom: The change in the final
polarization after the pulse over different sub- and superiterations
during the optimization.

via spin diffusion. The macroscopic proton polarization is
measured via NMR spectroscopy after a 30-s buildup [see
Fig. 1(c)].

Starting from an external linear sweep (similar to ISE),
and altering the amplitude and phase of the MW pulse using
REDCRAB, this polarization is optimized (for more details, see
Sec. IV B). The optimization starting from a linear sweep is
shown in Fig. 2. Closed-loop QOC implicitly accounts for
all experimental conditions influencing the transfer from opti-
cally initialized pentacene spins to macroscopic polarization.
These could be, for example, the different lifetimes in the
metastable state for different electron spin states or variations
of the pentacene lifetimes throughout the crystal which might
impact the final polarization.

Another potential source of uncertainty could be the strong
variation of couplings between the electron and surrounding
proton spins or the distribution of polarization via spin diffu-
sion during and after the MW DNP sequence. Fluctuations in
the experimental setup might also play a role, as bandwidth
limitations of microwave equipment, spatial and spectral MW
field variation inside the MW resonator, and spatial variation
of laser intensity can also impact the efficiency. Addition-
ally, it is challenging to control the amplitude of the MW
field while its frequency is scanned across the resonance.
Black-box (closed-loop) QOC does not directly incorporate
variations in these parameters, whose role in polarization
transfer is not understood; however, if they play a role, it can
be captured by such an optimization. Importantly, some of
these influences are very hard to predict theoretically.

A. Measurement technique

The crystal grown in-house is cleaved along the ab crys-
tallographic plane and mounted on a sample holder [see
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Fig. 1(a)] oriented along the b crystallographic axis. The
sample holder is then attached to a motorized stage, enabling
it to be shuttled into the MW cavity, where it is cooled to
130 K. Optically detected magnetic resonance (ODMR) can
be observed in pentacene-doped naphthalene crystals, where
the triplet state is created using a 556-nm laser pulse. By
observing the fluorescence of the crystal under constant MW
illumination, while changing the magnetic field, the electron
spin resonance of pentacene can be found. The high-field
transition of the pentacene triplet is used for both alignment
and polarization. The crystal is then aligned by monitoring the
ODMR spectrum while the sample is rotated; the best align-
ment is found when the resonance field is maximized. Rabi
oscillations are observed with a maximum Rabi frequency of
19.3 MHz, by varying the duration of a resonant MW pulse.

B. Experimental realization

The experimental results are obtained in an in-house po-
larizer device, shown in Fig. 1(a), consisting of an optically
accessible MW cavity inside an electromagnet operating at
fields up to 800 mT. The experimental sequence used to hy-
perpolarize the sample is shown in Fig. 1(d). Within the MW
cavity, photoexcited triplet states are created using a 556-nm
pulsed laser with a repetition rate of 1 kHz delivering 0.35 mJ
optical power in a 600-ns laser pulse every 1 ms and setting
the timing of experiments. The spin state is then manipulated
using a MW pulse in between laser pulses. Sophisticated pulse
shapes can be sampled and uploaded to an arbitrary waveform
generator (AWG) using the experiment control software QUDI

[51]. The sample is attached to a holder that allows it to
be shuttled into an NMR coil, which is located next to the
MW cavity. Here, an NMR spectrometer (Magritek Kea2) is
used to read out the polarization of the proton spins using a
1Pulse measurement. This round trip takes approximately 40 s
from the pulse engineered by the REDCRAB software to the
NMR measurement, and the optimizations typically ran for
12 h. Integrating over the peak of the resulting NMR spectrum
provides a relative estimate of the proton polarization. The
REDCRAB algorithm is fed with this integrated signal and its
estimated uncertainty to produce the next guess pulse.

An optional 532-nm continuous wave laser additionally
allows the readout of the pentacene’s electronic spin state
optically; it is not used during closed-loop optimizations,
but during the pentacene spin characterization experiments.
Cooling of the sample is provided by a nitrogen gas flow
system, which allows precise control of the temperature from
130 K to above room temperature; as previously mentioned
the experiments are carried out at this lower limit.

IV. RESULTS

A. Polarization buildup

The optimization directly adjusts the pulse phase for ex-
perimental convenience, but as the detuning modulation �

contains the same information and connects directly to the
system dynamics, it is displayed in Fig. 3 instead. The first
row of Fig. 3 shows the detuning modulation � as a function
of time during the pulse. In the second row, the y axis shows
the amplitude � during the pulse for both the externally ap-

plied field and the internal cavity field. The Hartmann-Hahn
resonance [52], shown in orange, is calculated using the time-
dependent detuning assuming the target spin is a proton. In
the third row of Fig. 3, experimental data and simulation are
compared, showing how the polarization builds up during the
pulse.

The first initial guess pulse is an ISE-like linear sweep
whose parameters (amplitude, sweep rate, and duration) had
already been manually tuned in the experimental setup. The
externally applied amplitude is kept constant, while the fre-
quency is swept across the resonance. This pulse serves as the
benchmark against which the optimized pulses are compared
both in the experiment and in the simulation.

During the experiment, the polarization plateaus at the
center of the pulse before continuing to rise in the second
half of the pulse. The simulation results contain the same
features. However, the plateau is shorter and the initial rise is
slightly delayed compared with the experimental data. These
differences might be caused by the lack of a full analytical
model that extends the existing description of the cavity with
distortions due to electronics and other components of the
setup. It should be noted that polarization plateaus occur in
the simulated results across all pulses when the detuning is
above the resonance condition.

The optimization of this guess results in the pulse la-
beled “optimal (linear),” which shows a relative polarization
improvement of approximately 19%. The evolution of the
figure of merit (FoM) during the search for an optimized pulse
and the comparison between the initial and the optimized
version are shown in Fig. 2.

The “optimal (linear)” pulse transfers the majority of its
polarization during the first 10 μs. It is notable that the de-
tuning is oscillating during that time, and it crosses the cavity
resonance several times. The algorithm slows the sweep down
as the detuning approaches the resonance. Both features ap-
pear in multiple optimization outcomes. Arguably, if some
electron population is left untransferred, subsequent sweeps
through the resonance in both directions (from positive to neg-
ative detuning and back) can serve as additional opportunities
for the polarization of more weakly coupled nuclear spins.

The relative speedup of the polarization transfer during
this pulse is visible in both the simulation and the experi-
ment. However, a divergence between the measurement and
the simulation arises in the latter part of the pulse. This
could be explained by the very fast oscillations in cavity
field amplitude, which are not captured in full detail in the
simulation, due to the unknown transfer function of the setup’s
electronics.

After analyzing the effect of the amplitude and phase of
the pulse independently (see Appendix A for more details),
the MW amplitude is kept constant in later optimizations.
To further explore the idea that repeated sweeps through the
resonance are beneficial, pulses with phase oscillations that
use a range of frequencies and pulse durations are tested;
see Appendix B for more details. The “sinusoidal” pulse
shown in the third column of Fig. 3 is guessed in this man-
ner. It outperforms the linear sweep by approximately 14%.
The “sinusoidal” protocol in Fig. 3 then becomes the new
guess pulse for the optimal control algorithm. After adding
more frequency components, REDCRAB obtains the “optimal
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FIG. 3. Implementation of a selection of polarization pulses. From left to right, the figure presents the following MW pulse schemes on
the resonator: The externally applied linear sweep, a linear sweep-based QOC-generated pulse, a sinusoidal sweep of the detuning, and a
corresponding QOC-generated pulse. The first row gives the detuning applied by the drive with respect to time. The orange area comprises
the window in which the Hartmann-Hahn resonance condition lies (�2 = ω2

0I − �2). The second row shows the Rabi frequency as applied
externally (dashed line), the field inside the cavity (solid blue line), and the resonance condition for the given detuning (thin orange line). The
last row shows how the polarization builds up over the course of the pulse. Experimental values (expt.) are shown in blue, and theoretical
values (sim. for simulation) are shown in gray. To make the comparison between the panels easier, we inserted a solid black line representing
each pulse’s final polarization. Optimal (Sin.), Optimal (sinusoidal).

(sinusoidal)” pulse. It outperforms all other pulses in both
final polarization (approximately 28% higher with respect
to the linear sweep for the short-buildup measurement) and
polarization rate in our setup. When the pulse is significantly
detuned from the resonance, as in the first 5 μs, the energy
gap between the spins is large, and so very little polariza-
tion can be transferred. As this gap closes, the nuclei are
more likely to be polarized, and the pulse slows down to
allow for an extended transfer period. The detuning “slow-
down” was re-created with an analytical polynomial function.
(For details, see Appendix C.) The resulting “fitted optimal”
pulse largely retains the polarization capability of the opti-
mized pulse. The comparable efficiency corroborates that the
“slowdown” feature contributes to the substantial polarization
buildup during the first 30 μs. This behavior is reminiscent
of optimal adiabatic passages with Landau-Zener protocols
and optimal controlled crossings of quantum phase transi-
tions. Both have been investigated in different theoretical and
experimental scenarios [53–57] providing a basis for further
exploration.

The simulated polarization of both the “sinusoidal” pulse
and the “optimal (sinusoidal)” pulse matches the experimental
data closely. Again, the initial step-plateau-step shape of the
“sinusoidal” pulse is reduced after optimization. Almost all
the performance gained by optimizing the pulses arises from
the behavior during the first 40–50 μs of the pulse. This is on
a timescale similar to that of the electron’s decay to the singlet
state. In the simulation, the polarization of the longer pulses

slowly decreases after approximately 80 μs. This was not seen
in the experiment, most likely due to spin diffusion. Many
weakly coupled nuclear spins could lead to a slow distribution
of polarization away from the electron spin. Spin diffusion is
expected on a timescale of approximately 100 μs according
to calculations of the dipolar interaction strength between the
protons [17].

The key result of the paper is shown in Fig. 4, where
the REDCRAB-optimized “optimal (sinusoidal)” pulse demon-
strates two clear improvements over the linear sweep. Firstly,
the magnitude of polarization increases by 26% when using
the optimized pulse. Secondly, the optimized pulse reaches,
in only 3.35 h, the same polarization that the linear sweep
approach obtains after 9 h of continuously repeating the pro-
tocol, making it a factor of 2.6 faster. These times correspond
to ∼ 98% of the maximum polarization of the linear sweep,
which is within the error margin of the polarization mea-
surements. The rate of polarization buildup is 15% faster
compared with the linear sweep. This allows for more than
doubling the number of polarized crystals in a given time.
Previously, crystals were left to polarize overnight to reach
sufficiently high polarization. Using the optimal protocol, it
is now possible, in the current experimental setup, to polarize
several crystals per day. Due to its increased performance, the
“optimal (sinusoidal)” pulse was also applied as the hyperpo-
larization method of choice by Eichhorn et al. [12]. In that
paper, a bulk crystal polarization of 25% is achieved using the
optimized pulse.
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expt.

expt.

FIG. 4. Long-term polarization buildup: Comparing the polar-
ization buildup using the optimal settings for the linear sweep and
the REDCRAB-optimized pulse, shown in Fig. 3. Using closed-loop
optimal control, a higher final polarization is reached in a shorter
buildup time before saturation. The vertical dashed lines mark the
times at which the polarization reaches 98% of the maximum polar-
ization of the linear sweep pulse. This level is reached in 3.35 h using
the optimized pulse, in contrast to 9 h with the linear sweep. The
formulas placed in the figure correspond to the exponential fits, POpti

and PLinear, of the polarization buildup during the optimized pulse and
the linear sweep, respectively.

The saturation of the polarization at this higher level is
likely due to an equilibrium being reached between the po-
larizing sequence and the competing T1 decay process of
the nuclear spins [17]. The lifetime of the nuclear states is
measured to be approximately 3–4 h under laser illumina-
tion, considering the specific values for the magnetic field B0

and temperature. In this case, it is limited due to the laser
illumination and MW fields causing, for example, additional
heating. While this is the limit for the lifetime during polar-
ization transfer, the polarization can be stored in the sample
afterwards for much longer. Lifetimes between 50 h [12] and
800 h [13] have been reported for similar crystals at different
temperatures and magnetic fields.

Additionally, by examining the shape of the optimized
pulse and fitting its main features, a simplified analytical func-
tion is obtained describing the pulse (shown in Appendix C),
labeled “fitted optimal”). This retains most of the enhanced
performance of the optimized sweep.

B. ARISE

Generalizing the steps taken to achieve the results of the
previous section, the autonomously optimized repeated linear
sweep (ARISE) procedure is introduced. Each step provides
a recipe for finding a good initial guess for the proceeding
optimization. While this should be unimportant for an infinite-
dimensionally parametrized optimization without limits and
infinite measurement precision, in practice those restrictions
apply, leading the algorithm to local instead of global op-
tima. Despite the dCRAB algorithm’s approach allowing it
to escape local minima under certain circumstances, the op-
timization time is also drastically reduced if the initial guess
is chosen carefully [32]. The protocol consists of three steps:

(i) Tune the linear sweep. Do a parameter search for the
sweep range �max and duration tLinear producing the most
efficient polarization transfer.

(ii) Construct a multisweep. Set up a protocol which
sweeps the detuning repeatedly between �max and −�max for
Nosc times with a period τ . Do a parameter search for Nosc and
τ , starting from τ = tLinear.

(iii) Apply quantum optimal control. Search the full func-
tion space of the detuning �(t ) using an optimal control
algorithm. The initial guess is provided by the multisweep
protocol from the previous step.

In this paper, steps (i) and (ii) are accomplished through
a simple parameter sweep. During step (ii), the detuning is
swept with the function −�max cos(2πt/τ ); however, this
could be replaced by linear sweeps. As the setup requires the
pulse phase ϕext(t ) as an input, all detunings are translated
to phase modulations (see Sec. V). In general, experimental
feedback determines the best solution for the respective step.
Here, it took the form of the proton NMR signal after 30 000
repetitions of the sequence. The third step is implemented
using the REDCRAB software, which suggests different shapes
for the phase of the pulse (see Appendix H).

V. THEORY

The spin system is modeled as an electron spin coupled to
three nuclear spins. Both the electron and nuclear spins are
considered to be spin- 1

2 particles. A strong, constant magnetic
field B0 = B0ẑ is aligned along the long axis of the pentacene
molecule, representing the z axis. The total spin Hamiltonian
of the electron can be written as

Hel = h̄

2
ω0Sσz + h̄2

4

[
D

(
σ 2

z − 1

3
σ(σ + 1)

)

+ E
(
σ 2

x − σ 2
y

)]
, (1)

where σ = {σx, σy, σz} are the Pauli matrices. The Zeeman
interaction is described by ω0S = −γSB0, where γS is the
electron spin’s gyromagnetic ratio. The factors D and E cor-
respond to the zero-field splitting [50,58]. The exact transition
frequency is determined experimentally, and the magnetic
field is aligned such that the splitting is symmetric.

As shown in Fig. 1(b) the electron spin of the pentacene
molecule is excited to the S1 state with a short laser pulse.
From there it decays to the triplet states T2 and subsequently
T1 via intersystem crossing (ISC) [50]. T1 then couples to the
nuclear spins in the vicinity of the molecule. The three states
of the triplet correspond to spin quantum numbers ms = 0
and ms = ±1. An external magnetic field induces a Zeeman
splitting of the ms = ±1 levels, allowing for a two-level ap-
proximation. As the pentacene is deuterated, the resonances
of the pentacene’s own nuclear spins are shifted far enough
from the other protons in the crystal that they can be neglected.
The electron spin is assumed to have its origin at the center
of the pentacene molecule. To extract the parallel and per-
pendicular dipolar coupling to the pentacene’s electron spin,
574 protons of the nearest naphthalene molecules contained
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in the 3 × 3 × 3 unit cells around the pentacene molecule are
modeled.

The driving field has a carrier frequency which is resonant
with the electron spin ωres = D − ω0S . Its amplitude �ext(t )
and phase ϕext(t ) are modulated to control the system. It is
then transformed into the field inside the cavity �int [the
details are given below in Eq. (4)].

Coupling between the electron and nuclear spins is de-
scribed by the hyperfine interaction tensor Ai with the
nuclear spin indices i = {1, 2, 3}. A detuning �es is intro-
duced, describing the deviation of the field inside the cavity
from the electron resonance frequency. In the rotating frame of
the MW, and after applying the rotating wave approximation,
the Hamiltonian is given by [59]

H = h̄

(
Re[�int(t )]Sx + Im[�int(t )]Sy + �esSz

+ ωL

3∑
i=1

I i
z +

3∑
i=1

S · Ai · Ii

)
, (2)

where S = {Sx, Sy, Sz} with Sk = 1
2σk ⊗ 1 ⊗ 1 ⊗ 1 (k ∈

{x, y, z}) are the electron’s spin operators. Ii and I i
k are the

equivalent operators for the nuclear spin with index i, �int

is the complex, time-dependent field inside the cavity, and
ωL ≈ 9.2 MHz corresponds to the Larmor frequency of the
nuclei. The voltage signal, which is fed into the AWG, is
given by

Vext = V (t ) cos ((ωres + �cs) t + ϕext(t )). (3)

The conversion between V (t ) and �ext(t ) is determined di-
rectly from experimental data. The phase modulation ϕext(t )
can be translated into the drive detuning �(t ) = ϕ̇ext(t ).

The effect of the cavity on the external driving field is
characterized by the cavity response factor γcav and given by
the differential equation

∂

∂t
�int(t ) = γcav(�ext(t ) · e−iϕext (t ) − �int(t ))

− i�cs�int, (4)

where �cs describes the constant detuning of the cavity from
the resonance of the electron spin transition frequency [60].

In the secular approximation [61], only the dominant cou-
pling terms along z are kept, giving

S · Ai · Ii ≈ Sz · (
Ai

zxI i
x + Ai

zyI i
y + Ai

zzI
i
z

)
. (5)

They are calculated for the respective position of the nucleus
in the crystal structure by considering a purely dipolar inter-
action [62].

The static detuning values �es for the Hamiltonian shown
in Eq. (2) are drawn from a normal distribution with a full
width at half maximum (FWHM) of 10 MHz to mimic addi-
tional frequency shifts due to magnetic field inhomogeneities
and other impurities.

The system description includes the dephasing of the elec-

tron spin via a Lindblad operator R1 =
√

�el
2 Sz, where �el is

the dephasing rate [63]. The only electron states that interact
with surrounding nuclei are the |0〉 and |1〉 states in the T1

triplet (see Fig. 1). To account for the decay from T1 to S0,

the model includes a shelf state, which does not interact with
the drive. It is only coupled via the loss rates �loss,0 and �loss,1

from the respective triplet states. The corresponding Lindbla-
dians are given by R2 = √

�loss,0 σ−,0 and R3 = √
�loss,1 σ−,1

with σ−,0 = |s〉〈0| and σ−,1 = |s〉〈1|.
The evolution of the density matrix is then solved using the

Lindblad master equation

ρ̇ = − i

h̄
[H, ρ] +

∑
j=1,2,3

(
RjρR†

j − 1

2
R†

j R jρ − 1

2
ρR†

j R j

)
,

(6)

where ρ is the density matrix of the system.

A. Simulation

The solutions to the differential equations in Eqs. (6)
and (4) are calculated numerically using DIFFERENTIALEQUA-
TIONS.JL [64] and other JULIA packages [65–78]. To obtain a
realistic polarization buildup, Eq. (6) is solved for and aver-
aged over 1000 instances. For each instance, three random but
distinct nuclei are picked from the 30 most strongly coupled
nuclei, and the detuning �es is sampled from a Gaussian
distribution. This way, mechanisms which are neglected in
the common weighted-sum single-nucleus approximation are
captured. Examples include the repolarization of the electron
spin through partially polarized nuclei or the redistribution
of polarization from one nucleus to another. The mean over
many runs with different coupling combinations takes into
account the variety of couplings in the system with reasonable
computational resources.

The cavity response γcav is determined by repeatedly ap-
plying constant external drive fields with different cavity
detunings �cs, obtaining a photon count that corresponds to
the electron state.

