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Abstract

We consider the sine-Gordon equation in the presence of a small forcing term F(e,x):
Oy — Opp +sinl = F(e,x),

where ¢,z € R, with € being a small parameter. The equation without the perturbation
(F'(e,z) = 0) admits soliton solutions which define a two dimensional (classical) solitary
manifold. We consider different types of forcing terms F'(e, x) and establish stability results
for the corresponding initial value problems with initial state close to the solitary manifold.
These results are proven for the following perturbations F'(e, z):

(a) F(e,x) = cf(ex), where f € H'(R);
(b) F(e,z) = e?f(ex), where f(z) := V'(z) for any V € H*(R);

(c) F:(=1,1) = L*(R), ¢ = F(e,z), such that FF € C**1((=1,1), L*(R)) and 9. F (0, -) =
0for 0 <I<k.

Further, we consider
F:(-1,1) = H"(R), e = F(e,n),

such that I € C"((—1,1), H*(R)) and 9.F(0,) = 0 for 0 < [ < k, where k+1 < n
and n > 1. By solving successively equations depending on F'(g, z), we define implicitly a
virtual solitary manifold which is adjusted on the forcing term F'(e,x). This allows us to
prove a stability result of higher accuracy for an initial value problem (with F(e,x)) and
with initial state close to the virtual solitary manifold.

The approach is based on the Lyapunov energy method, symplectic projection in Hilbert
space onto virtual /classical solitary manifold, and modulation equations for the parameters
of the projection.



Zusammenfassung

Wir betrachten die sine-Gordon Gleichung mit einem kleinen Stérungsterm F'(e, z):
Oy — Opp +sin6 = F(e,x),

wobei t,x € R und ¢ einen kleinen Parameter darstellt. Die ungestorte sine-Gordon Gle-
ichung (F(e,x) = 0) besitzt Solitonlésungen, welche eine zweidimensionale (klassische)
Solitonenmannigfaltigkeit definieren. Wir untersuchen verschiedene Storungsterme F'(g, x)
und beweisen Stabilitdtsaussagen fiir die entsprechenden Anfangswertprobleme mit An-
fangsdaten nahe an der Solitonenmannigfaltigkeit. Die Resultate werden fiir folgende
Storungsterme F'(e, z) formuliert:

(a) F(e,z) =ef(er) mit f € H'(R);
(b) F(e,z) =2 f(ex) mit f(x) :=V'(x), wobei V € H*(R);

(c) F: (=1,1) — L*(R), € ~ F(e,x) derart, dass FF € C**((—1,1), L*(R)) und
OLF(0,-) =0 fiir 0 <1 < k.

Desweiteren betrachten wir
F:(-1,1) = H"(R), e F(e,x)

derart, dass F' € C"((—1,1), H"(R)) und 9 F(0,-) = 0 fiir 0 <[ < k fiir K+ 1 < n und
n > 1. Durch sukzessives Losen von Gleichungen, die von F'(e,x) abhédngen, definieren
wir implizit eine virtuelle Solitonenmannigfaltigkeit, die an die Stérung F'(e, x) angepasst
ist. Wir beweisen eine Stabilitdtsaussage fiir das Anfangswertproblem (mit der Stérung
F(e,x)) und mit Anfangsdaten nahe an der virtuellen Solitonenmannigfaltigkeit. Dieses
Resultat liefert eine hohere Genauigkeit fiir die Beschreibung der Losung. Die Beweise der
Stabilitatsaussagen beruhen auf der Lyapunov-Energie-Methode, symplektischen Projek-
tionen in Hilbert Raumen auf die virtuelle bzw. klassische Solitonenmannigfaltigkeit und
Modulationsgleichungen fiir die Parameter der Projektionen.
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Introduction

Sine-Gordon Equation and Hamiltonian Structure

The sine-Gordon equation in the presence of a forcing term F'(e, x) is
Oy — Opp +sinf = F(e,x), (1)

where ¢,z € R and ¢ is a small real parameter such that F(e, ) € L}(R) for every . The
equation (1) is a Hamiltonian evolution equation with Hamiltonian given by

He(0,9) = %/¢2+6§ +2(1 —cosf) —2F(e,z)0 dx .

In first order formulation (1) can be written as a system:

0, (Z) = (gm — sin g+ F(e, l’)) |

We define a symplectic form on appropriate spaces to be specified later by

2(()(2) = ()3 () g~ L0 =000 @
where
-1 )
Xure @) = (em _ sin g+ F(e, ;c))
it holds that

(30 (0. (0) - sarans-aren ()

or in shorthand notation

For the vector field

Q(XHE, ) - —dHE .



Soliton Solutions (F'(g,x) = 0)

Let u € (—1,1), £ € R and
1

We introduce the function
Ok (z) = 4arctan(e®),

and call O the kink. It holds that 0% (z) = 2sech(x). The following general relations

2 sech?(z) sinh(z) 4 sin(4 arctan(e®))

0,
0,

—2sech®(z) + 1 — cos(4 arctan(e”))
imply that (see [Kunl2])

0 () = sinOxc(z), 1 — cosOrc(x) = %(Q'K(x))? |

We set

Oo(&,u, ) | O (y(u)(z = &)) el )
(@%(&w)) - (—uv(uwm(uxx—g)))’ €L, reR. ()

The sine-Gordon equation with no perturbation (F'(e,z) = 0),

’ (Z) N (Gm i sin 9) ! (4)

0o(&(1), u(t), )
(%(5(75); u(t), x)) ’ (5)

admits solutions of the form:

as long as the differential equations

are satisfied, where we assume that £(0) = a, u(0) = v for (a,v) € R x (—=1,1). Namely,
for v = y(u) the chain rule gives



(@ — &) =1t (v(z = ©))

—iyfyc (v(z = €)) = il (v(z — €)) — uy (@ — &) — 7€] O ((z — €))

. 0o(&, u, x)
B ax <w0 (55 u, .1'))

and

¢0<€7 U, ZL’)
0200(&, u, ) — sin by (&, u, )

i —ut (v(z = §))
V20 (y(z — €)) — sin(0x (v(z — £)))

) —urie (7w — )
PO (1@ = ) ~ bz =€)

—uy0x (y(z = £))
w205 (y(z = §))

. 0o(&,u, x)
B @I <¢0(§7u7 l‘)) ‘

These solutions are solitons and we obtain

_ua 90(57 u,x) . w(](gv u, 'T) =0
"\ o€ u, x) 0%00(&,u, x) —sinby(&,u, ) |

as the equation characterizing the (classical) solitons. Notice that the energy

H(0,7) = %/¢2+9§+2(1 — cosf)dx



and the momentum
_ / 0, dz (8)

are conserved quantities of the sine-Gordon equation (4).

Orbital Stability

For the unperturbed initial value problem

5 ot,z)\ _ P(t, )
(e, ) 020(t,x) —sinf(t,x) )’

0(0, ) _ 0o (&o, w0, ) N v(0,x)
¥(0, ) Yo(&o, vo, ) w(0,z) )’
(R

where (v(0,-),w(0,-)) € H'(R) x L*(R), the following stability result was proven in [Stul2,
Section 4]: If |v(0 )|H1(R) + [w(0)| 2wy = ¢ is sufficiently small then the Cauchy problem
has a unique solution which may be written in the form

0(t, x) _ Oo(&(t), u(t), x) N v(t, x)
Qﬂ(t,I) w0(£<t)7u(t>7x) w(t,x) ’
where v, w, u, ¢ have regularity
((t),u(t)) € CH(R,R x (=1,1)),
(v(t), w(t)) € C(R, H'(R) x L*(R)),
and satisfy

iglg (|u(t) — up| + |U<t)’H1(R) + |w(t>|L2(R)) < ce

for some ¢ > 0.

Perturbation Theory for Kinks

The following result was proven in [Stu92]: Let the perturbation g = ¢g(f) be a smooth
function such that go(Z) = g(0x(Z)) € L*(dZ). Then for sufficiently small & there exists
T.=0 (%) such that for T' < T, there is a unique solution to the initial value problem:

OTT — GXX +sin9 —|—8g = 0,
0(0, X) = 0x(Z(0)) + (0, X),

—u(0)

r(0.X) = — ==

0 (Z(0)) + £r(0, X),



where (A(0, X),07(0, X)) € H' @ L?, of the form

X — [Tu—c(T)
V1—u? ’

0T, X) = 0x(Z) +e0(T, X)), Z=

where 6 € C([0,T.], H), 6r € C([0,T.], L?) and

C(T) = Cy(eT) + eC,

u(T) = up(eT) + eu(T) <=> p= po(eT) + 5p(T)>

u
\/1—u2

with p, @, C, j;, o |9| m1(r) bounded independent of ¢, and wug, Cy the solutions of certain

modulation equations. This theorem is also valid for perturbations of the form
g=g(T,eX,0),

if among others the following assumption is satisfied: Let Z be as above. There exists a
time interval [0, 7] = [0 *} where ¢, is independent of & such that for all T € [0, 7] :

(/ g(eT, eX,0,(2))? dz)é <A, dZ=~dX, y=1/V1—u2 (9)

where A is independent of € (see [Stu92, p. 442]). The proof is based on an orthogonal
decomposition of the solution into an oscillatory part and a one-dimensional ”zero-mode”
term.

Main Results

1/10(6% v, )

o Oo(a,v,-)\ N "
Sy = {(wo(a,v,-)> s ve(—1,1), E]R} :

In Part I - III we consider for different perturbations F'(e, ) initial value problems of type

9 0(t, x) _ W(t, x)
"\t 2) 020(t,z) —sinf(t,z) + F(e,z) )’

0(0,x) _ 0o (s, us, x) n v(0, )
@D(O,ZE) %(fsws,x) w(O,az) 7

9 .
For (a,v) € R x (—1,1) the states ( ola, v, )) form the (classical) solitary manifold



such that (v(0,-),w(0,-)) € H(R) x L*(R) and (v(0, -),w(0, -)) is symplectic orthogonal to
the tangent space of Sy at the point (6y(&;, us, -),wo(fs,us, )) where (&5, us) € Rx (—1,1).
We consider the following perturbations F'(e, z):

Part I:  F(e,x) = ef(ex), where f € H'(R).
Part Il:  F(e,x) = e2f(ex), where f(z) := V'(x) for any V € H*(R).
Part III: F:(-1,1) —» L*(R), ¢ — F(g, 1),
such that F' € C*1((=1,1), L*(R)) and ' F(0,-) = 0 for 0 <1 < k.

We establish results of the following type. Suppose that

|U(O’ ')|12L11(]R) + |w(07 ')liQ(R) S g"

for a sufficiently small € > 0. Then the solution (6, ) (whose existence will be established)
of the initial value problem can be split for times

1

0<t<
- T M

™

as the sum of two components

0(t,x) | _ [ 0o(&(t),u(t),x) )  [v(t,2) (10)
¢(t,$) ?/Jo(f(t)au(t)7$) w(ta .CE) ’
where (0o(&(t), u(t), ), Yo (&(t), u(t),-)) is a point on the solitary manifold and (v(¢, ), w(t, -))
is a transversal component which is symplectic orthogonal to the tangent space of Sy in
the corresponding point. We state ordinary differential equations that are exactly or up

to certain errors in ¢ satisfied by the parameters (£(t), u(t)). We show that there exists a
positive constant ¢ such that

) _
lv(t,-) Hi(R) T lw(t, ) 2w < c€s (11)

for times

1, i, 7] are positive numbers, that differ in the theorems. Thus we are able to control each
of the components of the solution, namely (6o(£(¢), u(t),-), ¥o(&(t), u(t),-)) by the ODE’s
and (v(t,-),w(t,-)) by the upper bound. The ODE’s established in Part I and Part III are
those which describe the evolution of a soliton, whereas the ODE’s established in Part I1
contain the potential V' and are obtained by considering the restricted Hamilton equations.

We assume throughout the whole thesis that
1
0<d< ==

32

The following table gives an overview of the results.



1 _
g’ — e | ODE’s satisfied up
cH
to an error of order
Part I, Theorem 1.2 (i) £ o, p(0)=45—20 £ £
Part I, Theorem 1.2 (ii) € aﬁ1<5>’ B(6) = 2 5 exactly
Part II, Theorem 13.1 g3 o7, B0)=1-10 g3 3
Part II, Theorem 9.1 g3 Eﬁlm, B(6)=1-90 g2 exactly
Part III, Theorem 14.1 (i) | e**! sp(}“‘;)’ p(k,d) = B — 25 | ghtl | ghtl
Part 111, Theorem 14.1 (ii) | e | iz, p(k,0) = H4=2 eb*1 | exactly

We obtain analogous stability statements in Part I and Part III for the case £ = 0. But
these results are established for different classes of perturbations and are not contained in
each other, since there does not exist a funcion f # 0, f € L?*(R) such that the mapping

(=1,1) = L*(R),e — cf(e"),

is differentiable. This fact is evident from

ef(e) —0f(0)

3

= |f(5')|L2(R) =

L2(R)

PAQIFETEE

[©)
w\»~| =

Notice that in the result [Stu92] by D. M. Stuart mentioned above, there is considered a
different perturbation than in our case in Part I. Since our perturbation does not depend
on time and since

N o = €2 1F )2 -

the condition (9) is in our case not satisfied.

Stability of solitons has been studied for a long time and for several equations. Just
to mention some examples: in [Wei86] there were proven orbital stability of ground state
solitary waves of the nonlinear Schrodinger equation and stability of the solitary wave for
the generalized Korteweg-de Vries equation. In [IKV12] there was established a long time
soliton asymptotics for a nonlinear system of wave equation coupled to a charged particle.
In [HZ08] there was considered the Gross-Pitaevskii equation

O+ $07u — V(z)u+ ulul* =0
u(z,0) = " sech(z — ap),

with a slowly varying smooth potential V(z) = W (ex) where W € C3(R,R). It was shown
that up to time log1/2) and errors of size €2 in H 1 the solution is a soliton evolving ac-
cording to the classical dynamics of a natural effective Hamiltonian. This work was our

starting point.



In our approach we prove first that a symplectic decomposition described above is possible
close to the solitary manifold. We establish existence of a solution (6, ) with initial state
close to the solitary manifold, decompose the solution as in (10) and derive modulation
equations for the parameters (£(¢), u(t)), that describe the position on the manifold. Next,
we introduce a Lyapunov functional in order to control the transversal component (v, w).
Therefor we consider a linear combination of H and II at (#, ) minus the same quantities

at (9()(57 u, ')7 wo(f? u, ))
H<97 W =+ U’H(@? ?/1) - H(HO(& u, ')7 %(ﬁa u, )) - UH(QO(& u, ')7 %(57 u, )) . (12)

In stability questions of our type (in the cases of other differential equations) it is typical
to decompose the solution close to the manifold and to consider a Lyapunov functional
that is given by the difference of a linear combination of conserved or almost conserved
quantities evaluated at the solution minus the same quantities evaluated at a point on the
manifold (see [Wei86], [HZ08|, [FJLO7], [JEGS06]).

The linear part in (12) vanishes due to symplectic orthogonality. Motivated by [HZ08],
we choose our Lyapunov functional to be the quadratic approximation of (12) and call it
L. We bound L from below in terms of |v(, -)|§{1(R) + |w(t, -)|iQ(R) by using symplectic
orthogonality. Utilizing the modulation equations for the parameters (£(t), u(t)) we are
able to control L and as a consequence also the transversal component (v, w) from above,
which yields the bound (11).

In Part IV we establish a stability statement of higher accuracy. Suppose that a per-
turbation
F:(-1,1) = H"(R), e = F(e,z)

is given such that F' € C"((—1,1), HY(R)) and 0LF(0,-) = 0 for 0 < < k, where n > 1,
k+1<mnand H“(R) denotes the weighted Sobolev space of functions with finite norm

1
10wy = [(1+ [2]7)20(x) | 2wy -

Let & € R be given. We want to study an initial value problem analogous to that in Part
[-ITT but with different initial data in order to obtain a more accurate statement. The
idea of our approach is to adjust the solitary manifold to the perturbation term F'(e,-),
i.e., to bend the classical solitary manifold Sy in such a way that we obtain a statement
of higher accuracy compared to that with the original solitary manifold. This is done by
solving successively certain equations. (6) is the equation characterizing the (classical)
solitons that can be written as Gy(6,1) = 0, where (6y,1y) is a solution of the equation,
i.e., Go(0o, o) = 0. We add some terms involving the perturbation F'(e,-) to Gy(#,v) and
consider a new equation Gj (6,1, \,) = 0, where ), is an additional unknown variable. We
solve this equation implicitly for (6,1, \,) in terms of € and call the solution (67, ¢, A; ;).
We are able to define a new virtual solitary manifold by (65,v5) and formulate a result



analogous to Part I-IIT with initial data close to the new virtual solitary manifold. This
would already give us an improvement of accuracy. Due to the assumption that I’ is of
class C",n € N, it is possible to iterate our adjustment. We add some terms involving
(65,95) to G5 (0,1, \,) and consider a new equation G5(6, ¢, A,) = 0. We solve this equation
implicitly for (6,1, \,) in terms of ¢ and call the solution (65,13, A; ). Defining a virtual
solitary manifold by (65, 15) would yield a further improvement of accuracy in the stability
statement. We iterate this procedure by adding terms involving (65, %) to G5(0, 4, A,) and
solving the new equations implicitly until we obtain the solution (65,5, ;) of the nth
equation G: (0,1, A,) =0

The existence of the implicit solutions (65,15, A; ;) to the equations G:(0,1,A) = 0 for

1 < j < nis ensured by the implicit function theorem and ((9E 5 AL ]) depend smoothly
(of class C™) on ¢, such that (69, w?, AD ;) = (00,%0,0). The maps G; are defined on spaces

of different regularity and satisfy G (6o, 1o, 0) = 0.

We define the virtual solitary manifold by

= fulav,) ) v E (—uy,uy), a
S”'_{<1/J;§(a,v,-)>' € (—uy, uy), GR},

where u, € (0,1]. The idea of deforming the classical solitary manifold by defining func-
tions implicitly appears in [Stul2] with the purpose of rewriting the Hamiltonian in a
neighbourhood of the manifold of virtual solitons (see [Stul2, Section 3]). Our virtual
solitary manifold, given by (65,5 ), is defined by solving successively equations that were
not considered in [Stul2]. Now we are able to formulate the main result of Part IV. We
consider the initial value problem

o (0t2)) _ U(t,x)
(e, x) 020(t,x) —sinf(t,z) + F(e,z) ] ’

( ,ZL’) (gsausax) ’U(O,x)
( v(0 ,@) (wgs,us, >) * <w<0,x>> '
)

such that (v(0,-),w(0,-)) € H*(R) x L*(R) and (v(0,-),w(0,-)) is symplectic orthogonal
to the tangent space of S at the point (65 (&, us, ), Ve (&, us, ). Suppose that
|U<Oa')‘§{1(R) + |w(0, )‘LQ <™

and
k+1

lus| < ez (13)

for a sufficiently small € > 0. Then the solution (6,1) (whose existence will be established)
of the initial value problem can be split for times

()
0<t< | -
€

k+1-6
2
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as the sum of two components

0(t,2) ) _ [0a(6(t),u(t),2) ) | (vt =)

Ut ) Un(§(1), u(t), ) w(t,x) |’
where (05 (£(t), u(t), ), 5 (£(), u(t),-)) is a point on the solitary manifold and (v(t, -), w(t, -))
is a transversal component which is symplectic orthogonal to the tangent space of S; in
the corresponding point. We state ordinary differential equations that are exactly satisfied
by the parameters (£(t),u(t)) and we show that

2 2 n
|U(t7 )|H1(R) + |’LU(t, ')|L2(R) < 052 >

o<is ()
€

Thus we are able to control each of the components of the solution as in Part I-1II. By
varying n we are able to change the accuracy of the statement whereas 7,7 were fixed
numbers in Part [-II and dependent on £k only in Part III. Each iteration step gave us
an improvement of the order e of the accuracy (accuracy in measuring the norm of the
transversal component (v, w)).

for times
k+1-6
2

We restrict the possible initial data by the smallness assumption (13) on us whereas there
are no restrictions on the coordinates (s, us) of the classical solitary manifold in Part III.

We abstained from considering a perturbation of type €f(ex) in Part IV. This is because
in our approach we do need the assumption that the perturbation F'(e,-) is differentiable
with respect to €, but there does not exist a function f # 0, f € L%*(R) such that the
mapping ¢ +— £ f(e-) is differentiable in L?(R), as mentioned above.

In the broadest sense, a similar approach has been used in [HL12, Section 4, Section 5] for
the NLS equation. The solitary manifold has been corrected there once, which correspond
to the first iteration in our case. The existence of the correction was not concluded by the
implicit function theorem as in our case.

The proof of the result in Part IV is similar to those of the results in Part I-III, whereas
we decompose the solution in a point on the virtual solitary manifold S and a transversal
component which is symplectic orthogonal to the tangent space of S, in the corresponding
point. A further major difference is that we use the quadratic part of

H(0,4) + ull(0, )

above the virtual solitary manifold S¢ (instead of the classical solitary manifold Sp) as our
Lyapunov function in Part IV.

We formulate at the beginning of each part the main result and give a detailed chapter-wise
overview of our approach afterwards.
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Notation and Convention

Let M be a closed subspace of a Hilbert space H. We use the following notation.
(a) M+H denotes the orthogonal complement of M in H.
(b) (-)a denotes the orthogonal projection on M.

(c) If vi,...v, € H, (v1,...v,) denotes the span of vy, ... v,.

(d) ~ without an argument denotes always vy(u).

(e) We denote by \, functions which depend on (§,u). One should understand the sub-
script u 1n our notation just as a symbol.

(f) We denote by Z either a variable or the function Z = v(xz — §).
(9) We denote by (-,-) g the inner product in H.

(h) For functions N\ which depend on (§,u) we use the following notation A\(§,u) =
Aw)(€)-

(i) For functions 0 which depend on (&, u,x) we use the following notation 0(§,u,z) =

0(u)(E, x).

We will often use in Part I-IV Morrey’s embedding theorem without further mention.






Part 1

Classical Solitons in the Presence of
a Forcing e f(ex)
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Chapter 1

Main Result and Overview

To formulate our results precisely, we need some definitions.

Definition 1.1. (a) Let us denote by U(l) := =Y for 0 < U < 1.

(b) We introduce the parameter area
S(L,U) == {(f,u) ERx (~1,1):uc (— U U(l),U+U(l)>}.

(c) Let N : L®(R) x L*(R) x X(2,U) — R? be the map given by

v = (CG0ED)

0 8500(57 u, ) 9() - 90(67 u, )

o 851/)0(5, u, ) 7 1/J<> - 1/}0( y Uy )

0 8u90(€> u, ) 9() - 60(6 u, )

aqu(gv u, ) , 77Z)() - 1/)0( Uy )

We consider the initial value problem
O(t,z)\ P(t,x)

% (W,x)) = (age(t,g;) _ sin6(t ) —|—5f(5.r)> ’ (1.1)
0(0, ) = (&, us, ) + v(0, ), (1.2)
(0, 2) = Po(&s, us, ) + w(0,x), (1.3)

where
(v(0,2),w(0,2)) € H'(R) x L*(R).

The main result of Part I is the following theorem.

15
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Theorem 1.2. We consider the Cauchy problem defined by (1.1)-(1.3) and assume that
(a) € is sufficiently small,
(b) f € H'(R),
(c) (&,us) € Rx (=U,U), where 0 < U < 1;
(d) N(0(0, ), 9(0,2),&,us) =0,
(e) |U(0)ﬁql(n§) + |w(0)|iQ(R) < e
Then

(i) The Cauchy problem defined by (1.1)-(1.3) has a unique solution on the time interval

1 1
0<t<T, whereT:T(s,(S)::W, p(5):§_25.
€

The solution may be written in the form
0(t,x) = Oo(&(t), u(t), z) +v(t, x),
%0(757 aj) = %(f(t)a u<t)7 3:) + w(tv ZB) )
where v, w,u, & have reqularity
(£(1), u(t)) € CH([0,T],R x (~1,1)),
(v(t), w(t)) € C([0,T), H'(R) ® L*(R)),

such that the orthogonality condition

N(O(t, z),9(t, ), £(t), ult)) = 0
15 satisfied. There exist positive constants ¢, C' such that

€(t) —u(t)] < Ce,
ja(t)] < Ce,

and

2 2
V] zee o1, m @) 10700 0,77, 22(R)) < €2 -

The constants ¢, C' depend on f.
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(i) The Cauchy problem defined by (1.1)-(1.3) has a unique solution on the time interval

0<t<T, whereT:T(e,é)zﬁ, B(é)le_é.
The solution may be written in the form
0(t,z) = 0o (E(t), ult), ) + v(t, ),
U(t, @) = o (§(t),ult), ) +w(t, @),
where v, w have reqularity
(v(t), w(t)) € C([0,T], H'(R) & L*(R)),
€, u solve the following system of equations
g'(t) =a(t), (1.4)
' (t) =0 (1.5)

with initial data £(0) = &,, u(0) = u, and there exists a positive constant ¢ such that

2 2
V[ oo o7, ) T 1 W Lo (0,77, 22 R)) < -
The constant ¢ depends on f.

The following chapter-wise outline provides an overview of our approach.

Solitary Manifold We define the (classical) solitary manifold as the set

L 90<§7u7') _— .
80._{<¢0(§7u7‘)) s € ( 1,1),§€R},

which contains the soliton solutions (5) discussed in the introduction.

Symplectic Orthogonal Decomposition We show that if (6,v) € L*®(R) & L*(R) is
close enough (in the L*(R) & L*(R) norm) to the region

So(U) = {(Ziuo  (Gu) € D4, U>} ,

of the solitary manifold Sy, then there exists a unique (§,u) € ¥(2,U) such that

9() N Qo(f,u,-) _. U()
¢() ¢0(€au7') . w() ’
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. . 8500(57 u, ) 0, 90(57 u, )
is symplectic orthogonal to the tangent vectors and of the
yHp & s <a§¢0(§7u7 ) au¢0(§7u7 )

solitary manifold &y, i.e.,

N(O, ¢, & u)=0.

We prove that the symplectic decomposition is possible in a small uniform distance to the
manifold Sy.

Existence of Dynamics and the Orthogonal Component The existence theory
provides that there is a local solution (6,%) of (1.1)-(1.3), which might be written in the
form

9(t7 l’) = T}(t? .’L’) + 00(€sausax) ’
w(tv LL’) = w(t,l') + %(557“57@ y

where (7,
that (0.1 i
of (1.1)-(1. 3) s given on the time interval [0,77], which might be written as above where

w) €
eC
( w) € CY([0,T], H'(R) & L*(R)).

€ C([0,Tjoe), HY(R) ¢ L*(R)) . Due to Morrey’s embedding theorem it holds
([O Tioc), L°(R) & L*(R)). In the following we assume that a solution (6, )

¢ is chosen so small that due to assumptions (c), (e) in Theorem 1.2 the initial state
(0(0),1(0)) is so close to the region Sy(U) of the solitary manifold that the symplectic
orthogonal decomposition is possible in a neighbourhood of (6(0),(0)).

In (1.2)-(1.3) the initial state (6(0),%(0)) is already written as a sum of a point on the
solitary manifold Sy and a transversal component (v(0),w(0)) such that the symplectic
orthogonality condition is satisfied due to assumption (d) in Theorem 1.2.

For times ¢t > 0 we are able to choose the parameters (£(¢),u(t)) according to the de-
composition in Chapter 3 (Symplectic Orthogonal Decomposition ) as long as (0(t),(t))
stays close enough to So(U). As long as (0(t),1(t)) stays close enough to Sy(U) we define
(v, w) by

U(t, .’E) = 0(t> '7:) - 90(6(@7 u(t)7 x) ) (16)
w(t,z) =Yt ) —Po(§(t), ult), z), (L.7)

where the parameter (£(t),u(t)) are obtained from the decomposition in Chapter 3 (Sym-
plectic Orthogonal Decomposition ), such that

N(O(t), (1), £(t), u(t)) = 0. (1.8)
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Thus we decompose the dynamics in two components, namely a point on the solitary man-
ifold (0o(&(t), u(t), ), Yo(&(t), u(t), )) and a transversal component (v(¢,-),w(t,-)) which is
symplectic orthogonal to the tangent vectors

8590(£(t)7 U(t), ) and 8u90(§(t)7 U(t), )
of §. Finally we compute the time derivatives of v and w which will be needed in the
following chapters.

In Chapter 8 (Proof of Theorem 1.2) we will obtain a bound on ’U|i°°([0,T},H1(IR))+‘w‘ioo([O,T],LQ(R))

(where T' < T') which will give us control over the distance of (,) to the solitary manifold
and which will imply that the local solution (6,) is indeed continuable.

Modulation Equations We want to consider the longitudinal dynamics on &y, which
is described by the parameters (£(t),u(t)). In order to be able to understand the dynamics
on Sy we derive a system of ordinary differential equations (modulation equations) for the
parameters (£(¢),u(t)) which is satisfied up to a certain error. We examine up to what
errors the ordinary differential equations that describe the evolution of a soliton,

§(t) = u(t),
a(t) =0,

are satisfied. For this purpose we take the time derivative of (1.8) and obtain a system of
differential equations. Using Neumann’s theorem we conclude that the estimates

€(t) —u(t)] < Ce + C () ) »

[u(t)| < Ce +C |U(t)ﬁ11(11§) )

are satisfied if [v(¢)| 1 gy + [0(t)] 2Ry are less than a certain g > 0 and as long as the time
t is such as described in the introduction of (v, w) above.

Lyapunov Functional In order to obtain control on the transversal component (v, w)
we introduce the Lyapunov function

2 2 _ 2
L(t) = / wiz) | (Gev(@))” | cos(Ox(y(u)(x — §))vi(z)

2 2 2
where (v, w) are given by (1.6)-(1.7), (£, u) are obtained from the decomposition in Chap-

ter 3 (Symplectic Orthogonal Decomposition), such that the orthogonality conditions hold
and y(u) = 1/v/1 —u?. L is the quadratic part of

H(0,v) + ull(0,v)

above the solitary manifold Sy, where H and II, given by (7) and (8) are conserved quan-
tities of the sine-Gordon equation. Finally we compute the time derivative of L(¢) which
will be needed later.

+ uw(x)0,v(z) dr,
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Lower Bound We consider for (v,w) € H'(R) x L*(R), (£,u) € R x (—1,1), the func-
tional

E(v,w, 1) = % / (w(z) + udav(x))? + % () + cos(Bx (2))0(x) dz

where Z = y(x — &) and vy (z) = azv(% +¢&) = %&w(m).

We prove that there exists a ¢ > 0 such that if ({,u) € R x [-U —U(2),U + U(2)] C
R x (—1,1) and (v,w) € H'(R) x L*(R) satisfies the orthogonality condition

82(1)7 w, 57 u) = /azﬂ/fo(g, U, (L’)U(CL’) - a”ugO(ga U, LE)U)(.Z‘) dx =0
(which is related to the second component in (1.8)), then the lower bound on &,
E(v,w,&u) > C(|U|§11(R) + |w|i2(R))

holds. In the next chapter we relate this lower bound to the lyapunov function L, since it
holds that

L(t) = E(v(t), w(t),£(t), u(t)),
where (v, w) are given by (1.6)-(1.7) and (£, u) are obtained from the decomposition in
Chapter 3 (Symplectic Orthogonal Decomposition).

Proof of Theorem 1.2 First of all we prove the statement of Theorem 1.2 (i). We
suppose that (1.1)-(1.3) has a solution and we make some assumptions on (£, u) obtained
from the decomposition in Chapter 3 (Symplectic Orthogonal Decomposition) and on (v, w)
given by (1.6)-(1.7). The modulation equations allow us to control (£, u). The Lyapunov
functions and the lower bound on £ allow us to control (v, w), since we are able to estimate

C(\U(t)ﬁ{l(ug) + ‘w(t)|i2(ne))
< L(t)

= L(0) + /t L(s)ds

and to control the right hand side (after bringing some terms on the left hand side). All
in all, we obtain more accurate information about (v,w) and (£,u). Using a continuity
argument this implies the bound on (v, w) claimed in Theorem 1.2 (i) and approximate
equations for the parameters (£, u). The bound on (v,w) implies that the local solution
discussed in Chapter 4 (Existence of Dynamics and the Orthogonal Component) is con-
tinuable up to times sf’% (p(6) = 1 — 26), which establishes the statement of Theorem 1.2
().
Using Theorem 1.2 (i) and Gronwall’s lemma we show that the dynamics on the solitary
manifold can be described by (£, 1) that satisfy the ODE’s (1.4)-(1.5), which establishes
the statement of Theorem 1.2 (ii).



Chapter 2

Solitary Manifold

We recall the definition of the solitary manifold presented in the introduction.

Definition 2.1. The (classical) solitary manifold is the set

L 90(€>ua') ) _
SO'{(%(@u,)) s € ( 1,1),56R}.

Sy is a two dimensional manifold.

2.1 Tangent Vectors
We introduce some further definitions and notation.

2
Definition 2.2. (a) m:= [ [O’K(y)] dy

o (e _ (8l - )
V)t ) =0 (wo@,u,x)) } (wwwx - 5))) ’
oy (Menn) e - Oz - )
(¢ tul6 o) = 0 (%(au,x)) - (—VSH'KW—@) —u274(w—£)9}’<(7(x—5>)> ‘

Remark 2.3. (a) One should understand the subscripts £ and w in our notation of ¢
and t, just as symbols. t¢ and ¢, always really depend on (§,u, ).

(b) The vectors t¢(&,u,-) and t,(&,u,-) are tangent vectors of the manifold Sy at the
point (0o(&, u, ), 1¥o(§, u,-)) and form a basis of the tangent space at this point.

21
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(c) Notice that

[ —uO(v(x =€)

([ PO(v(@ =€) +uPyi (= Ok (v(x — §))
Thlgu) = ( (= ) (v(x = €)) > |

(1)

where



Chapter 3

Symplectic Orthogonal
Decomposition

As mentioned in Chapter 1 we show that if (6,1) € L>(R) & L*(R) is close enough (in the
L>(R) & L*(R) norm) to the region

SoU) = {(Z(éu)>> (W e U>} ,

of the solitary manifold Sy, then there exists a unique (£, u) € ¥(2,U) such that we are

able to decompose
‘9() _ 60(€7ua ) + ’U()
¥(-) bo(&su, ) w(-))

in a point on the solitary manifold (6y(&,u,-),v0(&,u,-)) and a transversal component

85(90(57 Uu, )) and

v(+),w(+)), which is symplectic orthogonal to the tangent vectors
(v(+), w(-)) ymp g g (05%(57%-)

(aueo@,u, )

of the solitary manifold Sy, i.e., the orthogonality condition
aul/}() (57 u, )

N(97¢757u) =0

is satisfied. We prove in the following lemma that the symplectic decomposition is possible
in a small uniform distance to the solitary manifold Sy.

Lemma 3.1. Let 0 < U < 1. Let
0() . 00(57“7 )
¢() QZ]O(S)Ua )

There exists v > 0 such that if p < r then for any (6,v¢) € Oy, there exists a unique
(&, u) € X(2,U) such that

O=0y,= {(0,1/;) € L®(R) x L*(R): inf

<7
(&uw)exX(4,U) b

L (R)®L?(R)

N(97¢757U) =0

23
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and the map
(0, 4) — (£(0,v),u(0, 7))
is in CY(Op,, 2(2,U)).

Proof. Notice that
U4) <U@3)<U(?2),
Y(4,U) c ¥(3,U) Cc £(2,U).

N is given by

N (0., €.) (f Oetbo (&, u, ) [0(x) — 90(57u,1:)] — 0:00(&, u, x) [1#(96) — wo(f,u,m)] dq:) |

[ 0uo(. . ) |6(2) = B0(& . 2)| = Dubo(€,u, ) () = W& w,2)| da

Consider (&, up) € X(3,U).
i) It holds that N (6y(&o, uo, ), o (&o, o, x), o, uo) = (0,0). Since

De N (00(&0, uo, ), %o(&0, to, x), &0, Uo)

. af-/\/’glo,uo (90(§0a Ug, ZE), ¢0(§0a Ug, 'T)a gOa uO) auj\/’glmuo (00(507 Ug, l'), ¢0(€07 Uy, "L‘)7 507 UO)
B afj\/?o’u() (90(£07 Ug, QZ), w0(£07 U, I), 507 U’O) au'/vgo,uo (9()(507 Uo, .’L'), w0(€07 U, l’), 507 Uo)

_ 0 3 (ug)m
-3 (up)m 0 '

we obtain:

det nyu‘/\/‘(e()(éb; Ug, iL‘), w0(507 Ug, Z’), 607 uO) 7é 0.

It follows by the implicit function theorem that there exist balls

B, (00(&0, uo, -), 1o(&o, 10, -)) € L°(R) @ LA(R), Bj(&o,uo) C B(2,U)

and exactly one map

Téo,uo : Br(90<€07u07 ')>¢0(50, Uy, )) — BS(fmuo)

such that
T{g,uo (00(&)7 Ug, :C)a w0(§07 Ug, Z’)) = (507 Uo)

and

N(07 ¢7 T&O,’U‘O (97 1/})) = 0
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on B,.(0y(&o, o, ), Yo(&o, U0, *))-
ii) We refer to [Dei85, Theorem 15.1] and we are going to prove:

There exist 7 > 0,0 > 0 such that ¥(&, ug) € X(3,U) there exist balls
Br(eﬂ(g(b U, ')7 w0<507 U, )) - LOO(R) D LQ(R) ) BS(&% UO) C 2(27 U) )

and a map
Teo o Br(00(80, uo, ), Yo (8o, uo, -)) — Bs(&o, uo)
such that
N (0,9, Tey ue(0,9)) = 0

on B,(00(&o, uo, ), ¥Yo(&o, ug, -)). The claim follows from this statement. In order to obtain
the same setting as in [Dei85, Theorem 15.1] we introduce

'/\7'507”&0(‘97 1/)7 57 u) = N(Q() + Q0<§07 U, ')7 ¢() + 77Z)0(§0’ Uo, ))5 + 507 (e UO)'

Then )
N(90<€07u07 ')7%(50,”0, ')750,U0) = -/véo,uo(oa 07070) = (070)-
Set
Keouo = De.yNeouo (00(Eo, o, +), Yo (o, vo, +), o, o)
= D(e.yNeouy (0,0,0,0)

0)3m

0 .
Hence

1 0 —1
K' = —— .
&o,u0 ’Y(Uo)3m (1 0 )

We define

Sﬁo,uo(e7¢7€7u’) Kg_olu()-/\/'ﬁo,m)(eawag7u> - I(é-?u)

The following norms

|a£00<§7ua I)|L%(R) ) |au00(§7u7 ‘r)|L%(R) ) |a§¢0(£7u7 x)|L%(R) ) |au¢0(§7u7 ‘r)|L§(R) )
‘8590(57% x)’L;E(R) ) ’au90(€7u7 x)‘L}D(R) ) ‘857%(57“; x)’L;(R) ) ’&ﬂﬁo(fﬂ% x)‘L}D(R) )
|a§290(€>u7 z)|L§(R) ) }8590(&”7 x)|L§(R) ) ’agaueo(f, u, iL‘)’L%(R) ) fagauwo(f, u,x)]L%(R) )

|(352?/)0(f> U, x)|L316(]R)

(57 u, x)}L;(R) ) |a§8u90(€a u, w)|L}E(R) ) |a§au"7b0(€a u, $)|L}C(R) )
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are bounded from above, uniformly in (£, u) by

B = max{ sup ‘8?105290(§,u, )
we(—U—U(2),U+U(2))

LE(R)

sup 9P 0 (€, u,)

we(~U—~U(2),U+U(2))

[ BitB<2 p=12)+1.
LE(R)

Notice that

1 1
V(& u) e ¥(2,U0) : < -.
[y(u)?m| = ¢
In this proof we denote by || - || the maximum row sum norm of a 2 x 2 matrix induced by

the maximum norm | - |, in R?.

We show 3k € (0,1),8 > 0 |independent of (90(50, wo, ), bol&o, o, -, (Eo, u0)>]
v (672/))7 (5,11,) S B5<O) X BS(O> : ||D(§,U)Sﬁo,uo(07w7£7u)” < k<1:

We set

1 k
= K .i=—.
g 2’ 30
Consider |90(§07EL07 :I:) - HO(Ea u, x)|L§°(]R) and |¢0(€07 U, ZL’) - 7#0(57 u, x)|L%(R)7
where (&, up), (&, u) € X(2,U):

Since

O (7 (o) (z — &) — O (Y (o) (z — €)) = O (y(uo) (z — E[éo. &, ug, 7)) - Y(uo) (& — &),
Ox (v(uo)(x — &) — O (v(u)(x — €)) = O (Y7 (o), (@), &, z)(x — &) - (7(uo) — (@),

by the mean value theorem, there exist a n > 0 s.t. for all (€0, u0), (€,u) € X(2,U) with
|(&0,u0) — (&,1)| < n, we obtain:

(&0, 0, 2) — O0lE, )y < o
Since
— 1y (1) (3 (o) — &) + () (3 () — &)
= — (o) (o) (& — £0)) + oy (o) (3 o)z — &)
— 1y ()0 (3 (0) & — ) + (o) (7 (i) (z — )
— 1y ()0 (4 (1) (& — ) + 1y (@) ((0) (& — £))
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and

O (7 (o) (z — &) — O (7 (uo) ( — €)) = O (v(uo) (& — E[60, &, wo, 2])) - (o) (€0 — &)

O (Y(uo)(x = €)) — O (v(@) (z — €)) = O (Y7 (uo), (@), & 2] (x — €)) - (v(uo) — ¥(@))

by the mean value theorem, there exist a 7 > 0 s.t. for all (£, uo), (€,1) € %(2,U) with
(&0, u0) — (&, )| < 7, we obtain:

_ K
ol 0 2) — (€., 2)] o gy < v
and
()" A () )m] < 5
We set

§ = min {77, %C, U(7)}

and get back to our case where (&, ug) € X(3,U). Notice that
D(&U)Sﬁo,uo (97 ), &, u)

= Y(wo)Pm (1 0 ) D(¢.uyNeouo (0,0, &, 1) — (0 1)

1 (0N (0.9 Eu) —0NE L (0,06 u) _C%
7(uo)?m fmwww DNE o (0,9, €, ) 0 1)

For all (0,4), (§,u) € B;(0) x Bs(0):

1
|’Y(U0) 85'/\/‘50 uo( %57“)‘
= |W(UO)3masN1(<0(-) + 00(0, 0, ) () + Yol 0, ) (€4 Lo, 0 o))
EX7 =£
= |7(u3)3m| (|a§¢0(g, @)l @ |6(2) + bo(&o, uo, ) = Go(€, @ 2)laz=(x

+10200(&, u, )| L2 (r) [0 ()| L2 R)
+ ‘8360(57 u, x)'@%(R)‘wO(va U, I) - wO(Ea u, .T})’LgO(R)

+ | / —ag’l/fo(g, ﬂ, $)8§90(€, ﬁ, ZL') + 8590(5, ﬂ, l‘)agwo(g, ﬁ, ZL‘) dl’|>
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1 ~ —_
= T aa)om (@%0(5, U, )| 1w 0(x) + 0o(&o, w0, ) — 00(&, T, )| oo (m)

+|0260(€, @, )| L2y [ ()| 2 )

+ 0200 (, @, )| L1 vy [0 (€0, 1o, ) — ¢O(§7ﬂ,$)|Lgo(R)>

k
< 5,
1
= Sy 0N 00 6 w) = 1
=1- 7(u())gmaﬁf\[Q((e(') + 6o(&o, uo, ), ¥(+) + Yo(&o, w0, ), (€ + &0, u + ug)) — 1]
— i -y
= Fuo)Pm] (‘@&ﬂﬁo(é:ﬂ, )| 21wy 0(x) + 0o (&0, w0, ) — Oo(&, U, )| Lo ()

+ |8§au90<5,ﬂ, x)|L%(R)|¢(I’)|L%(R)
+ 06000 (&, 4, )| 11wy Y0 (o, 0, ) — z/;o(g,ra,x)hgo(m)

i [ ~OE 1 D0(E 1) + 2,006 1, 0Ol ) 1

;

= [y(uo)ml|
+ 100,00 (&, T, )| L2y [ ¥ () | L2 )

+10:0u00 (&, @, )| 11wy [P0 (€0, w0, ) — 10(€, U, @) | Lo (m)

(‘aﬁau%@ﬂ’ )| 1wy |0(2) + Oo(Eo, w0, ) — 0o(€, U, )| L2o ()

+ (@) m o))

k
< 5’
L 1
Wa“j\[éo,u()wﬂ/},f,u) —1]
= |7(u0) ON((O(-) + 0o (&0, 0, -), V() + ho(Eos w0, @), (€ + o, 1+ ug)) — 1]
g "



29

<

IN

IN

‘7<u0)3m| <|aua§¢0(ga U, ZE)lL}C(R)‘@(ZC) + 90(&), Ug, gj) — 00(57 u, .CE)ngo(R)
+ 10u0¢00(&, 1 2)| 2w [ (2) 2y
+ 100600 (&, T, )| 11 ) [0 (€0, w0, ) — 10 (€, 7, 3;)|L20(R)>
+ I—V(u;gm / —0ebo(€, 1, 2)0u00 (€, @, ) + Bebo (€, @, ) Dby (€, 1, ) dar — 1]
—1 C —
7 (u0)3m] <|5u8§@/}0(§, U, )| 11 (w)|0(x) + 0o (&0, w0, ) — Oo(E, T, )| Lo (m)
+ 0u0¢0 (€, 4, )| 11 (=) [¥0 (€0, U0, ) — Yo (&, Uy )| Lo ()
+ [y (@)’m — ”y(uo)3m|)
k
57
o 0N (84, )]
1
|7(u0)3m8“N2<(9<') + 00(&o, o, +), Y (+) + Vo(&o, uo, +)), (€ + &, u +7u0))|
T —¢
1 - —
I ()P <|35¢0(f,ﬂ, )| 1wy |0(x) 4 0o (&0, w0, ) — Oo(&, U, )| oo (m)

+10260(E, 4, )| 2wy | ¥ () | 22 ()
+102600(&, @, )| 21 ) [0 (€0, w0, ) — Vo (&, T, )| 2o (m)

"‘l/_aqu(g?aax)aueO(éa l_L, l’) +au90(€aﬂ,3€)3u¢0(5, ﬁv .Z') dZC|>

7 (uo)3m| <|53¢o(f,ﬂ, )| 21wy 0(x) + 0o (o, w0, ) — Oo(&, T, )| oo ()

+10200(&, 1, )| 2m) [9(2) | 2R
+10700(€, @, )| £ ()[40 (€0, w0, ) — Yo(€, 4, x)’LgO(R))
k

< —.

2
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We show 37 < § [independent of («90(&),%, ), ¥o(&o, uo, *), (Eo,uo)ﬂ
¥ (6,0) € Bo(0) : [Sepn(8:0,0,0)]c < 001 — h) -

Notice that

1 1 0 _
SﬁO,UO (9? ¥, 0, O) = N3, (0 _1) '/\[fo,uo(ea ¥, 0, 0) .

¥(uo)3m

We set

R
ri=ming oo e
For all (0,7) € B,(0):

1 \ 1
|WN§°’“0 (6,7,0,0)]

_ ,m/\@m((e(.) + 00(E0, o, ), U () + oo, w0, ), (o, o))

— W| /3§¢o(€o,umx)9(:c) — 9¢bp(&o, w0, 2)¢() dx

1

= |y (ug)3m| (’85%(50’uo’x)lLi(R)‘e(xﬂLi"(R) + |a£(90(50,Uo,ﬂf)’Lg(R)Iw(a:)\Lg(RO ,

’;/\_/Q (9’w7070)‘

fy(uo)gm £0,u0

— L NEO0) + B0(Eor o o) + GolEor o, ), (€0 )]

¥(uo)3m

= W‘ /3u¢0(fo,uo,x)9(a:) — 0u00(&0, uo, )Y () dx

1
|7(U0)3m|

IA

<|aud}0(§0; U, JJ)|L%(R)|@($)|L;°(R) + |au90<£()7 U, I‘>|L%(R)’¢(Z‘)’L§(R)) .



Chapter 4

Existence of Dynamics and the
Orthogonal Component

We argue similar to [Stu98, Proof of theorem 2.1]. In order to be able to make use of
existence theory we set

@(t,l’) = 9<t’x) - 90(557 Usg, J]) )
w(tv x) = ¢(t’ I) - 1/)0(&7 u57~17>

and consider the problem
5(0.0)\ _ [ 0(0,2) = Bo(&, s, ) (4.1)
w(O,x) 1/)<0,I) _¢O(€sau8ax) 7 '

oit.o) ) w(t, ) = (&, s, 7)
. (w(t,x)) N ([@(t,x)—i-eo(fs,us, 2)]ae — Sin(o (t,x)+90(gs,us,x))+€f<€x)> - (42)

By [Mar76, Theorem VIII 2.1, Theorem VIII 3.2 ] there exists a local solution (see also
[Stu98, Proof of theorem 2.1}, [Stu92, p.434 |) with

(v,@) € C([0, Thoe), H'(R) ® L*(R)).
(0,) given by 0(t,x) = v(t,x) + 05 (&, us, ) and P(t,z) = (t r) + 5 (&5, us, ) solves

obviously locally the Cauchy problem (1.1)-(1.3) and (6,4) € C*([0, Tioe), L®(R) & L*(R))
due to Morrey’s embedding theorem.

We are going to obtain a bound in Chapter 8 which will imply that the local solutions
are indeed continuable.

So from now we assume that (v,w) € C*([0,T], H'(R) @ L?*(R)) is a solution of (4.1)-
(4.2) and (0,%)) is a solution of ( 1)-(1.3) such that (8,%) € C*([0,T], L=(R) & L*(R)).
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32 Existence of Dynamics and the Orthogonal Component

Given (6,1) we choose the parameters (£(t), u(t)) according to Lemma 3.1 and define (v, w)
as follows:

v(t,z) =0(t,z) — 00(&(L), u(t), z), (4.3)
w(t,z) =Yt x) —Po(§(t), u(t), z). (4.4)
(v(t,x),w(t,x)) is well defined for ¢ > 0 so small that
[0 oo ) + WD) 2wy < 7
and
(€(1), u(t)) € (4,U),

where r and U are from Lemma 3.1. We formalize this by the following definition.
Definition 4.1. Let t* be the "exit time”:
t* :=sup {T >0: |U|L°°(]R)L°°([0,t}) + |w|Lm([07t]7L2(R)) <r,
(), u(t) € S(4,U), 0t < T},

where r and U are from Lemma 3.1.

Notice that (&, us) = (£(0),u(0)) € X(4,U). We will choose ¢ such that, among others,

’

[V(0)] oo gy + [w(0)| 2Ry < 5
where (v(0),w(0)) is given by (1.2)-(1.3). Thus (v(t,z), w(t
t*. The following technical lemma will be needed later.

,x)) is well defined for 0 <t <

Lemma 4.2. Let (&, up), (§,1) € R x (—1,1).
The difference <9K(7(u0)(- — &) — Oxc(y(a)(- — 5))) is in L*(R).

Proof. The mean value theorem yields:

Oxc (7 (uo) (2 = &0)) — O ((wo) (& — &) = O (v(wo) (z — €[&0, €, w0, 2])) - (uo) (0 — &) ,
O (v(uo)(x = €)) — Ok (v(@) (z — €)) = O (31 (wo), ¥(1), & )(x = €)) - (v(uo) — (@)
Assume without loss of generality & < & For z > € > £ (€0, &, ug, ¥] > & it follws that
Y(uo)(x — &) > y(uo)(w — &[€o, & w0, x]) > Y(uo)(z — &) >0
and

10 (7 (w0) (x — €[60, &, o, 2]))| < 18 (v(uo) (x — £))].
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For £ > £[€y, &, ug, 2] > & > x it follws that

0> v(uo)(z — &) = (uo)(z — &[é0, &, uo, z]) > v(uo)(z — &)

and

105 (7 (o) (2 — E[€0, €, o, 2])| < [0 ((uo) (x — &)

Assume without loss of generality 0 < uy < 4. For 2 > £ it follows that

and
105 (A (o), v(@), &, @](x — )] < |0k (v(uo) (z — ).

For € > z it follows that

0> (@) (z — &) > F[y(uo), (1), &, 2)(x — &) > y(up)(z — &)
and
10 (v (w0), ¥(@), & z](x — )| < 0 (v(@)(z = £))|.

Since we are able to estimate |0} (y(uo)(z — €[€0, €, w0, 2]))| and |0 (3[v(uo), ¥(1), €, 2] (x —
€))| for large |x| by integrable functions, this implies the claim:

< 02 (0) (@ = €0)) = Oxc (1 (1) = €)1 gy + B30} = €)) = O (V@) @ = )] s
< |0y () & — Eleo, € uo,al)) |, L Pr(uo) (€ = )]

+ ‘9%(’3/[’}/(110),’)/(’11), gv l’](l’ - E))‘LQ(R) ‘7(u0) - 7(a)| :

Using the previous lemma we obtain in the following lemma more information on (v, w).

Lemma 4.3. Let T = min{t*, T} and let (v,w) be defined by (4.3)-(4.4). Then (v,w) €
c'([0,T], H'(R) @ L*(R)).
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Proof. Using (4.3)-(4.4), Lemma 4.2 and the fact that (v, w) € C*([0,T], H'(R) & L*(R)),
we obtain

U(t,l') = 6<t7$) - eo(fsa Us, 55) + 90(557 Us, :Ij') - 90(5(”? u(t)v :L‘)
= 0(t, ) + 00 (&, us, ) — Bo(£(1), ult), x) € Hy(R),

w(t, z) = Pt z) — o(§(t), u(t), z) € Ly(R).

This implies the claim. O

We compute the time derivatives of v and w which will be needed in the following chapters.

Lemma 4.4. The equations for (v,w) defined by (4.3)-(4.4), are

U(x) = w(z) — 50500(5, u, x) — w0y00(&, u, x) + uebp (&, u, x),
sin0p(&, u, x)v?(x) =

LD | R (w)
+ U&gl/}o(f, u, I) - éa§¢0(£7 u, ‘T) - uaqu(ga u, JJ) P

for times t € [0,t*], where R(v) = O(‘U‘iﬂ(R))'

w(x) = 0%v(x) — cosOo(&,u, v)v(x) + e f (ex) +

Proof. We take the time derivatives of (v, w) and use (4.3)-(4.4), (1.1):

0(x) = w(z) + vo(&, u, x)
- 58500(67 u, $) - uaueo(ga u, .1')
=w(zx) — 53580(5, u, ) — W0yu00(&, u, ) + udeby (€, u, x),

w(x) = 020(x) —sin(x) + e f (ew) — é@g@bg(f, u, ) — W (&, u, x)
= 0200(&,u, ) + 00 (x) — sinby (&, u, x)

sin 0y (&, u, x)v?(x)
2

+ R(U)([E) + €f(€l‘) - éafqu)(](gv u, JI) - u8u¢0(§, u, CL’)
+ uaxd)() (ga u, ZL’) - ua$¢0(§7 Uu, {L‘)

—cos 0p(&, u, v)v(z) +
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= 0%v(x) — cosOy(&, u, 2)v(z) + e f (ex) + sin 6y (&, u, z)v?(z)

2
+ ua§¢0(€7 u, ZL‘) - S@g@/]o(f, u, l‘) - uau'lvb()(ga u, l‘) )

where we have expanded the term sin(6y(&, u, x) + v(x)).

+ R(v)(x)






Chapter 5

Modulation Equations

In the following lemma we derive modulation equations for the parameters (£(t), u(t)).

Lemma 5.1. There exists an €9 > 0 such that the following statement holds. Let (v, w) be
given by (4.3)-(4.4), with (§,u) obtained from Lemma 3.1 and let

|U|Loo([o,tﬂ,H1(R)) 3 |w|L°°([0,t*],L2(R)) < €o,
where t* is from Definition 4.1. Then
() — u(t)] < Ce + Clo(t) g »
) 2
[u(t)| < Ce+ Clo(t) gy »
for 0 <t < t*, where C depends on f.

Proof. The technique we use is similar to that in the proof of [IKV12, Lemma 6.2]. Using
Definition 1.1 and (4.3)-(4.4) we write the orthogonality conditions as follows:

0=Ci(6..€.0) = [ Betn(€,u.)ole) — Debo(é, Do) d.

0= CQ(eawafau) = /au?/fo(&%%)v(%) - 8u90(§,u,x)w(x) dr.

In the following we skip (6, ¥, &, u) for simplicity of further notation and take the derivatives
of Cy, Cy with respect to t. Using Lemma 4.4 we obtain:

37
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az/@@%mwwwm+@%@wwmm>

— 0000 (&, u, x)|w(z) — Oebo (&, u, x) 0w () dz

_ / {g’agwo(g, w, ) + 10, 0:0 (€, u, x)}v(m)
+ {3§¢0(§,u, x)}{w(a:) — 58590(5, u,x) — udybo(§, u, )
+ u0eo (&, u, x)}

_ {585290(5,% x) 4+ 10, 0:00(§, u, x)}w(x)

sin 0y (&, u, 1)v? ()

- {8590(5, u, x)}{@iv(x) —cosOp(&,u, x)v(z) +ef(ex) + 5

+ R(”)(ZE) + ua§¢0(€7 u, l‘) - éafqu)ﬂ(év u, J/’) - Ualﬂ/J()(g, u, 1:)} dx

= /—85¢0(§,u,x)8u90(§,u,x) +a§00(§7u7x)au¢0<§7uvx) dx i

-~

=0 (t5(51 u, '),tu(£7 u, ))

+ /(951/10(5, u, x)8§90(§, u, I) - 85%(57 u, x)8500(£7 u, LL’) dx (u - 5)

/

g

=Q (t§(57 U, '),fg({,u,-))

+ /Guagwo(f,mx)v(x) — 0,000 (&, u, x)w(z) dv -1

J/

-

= [M(& u,v,w)]i2

= [ oBvnl v x)ole) 9280w, (€

7

g

= [M(& u,v,w)]11

+ / Octho (&, u, v)w(x) — 0cho(€, u, x) (agv(x) — cos (&, u,x)v(x)) dx

N
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+/u0§2¢0(§,u,x)v($) — u@?@o(f,u,x)w(x) dx

- / {agﬁg(g,u,x)}{sf(sx)} dx

Gy = / A0t (€, u, 2)]0() + Dutbo(E, u, )0 (x)

— 00wl (&, u, x)|w(x) — 0,00(&, u, z)Opw(x) dz

= / {éagauwo@, u, @) + adio(, u, x)}v(sc)
+ {amo(&, u, @) } {w(w) — £0ebo (€, u, ) — 1d,bo (€, u, )
+ udebo (€, u, x)}
-~ {g‘agaue()(g,u, ) 4 1020y (&, u,x)}w(x)

— {&ﬂo(ﬁ, u, x)}{@iv(:c) — cosOp(&, u, z)v(x) + e f (ex)

sin0y(&, u, x)v?(z) =
D) | )

+ Uaﬂﬂo(f, u, ill') - £8§w0(£7 u, m) - ua’uw()(ga u, .Z')} dx
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- /au90<€7 u, x)audj()(gv u, l‘) - &ﬂo(f, u, ZL’)au@/Jo(f, u, $) dx -

J/

-~

= Q(tu(ﬁ,u, -),tu(ﬁ,%'))

+ /8590(57 U, $)8u¢0(€a u, CB) - 8577[]0(57 u, $)au90<57 u, fL’) dx (u - 5)

J/

=0 (tu(fvuv ')’ tf(é‘v u, ))

+ /33351/}0({,%@1)@) — 9200(&, u, v)w(w) do -1

J/

-~

= [M(éa U, v, w)b?

— /8§8u1/)0(§, w, 2)v(z) — 9e0,00(€, u, x)w(z) d -(u — €)

J/

-~

= [M(f, u, v, UJ)}Zl

+ / {&ﬂﬂo(f, u,a:)}w(a:) — 0ubo(&,u, x) <8§v(a:) — cos (&, u, :c)v(:c)) dx

+u/858uw0(§,u,x)v(x) — 0:0,00 (&, u, x)w(z) dz

—/ {8u90(§,u,:c)} {5f(5:c)} dx

- / {aueo(g, u, x)} { sin fo(¢, ;‘ D) | R(v)(m)} dz .

J/

-~

= [P(& u, v, w)]2

We set

Q(u) — Q(tg(f,u,-),tg(f,u,')) Q(t§(£7uv')>tu(€auv'))
. Q(tu(£7u7')’tf(€auv')) Q(tu(gauv')7tu(€auv')>

0 Q(tﬁ(fvua')7tu(€>ua'))
Q(tu(& u, ), te(& u, ) 0
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_ 0 y(u)3m
—y(w)?’m 0

=(u)’m <_01 (1)) :

Now we consider for any (§,4) € R x [-U — U(2),U + U(2)], (v,w) € H'(R) x L*(R) the

matrix:

<<a§¢o(§,a,-)> (@<.)>> <(aagwo< >> <<>)>

_86290(5’17“") \wl) L2(R)®L2(R) e ) LP®eL®

<<agamo<g,u,->) (<>>> <(a%o €. ) ( )>
—0:0,00(&,w,+) ) \w(+) L2R)BL(R) 0300(¢, 1 L2(R)®L2(R)

()
We use Holder’s inequality and obtain for all (£,4) € R x | ), U+U(2)], (v,w) €
H'(R) x L*(R):

HQ@)] ™" M€ a,5,0)|| < C(|0l gy + 0] 2(z)) (5.1)

where we denote by | - || a matrix norm. Let I = I5 be the identety matrix of dimension
2. Due to (16.1) we are able to find an ey > 0 such that if [0] g1 gy . |0] 2y < €0 then the
matrix

I+ [Q@)] " M(€,a,v,0)
is invertible by Neumann’s theorem. We write the time derivatives of (Cf,C5) in matrix
form and use the notation P(§, u,v,w) = P, M(§,u,v,w) = M, Q(u) = Q:

This implies

— P = (1+07'M) <5u“> .

I 0] g1y » (W] 2@y < €0 then we obtain as mentioned above by Neumann’s theorem that

(5 - “) ——(r+ Q‘1M>1[Q‘1P] .
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We will show later in Corollary 20.6 that

—u@xv(-) — w() _8§¢0(€7 u, ) =0
—020(-) + cos(0p (&, u, ))v(-) — udyw(-) )\ Bebo(€,u,-) L R)GLR) ’

—udyv(-) — w(-) —0uibo(€,u, ) _0
—020(+) 4 cos (0o (&, u, ))v(-) — udpw(-) |7\ Oubo(&,us ) L2(R)®L2(R) |

These identities can also be checked by hand using integration by parts and the symplectic
orthogonality. We will use them in the following computations. We consider P, and P:

P = /851%(5, u, v)w(x) — 0ebo(§, u, x) <8§v(m) —cosby(&, u,ac)v(ac)) dx

+ u/f)g@/)g({, u, r)v(z) — 85290(5,% x)w(x) dr

— / {8500(§,u,x)} {5f(5x)} dx

_ / Dbl €, 1, x){sm bol&, u, 2)*(x) R(v)(x)} du

2

_ —ud,v(:) —w(-) — et (€, u, )
—0%v(+) + cos(0p(&,u, ))v(-) —udpw(:) )7\ Oebo(&,u,-) e

- / {8500(§,u,x)} {5]‘(595)} dx

- / Debo (€, u, x){sm ol&, g D) R(v)(x)} dr

Consequently using Corollary 20.6 we obtain

Py = / {au,éb()(ga u, I’)}w(l’) - aqﬂo(fa u, :E) (65?}(95) — CO8 ‘90(67 u, l‘)l)(l‘)) dx

+ u/ﬁgﬁuwo(f,u, z)v(x) — 0:0,00(&, u, x)w(z) dx
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sf(aa:)} dz

sin 90(5,?;,33)712(55) + R(v)(x)} dz

_ _uaxv<.) —w ) uwo(f, U, )
—0zv (") + cos(6o(&, u,))v () — udew(:) |7\ Oubo(§,u,") L2(R)®L(R)

|
—_——
[S))
IS
>
o
: o~
k RS
=
N——
—N— ——

Consequently using Corollary 20.6 we obtain

Ryl < Ce +C |U|§{1(R) :






Chapter 6

Lyapunov Functional

We introduce the Lyapunov function.

Definition 6.1. Let (v,w) be given by (4.3)-(4.4), with (§,u) obtained from Lemma 3.1.
We set

L(t) = / = 2(3:) + (8”2(%)) + COS(&KW(Z_ ) (@) + vww(x)0,v(z) dx . (6.1)

Remark 6.2. L is the quadratic part of
H(0, ) + ull(6, )
above the solitary manifold Sy, since due to (7)

H (80(€,u,) + 0(), ol u, ) + ()

1

T2 /(1/10(57% x) +w(x))” + (Dubo (&, u, 7) + (1))

+2(1 — cos(6p(&, u, ) +v(x))) do
_ 1 2 9 2
— 5 [ ol w0 + 200(6 w pu(e) + w?(a)

+ (0200(&,u, 7)) + 20,00(€, u, )00 (x) + (O,v(z))?
+2—2cosby(&,u, )+ 2sin(6p(&, u, x))v(x)
+ cos(0o(&,u, 7))v*(x) dz + O(v*) + O(w?)

45
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and due to (8)
H<90<§, u, ) +v(+), vol&, u, ) + w()>

- / (vo(€, u, 2) + w(@)) (a0 (&, v, @) + Dpv(2)) d

_ / Yol€, u, ) 0,00(€, u, ) + Yo(&,u, 7)D,0(2)

+ 0:00(&, u, x) w(x) + w(x)ov(z) d.

A simple computation shows that the linear part of H(6,1) + ull(6, ) vanishes if (v, w)
is symplectic orthogonal to the tangent space of Sy at the point (6y(&, u, ), ¥o(§, u, -)).

The time derivative of L(t) is computed in the following lemma. This will be one of the
main ingredients in the proof of the main result.

Lemma 6.3.

2= [ wle) | POELDD | fiy )

+ ud,o(z) {Si“(e(’(g’ 5 JJLECH R(v)(as)] da

—u/Sin(eo(g’u’m»@uﬁo(g,u,x)vz(x) dx

+ (5 —u) /Cos(Go(f,u,x))v(x)axv(x) dr + u/w(x)axv(:v) dx

—i—é?/z}(x)f(gx) dx—uu’ys/ZG’K(Z) [f(sf) + Wf’(aﬁ)Z—l—... az

T (u—)pe / Ore(y(x — €)) f(ex) do — ue® / of (ex) d

Proof. We use a similar technique as in the proof of [KSK97, Lemma 2.1]. We can assume
that the initial data of our problem has compact support. This allows us to do the fol-
lowing computations (integration by parts etc.). The claim for non-compactly supported
initial data follows by density arguments. Firstly, we do some preliminary computations.

8t[COSGO(£7u7x)] 2
/ 5 v () dz

_ /_Sin(eo(f,U,x)) _ sin(6(&, u, 7))
2

£0e00(&, u, x)v*(x) 5

10,00 (€, u, 2)v*(x) dz




47

_ /_g-@z(COS(QOQ(&U?I)))UQ(x> _ sin(@o(g,ua x>)u5’u90(

= /écos(eo(g,u,x))v@)axv(x) B 7J,Lsi]rl(t%(g,u,gc))

Notice that due to (4.3)-(4.4)

v(t,x) = 0(t,z) — 0p(&(t), u(t), x),

w(tv l‘) = ¢<t7x) - %(f(t),u(t)ﬂ) - w(ta ZL’) + U'YQ,K('Y(Z‘

& u,x)

Oubo (&, u, )

v?(7) dx

v*(x) dx .

—¢)).

Partial integration yields [ 9,v(z)d2v(x) 4+ w(z)d,w(x) dx = 0. We differentiate the Lya-

punov function (6.1) with respect to ¢ and use Lemma 4.4:

L(t) = /w(a:)w(:l:) + 0,v(2)0,0(x) 4 cos Oy(&, u, x)v(z)0(x) +

+ u ()0, v(z) + uw(x)0,0(r) + dw(x)d,v(x) d
sin 0y (&, u, v)v?(x)

— /w(x> [33“(90) — cosb(&, u, x)v(z) + 2

+ R(v)(x) + udetbo (&, u, ) + e f (ex)
- Saﬁ¢0(§7 u, J]) - uau¢0(§’ u, I)
+ 0,v(2)0, [w(x) — £0e00(&, u, ) — 1Du00(E, u, )

+ u0:0p(&,u, x }

+ cos(o(&, u, 2))v(w) | w(x) — E0ebo(€, u, 2) — 1D,00(€, . 7)

+ u0:0o (&, u, x}

sin 0y (&, u, x)

+ £ cos(0y (&, u, ))v(z)dv(z) — u+8u90(§, u, x)v?

sin 0y (&, u, x)v? ()

+ ud,v(x) [831}@) — cos 0p(&, u, x)v(z) +

2
+ R(v)(x) + udetbo (&, u, ) + e f (ex)

- 5851/}0(57 u, J]) - uau¢0(§’ u, I)

2

(x)dx

O¢[cos Oy (&, u, )]

v

()
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+ vww(x)0, [w(x) — f@g@o(ﬁ, u, x) — udybo(&, u, )

+ uBelo (€, u, xﬂ + / w(z)dpv(z) de

= (u-§) [ [ —uvn@){ = dcin(ew0)} - wi){ - devo(éna)}
+ [eos(Bu(€, u, )0 @) = 20(x)] Bebo(E, 4, ) + ww(@)u0ebo(€, u,2) dx]
i [ [ ~uv@){ = dun(6 w0} - w(@){ - duun(€ o)}

+ [cos(8o(&, u, ))v(z) — O2v(x)] Bubo (&, u, ) + uw(x)0,0,00 (&, u, z) d

+w(z) [sin 90(5712&,96)0 () —1—1:2(1))(1:)] + udo(z) [sin Qo(f,g,x)v (7) —l—R(v)(m)]
_ u/ Sin(eo(g,u, 95))(%490(5, u, 2)v*(x) dx + ({ —u) /cos(@o(f,u, 2))v(2)0yv(x) da

+i / w(@)duo(z) dz + / w(z)ef(ex) dx + / udyo(x)ef(ex) da

We take a closer look at these terms and observe that some terms disappear. We will show
later in Corollary 20.6 that

—u@mv(- — w() _851/}0(67 u, ) =0
—020(+) + cos(0o(&,u, No(-) — udyw(-) |\ Oebo(&,u, ) emer :

—u&ﬂ](') — w() _8u¢0(£a u, ) =0
—d20(+) + cos(bo (&, u, ))v(-) —udgw(:) |7\ 9ubo(&; us, ) L2(R)®L2(R) |

These identities can also be checked by hand using integration by parts and the symplectic
orthogonality. We will use them in the following computations.
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It holds that

/—u@xv(x){ — Ggwo(f,u,x)} — w(x){ — 8§¢0(£,u,x)}

+ [eos (8o (&, u, z))v(x) — 070 (x)]0e0o (&, u, ) + uw ()0, 0:00 (€, u, ) dm]

_ —u(%;v(') - w() _8§¢0<€7 u, )) >
—d20(+) + cos(bo (&, u, ) v(-) —udpw(:) |7\ 9ebo(,u, ) L2(R)®L2(R)

=0

and
/_uaxv(x){ - au¢0<§’u7 I)} - ’UJ(I){ - au¢0(§7 u, ZL’)}
+ [cos(Bo (&, u, 2))v(x) — O20(2)]0ubo (€, u, x) + uw(x)0,0,00(€, u, 1) dx]
_ _uaﬂfv<'> - w() _aiﬂp()(ga u, )
_8%0() + COS(QO(§7 u, ) U() - uaﬂcw() ’ au90(57 u, ) L2(R)DOL2(R)

=0.

Since

O[Ok (y(x = £))]

ity (@ — €) = 7¢] O (r(a — )
= |uir (@ — &) = 7€ + 7| O (& = ©)) = yuble(v(z =€),
we obtain
T (1w =€) = =iz = )] + | —witr*(@ = &) + (u = )] ez — ©))

Thus using (1.1) and (4.3)-(4.4) it follows that
e/wf(ax) dx

o / W(a) + urblie(v(x — ©))] fex) da
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— = [ [ia) - aloxtr@ — )] + [~uir’ (e = &)+ (w— IO oo - €)] f(ex) d
— = [ @) f(ex) o —win’e [ (o= 033w - ) o) do
=€ [ Or(e = O)f(en) da
- a/v(x)f(ex) dz — uiwa/ZG’K(Z)f(s(% +6)dz
=€ [ 800 = O)f(en) da
_ 5/1’;(x)f(5x) dz — uiws/ZejK(Z) [F(e6) + ﬁf’(&:g)z v Jaz
+ (=€ [ Oelrlo - €)f(ex) da.

Notice that
/u@xv(x)ef(sx) dx = —usQ/v(x)f’(sx) dx .

Feeding the identities above in the formula for L(t) yields the claim.



Chapter 7

Lower Bound

In this chapter we introduce a functional £ and prove a lower bound on £ under the
assumption that an orthogonality condition is satisfied. This will be one of the main
ingredients in the proof of the main result. We will relate the functional £ to the Lyapunov
function L later and obtain in this way a lower bound on L.

Definition 7.1. For (v,w) € H'(R) x L*(R), (§,u) € R x (—=1,1) we set

2
where Z = vy(x — &) and vz(x) = azv(% +¢) = %&Jv(ac).

In the following lemma we express £ in a slightly different way.

Elv.w, €,u) =+ / (w(x) + udyo(x))? + v () + cos(Oxe(2))02(x) dx .

Lemma 7.2.

E(v,w,€,u) = / “ 2@) + (&”“2(””)) + COS(@K”@; VL) | (2)0,0(a) de

Proof. Using Z = v(x — &) and vz (z) = 821)(% +¢) = %@Cv(as) we obtain:

E(v,w, & u) = /(w(:c) + ud,v(7))? + vy () + cos(0x (Z))v* (z) dv
/wQ(x) + 2uw(x)d,v(x) + u®(9,v(x))?
+ (azv(; + )) + cos(0x (2))0* (2) dx

w?(z) + 2uw(x)0,v(x) + u?(9,v(x))* + %(390@(1:))2 + cos(0x (Z2))v* () dw

w?(z) + 2uw(x)d,v(x) + (9,v(x))? + cos(0x (Z))v*(x) dx .

51
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Due to (4.3)-(4.4) (v, w) is given by
v(t,x) = 0(t, x) — 6o (E(2), u(t), ),
w(t, ) = Y(t,x) — tho(&(t), ult), z).
Thus the orthogonality conditions
Ci(0,¢,&u) =0
Ca(0,0,&u) =0

can be expressed in terms of the variables (0, v, £, v) and in terms of the variables (v, w, &, u).
First we introduce a notation in order to be able to express the orthogonality conditions
in terms of the variables (v, w, &, u).

Definition 7.3.

Ci(v,w, & u) = /agwg(ﬁ,u,a:)v(x) — 0ebp(&, u, v)w(x) dz,

Co(v,w, &, u) = /8u¢0(§,u,x)v(x) — 0ubo(&, u, x)w(x) dr .

Now we prove the lower bound on the functional £ mentioned above.