B0 is adjusted such that the spin always stays resonant with
the drive frequency. Oscillations are recorded for times up
to 0.6 μs from the start of the drive pulse. The detuning is
swept through a range of ±25 MHz around the resonance.
The maximum of the Fourier transform of the photon count
then corresponds to the Rabi frequency � for a detuning
�cs. The cavity dynamics are complex, leading to a response
similar to the example shown at the top right of Fig. 5.
These measurements are modeled for an electron spin inside
a cavity with a response factor γcav between 5 and 14 MHz
(range suggested by response time based on the measured
Q factor of the resonator using a spectrum analyzer). The
resulting Fourier transforms are compared with the experi-
mental values. The comparison was done by calculating the
overlap of the normalized measurement and simulation grids,
as shown in Fig. 5. The minimum of the sum of the absolute
difference between each grid point of the measurement and
simulation data is obtained by a Gaussian fit resulting in
γcav = 9.24 MHz.

The values for the decoherence rate, �el, of the elec-
tron spin and the loss rates to the shelf state, �loss,0 and
�loss,−1, are found by performing a Hahn echo measurement
and state-dependent lifetime measurements. For the dephas-
ing time of the electron, 1/�el = 10 μs is obtained, and the
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FT of expt. data

FIG. 5. Characterization of the setup via response factor γ . The
agreement between experiment and simulation, �I , is calculated
via the Fourier transform � of the driven Rabi signal for varying
cavity detunings (top). The integral indicates the overlap of measured
and simulated distributions, which is shown for different values of
cavity response fed to the simulation in the bottom plot. The dashed
black line indicates the minimum of the error in overlap between
simulation end experiment at γcav = 9.24 MHz (bottom). FT, Fourier
transform.

triplet-state decay times are measured to be 1/�loss,0 = 80 μs
and 1/�loss,−1 = 180 μs.

VI. DISCUSSION AND OUTLOOK

The use of closed-loop optimal control provides a strat-
egy for improving hyperpolarized NMR signals in complex
experimental setups despite the unknown transfer function. A
concern often raised about numerically optimized sequences
is that they lose generality and only apply to a specific setup
or sample. In contrast, the “optimal (sinusoidal)” protocol has
been successfully applied on different crystals with varying
spin relaxation times across an extended period of time [12].
It is now the gold-standard pulse in the laboratory.

The combination of a 15% faster polarization rate and a
26% higher polarization level provides a factor of 2.6 reduc-
tion in the time taken to polarize crystals to within the margin
of error of the previous method. As a result, multiple crystals
can be polarized per day to be used in external hyperpolariza-
tion experiments [12]. Furthermore, these improvements lead
to higher levels of polarization in a shorter time, resulting in
an overall polarization within the crystal of about 25% [12].
Such strongly polarized crystals are necessary to transfer po-
larization to external nuclear spins. By operating under liquid
helium conditions and with improved crystal quality, even
higher values are anticipated [14]. Mimicking the features
of the optimized pulse by fitting an analytical function to it
(as shown in Appendix C) retains almost all the improved
performance. It represents a good starting point not only for
future optimization, but also for further investigations of the
system dynamics.

A key feature of all the sequences that outperform the
linear sweep is that they repeatedly sweep through the cavity
resonance. Hence the sequences are given an extra opportu-
nity to transfer polarization, suggesting that the first sweep
leaves some electron polarization untransferred. The simula-
tion shows that the first sweep primarily transfers to one of the
most strongly coupled nuclear spins, while subsequent sweeps
redistribute the polarization to a wider range of couplings.
This type of dynamics can only be accounted for when mul-
tiple nuclear spins are considered or the optimization is done
on a macroscopic system.

The ARISE protocol offers a starting point for future
optimizations of DNP sequences using both open- and closed-
loop protocols. Inherently flexible, the protocol is easily
customized to fit any number of setups, including the complex
molecular environment seen here.

In conclusion, the application of the ARISE protocol re-
sults in a 26% improvement in the polarization level and 15%
faster polarization rate. Consequently, crystals were efficiently
polarized to 25% bulk proton polarization. These crystals
were then used as the polarization source for an external
hyperpolarization experiment [12] which demonstrated strong
transfer to external spins.
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APPENDIX A: AMPLITUDE VERSUS PHASE VARIATION

To separate the respective effects of amplitude and phase
modulation, these two parameters are investigated indepen-
dently (Fig. 6). The first test was a basic linear sweep and
the “optimal (linear)” pulse, where it was observed that the
optimized pulse leads to higher polarization. To test only
the optimized amplitude modulation, the optimized phase is
reset to the initial guess while the phase modulation was kept
(“optimal amplitude + linear phase”). Similarly, to test the
optimized phase modulation, the amplitude is held constant,
as in the linear sweep, and the optimized phase is applied
(“linear amplitude + optimal phase”).

By comparing those four pulses, it becomes clear that the
amplitude modulation plays no role in the polarization transfer
and only the pulses with optimally controlled phase modu-
lation lead to enhanced polarization (highlighted in Fig. 6).
Testing the phase of the optimized pulses with different
constant MW amplitudes shows that using a higher MW am-
plitude always leads to better polarization transfer (see Fig. 8
in Appendix C).

APPENDIX B: SINE OSCILLATION FREQUENCY TESTS

Following the idea that subsequent sweeps through the
resonance in alternating directions further enhance the
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FIG. 6. Amplitude vs phase variations: Comparing the linear sweep (“linear”) with the corresponding QOC-generated pulse [“optimal
(linear)”], as well as combinations of both. In the third and fourth columns the amplitude array of one is combined with the phase array of
the other (“optimal amplitude + linear phase” and “linear amplitude + optimal phase”). The increase in polarization over the optimization is
caused solely by the changes in phase rather than amplitude (compare highlighted plots).

polarization, a sinusoidal pulse is tried. To find the optimal
pulse, both the frequency of the oscillation and the number
of resonance passages were varied. For better comparison, the
length of a half oscillation is used as a parameter instead of
the frequency, which means passing through the resonance
once, similar to a basic ISE-like linear sweep [Fig. 7(a)]. The
second parameter, which describes the passages through the
resonance, is then given by the number of half oscillations
[examples given in Fig. 7(c)].

In Fig. 7(b) the polarization for different parameter sets
(length and number of half oscillation) is compared with the
standard linear sweep (dashed line). Increasing the number of
resonance passages leads to an increase in polarization for all
lengths. While most of the applied pulses beat the standard
linear pulse, a maximum polarization for a length of 20 μs
and eight half oscillations was found [Fig. 7(d)]. This pulse
was characterized in the main text and used a new starting
point for the sinusoidal-based optimal control.

APPENDIX C: FITTED OPTIMIZED PULSE

The “fitted optimal” pulse shown on the right-hand side
in Fig. 8 was designed by modeling the shoulder feature
of the sinusoidal-based optimal control (OC) pulse resulting
from closed-loop optimizations of the sinusoidally varying
pulse in the detuning regime. Repeating mirrored polynomial
functions emulate the slowdown of the detuning sweep around
resonance. A variation of the externally applied voltage kept
constant during the pulses displays an improvement of polar-

ization transfer for higher external drive amplitude. Except for
the highest driving amplitudes, at the limit of the experimental
capabilities, the fitted pulse is equal to or outperforms the
pulse resulting from the closed-loop iterations. Therefore it
serves as a good starting point for use in other, similar setups
and further optimizations as well as theoretical and analytical
transfer calculations and numerical simulations.

APPENDIX D: NAÏVE SWEEP CORRECTIONS

While a linear sweep is applied outside the cavity, the
mentioned effects lead to a nonlinear sweep inside the cavity.
However, the drive would appear faster when passing through
the cavity resonance, compared with the part of the sweep far
outside the resonance. Measuring the cavity linewidth and Q
factor allows the calculation of the expected deviation from
the linear sweep. Calculating an input function with modified
amplitude that takes the cavity properties into account would
be the first naïve approach to overcome this issue. Trying this
did not, however, improve the polarization values.

APPENDIX E: COHERENCE MEASUREMENTS

The nuclear spin relaxation time T1 and the electron spin
coherence time T2 were measured. For the nuclear spin relax-
ation time T1 measured under experimental conditions (e.g.,
temperature, laser illumination), a value of around 223 min
(Fig. 9, top) was recorded. For the coherence time of the
electron spin, T2, a standard Hahn-echo sequence [79] was
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(a)

(b)

(c)

(d)

FIG. 7. Comparing different sinusoidal pulses. (a) Half oscilla-
tions with different frequencies comparable to different speeds of
the ISE-like linear sequences. (b) For all six frequencies in (a),
the polarization after up to eight half oscillations is measured and
compared with the polarization after the linear sweep (dashed line).
(c) Example pulses to visualize the idea of the measurement. (d) Si-
nusoidal pulse that gave the highest polarization.

used, and a value of around 9 μs was obtained (Fig. 9, bot-
tom).

APPENDIX F: POLARIZATION BUILDUP

Polarization p in the crystal is built up by iteratively ap-
plying the basic polarization sequence many times (see Fig. 3
in the main text). The final polarization will be given at the

FIG. 8. Polarization performance of the linear sweep (“linear”),
the QOC pulse generated from a sinusoidal initial guess [“optimal
(sinusoidal)”], and its fit (“fitted optimal”) for increasing constant
drive amplitudes. Guided by the outcome of the optimal control
algorithm, the first ∼20 μs of the “optimal (sinusoidal)” pulse are
remodeled analytically by tuning polynomial functions to match the
detuning’s shoulder feature. Even for lower Rabi frequencies, the
optimized pulses outperform the initial ISE-like linear approach.

equilibrium of two competing effects: Each time the basic
sequence is applied, a fraction α(1 − p) of the remaining
unpolarized nuclear spins will be polarized, where α is the
polarization power of the sequence. At the same time, the
polarized nuclear spins decay at a constant rate γ .

d p

dt
= α(1 − p) − γ p. (F1)

Solving Eq. (F1) leads to the equation

p(t ) = pmax(1 − e−γ̃ t ), (F2)

where pmax = α/(γ + α) and the parameter γ̃ = γ + α can
be obtained from a fit to the data. From the polarization
built up while applying a linear sweep, γ̃ ≈ 0.0061 min−1

and pmax ≈ 14 140 arb. units are obtained. When applying the
optimal sequence, γ̃ ≈ 0.0071 and pmax ≈ 17 850 arb. units
are obtained. An additional measurement, T1, gives 1/γ ≈
223 min (Fig. 9, top). This translates into estimates for the fi-
nal polarization of pmax ≈ (27.8 ± 1.3)% for the linear sweep
and pmax ≈ (35.1 ± 1.7)% for the optimal sequence. Note that
the true value of γ is probably slightly larger than in the T1

measurement due to the polarization pulse sequences. If, for
example, 1/γ ≈ 200 min (or 1/γ ≈ 180 min) is considered,
the polarization for the optimal sequence drops to pmax ≈
(26.2 ± 3.4)% [or pmax ≈ (16.5 ± 5.2)%] and similarly for
the linear sweep.

APPENDIX G: EFFECT OF THE NUMBER OF NUCLEI
ON THE MODEL

Each electron spin is surrounded by a large number of pro-
tons, forming the nuclear spin bath. As only a limited number
can be simulated at a time, subgroups of nuclei are considered
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FIG. 9. Top: T1 measurement of the nuclear spins under experi-
mental conditions. Bottom: T2 measurement of the electron spin via
Hahn echo.

and averaged over. Fortunately, the molecular and crystallo-
graphic properties of the naphthalene-h8 specimen doped with
pentacene-d14 are well known. Hence the orthogonal (Ai

zx, Ai
zy)

and parallel (Ai
zz) parts of the hyperfine tensor can be directly

calculated [62] for the surrounding protons in the crystal.
Instead of including the entire bath as a single effective nu-
clear spin [59], several nuclei are considered individually in
the polarization dynamics. This step is necessary to reflect
the effects caused by complex pulse shapes obtained by the
optimization, as well as the distortion by the cavity. Since the
pulses cross the resonance line multiple times and are repeated
successively for polarization buildup, strongly coupled nuclei
are usually polarized first but can be depolarized again so
that excitation is transferred to other nuclear spins. Because
the electron spin is reinitialized before each pulse application,
each iteration can polarize different nuclei. Up to six nuclei
were considered during the initial investigation. However, for
the figures presented in this paper, the following combination
of spins was used to keep computational resources within
an acceptable range: The electron spin is coupled to three
nuclear spins, where the hyperfine coupling values are ran-
domly selected from the top 30 most strongly coupled protons.
This simulation is repeated and averaged for 1000 sets using
three different random nuclei in each run. This captures the

dynamics of multiple protons coupling to the electron at the
same time, as well as the repetition of the transfer operation
in the experiment.

APPENDIX H: QUANTUM OPTIMAL CONTROL

Optimal control methods aim to optimize a functional f
by modifying time-dependent control functions ui(t ). This
functional is the figure of merit (FoM); it includes all the
relevant information contributing to the quality of an opera-
tion. To simplify the optimization problem, the controls can
be parametrized in terms of Nbe basis functions v�(t ) with
corresponding parameters c�

ui(t ) =
Nbe∑
�=1

c�v�(t ). (H1)

The FoM therefore depends on the coefficients of these
basis functions:

FoM(ui ) = f (c�, v�, t ). (H2)

The solution to the problem is found using an iterative
optimization algorithm, which takes in the FoM for a defined
set of parameters and returns a new set of parameters. Closed-
loop control involves the algorithm directly interacting with
the experimental setup. Hence it automatically takes into ac-
count real-world imperfections. Specifics of the measurement
technique can be found in Sec. III A of the main text. The
algorithm improves the FoM by comparing the results from
different iterations. It follows the direction of improvement,
while exploring the parameter landscape and exploiting its
features. An optimal set of controls is eventually obtained
after a number of iterations and FoM evaluations.

Limiting the size of the parameter landscape reduces the
number of experimental runs and hence the total optimization
time. The dCRAB algorithm [32,38,39,80], in combination
with the Nelder-Mead [81,82] simplex optimization algo-
rithm, is a good choice for this. A small parameter space is
created by randomly picking a number of basis functions,
finding the optimal parameters for them, and then switching to
a new basis set. An optimization in a single parameter space
is called a superiteration. This allows the optimization to start
afresh and continue, even if it temporarily gets stuck in a local
optimum.

For the parametrization the Fourier basis is chosen, which
provides a simple method to restrict the bandwidth of the
controls by limiting their maximum oscillation frequency
component through a capping of ωd,� in

u(t ) =
NSI∑

d=1

Nbe∑
�=1

[
Aopt

d,�
sin(ωd,�t ) + Bopt

d,�
cos(ωd,�t )

]
. (H3)

Nbe represents the number of basis elements (i.e., the size
of the parameter space in each superiteration), while NSI

corresponds to the number of superiterations. The parameter
space of the optimization is spanned by cd,� = {Aopt

d,�
, Bopt

d,�
},

while ωd,� is randomly initialized with frequencies within a
predefined interval for each superiteration defining the ba-
sis functions vd,� = {sin(ωd,�t ), cos(ωd,�t )}. Meanwhile, the
length of the pulses is kept constant.
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The combination of this limited search space for ef-
ficient closed-loop optimization together with the three-
step ARISE protocol (see Sec. IV B in the main text)

enables the encoding of a sufficient amount of infor-
mation in the control pulse to substantially increase its
performance [83].
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3.2 QuOCS: The Quantum Optimal Control Suite

3.2.1 Summary

To make best use of quantum control algorithms, they need to be programmed in code form
in order to make them accessible for a computer. In recent years, numerous QOC software
packages have been developed for different platforms and with different features. Some inter-
esting examples are given in the following. MATLAB is a commercial software designed for
engineers and scientists and commonly used for, e.g., numerical simulations. A library that
extends MATLAB with capabilities for spin dynamics simulation, deep learning, and control
through GRAPE is called Spinach [253] and specifically designed for MRS experiments. Im-
plementations of Krotov and GRAPE can be found in DYNAMO [254] together with efficient ways
for time evolution and computational resource management. QEngine [255] is written in C++
and contains implementations of GRAPE and tailored variants of GROUP. For the fairly new
programming language Julia, the QuantumControl.jl package [256] can be found to contain
Krotov and GRAPE together with ready-to-use implementations for control functionals.

The most widespread programming language in the control community is Python with a number
of useful packages. Among them is the Quantum Toolbox in Python (QuTiP) [257] with con-
trol features through the GRAPE and CRAB algorithm and it can be extended with a Krotov
package that is build on top of it [258]. A strategy leveraging automatic differentiation can be
found in GRAPE-Tensorflow [100]. Techniques that are more focused on the communication
with an experiment are captured in the integrated open-source tool set for control, calibration,
and characterization C3 [48, 259] and QOPT [260]. Based on such efforts, commercial offers for
control software are sprouting from the ground due to the increased demand by the quantum
technology industry. The company Qruise [261] offers closed-loop calibration, model learning,
and optimal control to develop high-fidelity digital twins of experimental setups and get deeper
insight and diagnostics of their performance. Another example is the company Q-CTRL [262],
which offers strategies to improve the performance of quantum sensors and quantum computa-
tion platforms.

In this section, we will discuss our approach to make quantum control accessible via a Python
package called the Quantum Optimal Control Suite (QuOCS). Based on the remote dCRAB
implementation in the RedCRAB software [1, 14, 91–93], the predecessor of the open-source
package discussed here, QuOCS puts a focus on the optimization of the controls through direct
communication with an experiment or custom simulation written by a user. It unites black-box
optimization strategies with useful features to overcome some issues like drift and measurement
uncertainties and to respect experimental constraints, which can also come in handy in certain
simulation scenarios. Therefore, QuOCS does not necessarily need to know, how the FoM value
is generated explicitly. However, if enough information about the model is provided, QuOCS
can also perform gradient-based optimization. If the simulation is written in the appropriate
format and uses the according syntax, automatic differentiation via the JAX library [263] for
Python is possible. In this summary, however, we will mainly discuss a dCRAB optimization
approach, since it demonstrates most of the features and structure of the software. Due to its
object-oriented and modular design, the control suite can be adapted and extended by any user
to fit to their needs and it provides a helpful foundation for testing, e.g., new or tailored control
algorithms, parameter search methods and bases for pule expansion.
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To characterize the performance of one or more control pulses, a user of QuOCS needs to define
a FoM for their problem in the first step. This is done via a specific class defined in QuOCS with
a function that takes the pulses, time-grids, and a list of additional parameters, that can also
be adjusted by the optimization, as an input. It returns a real-valued number which is targeted
for minimization or maximization. The job of the FoM object then is to evaluate the pulses and
parameters and construct the FoM such that it reflects the quality of their performance, but
also contains penalty terms for undesired effects like leakage or high power intake. By a call to
the evaluation function, the controls can be sent to an experiment for measurement in the lab,
but also other code can be executed that runs a simulation in another programming language.
Only if gradient methods are used, more information such as the drift- and control-Hamiltonian
and, e.g., the target state of the quantum system have to be provided.

The rest of the control schematics are performed by QuOCS. All the available settings for the
optimization and information about the controls are combined in a JSON file for good readability
and the possibility to provide and alter them with a dictionary datatype in Python. The controls
have attributes like the corresponding time, so that several pulses, i.e. any time-dependent func-
tion, can be associated with different time-grids. Limitations on the maximum and minimum
amplitude and a guess pulse can be defined. The entry for each pulse also contains the infor-
mation about the basis in which to expand it. So can the type of basis, e.g. Fourier or Sigmoid
functions, be selected including further options such as bandwidth limitations and the number
of basis vectors to use during each SI of the dCRAB algorithm. Investigations on the effect of
different bases depending on the optimized problem have recently been studied [82] and provide
helpful insight in the basis choice. A separate section with parameters, that are single-valued
variables to optimize, accepts a guess value, limits for the value, and an estimate for the initial
variation to help the search reach a faster convergence to the optimum. These parameters can,
as examples among other purposes, be used to describe bias voltages or dwell-times.

In a separate section for the algorithm settings, the main QOC method is described. If dCRAB
is chosen, the options include the number of super-iterations (SI) and general stopping criteria
such as a maximum number of function evaluations, a maximum time, or the goal value for the
FoM to reach. The direct search method for the basis and additional parameters is selected next
and can be fine-tuned with a local set of stopping criteria for each SI, so that no time is wasted
if the search gets stuck in a local optimum. Furthermore, options for drift-compensation can
be set, so that the current FoM is re-measured periodically to refocus shifts in the optimization
target due to, e.g., temperature changes in the lab. A method we call re-evaluation steps can
be used to repeat the evaluation of the same set of pulses and parameters if the obtained FoM
together with an estimated or determined measurement uncertainty suggests the possibility of
an improvement while showing a slightly worse FoM than the current optimum.