Lemma 7.4 (Stuart). There exists ¢ > 0 such that if (§,u) € Rx[-U—-U(2),U+U(2)] C
R x (—1,1) and (v,w) € HY(R) x L*(R) satisfies

CZ(’Ua w, 57 U) = O

then
2 2
E(v,w,&u) > C(|U|H1(R) + |w|L2(R)).
Proof. We follow closely [Stul2] and [Stu98]. This proof is a slight modification of the
proof of [Stul2, Lemma 4.3]. Notice that the operator —9% + cos 0 (Z) is nonnegative. It

has (see [Stu92]) an one dimensional null space spanned by 0 (-) and the essential spec-
trum [1, 00).

We argue by contradiction and asume that the following statement is false. For £ € R
there exists ¢ = c¢(§) > 0 such that if w € [-U —U(2),U + U(2)] C (—1,1) and
(v,w) € HY(R) x L*(R) satisfies Co(v, w, &, u) = 0 then

E(w,w, & u) > C('”ﬁ—[l(R) + |w|iQ(R))'
This implies
¢ eR VjeNIu €[-U-U2),U+U(2)] 3(v;,w,;) € H(R) x L*(R) :
(7.1)

_ _ 1 — 2 _ 2
Cao(vj, w5, &, uy) =0, E(vj, w5, &, uy) < 5(|Uj’H1(R) + 0] 12 ) »
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where
£ 15, 5) = 5 (05000 + T3 0) 4 [ () ()] cos(Onr (1) — €))7 )
This statement is also true for the sequences

vj = % and w; = i

) 2 1 2 2 T
(’UJ|H1(R) + ’wj’p(ng))Q (’Uj’Hl(R) + ’wj’LQ(]R))2

Jj—o0

Assuming that |vj]. g "= 0 we get: [(v))a]p2() 72 0 and |wjl 2 g 2% 0. This is a
contradiction to the fact that |vj|§{1 ® T |wj|i2(]R) =1VjeN. Byipassing to a subsequence
we may assume (without loss of generality) that there exists an § > 0 such that

2 <\
|vj|L2(lR) >0 VjeN. (7.2)
1 2
Since (v;,w;) is bounded in H'(R) x L*(R) we may assume that v; "~ v and w; "=~ w
by taking subsequancg:s. Due to Rellich’s theorem we may assume again by passing to
subsequences that v; "X 0 for Q € R bounded and open. Passing to a further subsequence

we may assume almost everywhere convergence. Apart from that we may assume that
u;j = u. The fact that

1
dr>0 st. |cos(0x(2))| > 5 for |Z] > (7.3)

and that —0% + cosfx(Z) is a nonnegative operator implies the following estimate if we
assume that (v;, w;) € H*(R) x L*(R).

g(vja wy, 57 uj)

= 5 [ ) + @) + s ) @ + conlBila) @~ ))ede) do
= gy ] T + O+ + P + s ) (s + O
+ COS(Z)UJQ-(V(ij) + &) dZ
= i [ iy O+ s+ O + (s + O
+ cos(Z)v3( z +&)dZ
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= i [ iy O s+ 0 = BB + O+ )
+ cos(Z)v?(v(ij) +&)dz

> 507 oo W) O Wy O R + O
+ cos(Z)v?(v(ij) +&)dz

1 / 0, Z
> vs ( +¢&)dZ
47y (uy) {ZeR:|Z|>r} T y(uy)

1 [yt , L=,
:1/ vj(x)dx—i-Z/ v;(z) dx .

o0 SICHRM

It follows by approximation

1[Gyt

g(vjawj75>uj) Z Z_l/

1 o0
2
v; () dx—l—z/r +£v?(x) dx

© ~(uy)

for (v;,w;) € H'(R) x L*(R) and (£,u;) as above. Hence (7.1) implies that

/ vi(x) dz =0
{zeR:|z|>7}

for a sufficiently large 7. As a consequence (7.2) and the strong convergence on bounded

domains yield
/ v (x) dx
{zeR:|z|<7}

from which it follows that v # 0. Weak convergence implies using the triangle inequality:

v

0,

Co(v,w, & u) =0 (7.4)
and
% / (w(z) + uv'(2))? do < lijxgiogf% / (w;(&) + w0} (2))? de, (7.5)

(e o< sbyore) o
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Due to (7.3) we are able to apply Fatou’s lemma for a sufficiently large 7 and obtain:

1
- cos(Ox (v(u)(z — (1) d
2/{wER:x|>f} (O (v(u)(z = €)))v™(z)

(7.7)

< liminf L / cos(Ox (v(u;)(z — &)))v? () da,
{zE€R:|z|>T}

where we have used that (v;) converges almost everywhere. Dominated convergence theo-
rem yields:

1
- cos(Ox (v(u)(z — v (x) dx
3 R ) .
= Jim cos(Bxe(v(uy) (& — €))2(w) da
J—roo {zeR:|z|<F}
(7.1) together with (7.5)-(7.8) imply:
E(w,w, & u) =0. (7.9)

Since v # 0, (7.9) yields (v(2),w(z)) = a(f(y(u)(x = €)), —uy(u)dg (y(u)(z = £))) for
some « # 0. This is a contradiction to (7.4). The constant ¢ does not depend on &, since

52(U7w7§7u) = CVQ<U(' + f)?w(' + 5),0,71) =0
implies

E(v,w, & u) = E(u(- + &), w(- +€),0,u) 2 (0) (07 gy + [w]7am)) -

Remark 7.5. Let (v, w) be given by (4.3)-(4.4), with (£, u) obtained from Lemma 3.1. It
holds that






Chapter 8

Proof of Theorem 1.2

We prove Theorem 1.2.

8.1 Proof of Theorem 1.2 (i)

First we suppose that (1.1)-(1.3) has a solution and we make some assumptions on (v, w)
given by (4.3)-(4.4) and on (§,u) obtained from Lemma 3.1. Then the following lemma
yields us more accurate information about (v, w) and (£, u).

Lemma 8.1. Let ¢ be sufficiently small, p(d) = % — 20. Assume that the assumptions
(b),(c),(d) of Theorem 1.2 are satisfied. Assume that (1.1)-(1.3) has a solution (0,1) on

[0,T] such that B
(0,v) € C([0,T], L°(R) @ L*(R)).

Suppose that

|

0

IN

T<t'<

(=l

where t* is from Definition 4.1. Let (v,w) be given
Lemma 3.1 such that

y (4.3)-(4.4), with (¢, u) obtained from

2 2 'y
|U|L°°([O,T],H1(R)) + |w|L°°([0,T],L2(R)) <el™

Then , provided

)
it holds
(a) Vt € [0,T]: (&£(t),u(t)) € X(5,U);

(b) |U|i°°([0,T],H1(R)) - |w’i°°([0,T],L2(R)) < C(L(0) +¢), where C depends on f (and c from
Lemma 7.4).

o7
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Proof. Choose ¢ such that the following holds:
(1) € € (0,g0) where gg is from Lemma 5.1.
(2) € is so small that
_ 1 U(5)
1-6
where C is a constant that appears in (8.1) further in this proof which depends on f.
Lemma 5.1 yields Vt € [0, T:
£(t) —u(t)| < Ce+C |U|§{1(R)
< Ce+4 Ce'™®
< Ce,
[i(t)] < Ce + C ol g
< Ce+ Ce'™0
< Cel9,

Thus we obtain V¢ € [0, T:

u(t) — u(0)] < / jis)] ds

< e %

= |u(t)] < "0 + |u(0)]. (8.1)

This implies (a) due to assumptions (c¢) of Theorem 1.2 and (2). Using Lemma 6.3,
Lemma 7.2 and Lemma 7.4 we obtain for times

1
OStSTém,

the following estimate,

C(|U(t)|?{1(n§) + |w(t)|i2(R))
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sin 0y (&, u, x)v? ()
2

sin 0y (&, 37 x)UQ () + R(U)(l’)]

< L(0) + /0 w(z)] + R(v)(z)] + ud,v(z)]

_u/sin(ﬁo(g,uw))a 0o(&, u, 2)0* () d + (£ — )/COS(Qo(ﬁ,U,x))v(x)axv(x) dr
+1'L/w(x)8xv(x) dx

—uine [ 26 2)[160) + 02+ ] iz

7(“)
T e / Oy — ) f (e) dir — ue? / o(@) f/(ex) de dt

+ |v(t, )’Hl R) €2 ’f()|L2 R) T |v(0, ')lHl(R) g2 ‘f(')‘L%R)
c 4
L(0 )+C’/O 1-o+252 gy © |U( )‘iIl(R)_Fg‘U(O?')liIl(R)+E‘f(')‘i2(R)€a

since

—usQ/v(:v)f/(efE) A < [ule? [0l oy 1Ol ey

After bringing some terms on the left hand side we obtain

~ 2 2
(oo oy t 10 o.22m)) < L(O)+C/O A ’f( )’LQ(R

Theorem 8.2. Let £ be sufficiently small, p(d) = % — 20. Assume that the assumptions
(b),(c),(d),(e) of Theorem 1.2 are satisfied. Assume that (1.1)-(1.3) has a a solution (6,)
on [0, T] such that

(0,9) € CH([0,T], L*(R) & L*(R)) .
Suppose that B
0<T<LT.
Then, provided

1

0<T< =5

it holds that (v,w) given by (4.3)-(4.4) is well defined for times [0,T] and there exists a
constant ¢ such that
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2 2 R
(@) [0 oo 0,11, 11 () + 1] oc (0,11, 02m)) < €24
() ¥t € [0,T]: (€(),u(t) € S(5,0).

Proof. Choose € such that the following holds:
(1) e satisfies all smallness assumtions of Lemma 8.1;

(2) 2C(L(0) + ) < e'7%, where L(0) = E(v(0),w(0), &, us) and C is from Lemma 8.1
(b);

(3) € is so small that if (v,w) € H(R) x L*(R) satisfies |U|ill(]R) + |w|ig(R) <&'= then it
holds that |v];w gy + [W|2g) < 5, where r is from Lemma 3.1. This can be ensured
by Morrey’s embedding theorem.

Notice that 3(5,U) C ¥(4,U). We define an exit time
2 2 ~
ty 1= sup {T >0 ol om0 ) T 10 Lo0 (0,7,L2m)) < 2C(L(0) + ),

(€@),u(t)) € B(5,U), 0<t < T} _

Suppose t, < Eﬂ% Then there exists a time ¢ s.t.

1 .
m>t>t*,

with
vt e [0,4]: (E(t),u(t) € £(4,U), (&), u(t) ¢ 2(5,U)

or
C(L(0) +e) <2C(L(0) +¢) < |U|i°°([0,ﬂ,H1(R)) + |w|i°°([0,ﬂ,L2(R)) <e.

This leads a contradiction to the previous lemma. Thus
2 2 = .
V] oo (o, ®)) T+ WL 077, 12R)) < 2C(L(0) + ) < ce,
and

Ve [0,7]: (E(t), u(t) € S(5,U).

The previous theorem implies that the local solution of (1.1)-(1.3) discussed in Chapter 4 is
indeed continuable up to times SP%, where p(0) = £ —26. Theorem 8.2 and Lemma 5.1 yield
the approximate equations for the parameters (£, u). This verifies the claim of Theorem

1.2 (i).
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8.2 Proof of Theorem 1.2 (ii

8.2.1 ODE Analysis

In this section we lay the groundwork for passing from the approximate equations for the
parameters (£, u) in Theorem 1.2 (i) to the ODE’s (1.4)-(1.5) in Theorem 1.2 (ii). We start
with a preparing lemma.

Lemma 8.3. Let £ = £(s), @ = u(s), &1 = e1(s), €2 = e3(s) be C' real-valued functions.
Suppose that

e(s)| <

on [0,T] for j =1,2. Assume that on [0,T],

d a ~ o ~
gsts) = als). €(0) = .
d 9 ~ ~
%u(s) =0, a(0) =1
Then provided T' < 1, there exists a ¢ > 0 such that the estimates
() =€) < e Jals) —als)] < e

hold on [0,T].

Proof. In the following proof we follow very closely [HZ08, Lemma 6.1]. Let z = z(s) and
y = y(s) be C! real-valued functions, C' > 1, and (z, y) satisfy the differential inequalities:

{ %] < |yl z(0) = o

[yl <0 7 y(0) =wo '

We are going to apply the Gronwall lemma. Let z(s) = 2% + y?. Then
|2 = |22 + 2yg| < 2Jally| < (2° +y) = 2,

and hence z(s) < z(0)e®. Thus

s
2
s
2

[2(s)| < V2max(|zo, [yol) expl

)
).

(8.2)
ly(s)| < V2max(|zol, [yo]) exp(
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Now we recall the Duhamel’s formula. Let X(s) : R — R? be a two-vector function,
Xo € R? a two-vector, and A(s) : R — (2 x 2 matrices) a 2 X 2 matrix function. We
consider the ODE system

and denote its solution by X (s) = S(s, s") X, such that

%S(s, )Xo = A(s)S(s,8 )Xo, S(s,8)Xo=Xp.

Let F(s) : R — R? be a two-vector function. We can express the solution to the inhomo-

geneous ODE system _
X(s) = A(s)X(s) + F(s)

with initial condition X (0) = 0 by the Duhamel’s formula

X(s) = /OS S(s,s\F(s')ds'.

Let U=u—uand = = é — €. These functions satisfy

d _

%:(s) =U(s) + €1(9)
d

£U<S) = 62(8)

We set
A(s) = [8 é] , F(s) = [61(8)] . X(s) =

and obtain by Duhamel’s formula:

We apply (8.2) with

It follows that
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Using (8.3) we obtain that on [0, 7]

2] < VETexp(5T) sup max(er (5] ea(s)).

U(s)] < ﬂTeXP(%T) sup max(|e;(s)], |ex(s)]) ,

0<s<T

which yields the claim. O

) selected by the implicit
of the exact ODE’s from

In the following we show the relation between the parameters ££ ,
function theorem according to Lemma 3.1 and the solutions (&, @
the previous lemma.

u
)
Lemma 8.4. Let ¢ be sufficiently small, 3(6) = =2 and

4

s = 5'3(5)75,

where )

Let (&, u) be the parameters selected according to Lemma 3.1 and (€, 1) from Lemma 8.3.
Then it holds that

£(ePO)) 148
€)= =g I =2,

Proof. We set 3
Es) = PDe(s/e"D),  als) = u(s/e"®).

For times 1
0<t< 50

Lemma 5.1 and Theorem 8.2 yield:
€(t) — u(t)] < Ce + C lvfi g

< (Ce,

[i(t)] < Ce + C ol g

< (Ce.
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Thus (f , ) satisfy the assumptions of Lemma 8.3, since

8.2.2 Completion of the Proof of Theorem 1.2 (ii)

Theorem 1.2 (i) yields the dynamics with the parameters (£, u) selected by the implicit
function theorem according to Lemma 3.1 on the time interval
1

OStﬁm.
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Using Lemma 8.4 and the the triangle inequality we can replace
(&), u(t))
with 0 500)
™) s
( 5’8(6) ) u(g t)) :
We set o 500)
TN = ™) s
(&(1), u(t)) = (WW(E t))
and conclude that the equations claimed are satisfied. O
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Chapter 9

Main Result and Overview

We use the notation from Definition 1.1 and we consider the initial value problem

o(t,z)\ Y(t, )
% (¢(t,x)> B (839(75,@ —sinf(t,x) + €2f(€m)) ’ (9:1)
0(0,z) = 0o(&s, us, ) +v(0, ), (9.2)
(0, 2) = Po(&s, us, ) + w(0, ) , (9-3)

where

(v(0,z),w(0,z)) € H'(R) x L*(R).
The main result of Part II is the following theorem.
Theorem 9.1. We consider the Cauchy problem defined by (9.1)-(9.3) and assume that
(a) € is sufficiently small,
(b) Ve HYR) and f =V,
(c) (&,us) € Rx (=U,U), where 0 < U < 1;
(d) N(6(0,2),9(0,2),&,us) =0,
(¢) [0(0) 71y + [w(0)|f2(my < %

Then the Cauchy problem defined by (9.1)-(9.3) has a unique solution on the time interval

1
0<t<T, whereT::T(a,é):m, B)=1-94.

The solution may be written in the form
0(t, 2) = 0 (E(t), 1), 7) + v(t, ),
U(t,x) = o (E(t), a(t), ) +w(t,x),
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where v, w have reqularity

(v(t),w(t)) € C([0,T], H'(R) & L*(R)),

&, u solve the following system of equations

—/ _ g /
)= - / 0 (9.5)

with initial data £(0) = &, u(0) = us and there exists a positive constant ¢ such that

2 2
|,U‘L°°([0,T],H1(R)) + ’w’L"O([O,T],L2(R)) < 082 .

The constant ¢ depends on V.

The following chapter-wise outline provides an overview of our approach. We use the
notation and the results from Chapter 2 (Solitary Manifold ) and Chapter 3 (Symplectic
Orthogonal Decomposition).

Existence of Dynamics and the Orthogonal Component The existence theory
provides that there is a local solution (6,%) of (9.1)-(9.3), which might be written in the
form

O(t,x) = v(t,x) + 0 (&, us, ),
Y(t, x) = w(t, z) + Yo(&s, us, ),

where (v, w) € C*([0, Tjoe], H'(R) & L*(R)) . Due to Morrey’s embedding theorem it holds
that (0,) € C([0, Tioe], L®°(R) & L?(R)). In the following we assume that a solution (6, )
of (9. ) (9 3) is given on the time interval [0, 7], which might be written as above where

C’) CH([0, T, H'(R) & L*(R)).

e is chosen so small that due to assumptions (c), (e) in Theorem 9.1 the initial state
(0(0),(0)) is so close to the region

&am:{(iiﬁ%):(gmez@U%,

of the solitary manifold that the symplectic orthogonal decomposition is possible in a
neighbourhood of (0(0),(0)).

In (9.2)-(9.3) the initial state (0(0),(0)) is already written as a sum of a point on the
solitary manifold Sy and a transversal component (v(0),w(0)) such that the symplectic
orthogonality condition is satisfied due to assumption (d) in Theorem 9.1.
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For times ¢ > 0 we are able to choose the parameters (£{(t),u(t)) according to the de-
composition in Chapter 3 (Symplectic Orthogonal Decomposition) as long as (6(t), v (t))
stays close enough to So(U). As long as (0(t),¢(t)) stays close enough to Sy(U) we define
(v, w) by

v(t,z) =0(t,z) — 00(E(L), u(t), z), (9.6)
w(tv :E) = ¢(tv l‘) - %Uo(f(t)’ u(t)’ $) ) (97)

where the parameter (£(t),u(t)) are obtained from the decomposition in Chapter 3 (Sym-
plectic Orthogonal Decomposition), such that

N(O(t), ¥(t), &(t), u(t)) = 0. (9.8)

Thus we decompose the dynamics in two components, namely a point on the solitary man-
ifold (0o(&(t), u(t), ), Yo(&(t), u(t), )) and a transversal component (v(¢,-),w(t,-)) which is
symplectic orthogonal to the tangent vectors

8500(§(t)7 u(t)a ) and 3u90(5(t)» u(t)> )
a§¢0(€<t)7 u(t>7 ) au#’()(&(ﬂ? u(t)v )

of 8. Finally we compute the time derivatives of v and w which will be needed in the
following chapters.

In Chapter 13 (Proof of Theorem 9.1) we will obtain a bound on |U|ioo([07T]7H1(R)) +

|w|i°°([0,T], L2(r)) (Where T' < T) which will give us control over the distance of (#,v) to
the solitary manifold and which will imply that the local solution (6, ) is indeed continu-
able.

Modulation Equations We want to consider the longitudinal dynamics on &y, which
is described by the parameters (£(t),u(t)). In order to be able to understand the dynamics
on Sy we derive a system of ordinary differential equations (modulation equations) for the
parameters (£(),u(t)) which is satisfied up to a certain error. We set

e2V'(e€) [0k (Z)dZ

Wie ) = = CPm

for (¢,u) € R x (—1,1) and examine up to what errors the ordinary differential equations

£(t) = u(t), (9.9)
alt) + Wi(e, £(t), u(t)) = 0, (9.10)
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are satisfied. For this purpose we take the time derivative of (9.8) and obtain a system of
differential equations. Using Neumann’s theorem we conclude that the estimates

() — u(t)] < Cllvl gy + (W] p2g)e® + O + C |U|§{1(R) ;
. 2
[a(t) + Wie. & u)l < Cllv] ) + |w|L2(R)]€2 +Ce'+C V] ) »

are satisfied if [v(¢)| g1 gy + [w(t)[ 2R are less than a certain €9 > 0 and as long as the time
t is such as described in the introduction of (v,w) above. The reason for examining the
equations (9.9)-(9.10) is that these are restricted Hamilton equations up to an error of
order €3, which will be established in Section 13.2 (ODE Analysis).

Lyapunov Functional In order to obtain control on the transversal component (v, w)
we introduce the Lyapunov function

w(@) | (Ow(2))? | cos(Ok (y(u) (@ —§)))v*(x)
L(t):/ St i ;

+ uw(x)0,v(z) dz

where (v, w) are given by (9.6)-(9.7), (£, u) are obtained from the decomposition in Chap-
ter 3 (Symplectic Orthogonal Decomposition), such that the orthogonality conditions hold
and y(u) = 1/v/1 —u?. L is the quadratic part of

H(0,v) + ull(0,v)

above the solitary manifold Sy, where H and II, given by (7) and (8) are conserved quan-
tities of the sine-Gordon equation. Finally we compute the time derivative of L(t) which
will be needed later.

Proof of Theorem 9.1 In Section 13.1 we prove the statement of Theorem 9.1 with a
better bound on (v,w) and with approximate equations for the parameters (£, u) instead
of the exact ODE’s (9.4)-(9.5). We suppose that (9.1)-(9.3) has a solution and we make
some assumptions on (£, u) obtained from the decomposition in Chapter 3 (Symplectic
Orthogonal Decomposition) and on (v, w) given by (9.6)-(9.7). The modulation equations
allow us to control (¢, u). The Lyapunov functions and the the lower bound on £ allow us
to control (v, w), since we are able to estimate

C(|U(t)|§{1(u{) + |w(t)|i2(n§))
< L(t)
t .
= L(0) —I—/ L(s)ds
0
and to control the right hand side (after bringing some terms on the left hand side). All in

all, we obtain more accurate information about (v,w) and (£, u). Using a continuity argu-
ment this implies the bound on (v, w) claimed in Theorem 9.1 and approximate equations
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for the parameters (£, u). The bound on (v, w) implies that the local solution discussed in
Chapter 10 (Existence of Dynamics and the Orthogonal Component) is continuable up to
times Eﬁ%, p(0) = 1—4¢, which establishes the statement of Theorem 9.1 with approximate
equations for (&, u).

Motivated by [HL12, Section 3] we compute in Section 13.2 Hamiltonian’s equations of
motion for the restricted (to Sp) Hamiltonian

(ga U) = HE(QO(ga U, 55)7 7?0(& U, .CE)) )
with respect to the restricted (to Sp) symplectic form, where
1
He(0,¢) = 5 /wZ(x) + (9.0())* +2(1 — cos O(x)) — 2> f(ex)0(z) d .
These equations coincide up to an error of the order €* with the equations (9.9)-(9.10). Us-

ing Gronwall’s lemma we show that the dynamics on the solitary manifold can be described

by (&, @) which satisfy the ODE’s (9.4)-(9.5).






Chapter 10

Existence of Dynamics and the
Orthogonal Component

We argue similar to [Stu98, Proof of theorem 2.1]. In order to be able to make use of
existence theory we set

@(t,l’) = 9<t’$) - 90(557 Usg, J]) )
w(tv x) = ¢(t’ I) - 1/)0(557 Usg, 17)

and consider the problem

v(0,2)\ [ 0(0,2) = Oo(&, us, )
(w(O,x)> N <¢(07$)—¢0(§s,us,x) ’ (10.1)

9 o(t, x) _ w(t,z) — o(&s, us, )
"\ ot z) [0(t, %) + 00 (&s, s, T)]w — SIN(D(E, ) + Op(&s, us, 7)) + 2 f(ex) |
(10.2)

By [Mar76, Theorem VIII 2.1, Theorem VIII 3.2 | there exists a local solution (see also
[Stu98, Proof of theorem 2.1], [Stu92, p.434 |) with

(v,w) € C*([0, Tioe), H(R) @ L*(R)) .
(0,%) given by 0(t,x) = v(t,z) + 0o(&s, us, x) and P(t, x)

=W
obviously locally the Cauchy problem (9.1)-(9.3) and (0, ¢) € C
due to Morrey’s embedding theorem.

(t,x) + o(&s, us, x) solves
1[0, Thoe), L¥(R) & L*(R))

We are going to obtain some bounds in Chapter 13 which will imply that the local so-
lutions are indeed continuable.

So from now we assume that (v, w) € C*([0,T], H*(R)®L?(R)) is a solution of (10.1)-(10.2)
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and (#,1) is a solution of (9.1)-(9.3) such that (6,v) € C*([0,T], L>(R) & L*(R)). Given
(0,1) we choose the parameters (£(t),u(t)) according to Lemma 3.1 and define (v, w) as
follows:

v(t,x) = 0(t,z) — Op(&(t), u(t), x), (10.3)

w(t, z) = P(t, x) — o(&(t), ul(t), z). (10.4)
(v(t,z),w(t,x)) is well defined for ¢ > 0 so small that

V()| poory + [0 ()| p2my S 7
and
(£(t), u(t)) € B(4,U),
where r and U are from Lemma 3.1. We formalize this by the following definition.
Definition 10.1. Let t* be the "exit time”:
t* = sup {T >0 V] peomyzoe (o) W L (og,02) <7
(€(t),u(t) € 2(4,U), 0t < T,

where r and U are from Lemma 3.1.

Notice that (&, us) = (£(0),u(0)) € X(4,U). We will choose ¢ such that, among others,

[V(0)| oo ry + [w(0)| 2,

’
< )
-2
where (v(0),w(0)) is given by (9.2)-(9.3). Thus (v(¢,x), w(t,z)) is well defined for 0 < ¢ <
t*. In the following lemma we obtain more information on (v, w).

Lemma 10.2. Let T = min{t*, T} and let (v,w) be defined by (10.3)-(10.4). Then (v, w) €
([0, T), H(R) & I*(R)).

Proof. Analogous to Lemma 4.3. O

We compute the time derivatives of v and w which will be needed in the following chapters.

Lemma 10.3. The equations for (v,w) defined by (10.3)-(10.4), are
U('I) = U)(.Z’) - 585‘90(57 Uu, I) - u8u90(£, Uu, LU) + uaﬁe(](éa u, JZ‘) )

sin 0y (&, u, x)v?(z) =~
D) | R

+ ua§¢0(€: u, l’) - éaéw(](ga u, .1') - Uau%(@ u, .’L’) )

for times t € [0,t*], where R(v) = O(‘U‘iﬂ(R))'

w(x) = O?v(x) — cos Op(&,u, v)v(x) + 2 f(ex) +




7

Proof. We take the time derivatives of (v, w) and use (10.3)-(10.4), (9.1):

o(z) = w(z) + Yo(&, u, @)
— 58590(5, u,x) — udyo(&, u, )
=w(zx) — f@g@o(g, u, ) — 10y 00(§, u, ) + udebp (&, u, ),

w(z) = 0%0(z) — sinO(x) + 2 f(ex) — EDeto (€, u, ) — 1D o (€, u, )
= 0200(&,u, ) + 02v(x) — sin by (€, u, v)

sin 0y (&, u, 2)v* ()
2

+ R(U) (CL’) + €2f(5$) - éaf,lvb()(ga u, (L’) - uau¢0(€7 u, ZL‘)
+ ua:c¢0(€> u, IE) - uax"vbﬂ(ga u, l’)

— cos Op(&, u, x)v(x) +

sin %(&ZW@ + R(v)(x)

+ uaf¢0(§7 u, I) - é@g@bo(f, u, [L’) - uauqu)(](gv u, ZL’) 5

= 0%v(x) — cos Oy (&, u, x)v(x) + 2 f(ew) +

where we have expanded the term sin(6y(&, u, z) + v(x)). O






Chapter 11

Modulation Equations

In this chapter we derive modulation equations for the parameters (£(t), u(t)).

Definition 11.1. Let (§,u) € R x (—=1,1). We set

V(<€) [ 04(2) 7.

e T

Lemma 11.2. There ezists an €9 > 0 such that the following statement holds. Let (v, w)
be given by (10.3)-(10.4), with (§,u) obtained from Lemma 3.1 and let

V] oo o047, )+ (W] Eoe 0047, 22R)) < €05
where t* is from Definition 10.1. Then
: 2
£(t) — u@)] < Cllv] gy + |w|L2(R)]52 +Ce’+C V() »
. 2
[a(t) + Wie, & u)l < Cllv] gy + |w|L2(R)]52 +Cet+ C V] ) -
for 0 <t < t*, where C depends on f.

Proof. The technique we use is similar to that in the proof of [[KV12, Lemma 6.2]. Using
Definition 1.1 and (10.3)-(10.4) we write the orthogonality conditions as follows:

0=Ca(6,6.0) = [ Ocbalé. w.0)e(e) — Aol v 2)uls) da

0==Co(0,9,&,u) = /8u1/10(§,u, z)v(z) — 0,00(&, u, x)w(z) d

In the following we skip (6, ¢, &, u) for simplicity of further notation and take the derivatives

79



80 Modulation Equations

of C1, Cy with respect to t. Using Lemma 10.3 we obtain:

¢, = / Oetol&, u, 2)]o(w) + ethol€, u, )0y (x)

— 04000 (&, u, x)|w(z) — Oebo (&, u, x) 0w (z) dz

— /{£8§¢0(§,u,x) +u@u8§@/}0(§,u,x)}v(x)
+ {(951/10(5,% x)}{w(:c) — 58590(5, u,x) — udybo(§, u, )
+ uﬁgﬁo(f,u,x)}

_ {f@f@o(f,u, ) + 10,0¢00 (&, u, :c)}w(:l:)

sin 0y (&, u, x)v?(x)

- {8590(5, u, x)}{@iv(m) —cos O (&, u, z)v(z) + 2 f(ex) + 5

+ R(v)(m) + u0etho (€, u, ) — é&gwo(f, w, x) — udybo(§, u, x)} dx

= / — 0o (&, u, ©)0,00 (&, u, x) + 0ebp (&, uw, )00 (€, u, ) dx (0 + W (e, &, u))

s

g

=Q (tg({, u, ), tu (€, u, ))

+ /agiﬁo(fa u, x)a£90(57 u, x) - 35%(5, u, x>a£90(£7 u, l‘) dx (u - ’S)

J/

-

=0 (t§(§7 u, ')7 t5(€7 u, ))

+ /8ua§1/10(§, u, 2)v(x) — 09,0600 (&, u, v)w(z) de -(u + W(e, &, u))

J/

-~

= [M(£7 u, v, ”Ll))hg

— /8§¢0(§, u,x)v(x) — 85290(5, w, z)w(z) de-(u— §)

-

= [M(&, u,v,w)]11
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and

+/agwo(5, u, x)w(z) — by (&, u, x) (@%v(m) —cosby(§, u, x)v(:v)) dx

+ [ wdun(€,u.a)oe) - udRto(6. . D)ulz) d

—/ {8&90(67 u, 1')}{52]0(53:)} dx — W(é‘,f, u)fy(u)gm

—/31/95%(5, u, .Z')U(.Z') - auageﬂ(fa 'LL,.%')U)(.%') dr - W(gafvu)

-/ 3£90(§,u>$){sm S +R<v><x>} dr,

J/

-~

= [P(& w0, w)l1

C;2 - /at[aqu(&uvx)]U(m) + au@bo(g, uv‘r)atv(x)

— 0¢[0u00 (&, u, ) |w(z) — 0400 (&, u, x)Opw(x) dx

= / {faﬁauw(](fa u, 33') + Uaﬁ%(f, u, x)}v(:l:)
+ {au¢0(€’ u, l’) } {U}(I) - 58500(57 u, ZL’) - uaueﬂ(gv u, J:>
+ u8§90(§,u,x)}

— {f@g&ﬁo(f, u, ) + w020, (€, u, x)}w(x)
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- {&ﬂg(f, U, x) } {851}(1’) — cos0p(&,u, w)v(x) + 2 f(ex)

sin 0y (&, u, 2)v?(x) =
D | o))

+ Ua&@bo(fa u, l’) - éang(fa u, .T) - uaqu(gv u, .flf)} dx

- / Do (€, 1, )0 (€, 1, ) — DubolE, 1, 2)Dutbo(E, u, ) di (i + W (e, €, u))

N

=0 (tu(g,z:,r-),tu(s,u, Q)

+ /8590<§7 u, x)auwﬂ(év u, 513') - 85%(5, u, x)au00(€7 u, lL') dx (u - 5)

J/

-~

=0 (tu(f, u, ')7 t§ (gv u, ))

+ /8385¢0(§, w, v)v(x) — 0200 (&, u, )w(z) dw (i + W(e, £, u))

= [M(&, 0, v, w)]22

- /856uw0(§,u,x)v(x) — DeDubo (&, u, 2)w(z) da -(u — €)

J/

-

= [M(& u,v,w)]21

+/ {&Lwo(f, u,x)}w(x) — 0ubo (&, u, x) (851}@) — cos0y(&, u, x)v(m)) dx

N

+u/858u¢0(§,u,x)v(x) — 0:0,00 (&, u, v)w(z) do

— / {&ﬁo(f,u,x)} {52f(5x)} dx

— / 85851/)0(5, u, 2)v(z) — 0200 (&, u, v)w(x) dw - W (e, €, u)

_ / {&ﬂo(f, u, ZL’)} { sin (&, 12% )U() + R(v)(m)} dx

J/

-~

= [P(&, u,v,w)]2
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We set

Q (tﬁ(gv u, ')7 t§<£7 u, )) Q (t§<€7 u, ')7 tu(f, u, ))
Q (tu(£7 u, ')7 t§(£7 u, )) Q (tu<£7 u, ')7 tu(£7 u, ))

_ 0 Q(tﬁ(gaua')vtu(€>ua'))
Q(tu(gvuv')’tf(gauw')) 0

=(u)’'m (_01 é) :

Now we consider for any (£,4) € R x [-U — U(2),U + U(2)], (v,w) € H'(R) x L*(R) the
matrix:

M (€, u,v,w)

<(8§wo<§u,->> <@<->>> <(55§¢0( >> ( <>)>
—0¢00(&,1,) ) NTO) ) ] e Ou0eho (&, ) D) o
e (Ui )( ..
) o) Dubhol(&, R)®L2(R)

We use Holder’s inequality and obtain for all (£,4) € R x [-U — U(2),U + U(2)], (v,w) €
HY(R) x L*(R):

CI

E |

T
/I_\

Q
TR
S
><
R
\.Q\ “ﬁ\
N
N
=2

Q@)™ M a,0,@)|| < C(10] gy + 0] 2w) (11.1)

where we denote by || - || a matrix norm. Let I = I5 be the identety matrix of dimension
2. Due to (11.1) we are able to find an g9 > 0 such that if |0| ), W] 2R < €0 then the
matrix

I+ (@) M(€,u,v,)
is invertible by Neumann’s theorem. We write the time derivatives of (Cf,C5) in matrix
form and use the notation P(§,u,v,w) = P, M(&, u,v,w) = M, Q(u) = Q:

— é—u f—u
=9 <1’L+W(€,§,u)> M (U+W(5,§,u)) P
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This implies

—0tP= (1+97M) (1” év?!fg,m) .

If || g1y » (W] 2@y < €0 then we obtain as mentioned above by Neumann’s theorem that

(i) oomyon

We will show later in Corollary 20.6 that

—u@xv(-) — U)() _aﬁw()(f? u, ) =0
=0 (-) + cos(B (&, u, v () — udew(-) )"\ Iebo(§, u, ) L} (R)®L?(R) |

—u&rv() — w() _auqu)()(ga u, ) =0
— 0w (+) + cos(Bo (&, u, )v() — udew(-) )7\ Dubo(, u, ") L2(R)SL2(R) |

These identities can also be checked by hand using integration by parts and the symplectic
orthogonality. We will use them in the following computations. We consider P; and Ps.

Since
-/ {ageo@, u, x)}{€2f(€x)} de — W (e, & u)y(w)*m

— () / 0o (y(w) (& — €))% f(ea) da — 2 (<€) / 0,(2) dz

- / euzx%w% 1)z — 2 f(=t) / 0,(2)dz

- [0 160+ 0z Jaz -2 [oz)az.

it follows that
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P = /85w0(§,u,x)w(x) — 0¢bo(&, u, ) (821)(3:) — cos 0y (€, u,x)v(m)) dx
+ u/agwo(g, u,x)v(x) — 85200(5,% z)w(x) dx

- {ageo@, . x>} {ﬁf(a@} de — Wiz, € uyy(u)’m

— / 0u0co (&, u, )v(z) — 0,000 (&, u, x)w(z) dz - W(e, &, u)

-/ %(&u,x){smm’g’m @ | R(v)(a:)} dr

_ —udzv(-) —w(") —0eto(§, u, )
=070 () + cos(Bo (€, u, ))o() = udew() )7\ Oebo(&ur) ) [ L

+ [0+ S0z + iz =21 [ o2z

—/8u0§w0(§,u,x)v(ac) — 0,0¢00(&, u, x)w(z) de - W (e, &, u)
- / Debo (€, u, x){sm (¢, 5 Dle) R(v)(x)} dx

/9’ )f(55)2+ dZ—g F(2€) /9'

— / O0uO0ctho (&, u, x)v(x) — 0,0ebp (&, u, x)w(x) dx - Wie, &, u)

—/8590(5,% x){sin fo(&, u, 2)*(x) + R(v)(:v)} dr .