In the publication, we describe the structure of the code in more detail and also show-case the
software with practical examples. The illustrations include three model-based optimizations
with GRAPE, AD-dCRAB and normal dCRAB and an experimental closed-loop example for
the optimization of the photo-luminescence contrast of an ensemble of NV centers. QuOCS can
be directly integrated in Qudi [264], an open-source software for the control of experimental
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setups.
In summary, in QuOCS we provide a software package that comes with implementations of
commonly used algorithms, both for open- and closed-loop optimization. Its modular and open-
source structure provides a platform for further development and implementation of user-defined
variations or new approaches for optimizations schemes. Numerous helpful structures for pa-
rameteriaztion and supporting restrictions of experimental hardware as well as a customizable
FoM class aid in the connection to simulations and setups in the lab. Besides the applications
of its predecessor RedCRAB [252], QuOCS has been used successfully in a handful of scenarios
already [3, 82, 90, 94, 265] and we are looking forward to extending this list and spark interest
in development contributions across many research areas. QuOCS can be found on GitHub
(https://github.com/Quantum-OCS/QuOCS) and can be installed from the Python package in-
dex (PyPI).
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3.2.3 Data Availability

The software code is published on GitHub (https://github.com/Quantum-OCS/QuOCS) and
some detailed examples in the form of Jupyter are found on another repository (https://
github.com/Quantum-OCS/QuOCS-jupyternotebooks). Additional code for the connection with
Qudi can be found under https://github.com/Quantum-OCS/Qudi-plugin. Further data for
the simulations and experiments shown in the publication in this section is stored on the backed-
up data servers of PGI-8 at Forschungszentrum Jülich (FZJ) and available upon request to the
author of this thesis or the Institute for Quantum Control (PGI-8).
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Quantum optimal control includes a family of pulse-shaping algorithms that aim to unlock the full 
potential of a variety of quantum technologies. The Quantum Optimal Control Suite (QuOCS) unites 
experimental focus and model-based approaches in a unified framework. Easy usage and installation 
presented here and the availability of various combinable optimization strategies is designed to 
improve the performance of many quantum technology platforms, such as color defects in diamond, 
superconducting qubits, atom- or ion-based quantum computers. It can also be applied to the study of 
more general phenomena in physics. In this paper, we describe the software and the toolbox of gradient-
free and gradient-based algorithms. We then show how the user can connect it to their experiment. In 
addition, we provide illustrative examples where our optimization suite solves typical quantum optimal 
control problems, in both open- and closed-loop settings. Integration into existing experimental control 
software is already provided for the experiment control software Qudi (Binder et al., 2017 [41]), and 
further extensions are investigated and highly encouraged.
QuOCS is available from GitHub, under Apache License 2.0, and can be found on the PyPI repository.

Program summary
Program Title: QuOCS - Quantum Optimal Control Suite
CPC Library link to program files: https://doi .org /10 .17632 /wjjch757fk.1
Developer’s repository link: https://github .com /Quantum -OCS /QuOCS
Licensing provisions: Apache-2.0
Programming language: Python
External routines: NumPy [1], SciPy [1], JAX [2]
Nature of problem: Quantum systems are typically controlled by time-dependent electromagnetic fields to 
perform a certain set of quantum operations. Those operations may in turn provide building blocks for 
various quantum information processing tasks such as quantum computation, communication, simulation, 
sensing, and metrology. Numerous control strategies exist to design and improve such operations [3]. 
While some strategies are constructed to target a rather specific problem with high efficiency, others are 
more general to solve a wide range of applications [4,5]. To access the different algorithms, one has to 
download different optimization suites with different input and output parameters, making them hard 
to compare and combine. To benefit from the variety of algorithms, we have devised a customizable and 
intuitive optimization suite that simultaneously provides access to some of the most popular quantum 
optimal control algorithms.
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Solution method: We combine, in a unified framework, some of the frequently used optimal control 
algorithms which are the dressed Chopped Random Basis method (dCRAB) [6], and Gradient Ascent 
Pulse Engineering (GRAPE) [7], with an extension to make use of Automatic Differentiation (AD) [8]. The 
software is able to connect to both models of quantum dynamics in simulations and real-time quantum 
experiments to perform open- and closed-loop optimization, respectively. With minimal knowledge 
of optimal control theory, the user can manage to run optimizations of quantum processes using 
a variety of additional features such as stopping criteria and drift compensation. Logging and data 
management of the optimization progress and results are also handled by the suite. Its modular structure 
allows for extensions that accommodate customized algorithms and can be implemented by the user 
straightforwardly.
Additional comments including unusual features: The connection to the experiments is performed by an 
extension that enables a direct integration to a laboratory control software Qudi [9].
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1. Introduction

Quantum optimal control (QOC) is a technique for shaping 
pulses that can enable and improve the performance of quantum 
technology and contribute to studying phenomena in quantum 
physics in general [1–6]. Besides a clever way of combining search 
algorithms with modeled or measured information about a quan-
tum system, it includes analytical methods such as Pontryagin’s 
maximum principle [7,8], geometric approaches [9,10], shortcuts to 
adiabaticity [11–16] and dynamical decoupling [17–24]. QOC can 
be used to develop control sequences for quantum systems [25]. 
This can include guiding the system from an initial state to some 
desired target state [26], producing robust quantum gates, or en-
tanglement [27]. To do so, the algorithm either makes use of a 
simulated model or adaptive learning from the experiment. If opti-
mal control is used in combination with a simulation and theoret-
ical model, we refer to it as open-loop quantum optimal control. 
If, however, the optimization is performed using information ob-
tained from experimental measurements of the controls provided 
by QuOCS, we speak of a closed-loop optimization. Closed-loop 
QOC is primarily applicable to experiments that use variable elec-
tromagnetic control fields and are capable of performing fast state 
preparation and read-out compared to the lifetime and coherence 
time of the system. When using QOC for closed-loop optimization, 
regardless of the origin of the feedback, the algorithm iteratively 
advances the controls until the system reaches the desired target 
in a reasonable computational and experimental time.

QOC has its roots in the nuclear magnetic resonance community 
of the 1970s, where, for example, shaped radio frequency pulses 
were designed to display certain spectral properties [28]. Since 
then, many methods have been developed specifically catering 
to quantum problems: The Krotov method [29–31] is a gradient-
based approach that can under certain assumptions guarantee 
monotonic convergence. The field has steadily grown, and with 
the introduction of the gradient ascent pulse engineering (GRAPE) 
method in 2005, optimal control became more accessible [32,33]. 
In 2011, the chopped random basis (CRAB) algorithm [34,35] was 
introduced and refined in 2015 with the introduction of dressed 
CRAB (dCRAB) [36]. In the open-source domain, many libraries 

have implemented algorithms similar to the ones we present here, 
e.g., the quantum toolkit in Python (QuTiP) [37] includes both 
CRAB and GRAPE, the Krotov.py package [30] contains a Python 
implementation of the Krotov method. QOpt offers an experiment-
oriented qubit simulation and optimization control package [38], 
DYNAMO [33] and Spinach [39] are MATLAB-based programs run-
ning GRAPE, and C3 is an integrated open-source tool-set for Con-
trol, Calibration, and Characterization [40]. In particular, the main 
focus of C3 is on superconducting qubit systems and relies on the 
description of the system via Hamiltonians. What sets the Quan-
tum Optimal Control Suite (QuOCS) apart is that it unites model-
based approaches and an (also model-free) experimental focus to 
provide a unified framework. The common interface and large 
selection of customizable options make it an ideal platform for 
application-focused yet efficient optimization. At its core, QuOCS 
already includes a standard set of gradient-based and gradient-free 
methods. However, it is the whole environment QuOCS offers to 
make this software noteworthy: it allows the user to create and 
benchmark their own tailored QOC algorithms. Furthermore, it is 
designed to be easily connected to lab control setups (leverag-
ing existing experimental control software such as Qudi [41]) and 
thus be used as a closed-loop optimizer. QOC algorithms have al-
ready demonstrated their capabilities in many different physical 
platforms, including NV centers in diamond [25,42–49], nuclear 
magnetic resonance (NMR) [32,50–54], trapped ions [55–63], cold 
atoms [64–71], and superconducting qubits [72–76]. The optimiza-
tion tasks range from high-performance sensing and state prepa-
ration to the creation of controlled unitary operations for quantum 
computing and quantum simulation. QuOCS inherits ideas from 
RedCRAB (Remote dressed Chopped RAndom Basis) [35,36] on op-
timizing theoretical problems and experimental challenges [77–79]
concentrating on a user-friendly and customizable interface. In 
contrast to RedCRAB, QuOCS is an open-source software with a 
modular structure and object-oriented nature providing a wider 
range of customizability to the user. While other projects are still 
ongoing, QuOCS’ optimization of a two-qubit gate with Rydberg 
atoms was recently published [80]. In this work, we demonstrate 
its usefulness through a closed-loop example with NV centers in 

2

3.2 QuOCS: The Quantum Optimal Control Suite

57



M. Rossignolo, T. Reisser, A. Marshall et al. Computer Physics Communications 291 (2023) 108782

diamond, hopefully inspiring more complex applications in the fu-
ture.

The paper is structured as follows. In Sec. 2 we describe the 
software, the main toolbox and show how to connect to an exper-
iment. Illustrative examples where our optimization suite solves 
typical quantum optimal control problems, both open- and closed-
loop, are given in Sec. 3. Finally, in Sec. 4 we give an outlook and 
a summary of this work.

2. Software description

Python has gathered a lot of attention in the last decade, es-
pecially within the scientific community. As an intuitive, easy-to-
read, and flexible programming language, it has become the de 
facto standard for writing user-friendly code. Whenever its ef-
ficiency is not sufficient, a number of application programming 
interface (API) libraries can be used to connect it to other high-
performance programming languages for computationally heavy 
calculations. To leverage this existing community, QuOCS is writ-
ten in Python 3 using an object-oriented style and has a robust 
suite of tests to ensure the code is reliable. This chapter leads 
the reader through a QOC process, starting from the problem de-
scription, through the configuration of the optimizer and ending 
with the modules that make up the software and available algo-
rithms.

Instructions for the installation of QuOCS can be found in the 
README as part of the GitHub repository. Likewise, an overview 
of the available features and configuration options for the opti-
mization are specified under features and settings. To get started 
with QuOCS the user should identify the available time-dependent 
and static controls and their limits. Additionally, a rigorous defi-
nition of the specified target is required. The next step is to set 
up the connection between the system (experiment or simulation) 
and QuOCS. At this point, the user has to choose the optimal con-
trol algorithm and hyperparameters before starting the iterative 
optimization. Ultimately, the algorithm converges to produce the 
improved final control sequence.

2.1. Problem description

A QOC problem is generally described through the dynamics of 
a quantum system and an optimization target. The Hamiltonian of 
a quantum system,

H(t) = H0(t) +
∑

j

u j(t) · Hc, j(t) , (1)

is typically defined by a system term H0, also called the drift 
Hamiltonian, and the control Hamiltonian Hc,i , which represents 
the effect the control fields ui(t) have on the system. The system 
starts in an initial state |�0〉 or ρ0 = |�0〉〈�0| and evolves accord-
ing to the time-dependent Schrödinger equation

∂

∂t
|�(t)〉 = − i

h̄
H(t) |�(t)〉 (2)

or more generally the Liouville-von Neumann equation.

∂

∂t
ρ(t) = − i

h̄
[H(t),ρ(t)] . (3)

The latter can be extended to include Lindblad terms to describe 
decoherence and dissipation (see Appendix C). In the case of a 
closed quantum system, the solution to equations (2) and (3) is 
given by

|�(t)〉 = U (t) |�0〉 (4)

with the unitary propagator,

U (t) = T exp

⎛
⎝− i

h̄

t∫
0

H(τ )dτ

⎞
⎠ (5)

where T is the Dyson time-ordering operator [33]. The prepara-
tion of a quantum state can typically be done by intrinsic proper-
ties of the given quantum system, but can also be the objective 
of a QOC problem. A comparison to the target is done via the 
Figure of Merit (FoM) which quantifies the distance to the target 
after the evolution or its preparation fidelity. Such a FoM can be 
the state overlap fidelity, Fstate = (

tr
√√

ρT ρaim
√

ρT
)2

, or gate 

overlap fidelity, Fgate = 1
N2 tr

(
U †

aim U T

)2
. It can also be extended 

to contain further information such as penalty terms. Such term 
can, for example, help to reduce the population of forbidden or 
undesired (usually lossy) states. Alternatively, any term can be in-
cluded that represents a parameter that should be maximized or 
minimized during the development of the control sequence. Other 
examples include the control power or high-frequency pulse com-
ponents. In order to limit the power transmitted to the system by 
the control, a factor k can be introduced such that the FoM takes 
the form F = k · (1 − F ) + (1 − k) 

∫ |u(t)|2dt where F is e.g. the 
gate fidelity. In that way it becomes clear that the FoM is not nec-
essarily the same as the (in)fidelity, and the optimization can be 
adjusted to be in favor of increasing the fidelity or reducing the 
power. During the optimization, a FoM is calculated in each iter-
ation of the search and associated with the tested control pulse. 
The pulses u j(t) (or control fields) are expanded in an arbitrary 
type of basis, such as, e.g., the Fourier basis or Chebyshev poly-
nomials, and updated by variation of the basis coefficients (i.e., 
the optimization-parameters). Additionally, the gradient of the FoM 
can be calculated with respect to the basis elements of the pulse.

As an example for the user, we have implemented a gradient-
based optimization for a state-to-state transfer, where the user 
sets the initial and target state as well as the model of the quan-
tum system by providing the drift and control Hamiltonian. In that 
case, QuOCS also works as a simulator. When performing gradient-
free optimizations, the user only has to provide the custom FoM 
class, which is a child of the AbstractFoM class, that feeds back 
the fidelity or cost of a given set of pulses and parameters. The 
system dynamics are provided by a user-specific coded model. Fu-
ture extensions to the software might include a set of efficient 
propagators, sophisticated solvers of the Schrödinger equation, or 
approximations for ensemble systems if the problem is described 
in the template structure provided by QuOCS. Regardless of the 
specific way the FoM is calculated, the aim of the Abstract-
FoM class is to establish a connection to any kind of simulation 
code or experiment. In the simplest case, this can be done by 
calling another Python code script from within the FoM class. In 
principle, any arbitrary structure that takes the pulses, their asso-
ciated times, and constant but variable parameters as an input, can 
work for a gradient-free black-box optimization with QuOCS. The 
only requirement is that a real number to be maximized or mini-
mized is given as an output. As a result, the user can execute code 
written in other programming languages such as Julia, C, C++, Mat-
lab, or Mathematica. For connections to an experiment, methods 
of file communication, where the pulses, parameters, and FoM are 
written into text files and a watcher for timestamp changes is im-
plemented, have been proven very useful in the development and 
experiences with RedCRAB. Furthermore, TCP/IP socket communi-
cation, where the information is sent between local ports on the 
same computer or remotely accessible ports between different ma-
chines, has been investigated and might become available in future 
updates to the software.
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Once the FoM has been calculated for a given set of parameters 
describing the pulse, QuOCS uses an updating algorithm (such as 
the Nelder-Mead simplex algorithm [81,82], Powell’s method [83], 
the covariance matrix adaption evolution strategy (CMA-ES) [84], 
or L-BFGS-B [85]) to find a new pulse. This cycle is repeated un-
til the optimization converges or a specified stopping criterion is 
reached (see 2.2.2).

2.2. Configuration of the optimizer

After defining the problem to be solved via the Abstract-
FoM class, the settings for the solution method of the problem 
by QuOCS have to be specified by the user. This is done in a 
configuration file with JSON format. JSON provides a structured 
and human-readable way of defining data as a dictionary in a 
Pythonic style. We have split the information into sections to ease 
the navigation between different settings and the parameters pro-
vide intuitive configuration. Examples can be found in Sec. 3 and in 
the form of a set of Jupyter notebooks on GitHub [86]. The config-
uration file is saved automatically together with the optimization 
results to allow the user to take note of the used parameters and 
reproduce the results. We will go through the settings in the order 
as shown in the examples. Each key is an entry in the optimiza-
tion configuration dictionary and contains the information of a 
specific setting. A name for the optimization runs, that is then 
also contained in the folder name for the results, can be specified 
by the key optimization_client_name . The main sections 

for the optimization are algorithm_settings , pulses , 

parameters and times . The algorithm_settings de-

fine the information about the type of QOC algorithm and its 
properties. Among them are, for example, the name of the 
algorithm (e.g. dCRAB, GRAPE, or AD (for automatic differen-
tiation) (see Appendix A)) via the key algorithm_name , 
the number of super-iterations in the case of dCRAB (see Ap-
pendix A.2) by super_iteration_number , and if a min-

imization or maximization of the FoM should be performed 
( optimization_direction ). Under dsm_settings the 
name of the direct search method (dsm) is given by
dsm_algorithm_name (e.g. “NelderMead”) in

the general_settings and stopping criteria are specified in 

stopping_criteria (see Sec. 2.2.2). Via

random_number_generator a seed can be defined to per-

form reproducible searches during testing, debugging, or determi-
nation of suitable hyperparameters. In this context, the hyperpa-
rameters are the settings in the configuration that have a direct 
influence on the optimization, such as the number of (super-) iter-
ations, the specific basis used for pulse expansion, or the number 
of basis functions per search during a super-iteration. The stop-
ping criteria and convergence tolerances can also be considered 
as hyperparameters because they determine the behavior of the 
optimization.

In experiments, specific issues may arise, such as the need to 
deal with measurement uncertainty and noise or drift of the detec-
tion signal. For simple drift compensation, a regular time interval 
on which to re-calibrate the current best set of pulses and parame-
ters to the experiment can be specified in compensate_drift
either as a time-periodic check or after each super-iteration. Noisy 
measurements might require the re-evaluation of data points to 
ensure an accurate interpretation of the parameter landscape if 
the FoM evaluated for two data points are within the measure-
ment error. The re_evaluation option uses a list of threshold 
probabilities and the standard deviation of the FoM as input. A 
potential improvement of the pulses is verified by repeating the 

evaluation to lower the measurement uncertainty according to the 
criteria specified by the threshold probabilities. If this option is 
activated, a standard deviation of the measured FoM, or at least 
a reasonable estimate, has to be provided in the AbstractFoM
class.

Custom designs of search algorithms can be written according 
to the available templates or by adapting existing scripts coming 
with QuOCS. The Python files containing the algorithm class (see 
Sec. 2.5) can be placed in any folder of the user’s file structure and 
linked via the keys dsm_algorithm_module for the filename 

and dsm_algorithm_class for the name of the class so that 
QuOCS can find and use them.

2.2.1. Configuration of pulses and parameters
Time-dependent control functions can be defined under

pulses . pulse_name allows the user to provide a custom 
name, e.g. “amplitude” or “voltage”, and the associated duration 
is connected by time_name . This feature enables the optimiza-

tion of several pulses on different time scales and to specify the 
same duration for several pulses. Other parameters for pulses are 
the amplitude limits ( upper_limit and lower_limit ), the 
number of bins into which to discretize the pulse (typically the 
sampling rate of the electronics in the experiment or the model 
resolution) by bins_number and an initial amplitude varia-

tion scale via amplitude_variation . The amplitude varia-

tion is specified in the units of the amplitude limits and guess 
pulse (if provided) and describes the variation of the points in 
the start simplex in case of Nelder-Mead or the initial width of 
the Gaussian in case of CMA-ES. Initial guesses can be defined 
by providing a Python lambda function or a list of values under 
initial_guess that can, e.g., stem from previous optimiza-

tion runs. This list can also be added programmatically to the 
settings dictionary before executing the optimization by reading 
in the results from a previous run or sampling from a function 
defined elsewhere. The same holds for a scaling function, which 
can be used to set the pulse amplitudes to zero at the begin-
ning and the end or to include post-processing of the obtained 
pulse-shape. In the basis section, the desired basis in which to 
expand a pulse can be set and further parameters that are specific 
to the chosen basis can be defined. These include the distribu-
tion ( distribution_name ) from which to select the random 
variables for the dCRAB algorithm (see Appendix A.2), the number 
of basis vectors per super-iteration ( basis_vector_number ), 
etc. QuOCS comes equipped with a set of bases: Fourier, Cheby-
shev, piece-wise constant, and Sigmoid. However, the user can 
easily extend this list by writing their own basis according to the 
available template and link their file to QuOCS in the basis part of 
the pulse settings. As for the custom algorithm, the Python files 
containing the new basis class can be placed in any folder of the 
user’s file structure and referenced via the keys basis_module

for the filename and basis_class for the name of the class so 
that QuOCS can find and use them.