2

Since Z0(Z) is an odd function we obtain

2
1P| < ClJo] gy + \w|L2(R)]s2 +Ce'+C V]2 ) -
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Since

— / {&ﬁo(f,u, x)}{an(ex)} dx

— - [0 - G - O fer) da

B~ / Z9’K(Z)€2f(s(%

= —uy(u)/ZQK( ) [f(gf)

+&))dZ

V(U)f(sg)zﬂu }dz,

it follows that
Py, = / {aqu(gy u, IL’)}W(IL’) - aue()(ga u, J?) <8§1)(ZL’) — CO8 00(57 u, "L‘)U("L‘)> dx

+ u/@@u@/}g(&, u, x)v(x) — 0:0,00(&, u, x)w(z) de

— / {8u90(£, u, 3:)}{52]”(53:)} dx

- /83357/10(5, U, :C)U(SC) - 8590(57 U, iL‘)U)(.Z‘) d - W(e’;‘, 67 u)

. / {au90<g, u, x)}{sm ol&, g D) | R@)(:c)} da

_ _uafv(') - w() _au¢0(£7 u, )
—%v(+) + cos(0p(&,u, ))v(-) —udpw(:) )7\ Dubo(&, u,-) P

—wila) [ 28(2) f(e) +

— )f(eé)ZJr ]dz

— /83851/)0(5, u, v)v(x) — 0200(&, u, v)w(z) dw - W (e, &, u)

— / {aueo(g, ul x)}{sm ol&, Z LI R(v)(:z:)} dr
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= () / 20,(2)°[1(=) + TTACILA Jaz

— /8585%(5, u, 2)v(x) — 0200 (&, u, v)w(x) dv - W (e, €, u)

— / {&ﬂo({, u, x)}{sin (¢, 1; D) + ﬁ(v)(m)} dr .

Since Z67.(Z) is an odd function we obtain

2
| P < O[|U|H1(R) + ‘w|L2(R)]52 +C 4+ O |U‘H1(R) :






Chapter 12

Lyapunov Functional

We introduce the Lyapunov function.

Definition 12.1. Let (v, w) be given by (10.3)-(10.4), with (£, u) obtained from Lemma 3.1.
We set

wi(z) | 0pv*(x) | cos(Bk(v(z — §)))v*(x)
L(t):/ ot 5

+ uw(x)0,v(z) dx .

Remark 12.2. L is the quadratic part of
H(0,4) + ull(6, ¥)
above the solitary manifold Sy as in Chapter 6.

The time derivative of L(t) is computed in the following lemma. This will be one of the
main ingredients in the proof of the main result.

Lemma 12.3.
)= [te) [OELDTE L @)
+ ud,v(x) {sin(Go(f,Z, ) () + R(v)(x)] dx

—u/Sin(eo(g’“’x))aueo(g,u, x)v?(r) do

+ (€ —u) /cos(@o(f,u,x))v(x)@xv(:v) dx + u/w(a:)ﬁxv(x) dx

42 /b(x)f(ex) dz — e / 20,.(2) [f(gg) n ﬁf’(eﬁ)Z v ] iz

T (- épe? / Oy (y(a — ©) f(ex) dir — ue® / of (e2) da

39
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Proof. Analogous to the proof of Lemma 6.3.



Chapter 13

Proof of Theorem 9.1

13.1 Dynamics with Approximate Equations for the
Parameters (£, u)

The goal of this section is to prove the following theorem. We consider again the Cauchy

problem defined by (9.1)-(9.3).
Theorem 13.1. We consider the Cauchy problem defined by (9.1)-(9.3) and assume that
(a) € is sufficiently small,
(b) V€ HYR) and f = V',
(c) (&s,us) € Rx (=U,U), where 0 < U < 1;
(d) N(0(0, ), 9(0,2),&,us) =0,
(e) |U<O)@11(R) + ’w(0)|i2(u@) <e’.
Then the Cauchy problem defined by (9.1)-(9.3) has a unique solution on the time interval

0<t<T whereT :=T(c,0) = —=, p(d)=1-9.

The solution may be written in the form
0(t, ) = 6o (£(t), u(t), z) +v(t, x),
w(t7 I) = Q/)O(S(t)’ u<t)7 I) + w(tv ZE) )
where v, w,u, & have reqularity
(&(t),u(t)) € C*([0,T],R x (—1,1)),
(v(t), w(t)) € C'([0,T), H'(R) x L*(R)),
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such that the orthogonality condition

N(O(t, z),(t, ), £(t), ult)) = 0
1s satisfied. There exist positive constants ¢, C' such that

(1) — u(t)] < Ce®,
[u(t) + Wi(e, & u)| < Ce?,

and

2 2
’U‘Lm([O,T],Hl(R)) + ’w’L"o([O,T},L2(R)) < C€3 .
The constants c,C' depend on V.

Theorem 13.1 yields us only approximate equations for the parameters (£, u) whereas The-
orem 9.1 provides ODE’s (9.4)-(9.5).

Notice that Theorem 13.1 yields us a better bound for the transversal component (v, w)
than Theorem 9.1. In Theorem 13.1 the orthogonality conditions are satisfied which do
not have to hold in Theorem 9.1.

Now we suppose that (9.1)-(9.3) has a solution and we make some assumptions on (v, w)
given by (10.3)-(10.4) and on (&, u) obtained from Lemma 3.1. Then the following lemma
yields us more accurate information about (v, w) and (&, u).

Lemma 13.2. Let € be sufficiently small. Assume that assumptions (b),(c),(d) of Theo-

rem 9.1 are satisfied. Assume that (9.1)-(9.3) has a solution (0,1) on [0,T] such that
(0,¢) € CH([0,T], L*(R) & L*(R)).

Suppose that B
0<T<t*"<T

where t* is from Definition 10.1. Let (v,w) be given by (10.3)-(10.4), with (&, u) obtained
from Lemma 3.1 such that

2 2 3—0
|U|Loo([o,T],H1(R)) + |w|L°°([O,T],L2(]R)) <ev .

Then , provided

1

OSTS 81_57

it holds that

(a) YVt € [0,T]: (&£(t),u(t)) € X(5,U);
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(b) |U|i°°([O,T],H1(]R))+‘w‘im([O,T],LQ(R)) < C(L(0)+€%), where C depends on f (and c from
Lemma 7.4).

Proof. Choose ¢ such that the following holds:
(1) € € (0,20) where &q is from Lemma 11.2.
(2) € is so small that
1 U(5)

Ce? |:F‘| + |u(0)] < 5 +U,

where C is a constant that appears in (13.1) further in this proof which depends on

f.
Lemma 11.2 yields Vt € [0, T:
|f(t) —u(t)| < C[|U|H1(R) + |w|L2(R)]52 +Ce’+C |U|§{1(R)
< C'T L OB+ 0B
< Ce0,
ja(t) + W (e, & u)| < Cllv] gy + |w] 2 gyle? + Ot + C |U’?{1(R)
< CeT 4 Ot + 00
< O30,

Thus we obtain V¢ € [0, T7:

u(t) — u(0)] < / ji(s)] ds

< Cet

= |u(t)] < Ce® + |u(0)]. (13.1)

This implies (a) due to assumption (c) of Theorem 9.1 and (2). Using Lemma 12.3,
Lemma 7.2 and Lemma 7.4 we obtain for times
1

0<t<T< o,
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the following estimate,

C<|'U(t)|§{1(R) + |w<t)|i2(R))

= 10)+ [ o@D Ry @)+ udo(o)

—a/Sin(eO(g’u’m))ﬁueo(g,u,x)vz(x) dx

sin (£, Z D) | o) (@)

+ (£ —u) /cos(00(§, u, x))v(x)0pv(z) de + U/w(x)&vv(x) dx

+ &2 / o(x) f(ex) do — uirye? / 7200 (Z )[ f(e&) + —f'(e6)Z dZ

e
T f)e / 0o ((x — ) f(ex) d — ue® / o(@) f/(ex) de dt

< 20)+ [ ufRELDTD 4 Ry + o)

—u/Sm(e"(g’“’x)>au90(§,u,x)vz(a:) dx

sin eo(f,'l;x)”?(f") + R(v)(z)]

+ (€ —u) /008(00(5, u, x))v(x)0,v(zr) dr + U/w(x)éxv(x) dx

—uing [ 26 2)[1e0) + 0z az

V(U)
=612 [ 0o - ) ey do — u [ o(o)f (eo) dode

3

+ [0t ) g €2 LF O gy + 1000, ) ey €2 1O oy

c 4
< L(0) + C/O i dt + < ’U( )‘lzﬁll(R) T3 v (0, ')‘?—Il(R) T3 ‘ﬂ')‘i%m e,

since

—'U/€3 /,U(x)f/(gx) dx < |U|Efg |U|L2(R) |f()|L2(R)

After bringing some terms on the left hand side we obtain

~ 2 2 _9
([0l zoo po,g,m1 @)+ 1Wloe 0,0,22(R))) SL(0)+C/ b dt + — \f()\m
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Theorem 13.3. Let ¢ be sufficiently small. Assume that the assumptions (b),(c),(d),(e)

of Theorem 13.1 are satisfied. Assume that (9.1)-(9.3) has a solution (0,v) on [0,T] such
that

(0,v) € C([0,T], L°(R) @ L*(R)).

Suppose that B
0<T<LT.

Then, provided

1

OSTS 81_57

it holds that (v,w) given by (10.3)-(10.4) is well defined for times [0,T| and there exists a
constant ¢ such that

(a) |U|i°°([0,T],H1(R)) + ’w’iw([O,T],LQ(R)) < ce?,
(b) Yt €[0,T]: (&£(2),u(t)) € £(5,U).
Proof. Choose ¢ such that the following holds:
(1) e satisfies all smallness assumtions of Lemma 13.2;

(2) 2C(L(0) + &3) < &37°, where L(0) = £(v(0),w(0), &, us) and C is from Lemma 13.2
(b);

(3) € is so small that if (v,w) € H'(R) x L*(R) satisfies |v\§{1(R) + \w\ig(R) < &9 then
it holds that |v|yw gy + [w[p2@) < 5, where 7 is from Lemma Lemma 3.1. This can
be ensured by Morrey’s embedding theorem.

Notice that (5, U) C ¥(4,U). We define an exit time
2 2 ~
ty = sup {T > 02 0l o, )y F 10 0.2 < 2C(L(0) +€%),
(€(t),u(t)) € 2(5,U), 0 <t < T} .

Suppose t, < —5. Then there exists a time # s.t.
€

1

; >t >t

with
vt e (0,4 (£(t),u(t) € B(4,U), (), u(t) ¢ X(5,U)
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or
é

= = 2 2 -
C(L(0) + &%) < 2C(L(0) + %) < [Vl e o,,m1(Ry) T [ 10 (0,0, 220R)) < € -
This leads a contradiction to the previous lemma. Thus
2 2 ~ .
0] o0 o1, 1. R)) + 1] Lo 0,7, 22y < 2C(L(0) + %) < ée?

and

vt e [0,T]: (£(t),ut)) € X(5,U).

The previous theorem implies that the local solution of (9.1)-(9.3) discussed in Chapter 10 is
indeed continuable up to times 61%5 Theorem 13.3 and Lemma 11.2 yield the approximate
equations for the parameters (£, u). This verifies the claim of Theorem 13.1.

13.2 ODE Analysis

In this section we lay the groundwork for passing from the approximate equations for the
parameters (£, u) in Theorem 13.1 to the ODE’s in (9.4)-(9.5).

13.2.1 Restricted Hamilton Equations

In the following lemma we compute the derivatives of the restricted (to Sy) Hamiltonian.

Lemma 13.4. Let
HA0.0) = 5 [ 63(0)+ (@00)" +2(1 — cos(a) — 22 (e0)f(o) .
It holds that
OuH*(B0(&,u,2), V(€ v, )

= muly ()~ uV () [ 2°0(2)dZ + O),

O H (00 (€, u, ), %0 (€, u, 2))

— 2V(e) / 0 (2) dZ + —— V(=) / 220,(Z) dZ + O(F)

1
27y(u)?
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Proof. Notice that

It holds that

90(57%%) _ QK(,Y(QT_S))
Yo(& u, ) —uy(u)f(y(x =€) |

H£(90(57 u, 33’), w0<€> u, .2?))
mey(us) — / & f(ex) B (1 (u) (z — €)) d

() — & / 0,V ()]s (4(w) ( — €)) da

() + e(1) / V(ex)0h ((u)(z — €)) da

() + e7(w) / Vel + ) (1(u)y) dy.

We expand around y = 0:
H6(00(§7 u, l‘), ¢0(£7 u, IL‘))

o) + ey (u)V (<€) / e (v(w)y) dy

WV [ 1 wy) dy

# T g ) dy -+ O

moy(u) + ey (w)V (<€) / (v (u)y) dy

# LT [ )y + O()

m’y(u)%—sV(sﬁ)/Q’K(Z) dz

+

1
27(u)?

3V (&€) / 7200:(Z2) dZ + O(£%) .
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We take the derivatives with respect to u and €.

auHE(QO(fy u, '7:)7 Tﬂo(& u, .17))

= mu[y(u)]’ — ue’V”(e€) / 2*0(2)dZ + O(),

O HE(00(8, u, ), ¢o (€, u, )

— 2V(e) / 0 (2) dZ + —— V(=) / 220,(Z) dZ + O().

1
27y(u)?

Considering the equations
[y(w)*mé

= muh/(u)]g — uagvll(ag) / ZQHIK(Z) dz + O<55)7

= [y(@)]Pmi

— 2y(eg) / 0.(2)dZ +

1 Ay m 211 6
SO EA (55)/2 05 (2)dZ + O(%),

which are Hamiltonian’s equations of motion for the restricted (to Sp) Hamiltonian

(& u) — H(0(&,u, ), Y0(&, u, ),

with respect to the restricted (to Sp) symplectic form, allows us to draw conclusions about
the ODE’s that are exactly satisfied by the parameters that describe the component of
the dynamics on the manifold. This approach is motivated by [HL12, Section 3| and the
restricted equations emerged out of discussions with Justin Holmer.

13.2.2 Refernce Trajectory

We start with a preparing lemma.

Lemma 13.5. Let £ = £(s), i = (s), € = €1(s), €3 = €3(s) be O real-valued functions.
Suppose that V € H*(R). and that
|€j| < 552
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on [0,T] for j =1,2. Assume that on [0,T],

%g(s) =u(s) + € (s), 5(0) = 50
i& s) = — €M / €215 u0) =4
570 = = | SO, 10 =

Eu(s) = —eW/e’K(Z) dz , a(0) = .

hold on [0,T].

Proof. In the following proof we follow very closely [HZ08, Lemma 6.1]. Let z = z(t)
and y = y(t) be C! real-valued functions, C' > 1, and let (z,y) satisfy the differential

inequalities:

{ %] < Jy| z(0) = zo
9] < Cla| + Cly| y(0) = %o
We are going to apply the Gronwall lemma. Let z(t) = 2* + y?. Then
2] = |2z + 2yy| < 2J[ly] + 2C2ly| + 2Cylly| < 4C(a* + y*) = 4C=

and hence z(t) < z(0)e*“t. Thus
lz(t)] < vV2max(|zol, |yo|) exp(2Ct) (13.2)
[y(8)] < V2max(|zo, [yo]) exp(2Ct) .

Now we recall the Duhamel’s formula. Let X(s) : R — R? be a two-vector function,
Xo € R? a two-vector, and A(s) : R — (2 x 2 matrices) a 2 X 2 matrix function. We
consider the ODE system

X(s) = Als)X(s),  X(s') = Xo
and denote its solution by X (s) = S(s, s’) Xy such that

%S(s, )Xo = A(s)S(s,s )Xo, S(s,8)Xo=Xp.
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Let F(s) : R — R? be a two-vector function. We can express the solution to the inhomo-

geneous ODE system '
X(s) = A(s)X(s) + F(s)

with initial condition X (0) = 0 by the Duhamel’s formula

X(s) = /S S(s,s")F(s')ds .

0

Let U=u—uand = = f — é . These functions satisfy

d _
EZ(S) =U(s) + €1(s)
A VIS VIEE) T [, 6
sV = RGE)Pm ~ Blats )13m” V(2) A7 + cals).
Notice that
VIEs)  VIE)
AP~ Frla(s) P

FBGEEPHGEF )~ a()
Let
U g VED VIS e
ols) - ] ROV G gy MO
VIES) [, it é0s) = &5
VI(E(s B ) 1)) N
o) - | FEOPLGTT f ot i i) £t
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We set
10 1 ) — €1(s) o) = =(s)
A(s)_[g(s) h(s)]’ Fs) L@)]’ = 1ps)
and obtain by Duhamel’s:
=] _ [P [a®)]
o] = /0 S(s, ') L (t,)] dt (13.3)

We apply (13.2) with

It follows that

S(s, ) [el(t?

€9 (t )]

Using (13.3) we obtain that on [0, T]

< V3 [;gggg - Zii] (e () o)

12(s)| < \/§Texp(2CT) sup max(|er(t)], [e2(2)]),

0<t<T

|U(s)] < \/§Texp(2C’T) sup max(|er(t)], [e2(t)]),

0<t<T

which yields the claim. O

In the following we show the relation between the parameters ££ ,u) selected by the implicit
function theorem according to Lemma 3.1 and the solutions (£, @) of the exact ODE’s from
the previous lemma.

Lemma 13.6. Let € be sufficiently small, 5(0) =1—19 ,
s=¢t,

where 4
b
OSSS&, Ogtgm

Let (&, u) be the parameters selected according to Lemma 3.1 and (é, @) from Lemma 13.5.
Then it holds that
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Proof. We choose ¢ so small that €® < 1. We set

§(s) = e€(sfe),  als) =u(s/e).

For times

0<t< 55

1
5
Lemma 11.2 and Theorem 13.3 yield:
() — u(t)] < Cllol g (R) + Jwlpm)le® + C* + C o] g
< Ce3+? +Ce® + e
< Ce?,
[a(t) + W(e, & u)| < Cllv]n (R) + [w] om)e® + C* + C ol gy
< Ce22 4 Ot + O3
< O3,

Thus (&, @) satisfy the assumptions of Lemma 13.5, since
d ~
£§ (s)

()

ds [y(a(s))]?
Le(E) b))
Loy
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Hence Lemma 13.5 yields:

>

13.3 Completion of the Proof of Theorem 9.1

We choose ¢ such that the assumption in Lemma 13.6 is satisfied. Theorem 13.1 yields the
dynamics with the parameters (£, u) selected by the implicit function theorem according
to Lemma 3.1 on the time interval

1

0<t< .

Using Lemma 13.6 and the the triangle inequality we can replace

(€(1), u(t))

with

Ja(et)) .

We have to replace €3 with €2 in the estimate for the transversal component (v, w) since

3

the difference of the parameters [£(t) — @| in Lemma 13.6 is of order €. We set

(€(t), u(t)) = (

and conclude that the equations claimed are satisfied.
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Classical Solitons in the Presence of
a Forcing F'(e, x)
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Chapter 14

Main Result and Overview

We use the notation from Definition 1.1 and we consider the initial value problem

O(t,z)\ P(t,x)
% (W, x)) = (age(t, 2) — sin(t,z) + F(e, g;)> ’ (14.1)
0(0,2) = 0y (&, us, ) +v(0, ), (14.2)
»(0,2) = o (&, us, ) + w(0,x), (14.3)

where

(v(0,2),w(0,z)) € H'(R) x L*(R).
The main result of Part III is the following theorem.
Theorem 14.1. We consider the Cauchy problem defined by (14.1)-(14.3) and assume that
(a) € is sufficiently small;
(b) F € C*1((=1,1), L*(R)) , O'F(0,-) =0, where 0 <1 < k, k € N;
(c) (&,us) €E R X (=U,U), where 0 < U < 1;
(d) N(6(0,2),9(0,2),&,us) = 0;

(e) |v(0)|§11(R) + |w(0)|iz(R) < gkt

Then
(i) The Cauchy problem defined by (14.1)-(14.3) has a unique solution on the time in-
terval
1 kE+1
0<t<T, whereT =T(e, k) := S p(k,d) = — 25 .

107
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The solution may be written in the form
0(t, x) = 0o (&(1), ult), z) +v(t, x),
U(t, ) = Po(E(t), u(t), z) + w(t, x),
where v, w,u, & have reqularity
(&(t),u(t)) € C([0, T], R x (—1,1)),
(v(t), w(t)) € CH([0,T], H'(R) & L*(R)),
such that the orthogonality condition
N(O(t, x), ¥(t, ), £(t), u(t)) = 0
is satisfied. There exist positive constants ¢, C' such that
€(8) —u(t)] < O
[a(t)] < Ce*tt,
and
|U|i°°([O,T},H1(]R)) + |w|i°°([O,T],L2(]R)) < et

The constants ¢, C' depend on F.

(i1) The Cauchy problem defined by (14.1)-(14.3) has a unique solution on the time in-
terval

1 1—
0<t<T, whereT =T(e,k,9):= ROk B(k,0) = k+T5

The solution may be written in the form
0(t,z) = 0o (E(t),ult), ) + v(t, ),
Y(t,x) = o (§(), u(t), ) + w(t,x),
where v, w have regularity
(v(t), w(t)) € C([0,T], H'(R) ® L*(R)),
£, solve the following system of equations
g(t) =a(t), (14.4)
@(t) =0 (14.5)
with initial data £(0) = &,, u(0) = u, and there exists a positive constant ¢ such that
’v’iw([O,T},Hl(R)) + ‘w‘iw([O,T],LQ(R)) < et

The constant ¢ depends on F'.
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The following chapter-wise outline provides an overview of our approach. We use the
notation and the results from Chapter 2 (Solitary Manifold ) and Chapter 3 (Symplectic
Orthogonal Decomposition).

Existence of Dynamics and the Orthogonal Component The existence theory
provides that there is a local solution (6, 1) of (14.1)-(14.3), which might be written in the
form

Q(t, JZ) - T)(tv J]) + 00(557Us7x) ,
Y(t,x) = w(t, x) + o(&s, us, ),

where (v,w) € C([0, Tjoe], H'(R) & L*(R)) . Due to Morrey’s embedding theorem it holds
that (0,v) € C([0, Tioe), L®(R) & L%(R)). In the following we assume that a solution (6, v))
of (14.1)-(14.3) is given on the time interval [0, T], which might be written as above where
(v,w) € C*([0,T], H(R) & L*(R)).

e is chosen so small that due to assumptions (c), (e) in Theorem 14.1 the initial state
(0(0),(0)) is so close to the region

So(U) = {(Zﬁi%) L (& u) € X(4, U)} :

of the solitary manifold that the symplectic orthogonal decomposition is possible in a
neighbourhood of (6(0),(0)).

In (14.2)-(14.3) the initial state (6(0),%(0)) is already written as a sum of a point on
the solitary manifold Sy and a transversal component (v(0),w(0)) such that the symplectic
orthogonality condition is satisfied due to assumption (d) in Theorem 14.1.

For times ¢ > 0 we are able to choose the parameters (£(t),u(t)) according to the de-
composition in Chapter 3 (Symplectic Orthogonal Decomposition) as long as (6(t), (1))
stays close enough to So(U). As long as (6(t),1(t)) stays close enough to Sy(U) we define
(v, w) by

v(t,x) = 0(t, z) — Op(&(t), u(t), x), (14.6)
w(tv I) = w(ta x) - %(f(ﬂa u<t)7 SL’) ) (14'7)

where the parameter (£(t),u(t)) are obtained from the decomposition in Chapter 3 (Sym-
plectic Orthogonal Decomposition), such that

N(O(t),1(1),£(t), u(t)) = 0. (14.8)



110 Main Result and Overview

Thus we decompose the dynamics in two components, namely a point on the solitary man-
ifold (0o(&(t), u(t), ), Yo(&(t), u(t), )) and a transversal component (v(¢,-),w(t,-)) which is
symplectic orthogonal to the tangent vectors

afeo(f(t): u(t)v ) and 8u90(£<t>7 u(t)v )
8§¢O(f(t)’ u<t>7 ) 8u¢0(£(t)7 u(t)v )

of &y. Finally we compute the time derivatives of v and w which will be needed in the
following chapters.

In Chapter 18 (Proof of Theorem 14.1) we will obtain a bound on \U\im([oyTLHl(R)) +

|w|ioo([07T]7 r2(r)) (Where T < T) which will give us control over the distance of (,v) to
the solitary manifold and which will imply that the local solution (6,1)) is indeed continu-
able.

Modulation Equations We want to consider the longitudinal dynamics on Sy, which
is described by the parameters (£(t),u(t)). In order to be able to understand the dynamics
on Sy we derive a system of ordinary differential equations (modulation equations) for the
parameters (£(¢),u(t)) which is satisfied up to a certain error. We examine up to what
errors the ordinary differential equations that describe the evolution of a soliton,

are satisfied. For this purpose we take the time derivative of (14.8) and obtain a system
of differential equations. Using Neumann’s theorem we conclude that the estimates

|§(t) —u(t)] < CM 4 C ’Uﬁ{l(R) 5
la(t)| < Ce" 4 ¢ |u|§,1(R) :

are satisfied if [v(¢)| g1 gy + [w(t)[ 2R are less than a certain €9 > 0 and as long as the time
t is such as described in the introduction of (v, w) above.

Lyapunov Functional In order to obtain control on the transversal component (v, w)
we introduce the Lyapunov function

wi(z)  (Owv(x))? | cos(Bx (v(u)(x — &)))v*(x)
L(t):/ St 1 ;

+ vw(x)0,v(z) dx

where (v,w) are given by (14.6)-(14.7), (§,u) are obtained from the decomposition in
Chapter 3 (Symplectic Orthogonal Decomposition), such that the orthogonality conditions
hold and v(u) = 1/v/1 — w?. L is the quadratic part of

H(0,v) + ull(6,v)
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above the solitary manifold Sy, where H and II, given by (7) and (8) are conserved quan-
tities of the sine-Gordon equation. Finally we compute the time derivative of L(¢) which
will be needed later.

Proof of Theorem 14.1 First of all we prove the statement of Theorem 14.1 (i). We
suppose that (14.1)-(14.3) has a solution and we make some assumptions on (&, u) obtained
from the decomposition in Chapter 3 (Symplectic Orthogonal Decomposition) and on (v, w)
given by (14.6)-(14.7). The modulation equations allow us to control (¢, u). The Lyapunov
functions and the lower bound on & allow us to control (v, w), since we are able to estimate

2 2
C(‘v(t)‘Hl(R) + ‘w(t”m(m))

< L(1)

=L(0) + /t L(s)ds

and to control the right hand side. All in all, we obtain more accurate information about
(v,w) and (&, u). Using a continuity argument this implies the bound on (v, w) claimed
in Theorem 14.1 (i) and approximate equations for the parameters (£, u). The bound
on (v, w) implies that the local solution discussed in Chapter 15 (Existence of Dynamics
and the Orthogonal Component) is continuable up to times — (p(6) = 3 — 26), which
establishes the statement of Theorem 14.1 (i).

Using Theorem 14.1 (i) and Gronwall’s lemma we show that the dynamics on the solitary
manifold can be described by (£, %) that satisfy the ODE’s (14.4)-(14.5), which establishes
the statement of Theorem 14.1 (ii).







Chapter 15

Existence of Dynamics and the
Orthogonal Component

We argue similar to [Stu98, Proof of theorem 2.1]. In order to be able to make use of
existence theory we set

@(t,l’) = 9<t’$) - 90(557 Usg, J]) )
w(tv x) = ¢(t’ I) - 1/)0(557 Usg, 17)

and consider the problem
v(0,2)\ [ 0(0,2) — 0o(&s, us, )
<w<o,m>> - <¢(07$) —%(gs,us,x)) ’ s

5 o(t, x) _ w(t,x) — o(Es, us, T)
"\, z) [0(t, ) + O0(&s, us, )] 2w — sin(0(t, ) + 00(&s, us, ) + Fe,z) |
(15.2)

By [Mar76, Theorem VIII 2.1, Theorem VIII 3.2 | there exists a local solution (see also
[Stu98, Proof of theorem 2.1], [Stu92, p.434 |) with

(v,w) € C([0, Tioe), H'(R) @ L*(R)).
(0,%) given by 0(t,x) = v(t, z) + 0p(&s, us, x) and (¢, x) = w(t, x) + Yo (s, us, ) solves ob-

viously locally the Cauchy problem (14.1)-(14.3) and (6,v) € C*([0, Tioe), L¥(R) & L*(R))
due to Morrey’s embedding theorem.

We are going to obtain some bounds in Chapter 18 which will imply that the local so-
lutions are indeed continuable.

So from now we assume that (v, w) € C*([0,T], H*(R)®L?(R)) is a solution of (15.1)-(15.2)
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and (6, 1)) is a solution of (14.1)-(14.3) such that (#,v) € C*([0,T], L>(R)® L*(R)). Given
(0,1) we choose the parameters (£(t),u(t)) according to Lemma 3.1 and define (v, w) as
follows:

v(t,x) = 0(t,x) — 00(&(t), u(t), z), (15.3)
w(t, z) = P(t, x) — o(&(t), ul(t), z). (15.4)
(v(t,z),w(t,x)) is well defined for ¢ > 0 so small that
V()| poory + [0 ()| p2my S 7

and

(£(2),u(t)) € 3(4,U),

where r and U are from Lemma 3.1. We formalize this by the following definition.

Definition 15.1. Let t* be the "exit time”:
" :=sup {T >0 (0] ooy poe o) T 1] oo 01,2y < 7
(), u(t) € S(4,U), 0t < T},

where r and U are from Lemma 3.1.

Notice that (&, us) = (£(0),u(0)) € X(4,U). We will choose ¢ such that, among others,

)

N | 3

[0(0)] ooy + [W(0)] 2y <

where (v(0),w(0)) is given by (14.2)-(14.3). Thus (v(t,z),w(t, x)) is well defined for 0 <
t < t*. In the following lemma we obtain more information on (v, w).

Lemma 15.2. Let T = min{t*, T} and let (v,w) be defined by (15.3)-(15.4). Then (v, w) €
([0, T), H(R) & I*(R)).

Proof. Analogous to Lemma 4.3. O

We compute the time derivatives of v and w which will be needed in the following chapters.
Lemma 15.3. The equations for (v,w) defined by (15.3)-(15.4), are
() = w(x) — 0o (&, u, x) — 10,00 (€, u, ) + udebo(€, u, ) ,

sin(0y(&, u, x))v?(z) =

w(r) = 02v(x) — cos(Bo(&,u, z))v(x) + Fle, ) + 5 + R(v)(z)

+ Uagwo(f} u, $) - éaiw[)(éa u, .T) - U8u¢0(57 u, 1}) )

for times t € [0,t*], where R(v) = O(‘U‘iﬂ(R))'
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Proof. Take the time derivatives of (v, w) and use (15.3)-(15.4), (14.1):

— 58560(5, u, x) — udybo(§, u, )
=w(zx) — 58500(5, w, ) — 10y 00(§, u, ) + udebp(§, u, ),

U)(.%') = 8%«9(:15) - smﬁ(a:) + F(E,.’ﬂ) - éa£¢0<£>ua 1’) - Uau%(f,%-’ﬂ)
= 0%00(&,u, 2) + 02v(x) — sin by (&, u, )

sin 0y (&, u, x)v?(x)
2

+ R(v)(x) + F(e, ) — £0etbo (€, u, ) — 10,0 (€, u, )
+ u0, Yo — udzthg

— cos Op(&, u, x)v(x) +

sin0y(&, u, x)v?(z) =
5 + R(v)(x)

+ U@gl/)o(é., u, QT) - éa£¢0(§7 u, ZE) - U&ﬂﬂo(f, u, [L’) 5

= 9%v(x) — cosOp(&, u, z)v(z) + Fle, ) +

T

where we have expanded the term sin(6y(&, u, z) + v(x)). O






Chapter 16

Modulation Equations

In the following lemma we derive modulation equations for the parameters (£(t), u(t)).

Lemma 16.1. There exists an €9 > 0 such that the following statement holds. Let (v, w)
be given by (15.3)-(15.4), with (&, u) obtained from Lemma 3.1 and let

|U|Loo([o,tﬂ,H1(R)) , |w|L°°([0,t*],L2(R)) < €o,
where t* is from Definition 15.1. Then
£(t) — u(t)] < C - C |U|§{1(R) ;
a(t)] < Ce* + C ’Uﬁ{l(R) 5
for 0 <t < t*, where C depends on F.

Proof. The technique we use is similar to that in the proof of [IKV12, Lemma 6.2]. Using
Definition 1.1 and (15.3)-(15.4) we write the orthogonality conditions as follows:

0=Ci(6.0.€.0) = [ Betn(€,u.)oe) — Debo(é, . D)u(e) d

0= Col0,1,€,u) = / Btbo(€, 1w, 2)v(x) — DubolE, u, ) (x) d

In the following we skip (6, ¥, &, u) for simplicity of further notation and take the derivatives
of Cy, Cy with respect to t. Using Lemma 15.3 we obtain:
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¢ = / Bu[eo (€. u, )] (x) + Betbo(€, 1, 2) ()

— O4[0e00 (&, u, x)|w(z) — Oebo (&, u, x) 0w (z) dz

= / {fang(éa u, .Z') + uauafw()(fa u, .’L‘) }U(l’)
+ {3§¢0(§,u, x)}{w(x) — 5856’0(5, w,x) — udybo(&, u, )
+ uﬁgﬁo(f,u,x)}

_ {585280(5, u, ) + 10,000 (&, u, x)}w(m)

sin 0y (&, u, x)v?(x)
2

- {8590(5,% x)}{@%v(ac) —cosOp(&,u, x)v(z)(x) + F(e,z) +

+ R(U)(‘T) + Ua£¢0(§7 u, ZE) - 5851/10(5, u, JI) - uaul/’O(ﬁ) u, l’)} dx

= / _8§¢0(€7 U, :L‘)aue()(ga Uu, l’) + 8500(67 Uu, x)ait¢0(§7 u, :L‘) dz i

S/

-~

=0 (tg(ﬁ,u, '),tu(g’ u, ))

+ [ Bevn(€. . 0)0:00(€. 1. 2) = Dev(€. . 0)0600(6. ) - — )

/

v~

=0 (té(g,u,'),tg(ﬁ,u,-))

+ /8u85w0(§,u,x)v(x) — 0,060 (&, u, x)w(z) dz -1

J/

-

= [M(& u,v,w)]12

— /Ggwo(f, u,x)v(x) — 85290(5, w, z)w(z) de-(u—§)

/

g

= [M (& u,v,w)]11

+/851/)0(§, u, x)w(z) — by (&, u, x) ((352;(37) — cos (&, u,x)v(x)) dx

N
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+/u6§¢o(f,u,x)v(a:) — u@?@o(f,u,x)w(a:) dx

—/ {0@90(6,% x)}{F(E,m)} dzx

Gy = / Do €, 1, 2)]0() + Duto(E, u, )0 (x)

— 0¢[0ub0 (&, u, x)|w(x) — 0y00(&, u, x)Oyw(x) da

= / {éagauwo(f, u, @) + 4dytho (€, u, x)}'v(x)
+ {@%(& u, x)}{w(m) — £0ebo (€, u, ) — 1d,bo (€, u, )
+ udebo (€, u, x)}
- {g’agaue()(g, u, ) + 10200 (€, u, x) }w(x)

sin 0y (&, u, x)v?(x)

- {Guﬁo(f, u,:c)}{aiv(x) —cos (&, u,x)v(x) + Fle,x) + 5

+ R(U)(ZL’) + Uaél/}o(fa u, ZE) - éaﬂDO(ga u, 1’) - uau¢0<€7 u, l’)} dx
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- /au60<£7 u, ZL‘)@U@ZJO(& u, l‘) - 61190(57 u, ZL’)au@/Jo(f, u, $) dx -u

J/

-~

= Q(tu(ﬁ,u, -),tu(f,%'))

+ /8590(57 U, 1’)8u’l7b0(€, u, SL') - 8577[]0(57 u, $)au90<57 u, IIZ') dx (u - 5)

J/

=0 (tu(fvuv ')’ tf(é‘v u, ))

+ /836§¢0(§,u,x)v(x) — 0200(&,u, v)w(x) do -1

J/

-~

= [M(éa u, v, w)b?

— /85(%1/)0(5, w, 2)v(z) — 9e0,00(€, u, )w(z) d -(u — €)

J/

= [M(&, v, w)]21

+ / {&ﬂﬂo(ﬁ, u,x)}w(m) — 0ubo(&,u, x) (331}(1:) — cos (&, u, :c)v(:c)) dx

+u/858uw0(§,u,x)v(x) — 0:0,00 (&, u, x)w(z) dz

—/ {8u90(§,u,:c)} {F(a,:c)} dx

- / {aueo(g, u, x)} { sin fo(¢, ; D) | R(v)(x)} dz .

J/

-~

= [P(& u, v, w)]2

We set

Q(u) — Q (tf(gv u, ')7 t§(57 u, )) Q (t§(57 u, ')7 tu(ga u, ))
‘ Q (tu(gv u, ')’ tg(g, u, )) Q (tu(ga u, ')7 tu(ga u, ))

_ ( 0 Q(Q(&Ur)%(&%')))
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= y(u)’m (_01 é) :

Now we consider for any (§,4) € R x [-U — U(2),U + U(2)], (v,w) € H(R) x L*(R) the

matrix:

(..., (3522
—02600(&,u,-) )\ @() L2(R)®L2(R) ~0u0ho (€. u,) )\ () L2(R)&L2(R)
agazﬂ/}O(_iﬂu ) ’
—0:0,00(&, 4, +) () L2(R)®L2(R)

We use Holder’s inequality and obtain for all (£,4) € R x [-U — U(2),U +
Q@) M(E a0, @) < C(10] gy + 1] 2y) (16.1)

=1
~_
\/

S

=

®

o

=
/\

|
Q
R
2
o O
\.§| “ﬁ\
N
VRS
==
Q <_/

HY(R) x L2(R):

where we denote by | - || a matrix norm. Let I = I; be the identety matrix of dimension
2. Due to (16.1) we are able to find an g9 > 0 such that if 0|, W] 2R < €0 then the
matrix

I+ [Q@)] " M(€,a,0,0)
is invertible by Neumann’s theorem. We write the time derivatives of (Cf,C5) in matrix
form and use the notation P(&, u,v,w) = P, M (&, u,v,w) = M, Q(u) = Q:

This implies

— P = (1+07'M) (5 } ’“) .