Under times the settings so far contain a name to connect it 
to a pulse, an initial value for the duration and ranges in which the 
duration might be varied with a reasonable variation size to start 
with. Currently, the variation and optimization of pulse durations 
is not supported yet.

The same as for the times holds for parameters , except 
that they should be seen as constant but variable values that are 
optimized besides the pulse amplitudes and are not connected to 
the pulses (at least not inside QuOCS), e.g. the constant detuning 
of a control field or a bias voltage. Here, the variation is considered 
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Fig. 1. General structure of QuOCS. The FoM class, which is specified by the user, 
is fed into a communication object together with further utilities for data dumping, 
logging and exit handling. The optimizer then connects this object to the defined 
optimization algorithm and initiates the run.

in the optimization and the final values are saved with the optimal 
pulses (see Sec. 2.3).

2.2.2. Stopping criteria
Numerous stopping criteria are available to either end the opti-

mization upon convergence or continue with a new super-iteration 
if a local search is stuck. Globally, one can set the total number 
of function evaluations by max_eval_total , the total time af-

ter which to stop by total_time_lim given in minutes, and 

a goal FoM that is to be reached by FoM_goal given in the 
same units as the FoM provided by the AbstractFoM class. These 
options are defined directly in the algorithm settings. More infor-
mation on algorithm-dependent criteria can be found in Section 3.

For stopping criteria of individual super-iterations (SI) a
stopping_criteria entry in the direct search method set-

tings is used. Among them are convergence criteria for the search 
method defined analogous to numpy like xatol and, fatol
which describe the simplex size and variation of the FoM value 
over the simplex points, respectively, in the case if Nelder-Mead. 
Additionally, a time limit for the SI, a maximum number of evalua-
tions, and a change-based stop can be specified. The change-based 
stop takes the slope of the FoM trend over a given number of eval-
uations, below which the optimization proceeds with the next SI. 
This is a very intuitive way to save time in an already sufficiently 
converged local search.

2.3. The optimizer class

After the configuration of the optimization problem, the itera-
tive optimization process can start.

The Optimizer class is the main class of the optimizer. As 
shown in Fig. 1, it contains all the general modules every optimiza-
tion algorithm requires, such as an object for the communication, 
which takes care of the data management (dumping), logging, and 
the current state of the optimization. Exit handling is also per-
formed in here. One important job of the communication is to take 
care of the connection to a graphical interface which is currently 
under development. Also, the visualization and initiation of a run 
in the lab-software Qudi is enabled by this class.

Each execution of the optimizer will create a folder named 
“QuOCS_Results” in the current directory of the Python shell with 
which the script is called. The results of an optimization run are 
put in a sub-folder therein named with a date- and time-stamp 
plus the custom optimization name defined by the user. In that 
folder, all the results are saved. This contains a log file that can be 
used for investigations of errors during an optimization and to gain 
more insight in the optimization history. The software generates a 
.npz file containing the best control pulses and parameters, the 

Fig. 2. The algorithm structure of QuOCS. The inner method contains the main part 
of the algorithm and can be adapted by the user or replaced by a custom code. It 
is connected to a stopping criteria object to check for, e.g., convergence or time-
out. The controls object handles the composition of pulses, constant but variable 
parameters and times and can be accessed by the optimization algorithm.

best achieved FoM and more information like the SI and iteration 
number required to converge. Lastly, a copy of the settings dictio-
nary in JSON format and a text file with the used QuOCS version 
number is saved. The files that are saved can be extended manu-
ally by extracting desired information from the optimizer object or 
by adding functions to the FoM class.

2.4. Optimization algorithms

The optimization code is at the core of the Quantum Optimal 
Control Suite. The chosen optimization algorithm itself is a child 
class of OptimizationAlgorithm and invokes all independent 
module classes which it needs to perform the optimization as well 
as information about the communication object. A visualization of 
the structures shown in Fig. 2.

A routine defined in the OptimizationAlgorithm class is 
called every time a set of controls is evaluated. At every call of the 
routine, the global stopping criteria are checked and the communi-
cation with the linked FoM class is established. The child class for 
a specific algorithm has an inner routine call that is linked to its 
parent class and function. In the child, the specific stopping criteria 
are checked, and the re-evaluation steps are performed.

The algorithm itself contains an object for the controls (pulses, 
parameters and times), so that the used basis and settings can be 
handled separately, and the optimization algorithms are kept gen-
eral. Also, the stopping criteria are taken care of in their own class, 
so that for each search strategy unique convergence indicators can 
be considered. During the routine call, only a query if one of the 
criteria has been reached is done and acted upon accordingly.

2.5. Direct search methods

During each dCRAB super-iteration, a direct search for the 
set of randomized controls is performed. The DirectSearch-
Method class implements different direct search algorithms, such 
as Nelder-Mead and CMA-ES. Further strategies, that each have dif-
ferent advantages depending on the control problem, can easily be 
added personalized by the user. Direct search methods that are 
written or adapted by a user can be linked in the JSON configura-
tion file, as already explained for the user OptimizationAlgo-
rithm and basis. In this way, the new code can be integrated in 
the local file structure of the user, without the need to update the 
QuOCS installation (see Sec. 2.2).

2.6. Bases and pulses

Since the time-dependent pulses are expanded in some basis, 
a separate class for the pulses has been implemented. Each ba-
sis type is a child of this class and combines the to be optimized 
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Fig. 3. Structure of pulses in QuOCS. The basis class obtains the information about 
each pulse, such as the function space in which to expand it and the optimization-
parameters used for optimization. An initial guess, a scaling function and possible 
amplitude constraints are also defined here.

optimization-parameters to describe a certain pulse shape depend-
ing on the specified basis and the initial guess provided by the 
user. Here, also the scaling function is used to post-shape the pulse 
if needed. Finally, amplitude constraints are enforced. The structure 
can be visualized in Fig. 3. Several ways are possible here: simply 
cutting off the parts of a pulse that exceed the limits can intro-
duce sharp edges, which can be useful to achieve shapes similar 
to bang-bang controls [74]. If bandwidth restrictions are important 
for the setup or system at hand, the shrink option can be useful, 
where the pulse is squeezed until it obeys all limitations. Addi-
tionally, post-processing steps to enforce bandwidth-limitations by 
cutting off high or low frequencies after a Fourier transformation 
could be implemented.

3. Example applications

In the following subsections, we are going to show three opti-
mization examples to illustrate how QuOCS can be used to improve 
processes using models and experimental feedback. One of the 
model-based optimizations is demonstrated with a gradient-based 
and one with a gradient-free algorithm. Lastly, we show the re-
sults of a simple closed-loop optimization on an experiment in a 
laboratory.

Examples for runnable scripts can be found in the Exam-
ples folder of the GitHub repository. More guided examples using 
Jupyter notebooks are located on a separate GitHub repository [86]. 
An introduction to QuOCS for Qudi, including a Qudi installa-
tion guide and Jupyter notebook example, are accessible through 
QuOCS’ Qudi-plugin repository [87].

3.1. Model-based optimization with GRAPE

We show the performance of GRAPE on an Ising problem with a 
Hamiltonian similar to the one used in Ref. [88]. The optimization 
problem is given by

H(t) = − J
∑

j

σ z
j σ

z
j+1 − g

∑
j

σ z
j σ

z
j+2 + u(t)

∑
j

σ x
j (6)

where J and g describe the nearest and next-nearest neighbor in-
teraction, respectively. A global control field in the x-direction u(t)
is used for the control of the system. We use a spin-chain of 5 
qubits and take J = 1 and g = 2. A pulse of length 1 (a.u.) is 
discretized into 100 piece-wise constant elements. In QuOCS, we 
exploit the GRAPE algorithm to optimize the control field u(t) from 
an initial guess of u(t) = 0 to find an operation that transfers all 
spins from the ground to the excited state. The figure of merit 
(FoM) is defined as the fidelity of the overlap of the target state 
with the state after time evolution under the control pulse accord-
ing to the Hilbert-Schmidt inner product F = tr[ρ(T )†ρaim]. The 
time propagation is performed by a piece-wise evolution method 
using the matrix-exponential provided by QuOCS.

Initially, the modules needed for setting up the QOC problem 
are imported.

1 from quocslib.utils.inputoutput import readjson
2 from quocslib.utils.AbstractFoM import AbstractFoM
3 from quocslib.Optimizer import Optimizer
4

To define the control problem, the user provides a class which 
handles the dynamics of the system. At this point the drift- and 
control-Hamiltonian might be provided or the figure of merit 
(FoM) is handed back directly establishing the connection to the 
experiment or simulation.

1 class IsingModel(AbstractFoM):
2
3 def __init__(self, args_dict:dict = None):
4 """ Initialize the object """
5 if args_dict is None:
6 args_dict = {}
7 ...
8
9 def get_FoM(self, pulses: list = [],

10 parameters: list = [],
11 timegrids: list = []
12 ) -> dict:
13 # Compute the dynamics and FoM
14 ...
15
16 return {"FoM": fidelity}
17
18 # Create Figure of Merit object
19 FoM_object = IsingModel()
20

Details of the used model FoM class can be found in the Exam-
ples folder in the GitHub repository. The optimization algorithm 
is customized via a JSON file that contains information about the 
number of pulses, stopping criteria, etc.

1 optimization_dictionary = readjson("opt_dictionary.json
"))

2

The JSON dictionary used for the GRAPE optimization is as fol-
lows:

1 {
2 "algorithm_settings": {
3 "algorithm_name": "GRAPE",
4 "stopping_criteria": {
5 "max_eval_total": 100,
6 "ftol": 1e-6,
7 "gtol": 1e-6
8 }
9 },

10 "pulses": [{
11 "pulse_name": "Pulse_1",
12 "upper_limit": 100.0,
13 "lower_limit": -100.0,
14 "bins_number": 100,
15 "amplitude_variation": 20.0,
16 "time_name": "time_1",
17 "basis": {
18 "basis_name": "PiecewiseBasis",
19 "bins_number": 100
20 },
21 "initial_guess": {
22 "function_type": "lambda_function",
23 "lambda_function": "lambda t: 0.0 + 0.0*t"
24 }
25 }],
26 "parameters": [],
27 "times": [{
28 "time_name": "time_1",
29 "initial_value": 1.0
30 }]
31 }
32
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Fig. 4. Optimization results with GRAPE: Top: Evolution of the figure of merit during 
the iterations of the GRAPE algorithm for the system described by the Hamiltonian 
in eq. (6). Bottom: Final optimized amplitude u(t) after the application of GRAPE on 
the problem.

In the last step, the optimizer object is built from the pro-
vided class and dictionary. After that the QuOCS optimization can 
be started:

1 # Define Optimizer
2 optimization_obj = Optimizer(optimization_dictionary,

FoM_object)
3
4 # Execute the optimization
5 optimization_obj.execute()
6

The final optimized amplitude and evolution of the FoM dur-
ing the run is shown in Fig. 4 and the fidelity reached a value of 
99.95% in 79 steps of the GRAPE algorithm. This can be pushed 
further by decreasing the convergence tolerances ( ftol and 
gtol ) of the L-BFGS-B minimizer used during the optimiza-

tion [89].

3.2. Model-based optimization with AD-dCRAB

The same problem can be optimized with the dCRAB algorithm. 
Here, we use gradients with respect to a chosen dCRAB basis. They 
are calculated via the automatic differentiation library JAX [90], 
thus we call it AD-dCRAB. To work effectively, all NumPy func-
tions and types used in the FoM calculation have to be replaced 
by their jax.numpy counterparts. Furthermore, it is recommended 
to make use of jitting (jit - just in time) [91] for the time evolu-
tion to improve performance. For details see the Examples folder 
on the GitHub repository. The JSON file containing the optimiza-
tion settings is given in the following:

1 {
2 "optimization_client_name": "

Optimization_AD_IsingModel_100_bins",
3 "algorithm_settings": {
4 "algorithm_name": "AD",
5 "super_iteration_number": 3,
6 "max_eval_total": 3000,

7 "optimization_direction": "maximization",
8 "stopping_criteria": {
9 "max_eval": 1000,

10 "ftol": 1e-05,
11 "gtol": 1e-05
12 }
13 },
14 "pulses": [
15 {
16 "pulse_name": "Pulse_1",
17 "upper_limit": 1000.0,
18 "lower_limit": -1000.0,
19 "bins_number": 100,
20 "amplitude_variation": 10.0,
21 "time_name": "time_1",
22 "basis": {
23 "basis_name": "Fourier",
24 "basis_vector_number": 5,
25 "random_super_parameter_distribution": {
26 "distribution_name": "Uniform",
27 "lower_limit": 0.01,
28 "upper_limit": 5.0
29 },
30 "bins_number": 2000
31 },
32 "initial_guess": {
33 "function_type": "lambda_function",
34 "lambda_function": "lambda t: 0.0 + 0.0*t"
35 }
36 }
37 ],
38 "parameters": [],
39 "times": [
40 {
41 "time_name": "time_1",
42 "initial_value": 1.0
43 }
44 ]
45 }
46

Fig. 5 shows the improvement over the dCRAB iterations and 
function evaluations leading to a final FoM of 99.91%. This result 
might be further improved by reducing the values for the stop-
ping criteria ftol and gtol , which describe the acceptance 
for convergence based on the variations of the relative error in 
the FoM or the gradient norm, respectively. New dCRAB super-
iterations started after FoM evaluation 28 and 76.

The resulting pulse is much smoother than the GRAPE result. 
This feature is inherently provided by the dCRAB method and can 
be added to GRAPE as well by extending this basic implementa-
tion example [92,93]. In contrast to piece-wise constant basis used 
in the GRAPE example, which limits the discretization of the pulse 
in order to still perform a computationally efficient optimization, a 
much finer time grid can be used for the pulse. This comes from 
the expansion of the pulse into analytical basis functions which 
can be sampled at any time-step and the binning does not influ-
ence the complexity of the control problem.

3.3. Model-based optimization with gradient-free dCRAB

We again use the same model as in the previous sections but 
the optimization is performed via the dCRAB algorithm in combi-
nation with a gradient-free search method to give an example for 
a black-box optimization. However, to slightly modify the problem 
and to emulate fluctuations of the output of the system, a variation 
of the next-nearest neighbor coupling is added to the simulation as 
an example. For this purpose, we sample a random number from 
a Gaussian distribution around 0 with a variance of 0.1 and add it 
to the value of g in each evaluation of the FoM. In such a “noisy” 
scenario the dCRAB algorithm, in combination with Nelder-Mead 
and a Fourier basis under usage of the re-evaluation steps option 
of QuOCS, is a good approach to solve the problem. One reason 
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Fig. 5. Optimization results with AD-dCRAB: Top: Evolution of the FoM during the 
iterations of the dCRAB algorithm. We used automatic differentiation to calculate 
the gradients of the basis components that make up the drive control for the system 
described by the Hamiltonian in eq. (6). Bottom: Final optimized control amplitude 
u(t) after the application of AD-dCRAB.

for this is the natural robustness of Nelder-Mead since its sim-
plex size can be chosen larger than the variations in the parameter 
landscape. The Fourier basis can produce arbitrary pulse shapes 
limited by the bandwidth provided in the optimization settings 
and the re-evaluations option is designed to consider uncertainty 
in the evaluated FoM. The settings for the optimization were de-
fined as follows:

1 {
2 "optimization_client_name": "

Optimization_dCRAB_IsingModel",
3 "algorithm_settings": {
4 "algorithm_name": "dCRAB",
5 "super_iteration_number": 3,
6 "max_eval_total": 3000,
7 "dsm_settings": {
8 "general_settings": {
9 "dsm_algorithm_name": "NelderMead",

10 "is_adaptive": true
11 },
12 "stopping_criteria": {
13 "xatol": 1e-14,
14 "fatol": 1e-09,
15 "change_based_stop": {
16 "cbs_funct_evals": 200,
17 "cbs_change": 0.01
18 }
19 }
20 },
21 "re_evaluation": {}
22 },
23 "pulses": [
24 {
25 "pulse_name": "Pulse1",
26 "bins_number": 2000,
27 "upper_limit": 1000.0,
28 "lower_limit": -1000.0,
29 "time_name": "time1",
30 "amplitude_variation": 10.0,
31 "basis": {
32 "basis_name": "Fourier",

Fig. 6. Optimization results with dCRAB: Top: Evolution of the figure of merit during 
the iterations of the dCRAB algorithm for the system described by the Hamiltonian 
in eq. (6) with additional noise on the g parameter. Bottom: Final optimized ampli-
tude u(t) after the application of dCRAB on the problem.

33 "basis_vector_number": 5,
34 "random_super_parameter_distribution": {
35 "distribution_name": "Uniform",
36 "lower_limit": 0.01,
37 "upper_limit": 5.0
38 }
39 },
40 "initial_guess": {
41 "function_type": "lambda_function",
42 "lambda_function": "lambda t: 0.0 + 0.0*t"
43 }
44 }
45 ],
46 "times": [
47 {
48 "time_name": "time1"
49 }
50 ],
51 "parameters": []
52 }
53

In Fig. 6 the evolution of the FoM during an optimization 
with the dCRAB algorithm and the resulting control is shown. At 
step 379 and 654 a new dCRAB super-iteration is started and the 
new parameter landscape is searched by the NM method with an 
(initially) larger simplex (see [6,36,69]). The final FoM results in 
99.78±0.02% for an average of the FoM evaluated 50 times with 
the best pulse provided after the run.

3.4. Closed-loop implementation in an experiment

To improve the usability of QuOCS in an experimental environ-
ment, the control suite contains an interface with Qudi [41], a 
well-established multi-modular software to tune technologies of-
ten used for color-centers in diamond, as well as on other setups 
for experiments on quantum systems. The communication between 
the two platforms is established by using the signal slot feature of 
the Qt library and a Jupyter notebook kernel provided by Qudi. 
The optimization is started via a Jupyter notebook, controlling the 
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Fig. 7. QuOCS implementation in Qudi. The optimization logic class sends the controls to the Controls logic via a signal. The Jupyter notebook is then notified by the class 
variables are_controls_updated when the controls are ready to be used in the measurement. Indeed the Qudi module inside the notebook performs the experiment and 
returns the feedback to the fom variables in the fom_logic class. Finally, the feedback result is given back to the optimization_logic class via a signal and stored for the 
optimization algorithm. The red boxes delimit the class functions (orange boxes), and variables (blue boxes). The dashed arrows show the signals action among the logic 
classes, meanwhile the violet continuous lines represent the declaration and the return interactions between modules. (For interpretation of the colors in the figure, the 
reader is referred to the web version of this article.)

status of QuOCS and Qudi at each iteration. A schematic of the 
process is provided in Fig. 7.

To test and verify the applicability of QuOCS in a real exper-
iment, we perform a state-to-state transfer for an ensemble of 
nitrogen vacancy (NV) centers in diamond. The NV center is a 
defect in the diamond lattice consisting of a vacancy and a ni-
trogen atom on the neighboring lattice site [94–96]. Because of its 
large zero-field splitting of D ≈ 2.87 GHz, its ms = −1 and ms = 0
ground states can be treated as an effective two-level system when 
a magnetic field is applied (here B = 458 G). The applied magnetic 
field also leads to polarization of the nuclear spin associated with 
the nitrogen of the NV center [95]. The diamond sample is grown 
by chemical vapor deposition and has a natural abundance of 13C
and an NV layer thickness of ≈ 10 μm ([N] = 14 ppm). Due to 
the large NV layer thickness and readout area of � ≈ 14.5 μm, 
the NV centers suffer from strong amplitude variation across the 
sample during the application of microwave pulses for spin state 
manipulation. To overcome this problem, we task QuOCS to opti-
mize the amplitude and phase of a 200 ns long pulse to perform 
a π rotation of the NV spins from ms = 0 to ms = −1. As the 
ms = −1 state shows a lower fluorescence signal than the ms = 0
state [97], the FoM is given by the fluorescence contrast between 
those two states. We read out the NV centers spin state by apply-
ing a 532 nm laser pulse, which can also be used to re-initialize it 
back to the ms = 0 state [98]. Generated pulses are sent in form of 
a microwave signal through a straight microwave antenna on top 
of the diamond. Further details of the setup can be found in Ap-
pendix B.

The optimization is performed for 3 hours where a new SI 
is started if the FoM does not change more than 0.001 over 50 
evaluations. One evaluation step takes ∼8.5 s and is mainly lim-
ited by the time needed to generate the pulse and process the 
obtained fluorescence signal. This choice is mainly made to illus-
trate the behavior of the optimization over a longer timescale and 
several super-iterations. The improvement of the photolumines-
cence contrast is only minor after around 250 iterations and the 
optimization could already have been stopped there for a faster 
runtime of about 35 minutes. As can be seen in the upper part of 
Fig. 8, the FoM signal is subject to some drift over time, i.e. iter-
ations. This drift is well mitigated by the compensation methods 
via a re-calibration of the current best pulse after every 15 min-

Fig. 8. Closed-loop optimization of a π -pulse on an NV center: Top: Evolution of the 
figure of merit during the iterations of the dCRAB algorithm for the maximization of 
the photo-luminescence (PL) contrast between the initial ms = 0 and excited ms =
−1 state. The PL contrast corresponds to the amount of population flipped from 
ground to excited state. Bottom: Comparison of the achieved PL contrast between 
the optimized pulse and a simple rectangular pulse (constant amplitude and phase) 
under reduction of the amplitude from 100% to 0.

utes that is provided in QuOCS and taken into account for the final 
optimal pulse components. To investigate the robustness against 
amplitude errors, we compare the final optimized pulse to a rect-
angular one with equal length. As shown in the lower part of 
Fig. 8, the optimized pulse shows a much higher contrast in any 
case of artificially lowering the applied amplitude as compared to 
its rectangular counterpart and is therefore able to transfer more 
population from ms = 0 to ms = −1. Such optimized pulses can 
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enhance the performance of experiments substantially [44,99–102]
and due to its simple experimental implementation and fast op-
timization times QuOCS provides a framework for these kinds of 
experiment.

4. Conclusions and outlook

The family of QOC methods contains a variety of powerful al-
gorithms to boost quantum technologies. To date, these methods 
have been implemented in several libraries, but a unified frame-
work is missing. Finding the algorithm that is most suited to solve 
a problem, or having an heterogeneous approach, could be time 
demanding for a user in terms of the large amount of interfaces 
to develop for connecting the optimization algorithms to a given 
problem. Thus, to exploit the full potential of QOC and make these 
methods more accessible, even for researchers not in the QOC field, 
we provide QuOCS: a control suite that allows a problem to be 
solved by different algorithms in the same framework. Moreover, 
the modular structure of QuOCS allows an easier customization of 
the features to satisfy even specific needs of the user. For instance, 
new algorithms can be intuitively integrated with the many fea-
tures already available and optimizer-related classes simplify the 
definition and implementation of new constraints, stopping crite-
ria, etc.
We have shown with some examples that QuOCS simplifies also 
the process of transitioning from open-loop to closed-loop opti-
mization. The open-loop optimization examples show the strength 
and weaknesses of two of the implemented algorithms, GRAPE and 
dCRAB. Instead, the closed-loop optimization is connected to the 
experiment via Qudi [41], a modular experiment control software 
often used for experiments with color centers in diamond. While 
the experiment could also be connected using, for example, a sim-
ple user-written bash script, we provide a module that allows the 
integration of QuOCS with the Qudi graphical user interface.

The field of quantum technology is in the transition phase be-
tween publicly funded research efforts and commercial exploita-
tion, and QOC is starting to play a major role in this transition. 
Color centers in diamond, superconducting qubits, Rydberg atoms 
and ions in traps are vivid branches of quantum technology. Break-
throughs in these areas increasingly involve the need of tailored 
control over quantum devices and feedback loops between the de-
vice and the control algorithm. By integrating QOC into the lab 
software Qudi, QuOCS represents another step towards quantum 
technology based on color centers in diamond, especially with re-
gard to automatic control of quantum computers and quantum 
sensors. Furthermore, the modular structure allows for straight-
forward extension to many other platforms. However, any type of 
setup able to run in closed-loop mode can in principle make use 
of QuOCS. Additionally - as demonstrated by similar open access 
control suites like QuTiP - QuOCS has the potential of widespread 
use across different quantum technology platforms. In particular, 
the underlying control algorithm dCRAB was used successfully on 
many different systems such as trapped ions, cold atoms, super-
conducting qubits or Bose Einstein condensates [5].

Installation and updating is straight-forward due to the avail-
ability on the Python Package Index (PyPI). Examples are available 
on the GitHub repository, as well as an overview of QuOCS’ fea-
tures and settings. More detailed tutorials in the form of Jupyter 
notebooks can be found on a separate GitHub repository with
Jupyter notebooks [86]. For instructions regarding the usage of 
QuOCS with Qudi, please have a look at the Qudi-plugin reposi-
tory [87].

The further development of QuOCS and addition of new fea-
tures is an ongoing project. The main focus currently lies on the 
implementation of features requested by active users. Besides that, 
goals include the implementation of more updating algorithms, 

stopping criteria, and drift-compensation mechanics. To simplify 
the configuration of the optimization, which is submitted in the 
form of a JSON file, we are working on an adaptable GUI. Fu-
ture updates might also include settings in the JSON file to au-
tomate regularly-needed processes, such as the visualization of 
pulses and FoM evolution. The list of possible extensions also in-
cludes the adaption of the implemented GRAPE method in order 
to generate smooth, bandwidth-limited pulses. This could be done 
by reparameterizing the pulse similar to dCRAB and subsequently 
optimizing the coefficients via their gradient obtained with the 
chain-rule (GROUP) [92] or gradient optimization of analytic con-
trols (GOAT) [93]. Another method is the usage of filter functions 
or interpolation [103]. These features are candidates for potential 
future additions to the codebase of QuOCS. The priority of future 
development will be adjusted according to user demands voiced 
on the repository.

As quantum technology is on the rise, so is the demand for the 
application of QOC to fully exploit the hardware’s potential. QuOCS 
is designed to bring together well-established but distinct QOC 
methods. In doing so, it provides a user-friendly framework for 
quantum scientists and engineers. Its open-source form invites the 
involvement of others to continuously extend and improve QuOCS.

Required metadata

Github repository: https://github .com /Quantum -OCS /QuOCS.
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Appendix A. Optimal control algorithms

A.1. Gradient-free algorithms

QuOCS includes a set of direct search algorithms serving as a 
base for the dCRAB algorithm. The user has complete control over 
which algorithm to use and can tweak the hyper-parameters of 
the algorithm to enhance convergence. Gradient-free optimization 
algorithms provide a recipe to find local minima in the absence 
of gradients. Gradients might not be available when the opti-
mal control problem is especially complex or the access to data 
is limited. The latter is especially true for closed-loop optimiza-
tions where each FoM is obtained directly from the experiment. 
While finite-difference methods aim to approximate the gradi-
ent nevertheless, gradient-free optimizers are truly independent 
from them and commonly more efficient in the lower-dimensional 
searches we consider. The software comes with a simplex-based 
algorithm (adaptive Nelder-Mead) as well as the Covariance Ma-
trix Adaption Evolution Strategy (CMA-ES). However, the user can 
add their own gradient-free algorithms via the DirectSearch-
Method class. An example implementation can be found under
GradientFreeTemplate.py. To reduce the number of param-
eters per optimization, gradient-free algorithms are commonly ap-
plied in combination with dCRAB.

A.2. dCRAB

The dressed Chopped RAndom Basis algorithm [6,34–36] is 
designed to optimize time-dependent pulses by expanding the 
control field in a truncated basis of functions. Typical used bases 
are elements of the Fourier series, Chebyshev polynomials, Gaus-
sian functions, or sigmoid functions with certain randomized 
parameters. The advantage of doing this is two-fold: experi-
mental constraints such as, e.g., bandwidth limitations can be 
considered directly by limiting the parameters during basis vec-
tor selection. Secondly, the search space to find optimal update 
pulses is drastically lowered in comparison to optimizing the 
amplitudes of a piece-wise constant pulse because only the so-
called optimization-parameters are varied and optimized. These 
optimization-parameters are the coefficients of the basis elements 
such as the amplitude and phase of a sine wave or the width of a 
Gaussian plus any constant but variable coefficients that need to be 
optimized as well. The basis vectors are randomized by selecting 
e.g. the frequency of the sine wave randomly from within a certain 
range. After finding the best-performing optimization-parameters 
for a set of basis functions, a new set of basis vectors is selected 
and the resulting pulse variations are added on top of the previous 
best solution. This scheme, split into several super-iterations, en-
sures that the improvement does not get stuck in a local optimum 
but can converge to the optimal solution given by the superordi-
nate constraints (e.g. maximum amplitude, bandwidth, boundary 
conditions) [104,105].

A.3. Gradient-based algorithms

Gradient-based optimizations are implemented via GRAPE or 
automatic differentiation. As a basis QuOCS provides the gradient-
based updating algorithms BFGS [106] and LFBGS-B [107–109]
from Scipy [110] as well as a connection to the automatic differen-
tiation library JAX [90]. Gradient-based optimization offers an ef-
ficient method of exploring high dimensional parameter spaces to 
find local optima. Gradient-based methods typically require prior 
knowledge of the task at hand so that an analytical gradient can 
be derived for use in the optimizer. If an expression cannot be 
found, then a finite difference approximation can be used. This is 
a numerical approach that approximates the gradient by evaluat-
ing it at x and a small perturbation x + δx. Finite difference-based 
gradients are not included in this toolbox as their accuracy suffers 
from round-off error, and they are typically slow. Instead, for the 
supported problems, exact gradient methods are implemented. For 
gradient-based optimal control, we implement the Gradient Ascent 
Pulse Engineering algorithm (GRAPE) [32,33]. Time is discretized 
it into N piecewise constant slices. During each slice, the sys-
tem Hamiltonian, governing the dynamics, is assumed to be con-
stant, which is generally a good approximation. The GRAPE algo-
rithm included in this toolbox uses the “auxiliary matrix method” 
[111–114] to compute the exact gradients of the system. State op-
timization and unitary gate synthesis are implemented by vector-
izing the density matrix and performing the evolution in the Liou-
villian space. GRAPE performs well in high dimensional parameter 
spaces because it can exploit the gradient and make rapid progress. 
However, it offers no guards against becoming stuck in a local op-
timum within the parameter space. QuOCS also comes equipped 
with an implementation of “AD-GRAPE”, a reverse-mode automatic 
differentiation-based version of GRAPE, similar to the version im-
plemented in [115]. By making use of the JAX [90] framework, we 
are able to compile both the fidelity and gradient calculations func-
tions and execute them rapidly, dramatically reducing the time it 
takes to optimize. We are also able to implement novel figures 
of merit where the analytical gradient is difficult or impossible to 
derive.
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Appendix B. Experimental setup

Once QuOCS forwards the optimized pulse shapes to Qudi, Qudi 
constructs the full measurement sequence. The measurement se-
quence is then uploaded to a Keysight M8195A arbitrary waveform 
generator (AWG) which offers a sample rate up to 65 GSa/s and 
generates the microwave signals. To decrease the upload speed and 
the overall optimization time, we lower the sample rate to 16.25 
GSa/s. The microwave pulses are then send to an AR 30S1G6 am-
plifier (0.7-6 GHz, 30 W) and afterwards through the microwave 
antenna on the diamond surface (straight gold line on glass, pro-
duced by lithography). The fluorescence counts are collected via a 
SiPM (Ketek PE3315-WB-TIA-SP) and the obtained voltage signal is 
recorded with a PCI Express Digitizer (Spectrum Instrumentation, 
M4i.4420-x8) and analyzed by Qudi.

Appendix C. Lindblad master equation

Using Lindblad’s theorem [116] the evolution of a density ma-
trix can be written as the Markov master equation

ρ̇(t) =L · ρ(t) , (C.1)

where L is the Liouvillian operator in Lindblad form fulfilling

L ·ρ = − i

h̄
[H,ρ]+

∑
j

(
L j ρ L†

j − 1

2
L†

j L j ρ − 1

2
ρ L†

j L j

)
. (C.2)

The matrices L j are the Lindblad operators or jump opera-
tors that describe effects like dephasing or decoherence. More 
information can be found in references [117–119]. Examples us-
ing a matrix-exponential-based time evolution and an approach to 
solve Eq. (C.2) directly with an ordinary differential equation (ODE) 
solver from the JAX library can be found on the GitHub repository. 
Further generalizations to bring any control problem as defined in 
Eq. (1) plus Lindblad operators into the form of Eq. (C.1) can be 
made using e.g. reference [120].

These implementations make use of automatic differentiation. 
If the Lindblad equation is solved differently (e.g. using QuTiP or 
any other ode solver that is not suited for JAX) the control pulses 
and parameters can also be optimized by a black-box search with 
dCRAB and one of the gradient-free search methods in QuOCS.
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3.3 Gate-Set Evaluation Metrics for Closed-Loop Optimal Control on
Nitrogen-Vacancy Center Ensembles in Diamond

3.3.1 Summary

Accurate control of a quantum system is essential for most applications in quantum technologies.
On the way towards fault-tolerant quantum computing, low errors per applied gate are needed
for efficient error correction [266]. In quantum sensing, faulty gates can lead to a misinterpre-
tation of the results [267] and error correction might bias the protocol [268]. To implement an
operation on a quantum system, the needed gates are designed and then calibrated to provide
the best performance within the given method for characterization, minimizing the single-gate
errors. However, the accumulation of errors does not necessarily occur linearly for repeated
applications of the gate [269, 270] or might differ, depending on the current state of the system.
It can therefore be beneficial to regard the gate in the context of, e.g., the specific circuit and
its position therein and the duration and actions before and after the applications of the gate.
Different gates are often realized by similar drives, only varying in, e.g., the amplitude or phase
of the external fields. To look at the whole gate-set at once, instead of singling out an individual
operation, can thus also be of advantage. This can avoid a wrong estimation and aid to deter-
mine the performance in context of the effects of other gates and system configurations. During
optimization, a set of gates is ideally found such that it performs well in any circuit it is being
used in. In Ref. [3] we therefore investigate FoMs based on the gate(-set) evaluation metrics
mentioned in Sec. 2.2, namely Quantum Process Tomography (QPT), Linear Inversion Gate-Set
Tomography (LGST), Randomized Linear Gate-Set Tomography (RLGST), and Randomized
Benchmarking for Immediate Tune-Up (ORBIT), for their suitability for closed-loop quantum
optimal control.

As a test-bed, we use an ensemble of NV centers spread out with a concentration of 1.5 ppm
in a layer of 10 µm thickness. The NVs are collectively driven by a microwave field transmitted
though a gold antenna on the diamond surface. Optical readout and initialization is done by
a laser with a 38 µm beam waist and a wavelength of 532 nm. The main advantage of the NV
ensemble we exploit, is the fast signal accumulation for quick measurements. However, some
disadvantages, such as large SPAM errors, a non-Markovian noise environment, and a variation
of the observed microwave field by each single NV, are inherent on this setup. For our purpose,
these disadvantages are intended and used as a feature to compare the impact of these effects
on the optimization and evaluation with the different methods. Some approximations, e.g. in
RLGST, might not hold during the pulse variation in the closed-loop search. This is also in-
tended and part of the investigation of the suitability for optimization. For the optimization we
choose to vary only one gate, the −Xπ/2 gate (see Sec. 2.2), in order to reduce the time needed
for convergence and to favour more repetitions of optimization runs and number of experiments
in general.

In the first part of the publication, we perform a basic investigation of the system and the
FoMs, as defined in the methods section. A measurement of Rabi oscillations demonstrates
some ensemble effects and the dependence of the correct pulse parameters on circuit length
and sequence duration. A comparison between the performance of a guess pulse (30 ns) that is
used as the input to the optimizations and a reference pulse (∼ 14 ns) is made. Furthermore, a
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variation of the pulse amplitude under constant duration, resulting in over- and under-rotations,
show a convex behaviour of the FoMs around the expected target value. Since dCRAB usually
performs large amplitude variations in the beginning of a search, this serves as a sanity check
of our definitions. However, not all FoMs provide the same output (see Sec. 2.2). Thus for
comparability, an optimization gain is introduced as

Gain =
FoMopt − FoMguess

FoMref − FoMguess
. (3.1)

By relating the FoM improvement of the optimized pulse and the reference pulse over the guess
pulse, we can ensure a fair comparison between the different methods.

The FoMs based on QPT, LGST, RLGST and ORBIT are examined and compared. For that,
we carry out several optimizations with each FoM and evaluate the optimized pulses with each
method and an additional RB measurement. This way we can cross-compare the resulting pulses
between all methods. The results show good performances for the methods with QPT, RLGST
and ORBIT. LGST, in the form as implemented, is not able to achieve large gain values as
well as consistent results throughout the evaluation methods. Therefore, a FoM based on LGST
and defined via the expectation values of the method, called G̃, is also investigated. It displays
a strong bias towards maximizing the gain resulting from the evaluation with this method
itself, but cannot generally be reproduced by the evaluation with the remaining techniques.
Furthermore, the comparison indicates differences in the contribution and weighting of ensemble
effects to the distinct methods.

The FoM for QPT is based on fixed measurements, all with a relatively short circuit length.
On the other hand, the average circuit length (L) for both, RLGST and ORBIT can be tuned
arbitrarily and were selected much longer for the comparison. Therefore, the dependence on L
for both methods is investigated in the latter part of the publication. Scans of the pulse ampli-
tude (voltage) for different length parameters show a shifting optimum of the square guess pulse
towards higher voltages for the two methods in accordance with the shifts in Rabi frequency.
Optimizations at different L indicate improvements of the optimized pulse for longer circuits if
optimized with ORBIT. The RLGST-based method is less conclusive but also suggests a better
performance for optimization with larger circuit lengths. Overall, ORBIT provides the the most
reproducible improvement and best gain values throughout the cross-comparison between all
the methods.

In conclusion we find, that the specific gate-set evaluation metric for optimization has to be
chosen based on the intended usage of the resulting gates and the characteristics of the setup.
With higher circuit lengths, an optimization with RLGST or ORBIT is advantageous, since
they capture incoherent errors well due to randomization and twirling. ORBIT displays a better
performance compared to RLGST, but yields less information about the system, especially if it
is not followed up by an RB measurement. In RLGST, additional gates and composite gates,
such as building blocks for sensing sequences, or even an incomplete gate-set could be used
in the scheme and more information about the individual gate-set elements is obtained. Both
methods can be tuned to the intended application scenario and be further adapted to minimize
the overhead due to, e.g., averaging over randomized instances. For shorter circuit lengths,
QPT seems to be a valid alternative, at least for optimization. Furthermore, more advanced
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strategies such as long-sequence GST [104] or randomized compiling [133] promise to provide
a better insight into the actions of the gate-set and their suitability for optimization purposes
needs to be investigated.
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A recurring challenge in quantum science and technology is the precise control of their underlying
dynamics that lead to the desired quantum operations, often described by a set of quantum gates.
These gates can be subject to application-specific errors, leading to a dependence of their controls on
the chosen circuit, the quality measure and the gate-set itself. A natural solution would be to apply
quantum optimal control in an application-oriented fashion. In turn, this requires the definition of a
meaningful measure of the contextual gate-set performance. Therefore, we explore and compare the
applicability of quantum process tomography, linear inversion gate-set tomography, randomized
linear gate-set tomography, and randomized benchmarking as measures for closed-loop quantum
optimal control experiments, using amacroscopic ensemble of nitrogen-vacancy centers in diamond
as a test-bed. Our work demonstrates the relative trade-offs between those measures and how to
significantly enhance the gate-set performance, leading to an improvement across all investigated
methods.

Be it quantum computing, information, communication or metrology,
precise control over a quantum system is a prerequisite for any successful
application. To ensure robust results and the ability to run long quantum
circuits, a great effort is spent by, e.g., IBM and Google on a periodic re-
calibration of their quantum chips1–6. To this end a plethora of error cor-
rection and error suppression schemes are developed to achieve fault tol-
erant quantum computing7–12. Another example is quantum sensing, where
the measured signals can be biased by quantum error correction13 or dis-
torted by faulty gates that are not accounted for14.