If 0] g1 (ry > (W] 2Ry < €0 then we obtain as mentioned above by Neumann’s theorem that

(5 - “) ——(1+ Q‘1M>1[Q‘1P]
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We will show later in Corollary 20.6 that

—u@xv(-) - U)() —857,00(6, u, ) -0
—331)(') + COS(Qo(f,U, ) U() — uazw(.) ’ 8560(57% ) L2(R)SI2(R) )

—ud,v(-) —w(-) —0uto (&, u, -) —0
—020(+) 4 cos (0o (&, u, ))v(-) — udpw(-) |7\ Oubo(&,u,-) L2(R)®L2(R) |

These identities can also be checked by hand using integration by parts and the symplectic
orthogonality. We will use them in the following computations. We consider P, and P:

P = /351%(5, u, r)w(x) — 0bo(&, u, x) (aiv(x) —cosby(&, u, x)v(x)) dx

+ u/8§¢0(§, w,x)v(x) — 85290(&% x)w(x) dr

—/{8590(§,u,x)}{F(5,x)} dx

- / Debo (€, u, ) { sin o &, g (@) | z?(v)(x)} dz

_ —udyu() - () 00 (€ )
—07v(+) + cos(fo (&, u, -))v(-) —udpw(-) )7\ 9e0°(&,u,-) L2(R)®L2(R)

- / {8590(§,u,x)} {F(s,x)} dx

—/8500(§,u, m){sin (¢, Z’ 2)v*(z) + é(v)(x)} dr .

Consequently using Corollary 20.6 we obtain

|P1| < CE + Cloli g -

Py = / {au,éb()(ga u, I’)}w(l’) - aqﬂo(fa u, {L‘) (65?}(95) — CO8 ‘90(67 u, l‘)l)(l‘)) dx

+ u/ﬁgﬁuwo(f,u, z)v(x) — 0:0,00(&, u, x)w(z) dx
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—/{&ﬁo(faual’)}
_/{&ﬂo(f,u,x)}

_ —udyel) — w )
—030() + cos(B (€, u, No() —udew() )\ 08 (Ew) ) [ Lo

dx
sin 6 (€, g’ LSO R(v)(l‘)} dz
)

fren]
{ :

Consequently using Corollary 20.6 we obtain

|Po| < O+ C ol g






Chapter 17

Lyapunov Functional

We introduce the Lyapunov function.

Definition 17.1. Let (v, w) be given by (15.3)-(15.4), with (§,u) obtained from Lemma 3.1.
We set

L) - /w?(x)+a$v2<as>+cos<eK<v<x—5>>>v2<x>Mw(x)aw(x) B (@7

2 2 2
Remark 17.2. L is the quadratic part of
H(0,v¢) + ull(6,7)
above the solitary manifold &y as in Chapter 6.

The time derivative of L(t) is computed in the following lemma. This will be one of the
main ingredients in the proof of the main result.

Lemma 17.3.
d
preddd)
= /w(x) {sin(eg(g,z, D)’ (@) +R(U>(CL’):| + u0,v(x) [sin(@o(f,g,x))v (@) + R(v)(z)| dx

_ u/ Sin(90(§, u, $)>6u90(§, u, 7)v*(z) dx + (€ — u) /cos(@o(g, u, z))v(z)0,v(z) do

+ / w(z)dyv(z) dz + / w(z)F(e,z)dz + / wdpv(z)F (e, z) da .

Proof. We use a similar technique as in the proof of [KSK97, Lemma 2.1]. We can assume
that the initial data of our problem has compact support. This allows us to do the fol-
lowing computations (integration by parts etc.). The claim for non-compactly supported
initial data follows by density arguments.
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126 Lyapunov Functional

As we have seen in the proof of Lemma 6.3 it holds that

at[COS 90(&7 u, I)] 2
/ 5 v(x) dx

D400 (&, u, 2)v* () da .

= /fcos(@o(g,u,x))y(x)aw(x) B uSin(Qo(g,u,x))

Notice that due to (15.3)-(15.4)
v(t,x) = 0(t, x) — 6o (E(1), ult), ),

w(t, z) = ¢(t, x) = do(§(t), u(t), z) = ¥(t, ) + uy(u)fi (y(z = £)) .

Partial integration yields [ 9,v(z)d2v(x) + w(z)d,w(x) dx = 0. We differentiate the Lya-
punov function (17.1) with respect to t and use Lemma 15.3:

i) = /]U@»wﬁm-+aﬂ4xx%@ug4—am9dgﬂ%xy4xyxx)+5““”9§5”“x”v%x)

+ uw(2)0,v(x) + uw(x)d,0(x) + tw(x)d,v(x) dx

sin 0y (&, u, v)v* ()

= /w(m) [(‘),fv(ac) — cos (&, u, x)v(x) + 5
+ R(v)(x) 4+ udeto(&, u, x) + F(e, x)

- é&glﬁo(f, u, x) - uaud}O(g? u, SL’)

+ 0,v(2)0, [w(x) — £0:00(€,u, ) — 10,00 (€, u, x)
+ u0:0p(€,u, }
+C%wd,%xn()[C@—S@%@ﬂmﬂ—u&%@ﬂh@

+ u0¢0y (&, u, :c}

usin 0o (&, u, x)

5 0u00(&,u, 2)v? () do

+ écos(@o(f, u, z))v(r)0,v(x) —

sin 0y (&, u, x)v?(x)
2

+ u0,v(x) [821)(3:) —cosbp(&, u, x)v(x) +
+ R(v)(x) 4+ udeto(&, u, x) + F(e, x)

- 5851/10(5, u, x) - uaud}O(g? u, J,’)
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+ vw(x)0, [w(x) — 56590(& u, x) — uybo(&, u, )

—i—uagﬁo(ﬁ,u,x)} —i-ib/w(:z:)amv(x) dx
= (u—§) [/ —uaxv(x){ - 8§¢0(£,u,x)} - w{ - agiﬁo(g,u,x)}

+ [eos(Bo (€, u, 2))v(z) — O2v(2)]0:00 (€, u, ) + uw(x)D, 000 (€, u, ) dx]

—ml/ﬂ@mm{—m%@mm&—w@%—m%@mw&

[cos(0o (&, u, z))v(x) — O%v(2)]0ubo (&, u, ) + uw(2)0,0,00(&, u, x) dx]

IOE 2D | R @)] + o) 2D | (o)

[ sin(bp(&, u, 7))
u/ :

+w(z)]

0ubo (&, u, 2)v?(x) dx + (£ — u) /008(90(5, u, x))v(z)0v(r) de

—i—u/w(:c)&rv(x) dx—l—/w(a:)F(s,:c) da:—l—/u@mv(x)F(g,x) dx .

Due to Corollary 20.6

/—u@w(m){ — 8§¢0(f,u,x)} — w(m){ — 8§¢0(§,u,1‘)}

+ [cos (8o (&, u, z))v(x) — O30 (2)]0e0o (&, u, ) + uw () 0,000 (&, u, ) d:v]

_ —ud,v() —w(-) —0co (&, u, ")
0l + cos(On(E v o) —w))\ ool ) )

=0
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and

[ [ —ua@ - duneun) | - v - (e wo)}
[cos(Bo(&,u, 2))v(x) — 020(2)]0ubo (€, u, x) + uw(2)0, 0400 (€, u, 1) dx]

_ _uaJiU(') - w() —Ou%(f, u, )
—02v(-) + cos(0p (&, u, ))v(-) — udpw(:) )7\ ubo(&, u,-) T

=0.

These identities can also be checked by hand using integration by parts and the symplectic
orthogonality. O



Chapter 18

Proof of Theorem 14.1

We prove Theorem 14.1.

18.1 Proof of Theorem 14.1 (i)

First we suppose that (14.1)-(14.3) has a solution and we make some assumptions on (v, w)
given by (15.3)-(15.4) and on (&, u) obtained from Lemma 3.1. Then the following lemma
yields us more accurate information about (v, w) and (£, u).

Lemma 18.1. Let ¢ be sufficiently small, p(k,0) = % —26. Assume that the assumptions
(b),(c),(d) from Theorem 14.1 are satisfied. Assume that (14.1)-(14.3) has a solution (6,1))
on [0,T] such that

(6,4) € C'([0,T], L*(R) & L*(R)).

Suppose that B
0<T<t*"<T,

where t* is from Definition 15.1. Let (v, w) be given by (15.3)-(15.4), with (§,u) obtained
from Lemma 3.1 such that

2 2 k+1-6
|U|Loo([o,T],H1(R)) + |w|L°°([O,T},L2(R)) <e't :

Then, provided

it holds
(a) Vt € [0,T]: (&(t),u(t)) € X(5,U),

(b) |U|i°°([0,T],H1(R)) - |w|iw([0’T]’L2(R)) < L(L(0) + Ce**1) | where C' depends on F and ¢
s from Lemma
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Proof. Choose ¢ such that the following holds:

(1) € € (0,&9) where ¢ is from Lemma 16.1,

(2) € is so small that

]+|u<o>|s@w,

sp(k’,(s) 2

where C is a constant that appears in (18.1) further in this proof which depends on
F.

Cgk+1_§ |:

Lemma 16.1 yields V¢ € [0, T7:
€(t) —u(®)] < O + Clofin g
S C€k+1 + O€k+175

< O€k+l_§ ’

a(t)] < CeM 4O |U|?{1(R)
< C€k+1 + CngrlfJ

< O€k+1—§ ’

Thus we obtain V¢ € [0, T:

fult) — u(0)] < / ja(s)]| ds

= Ju(t)] < CeF0% 4 Ju(0)]. (18.1)

This implies (a) due to assumption (c¢) from Theorem 14.1 and (2). Using Lemma 17.3,
Lemma 7.2 and Lemma 7.4 we obtain for times

1
0§t§T§m7

the following estimate,

c([o(®) ey + [0 (B)72z)
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. + R(v)(2)

L(0) + /Otw<x> Fin@o(éuam?(m) - }

+ u0,v(x) [sin Qo(f,g,x)v (=) + R(v)(x)} dx

_ u/ sin(Ho(g, u, x))aueo(f,u, )0 (z) de + (€ — ) /cos(eo(g, u, 2))o(2)0y0(z) dx

+ i / w(z)dyv(z) dz + / w(z)F(e, ) do + / udpv(z)F (e, z) da dt

t
< L)+ C / e th=d gy
0

< L(0) + CeFtt

O
Theorem 18.2. Let ¢ be sufficiently small, p(k,d) = % — 20. Assume that the assump-

tions (b),(c),(d),(e) of Theorem 14.1 are satisfied. Assume that (14.1)-(14.3) has a solution
(0,v) on [0,T] such that

(0,7) € C([0,T], L>°(R) & L*(R)) .
Suppose that

0<T<T.
Then, provided

1
OSTﬁma

it holds that (v, w) be given by (15.3)-(15.4) is well defined for times [0,T] and there exists
a constant ¢ such that

(@) 1]z oy ) + 1012w o1 0208y < 65
(b) YVt €[0,T]: (£&(t),u(t)) € X(5,U).
Proof. Choose ¢ such that the following holds:
(1) e satisfies all smallness assumtions of Lemma 18.1;

C

(2) 2(L(0) + Certl) < M1 where L(0) = &(v(0),w(0),&,us) and ¢, C are from
Lemma 18.1 (b);
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(3) € is so small that if (v,w) € H'(R) x L*(R) satisfies |U\§{1(R) + |w|ig(R) < '79 then

it holds that |v|yw gy + [w[p2@w) < 5, where 7 is from Lemma Lemma 3.1. This can

be ensured by Morrey’s embedding theorem.

Notice that X(5,U) C X(4,U). We define an exit time

(L(0) + Ce™),

2
2 2
b = sup {T > 0 [0l o, )y + 10 Lo o2y =

(@), u(t)) € X(5,U), 0< t < T}.

Suppose t, < sp(;“) Then there exists a time ¢ such that

1 .
S T >t
with R R
vt e [0, : (§(),u(t) € B(4,U),  (&(F),u(f)) ¢ X(5,U)

1 2 2 2 -
E(L(O) +CeM) < E(L(O) +CeM < V] Lo o, ) T W] Lo 0.0, L2R)) < gkt

This leads a contradiction to the previous lemma. Thus

2
2 2 ~
V] Lo o, )y 10|10 0,77,22(R)) < E(L(O) + Oy < et

and
vt € [0,T]: (£(1),ult)) € (5, U).
]
The previous theorem implies that the local solution of (14.1)-(14.3) discussed in Chap-
ter 15 is indeed continuable up to times gy, where p(k,d) = 3 — 26. Theorem 18.2 and

Lemma 16.1 yield the approximate equations for the parameters (£,u). This verifies the
claim of Theorem 14.1 (i).

18.2 Proof of Theorem 14.1 (ii

18.2.1 ODE Analysis

In this section we lay the groundwork for passing from the approximate equations for the
parameters (£, u) in Theorem 14.1 (i) to the ODE’s (14.4)-(14.5) in Theorem 14.1 (ii). We
start with a preparing lemma.
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Lemma 18.3. Let £ = £(s), i = (s), € = €1(s), €2 = €3(s) be O real-valued functions.
Suppose that

() <e T

on [0,T] for j =1,2. Assume that on [0,T],

%5(3) —ii(s) +ea(s), £(0)=4&
d . - _
—-i(s) = &x(s), @(0) = i

Let € = é(s) and @ = u(s) be C real-valued functions which satisfy the exact equations

Then provided T' < 1, there exists a ¢ > 0 such that the estimates

~ 3(k+1)+3 3(k+1)+5
1 1

€(s) —E(s) e, als) —a(s)| See T
hold on [0,T].

Proof. In the following proof we follow very closely [HZ08, Lemma 6.1]. Let 2 = x(s) and
y = y(s) be C! real-valued functions, C' > 1, and (z,y) satisfy the differential inequalities:

{ 2] < |yl z(0) = g
<o y(0)

Yo
We are going to apply the Gronwall lemma. Let 2(s) = 2% + y*. Then
2| = 223 + 2yg| < 2z[ly| < (2* +3°) = 2,

and hence z(s) < z(0)e®. Thus

2(s)] < V2max(ja], lyol) exp(3)
. (18.2)
[y(s)] < V2max(|aol. o)) exp(3) .

Now we recall the Duhamel’s formula. Let X(s) : R — R? be a two-vector function,
Xo € R? a two-vector, and A(s) : R — (2 x 2 matrices) a 2 x 2 matrix function. We
consider the ODE system
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and denote its solution by X (s) = S(s, s’) X such that
d

y S(s,s")Xo = A(s)S(s,5') X, S(s,5)Xo=Xo.

s

Let F(s) : R — R? be a two-vector function. We can express the solution to the inhomo-
geneous ODE system

X(s) = A(s)X(s) + F(s)
with initial condition X (0) = 0 by the Duhamel’s formula

/ S(s,s)F(s')ds'.
0
Let U =u—u and = = f — &. These functions satisfy

d
E(s) = Uls) +als),

d
£U(s) = €(s).

a6 =0 o) F(s)zlzgji], XG)

and obtain by Duhamel’s formula:

X(s)

We set

=(s)
U(s)

(18.3)
We apply (18.2) with

It follows that

st.0) 0]

Using (18.3) we obtain that on [0, 7]

exp(b(s — ) N
<V3 [exp( o 3/»] max(fer ('), lea(s)])

N N

=(5)| < VATexp(3T) sup max(le(s)] ex(s)])

0<s<T

U(s)| < ﬁTeXp(%T) sup max(|ex(s)], [ex(s)]),

0<s<T
which yields the claim.
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In the following we show the relation between the parameters £5 ,u) selected by the implicit
function theorem according to Lemma 3.1 and the solutions (&, @) of the exact ODE’s from
the previous lemma.

Lemma 18.4. Let € be sufficiently small, B(k, ) = HTH and

where

Let (€, u) be the parameters selected according to Lemma 3.1 and (€,4) from Lemma 18.3.
Then it holds that

£(ePk0)t) (k1) 45
€(t) — Ak <e 2,
’u(t) B ﬁ(aﬂ(k"s)tﬂ < 6:s(k+41)+5

Proof. We set
£(s) = kD e(5/ePED)  fi(s) = u(s/ePED).

For times

1
0<t< 555

Lemma 16.1 and Theorem 18.2 yield:
£(t) —u(t)] < C* +C |U’§{1(R)
< CEk-i-l ;
(1) < C* + C ol a)

< C€k+1 )

Thus (é , ) satisfy the assumptions of Lemma 18.3, since
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~ ZAlke) <gﬁ<m>>

1
gﬂ(kvé)

O(5k+1)

3(k+1)+4

=0(e = ).
Hence Lemma 18.3 yields:
[E(s) — £(5)] = [PHDe(t) — E(PFI1)| < e

£(ePkO)) (kD)4
= |&(t) — T | <ece 2,

3(k+1)+8
4

3(k+1)45
1

[a(s) — als)| = |u(t) — a(e"™It)| < ce :

3(e+1)+8
4

= |u(t) — ﬁ(aﬁ(k"s)tﬂ < ce

18.2.2 Completion of the Proof of Theorem 14.1 (ii)

Theorem 14.1 (i) yields the dynamics with the parameters (£, u) selected by the implicit

function theorem according to Lemma 3.1 on the time interval

1
0<t< 55

Using Lemma 18.4 and the the triangle inequality we can replace

(€(1), u(®))

with
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We set © sk
(€0 1(0) = (g a(#e0)

and conclude that the equations claimed are satisfied.






Part 1V

Virtual Solitons in the Presence of a
Forcing F'(e, x)
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Chapter 19

Main Result and Overview

To formulate our results precisely, we need some definitions.
Definition 19.1. Let a,n € N and u, > 0.
(a) We set I(uy) = [—ty, us].

(b) Let H**(R) denote the weighted Sobolev space of functions with finite norm
0] prkary = [(1+ |2%)26(2) s e -
(c) Let H**(R?) denote the weighted Sobolev space of functions with finite norm
Blignqusy = |1+ [€2 + )30, ) e_aoy
(d) (Y) is the space H>*(R?) & H>*(R?) @ H>*(R) with the finite norm
Yl ey = 10]meame) + [¥]p2eme) + [Alr2or) -
(e) Y*(u,) is the space

{r= 000 € ), 7)) s ol < 65 ¥ we 1) ¥ A€ 1R
bu)(E.2) o2z — €) _
<<w<u><§,x>)’“5> (—mewx B s))) > -0}

3
1Yllve o) = sup (Zmi?/(“)km') :
=0

UEI(U*

2 (R)SLE (R?)

with the finite norm

141
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(f) For 0 < U < u, we introduce the parameter area
S(L,U,u.) = {(g,u) ERx (~1,1):uc (— U—U(Ql,u),U + U(l,u*)>} ,

where U(l,u,) := %Y.
Remark 19.2. (a) The weighted Sobolev spaces are defined as in [Kop15].
The main result of Part IV is the following theorem.
Theorem 19.3. Letn > 1, k+ 1 < n. Assume that
(a) F € C"((—1,1), HYY(R)), OLF(0,-) = 0, where 0 <1 < k;
(b) & €R.

There exist eg > 0, u, > 0 and a map

(—c0,80) = Yy (), &= (65,45, A%) (19.1)

of class C™ such that the following holds. Let
(c) € €(0,ep).

Let 0 < U < u,. We consider the initial value problem

% (Z((ii))) = (a;e(t, z) — szlﬁn( 2(? ©) + Fe, a:)) ’ (19:2)

0(0, ) = 05 (&, us, ) + (0, 2) | (19.3)

(0, 2) = 5 (&, us, ) + w(0, ) , (19.4)

where (05,95, X5.,) = (60 + 05,10 + 95, X5.,) with (6o, ¢o) given by (3), (v(0,z),w(0,x)) €

H'(R) x L*(R) such that the following assumptions are satisfied:
k+1

(d) Jus] < e,

(e) N¥(0(0,-),4(0,+),&,us) =0, where N¢ : L*(R) x L*(R) x £(2, U, u,) — R? is given
by

Ne(0,¢, & u) =

and the symplectic form Q is given by (2).
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(1) 100, ) ey + [0, ) oz < 2%, where (0(0, ), w(0,)) s given by (19.3)-(19.4)
Then the Cauchy problem defined by (19.2)-(19.4) has a unique solution on the time interval

1 k+1-96
0<t<T, whereT:T(E,k,(S)Zm, 5(16’5):%'

The solution may be written in the form

0t x) = 0, (E(t), ult), v) + v(t, ),
U(t, @) = P (E(t), alt), z) +w(t, z),
where v, w, have regqularity
(v(t), w(t)) € C*([0,T), H'(R) ® L*(R)),

£, solve the following system of equations

E(t) = alt), (19.5)
u(t) = X, (&), a(t)) , (19.6)

with initial data £(0) = &, 4(0) = u, and there exists a positive constant ¢ such that
2 2 2
V] zee o7, m)) T W20 (0,17, 22 R)) < €€
The constant ¢ depends on F' and ;.
The following chapter-wise outline provides an overview of our approach.

Virtual Solitary Manifold The classical soliton is defined by functions (g, 1)) depend-
ing on variables &, u, x such that

Oo(E(t), u(t), x) \ _ Ok (v(u(t))(x — (1))
bo(€(8),u(t), =) |~ \ —u(t)y(u(t) 0 (v(u(t))(z - £(1)))

solves

0 ¥ _
% <¢> a (em — sin0> =0

as long as (£,u) satisfy the ODE system £(t) = u(t) and 7(t) = 0. The idea of virtual
solitons is to find functions (6°,v°) depending on variables &, u,x and functions (u°, %)
depending on variables &, u such that

0°(&(t), u(t), )
e (E(1), u(t), x)
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0 (&
% (w) B <9m - sin@—l—F(e,x)) =0

up to an error of the order "+ as long as (£, u) satisfy an ODE system £(t) = p°(£(t), u(t))
and u(t) = A°(&£(¢),u(t)) up to an error of a certain order (in €). This can be done by solving
certain equations successively.

Due to technical reasons we consider first a general C™ function

F:(=1,1) — H"R?) e — F(e)

solves

with F(0) = 0 and the equation

(1) + 2 (§) - (em —ant F(a)) - oD

= gg(éj 1/)7 >\u)

where 60,1 depend on &, u, x and A\, depends on &, u and ]5(5) depends on &, x. By making
an assumption on the parameter area of ¢ later we will be able to replace F(e) with F(e)
in (19.7). One should understand the subscript u of A, just as a symbol (not as variable)
referring to the fact that A\, is a coefficient in front of the derivative with respect to wu.
(6o, 10, 0) solves (19.7) up to an error of the order . Using (6, o) we define a map G,
and we solve the equation

0 by ¢ B
us (w) Al (1%) a <€m —sinf + F(a)) =0,

—: G5(0, ), M)

implicitly for (6,4, ) in terms of e. We call the implicitly defined map (67, ¢1, A; ;).
(65,45, X;,1) solves (19.7) up to an error of the order 2. Using (65, 47) we define a map
G, we solve the equation

0 0° + 0.0%¢ Y
)\ 1 €Y1 . 5 —
ude (iﬂ) + Al <w? + 0. (1)5) <9m —sinf + F(€)> 0,

= g§(97 1/)7 >\u)
implicitly for (6,4, ,) in terms of e. We call the implicitly defined map (65,5, A; 5).

05,15, X% ) solves (19.7) up to an error of the order . We continue the procedure until
2: W2, Ayt
we obtain an equation

ne10:09_,
0 Zz’:ol e’ (0
0, A0y - - ) - =0.
e (¢) + A0 g O 1 i <9m —sinf + F(e) 0

¥
i=0 @ ¢

N J/

= G20, 9, M)
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and its implicitly defined map (65, v, A;,,,) which solves (19.7) up to an error of the order
e™t1. The existence of the implicit solutions (6%, 15, A1) to the equations Gi(0,1, \) =
0 for 1 < k < n is ensured by the implicit function theorem and (67,1, A; ;) depend
smoothly (of class C™) on ¢, such that (67, ¢y, A} ;) = (6o, %o, 0). The maps G; are defined
on spaces of different regularity and satisfy Gp (6, v, 0) = 0. We apply the implicit function
theorem on the equations G5 (6,1, A) = 0 for 1 < k < n and show that the implicit solutions
satisfy (19.7) up to the errors mentioned above in Section 20.3.

Actually we would like to solve the equations with the F' from the Cauchy problem (19.2)-
(19.4) (instead of the F), but this is not possible, since the equations are defined on Sobolev
spaces on R? for technical reasons, but F/() € HY!(R). Thus we choose the special F' given
by

Fle,€.2) = Fle, 2)x().

where x is a smooth cutoff function that is equal to 1 in [—-=, =] and vanishes in R\
(=(E+1),Z+1) for a fixed = > [£] + 2. From then we denote by (05,5, \;,) always

n’'n

the nth solution obtained from GZ (6,1, A) = 0 with the special F. We define the virtual
solitary manifold by

e . 92(6“7) Cu ..U
S"'_{<¢;i(§,u,-)) D u € (—uy, *),éeR},

where u, € (0,1]. In order to be able to apply the implicit function theorem we need to
show that the linearizations of G are invertible. This will be proved in Section 20.1 and
in Section 20.2. We will show in Section 20.2 that certain operators

M- V2 (u.) = 20 ()

are invertible, which will ensure the applicability of the implicit function theorem. Y,*(u,), Z%(u.)
are Banach spaces such that

Yna(u*> - On(I(u*>’ (Ya),) )
Zy (us) € C™(I(us), (2°)),

where (Y®)', (Z%) are weighted Sobolev spaces. But first we will show in Section 20.1 the
invertibility of analogous operators

M, = Yo (ue) = Zn(uy),
where
Yo(u.) € C™(I(w), (Y)'),
Zn(u,) C C™(I(u.), (2)') .

and (Y')', (Z)" are Sobolev spaces without weights. The reason for starting with the oper-
ators 91, is that the treatment is technically easier.
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Symplectic Orthogonal Decomposition We choose a sufficiently small ¢y and con-
sider € € (0,g9]. We show that if (0,v) € L>®(R) & L*(R) is close enough (in the
L>®(R) @ L*(R) norm) to the region

Si(0) = {(Z(éz))) (€ ez, U)} ,

of the virtual solitary manifold SZ, then there exists a unique (§,u) € 3(2,U) such that

0()) _ (Oacu)) _ (o)
v()) " \eseu)) T el

. . 9e05, (&5 u, ) by, (& u, )
is symplectic orthogonal to the tangent vectors " and SOV of the
Y & & 8f,¢n(€au7 ) 8u n(gauw )

virtual solitary manifold &, i.e.,
Ne(,¢,&u)=0.

We prove that the symplectic decomposition is possible in a small uniform distance to the
manifold &;, where the distance might depend on ¢y but does not depend on e.

Existence of Dynamics and the Orthogonal Component The existence theory
provides that there is a local solution (6,1)) of (19.2)-(19.4), which might be written in the
form

O(t,x) = v(t,z) + 05 (&, uo, x) ,
w(t7 'Z') = U_J(t,l') + %i(fmuoﬁ) )

where (v, w) € C*([0, Tjoe], H'(R) & L*(R)) . Due to Morrey’s embedding theorem it holds
that (0,v) € C([0, Tioe), L®(R)® L%(R)). In the following we assume that a solution (6, )
of (19.2)-(19.4) is given on the time interval [0, T], which might be written as above where
(v,w) € CY([0,T], H'(R) & L*(R))..

e is chosen so small that due to assumptions (d), (f) in Theorem 19.3 the initial data
(0(0),1(0)) is so close to the region S5(U) of the virtual solitary manifold that the sym-
plectic orthogonal decomposition is possible in a neighbourhood of (0(0),1(0)).

In (19.3)-(19.4) the initial data (0(0),%(0)) is already written as a sum of a point on
the virtual solitary manifold S: and a transversal component (v(0),w(0)) such that the
symplectic orthogonality condition is satisfied due to assumption (e) in Theorem 19.3.
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For times ¢ > 0 we are able to choose the parameters (£(t),u(t)) according to the de-
composition in Chapter 21 (Symplectic Orthogonal Decomposition) as long as (0(t), (1))
stays close enough to S¢(U). We introduce the parameter area

S(1,U,E) = {(5,u) €(-E+1-U(),Z—1+U(l) x (U —U(Q),U + U(l))}

with u, € (0,1] and =, U, U(I) as above. The solution (65, vy, \;,) of the equation G5, (0,%, \) =
0 with the special F' satisfies

ua 02(57/“’1‘) _ @Z)Z(&,U,ZL’)
*\ i€ u,x) 0265(€,u, ) — sin 05 (€, u, ) + Fe, x)

05.(8, u, )
+ A5, (w0, | T +R; (& u,x) =0
nle) (ws,u, x)) (&)
for (§,u,x) € ¥(4,U,Z) xR, where R, is a term of the order e, Thus (65, v, A7, ) solves

(19.7) up to an error of the order £€”*! and we are able to replace F(e, &, ) with F(e, x)
as long as (£(t),u(t),z) € X(4,U,Z) x R (notice that (&, us) = (£(0),u(0)) € 3(4,U, Z)).

As long as (0(t),1(t)) stays close enough to S5(U) and (£(t),u(t)) € 3(4,U, =) we de-
fine (v, w) by
v(t,x) =0(t,x) — 65 (E(t), u(t), z), (19.8)
w(tvx) = ’g/)(t,:L‘) —¢Z(5(t)au(t)aff) ) (199)

where the parameter ({(t),u(t)) are obtained from the decomposition in Chapter 21 (Sym-
plectic Orthogonal Decomposition), such that

NE(O(), 9 (t),£(t), u(t)) = 0. (19.10)

Thus we decompose the dynamics in two components, namely a point on the virtual soli-
tary manifold (05 (&(t), u(t), ), ¥5(£(t), u(t),-)) and a transversal component (v(t, ), w(t,-))
which is symplectic orthogonal to the tangent vectors

8592(£<t)7 u(t)a ) and auefz<€(t)’ u(t)’ )
aswi(ﬁ(t), u(t>7 ) 3u¢i(f(t)a u(t)> )

of §;. Finally, we compute the time derivatives of v and w which will be needed in the
following chapters.

In Chapter 26 (Proof of Theorem 19.3) we will obtain a bound on |v\iw([07T]7H1(R)) +

|w|ioo([07T]7 r2(ry (where T' < T) which will give us control over the distance of (,v) to
the virtual solitary manifold and which will imply that the local solution (6, ) is indeed
continuable.
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Modulation Equations We want to consider the longitudinal dynamics on S;,, which
is described by the parameters (£(t),u(t)). In order to be able to understand the dynamics
on 8¢ we derive a system of ordinary differential equations (modulation equations) for the
parameters (£(t), u(t)) which is satisfied up to a certain error. Considering (19.7) it makes
sense to examine up to what errors the ordinary differential equations

£(t) = u(t),
w(t) = A, (1), u(d),

are satisfied. For this purpose we take the time derivative of (19.10) and obtain a system
of differential equations. Using Neumann’s theorem we conclude that the estimates

€(t) = u(®)] < Cllo(t)| g1 gy + [w()] 2™ + C J(t) 3 gy + Ce™HH,
[i(t) = Ao (€@, u()] < Cllo()] gy + [w(E)] g2y ]+ C () gy + Ce™HH

are satisfied if ¢, [v(¢)| 1 () » [W(1)[ 2Ry are less than a certain €p > 0 and as long as the
time ¢ is such as described in the introduction of (v, w) above.

Lyapunov Functional In order to obtain control on the transversal component (v, w)
we introduce Lyapunov functions

Le(t) _ / w 2(%) + (817}2(1))) + COS(Q?L(&Z’IK))U (iL‘) +uw(x)6xv(x) dl‘,

where (v, w) are given by (19.8)-(19.9), (£, u) are obtained from the decomposition in Chap-
ter 21 (Symplectic Orthogonal Decomposition), such that the orthogonality conditions hold
and y(u) = 1/v/1 —u?. L¢ is the quadratic part of

H(0,4) + ull(0, )

above the virtual solitary manifold S, where H and II, given by (7) and (8) are conserved
quantities of the sine-Gordon equation. Finally we compute the time derivative of L®(t)
which will be needed later.

Lower Bound We consider for (v,w) € H'(R) x L*(R), (£,u) € R x (—1,1), the func-
tional

E(v,w, & u) = %/(w(m) + ud,v(x))? + vy(x) + cos(0x (Z))v*(x) dx

where Z = v(x — &) and vy(z) = 62’0(% +§) = %va(:v).
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We choose an ¢y > 0 and prove that there exists a ¢ > 0 such that if 0 < ¢ < ¢,
((u) ERX[-U—-U2),U+U(2)] CRx(—1,1) and (v,w) € H'(R) x L*(R) satisfies the
orthogonality condition

5o, 1= [ D036 w2)ole) — 0,856, w,w)uw) do = 0
(which is related to the second component in (19.10)), then the lower bound on &,
E(,w, & u) > c(|[vllFn + [lw]|72)

holds. In the next chapter we relate this lower bound to the Lyapunov function L, since it
holds that

L(t) = E(u(t), w(t), &(t), u(t)) ,

where (v, w) are given by (19.8)-(19.9) and (&, u) are obtained from the decomposition in
Chapter 21 (Symplectic Orthogonal Decomposition).

Proof of Theorem 19.3 First of all we prove the statement of Theorem 19.3 with ap-
proximate equations for the parameters (£,u) instead of the exact ODE’s (19.5)-(19.6).
The existence of the map (19.1) is ensured by the implicit function theorem in Chapter 20
(Virtual Solitary Manifold). We suppose that (19.2)-(19.4) has a solution and we make
some assumptions on (£, u) obtained from the decomposition in Chapter 21 (Symplectic
Orthogonal Decomposition) and on (v, w) given by (19.8)-(19.9). The modulation equa-
tions allow us to control (£, u). The Lyapunov functions and the lower bound on £ allow
us to control (v, w), since we are able to estimate

c([o(®) 3 gy + w672z
< L(t)

2
= LF(t) + O™ 0] L 0.1 )

t
€ d €
=L (0) + / %L (t) dt + CS |/U|i°°([0,t],H1(R))
0

and to control the right hand side. All in all, we obtain more accurate information about
(v,w) and (&, u). Using a continuity argument this implies the bound on (v, w) claimed in
Theorem 19.3 and approximate equations for the parameters (£, ). The bound on (v, w)
implies that the local solution discussed in Chapter 22 (Existence of Dynamics and the
Orthogonal Component) is continuable up to times 5ﬂ(+',6)? which establishes the statement
of Theorem 19.3 with approximate equations for (£, u).

By using Gronwall’s lemma we show that the dynamics on the virtual solitary manifold
can be described by (€, @) which satisfy the ODE’s (19.5)-(19.6).






Chapter 20

Virtual Solitary Manifold

Let (§,u) € R x (=1,1). The aim of this chapter is to construct the virtual solitary
manifold. The virtual solitary manifold is going to be defined by an implicit solution of an
equation

Go(0,0,A,) =0,

in some Banach spaces, where G,, will be defined in Section 20.3. We solve the equation
implicitly for (0,4, \,) in terms of £ by using the implicit function theorem. In order to
be able to apply the implicit function theorem we need to show that certain operators are
invertible. This will be done in Section 20.1 and in Section 20.2.

In this chapter we use the notation from Definition 2.2 (see also Remark 2.3).

20.1 Inverse Operator in Sobolev Spaces
In this section we will show that certain operators
M, : Yo(u.) = Zp(uy), neN

are invertible, where

and (Y, (Z) are Sobolev spaces (without weights).

20.1.1 Preliminary Decomposition

Our first goal is to prove some decompositions for some Lebesgue and Sobolev spaces on
R and on R?. We start with Lebesgue and Sobolev spaces on R and define some spaces
and operators.

151
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Definition 20.1. We define the following spaces.
(a) HZ, (R):={0€ H*R) : (0(),0x(v(- = &))) 12w = O}
(b) Lg, (R):={0€ L*R) : (0(-), 0% (v( —&))) 2y = 0}-
We define the following operators.
(a) Le., : HA(R) C L*(R) — L*(R), where

(Leut) (z) = —(1 — u*)970(x) + cos(O (v(x — €)))0().

(b) Leu: HE, | (R) C L*(R) — L*(R), where

(Leud) () = —(1 — u?)9;0(x) + cos(0x (v(x — €)))0(x).
(¢) Mg, : H*(R) ® R — L*(R), where

(e (3) ) @) = (260) () + 205 (10— €

(d) Me, : H2,  (R) &R — L*(R), where

(e (3)) ) = (Eeat) 0+ M2t = ).

First of all, we would like to prove the following decomposition

2

~ L
L*(R) = ran Leu @ (0 (v(- = €)))
Lemma 20.2. ran L¢,, is closed with respect to L*(R).

Proof. We consider the case (§,u) = (0,0). The proof for a general ({,u) € R x (—1,1)
works in the same way.