In general, the precision of the system often suffers under, e.g., erro-
neous operations, wrongly populated states or limited knowledge of the
system.Moreover, these errorsmust not necessarily accumulate linearly15–17,
leading to a dependence of the optimal controls for specific operations on
the chosen circuit and the corresponding point of time within the selected
circuit2,3. Thus, the quality of an operation has to be viewed within the
context of its application, rather than looking at isolated individual gates; the
focus should be shifted to their performance with respect to the chosen
circuit and the entire gate-set. The ideal scenario would be to find a set of
gates that performs universally well, regardless of the planned experiment.
Since such a gate-setwill heavily dependon the chosen experimental system,

Quantum Optimal Control (QOC)18–22 is well suited to tackle this complex
problem.

Several optimization algorithms23–31 are available in dedicated software
packages such as our Quantum Optimal Control Suite (QuOCS)32 that
allows for closed-loop black-box optimization employing the dCRAB
algorithm22,27 via an interface to the lab software Qudi33. Such closed-loop
optimizations based on measurements on the quantum system have been
employed for gate optimization in superconducting qubits via randomized
benchmarking34,35, to optimize the preparation and phase transitions of
Bose-Einstein condensates36,37, enhance the macroscopic hyperpolarization
in pentacene-doped naphthalene crystals38 and for autonomous calibration
of single-qubit gates as well as robust magnetometry of nitrogen-vacancy
(N-V) centers in diamond39,40. ForN-V centers in general, QOChas become
a valuable tool for a wide range of challenges14,21,41–49.

Room-temperature accessibility and control of their electronic spin
state makes N-V centers ideal sensors for magnetic and electric fields50–53.
Ensembles of N-V centers have particularly become a focus of attention, as
these allow todrastically improve the sensitivity54–56, create spatially resolved
images of, e.g., local magnetic fields57–59 and can even be used to create new
phases of matter60,61. Due to their macroscopic size, many individual
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N-V centers contribute to themeasurement, which ensures a very fast signal
acquisitionbut can also result in strongdetuning and large amplitude errors.
These errors can negatively influence gate performances especially at
different time-scales, as can be seen in Fig. 1a. The observed beating arises
from themixture of varying Rabi oscillation frequencies contributing to the
measured signal.Amacroscopic ensembleofN-V centers thus combines the
effects of circuit- and length-dependent errors, large state preparation and
measurement (SPAM) errors, a non-Markovian noise environment, and a
high sensitivity to possible experimental drifts and distortions of the control
pulses,making it an ideal test-bed to investigate the applicability ofQOC for
these kinds of inhomogeneous error mechanisms.

In order to find a universally well performing gate-set, a goodmeasure
is required, that reflects the quality of operations on the system in a holistic
framework, being sensitive to the system dynamics on different time-scales
and reliably accessible via measurements. To this end, we derive several
measures of our gate-sets performance based on classical Quantum Process
Tomography (QPT)39,62–64, Linear-inversion Gate-Set Tomography
(LGST)65,66 and Randomized Linear Gate-Set Tomography (RLGST)67 as
well as Optimized Randomized Benchmarking for Immediate Tune-up
(ORBIT)35. We experimentally asses their applicability for closed-loop
optimizations in our test-bed and investigate how they reflect the system
dynamics.Weproceedbyperforming several optimization runspermethod
and cross-evaluate the performance of the optimized gate-set against all
other methods as well as by Randomized Benchmarking (RB)68–70. Large
improvements of the gate-set are observed in almost all optimization sce-
narios, significantly outperforming the provided guess and even out-
performing the commonly used fastest possible rectangular shaped pulse.
Moreover, we investigate how the chosen circuit length influences our
obtained results for selected methods. Finally, we discuss the relative trade-
offs of the individual methods applied on these types of systems and show
how to best enhance the performance of the selected gate-set to find a
universally well performing set.

Results
The experiments are performedwith aCVD-growndiamondwith a natural
abundance (1.1%) of 13C nuclei and a 10 μm thick layer of N-V centers. The

layer contains an N-V concentration of roughly 1.5 ppm and is excited by a
532 nm laser with a beamwaist of ≈38 μm.We apply a static magnetic field
of 572 G to polarize the inherent nitrogen spin71 and to create an effective
qubit between the ∣0i and ∣� 1i states. Gates are generated by microwave
pulses sent through a straight microwave antenna made out of gold and
placed on top of the diamond.

The figures of merit
We choose the gate-set

G ¼ fG0;G1;G2;G3;G4;G5;G6g
¼ f1;Xπ=2;�Xπ=2;Yπ=2;�Yπ=2;Xπ;Yπg

ð1Þ

for our experiments. Here, 1 is the identity and X and Y are the rotations
around the x- and y- axis, where the rotation angle is given by the index. The
gate-set is chosen such that we can generate the full Clifford group72 needed
for RB and ORBIT. We limit our optimizations to G2 ¼ �Xπ=2 to analyze
howthe changeof an individual pulse affects theperformanceof our gate-set
Eq. (1) and to ensure that the optimization convergesquickly.All other gates
are kept constant throughout all experiments, corresponding to rectangular
pulses at maximum amplitude, whose pulse length is determined by a Rabi
experiment. Except for QPT, all methods evaluate the performance of the
entire gate-set, leading to the exact same measurements as if we would
optimize all gates at once. Thus we do not expect a loss of generality of our
results by limiting ourselves to one optimized gate. The initial state is set to
∣ρii ¼ ∣0ii and the POVM to ∣Eii ¼ ∣0ii for all of our experiments. Note
that operators and states are given inHilbert-Schmidt space to benefit from
a simplified syntax (see supplementary information).

The performance of the gate-set is evaluated through measures based
on QPT39,62–64, LGST65,66, RLGST67 and ORBIT35. Additionally, we consider
an adaptionof LGSTwhereweonly take the targetedexpectation values into
account and label it ~G. The information extracted from these schemes is
condensed down to a single real-valued number, called the Figure of Merit
(FoM). The derivation and exact formula of the FoMs for each scheme can
be found in theMethods “Definitions of the Figures ofMerit”. Note that the
FoM is minimized in all experiments.

Fig. 1 | Ensemble dynamics and FoM validity measurements. a Rabi experiment
with the N-V center ensemble, showing a strong beating due to the different Rabi
oscillations of all individually contributing N-V centers. The green areas highlight
the time dependence of the Rabi frequency and the black background oscillation
visualizes the corresponding shift. b Linear sweep of the guess pulse amplitude for
QPT, (c) LGST and ~G, (d) RLGST and (e) ORBIT. The ordinate shows the absolute

value of the mean FoM from 20 measurements and the uncertainty. The minimum
of the corresponding FoM is indicated by a gray line. f Comparison of the FoM
definitions for the guess (red) and reference pulse (blue), normalized by FoMguess.
Each data point shows the mean value of 20 measurements with the corresponding
standard deviation.
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Different types of errors can be present in the system. Incoherent
errors, as, e.g., bit-flip errors73, are stochastic errors that do not preserve the
purity of the state74. They often arise from the interaction with the envir-
onment or noise on the controlfields, leading, e.g., to non-unitary processes.
Incoherent noise effects scale linearly with the circuit size75,76. Coherent
errors, on the other hand, arise from, e.g., deterministic interactions of the
system with surrounding spins and constant electromagnetic fields or
imperfections due to miscalibrations of the control field77. In contrast to
incoherent errors, they scale quadratically with the circuit size75,76. Fur-
thermore, the system can be subject to errors classified as Markovian and
non-Markovian78, which can be contained in both, coherent and incoherent
effects79. Errors which exhibit temporal correlations andmemory effects are
referred to as non-Markovian errors, while Markovian errors are given by
irreversible, memory-less errors, e.g., white noise.

Not all of our FoMs are susceptible to these error sources in the same
way. QPT, ~G and LGST, as employed here, will show a much stronger
change of their corresponding FoM due to coherent errors in the form of
over- and under-rotations than the other methods (see supplementary
information). Due to their short circuit length, the correction of incoherent
errors, as present in our system, like e.g., dephasing, will only lead to a slight
change of their respective FoM. For RB on the other hand, the twirling
condition69 makes the method less sensitive to the full extend of coherent
errors74,80,81 and will thus weigh them differently. While ORBIT is based on
RB, the method, and thus our FoM, directly measures the survival prob-
ability at a given circuit length. ORBIT does not perform a full-fledged RB
experiment and therefore, a change of the coefficients that absorb SPAM
errors or affect the final Clifford gate70,82 can also lead to a change in our
FoM.Despite themethod, as employed inour studies, beingmainly sensitive
to incoherent errors, due to large circuit lengths, the FoM for ORBIT is still
capable of detecting coherent errors. While RLGST is also based on ran-
domized circuits, the method provides estimates of the gate-set, which is
used to calculate our FoM. These estimates are only valid within the
approximation of a linear-noise regime67 and thus may suffer under large
coherent errors. Due to the (potentially) significantly longer circuits, the
method will be more sensitive to incoherent errors than the other methods
with short circuit lengths. Like for LGST, incoherent errors can lead to a
non-physical representation of the estimated gates. However, this must not
be a problem for our application, as long as the FoM deteriorates for worse
gates. In the case of RB and ORBIT, incoherent errors simply contribute to
the observed exponential decay and they are also covered by the description
of a process matrix in QPT.

Non-Markovian errors on the otherhandwill affect all FoMs.They can
lead, for example, to a non-exponential decay in RB80 and will negatively
influence LGST83. Not only will coupling to surrounding nuclear spins lead
to potentially non-Markovian errors during our measurements, but as we
sum up the fluorescence signal of all N-V centers within our ensemble,
specific sequences can exhibit strong temporal correlations, such as, e.g.,
seen by the beating of theRabi oscillations in Fig. 1a. In our case, these errors
arise from over- and under-rotations of the corresponding N-V centers
attributed to the difference in driving field amplitude due to their varying
distance to the microwave antenna, as well as their detunings due to the
inhomogeneity of the externalmagneticfield. Thus,while someof our FoMs
are by definition more sensitive to incoherent errors, due to their increased
circuit length, these errors originate to a large degree from coherent
dynamics, which if corrected, also lead to an improvement of the other
FoMs. An effect that we more thoroughly analyze in “Optimizations with
varying circuit length”.

As QPT is unable to account for SPAM errors, all of the above men-
tioned errors can negatively influence the corresponding FoM even if they
do not only act on the target gate.

During the closed-loopQOCexperiments, QuOCS varies the Sx and Sy
components of the microwave pulse amplitudes. To check the feasibility of
our FoM definition, we sweep the pulse amplitude by varying the applied
microwave voltage at a constant length T = 30 ns for a rectangular pulse,
effectively creating a gate G2 that either under- or over-rotates the spin

instead of performing a �Xπ=2 operation. We select a circuit length of
LR = 18 for RLGST, which corresponds to a circuit length of LO = 10 Clif-
fords for ORBIT. We average over 300 circuits to satisfy the twirling con-
dition of RB and use the same number in RLGST and ORBIT for
consistency, while ensuring that the number of circuits is significantly larger
than thenumber of parameters to be estimated inRLGST67. The effect of this
variation on the FoMs is shown in Fig. 1b–e. All curves show a distinct
minimum from which the FoM increases upon deviation from the ideal
voltage within the context of the individual technique. The obtained results
again highlight the problem of circuit- and length-dependence of the
optimal control parameters of our system, as we observe different minima,
i.e., a different best amplitude, for all methods. This effect can be attributed
to the previous discussion of coherent and incoherent errors and their
influence on our FoMs.

Next, we investigate how a change in the pulse duration affects our
FoMs. A short pulse with large amplitude is expected to outperform a long
pulse with small amplitude because of its increased robustness against
detuning errors as well as a smaller decoherence due to the shorter duration.
In Fig. 1f the FoM of a 30 ns long rectangular pulse, which we from now on
label as the “guess” pulse since it will be later handed toQuOCS as the guess
at the start of our closed-loop QOC experiments, and the FoM of the
shortest possible rectangular pulse of≈14 ns, labeledas “reference" pulse, are
shown. In both cases, the amplitude is determined through a Rabi experi-
ment tomatch the selectedpulse length. The shortest pulse is constrained by
the maximal voltage that can be generated. Except for LGST, all methods
show the expected behavior, that the short reference pulse achieves a sig-
nificantly lower FoM than the guess pulse. While ~G shows a smaller dif-
ference when compared with QPT, RLGST and ORBIT, the observed
difference is well above the margin of error. LGST indicates that the refer-
ence pulse performs slightly worse than the guess pulse and it appears that
the method cannot be used for our macroscopic ensemble as it does not
capture the expected dynamics of our effective spin correctly. Therefore, we
dropLGSTas ameasure for the cross-comparisonof the optimized gate-sets
between the differentmethods but still explore how it competes as a FoMfor
closed-loop optimizations.

Optimization gain
When comparing different analysis methods with each other, it is important
to not only consider the absolute change in their FoM but to compare the
relative change between two fixed reference points in order to correctly
interpret themeasurement results. Therefore,we introduce the so-called gain

Gain ¼ FoMopt � FoMguess

FoMref � FoMguess
ð2Þ

which displays the achieved improvement of the FoMopt in relation to the
FoM of the reference and guess pulse. If the gain exceeds 1, it outperforms
the rectangular reference pulse with maximum amplitude and if it falls
below 0, the analyzed pulse performs worse than the provided guess pulse.
The gain is a valuable quantity to ensure a fair comparison between the
different analysis methods, regardless of their absolute value at any given
point. If the absolute value of the FoMwould changeover several days due to
thermal shifts or mechanical disturbances, the calculated gain remains
constant.

Optimization workflow
The pulse shape of the microwave pulses

Ω tð Þ ¼ axðtÞ cos ωtð Þ þ ayðtÞ sin ωtð Þ ð3Þ

can be expressed by the time-dependent amplitudes ax tð Þ and ay tð Þ, which
represent the Sx and Sy (x- and y- spin operator) component of the
corresponding gate. During our closed-loop QOC experiments we vary
those time-dependent amplitudes according to the dCRAB
algorithm21,22,27,39 (see Methods “dCRAB Algorithm and Settings”).
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Figure 2 describes theworkflow of such a closed-loop optimization.
First, we select an analysis method, e.g., RLGST, which defines how the
measurement sequence looks like and how the FoM is calculated. At the
start of the optimization QuOCS32 hands Qudi the initial guess pulse.
The pulse is incorporated in the measurement sequence constructed by
Qudi33, our experimental control and data processing software. The full
measurement sequence is uploaded via Qudi to the arbitrary waveform
generator (Keysight M8195A) which generates the analog waveform
and all required digital trigger signals. The analog waveform signal is
sent through a 30 W amplifier (AR-30S1G6) at 80% gain and then
through a straight gold microwave structure on the diamond’s surface.
The N-V centers are initialized and read out via a 532 nm green laser
(Novanta Photonics gem 532) and their red fluorescence light is

collected by a silicon photo-multiplier (Ketek PE3315-WB-TIA-SP).
We use a digitizer (Spectrum Instrumentation M4i.4420-x8) to record
the fluorescence signal which in turn is analyzed and evaluated by
Qudi to obtain the N-V centers’ spin state population. Once finished,
Qudi calculates the FoM according to the selected analysis method,
while treating the N-V ensemble as one effective qubit. The FoM is
handed to QuOCS which in turn calculates a new pulse shape and the
whole cycle repeats.

Following the closed-loop QOC experiment, the optimized pulse is
benchmarked via all evaluation methods as well as a complete RB
experiment.

Cross-comparison
Each optimization setting is repeated five times to investigate the
stability and reproducibility of the optimization. The cross-evaluation
of each experiment is shown in Fig. 3a displays an overview of all
obtained gain values after optimization. Each column represents the
method used for the FoM calculation during the closed-loop QOC
experiment, each row represents the evaluationmethod and the height
of the bars corresponds to the achieved gain, Eq. (2). For the evaluation
with randomized benchmarking we use the extracted average error
rate69,70 instead of a FoM to calculate the corresponding gain. For a
better comparison, we also show the average gain over all five opti-
mizations for eachmethod with the corresponding standard deviation
in Fig. 3b. In Fig. 3c we show the gains of the pulse that performs best
upon evaluation with its own optimization method for each of the
five runs.

Optimization with QPT
For QPT, we observe a homogeneous gain progression across the whole
column, i.e., for all evaluation methods. Evaluated with QPT, the achieved
gain is on the same level as when evaluated by RLGST and RB. The first
optimization run did not find a very good solution, which can happen
because of the limited settings for the optimizer and can safely bemarked as
an outlier. Note, however, that this outlier leads to a large variance of the
average values in Fig. 3b.

Optimization with
~
G

Optimizing the pulse shape with ~G leads to an outstanding improvement of
the optimized pulse over the reference pulse when being evaluated with ~G
itself, resulting in an average gain of 1.34 and thehighest achievedvalue of all

Fig. 2 |Workflow of the closed-loopQOC experiments. First, we select the analysis
method, e.g., RLGST. Qudi then constructs the measurement sequence using the
optimized pulse shape provided by QuOCS. The sequence is uploaded to the AWG
to create the microwave signals. Finally, a green laser pulse is used to read out the N-
V centers and the red fluorescence light is collected to calculate the corresponding
FoM. The FoM is send to QuOCS which in return computes a new pulse shape and
the cycle repeats.

Fig. 3 | Cross-comparison of the closed-loop QOC experiments. a The x-axis
shows themethod selected to calculate the FoMduring an optimization.We perform
five optimization runs permethod, represented by five bars, whose color denotes the
optimization method. Their height corresponds to the achieved gain for the chosen
evaluation method displayed in the y-axis and is is the average of 20 individual
measurements. b Average gain of the five optimizations per method together with
the standard deviation. The abscissa corresponds to themethod selected for the FoM

calculation during the optimization and the ordinate to the chosen evaluation
method to calculate the gain. The color-scale indicated the achieved average gain.
c The best performing pulse, when evaluated by its optimization method, is re-
measured for all other evaluationmethods. The error corresponds to the uncertainty
of 20 measurements and the color-scale corresponds to the gain of the best per-
forming pulse.
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measurements of 1.63. However, the large improvement in the gain com-
pared to the reference pulse is not retained for the other evaluationmethods.
We obtain low performances for QPT and RLGST but high gain values if
evaluated with ORBIT and RB.

Despite their similarities, a large improvement in ORBIT must not
translate to a large improvement in RLGST and vice versa, as they, e.g.,
weight coherent errors differently. The evaluation with RLGST, while still
showing an improvement, displays the lowest overall achieved gain for all
optimization methods. The same applies to the evaluation with QPT
together with the LGST-optimized pulses.

A possible explanation is that ~G, ORBIT and RB do not provide esti-
mates of the gates, while RLGST and QPT do. ~G can find a compromise
between the contributionsof the expectation values to its FoMthat betterfits
the pulse in the basis given by the rest of the gate-set while shifting the focus
away from the action ofG2 itself. Eq. (5) forQPT is just a subset of the full set
of expectation values measured in Eq. (7) for ~G. Depending on the mea-
surement of all other expectation values, this specific set of expectations
values ofQPTisnotnecessarilymaximizedwhen thegate is optimizedvia ~G.
Furthermore, while the expectation values of ~G are gauge invariant, QPT is
not. RLGST, as employed here in our system, does not have to be gauge
invariant67. A slight adjustment of the gauge, e.g., shifts of the rotation axes,
can thusworsen the FoMofQPT andRLGSTwhile improving the one of ~G.

Optimization with LGST
Next, we analyze the optimizations with LGST via FoMLGST defined by
Eq. (9). As expected, we observe the lowest gain for all evaluation methods
across all optimizationmethods. Still, we always observe a positive gain, i.e.,
QuOCS is able to improve the gate-set’s performance by varying the pulse
shape of G2. A major problem for optimization with LGST is that it is not
able todifferentiate between the reference andguess pulse as shown inFig. 1f
andmight therefore alsomisinterpret goodQOCpulses. Additionally, small
variations in the pulse shape and measurement errors can lead to an
enormous change of the FoM due to the calculation of the estimates via the
Grammatrix in Eq. (8). The inversion of amatrix filledwithmeasured, and
therefore noisy, values as well as constantly changing entries due to the
variations during the dCRAB search, is propagating and amplifying small
changes through thewhole derivation84. This results in a stronglyfluctuating
FoM during the optimization (see supplementary information). QuOCS
can deal with such experimental downsides but it still influences the search
for an optimal solution negatively.

Optimization with RLGST
Optimizing the pulse shape via RLGST shows a large average gain for all
methods. The average value of 0.75 in Fig. 3b and the highest valuewith 1.13
in Fig. 3c when being evaluated with QPT even exceeds the QPT optimi-
zation itself. Despite operating at a different time-scale connected to the
circuit length, RLGST is thus able to capture errors influencing the indivi-
dual gate performance measured by QPT. The short circuit length of QPT
suggests that those errors are coherent errors that accumulate with
increasing circuit length, enabling a more precise optimization via RLGST.
Moreover, we are able to find an optimized gate-set that reaches gains
exceeding a value of 1 for almost all evaluationmethods, as shownbyFig. 3c.
The optimized pulse shape is thus capable of combating coherent and
incoherent errors, which is further seen by the high gains when evaluated
with ORBIT and ~G.

However, the optimization with RLGST also shows a large variance in
the obtained gain when evaluated with QPT and ~G. While the method can
capture the errors that dominate at short circuit lengths, not every single
RLGST-optimized pulse will necessarily perform equally well or better than
one being optimized with the corresponding FoM directly.

Optimization with ORBIT
For the optimization with ORBIT we observe a similar effect, showing a
large improvement across all evaluationmethods. Ifwe take the average over
all evaluation methods, ORBIT provides the best performance.

ForRLGSTand ~Gweobserve large improvements of the gain, reaching
and even surpassing the performance of the reference pulse. The method
also shows the highest average gain of all methods when evaluated with RB,
which is only just below the reference pulse. Upon evaluation withQPT the
optimized pulses on average outperform the ones achieved when being
optimized via QPT itself.

Like the optimization with RLGST, the longer circuit lengths allows to
better capture the main error contributions and optimize the pulse shape
more precisely, leading to a robust gate-set at all evaluated circuit depths.
Still, we observe a large variance between the different optimizations for the
QPT evaluation. Again, themost plausible answer is thatQPT is dominated
by coherent errors in the form of over- or under-rotations, since incoherent
errors only have a small influence on the FoMdue to the short circuit length.
As coherent errors are, to an extend, suppressed by twirling in RB74,80,81

which partially translates to ORBIT, not every optimized pulse necessarily
leads to a gate-set outperforming the reference pulse or the optimization
withQPTitself.Additionalmeasurementsunderlining this statement canbe
found in the supplementary information in sec. VII.

Circuit length dependence
The methods RLGST and ORBIT allow to easily probe how the system’s
dynamics at different time-scales affect the FoM by varying the selected
circuit length. For this reason, we first examine how our defined FoMs for
RLGSTandORBITare affected by a linear change of thepulse amplitude for
different L. The circuit length differs for the two methods: for RLGST it
indicates the number of applied gates from the gate-set Eq. (1), while for
ORBIT it stands for the number of applied Clifford gates. On average, one
Clifford gate consists of ≈1.8 gates from our gate-set Eq. (1) and thus we
choose the gate-string length of RLGST to match the average number of
gates in ORBIT. Again we average over 300 random gate-strings per
method. The measurement results are shown in Fig. 4a for RLGST and in
Fig. 4b for ORBIT. We observe a shift of the minimum FoM, i.e., the best
performing pulse amplitude, to larger amplitudes for increasing circuit
length for both methods. This correlation can be explained by the strong
beating observed in the Rabi experiment in Fig. 1a. Hopping from peak to
peak of the Rabi oscillation is analogous to the application of a series of
π-pulses on the system. If the π-pulse has a fixed pulse length, the amplitude
of thepulsemust be increased for subsequent applications to compensate for

Fig. 4 | Dependence of the FoMs on the circuit length. Linear sweep of the guess
pulse amplitude for different circuit lengths L for (a) RLGST and (b) ORBIT. The
y-axis denotes the achieved FoM. Each data point represents the mean value of 20
measurements with the corresponding uncertainty and the chosen circuit length is
visualized by the different colors.
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the shift in the Rabi frequency caused by the beating. Thus, to find the best
performing pulse for increasing number of repeated applications, a.k.a. L,
the amplitude, in the form of a voltage in our case, needs to be adjusted
upwards.

For ORBIT, the FoM gets worse (increases) with increasing circuit
length as errors accumulate. This is expected as ORBIT evaluates the gate-
set’s performance at afixed circuit length of the full RB curve, which exhibits
an exponential decaywithL. Therefore, increasingL samples theRBcurve at
a point of lower survival probability corresponding to a higher FoMper our
definition. For RLGST we observe the exact opposite behavior, where an
increased circuit length leads to a lower FoM.TheFoMofRLGST inEq. (14)
in the Methods is based on the estimated error matrices for the initial state,
POVM and the full gate-set, which are only accurate within the linear
assumption67. Beyond this regime, the prediction error diverges67 and the
FoM decreases as the error matrices are under-estimated. Nonetheless, the
argument of suitability of the FoM for our closed-loop QOC experiments
holds due to the distinct minimum and the irrelevance of its absolute value
as long as it guides the optimizer to a better solution. Importantly, both

FoMs agree on the optimal amplitude for comparable L (minima of the
curves with the same color code).

Optimizations with varying circuit length
Next, we investigate how a change of the circuit length affects the optimi-
zation result.Achange in the circuit lengthcan lead to a significant change in
how different errors are weighted in the FoMs, e.g., the contribution of
incoherent errors can be potentially increased through an increase of the
circuit length. For example, L could be chosen such that it matches the
intended circuit length of a desired experiment and thus might be tuned to
give the best optimized gates for the given application. We therefore repeat
the optimizations forRLGSTandORBITonce for different circuit lengthsL.
The results are shown in Fig. 5a for RLGST and Fig. 5c forORBIT.We again
choose the circuit length of RLGST such that itmatches the average number
ofClifford gatesofORBIT. For better readabilitywe only display the average
number of gates for ORBIT in Fig. 5c. The abscissa shows the chosen
evaluation method, e.g., RLGST with a circuit length of Leval = 18, the
ordinate shows the achieved gain. The four bars per evaluation method

QPT RLGST RLGST RLGST

ORBIT ORBIT ORBIT ORBIT RB

Evaluation Method and 

QPT RLGST RLGST RLGST

ORBIT ORBIT ORBIT ORBIT RB

Evaluation Method and 

Fig. 5 | Influence of the circuit length on the optimization results. aOptimization
runs with RLGST for four different circuit lengths L = 5, 9, 18, 27, represented by the
four bars. The ordinate shows the gain achieved per optimization for the different
evaluation methods displayed in the abscissa as an average of 20 measurements and
the error bars denote the corresponding uncertainty. Leval indicates the selected
circuit length for the evaluationwith RLGST andORBIT. bCorrelationmatrix of the

RLGST optimizations. The color-scale denotes the correlation between the different
methods, i.e., if we observe the same dependence of the achieved gain on the circuit
length. c Gain of the optimization runs for different circuit lengths with ORBIT.
d Correlation matrix of the ORBIT optimizations. Again, the color-scale shows the
correlation between the different methods.
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represent the individual optimizations for a chosen circuit length. We omit
the evaluation with Leval = 5 for RLGST as the difference between the
reference pulse and the guess pulse is within ourmeasurement error andwe
are therefore not able to calculate the corresponding gain. Since we only
perform one optimization per method and Lopt, we cannot exclude the
possibility that some optimizations under- or over-performed due to the
probabilistic nature of the optimization (caused by the measurement noise
and the optimization algorithm). However, because of the small variance
between different runs in Fig. 3, no significant change between repeated
optimizations for the same Lopt is expected.

For both optimizationmethods, the overall achieved gain evaluated by
ORBIT increases with increasing gate-string length Leval. As the guess pulse
is significantly longer than the reference pulse, the difference in their FoMs
increases with the circuit length due to, inter alia, incoherent errors in the
form of decoherence. This increases the distance between the FoMs of the
reference and guess pulse. If the optimized pulse can compensate for this
decoherence we observe an overall higher gain with increasing Leval for the
evaluation with ORBIT.

Figure 5b, d show the correlation matrices for the optimizations with
different circuit lengths presented in Fig. 5a, c for RLGST and ORBIT,
respectively. The correlation, described in the Methods “Correlation
Matrix”, looks at the behavior between the gains of different optimized
pulses and compares it to other evaluationmethods. E.g., if we observe that
an increase of the circuit length leads to an increase of the gain when
evaluated with ORBIT at L = 27, a high correlation with RB tells us that the
method shows the same tendency.

When optimizing the gate-set via RLGST, we observe a high correla-
tion between all evaluation methods except for the evaluation with RLGST
at Leval = 9, as shown by the correlationmatrix in Fig. 5b. An increase of the
circuit length Lopt leads to an increase of the achieved gain. At large Lopt,
small errors accumulate and cause a stronger changeof theFoM, leading to a
more precise and overall better optimization. This is also reflected by the
absolute value of the gain,which for largeLopt almost always exceeds 1,when
evaluated with RLGST, ~G and QPT. For RLGST at Leval = 9 the gain even
exceeds a value of 2, when optimized with the same circuit length. As the
evaluation at this circuit lengthpoorly correlateswith all other evaluations, it
can be assumed that the system exhibits certain dynamics exclusive to this
time-scale and chosen measure.

The optimizationwithORBIT at different circuit lengths shows again a
high correlation between QPT, RB and the different ORBIT evaluations.
The correlationmatrix for ORBIT is shown in Fig. 5d.When evaluating the
pulse with RLGST, we observe an increase of the correlation with ORBIT
and RB for increasing Leval. For Leval = 27, the observed dependence of the
gain on the circuit length correlates very well with that of ORBIT. At large
circuit lengths, the FoM’s of RLGST andORBIT are dominated by the same
dynamics and thus converge to similar solutions, i.e., similar performing
gate-sets. We observe again, that an increase of Lopt leads to a higher gain.
Through thehigh correlationbetween themethodswe can conclude that the
optimization with ORBIT at Lopt = 27 significantly under-performed and a
higher gain is expected for repeated optimizations. Although showing high
gains significantly exceeding 1, the evaluation with ~G shows the smallest
correlation with the other methods. Different circuit lengths during the
optimization with ORBIT have thus no significant effect on the gain
observed in ~G.

Evidently, it is favorable to perform optimizations with RLGST and
ORBIT at higher Lopt. Apart from incoherent errors, a longer circuit length
also allows for a higher precision when focusing on coherent errors pre-
valent at short time-scales. In our case, it does therefore provide no
advantage to adapt Lopt to a desired experiment with, e.g., length Leval, but it
is simply better to choose the longest possible circuit length. Although this
may seem surprising at first, it can be attributed to the ensemble nature of
our system as we measure the collective fluorescence signal from all con-
tributing individual N-V centers. The inhomogeneity of the microwave
control field and external magnetic field heavily contribute to the observed
dephasing (incoherent error) and apparent non-Markovianity in the Rabi

measurement shown in Fig. 1a. Therefore, a pulse more robust to detuning
and amplitude errors (coherent errors) can improve the performance for
short and long sequences at the same time.

Discussion
Based on our detailed investigation, we can now discuss to what extent the
individual methods are suitable for closed-loop optimizations with spin
ensembles treated as one effective qubit or with qubits in general.Wewould
like to emphasize that all methods have evidently been able to improve the
performance of our gate-set.

Out of all investigated methods LGST achieves the lowest gains.
Measurement errors dominate the provided estimates and therefore the
calculated FoMs. More advance methods like long-sequence GST might
help to overcome these shortcomings83. As a result, the optimizer sees no
clear change for pulses that perform differently well, leading to an overall
low optimization gain. If the FoM is calculated using solely the expectation
values of LGST, i.e., ~G, significantly larger gains can be achieved. Since
optimizations via ~G maximize the overlap of the predefined expectation
values to their target and allow to simply add additional gates to the gate-set,
the method is particularly suitable if the gate-set is to be optimized for
specific applications of the gates to arbitrary basis states. The method is
heavily biased towards optimizing for its specific measurement sequence
and the associated average circuit length.

QPT, unlike all the other methods, does not take SPAM errors into
account. For larger SPAM errors, the correlation to other methods is
expected todiminish as does its utility. Such is the case for our system,where
an optimization based on QPT never beats the gate-set with the reference
pulse. The optimizationprocess is furthermore limited to one single gate at a
time.While the optimization of an entire gate-setmight be possible through
iterative optimizations, the other methods offer a much better and clearer
approach. Despite this, our FoM based onQPT is able to optimize the gate-
set such that it shows improvements compared to the guess pulse for all
investigated methods. Among all methods, QPT requires the fewest mea-
surements, which can be beneficial when working with systems with low
signal-to-noise ratio.

The overall best results are achieved by ORBIT. Not only does ORBIT
show universally high gains across all methods, but the optimized gate-sets
also outperform those of other optimization methods when evaluated with
their own FoM, regardless of their time-scale. Although the method is
mainly sensitive to incoherent errors, it also allows to correct those coherent
errors that dominate the FoM for the other methods. As shown in the
previous section, long circuit lengths are recommended for the optimization
as errors accumulate, leading to larger changes in the defined FoM and
therefore amoreprecise optimization.Too largeL are not favorable, though,
since information gets lost in noise and accumulated errors. When
increasing the circuit length, we expect to find a sweet spot for the opti-
mization where such dynamics are captured and weighed optimally. In our
case we are limited by the fluence (see supplementary information) and
therefore heating induced by long circuits.

One downside of ORBIT is that randomized benchmarking usually
requires the use of Clifford gates which are generated by the over-full gate-
set, Eq. (1). Additional gates that are to be optimized cannot simply be
appended to the gate-set but need to be interleaved into the Clifford gates if
possible.

This problem can largely be circumvented by the optimization via
RLGST.Additional gates can simply be added to the gate-set.Optimizations
via RLGST achieve similar high gains to ORBIT across all methods, i.e., are
able to create a universally well-performing gate-set. Analogous to ORBIT,
large circuit lengths are preferred when working with RLGST. At large
circuit lengths, RLGST evaluates the system dynamics similar to ORBIT
making the method ideal when working with a overfull gate-set as in our
case. We show that the method can be used far beyond its intended linear
(small error) working regime67 to define a suitable FoM for closed-loop
experiments. Moreover, while not directly investigated in our work, the
method also allows to work with an incomplete gate-set67, which can be of
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use for experimental systems with limited control. In addition, the method
provides estimates of the gate-set and states which can be accessed during
the optimization to obtain deeper insights into the system dynamics85.

Nonetheless, as a large degree of our non-Markovian and
incoherent errors originate from coherent dynamics due to the
treatment of our micrometer-sized ensemble as one effective qubit,
the recommendation for RLGST and ORBIT does not necessarily
hold in other cases. For systems of a different nature such as ones
measuring pure single qubits or physically different quantum plat-
forms that have different error contributions, this might change.
Short-circuit methods like QPT, ~G and LGST could be selected over
RLGST and ORBIT for other systems and shorter sequences in which
the optimized gates are to be used. In general we expect, however,
that RLGST and ORBIT with large L are suited well for applications
that need longer circuit lengths. Further experiments that allow to
strictly distinguish between coherent and incoherent errors86 or even
allow to, e.g., turn coherent errors into stochastic noise74 would be of
high interest to characterize the optimizations further or even opti-
mize the gate-set with them.

In conclusion, through the definition of our FoMs based on
RLGST and ORBIT we are able to create a gate-set that performs
universally well across all investigated evaluation methods, regardless
of their time-scale given by their circuit lengths and regardless of the
different weighting of errors. We provide a detailed comparison of
several gate and gate-set analysis methods and how these can be
applied in a closed-loop QOC experiment, tested with a macroscopic
ensemble of N-V centers. Since the occurring types of error are not
exclusive to our system but exist in a wide variety of systems, our
work can act as a useful handbook for experimentalists trying to
overcome similar problems via QOC. The methods and the corre-
sponding FoMs that work well for our system are expected to per-
form similar for other systems with comparable dynamics59,87–90 and
could also be applicable to systems with significantly smaller
errors91–93.

Methods
Definitions of the figures of merit
In addition to our gate-set Eq. (1), we define the SPAM-set to be

F ¼ fF0; F1; F2; F3g
¼ fG0;G1;G3;G5g :

ð4Þ

Starting with QPT, we measure the expectation values

pij ¼ hhE∣FiG2Fj∣ρii ð5Þ

for Fi;j 2 F to evaluate the performance of G2 along all axes and
reconstruct the final states ∣0i, ∣� 1i, ∣þi ¼ 1=

ffiffiffi
2

p
∣0i þ ∣� 1ið Þ and

∣�i ¼ 1=
ffiffiffi
2

p
∣0i þ i∣� 1ið Þ after application of the gate. Finally, we

calculate the process matrix χ according to39,73, which defines the full
linear map of our gate G2. The FoM is then defined as the Frobenius
norm of the distance between the measured and the target process
matrix χT for the perfect gate:

FoMQPT ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tr χ � χT

� �y
χ � χT
� �� �r

: ð6Þ

In contrast to QPT, quantum gate-set tomography66,94 takes SPAM
errors directly into account by measuring the expectation values of Eq. (5)
for all Gk 2 G:

pijk ¼ hhE∣FiGkFj∣ρii
¼ ð~GkÞij:

ð7Þ

Following refs. 65,66, assuming a perfect idle gate 1 leads to the estimates

Ĝk ¼ ~G
�1
0

~Gk;

∣ρ̂ii ¼ ~G
�1
0 ∣~ρii

∣Êii ¼ ∣~Eii :
ð8Þ

using the inverse Gram matrix ~G
�1
0 to redistribute the errors to all other

gates. As the expectation values (7) are gauge invariant, the estimates (8)
need tobegauge-corrected.Following thederivationsprovided in refs. 65,66,
we then obtain the gauge-transformed LGST estimates Ĝ

�
k ; ∣ρ̂

�ii and ∣Ê�ii.
Usually, a maximum likelihood estimation (MLE) is used next to find the
closest physically correct version of the obtained estimates, i.e., a Ĝ

�
k that

corresponds to a CPTP map. However, such an MLE is computationally
demanding, making it unsuitable for our closed-loop QOC experiments.
We therefore use the estimates provided by LGST to evaluate the
performance of our gates Gk through the difference to their target Tk:

FoMLGST ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXKþ1

k¼1

tr Ĝ
�
k � Tk

� �y
Ĝ
�
k � Tk

� �� �vuut ð9Þ

with Ĝ
�
Kþ1 � ∣ρ̂�iihhÊ�∣. We sum up the squared norms for each gate

difference similar to the sum of squared residuals in the least-squares
method95. Additionally, we define another FoM

FoM~G ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXK
k¼1

tr ~Gk � ~Tk

� �y ~Gk � ~Tk

� �� �vuut ; ð10Þ

based on the matrices ~Gk of Eq. (7) filled with the measured expectation
values and their difference to the corresponding target values ~Tk. While not
providing an estimate, these expectation values are gauge invariant by
definition.

Anothermethodwhich takes SPAMerrors into account is randomized
benchmarking68–70. Randomized benchmarking uses Clifford gates, which
are composed of gates fromour gate-set Eq. (1)72, to createmultiple random
circuits of length L, where the final gate flips the spin back to its initial state.
The average recovered population, the so-called survival probability ps,
decays exponentially with the number of applied Clifford gates69 and the
average error per gate can be extracted from the decay parameter. ORBIT
then allows to optimize the fidelity of the applied gates by increasing the
survival probability at an arbitrary gate-string length Lopt

35. Therefore, we
define the corresponding FoM for our closed-loop QOC experiments with
ORBIT by

FoMORBIT ¼ 1� psðLoptÞ : ð11Þ

RLGST67 combines the idea of gate-set tomography and randomized
circuits to obtain an estimate of the gate-set with little computational
overhead within a linear approximation. We start by measuring the
expectation values

pi ¼ hhE∣Ci∣ρii ð12Þ

forN randomly chosen circuits Ci of length Lwith i = 1…N. Following the
calculations provided in ref. 67, the expectation values of Eq. (12) are then
used to obtain an estimate for the error matrices ej, which describe how the
measurement deviates from the expected target:

Ĝk ¼ ð1þ ekÞ � Tk;

∣ρ̂ii ¼ ð1þ eρÞ � ∣ρT ii;
∣Êii ¼ ð1þ eEÞ � ∣ET ii :

ð13Þ
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Since we only vary a single gate during our optimizations, we expect to be
reasonably close to the actual gauge for the estimates and defining the FoM
for RLGST equivalent to Eq. (9) we obtain

FoMRLGST ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX
j

tr eyj ej
� �s

: ð14Þ

Correlation matrix
The correlation matrices are calculated according to ref. 96 via

M ¼

1 r12 r13 . . . r1p
r21 1 r23 . . . r2p
r31 r32 1 . . . r3p

..