Lo, is self-adjoint and 0 is an isopated point of o(Loo). | := Loo|m2m)n(e ). is self-adjoint
and has a bounded inverse (see [HS96, Proposition 6.6]). Notice ran Lyy = ranl. Let

Yn = Mz, L—2> y. Boundness yields z,, = {71y, L—2> [—1y, where =1 denotes the bounded
extension of /=" on the closure ran . Since [* = [ is a closed operator (see [HS96, Proposition
4.9]), we obtain [(I71y) = y. O

We use the previous lemma to show some properties of L, and [Ajg’u.

.2

Lemma 20.3. (a) ker L¢,, = (0% (v(- — €))), L*(R) =ran Lg, & (0 (v(- — &))).

2

(b) L*(R) = ran Le, & (0 (v(- — )))-
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(c) I:&u € L(Hg,u,L(R)> L?,U,L(R))-
(4) Le, € L(L,,, (R), H,  (R)).
(¢) M, is one-to-one and onto.

Proof. Notice that ran L, is closed due to Lemma 20.2. (a) Since ker L = (0% (-)) (see:
[Stu92]), we get:
0 € ker Le

= forae z €R: —d0(x) + u?9?0(x) + cos(Ox (v(x — €)))0(x) = 0

= forae ZeR: — a;é(% +&) + COS(GK(Z))é(% +£6) =0

— forae Z€ER: é(% +&) = 0(2)

= forae z€R: 0(x) =0 (y(z —¢)).
(b) The claim follows by orthogonal projecion.
(c) clear
(d) Thus the claim follows from the inverse mapping theorem since Ly ¢ : HZ, | (R) = L, |
is one-to-one, onto, and bounded.

(e) clear. 0

Next, we define some more complicated operators.

Definition 20.4. (a) L¢, : H*(R) ® HY(R) — HY(R) ® L*(R), where

(2ea (1) ) 1= (—839(@ + cotin(o - o) - uamx)) ‘

(b) Leu: [HQ(R) o Hl(R)} N (ker Leo) 28 5 HY(R) @ LA(R), where

(2 (3)) 1= (—aze@:) + cotin(o - i) - uaxwx)) ‘

Our next goal is to show the following decomposition

L2@L?

H'(R) & LA(R) = Lo ([H2(R) @ H B)| 0 (Tte(€u, ) -HF) "7 (Bte(€u, ), Itul€.0))

In the following lemma we obtain an orthogonal decomposition of H'(R) & L*(R).
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Lemma 20.5 (orthogonal sum).

L2€BL2

H'(R) ® L*(R) = Le ( AR @ H'(B)] N (te(E . ->>*L"’@L2) © (Jte(&,u,)).

Proof. Notice ker £ , = (Jt¢(§,u,")) = <<__UZZZIIIZ§Z(__€§)))> ).

””: clear.
by L2 @LQ

"C”: Let (;) € H'(R) ® L*(R). Since L*(R) ® L*(R) = L¢u(H*(R)® HY(R)) &
ker L7 ,, there exists 1u(§,u) € R, s.t.

(12) = r2e22- lim L, (ZZ) + (& u)dte (€, u, ).

w n— 00

Hence (:j}) = 120r2-lim,, oo Ly <Z") € (Jte(&,u, )8 N |HY(R) @ L2(R)|.

w

<U> € (Jte(&, u,-)) L er?

0= [ (oo - )ela) + 285 (2o = Do) do
=
— / [ — uydyv(z) + vw(x)} Oy (y(x — &)) dx

= [— uyv'(+) + 'yw(-)] e B (y(-— VY =ranLe, (due to Lemma 20.3)

é(l") = [[Azf,url( _ uy&tv(l’) + fyw(x)>
We set N . Let Z =~(x—&).
{¢($) = —u0,0(x) — v() 7( )
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—) —udf =v
—(1 — u2)0%0 + cos(0x (2))0 — udyth — 12020 = w

(é) ( —u,0 — 1) ) (v)
££7u 7 = ~ ~ T = N
W —020 + cos(0x (Z))0 — udtp w

0 0 s (0 v
Set()::<~> ,soﬁau():().

1/} w (kerﬁg7u)l*L2XL2 w w

The following corollary will be needed in the proof of Lemma 23.1 , where we will derive
the modulation equation for the parameters (£(t), u(t)).

O

Corollary 20.6.
H'(®) & L(R) = Lo [F2(R) © H'(®)] 0 (Tte(6, 0, ) 29) "& (3te(e,u, ), Il ).
Proof.

H'(R) @ L*(R)

L2€BL2

=[cg,u]2([H3<R>@H2<R>}ﬂ<tg<s,u,->>w@”) & e ([LeaP)”

L2®L2

- e, [ﬁsyu([ﬂ?’(R)@H?(R)} ﬂ<t5<§,u7->>w®“>} & Wtele,u ). (e )

= Leu([FP®) @ H'(®)] 0 @te( w75 " @te(6 ), Il )

The first and last identities follow from the proof of Lemma 20.5 and elliptic regularity. O

Now we consider Lebesgue and Sobolev spaces on R? and define again some spaces and
operators. Unlike the onedimensional case we consider £ not as a fixed parameter anymore,
but as a new variable.

Definition 20.7. We define the following spaces.
(a) H(R?) = {0 € H(R?) | YA € HA(R) : (0(& 2), ME)04 (D) 2 oy = O}
(b) 12, (R?) = {0 € IP(R?) | YA € HP(R) : {B(€,2), AE)ic(r(z — )2 _aa) = O}
(c) H3L(R?) = {0 € HP(R?) | YA € HP(R) : {0(€,2), AE)ic(2(z — )2 _aa) = O}

(d) L2 (R?) = {0 € 2(R?) | VA € HP(R) - (06, 2), i (r(x — €))yz ) = 0}.
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(e) T:=1I(u.)=[~u.,u] foru, >0.
(f) Y = H*(R?) & H2(R) with the finite norm
yly = 10| m2r2) + | A m2(R)-
(9) Z = L*(R?) with the finite norm
2]z = |2]12®2)-
(h) Y =Yu)
= {y = (0, ) € CL(ue), V) : [Yllyuy < 00, Yu € I(u) : 0(u) € HS,J_(R2)}

with the finite norm
19l = sup |yly-

uel (ux)
(i) Z = Z(u,) = {z € C(I(w), 2) : |I2]l zqun) < oo} with the finite norm

2]l 2@ = sup |z|z.
wel (ux)

We define the following operators.
(a) L: H*(R?) C L*(R?) — L*(R?), where
(LO)(&, Z) = —030(8, Z) + cos(0x(2))0(&, Z).
(b) L: H?(R?) C L*(R?) — L*(R?), where
(LO)(E, 2) = —00(&, Z) + cos(0x(2))0(, Z).
(¢) L, : H*(R?*) C L*(R?*) — L*(R?), where
(Luf)(8,7) = —(1 — u*)020(8, z) + cos(Ox (v(z — €)))0(E, ).
(d) L,: H? (R?) C L*(R?) — L*(R?), where
(L) (&, 2) = (1 = u*)I20(¢, x) + cos(Ox (v(z — )))8(E, ).

(e) M, : H*(R?*) @ H*(R) — L*(R), where

(34 (3) ) (€:0) = (b &) + MO r (= ),
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(f) M, : HS}L(Rz) ® H*(R) — L*(R?), where

(91, (1)) (€.0) = (Lub€.0) 4 AR (o - €D
(9) M : HX(R?) ® H2(R) — L2(R), where
(2 (3)) €21 = e 2 + (2.
(h) M : H?(R?) & H2(R) — L2(R?), where

(41 (3)) €)= woxe. 21+ Meyoi(2)

Now we start to examine the operator L,. Further we want to show the following decom-
position

L*(R?) = ran L, @ ker L,.
Lemma 20.8. (a) ker L, = { 6 € H*(R?) | (&, z) = M)k (v(z — &)), A € HA(R)}.
(b) 0 is an isolated eigenvalue of L.

Proof. Let u € (—1,1).
(a) Kernel of L,: Let w € H*(R?) and L,w = 0.

L,w=20
= for a.e. (£,2) € R?: |u?0? — 0% + cos(0x (v(z — 5)))]10(5, x)=0

B for ae. E € R w(E, ) = M (V(- —€))
= ker L, = { 0 € H*(R?) | (&, 2) = M&)0k (v(x — €)), A € H*(R)}.

This implies that 0 is an eigenvalue of L,.

(b) 0 is an isolated eigenvalue of L,:
Let w € H*(R?), 0 < |A\| < 1 and (L, — \)w = 0.

(Ly — Nw=0
= for a.e. (£,2) € R?: ([Mag — 8% + cos(Bx (v(x — g)))} - A)w(g, ) =0

= forae. £ €R: w(&)=0
= ker (L, — \) = {0}
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The second implication holds because of the spectral gap of L¢, (see: [Stu92]). Therefore

L*(R*) =ran (L, — \) & ker (Ly — A) =ran (L, — A).

(L, — A)7':ran L, N L*(R?) — L*(R?) is bounded:
Let v € ran Ly, [v(§, )| 2 (g2y < 1. Let 6 € H*(R?) be such that

(Ly — N0 =
=forac E€R: (L, — MO, ) =v(E, )

= fora.e. £ €R: (LO,O—)\)H(S,?JFQ:v(f,$+f).

This implies the following identities
0= (L,— M\ ',

forae. £ eR:  0( ) = (Lew — A)(E, ), (20.1)

forae E€R:  0(&, § +&) = (Lo — N M0(é, § +8).
Since (Lo — A)~! is bounded, we obtain

forae. £ €R:  ~|0(¢, ‘)’2L2(R)

2

— lg(e. =
’(5,7%)

L2(R)

2
_ ](LO,O -l S+

L2(R)

- / (Lop — V) ol % L)z

< 1(Zoo = )P / o(c, % L)z

<A[(Loo = NP (€, ')|i2(R) :

Integration with respect to ¢ yields due to (20.1):

‘(Lu - )‘)7

1 12

U}LQ(RQ)
2

= |9|L2(R2)

— 2
< [(Loo = M) 7P olz2ge) -
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ran (L, — \) is closed:

Let y, = (Ly,—\)z,, £ . Boundness of (L,—\)"tyields x, = (L,— )"y, Lt (L, — Ny,
where (L, — A)~! denotes the bounded extension of (L, —\)~! on the closure ran (L, — \).
Since (L, — A\)* = (L, — A) is a closed operator we obtain (L, — A)((L, — A\)~ly) = v.

O

Using the previous lemma we show the following lemma.

Lemma 20.9. ran L, is closed with respect to L*(R?).

Proof. L, is self-adjoint and 0 is an isolated point of o(Ly). ly := Lu|m2@)nker £t is self-
adjoint and has a bounded inverse (see [HS96, Proposition 6.6]). ran L, = ranl,. Let

Yn = luTn = y. Boundness yields x, = I, 'y, = -1y, where I;1 denotes the bounded
extension of [;! on the closure ranl,. Since I; = I, is a closed operator (see [HS96,
Proposition 4.9]), we obtain [, (I;'y) = y. O

2
Lemma 20.10. (a) L*(R?) =ran L, @ ker L,.

~ 2
(b) L*(R?) =ran L, @ ker L.
(c) L, € L(HE,L(RQ)a Li,L(RQ»’
(d) L' € L(L% | (R?), H | (R?)).

(e) Mu, M are one-to-one, onto, bounded and the inverse mappings are also bounded.

Proof. (a) Follows from Lemma 20.9.

(b) The claim follows by orthogonal projecion.

(c) clear.

(d) Follows from the inverse mapping theorem since L, : H, | (R*) — L2 | (R?) is one-to-
one, onto, and bounded.

(e) It follows from (b),(c) and the inverse mapping theorem. O

Remark 20.11. It follows from elliptic regularity of L, that
HYR?) = L (H3, (B) & ker L.
The following lemma will be one ingredient in the proof of the invertibility of 9,,.
Lemma 20.12. Let m be the linear operator, defined by
m:Y — Z,
(0,\) = m(0,\), st m(0,N)(u) = M,(0(u), Mu)).

1

m is is one-to-one, onto and bounded, 1.e., m™" is bounded.
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Proof. m is well defined: clear.
m is one-to-one: Let (6,\) € Y with m(6,\) = 0. It follows

Vu e I:m(0,\)(u) = My(0(u), AMw)) = L,0(u) + Au)0y (y(z —€)) = 0.
Lemma 20.10 yields
Vuel:0u)=0,\Nu)=0=60=0,A=0.

m is onto: Let v € Z. Due to Lemma 20.10 there exists for all u € I a (0(u),\(u)) €
H? | (R*) @ H*(R), s.t.

vwxamzﬂa(ﬁ3>@ww=@ww»@ww+xw@wuwx—®»

Thus

7 ~

) (€,2) = LO(u)(&, 2) + Au)(€)0(2).

where 0(u) (&, Z) = 0(u) (€, % + £). Abusing notation, we write

N

:M<wmm%+@
Au)(€)

2

, (20.2)
) (&2) =1L <9(U)(€, —+ f)) (&, 2) + Mu)(§)0k(Z) -
gl
For f € H*(R?) it holds
|f(§ v (z _5))|HE7Z(JR2)
:(U@m@—fM%Awa@fﬁvﬁ—£m%Awﬁﬂ%ﬂ&7@—SMEAW)

+ 10602 f (6@ = )12 o) + 10:06F (€ 7@ = Oz ey

10T (€ 1w = NI ey 12T €@ =N}, ) )
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= (1€ = )i o)+ 10256 7w = O)iz_aey +7* |BFE A = D3z
+ 910102 (6 ¥(x = )z w2y + 77 10200 F (€, 7(2 = )12 e
+ 101 f(&v(x = &) —vO0af (€ v(z — f))’ig,z(uv)
+ |0 f (&7 (2 = &) — D00 f (€, (2 — €))

N[

— 0102/ (6, 7(x = €)) + PR IE A = ) Fae g )
1
= (; |f(€a Z)ﬁ,gz(]RQ) +7 |82f(€7 Z)ligz(RQ) + 73 |8§f(57 Z) ‘ig,Z(RQ)
+ 710102 (6, 2)\1z oy + 710200 (€ D)1z

1
+ 01f(€,Z) —~0:f (&, Z)|ig,Z(R2)

N|=

+ O 1(6.2) = 10200 (6. 2) = 10000 €. 2) + P BIE D))

IN

1 2 2 2
(; |f(&, Z)|L§72(R2) + |02 f (&, Z)ngyz(]RQ) + ’)/3 |8§f(€7 Z)‘Lg,z(ﬂ@)
+ 70102 f (€, Z)’ig,zaR@) + 710201 f (&, Z)|i§’Z(R2)

2
+ ; |81f(£, Z)|L§,Z(R2) + 27 |(92f<€, Z)’igz(R%

4 2
L A6 2+ 10T D

N|=

+4v]0102f (&, Z)|ig’z(m2) +49° 021 (8, 2) ‘ijz(Rz) )

3
< V52 (€, Dz w2 -

For h € H*(R?) and f(¢,Z) = h(¢, % + &) we obtain the inequality

A

h(ga W

12|z oy < VBy(u)? +9) (20.3)

H 5 (R?)

Similarly, we obtain
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|h(&, x)|H§"z(R2) < T'(u) 5 (20.4)

where I' : (—1,1) — R is a continuous function.

Using (20.3) for h = 0(u) — 6(u), (20.2) and Lemma 20.10 we obtain:

7 L Z
+oy(u)? |0(u)(, @ " &)~ 0@, MO ) H2 ,(R?)
3 =1 v(u i —v(u i
< (M (), o5 + &) — (@6 —as + ) .

3
2

+ cy(u)
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< ey(u)z | MY

Z Z
v(u)(g, o + &) — v(u) (&, (@) +£)

L2 ,(R2)
3 ar—1 i —v(u i
Fr AN ol € o +6) —o@iE T+
s, Z . 4
+ cy(u) 9(“)(57W+5) —Q(U)(famef) .

This implies that (6, \) € ), since v € Z. The inverse mapping theorem yields that m™*

is bounded, since m is bounded.
O

We define some more operators.

Definition 20.13. (a) L, : H*(R?*) & H'(R?) — H'(R?) & L*(R?), where

0 . _uam0(£7x) - 1/}(5737)
(2.(1)) €0 (—age@, )+ coslOrc (1 — )A(E. 7) — u, (e, x>> |

(b) Lo [HQ(]RQ) ® Hl(R?)] Aker L2817 5 [ (R?) @ LA(R?), where

2 0 i _uaxe(gvx) - ¢(£,$)
(2.(7)) €0 (—aze@, )+ cos(Bxc((z — E))OE. ) — udLb(€. x>> |

(c) M, : H*(R?) & H'(R?) @ H*(R) — H'(R?*) ® L*(R?), where

(Mu (%)) (€,2) = (ﬁu (Z)) (€,2) + MEtlEw,7).

(d) M, : [H?(R?) ® Hl(RZ)} Aker L2190 @ H2(R) — H'(R?) @ L*(R?), where

(Mu (;)) (€,2) = (ﬁ (Z)) (6,2) + MOl . 7).

(e) K, : H*(R?) @& H'(R?) — H'(R?) ® L*(R?), where

0 _ udef(&, x) — ¥(§, )
(x. (w»“’x)‘(—@%e(s, ) + cos(brc 3z — )(E. >+uagw<§,x>>'
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(f) Ku: [HZ(RQ) @ Hl(R?)] Nker L2261 5 [(R?) @ L2(R?), where

> 0 . ua§0<€7x) —1/1(575’5)
(5 (3)) eon = (—839(5, ) + cos(Oc (1(z — )0(6,2) + uagw@,x)) |

(9) Ny : H*(R*) ® H'(R?) @ H*(R) — H'(R?) @ L*(R?), where

(Nu @) €= (K (7)) (€4 A(e )

(h) N, : [H?(W) @ Hl(Rﬂ N ker £L10°01% @ H2(R) — H'(R?) @ L2(R?), where

(M @) (6,2) = (/c (Z)) (6,2) + ME(E, ).

We examine the operator £,. Our next goal is to prove the following direct sum decom-
position of the space H'(R?) & L?(R?):

HY(R?) @ [2(R?) = £, ( [HQ(RQ) o Hl(R?)] A (ker L) "5 ) ® {Ma(u), ) € HA(R)} .

Lemma 20.14.
(a)  ker L,
_ 0 2 (T2 12 0 x)\ _ —0x(v(z —§)) 2
- {(w) < H(R) o H(R) (wg,x)) = M) (uvﬂ}%(v(x—f))>’ reH “R)} |
(b)  ker L
_ {(Z]) € H'(R?) & HX(R?) (SJ((E?)) = A6 (“gﬁ %V(Zf__;)))) A€ HQ(R)} .

Proof. Notice that £, : H*(R?) & H'(R?) — H'(R?) & L?(R?) is given by
(2. (%)) € - —ud,0(€,7) — ¥(€,)
N\ —020(8, x) + cos(Ox (v(z = §)))0(&, ¥) — udz (8, 7)
and the adjoint £ : H'(R?) & H?*(R?) — H'(R?) & L*(R?) is given by

(52 (2)) e = (P26 R ).
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since partial integration yields

0 v
Ly ;
< <w> (w) >L2(R2)®L2(R2)

(ot mtrntrie oo o) ()
— —020 + cos(Ox (y(z — £)))0 —udp ) \w L ROLA®?)

- / (—ud,0 — Wl + [~820 + cos(Ox (4(z — €)))0 — udyw da
R2

= / uf0,v — Yv — 002w + cos(Ox (v(z — €)))0w + uyd,w dx
R2

= / [0, v — 02w + cos (O (y(z — €)))w]f + [udw — v|¢ dx
R2

0 v
_ Lt ,
< <¢> (w) >L2(R2)@L2(R2)

Let Z = v(xz — ).

(a) Using Lemma 20.8 we obtain:

’ 0\ _ —udy0 — 1 0
A\ —udyt) — 820 + cos(0x (Z))0

—ud,0 = 1
= ~ . .
—ud,h — 920 + cos(0x(2))0 = 0
N —udy0 = 1)
u?020 — 926 + cos(0x(Z))0 = 0

(€, x) = —uyA(§) 0% (v(x = §))

(b) Using Lemma 20.8 we obtain:

- (v) _ <u8$v—8§w+cos(9K(Z))w> .y

“\w U0, W — v

. {é(&x) = A&k (v(z =€)

U0, w = v

{u@mv — 02w + cos(0x (Z))w =0
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N {u%’gw — 0%w + cos(0x (Z))w =0

U0, w = v

. {w(&x) = M) (v(x ~ &)
0(&,2) = WA (r(x — €))

Remark 20.15. In the following we denote by t¢(u) and t,(u) the functions t¢(-¢, u, -5)
and t,(-¢, u, ) which depend on the variables £ and x.

Remark 20.16. Notice that
ker £, = {M¢(u), A € H*(R)},
ker £ = {\Jte(u), N € H*(R)}.
We prove an orthogonal decomposition of H!(R?) & L*(R?).

Lemma 20.17 (orthogonal sum).

L2aL?

H'(R*) & L*(R?) = L, < [H2(R2) @ H'(R?)| Nker .cjﬁ@ﬁ) & ker L.

Proof. ”2”: clear.
7 C”:
v 2 2
Let (g) € HY(R?)® L*(R?). Since L*(R?)® L*(R?) = L,(H%(R?) ® H'(R?)) . %L ker £¥,
using Lemma 20.14 there exists u(u) € H*(R), s.t.

(Z]) = 2912 nh_)rgo ,Cu (ZZ) + ,U(U)th(u).

Hence (ZZ}) = 2022- lim, o0 Ly (9") € ker L1817 0 [Hl(R2) ) L2(]R2)].

n

€ ker LLPOL* yields

0= [ XO (7030 ~ (e, 0) + 10icr(a — )ue.n) de o

N / | = w100(€, 7) + (&, 2) | N (y(w — §)) d€ da,
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which implies

— uy0,v (€, ) + yw(E, :c)} € ker LY =ran L, (due to Lemma 20.10)
We set

{ — udyyv(&, ) + w(E, x))
D(€, x) é(f z) — v<£ >

Let Z = v(z — &). Due to Lemma 20.10 (Z) € H*(R?*) & H'(R?) and

- —ud,f0=v
L.0(x) = —uyd,v(z) + yw(z)
- —ud,f =v
—(1 — u?)9%0 + cos(0x (2))0 + udv = w
—1p — ud,0
—(1 —u?)d? os,(t9K(Z))9~ — udpth — 12020 = w
r 0 B —ud,0 — 12 B (v)
“No ) —020 + cos(0x(2))0 — udy1p C\w/)
Set (Z) : (2) » K s0 L, <Z> (:j)) O
(te (w)) LoL20L

The following corollaries will be another ingredient in the proof of the invertibility of 9t
Corollary 20.18 (direct sum).

Q::z ||

H'(R?) & LA(R?) = £, ( [H2(R2) @ H'(R?)| 0 (ker £,)1 ) ® (M, (u),\ € H*(R)}

Proof. ”D”: clear.

7C”: Let (v,w) € HY(R?) @ L?(R?) then there exists due to Lemma 20.17

0\ _ 0(u) 22 12 or 1,L2@L?
(¢> = <¢(U)> € H(R*) @ H (R*) N (ker L,)

and A = A(u) € H2(R) s.t.
(5}) =L, (Z) + AJte(u).
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Let Z = v(z — &). Assume without loss of generality || we(r) 7 0, then
<)‘t€(u)> )\Jtu(u)>L2(R2)@L2(R2)
2
= [ 3= [0(2)] — 17 - 9210 2) + G 2) (o - )03(2)) deda

= [ o] dgan

(Aty(u), Aite (u)>L2(R2)EBL2(R2) 70,

due to Lemma 20.17 there exist

(9‘) ) (M> & HA(R?) ® H'(R) N (tc(w) 4 and

¥ (u)

0+# p=pu(u) € H*(R) s.t. (20.5)
u u) = 7(u> u u

Ata(u) = £ ( W) + 1u)te(w).

This is an identity in H'(R?) & L*(R?). We fix £ and pair this identity with Jt¢(&, u, ) in
LA(R) & L(R). Tt follows due to Lemma 20.5 for a.e. £ € R:

A& u)y(u)*m = p(E, w)|[Jte (€, u, ')H%Q(R)@LQ(R) = pu(&, u)(u?y’ ‘9/1/(@2(11@) +7 |6/Kﬁ/2(]R))’

since
13t (&, u, ) |72 mymr2m)
— ” _u’yZe/I,((PY(' - 5)) H2
S\ (=g ) EEEEE
2 2
= u’y’ 0% L2y + 7 10k o) -
Consequently

Au) = n(u)p(u),
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where ) 0 |2 0 |2
w0k ey + Y 10k 2wy
n(u) = ~(a)im eR.
Thus
AMu)Jte(u)
n(w)p(u)Jte(w)
0
= () MWty (u) —1(u) L, ( ! )
P(u
and

A ) N I (0 W 4 W) (u
(w)—cu ( W))”( )Jte(u) z(( W) n( )<¢(u>>>+n( JA ()t (u)

The sum is direct, i.e.,
{Mtu(u); A € H2(R)} N L (HA(R?) & H'(R?) N (te(u)) B0 = 0

due to (20.5). O
Remark 20.19. It follows from elliptic regularity of L, that
H2(R?) & H'(R?) = r;u<[H3(R2) & H2(R?)| N (ker cu)iﬂ@ﬂ) & {Ma(u), A € HX(R)} .

Corollary 20.20.
(a)  ker M,

0
i { ¢) c H(R?) & H'(R) & H'(R)
A

0§, r) —0 (v(r =€)
(& x) | = p&) | w0 (v(x—¢€) |, ne H(R)
A(€) 0

(b) M, is one-to-one, onto, bounded and the inverse mapping is also bounded.

Proof. Follows from Lemma 20.14, Corollary 20.18 and the inverse mapping theorem. 0O



170 Virtual Solitary Manifold

20.1.2 Inverse Operator
We start with a definition.

Definition 20.21. (a) X = R with the absolute value on R as a norm.
(a) Y = H*(R?) ® H*(R?) & H?(R) with the finite norm
yly = 10]m2m2) + [V]m2) + [Alr2w) -
(b) Z = HY(R?) ® L*(R?) with the finite norm
2z = [vlm®e) + [w]L2we) -

(¢c) Y =Y(u)

= {y = (0,9, M) € CI(w),Y) : |yllyuy < o003 VueI(u), VAE H*(R) :

0(u) (€, x) O (v(z =) _
< (@b(u)(& x)) ,A(€) <_me';((fy(x — f))) >Lg (oL (22) - 0}

with the finite norm
19lly @) = sup |yly.

u€l (us)
(d) Z = Z(u,) = {z = (v,w) € C(I(ux), 2) : |2l 2wy < oo} with the finite norm

12| z(u) = sup |z|z.
’U,EI(U*)

We want to show that the linear operator
MY (us) = Z(uy),
given by
M| | (W) =Na| d(u) |,
Au(u)

is invertible if u, is small. The operator N,, contains derivatives with respect to & and with
respect to x. This fact makes it difficult to analyze the operator 2. Therefore we consider
first the operator

m:Y — Z,
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given by
i 0 ) é(u)
M| ) | (u) =My | d(u)

The operator .A%lu contains only derivatives with respect to x. This allows us to prove
invertibility of 901 by using the statements from Section 20.1.1.

Lemma 20.22. The linear operator

M:Y — Z,

given by

>
<
>
IS
—~
<
S~—

18 1nwvertible.

Proof. 901 is onto: Let ( ) € Z. Due to Corollary 20.18 for all u € I there exists

<9 U))> c [H*(R?) @ Hl(R2)] A ker £L1EE

(W) 3 (j;(“)) + Xu(w)tu(u) (20,6

First of all we would like to prove that A, € C'(I, L*(R)). (20.6) is an identity in H'(R?) &
L*(R?). We fix £ and pair this identity with

(et - ) (B
Helbu) (—wmc—f))) '(t2<u><f,->>
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in L2(R) & LZ(R). Tt follows due to Lemma 20.5 for a.e. £ € R:

O(u)(&,2)\ [ti(uw)(€, ) s
<<w(u)<§’x))7 <t2<u)<€’x))>Li(R)®L%(R))\U(gj P

We have to prove that the map
I — LE(R)

u= f(u),

_ /[ 0w)(&x) ) [ ta(u)(E, )
f(u) <£> - < <q/j<u) (f, Q?)) ’ (tQ(U) (f, Q?)) >L%(R)€BL%(R) )

is continuous. Therefore we deduce an estimate for the difference

[ (s - rye)) ag

where

<2 [ ({B)(€ 0t (€2 300 — B2 @Dz )

+2 [ ()6 2), ta(0)(€2)) ey ~ W@(E ) @6 DNz ) -

We consider the first integral, the second one can be treated in the same way:
2
2/ ( <9(u) (57 l’), ty (u)(fa x))L%(R) - <9(7“_L) (57 fK), ty (ﬁ) (57 x)>L§(]R) ) dg
=2 [ ({6(0)(€2), ()€ 0) 300, — (O10)(E )1 0) (60 2

+ <9(I_L)(£7 .I)7 tl(U)(f, I)>L%(R) - <¢9(ﬂ)<§, l‘), tl(a)(€7 x))Lfc(R) >2 dg
< 410(u) (&, 2) = 0(@)(&,2)[12(me) [ (@) (€, 2) T2 s

+ 4]t (u) (€ ) — tl(ﬂ)(fax)\ig(m) W@(fa@@%ﬂ@) :

g) € Z. Notice that the

norms of t; do not depend on &. It follows that X\, € C(I, L2(R)). Now we set

o _ (0w oo
(1) = (%) 50t i

The terms on the right hand side converge to 0 as 4 — wu, since (
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Let Z = v(x — &). We determine <9~(u)>

U(u)
r 0 _ —ud,0 — QZ _ (v)
b ) —855 + COS(@K(Z))H~ — udy w
U= —udf — v
—020 + 12020 + cos(0x (Z))0 + ud,v = w

= —udf —v
—(1 — u?)d%0 + cos(0x (2))0 = w — udyv

i

Using (20.7) we compute

—u@@—v

— u0v

%z I

w — wOyv
=) — N[O (Z) — w2y @ — E)O(2)] — 1B, + uniOy[ur® (x — €)04(Z)]
= b — udab — N[0 (Z) — >y (& — )04 (2)] + M’V 0 (Z) + uPy* (x — )05 (Z))]
=) — udpb + N [(1 4+ u2)V305(2)] + 20 [y (z — )01 (2)] .

This yields

)

{1/: = —udy0 — v
Luf + X[(1+ w0k (v(z = €))] = & — udpf — 20, [uy(x — €)0%(Z)]

{1/: —udyh — v
50 + Xulbic (1 — ) = s (¥ — w0 — 2N, [ (e — 9%(2)])

l—i-u2
( T kerLu) = N ey (= ua8 = 2, [y (@ — )94(2)]) |
Y= —ua - 0+ Nufuy’(x — €)05(2)]
1
Hence ((1+ kerL > € J due to Lemma 20.12, since 775 (¢ — ud,0) € Z and
0.9,

X € C(I, L*(R)). Thus (6,1, X,)
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M is one-to-one: Let (6,9, \,) € Y with

=
<, ™
I
o

This implies Yu € I:

It follows from Corollary 20.18 that

™
Il
uO
<,
Il
“O
P
IS
Il
(e}

Yuel: B(u)=0,19u) =0A(u)=0 =

The inverse mapping theorem yields the claim. O

Next, we want to show that the operator norm || M| is bounded by a continuous function
in u. We start with a preparing Lemma.

Lemma 20.23 (Norm of J\;Iu_l). There exists a constant ¢ > 0 such that

HMJlHL(L%W),H?(R?)xH?(R)) < C’Y(U)HMAHL(L%R%,H?(R?)xH?(R)) :

Proof. Let
|U|L2(R2) <1

Due to Lemma 20.10 there exists
(3) e 2. 0 12w,
such that
() =11, () (€.0) = (L) E) + MO oz = )
Thus abusing notation in the same sense as in (20.2), we write

A
’U(57 ; + 5)

o <6(§:\i;r 5)) € 2)=1 (Q@ % +§)) (£, 2) + MN&)0%(Z) .
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Using the inequality
1.2z < VE(w)? |A(E o +-0)
Y 2 — 2 N
He (%) v (u) L (R2)
from (20.3) we obtain
M) (.
‘( uw U (5 ) (R2)®H§(R)
_ ‘(e@,x))
M) HE ,(R)SHE(R)
= [0(¢, x)|H€2’w(R2) + |)‘(§)|H§(R)
3 Z
< ey(u)? 6’(57 "t ¢) +oy(u)? MO pzw
() HE ,(R2)
, =+
= cy(u)? ( &5 g)
HZ ,(R?)®HZ(R)
3 A
= cy(u)z | M ( S 6))
v HZ ,(R)©HZ(R)
3 Z
< ey(w)2 M7 Ju(€, ) +¢)
v 12 ,(R?)
< N [0 D)y oo,
where ¢ = /5 O
Lemma 20.24 (Norm of M_1). There exists a continuous function C : (—1,1) — R

such that

IMY < C(u).

)

Due to Corollary 20.18 there exists

Proof. Let
<1.

HY (RS L (R?)

e [H?(R?) x Hl(]R2)] Aker L2FXE 5 H2(R),

g’x@z ™
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such that

Now we set

(;’J) - (Z) — Ntu(u). (20.8)

0 . —u@cé — 1; (v
v B —020 + cos(0x (Z2))0 — udy - \w
()= (aectili-as) =

—ué?xé —

uéz w — wO,v

Using (20.8) we compute
w — udyv
=¥ = N[7°0%(2) = Py (@ = O0%(2)] = ude + uhDolur® (x — €)07 (7))
= ¥ = ud,f — N[-7°05(Z) — W’y (& = O0K(2)] + Nu[u?7 0 (Z) + uPy (x — €)05(2Z)]
= b — 1D + N[(1 + )0 (2)] + 2N [Py (x — )01 (2)].
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This yields

{1; = —udy0 — v
L0 + X[(1 4 )P0 (v(x — €))] = ¢ — udf — 20, [u*y* (z — )03(2)]

) = —ud,f —v
L [rrtegsl] + Ml oo — )] = gy (16— whf — 2w — (2)])

“ )y
(mé%{e]@ _ -1 1 _ O [12~4 (e 1
N “ M, |:(1+u2)'y3 (@b u0,0 — 27, [u*y*(z g)eK(Z)D}

U

b= —ud,0 — 0+ N\Juy*(z — )0 (2)]

Lemma 20.23 yields the claim.

Now we are able to prove that 9 : Y (u,) — Z(u,) is invertible for small u, by using the
Neumann Theorem. In order to specify u, we introduce the following definition.

Definition 20.25. Let C' be a specific fized function from Lemma 20.24. Set
ut = u*(|MY]) = supf{u e (=1,1) | Vs,t e R: s, [t| < |u] : |s|C(t) < 1}. (20.9)
Corollary 20.26. The linear operator

MY (uy) = Z(uy),

T ™

— 9N

g/lﬁz ™
>
S

given by

>
S
>
S
—
N
~

15 tnvertible if u, < u*.
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Proof.
M: Y (u,) = Z(u),

0 0
[ A
A A

is invertible by Lemma 20.22. Let C' be from Definition 20.25. For

(e) <7 | )

o (Z) v
. -1 9(“) ~
= (w<u>> v

< sup IIM;1|||<

Jul<u.

<1

— )

Z(ux)

we obtain

< sup [|M,1|

ful<u-

< sup C(u),

Ju] <u
ie.,

H91~R_1|| < sup C(u).

Ju|<ux

Let 33 be given by

0 0
ARLIr:
Au Au
where
. Z . (agé(u)> o (amé(u >
Oetp(u) L1 ()

P!
<
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For B B
0 0
1; € Y(“*)ﬂ 1; < 1’
Au Au ¥ ()
we obtain
0
1B ¢ |z
Au
0.0 )
= sup u( gN(u>> +u (@?(u))
<. | \Oetb(u) b(u) )|,
< sup |ul,
|| <us
ie.,
Bl < sup |u].
u] <us
Thus
9B 190 |
< sup |uf sup C(u)
|| <us || <u
<1,

due to (20.9), since u, < u*. Hence P + 9 = 9 is invertible by Neumann Theorem. O

20.1.3 Inverse Operator in Spaces of Higher Regularity

Let n € N. In this section we want to prove invertibility of an analogous operator to 9t
in spaces of higher regularity. We define analogous spaces to Y (u.), Z(u,) from Defini-
tion 20.21 but with higher regularity in .

Definition 20.27.

(a’) fYV’n = ?n
_ {y _ ) € C (1), 7) : [yl 0y < 003 ¥ w € I(u), ¥ X € H(R)
< (

(2.)
(0,9, A
0(u)(&, ) Oy (v(z =€) _
(w(u)(& x)) DY) <_me';((fy(x — 5))) >L§ (6L, (22) B 0} ,
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with the finite norm

1Yll5, (u,) = sup <Z|é‘iy(U)ly).
i=0

uel (us)

(b) Zp = Zn(uy) = {z = (v,w) € C"(I(u,), 7) : 1201z, () < oo} with the finite norm

121l Z, (uy = sUP <Z|51 )

w€l (ux

The following lemma provides invertibility of an analogous operator to 91 in spaces of
higher regularity in w.

Lemma 20.28. The linear operator

M : V() = Zn (),

i\ [
T ) T
A A
given by
Mo | o | (W) =N | ¥(w) |,
Au S\U(u)
1s tnvertible if u, < u*.
- 0 I A
Proof. We skip u, in the notation. 91, is well defined: Let [ | € Y,. 9, | ¢ | is
A A
differentiable, since
Ll (0 A 0(u)
A A A(u)

HY(R?)@L?(R?)
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(R2)OL2(R?)

1 O(uth)) Ou)) 0(u) 0(u)

< N Kuin (W h)) Ky (WW) Ou[ ] ( (u)) h —K.0 ( (u)) h S
IMU+M w(u+h) = Mu)ty OuMu)tu(u)lhl g @25 12 @)

1], (u+h) 0(u 0(u) O(u+ h)
( ) R ) a({) e ()

e [ 0) (u)

o («M) ( m) S I

MW+M u(u 4 h) = M)ty (u) = Ou[M(w)tu(w)]h] g1 g2y 12 (82)

H(B2)@ L2 (R2)

+%Mw+hﬁﬁH40—MMQW%4MMWMWWMMWWHW>

h—0

— 0.

Higher regularity and the continuity of the derivatives can be shown in a similar way.
M, is one-to-one due to Corollary 20.26.
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0
N, is onto: Let (Zj}) € Zn Due to Corollary 20.26 there exists (¢) € Y such that
A

0(u
w(<u)> Sl
Au) ¢ \w(w)
9 ~
We are going to show that | v | € Y,. ker M, is a closed subspace of the Hilbert space
A

L*(R?*) x L*(R?) x L*(R) with the standard inner product. We denote by
P, : L3(R?) x L*(R%) x L*(R) — ker M,,,

0 0 0
V=P =Y
A A A

ker M,
the orthogonal projection on ker M,,. Let

R, : L*(R?) x L*(R?) x L*(R) — (ker M,)*,

0 0 0
Y| = (Id - Pu) v =|¢
A A A (ker M) -
Recall that
ker M,,
; e A
- So) ermemEep® | |veon | —uo (M67) iemm
) A

due to Corollary 20.20. An orthonormal basis of ker M, can be constructed by choosing
an orthonormal basis of L*(R) and normalizing the vectors. Thus we are able to write an
orthonormal basis of

ker M,, C L*(R?) ® L*(R?*) & L*(R),
in the form

Su

0
) (¢) € L*(R*) @ L*(R*) ® L*(R)
A

C L*(R*) ® L*(R?*) & L*(R),
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where eg(-, u) depends smoothly on u. Therefore it holds that
span(S,) = ker M,, .

Notice that P, is given by

0 o0
2) = 0(5,56) e u w1 ek(f,u)tg(f,u,m)
" (Awu) “ )—;<<d’(§’“”)>7 et )>L2 <R2>@LEZ<R2>< ! ) |

&z

and
O(u+ h) 0(u) A o(u) 0(u)
- ww+m-—ww>—Mﬁp«(w>wmm>ww |
A(u + h) Au) Alu)
. 0 )
+§:(%Wﬁwo<<ww>xM%WﬁdN>HWJ
- 0 H2(R2)GH' (R2)& H2(R)
o O(u+ h) 0(u)
<z NN [ lu+h) | = | ¥(u)
AMu+ h) A(u) (hor M) L

H2(R2)® H' (R?)® H?(R)

O(u+ h) 6(u) A o(u) 0(u)
M)\ ) ]

H2(R2)® H' (R?)® H?(R)
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O(u+ h) 0(u)
Yu+h) | — ¥
AMu+ h) A(u) (kor M)

We consider the terms separately:

) O(u+ h) 0(u)
No | | lu+h) | = | ¥(u)
Au+ h) A(u) (o )

Lo
WA

. KRR 0(u)
< TN NG [(u+h) =N | olw)
Au+ h) (e M) Au)
() 0(u)
— |0 (w(u)> = (OuNu) | (u) h
Au) (ker Mu)t 11 (R2)gL2(R2)
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1
< I NG

O(u+ h) 0(u)
Wt | = | vt ||
AMu+ h) A(u)
O(u+ h) 6 (u)
= N | [t h) | = | w)
A(u+ h) A(u)

O(u+h) 0(u)
Nowa| [ w0 | = | o ||
AMu + h) A(u)

+7 HN il

Lo
= I

O(u+h) 0(u)
(Mo = Nawn) | (wu + h)) - (wu)) |
Alu+h) Au) H(R2)®L2(R?)

0(u+ h) 0(u) 0(u)
Nugn [ ¥u+h) | =Ny [ 9(u) | = Nugn | 9(w)
A(u+h) A(u) A(u)

H(B2)@L2 (R?)

Loy
+ W

Lo
= I

0(u+ h) 0(u)
(M = N )| (w(u + h)) - (wu)) }
Alu+h) Au) H(R?)&L2(R2)

0(u)
v(u+h)\ o)) B "
(w(u + h)) (w(U)> (N“HL N“) (fgu)))

HY (R?)®L?(R?)

Lt
o ol
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We use the notation ey (&, u)te(§, u, x) = by(u) for the next term.
O(u+h) 0(u) ) o(u) 0(u)
vl | - [ | -85, (w(u)) N [t |
Au+h A(u) A(u) M

)
. 0(u)
5 (w ( (W),aubk<u>>w(m)) h
0

H2(R?)H (R?)OH?(R)

. O(u)
N Z br(u) ¢(U)>7ank(u>>L2(R2)@L2(R2)) h

H2(R2)&H' (R?)H?(R)

= o
N

_|_

=
|

=

=

_.I_

=

u
B >>bk(u)_bk(“+h)>
=7 (u+h) = ¥(u) + ¢(u) LAR)SL? (R?)
0
0(u)
Oub
w(ﬂ/))? k(u)>L2 5 ) 9 h
2 (R2)@L2(R2)
0 H2(R2)©H' (R2)©H2(R)

,%[bk(u) —bk(u+h)}> )
L2(R2)@L2(R2)

. 0(u)
. Z (bk(U) <¢(U))’a“bk(u)>L2(R2)@L2(R2))
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. Q(U) 1 u) — Uu
N Z (bk(u) < (@D(U)) ' h [bk( ) bk( + h)] >L2(R2)@L2(R2)

<SR bo-nenl)
)i
EHCE) el i -wenl)
(")

H?(R*)oH! (R?)®H?(R)

Higher regularity and the continuity of the derivatives can be shown in a similar way. The
linear operator N, is obviously bounded. The inverse mapping theorem yields the claim.
O

In the following, we want to show that an analogous operator to 91 is invertible in spaces
of higher regularity in all variables u,§ and x. Thus we define analogous spaces to those
from Section 20.1.1 with higher regularity and and analogous operators.

Definition 20.29.
(a) HY(R?):={0 € H*(R?) | VA € H*(R): (0(¢, Z2), M&)0k(2)) 122y = O}
(b) L: H(R?) c L?(R?) — H'(R?), where
(LO)(&, Z) = =030(&, Z) + cos(0x (£))0(&, Z).

(¢c) M : H?(R?) @ H*(R) — H'(R?), where

(4 (3)) €21 = wore. )+ (2.
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(d) Ly [H3(R2) ® H?(R?)] Nker L2280 5 [2(R?) @ HY(R?), where

A 0 . —u@me(g,x) - 1/}(5,1')
(2(7)) €= (—829(5, )+ coslOrc (1 — )A(E, 7) — ud, (e, x>> '

(e) M, : [H%R?) ® H?(R?)} Aker L2290 @ H2(R) — H2(R?) @ H'(R?), where

(& @) ) (6,2) = (ﬁ_ (Z)) (6,2) + MOl . 7).

Definition 20.30. Let C : (—1,1) — R be a fized continuous function such that

]

< C(u).

Set
' = (|A ) =sup{u € (=1,1) | Vs,t € R+ |s],[t] < Ju] : |s|C(t) < 1}
Remark 20.31. Using Remark 20.11, (20.4) and Remark 20.19 we obtain Lemma 20.12,

Lemma 20.22, Lemma 20.23, Lemma 20.24 with higher regularity in (&, z), which ensures
the existence of the function C' in Definition 20.30.

Definition 20.32. (a) V' = H*(R?) & H*(R?) ® H%(R) with the finite norm
Yl = 10lms@e) + [V]m2@e2) + A m2w) -
(b) Z' = H?(R?) ® HY(R?) with the finite norm
12|20 = v|m2(m2) + |w|m1(R2) -
(¢)  Yo="Ya(us)
—{y= 6,60 € DT Dl < 001 Y u € Tu), ¥ A€ HA(R):
<<e<u><s,x>> O ( Ohc(1(x ~ ©)) >> _ 0} |
Y(u)(& ) —u0 (v(z =€) 2 @erz @)

with the finite norm

Yll¥7u) = sup (ZWZ?J(UNY’) :
=0

UEI(U*)
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d) Z, = Zy(u,) =4 z=(v,w) € C"(I(uy), Z") : |2l 2, u) < 00 p with the finite norm
n ()

121z (ue) = Sup (Z IaiZ(U)b) :

(e) K : [H?’(RQ) <) HQ(]R2)] Nker LHP°OL° 5 H2(R?) @ H'(R?), where

> 0 o ua§0<£7x) —¢(57$>
(£ (1)) 0= (—aze@, ) + cos(Orc (7 — )OI, ) + ude (€, x>> '
() Ny : [H3(R2) o H?(R?)} A ker £L10°01% @ H2(R) — H2(R?) & H'(R?), where

0

y = (K 0 x W& u, ).
Nl o) Jien = (£2) () @0+ 2006w

The following Proposition provides that the desired operator is invertible in spaces of higher
regularity in all variables u, £ and =x.

Proposition 20.33. The linear operator

M, Yo(ue) — Z,(us),

0 0
T ) TS
M M

given by

p
<
pT
<
—~
£

1s invertible if u, < u*.

Proof. M, is well defined. Using Remark 20.11, (20.4) and Remark 20.19 we obtain
Lemma 20.12, Lemma 20.22, Lemma 20.23, Lemma 20.24, Corollary 20.26, Lemma 20.28
with higher regularity in (&, x). O

The higher regularity in « and ¢ will be needed in Chapter 21.
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20.2 Inverse Operator in Weighted Sobolev Spaces

Let a,n € N. We consider some spaces Y, (u.) C C"(I(u), (Y?)'), Z%(u,) C C™(I(w), (Z)),
analogous to the spaces Y, (u.), Z,(u) from Definition 20.32. The main difference to the
previous section is that (Y®)', (Z%)" are weighted Sobolev spaces. The goal of this section

is to show that certain operators

MY Y (uy) = 20 (us)
which are defined analogous to the operators
M, : Yo (ue) = Zn(uy),

are invertible for small u,. The reason for working with the spaces Y,*(u,) and Z%(u,) will
become clear in Chapter 21. Since this section has the same structure as Section 20.1 we
will refrain from comment the way of proceeding.

20.2.1 Preliminary Decomposition
Definition 20.34. We define the following spaces.
(a) L**(R) := H*(R).
(b) H2S (R) = {0 € H2(R) & (0(), 03(v(- = ©))) o) = O}.

(¢) Lgy  (R):=={0€ L’(R) : (0(), 05 (7(- = &))) p2(my = O}
We define the following operators.
(a) Lg, : H**(R) C L**(R) — L**(R), where

(Lg,0)(x) = —=(1 — u?)920(x) + cos(Ox (v(z — €)))0(x).
(b) L, : Heo (R) € L**(R) — L**(R), where
(Lg ,0)(x) = —(1 — u*)826(x) + cos(Ok (v(x — €)))0(x).
(c) Mg, : H*(R) @R — L>*(R), where
(Méfu (i)) () = (Leut) () + M (v(z = §)).

(d) Mg, : Hpo (R) R — L**(R), where

(322, (7)) 0 = (Leat)) + 3212 - €
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Lemma 20.35. ran ¢, is closed with respect to L>*(R).

Proof. We consider the case (§,u) = (0,0). The proof works for a general ({,u) €
R x (—1,1) in the same way. -

Let v, € ran L, and v, = L0, ow, st 6, € H(?EL(R)- Therefore v € L**(R).
Lemma 20.2 implies the existence of § € H{, , (R) such that v = Lgof. We claim that
6 € H*>*(R).

Lemma 20.3 (d) yields 6, 39. Tt holds that 0n(z) = 26, (x) € H*(R) and

Lo o[0n ()]
=—20, (x) — 20, (z) + x cos(Ok (x))[0n(x)]

=—20, () + xLo o0, (x) = =20/ () + 2 Loof(z) =: 3(z) € L*(R).

Lemma 20.2 implies the existence of § € H§,, (R) such that 0 = Loof. Lemma 20.3 (d)
yields 6, LNy} Using

oy F @) = 20 e

with any smooth cut-off function y we obtain 6(x) = z6(z) almost everywhere, since

6, 50,
b, 50
Thus v = Loof = Lg,0. We get the claim by application of the same argument on
0(z) = 2%0(x) ete. O
L2

Lemma 20.36. (a) ker L, = (0% (v(- = €))), L**(R) =ran Lg, @ (O (7(- —£))).
() 2R = ran g, '8 (Br( — ).
(¢) Lg, € L(HZ, (R), Ly | (R)).
(4) [Lg, )7 € L(Lgy  (R), H ' (R)).
(e) M“u S L(Hf,’iL(R) ® R, L>*(R)) and ]\ng‘u is one-to-one and onto.

Proof. Analogous to the proof of Lemma 20.3. O
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Lemma 20.37. Let 0 < k < a and 0 < |A\| < 1. Then
(Lgy— A" e LIL**(R), L**(R)).

Proof. It follows from the fact that the operator —9% + cos @ (Z) is nonnegative and it
has a one dimensional null space spanned by € (-) and the essential spectrum [1,00). O

Lemma 20.38. H>*(R?) lies dense in L*>*(R?).
Definition 20.39. We define the following spaces.
(a) L**(R?) := H"(R?).
(b) HI*(R?) :={0 € H**(R®) | VA € H*(R) : (0(§, 2), M0k (Z)) 20 ey = 0}
(c) HyT(R?) == {0 € H*>*(R?) | V X € H**(R) = (0(€,), M)k (v(x = €))) 20 ey =
0}.
(d) LT (R?) = {0 € L**(R?) |V A € H**(R) : (0(,2), M€k (V(x = ))) 20 ey = O}
(e) V¥ = H>*(R?) @ H“*(R?) with the finite norm
[Ylye = 1020 @) + [Aro@)-
(f) 2% = L**(R?) with the finite norm
250 = [#l e

(g) ya :ya(u*)

= {y = (0, \) € C (1), V)t [Yllyouy < 00, Vu € I(us) : O(u) € Hzﬁ(RQ)}

with the finite norm
[9llyew) = sup |ylpa .

uel (uy)

(h) Z% = Z%(u,) = {z € C(I(uy), 2%) « ||2]| za(u.) < oo} with the finite norm

2] zeuy = sup |2]za -
u€l (us)

We define the following operators.
(a) L*: H>*(R?) C L**(R?) — L*>*(R?), where

(L0)(&, Z) = —070(¢, Z) + cos(0k (Z))0(&, Z) -
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(b) L : HY*(R?) C L**(R?) — L>*(R?), where
(LO)(€, Z) = —030(&, Z) + cos(0x(2))0(€, Z).
(c) LY : H>*(R?) C L**(R?) — L**(R?), where
(L30)(& 2) = —(1 = u?)D20(&, o) + cos(Ok (v(z — €)))0(&, ).
(d) LS : H2G(R?) C L**(R?) — L2*(R?), where

u,

(L50)(€,7) = —(1 = u?)D30(&, x) + cos(Ox (v(x — £)))0(¢, ).
(e) M2 : H>*(R?*) & H>*(R) — L>*(R), where

( ( ) (L30)(&, ) + M)k (v(z — £)).

(f) Mg H2(R?) & H>*(R) — L**(R?), where

( ()) (L20)(€,x) + A(E) (v(x — €)).

(9) M*: H**(R?) ® H**(R) — L**(R), where
(3 (5)) (6.2 = wore. 2+ Mo (2.
(h) M®: H**(R?) @ H*>*(R) — L>*(R?), where

(51 (3)) (€. 2= o 2) + 2@)h(2),

Lemma 20.40. (a) ker L% = { 6 € H>*(R?) | (&, ) = M) (v(z—E)), X € H*>*(R)}.
(b) 0 is an isolated eigenvalue of LY.

Proof. Let u € (—1,1).
(a) Let w € H>*(R?) and Low = 0.

Liw=0
= forae. (£2) €R?: |u?0? — 0 + cos(Ox(y(x — &))) |w(&,x) =0

BT for ae. £ € R w(E, ) = MEIK (-~ €))
= kerLy={0€ H**(R?) | 0(§,2) = A&}k (v(x =€), A€ H**(R)}.
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This implies that 0 is an eigenvalue of L.

(b) 0 is an isolated eigenvalue of L%:
Let w € H**(R?), 0 < |A\] < 1 and (L% — A\)w = 0.

(Ly —Nw =0
= for a.e. (£,2) € R?: ([uQ(‘?g — 92 + cos (O (y(z — 5)))} — A)w({‘,x) =0
= forae. £€R: w(& - )=0
= ker (LY — ) = {0}
The second implication holds because of the spectral gap of Lg, (see: [Stu92]). Therefore
L**(R?) = ran (L2 — \) @ ker (L& — \) = ran (Lo — \).

(L2 — X\)~!:ran LY N L**(R?) — L**(R?) is bounded:
Let v € ran L}, [0(€, 7)| 2.0 (me) < 1. Let 0 € H**(R?) be such that

(Ly — N8 =v
=forae £ €R: (Ley — N ) =v(&, )
= forae E€R: (L3, — N, ; +6) = (e, ; +€).
This implies the following identities
0= (L>— )\,

for a.e. £ € R : 0, ) = (L?u - /\)_IU(@ ok (20.10)

forae ¢ €R: (¢, ; +8) = (Lo — N) "ol ; +€).

Since (L{, — A)~! € L(L**(R), L**(R)) for 0 < k < o and 0 < |[A] < 1 due to Lemma
20.37, we obtain for almost all £ € R:

(L+[EP+1-P)

o2
2

1
2
K L2(®)

2\ 2
= <1+|§|2+ —+¢£ ) 0, — +¢€)
8 Y

- (1+\£!2+ —+¢
Y
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e

< c(a) (O‘)Wa“—k (1 " \4
k=0 k fy

<@y (§) |

2\ 2
> (Lgo — M) 'w(€, S + &)
L3(R)

k
2

(Lg,o — N Mw(E, ; +£)

L2(R)

<)Y (“)ﬂawknwao—x)-lnk (/ (1+|Z|2>’“v<f,§+§>%zz)é

k=0 k
§ a 3 7 k 7 :
<72%c(a)) (Z) €1 LG o — N) 7l (/ (1 + \5 + &7+ \€|2> (€, b~ + 5)2dZ>
k=0
< 7223 ¢(a) (Z) 1ML o — X) I ’(1 + e+ |- ‘2)5 v(&,) L2(R)

)

<) [(LHIEP+ )P o],

where [[(L§o —A) "k == [|(L§o — A) "'l n(z2kr), 12 (r))- Integration with respect to £ yields
due to (20.10):
a 1,12
Y ‘(Lu - >\) U|L2,(1(R2)

2

= 7| (L4 I + [2)F (25 - N o€ )

L2, (R?)

o
2

(5 ) )
(% T
’ Lg’m

<H0()?

(14 [€]> + |2?)

(#2)
= 7C() 0] 2 (s2) -

ran (Ly — A) is closed: | o
Let y, = (L% — Nz, © = 4. Boundness of (L2 — \)™! yields z,, = (L% — \)ty, “ =%
(L> — X\)~1y, where (L> — \)~1 denotes the bounded extension of (L% —\)~! on the closure
ran (LY — A). Since (L, — \) is a closed operator we obtain (L& — A\)((L2 — X\)~ly) = y.

O

Lemma 20.41. ran LY is closed with respect to L>*(R?).

Proof. Let v, € ran L and v,, = L20, = Hii(]l@) Therefore v € L**(R?).
Lemma 20.9 implies the existence of # € H_  (R?) such that v = L,f. We claim that
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0 € H>*(R?). Lemma 20.10 (d) yields 6, 29, Tt holds that 0n(&, ) = 20, (€, ) € H2(R?)
and

= —2(1 = u*)0,0n (&, 7) — (1 — u)9;0n (&, x) + wcos(Ox (y(x — €))[0n(€, )]

= 21— u?)0u0n (€, ) + 2Lufn(E,7) B —2(1 — u?)D,0(E, ) + wLB(E, ) = T(€,x) € L*(R?).

Lemma 20.9 implies the existence of § € H? | (R?) such that o = L,0. Lemma 20.10 (d)
yields 0, ﬁ 6. Using

(& DB(E, ) — 2b(¢, )]

< |\(&2)[0(¢, ) — 26a(&, )

+ |X(f,l’)[l’0n(£,l’) - xe(éax)”Hg,z(R?) 5

A2, (R2)

with any smooth cut-off function y we obtain é(f ,x) = x0(§, x) almost everywhere, since

1%
B

Oy,

1%
™

0,
Thus v = L,0 = L6. We get the claim by application of the same argument on é(f ,x) =
220(€, ) ete. O

2,
Lemma 20.42. (a) L>*(R?) =ran L2 @ ker L.
LQ,OL

(b) L**(R?) =ran L® & ker L°.
(¢) Lg € L(H; T (R?), Ly (R?)).

L o7-1
(@) |La] e L @), 120 (RY)).
(e) Mg,M@ are one-to-one, onto, bounded and the inverse mappings are also bounded.

Proof. Analogous to the proof of Lemma 20.10. O

Lemma 20.43. Let m® be the linear operator, defined by
me: Y — 29
(0,\) = m*(0,\), s.t. m*(0,\)(u) = M{j‘(@(u),)\(u))

«

. . -1 .
m® is one-to-one, onto and bounded, i.e., [m®|”"" is bounded.
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Proof. m® is well defined: clear.
m® is one-to-one: Let (6,\) € Y* with m*(6,\) = 0. It follows

Vu el m®(0,\)(u) = Mg (0(u), A(u)) = LEO(u) + A(w)0 (v(z = €)) = 0.
Lemma 20.42 yields
Vuel: O(u)=0,ANu)=0=0=0,A=0.

m® is onto: Let v € Z% Due to Lemma 20.42 there exists for all u € I a (6(u), A(u)) €
H27(R?) & H**(R) such that

0(u)

Vuel: o) z) =M ()\(u)

) (6,2) = (L6(w)) (€. 2) + Aw) () (2= — €)) .

Thus abusing notation in the same way as in (20.2), we write
Z
v(u)(€, S e )

_ e (9(U)(£, Z1+¢) (20.11)

=]

) (6.2) = (ﬁa o2+ 5)) (6.2) + Aw)(E)(2)

Using (20.3) for h(&,z) = (1 + [€]* + |x|2)% [0(u) — 0(w)] (¢, x), (20.11) and Lemma 20.10

we obtain:

= [0(u)(&, ) = () (€ )20 ay + M) (€) =A@ (O 2o

3

<1 FIEP 4| e ) 6 T+ O Bl s+ 6)

v(u)

+ AW)(€) = AM@)(E)| 2o g

3

A
2
(”'g' e e
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+ey(w? (1+|§|2+]%+5 ) 06—+~ B(aE s +)

FAW)(E) = M@ ()] 2wy

=1
2

< y(w)3C(a) ‘(1 +1¢P +12))

+(w)2C(a)

(16 +121)* o6~ +©) - e~ +6)

<a@ic@ 3] "]+ 16 128 |ote s+ 0 - wlmie s + )

(u) V(@) L2 4 (R?)
3 2 2 % i i _ U i
+y(w)iC(a) |(1+ € + | 2)) {9( &~y T8 — 0@ o5 +€)} -
< (w30 [Mﬂ 7 ‘(1+ €2 +12%) 2 {v(u)(é,%%) —v(u)(&%ﬂtf)} o

Fatto@I (W] |+ e 128 e s+ - vlae s + )

+7(u):C(a)

sy 202 Do 2 v pte -
(116 +121)? [o(ae, o+ — 006 s+

This implies that (0, \) € V<, since v € Z* The inverse mapping theorem yields that
[m®] " is bounded, since m® is bounded. O

HE ,(R?)

Definition 20.44. (a) £%: H*>*(R?) @ H"*(R?) — H"*(R?) & L**(R?), where

a 0 ) = _ugﬂﬁe(fwr)_w(gax)
(1)) € - (—afze(g, )+ cos{Bic (2 — )€, ) — udi (€ x>> |

(b) Lo [H?@(R?) o HLa(R?)} A (ker L) ™5 "1 HLe(R2) @ L2*(R?), where

Ao 0 ) = _ua$9<§7‘r)_w(§7x)
(2:(0)) e (—839@, )+ cos(Ou 3z — €))B(E. ) — ud, (s x)) '
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(c) M2 : H*>*(R?) @ H'(R?) @ H*>*(R) — HY(R?) & L*>*(R?), where

(Ms: @) €= (£ (7)) €0+ MOt wa).

Aa: NeY EB ,Q N er L& 72a 20‘@ ,Q - NeY EB ,Q ,
d) M |H>(R2) @ H'(R?)| N (ker £2)77"9M" @ g2(R) — HY(R?) @ L2 (R?

where
(Mz (zib) ) (6,2) = (ﬁ (Z)) (6,2) + MEu(E 1, 2)

(e) K& : H>*(R?) & H"*(R?) — H"*(R?) & L>*(R?), where

- 0 ) — U@g@(&l’)—ﬂ)(f,l‘)
(k2 (1)) €= (—850(5, )+ cos(Bic (2@ — )€, 7) + ude (€ x>> '

(f) Ko - [HM(RQ) @ He R?) A (ker £2)-F"O8 _y frie(R?) @ L29(R?), where

( uded (&, ) — (&, x)
—0z0(8, ) + cos(Ok (v(x — €)))0(¢, x) + udeyp(§, ) |
)

(9) N o H**(R?) @ H*(R®*) @ H>*(R) — H"“*(R*) ® L**(R?), where

( : (f)) €= (k2 (7)) (€ + MO ).

(h) Nz |22 (R2) @ HY(R?)| 0 (ker £2)F %5 @ H2(R) — H'(R?) x L*(R?),
where
6
A o [0
w |0 | &) = (K (& 2) + AMEtu(&, u, @) .

(a) ker L2 = {Ate(u), N € H**(R)}.

Lemma 20.45.

(b) ker [£L2]" = {\Jte(u), N € H**(R)}.

Proof. Analogous to the proof of Lemma 20.14. O
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Lemma 20.46 (orthogonal sum).

LQ’O‘EBLQ’O‘

Hl"“(R2)@L2’a(R2):ﬁﬁ([HQ"”(RQ)@HL“(RQ)]ﬂ(kerﬁ‘j)L’LQ’a@Lz’a) & ker [£9).

Proof. "D7: clear.
7C”: Let Z) € H"(R?)®L>*(R?). Since L>*(R*)®L**(R?) = Lo(H2>(R2) & HM(R2))®
ker [£2]*, using Lemma 20.45 there exists p = pu(u) € H>*(R) such that

v o [ On
(w) = teartes i £y (w) e

where
(Zn) c HQ,&(RQ) D Hl,a(RQ) ]

On

Hence <Z;) = 2eerzel limy, e ﬁg( ) € (ker [£a]*)HE O [HL&(R?)@LM(R?)].

n

There exists (Z) € H*(R?) ® H'(R?) such that
AN
a(0)-()

(Z) c H**(R?*) @ H"*(R?).

Let Z = v(xz — &). Notice that
o [ 10,
e (00)
B —u0,(x6,) — x1hy, )

— <_E)§(x9n) + cos(0k(Z))(x0,,) — udy.(z6,)

We are going to show that

B —u0,0,, — uxrd. 0, — x,
- \=0%0,, — 20%0,, — 0,0, + x cos(0x(Z))0,, — ud,0,, — uxd,b,

Lo 0, N —u0,0,
g, — 020, — 0,60, — ud, 0,

ol —u0,0 s Y
- M“<w)+(—a§e—axe—uame)EL(R)@L(R»

™
N
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Considering L (29;) etc. and applying the same type of arguments as in Lemma 20.41

yield

(Z) € H**(R*) & H'"(R?).

Set 9~ = <0> , 80 L& 9~ :(U). a
(0 ¥ (ker Lo )L LB LB (0 w

Corollary 20.47 (direct sum).
Hl,a(RQ) o) LQ,a(RQ)

L2,o¢@L2,a

- ﬁj([HQ’O‘(RQ) © H"(R?)| 1 (ker cg)*LQ’“@W> & {M(u), A€ H*R)}.

Proof. 7D7: clear.

" Let (v,w) € Hl,a(RQ) @ Lz,a(R2) then there exists due to Lemma 20.46 (Z) -

<9(u)> € H2(R?) @ HY*(R?) N (ker £2)7 L% and A = A(u) € H2*(R) s.t.

(5}) s (Z) + AJte(u) .

Let Z = y(z — §). Assume without loss of generality |A| 2.z # 0, then
(AMte(u), At (u)>L2»a(R2)@L2»“(R2)
= [N Il o) (=2 [#(2)] (o - 028 (2)
+ w0 (Z) (@ — )05 (2)) d€ da
o 2
= =t [ I+ o) NP Bl - €)] deda
£0.

Since

O‘tu(u)v )‘Jt§(u)>L27‘1(R2)@L27’1(R2) 70,
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due to Lemma 20.46 there exist

<Z> i (%) € HA(BY) & HY () 0 (ker £) 7 and
(20.12)

O(uw)

; (u)> T plu)te(u)

This is an identity in H"*(R?) & L**(R?). We fix £ and pair this identity with Jt¢(&, u, -)
in L2(R) & L2(R) yields due to Lemma 20.5 for a.e. £ € R:

A& u)y(u)m = pl€, )|t (€, u, ) Famoram) = HE ) (™ 105 2y + 7 105k |2 )):

since

0+# p=plu) € H**R) s.t. Mu)ty(u) = L™ (

[ Jte (€, u, ')H%%R)@L?(R)

_ H _u,er;/((,.}/( - 5)) H ) )
0 (v(- = §)) ) THEEEE

= uy* 0% |L2R)+’Y|9KL2

Consequently
A(u) = n(u)u(u),
where )
u?y? 0% |L2 Ry T7 |9}(|L2(R)
n(u) = NP cR.
Thus using (20.12) we obtain
Au)Jte(u)
= n(u)p(u)Jte(u)

and

v\ aa [ O(u) " u) = fo 0(u) e 0(u) DA (u
(1) -2 (W) M) Jte(u) = £5 ((W) ) ( &(U)» Fn(AWtw).

The sum is direct, i.e.,
{Mu(w); A € H*(R)} N ﬁﬁ([H 20(R?) © B (R?)] N (ker zg)w’“@LQ’a> —0

due to (20.12). 0
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—Ox(v(z = ¢))
Corollary 20.48. (a) ker M% = ¢ (&) | uy0%(v(z — &) |, p € H**(R)
0

(b) Mﬁ 15 one-to-one, onto, bounded and the inverse mapping s also bounded.

Proof. Follows from Lemma 20.14, Corollary 20.18 and the inverse mapping theorem. O

20.2.2 Inverse Operator
Definition 20.49.

(a) X =R with the absolute value on R as a norm.
(b) Yo = H?>*(R?) ® H'"*(R?) ® H>*(R) with the finite norm
ylva = 10 g2om2) + []a1o@e) + [Apzow) -
(c) Z¢ = HY*(R?) @ L**(R?) with the finite norm
2] za = |v|10@e) + [w]r2ewe) -

(d)  Y°=Y"u)

_ {y — (0,9, M) € CUI(), T%) ¢ yllyequn < 00: ¥ u € I(w,), ¥ A € H>(R) -

0(u)(&, ) Ok (v(z =€) _
< <¢(U) © x)) L A(E) <_u79/1/<(7($ - f))) >L§,3(R2)@L§g(m) N 0}

with the finite norm

lyllye@,) = sup |y|ya.
uel (us)

(e) Z% = Z%(u,) = {z = (v,w) € C(L(us), Z%) : || 2]l zo(un) < oo} with the finite norm

2]l ze oy = sup 2] za
uel (us)
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Lemma 20.50. The linear operator

MY — Z°,
0 0
N N T I
A A
gien by
M| o | (w) = MG | P(u) |
Ay A (1)

18 tnvertible.

Proof. Analogous to the proof of Lemma 20.22 by using Corollary 20.47 and Lemma 20.43.
O
N 11
Lemma 20.51 (Norm of [M;ﬂ ). There exists a constant ¢® > 0 such that
L 11
| L]

Proof. Analogous to the proof of Lemma 20.23. O

< y(u)e® [M“} -

L(L2 (R2), H20 (R2) & H (R)) DL (82) 2 (R2) 0 H20 (R)

. -1
Lemma 20.52 (Norm of [Mg} ). There exists a continuous function C* : (—1,1) — R

such that
H [Mg]_l < Cou).

Proof. Analogous to the proof of Lemma 20.24 by using Corollary 20.47 and Lemma 20.51.
O

Definition 20.53. Let C'* be a specific fived function from Lemma 20.52. Set

@] = a ([[Me]7H)) = sup{u € (=1,1) | Vs,t € R: [s],[¢] < Ju] : [s|C*(t) < 1}
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Corollary 20.54. The linear operator

MY Y (uy) = Z2%(us),
] ]
T Ve IR
Ay Ay

gien by

>
<

>
IS
—~

<
~—

is invertible if u, < [a®]*.

Proof. Analogous to the proof of Lemma 20.26 by using Lemma 20.50 and Lemma 20.52.
O

20.2.3 Inverse Operator in Spaces of Higher Regularity
Let n € N.

Definition 20.55.
(a) HY"(R?) = {0 € H**(R?) | VA € H*(R): (0(§, Z), M€)0c(2)) 2 (o) = O}
(b) L : H3*(R?) c L**(R%) — H"*(R2), where

(L"0)(&, Z) = —030(¢, Z) + cos(0x(2))0(&, Z) -
(c) M": HY*(R?) & H**(R) — H'“(R?), where

(1 (3)) (€20 = wore.2)+ xoi(2).

(d) L2 [H&G(R?) @ H?@(R?)} A ker LLE*OL* _y [r20(R?) @ HY(R?), where

Ao 7 7) = _Uax6<§’x)_¢(§vx)
(2:(0)) e (—850@, ) + cos(Ox (3 — E)O(E. ) — ud (& x)) |
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(e) M2 : [H:”vo‘(R?) ® HZ&(R?)} N ker LL17"01* g [2e(R) — H2*(R?) @ H *(R?),

where

0

g 0] ] 6 = (£:(7)) €0+ 2@l ).

Definition 20.56. Let C*: (—1,1) — R be a specific fivred continuous function such that

st

< C%(u).

Set
~a]—1 a
W = (I [A2°] ) =supfu € (<1,1) | Vst € R Js|,|t] < Jul < [slC*(t) < 1}

Remark 20.57. The existence of the function C'* in Definition 20.56 is ensured analogously
to Section 20.1.3 by using the statements of Section 20.2.2 with higher regularity in (&, z).

Definition 20.58. (a) (Z) = H**(R?) ® H"*(R?) with the finite norm
|Z’(Zcx)/ = |U‘H2,Q(R2) + |w|H17Q(R2) .

() 22 = Z3(u.) = { = (v,w) € C*(Iw), (2%) : 12l 75 < oo}

with the finite norm

121l zg () = sup (Z\ﬁiy(U)|<za>'>~

uel(ux) \ ;2

(c) Ko : [H&C“(R?) @ HM(R?)} A ker L1701y [r2.a(R?) @ [1(R?), where

l&a ((9) (f ZE) _ u@EQ(f,x) - %U(fax)
Zu g ) NS —070(&, ) + cos(Ox (y(x = €)))0(&, =) + udey(§,x) |
(d) N [H?”Q(R?)@H?va(n%?)] Nker L3 2"¢15" o H2(R) — H>*(R*)@H *(R?), where
0

N (v ) €= (£2(0)) €+ M@t .
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Remark 20.59. Recall that the spaces (Y), Y,%(u,) were defined in Chapter 19 by
(a) (V) = H>*(R?) @ H>*(R?) @ H>*(R) with the finite norm
Yl (vay = |0s.am2) + [ a2am@e) + (M a2er)
(b) Y :=Y*(uy)

n n

= {y = (0,1, ) € C*(L (), Y)) : yllyequ.) <o0; Vu€ I(u), VA€ H"(R):

0(u) (€, x) O (v(z = €)) _
< (w(u)(& x)) ) )\(f) (—u’yelf((’Y(JC - f))) >L§’;’(R2)€BL?’;’(R2) B 0}

with the finite norm

1Yllve o) = sup (ZW@(“N(W)') :
=0

UEI(U*

Proposition 20.60. The linear operator

M Y (us) = Z5 (),

0 0
(N UL IR I
Au Au
given by
0 ) 6(u)
Mo | o | () =Ng | d(w) |,

is invertible if u, < [u®]*.
Proof. Analogous to the proof of Lemma 20.28 (using Corollary 20.54) and to the proof

of Proposition 20.33.
O
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20.3 Implicit Function Theorem

Let a,n € N. Let F': (—1,1) = HY*(R?),e — F(g) be a C" function and F(0) = 0. F(e)
depends on (&, ). As mentioned in Chapter 19, we are going to solve certain equations
successively by using the implicit function theorem. (6, ), defined in (3) dependes on
(&, u,x) and solves the equation characterizing the classical solitons:

0 Y B
u0e (w) N (age - sine) =0

J/

—: Go(6, )

Using (6o, 100) we define the function G; and solve the equation

o ” ~
ok (@D) - <9m — sinf + F(@) + Auda (%) =0, (20.13)

— G50, 9, \)

implicitly for (6,1, A,) in terms of . We call the implicit solution (67,47, A ;). The func-
tions 67,7 depend on (&, u,r) and the function X; ; depends on (§,u). Using (67, %7, A5 ;)
we define the function G, and solve the equation

0 ¥ 00 +0.0% )

—: G5(6,1, \u)

implicitly for (6,1, A,) in terms of . We call the implicit solution (63,5, A 5). The func-
tions 63,15 depend on (&, u, ) and the function X; , depends on (§,u). Using (05,3, \; 5)
we define the function G3 and solve the equation

09 + 0.0 + 0205 2
Uag <9> - . w ~ + >\u8u ? 2 83 0 =0.
(0 Ope —sin 6 + F(e) Y2 + Ole + Lid 2

J/

— G50, \)

After solving the n preceding equations we define the function G, and solve the equation

n— 81.907 .