. ..
. ..

. . .
. ..

.

rp1 rp2 rp3 . . . 1

0
BBBBBBB@

1
CCCCCCCA

ð15Þ

with the correlation coefficient

rjk ¼
Pn

i¼1 xij � �xj
� �

xik � �xk
� �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPn
i¼1 xij � �xj

� �2
r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPn

i¼1 xik � �xk
� �2q ð16Þ

where the bar indicates the average over the indexed column of the data
matrix

X ¼

x11 x12 . . . x1p
x21 x22 . . . x2p

..

. ..
. . .

. ..
.

xn1 xn2 . . . xnp

0
BBBBB@

1
CCCCCA : ð17Þ

The rows (n) of X are the four optimizations with varying L, i.e., the
four pulses that are compared, and the columns (p) describe the different
evaluation methods used.

dCRAB algorithm and settings
The dCRAB method expands updates to the amplitudes in a randomly
selected sub-set of functions sampled from a “chopped” basis. We use the
Fourier basis

ak tð Þ ¼ g tð Þ þ
XNSI

j¼1

XNb

i¼1

c j1;i sin ν
j
it

� �
þ c j2;i cos ν

j
i t

� �
; ð18Þ

where g tð Þ is theprovidedguess.The frequenciesν j
i for theupdate pulses are

randomly selected from the interval 0; 2π�nT
	 


where we choose n = 4 as the
maximum allowed number of oscillations of the pulse envelope over the
course of the pulse duration T. Several super-iterations (SI) with newly
randomized basis vectors restart the search process by adding new search
directions to avoid getting trapped in local minima. They are added to the
best pulse shape of the previous SI. In our case we perform NSI = 3 super-
iterations. We use the Nelder-Mead search method for the expansion
parameters and select two basis vectors (Nb = 2) per pulse per super-
iteration for the basis expansion. In this way, the search parameters for the
optimization can be kept to aminimum, to ensure a quick convergence. If a
potential improvement of the FoMdoes not exceed themeasurement error,
QuOCS will re-evaluate the evaluation step up to three times to ensure an
accurate interpretation of the parameter landscape32. We determine the
standard deviation by measuring the FoM for the guess pulse 100 times. A

super-iteration stops, if the improvement of the FoM within the last 200
evaluation steps does not exceed the standard deviation. To account for
experimental drifts in the FoM, the current best pulse is re-measured
every 30min.

Data normalization and measurement sequence
For anyperformed experiment, themeasurement sequence consists of three
parts which are measured simultaneously, as depicted in Fig. 6. We start
with a Rabi measurement at maximum amplitude for 600 ns to determine
the decoherence level of our system and afterwards measure a series of 20
laser pulses to obtain the fluorescence level of the ∣0ii state. Those levels are
used to convert the fluorescence signal of the selected analysis method, to
expectation values. Possible changes of themeasurement contrast, through,
e.g., laser power fluctuations, are thus taken into account by adjusting the
measured expectation values such that 0 and 1 still correspond to the
minimum and maximum achievable fluorescence.

Data availability
The data presented in this study is available from the corresponding authors
on reasonable request.
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I. HILBERT-SCHMIDT SPACE

To simplify the notation throughout our manuscript we express our states and operations in the so-called Hilbert-
Schmidt (HS) space [1, 2].

For this, we normalize the Pauli matrices by their dimension Pi → Pi/
√
d where d = 2 and choose them as our basis

Pk ∈
{

1√
2
,
σx√

2
,
σy√

2
,
σz√

2

}
. (1)

Density matrices are then written as d2 vectors identified by double bra or ket brackets

|ρ⟩⟩ =
∑

k

|Pk⟩⟩⟨⟨Pk|ρ⟩⟩ =
∑

k

|Pk⟩⟩ tr{P †
kρ}, (2)

whereas the Hilbert-Schmidt inner product is given by

⟨⟨α|β⟩⟩ = tr{α†β} . (3)

Operators describing linear maps can be written in the HS space as d2 × d2 operators

OΛ =
∑

jk

|Pj⟩⟩⟨⟨Pj |ÔΛ|Pk⟩⟩⟨⟨Pk| (4)
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FIG. 1. Fluence of the optimized pulses. We perform five optimization runs per method shown in the x-axis. The fluence of
the final optimized pulse is shown by the height of the individual bars. The black dashed line corresponds to the fluence of the
guess pulse and the magenta one to the fluence of the reference pulse.

with ⟨⟨Pj |ÔΛ|Pk⟩⟩ = tr{PjΛ (Pk)}. In our case, the linear map is simply given by the corresponding unitary pulse
gate, Λ (Pk) = UPkU

†.
A measurement of a POVM ⟨⟨E| of the action of the gate G on the initial state |ρ⟩⟩ is then given by

pG = ⟨⟨E|G|ρ⟩⟩. (5)

II. FLUENCE

To better understand why certain methods achieve significantly higher and consistent gains than others, we calculate
the fluence of our optimized pulses. The fluence is given by

Γ =

∫ tp

0

(
a2x (t) + a2y (t)

)
dt, (6)

with the time-dependent amplitudes a2x (t) and a2y (t) of Eq. (3) from the main text and the pulse length tp. While
we ensure that at no point any pulse can have an amplitude larger then the reference pulse, the optimized pulse can
achieve a higher fluence due to its longer pulse length.
The results for each optimization are shown in Fig. 1, where the height of the bars denote the fluence of the cor-
responding optimized pulse. For RLGST and ORBIT we observe on average a slightly higher fluence than for the
reference pulse, while the fluence of all other methods is located between the one of the reference and the guess pulse.
To achieve their enhanced robustness for any investigated method, RLGST and ORBIT thus require a significantly
higher fluence than the other methods. The increased fluence seems to be a perquisite for the gate-set’s successful
application at long time-scales, which is in line with the observations in the main text. The connection between
fluence and gate-performance stems from the higher amplitudes allowed for the corresponding pulses. While a low
fluence restricts the pulse, a higher amplitude allows for a enhanced robustness with respect to frequency errors as
they are suppressed in the effective Rabi frequency

√
Ω2 + ∆2, with Ω being the applied Rabi frequency (= microwave

amplitude) and ∆ the detuning.

The optimized pulses of G̃ show a much smaller fluence compared to the reference pulse. Yet, the method shows
a significantly higher gain than the reference pulse when evaluated by itself. This makes the method particularly
suitable if heating imposes an experimental limitation and the gate-set is to be optimized for specific applications of
the gates to arbitrary basis states.

III. MAXIMUM-LIKELIHOOD ESTIMATION

Typically, the estimates provided by LGST are used as starting points for a maximum-likelihood estimation (MLE)
to obtain real, physical estimates of the applied gates and states. For such an MLE we take the expectation values
pijk (see Eq. (7) in the main text) measured with LGST and minimize

∑

ijk

(
pijk −

∑

mnrstu

(χFi)tu (χGk
)rs
(
χFj

)
mn

tr{EPtPrPmρPnPsPu}
)

(7)
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3

FIG. 2. Evaluation of the different optimization runs through MLE. The abscissa shows the chosen optimization method, the
ordinate the achieved gain.

constrained by

∑

mn

(χG)mn tr (PmPrPn) − δ0r = 0 , ∀ G ∈ G

tr{ρ} = 1 ,

1− E ≽ 0

(8)

according to Ref. [2]. The process matrix χG describes the action of a gate on a given density matrix by

Λ(ρ) =

d2∑

i,j=1

(χG)ij PiρPj (9)

with the Pauli operators Pi, Pj . Performing the MLE for 20 repeated measurements of a fixed set of pulses results
in a variance of about 1% for the obtained process matrix fidelities. From the LGST estimates of the gates one can
calculate estimates for the process matrices, which are then used as a starting point for the minimization. We perform
the MLE for the five optimization runs per method. The process matrices resulting from the MLE are compared
to the target process matrices to determine their fidelity. Using the sum of the individual fidelities to calculate the
optimization gain according to Eq. (2) in the main text leads to the results shown in Fig. 2. We observe a huge
variance between different optimization runs for one method, as well as extremely large and small gain values. If
we use the target process matrices as a starting point for the minimization such that the LGST estimates do not
negatively influence the minimization, we obtain a similar result. This is in stark contrast to all other evaluation
methods and is reminiscent of the results from the evaluation with LGST. The measurement errors of our experiment
seem to strongly influence the MLE and do not allow us to to clearly distinguish between the gate-set of the guess,
reference and optimized pulse. For this reason, the MLE is omitted as evaluation method.

IV. RANDOMIZED BENCHMARKING EXPERIMENTS

We additionally use randomized benchmarking (RB) [3–5] to evaluate our optimized gate-sets performance. An
exemplary measurement is shown in Fig. 3, where the gate-set was optimized using ORBIT. Heating limits us to a
maximum circuit length of 18 Cliffords and we average over 300 randomized circuits for each circuit length. The
survival probability ps (m) is fitted with

ps (m) = A · qm +B, (10)

where m corresponds to the number of Cliffords. Due to our normalization, all SPAM errors are absorbed by A,
leading to B = 0.5 by definition. The parameter q is used to calculate the average error per Clifford according
to Ref. [4, 5]. For the shown example we obtain an average error rate per Clifford of r = 0.0258 ± 0.0007 with
A = 0.430 ± 0.008.

Tab. I shows the average error rates per gate for the optimized gate-sets, i.e. the average error rate per Clifford, as
extracted from RB, converted to native gates.

3.3 Gate-Set Evaluation Metrics for Closed-Loop Optimal Control on Nitrogen-Vacancy
Center Ensembles in Diamond

89



4

0 5 10 15
Number of Cliffords m

0.4

0.5

0.6

0.7

0.8

0.9

1.0

Su
rv

iv
al

 P
ro

ba
bi

lit
y 

p s
(m

)

ps(m) = A qm + 0.5
measurement data

FIG. 3. Randomized benchmarking experiment for an optimized gate-set. The abscissa shows the number of applied Clifford
gates m and the ordinate shows the corresponding survival probability ps (m). The data is fitted using a single exponential
decay illustrated by the red line.

TABLE I. Average error rate per native gate for the optimized pulses.

opt. method run 1 run 2 run 3 run 4 run 5

QPT 0.0142± 0.0005 0.0105± 0.0004 0.0089± 0.0004 0.0108± 0.0004 0.0100± 0.0005

G̃ 0.0094± 0.0004 0.0105± 0.0005 0.0093± 0.0004 0.0094± 0.0004 0.0092± 0.0004

LGST 0.0131± 0.0005 0.0163± 0.0006 0.0133± 0.0005 0.0130± 0.0005 0.0127± 0.0005

RLGST 0.0088± 0.0004 0.0088± 0.0004 0.0088± 0.0004 0.0118± 0.0005 0.0096± 0.0004

ORBIT 0.0081± 0.0004 0.0091± 0.0004 0.0082± 0.0004 0.0093± 0.0004 0.0095± 0.0004

V. OPTIMIZATION METRICS

Tab. II shows the average number of evaluation steps of our optimizations for the selected method. RLGST and
ORBIT require notably more evaluation steps than an optimization with QPT, G̃ or LGST. The parameter landscape
of those two methods must thus be significantly more complex, requiring more evaluation steps until the optimizer
converges according to the set stopping criteria.
In addition, the average duration of one evaluation step for ORBIT and RLGST is also significantly longer than for the
other methods. To obtain the corresponding FoM of the two methods, we average over 300 circuits, i.e. we perform
a measurement sequence which contains 236 more measurements than e.g. for G̃. These additional measurements
increase the overall length of the measurement sequence, leading to a longer uploading time to the AWG and thus to
a longer mean evaluation step duration.

TABLE II. Optimization Metrics. The average number of evaluation steps, their average duration and the average total
optimization time per method is displayed together with the corresponding uncertainty.

method mean number of evaluation steps mean evaluation step duration (s) mean optimization duration (h)

QPT 872± 26 40.524± 0.028 10.3± 0.4

G̃ 880± 80 46.74± 0.17 14.1± 1.8

LGST 723± 9 47.25± 0.16 11.5± 0.8

RLGST 1220± 60 66.49± 0.25 32± 5

ORBIT 1100± 100 67.3± 0.4 28.0± 2.9
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FIG. 4. FoM progression. Exemplary FoM progression during an optimization via a) QPT, b) G̃, c) LGST, d) RLGST and
e) ORBIT. The abscissa shows the number of evaluations and the ordinate the absolute value of the corresponding FoM. The
grey lines mark the beginning of a new super-iteration.

VI. FOM PROGRESSION DURING THE OPTIMIZATIONS

Fig. 4 shows the FoM progression during an optimization for the different analysis methods. The optimization
via QPT in Fig. 4 a) shows a clear minimization of the FoM. We observe a strong modulation of the FoM during
the beginning of a new super-iteration. In addition, the FoM converges very quickly and shows almost no variance
between different super-iterations.
For the optimization via G̃ in Fig. 4 b) we also see a clear minimization but the ratio between the final FoM and the
one of the initial guess is small compared to the other methods. Depending on the optimization run we can observe
a further decrease of the FoM through additional super-iterations.
For LGST in Fig. 4 c) we observe again strong variations of the FoM at the beginning of a super-iteration. The
improvement of the FoM is almost within the noise, due to the problems discussed in the main text. QuOCS is well
equipped for such a task through the use of re-evaluation steps to correctly determine if the FoM truly improved or
not. This allows us to enhance the gate-set’s performance even for LGST.
For RLGST in Fig. 4 d) and ORBIT in Fig. 4 e) we observe a very clear minimization of the FoM from the initial
guess. The FoM seems to be well defined such that QuOCS can easily improve the pulse shape and converge within
the set boundaries. One can see a clear improvement of the FoM through the use of additional super-iterations. As
we limit ourselves to three super-iterations due to time-limitations, we cannot exclude that the gains reported in the
main text could be much higher for longer optimizations.
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FIG. 5. Measured gain values for the different methods under a sweep of the applied voltage. Each data point shows the mean
value of 20 measurements with the corresponding standard deviation.

VII. GAIN UNDER AMPLITUDE CHANGES

Fig. 5 shows the gain of the different evaluation methods for a sweep of the driving field voltage for the rectangular
guess pulse. An increase or decrease from the ideal voltages corresponds to an over- or under-rotation of the gate and
leads to a fall-off of the gain for each method.
As over- and under-rotations are classified as coherent errors, the steeper descent of QPT and G̃ indicates that these
methods are more sensitive to those types of errors than RLGST and ORBIT. Due to the different weighting of these
errors in the respective FoM, the curves also show different positions of the maxima.
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4 Conclusion

As single- and few-qubit quantum technologies evolve from research to commercial applications,
the need for more precise control is more important then ever. Lower error rates, faster op-
erations and higher sensitivity have become engineering tasks of high interest, both from the
theoretical as well as the practical point of view. QOC can be used to tackle such challenges and
also help to unlock new approaches and strategies to bring quantum applications to their full po-
tential. In the research presented in this thesis, we have used QOC to enhance the macroscopic
polarization of protons in a crystal [1], further developed and unified optimal control algorithms
into a convenient software framework [2], and applied it to investigate gate-set evaluation met-
rics for their suitability in closed-loop optimization [3].

Polarized samples enable drastic improvements of the sensitivity in NMR experiments. We have
set ourselves the goal to polarize the proton spins of a naphthalene crystal through DNP transfer
from the optically accessible electron spin of deuterated pentacene doped into the host lattice.
Manipulation of the electron spin state was performed through a microwave cavity and the polar-
ization was measured via an NMR coil, to which the sample was shuttled after treatment in the
cavity. The complex spin environment combined with incomplete knowledge of the true transfer
function that results from distortions of the applied microwave field by the cavity as well as other
hardware components, led us to choose a closed-loop optimization approach. Starting from a
previously successfully applied strategy called ISE, the improved pulses found by the RedCRAB
software were studied with the support of a simulated theoretical model. The identification of
the relevant features of the optimized transfer pulses resulted in the introduction of the ARISE
protocol in order to provide an effective strategy to find and tailor hyperpolarization sequences,
also for other systems and setups. Following this scheme, we were able to improve the achieved
polarization by 26 % while speeding up the transfer by a factor of 2.6 to reach 98 % of the satu-
ration polarization obtained with the initial linear sweep approach. The optimized pulses were
later used by Eichhorn et al. [243] to polarize a sample to 25 % for subsequent use in transfer
to other organic molecules. Further development of the theoretical model, with a more refined
characterization of the cavity and electronic hardware, including back-actions and distortions
of the microwave pulse shapes, is of high interest. The ability for open-loop optimization and
investigation of the results could lead to an improvement of the ARISE protocol. With a more
detailed understanding of the system dynamics, adaptions to the dCRAB parameters, such as
the type of basis functions, could be made and lead to an even faster calibration of the ideal
hyperpolarization pulse shapes. Lastly, testing the ARISE protocol on other systems would be
an interesting outlook for the future and a comparison to other DNP strategies could highlight
its advantages and disadvantages.

Learning from the usage and application of the RedCRAB program in the previous project led
to a further development of the optimal control software and the refinement of its features and
code structure. With QuOCS: The Quantum Optimal Control Suite we have moved away from
the communication with a remote server to ensure stable local optimization runs that do not
require an internet connection. A more object-oriented and modular structure provides and
easier maintenance. In combination with the open-source nature of the code, this can encourage
contributions by the community and motivates users to adapt and extend the software with
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4 Conclusion

their own ideas for, e.g., basis functions or search algorithms. We have also included a structure
for gradient-based optimization that can also be used together with automatic differentiation.
In the publication, we showcase a number of examples using simulations as well as a closed-loop
experimental optimization. Features, such as drift compensation and dealing with measurement
uncertainty, came in handy especially during the last project discussed in Sec. 3.3.

During the characterization phase of the NV ensemble setup in Ulm, we realized potential issues
with the commonly used quantum process tomography for gate analysis. Therefore, we decided
to investigate various methods for gate and gate-set evaluation and compared their suitability for
closed-loop optimization of quantum operations. The NV ensemble setup with its large sensing
volume served as an ideal test-bed with its coherent as well as incoherent and non-Markovian
errors. It turns out, that a tailored selection of the evaluation method and its hyperparameters
is crucial for gate-set optimization. These parameters, such as the average circuit length of the
randomized test-circuits, depend on the type of errors contained in the system and the intended
application scenario of the optimized gates. It would be very interesting to repeat the analysis
with other samples with, e.g., a smaller sensing volume or a completely different system. Also,
a simulation approach including only specific errors or noise sources could be used to investigate
these effects on the different FoMs in more detail. Furthermore, even more sophisticated gate-set
tomography methods should be investigated for their applicability in closed-loop optimal control.

In summary, this thesis highlights some of the most important ingredients for effective closed-
loop QOC. The control algorithm alone is not enough to produce an optimal solution, but some
additional design choices in the framework surrounding the control approach have to be made.
Learning from the parameter landscape of the control parameters and dynamically adapting
the control strategy, i.e. the search method or basis expansion function of the dCRAB method,
could lead to an overall faster convergence and better optimization results. But also the control
objective itself has to be suited to the problem to be solved. A simple contrast optimization of
a π-pulse for population inversion does not necessarily act as a well functioning gate if applied
on different states of the system. Methods that capture the properties of the intended target
well, but are still experimentally feasible and fast enough to be economical, are needed. The
last ingredient is the awareness that QOC is not a magical machine that always produces the
best solutions automatically. To unlock its full potential, one has to learn from the results and
use them to their advantage, here shown in the form of better guess inputs and adaption of the
control strategy.
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ohne die Benutzung anderer als der angegebenen Hilfsmittel und Literatur angefertigt habe.
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