0 W S, aslel
0, — . . + A0y ! v =0. 20.15
uoe <¢> (99596 —sinf + F(s)) Z?:—()l 5211;5}7151' ( )

(&

= gi(é: Y, )\u)
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implicitly for (6,1, \,) in terms of €. We formalize the procedure in the following theo-
rem. This part of the thesis emerged during my visit at Brown University, where we had
discussions on this topic with Justin Holmer.

Theorem 20.61. Let 0 € I. C R, u, < [u®]*. Let F': (—=1,1) = H*(R?), e — F(e) be a
C™ function and F(0) = 0. Let (0, 0) be given by (3). There exists €* > 0 such that the

following holds. Let Gi be given by
Gt L x Y2 (w) = 22, (u),
(26,0, M) = Gi (0,0, M) = G5 (0 + 0, 0 + 9, M),
where Gy is defined by (20.13). There exists a map
(=% +e") = Vi (u),
e = (05,47, A%,
of class C™ such that GE(05, 4, A1) = 0. Let G, be given by
Go: L x Y, (uy) = Z2(w),
(6.0, 0) = G50, \) = G5(0 + 0.0 + . M),

where Gy is defined by (20.14) with (07,v5, A ;) = (6o + 05, Yo + 12)%,)\371). There exists a
map

(=™, +€") = Y (u,),
e (05,05, 25,),
of class C™ such that Qg(ég,&;,A;yg) = 0. This process can be continued successively to
arrive at G, be given by
G+ I % Y3 () = Z5 (u.),
(2,0, M) = G0, 9, \u) == Gy (00 + 0,0 + b, M),

where G, is defined by (20.15) with (05_, 05 1, X5 1) = (B0 + 051,00 + 95 1, N0 y)-
There exists a map

(_8*7 +‘€*) — }/QQ(U*)7
e (05,05, X5 ),

ny un

of class C™ such that GE(05, 05, X ) = 0. We set (05,15, X5 ) = (0 + 05, g + 15, X2 ).

n) Mun ny Mun n) un



210 Virtual Solitary Manifold

Proof. We skip u, in the notation. Notice that the functions Qk for 1 < k < n are well
defined. We are going to consider the first equation. Notice:

g?<07070> = 9(1)(90,1#0,0) =0.

Let Z = y(xz — &). The derivative of

G L xY*, = 7°

n+1 n+1
0
with respect to (é, 0, Ay) evaluated at (e, 0,1, Au) = (0,0,0,0), applied to | 4 | is:
A
0
DG (00,0, 0) )
e=20 ):

u

_ udef — iy wy* (v — §)0x(2)
—820 + cos(0x (2))0 +udedh ) " \=70%(Z) — uPy*(x = )0%(Z)

J/

-~

_ o ?
=\

£Q

DGs (6o, 10, 0) is invertible due to Proposition 20.60. By the implicit function theorem

e=0
there exists a €] > 0 and a map

(—el, +e1) = Yo,
e (05,95, 25,)
of class C™ such that
Gi (05,45, X0) = 0.
Now we consider the second equation. Notice that
G5(0,0,0) = G360, 14,0) = 0.

We compute the derivative of

Go: I x Y — Z°
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0
with respect to (é, 0, A\.) evaluated at (e, 0,9, ) = (0,0,0,0), applied to | 4
A
0
Dg;(e(]?w()ao) YL
e=0 Xu
uded — - wy* (v — §)0x(2)
- 5 5 = | A 3g/ 2.4 %
—920 + cos(0x(2))0 + udet) —7°05(Z) — vz — §)0%(Z)
. [0
— Ko |

— ¥

Dg§(907 w()a O)

is invertible due to Proposition 20.60. By the implicit function theorem
e=0
there exists a €5 > 0 and a map

(—e5,+e3) = Y.
e (05,905,055
of class C™ such that
G5 (05,45, X, ) = 0.
By the same argument we find a €, > 0 and a map
(—eh4e3) = Y2,
e (05,05, X50)
of class C™ such that

G0, 05,05 .)=0.

n’ ‘u,n

Set e* = min{e},e3,...,¢5}. 0

T n

The following theorem shows a relation between the iterative solutions from the previous
theorem. In addition it gives equations that are satisfied by the iterative solutions up to a
certain order in ¢.
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Theorem 20.62. Let the assumptions of Theorem 20.61 hold. Then

(CL) (1) (9?7 ?ﬁ?, A?L,l) = (6(2)7 ¢87 )‘2,2>'
(2) (85(9?,35 ?786)‘3,1) = (85(98,35 3,85)\272)-

(3) Yuel:
u0e <¢§) ([eg]m —sin 65 + F(e)) Az (&ﬂﬁ;

09 4 0.0%¢ — 05
+ Xs au 2 ev2 2 — 0’
<w8 + Deye — 5

where the following rates of convergence hold:

09 + 0.0%= — 05
V3 + 0:49e — 95 = 0(e?),
Y, ()

0

0
0 =0(e).
Au2
’ Y, (ux)

(b) (]) (987 gaAg,Q) = (ega ga)‘g,S)
(2) (8508, aﬂ/)gv ae)‘g,z) = (85(93, 881/)??, 86)‘2,3)'
(3) (0203, 0203, 02N, o) = (0203, 02405, 2 ;. ).

(4) Yu el :
05 V5 . (0,65
u0e (1995,) a ([9%]9;,3 — sin 05 + F(e)) s (&ng)

00 + 0,00 + %% .2 _ pe
+/\Z738u< 3 3 2 >l =o,

2,./,0
U9 + e + EH2 g

where the following rates of convergence hold:

69 + 0.6% + L2 — g
2 _ 3
09+ 0.9 + e s =0(),
0 Y g (ux)
0
0 — 0(c)
Aus
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(c) (1) (O8O0, 0F0 [ OFN0 ) = (9500, 0F0 0N ) for k=0,....,n— 1.

e’n—1""Ye ¥Yn—11Ye Mun—1 e’ny Ye ¥nyYe Mun

(2) Yuel:

0, v e

n—1 9209 ; e

€ il
+)\u nau i,,0 . = 0 )
’ n—1 6Ewn 61 _ w&‘
=0 4! n
NS e
Vv
=R,

where the following rates of convergence hold:

it %g — 0
Sy net — g =0("),
0 Y3 (ux)
0
)\9 = 0(e).
wrn Y3 (us)

Remark 20.63. In further computations the term R in Theorem 20.62 (c¢)(2) is going
to be of order n + 1 in € in an appropriate norm.

Remark 20.64. Provided the assumptions of Theorem 20.62 are satisfied then we obtain
the following relations:

(OF6Y, OFwn, 0E N, ) = (0205, OFwby, OEN, 5), k=10,1;

1) Ye e tu,l e u,2

(0809, 089, OFND ) = (0803, 9FS, 05 N0 5), k=0,1,2;

e Mu,2 e u,3

(OFQ° _ OFYD [ OFND ) = (9700, 0F°, O8N0 ), k=0...,n—1.

e’n—1"Ye ¥Yn—1»Ye Mu,n—1 e’n)Ye ¥ny Ve tun

Proof (of Theorem 20.62). Let 1 < k < n. Notice that the solutions (éi,zﬁi,/\i’k), from
Theorem 20.61 satisfy

Vu e I(w): (05(w), vi(u), N p(u) € (Y) = H**(R*) @ H**(R?) © H**(R)..
Due to [Brell, Corollary 9.13]
H'(R) C L*(R),
H?*(R?) C L™(R?),
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and these injections are continuous. This allows us to draw conclusions regarding to the
differentiability in the L> spaces and regarding to the form of the derivatives.

(a)

(1) clear.
(2)

E Vs 0,09
— GE(OE S NE ) — L) _ - A R I
0 gl( 17¢17 u,l) Uag (wi) ([‘gﬂax‘c — sin ei -+ F(€)> * wl (%@ZJ?)

Differentiate with respect to e:

O = 8agf<9i’ @Di, AZ,I)

B 0 U005 — D5 . (0,69
- (8&*(&)) ’ (uasé‘a@bi — 2005 + cos(0)0.65 ) T %P a0 |

We get for e = 0:
0= 0.G(0x(Z), —yub(Z),0) (20.17)

_ 0 N ude 0,69 — .49 a0 0,09
0.F(0) 00100 — 020.09 + cos(0x (Z))0-6° el 90 )7

0= gg(egv ¢§7 /\2,2)

05 (0 0,0} + 0,0.0¢
— a 2 . 5 /\s uv1 uvev ] )
uoe (%) ([95]7535 — sin 05 + F(s)) R (&ﬂﬂf + Guagw%)

Differentiate with respect to e:

0= 0:G5(03, ¥3, A7, 2)
0 u0e0.05 — -5
N (&F (6)) ’ (uas&:w% — 070.05 +COS(9§)&39§>
o (o) o ()
We get for € = 0:
0=0.G5(0k(2), —yub(Z),0) (20.18)

_ 0 N ude .0 — 9.4 PRY 0,09
0-F(0) w009 — 920,09 + cos(0x(2))0.603 A W RTI
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(20.17) and (20.18) yield the claim due to Proposition 20.60.
(3) follows from (1), (2), Theorem 20.61 and Taylor’s formula.
(b)
(1) clear.
(2)

0= gg(@g, ¢§’ )‘Z,S)

65 5
3 [05] 2 — sin b5 + F(g)
609 + 0.6% + @52
+ )‘Z,3au 9249
Y9 + O.fe + E2e?
Differentiate with respect to e:
0= 8€g§(6§7 ¢§, AZ,S)
_ 9 N u0e0:05 — 015
O-F(e) uOD:b§ — 020.05 + cos(65)0.65
09 + 0.00¢ + 0203 2
Lo, | T
U + 0fe + P22
0:0Y + 926
£ 02,0, [ TR )
’ O + OZpge

We get for e = 0:

0 ue0.09 — 0.1)9
= - +
0.F(0) ude0 — 920,09 + cos(69)9.69

+ 0.\ 20, 9% .
’ Py

(20.18) and (20.19) yield the claim due to Proposition 20.60.
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(3) Compute 92Gs:
0= 8§g§<9§a 77Z)§7 )‘Z,S)

B 0, ude 0205 — 0%
— \92F(e) ude 0?5 — 020265 — sin(65)0-050.605 + cos(65)0265
¥ + 0.0 + @52

20
09 + 0.6% + %2¢?
+ 02X 50, ( ' ! 2

N 0
e (8€¢?+8§¢85

0.0V + 0209¢ 0,09 + 0%0%¢
aE)\a au €Y1 e”’2 )\5 au €Y1 e”’2 ]
T 0 (852/1? + agwge) T Aus (aew? + agwg%)

.69 + ageg%)

We get for € = 0:
0 = 2G2(0xc(2), —yubl(2),0) (20.20)

-~ \9%F(0) —u0, 029 — 020763 — sin(69)0.050.609 + cos(69)9269
Qo
+ 2N .0, ]
s
0,09
+ 00, | 5
(o)
0.6?
ol L.
(o)
Compute 92Gs:

0= asggS(@Sa ,QZ); )‘2,2)

+ 0-M0 3

B 0, ude 0205 — 0%
— \92F(e) ude D25 — 02005 — sin(65)0.050.605 + cos(65)0265

09 + 0.09¢ 0.4}
PN | AT ) w0, 0
? (w? + 0.0 3%\ 0.0

0.69
Ao | ]
b0 (w)
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We get for e = 0:

0= 026 (0 (Z), —yuble(2), 0) (20.21)

(0, wde 20 — Y
~\2F0)) "\ udeo2ul — 920269 — sin(69)0.690.63 + cos(69)5263

69 0.6?
PN o, [} O\ 0, [ 77k
+ g ’U»72 (w?) + u,2 <8Ew?>

0.6?
O L0, | 50
+ u,2 (aawg))

(20.20) and (20.21) yield the claim due to Proposition 20.60.
(4) follows from (1), (2), (3), Theorem 20.61 and Taylor’s formula.

(c)

(1) Assume

(026Y, OFyY, OEN, 1) = (9563, 0y, OEN, ), k=0,1;

1) ¥e

(0203, 023, OEX, 5) = (0205, 005, 0E Ny 5), b =0,1,2;

€ \u,2 € ‘u,3

(0560 _y, OFYY ), OFN, ) = (OF00_, 0fy 1 0N, 1), k=0...,n—2.

e“n—21Ye ¥Yn—21Ye Mun—2 e“n—11"Ye

The Sobolev embeddings mentioned above yield the justification for using the Leibniz’s
formula and Faa di Bruno’s formula.
Leibniz’s formula:

k

(f - g)(k)(€> — Z (l;) f(kfl)(g) .g(l)(g) )

=0

Faa di Bruno’s formula (see A Primer of Real Analytic Functions, Steven G Krantz, Harold
R. Parks, p. 17):

VECES ) (f<1>'<>) (f(;()> B (f<;|<>> |

where [ = l1 + I3 + ... 4+ [, and the sum is taken over all I, [, ..., for which I; + 2[5, +
oo+ kl =k
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k-th derivative with respect to €, where 0 < k <n — 1:

02Gr (07, ¥y Aim)

n? u,n

B ude R0 — ke
— \udedFys — 920565 + OF[sin 0] — OV F (e)

anl e 0u0L0) L

=0 "‘u,n il

Zn 1)\5—: Ou Ewn 1€z

il

+ oF

( udeores — Fys 0 | | |
N <u3535w8 838592>+ > o1 TThL l,ﬁism(es)(f’ 95)1<8§62>2_“<8éﬁ)’“

() [FE et ]
tho) * st o 2]

u,n "

af ;:L* ( 172/}11 1 un 1)

B ude P05 — OFipe
— \udedFis | — 920805 | + 9F[sinb: ] — 5 F (e)

n—2 0,009
)\E 571,27,
91@ Zzo u,n—1
€

Zn 2)\5 Ou0 gwn 2

u,n—1

B ( ude RO, — Fafe ( 0

o105, 205 1\ (oker_\"
ude e, —828k95 >, l,l, y T Ol sin(65 ) ot el I e
k l1:02

e n—1 k!
( 0 ) ) Zl 0( ak l/\in lal [6 66977, 261}
O (e) Y ()00 [
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We obtain for € = 0:

LG (00,0, Ann) (20.22)

n? Mun

A o l l
= . 190 1 200\ 2 ko \ 'k
uded*1)0 — 92060 S i dtsin(09) (55) 7 (55) 7 (%9)

0\, (S (o, 0.0
OF0)) " \3F (M, 0,000, )

0L Gy (0n 1, o1, A ) (20.23)

n—1 “un—1

0
B u0§8§92_1 - 8?@02_1 + 5190 I 5200 l2 ok g0 Iy
= k k k! I i (10 cn— e n- ==
ude 0y — 07020, 4 2on i g Oe S0 1) ( I 1) ( 2 1) <Tl>

0\ (T (DOEN 1000160
OFF(0) S ()N 18,000, )

u,n—1

Subtracting (20.23) from (20.22) yield the claim due to Proposition 20.60.
(2) follows from (1), Theorem 20.61 and Taylor’s formula.
O

20.4 Virtual Solitary Manifold

From now on we set a := 1. We apply Theorem 20.61 on a specific F' and define by the
obtained solution the virtual solitary manifold.

Definition 20.65. Let F, & be from Theorem 19.3 and = > |&| + 2. We set

F(e, & 2) = F(e,2)x(6),

where x (&) is a smooth cutoff function such that

)1, ¢e[-EF
“O_{&|QZE+1

and x is constructed as in [AE09, Chapter X,Proposition 7.14).
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Lemma 20.66. Let F be from Theorem 19.3, F from Definition 20.65. Then it holds that
(a) v (6,571‘) € <_171) X [—E,E] XR: F(e,f,x) = F(E,J}),
(b) FeC*((-1,1), H"Y(R?)) and 'F(0,-,-) =0 for 0 <1 < k,

L

Proof. (a) Follows from Definition 20.65.
(b) We show the continuity of F'.

|F(57I)X(€) - F(Ovz)x<€)|§{§1:;([@2)

(€k+1> _

Y (us)

2

< |+ laf + [gP) (P e )x(©) — FO.2)x(0))

H], (R?)

= [0 1+ 16) (Pleon(e) - FO.0NE)

I} (%)

+ ‘(ax (14 [2f? + 16)3 (F (e, 2)x(6) = F(0,2)x()))] )2

I} o (®2)

2

+ ‘(ag (1 22+ |23 (Fe,2)x(6) - F(0,2)x())])

Ll

LL(R2)

< |1+ ) (Fle.)x(©) — FO.2x(©)

+ (Fle.oin(e) - FO.0x(©) ¢

Ll

LL(R2)

+

(x (F(a, z)x(&) — F(O,x)x(§)>

2

(14 ol + €920, (Fle, 2)x() - F(0,2)x(9)) )

L&)
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+

(6(Fe2x(©) = F0,2)x(6))

2

+ (1 [2f2 + |g[2) 50 (F (e, 2)x(€) = F(0.2)x(9)) )

L3 ®)

We consider the first term.

1+ ) (Fe.0)x(©) — F(0.2)x(©))

Ll

1L (R2)

- /Ru ) F(e,2) — (14 |2])2F (=, 2)F(0,2) + (1 + |22) F (0, 2)? da

-/Rx(§)2d§

=0

The other terms can be treated analogously. The proof for the differentiability works in
the same way.
(c) Follows from Theorem 20.62 (c) and the assumption (a) in Theorem 19.3. O

Lemma 20.67. Let v € H'(R?). Then there exists b > 0 such that
VEER |U(fax)|Lg(R) < b|U(§>$)’HE{x(R2) :
Proof. We obtain by Morrey’s embedding Theorem V ¢ € R :

\U(fax)ﬁ{&l@(RZ)
- / 0(€, 2% + (Oe(€, 2))2 + (Dr0(€,2))? dE da
> [ 1060l do

1
> 5/|U(57$)‘igo(ﬂ§) dx

1

= [0(&,2) 12 m) -

O

We solve iteratively the equations in Theorem 20.61 with the specific F(e, €, z) == F(e, z)x(k, €)
from Definition 20.65. and define by the nth solution (65,5, A%) the solitary manifold.

nr’'n
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Definition 20.68. Let [u']* be from Proposition 20.60 (case « = 1). We fiz a specific
u, such that 0 < u, < [u']*. Let F be from Definition 20.65. Let (65,15, ;) be the nth

n’'n

solution obtained from application of Theorem 20.61 to F', where ¢ € (—e*,&*). We set

e . 02(&“7) . N ok _x
Sn.—{<wz(£’u")) DU € (—Us, Uy), fER}, e € (—€"¢e"),

and call S;, the virtual solitary manifold.

Remark 20.69. Let I be from Definition 20.65. Notice that F' € C"((—1,1), H"(R?))
due to Lemma 20.66. Thus Theorem 20.61 is applicable to F'.

From now on we always assume that ¢ € (—¢*,¢*) with ¢* from Theorem 20.61 and we
always denote by (65,15, A5) the nth solution obtained from Theorem 20.61 applied to F'

n’’'n

from Definition 20.65.

20.5 Tangent Vectors

Definition 20.70. We set

0e05, (€, u, )
Ocs (& u, ) |

0,65 (&, u,
(5) £ (6 0,3) = (aw’z(é ! ))) -

Remark 20.71. (a) One should understand the subscripts £ and u in our notation of
te,, and t7 , just as symbols. t¢, and ¢, always really depend on (& u, ).

(a) tg, (& u,x) = (

(b) The vectors t (£, u,-) and t;, (£, u, ) are tangent vectors of the manifold S; at the
point (05 (&, u, ), v5 (&, u,-)) and form a basis of the tangent space at this point.



Chapter 21

Symplectic Orthogonal
Decomposition

Let u, be from Theorem 20.61. In the following we recall some definitions from Chapter 19.
Definition 21.1. Let 0 < U < u,, = > 0. We set

(a) U) :==U(l,u,) := %572,

() S(L,U) =2, U,u) = {(5,u) ERx(~1,1):ue (~U—U(),U + U(l))} ,
(¢c) S(I,U,E) = {(g,u) €(-E+1-U(),E—1+UW) x (U —U(1),U + U(l))} .
(d) We define the map N¢: L°(R) x L*(R) x X(2,U) — R? by

Ne(0,¢,& u) = (

Remark 21.2. In Theorem 20.61 we have solved the equations defining (05,5, A5 ) in

n) ‘u,n

weighted spaces. One of the reasons for working in weighted Sobolev spaces was to make
sure that N°¢ is going to be well defined.

Remark 21.3. Notice that U(l) and %(I,U) have been already defined in Definition 1.1.
In Part IV we use always the notation from Definition 21.1.

223
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In this chapter we will choose a sufficiently small £y and consider € € (0, (]. As mentioned
in Chapter 19 we show that if (6,v) € L=(R)®L?*(R) is close enough (in the L>°(R)® L*(R)

norm) to the region
€ L ei(faua ) . u

of the virtual solitary manifold S¢, then there exists a unique (&, u) € 3(2,U) such that

we are able to decompose
¥() (€ u, ) w() )’

in a point on the virtual solitary manifold (6% (&, u, ), v5(&,u,-)) and a transversal com-

ponent (v(-),w(-)), which is symplectic orthogonal to the tangent vectors ( DetE (€1, )
€¥n S "

and (guz; (é ) Z, ))) of the virtual solitary manifold S;, i.e., the orthogonality condition

N5<97 w? 57 u) = O

is satisfied. We prove that the symplectic decomposition is possible in a small uniform
distance to the manifold S;, where the distance might depend on ¢y but does not depend
on €. We start with a definition and some technical lemmas.

Definition 21.4. Let ¢ € (0,¢*) and let (62, A;,)\i’n) be the nth iterative solution from
Theorem 20.61. We set

(a) (v5,ws) == (05, ¢5),
(0) Kifgou) = [ ~Bevn(€. . )0,07 (€, ,) — Dubol€. .)€, )
o€, 0, 2)0,05 (6, 1, 3) + Dutbol€, w, ) Dev (6, 0, 7)
— O (€, 1, 2)0,05 (61, ) + 00 (€, . 2) Dy (€, ) dor
(o) (o) i= [ ~Beua(6u. )05 (6, ) + DeB3(€, 0, 2)0E (€ )
Lemma 21.5. Let € € (0,e*). It holds that
V(6 u) R X [-U-UR,U+UR)]:  mile,u) =+ (uhm + k(€ u)

where m s from Definition 2.2.
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Proof. Notice that
[P ds = [l0(2)2 iz = 5*m.
Let Z = ~(z — €).
me (6, u)

= [ 0005 6 ) + 06076 )0 )

— [ —l0ctolé n.2) + B (€ ) Oub0(E, ) + Do (€. 0)
+ [8580<§7 u, I) + 851]761(57 u, ZL’)] [8u¢0(£7 u, .7}) + auw’i,(g? u, l’)] dl’|
= / —85%(57 u, x>au90<£7 u, 1:) + 8590(57 u, 13)@#?0(5, u, x)

— 0epo(&, u, )0y s (&, u, ) — 0ubp(&, u, x)0cw;, (€, u, )
+ 0:00 (&, u, )0, wi, (€, u, ) + Oytho (€, u, )0y (€, u, )
— Oewy, (&, u, )0, V5 (€, u, ) + Ocvs (€, u, ) Oy wi, (€, u, x) dx

- / BP0 (Z) (1 — O (Z) + 2O ( 2V (Z) + i (w — E)O (2)0(2)

- a§¢0(§7 Uu, x)aUUfL(§7 Uu, ZE) - au90(§’ Uu, I)agw,i(é', Uu, CL’)
+ 85‘90(6’ Uu, x)@uwi(f, Uu, :L‘) + auqu)()(ga Uu, x>a§v'r€z(€7 u, I)
— Ocw;, (&, u, )0y v;, (&, u, ) + Ocvy, (€, u, x) Oy wi, (&, u, x) dx

= ~y(u)*m + / — 0o (&, u, x)0yv;, (&, u, ) — 0yb0(&, u, x)Ocws, (€, u, )

+ afeO(ga Uu, x)auw:;(f) U, "L‘) + auqu)()(ga Uu, x)ﬁgvz(f, U, :L.)
— Ogwy, (&, u, ©) 0y (€, u, ) + Oevy, (&, u, 2) Oy, (€, u, ) do .

Lemma 21.6. Let 0 < U < u,. Let eg > 0 be sufficiently small. There exist constants
c=cU)>0, C=C(U) >0,

such that

Vee (0,5), (Eu)eRx[-U—UE2),U+UQ2)]: ¢< 73(;”’” < me(€,u) < 293 (wym < C.
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Proof. Let Z = ~v(x — &). Since
| (&5 )l

< 17 (& — (2] 1y 10605 10 3 + 106005 (€ 1,0) 3 1905 62 102 2
905 (2) 1y |0 60,2 oy + [0 (2)] 10056, 1,2
[ @ = (2 gy 10605 (€ 1,0 3y + 10605 (€ 1,0y 10005 6,0, 2) 3y

we obtain for sufficiently small ¢y using Lemma 20.67 and the continuity of & — (v}, wy,, A ,,)
(see Theorem 20.61):

Vee (0] (Eu) ERx[-U—-UQ),U+UQ2)]: k()| < % (21.1)

Since F < Vgéu)m we obtain for all € € (0,50, ({,u) € R x [-U —=U(2),U+U(2)]:

me(€ou) = 7 ()m + Ko (6.) > 7y — 2> T

The next lemma provides that the symplectic decomposition described above is possible.
In the proof we will take derivatives of (65,v%) up to second order with respect to £ and
u. This was the reason for solving the equations defining (65,95, A; ) in spaces of higher
regularity in ¢ and w.

Lemma 21.7. Let 0 < U < u,. Let g9 > 0 be sufficiently small. Let

There exists v > 0 such that if ¢ € (0,&0] and p <1 then for any (0,) € O, there exists
a unique (&, u) € X(2,U) such that

0=05, = {(9,1/;) e L°(R) x L*R): inf

<7}
(&uw)exX(4,U) b

L= (R)®L*(R)

N=(0,4,& u) =0

and the map
(0, v) = (£(0,v),u(0,v))

is in CH(Of,,2(2,U)).
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Proof. Let ¢ € (0,e*) with €* from Theorem 20.61. £ will be specified later in this proof.
Let ¢ € (0,&¢]. Notice that the map e > (v5,, wy,, A;,,) from Theorem 20.61 is continuous.
Notice that

U4)<U@B)<U(2),
X(4,U) Cc 2(3,U) C £(2,U).

N¥ is given by

S 0t (€ ) () = 05(6,u, )| — Beba(&, w,2) [ () = vi(& w2) | da
N0, u) =
J 0ui € w. ) [B(w) = 05,6, u,2)] = 0,656 w,2) [0(2) — V56w, 2)] d

Consider (£, uo) € S(3,U).
i) Tt holds that N=(62 (&, uo, ), V5 (&0, o, -), &0, o) = (0,0). Lemma 21.5 yields
De N (67, (80, w0, -), 5, (€0, o, *), o, o)
_ (55 e (05 (S0, w0, -), 45, (S0, w0, +) 5 o, Uo) (9u/\f510,u0(92(€0,uov'),%02(50,“07')7507“0))
DN, o (05 (0, 10, -), U5, (E0s 10, -), E0s o) DN, 4, (05 (€0, o, ), 15 (€0, o, ), €0, o)

0 v (uo)m + ks, (o, uo)
—(v*(uo)m + ki, (&0, uo)) 0 .

Using Lemma 20.67 we obtain for sufficiently small ¢ for all € € (0, &

|k, (o, u0)| <

m
2
and thus
det Df,uNa(ea(&)? U, ')7 ¢8(§0a Ug, ')a 507 U'O) 7£ 0.
It follows by the implicit function theorem that there exist balls
Br(ei(&)a Uo, ')a ¢Z(§0a U, )) C LOO(R) D L2<R) ) Bg(g(h UO) C 2(27 U) )
and exactly one map

Tgeo,uo : BT(QZ(&huOv ')ﬂﬁi(&),Uo, )) — 35(507 uU)

such that
N€(97 7vZ}7 Tﬁo,Uo (87 Q,D)) =0

on BT(QZ(&)? U, ')7 ¢Z(§07 Ug, ))
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ii) We refer to [De185, Theorem 15.1] and we are going to prove:
There exist 7 > 0,6 > 0,69 > 0 s.t. Ve € (0,e0], ({0, u0) € X(3,U) there exist balls

Br(@i(éﬁa U, ')7 %i(fo, U, )) C LOO(R) D LQ(R) ) Bg(éb» uO) - 2(27 U) )

and a map
T o = Br(07,(80, w0, ), Y5, (€0, w0, ) — Bs(&o, o)
such that
N0, T¢, 4, (0.4)) =0

on B,.(05 (&, wo, *), U5 (€0, w0, ). The claim follows from this statement. In order to obtain
the same setting as in [Dei85, Theorem 15.1] we introduce

50 UO( ¢ 5 U) = (0() + 02(507'“0’ )77/)() + ¢Z(§Oau07 ),§+ SO,U + Uo).

Then
Na(92(507U0,-),¢Z<€0,U0’-)750,’&0) = EO UO<O O 0 0) (0,0)
Set
KEO uo . D(Ev“)'/\[go,uo (6761(507 U’O? .)7 wZ(g()) U’O? .)7 507 U/O)
= D(fvu)'/\_fgo,uo (07 07 07 0)
— 0 ’y(u0)3m + k;(&)a U())
—(Y(uo)*m + k5, (o, uo)) 0
Hence

1 1 0 -1
K¢ = '
[ Eo,uo} 'y(uo)gm + k%(&o» UO) <1 0 )
Let Z = y(x — €). We define

-1

Sgo,%(e’l/}’g’u) = [Kﬁao,uo} 50 uo( ¢ 5 u) (gvu)

We are able to control all derivatives of §° and 1)* with respect to £ and u up to order 2 in
the L'(R) and L?*(R) norms. Some preliminary calculations:

00, (8, u, w) = — A0 (Z) + vy (&, u, x)

Oy, (€, u, ) = uy*0(Z) + Ogw;, (€, u, )
0u05 (&, u, ) = uy’(z = )05 (Z) + Ouv;, (€, u, @)
0ut5 (& u, ) = — 0 (Z) — u*y' (2 — )0k (Z) + Ogwy (&, u, @)
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0205, (&, u, x) = V0 (Z) + vy, (€, u, x)
Oz, (6 u,x) = — uy’0(Z) + Fw;, (€, u, )
02056 0.2) = [17 + 3uyur?]| (& — 04(2) + urur® (& — €20 (2) + 205 (6, . )
Optr (& u,w) = = 37*ur 0k (Z) — 7 Pur’(w — €)0(Z)
- [2U74 + u24fy3uv3] (z — )0k (2)

— u*ytuy(x — )03 (Z) + Dow;, (€, u, )

D005 (€, 0, 7) = — wuy0g(Z) — un (o — E)6(Z) + OeDvf (6,1, 2)
005, (&, u, ) = uy O3 (Z) + >y 0% (Z) + > (x — 0K (Z) + DeDuw; (€, u, @)
Hence for any (£, u) € ¥(2,U) we obtain by using Lemma 20.67 that
a§¢2(€a Uu, ')7 858119;(57 u, ')a aéauw;(fv u, ')a aﬁaud]qi(gy u, ) € Ll (R) 5
since :

02056, 2)| 1y

(L+ |2])2 0w (€, u, )
< ‘_uﬁygelll{/(Z)‘L%(R) + : 21
: (1+ [z]?)2 LL(E)
3 2\1a2 ¢ 1
< [~ (D) py oy | (A [2)2 O¢wn ()|, rrr
I2(R)

‘@%@i(éa% CL’)‘L;}(R)
< | = 320705 (2) = 7wy @ — 5 (2)

- [21&74 + u24v3uv3} (v = 0% (2) — u*y'u’(x = 0K (2)| | -

(1+ |2[?)702ws (€, u, x)
(1+ |z]2)2

L3 (R)
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< ‘ = 3Vuy’ 0% (Z) — YPury (x — )05 (2)

— [21&74 + u2473u73} (x — )0 (Z) — w*y'uy’ (x — £)*0%(Z) LL(E)

1
(1+|z]2)

LZ(R)

| fof?) 202w (6w, )

LZ(R)

100,87, (&5 1, )| 11 gy

(L+ |21%)2 0c0,05 (€, u, )
(L+|z]2)2

< |0 (2) = ur(a — ©(2)] ) +

L} (R)

1

< |—ur*0(Z) — urt(x — O)0L(Z (14 |2)?) 200,05 (€, u, —
< [ 0(2) = e = D)y + (1 P02 € )
2(R)
|afau¢1€1(£7uvx)|L}3(R)

1+ |2|?)20:0,w% (€, u, @

< [0 (Z) + P O Z) 0@ — OBy + | AT 1 7)
z T .

< |uy'0(Z) + uPy 0 (Z) + uPy(x — OFK(Z)] 1y s

1

(1 + |22 20e0,w5 (€, u, o -
e R I e

LZ(R)

LZ(R)

The first order derivatives can be treated in the same way. Thus for a sufficiently small ¢
the following norms

|8591€1(€7 u, x)|L%(R) ) |au97€1(§7 u, x)|L%(]R) ) |a§¢i(§a u, x)|L§(R) 9 |au¢i(§a u, C(:)|L§;(IR) )
’856761(€7 u, x)‘Lglc(R) ) ‘8“62(& u, x)‘L}D(R) ) ‘a§¢i(§a u, x)’Lglj(R) ) ’8U¢761<€7 u, x)’Lglg(]R) 9

‘8529751(57 u, x)‘Lg(R) ) |8502(57 u, x)|L§3(]R) ; ’a£8u97€1(£7 u, l‘)’L%(R) ; |353uw2(§> u, x)‘Lg(]R) )
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‘652%(5’ u, x) ’L}C(R) ) |85¢781(€> u, x) |L}D(]R) ) ]8@&;(5, u, .CE) ’L;C(R) ) |a§au¢2(§a u, JZ) ‘L}C(R) )
are bounded from above, uniformly in € € (0,¢¢], ({,u) € R x [-U —U(2),U + U(2)] by

0¢ 000 (&, u, )

Y

B := max sup
ue(

—U-U(2),U+U(2)) LE(R)

071 924 (€, u, @)

sup
we(—U—U(2),U+U(2))

’Bl+52g27 p:172}+]—7
LE(R)

ie.,

Ve € (0,e0], (E,u) €R X [<U —U@),U+UQ)], fi+ <2 p=12:

(21.2)
o1 0P0° <B, |ofope <B.
& Yu (£7u7$> L2(R) — ) & Mu w (f,u,l’) LE(R) =~
Notice that
1 1
Vee (0,8, u) eRx|-U-UQR2),U+U2)]: ———<—,
(.00 () €R X [U=URU+VC]: s <
due to Lemma 21.6.
In this proof we denote by || - [[the maximum row sum norm of a 2 X 2 matrix induced by

the maximum norm | - |, in R2.

We show that 3k € (0,1),0 > 0,60 >0 Ve € (0,0], (&0, u0) € X(3,U)
V ((0,9), (& u) € B5(0) X Bs(0) = [[DigSegy (0¥, & u)l Sk <1

We set

1

=, K = ﬁ

2 30

Consider ‘02(507_’”07 .'E) - 0;(57 a? x)|Lg°(]R) and W}i(fm U, J}') - ¢z<€7 ?7’7 x)|L%(]R)7
where (&, uo), (&,u) € 3X(2,U):

Since
O (o) (x — &) — O ((uo) (z — €)) = B (v(uo) (= — &[0, €, w0, 1)) - (o) (&0 — §),
O (v(uo)(x — €)) — Ok (v(u)(z = €)) = O (37 (o), ¥(@), &, 2] (x — €)) - -

by the mean value theorem, there exist a n > 0 s.t. for all (&, uo), (f, u) € ¥(2,U) with
|(&0,u0) — (&, u)| < n, we obtain:

k.=

(7(uo)

|00(€0, uo, ) — 0o (€, 4, ) %

L (R) =



232 Symplectic Orthogonal Decomposition

Since
— gy (u0)0k (v(uo)(z — &) + wy(@)f (v(@)(z — £))
= — upY(u0) 0%k (v(uo)(x — &) + 1oy (o) ((uo) (x — &)
— gy (u0) 0 (v(uo) (x — &) + oy (o) O (v(@) (2 — £))
— gy (uo) 0 (V(a) (x — &) + ay ()0 (v(a) (z — €))
and

0 (v (o) (x — &) — O (v (o) (x — €)) = O (y(uo) (x — &[0, &, uo, 7)) - Y(uo) (&0 — &),
Ok (V(uo)(x — &) — O (v(w)(x — €)) = 0% (VY (o), (@), &, z)(x — €)) - (v(uo) — (),

by the mean value theorem, there exist a 7 > 0 s.t. for all (£, uo), (€,7) € ¥(2,U) with
|(&0,u0) — (&,u)] < n, we obtain:

= K
[¥0(60, 10, ) = Yo(€, Ty )| 2y < fc
and
K
(7 (u0)? — y(@)*)m| < fc'

Using Lemma 20.67 we choose €y so small that

Vee (0,e), (§u) eRx[-U-U(Q2),U+U(2):

V(& U, )] 2Ry < fca |w (& u, )] 2Ry < % .
and so small that
Vee (0,c0], (Eu) ERX[-U—UQ),U+UQR)]: k(6 u)] < % (214
Notice:
[m3, (€, @) — m, (€0, uo)
< |(y(uo)® = 7 (@)°)m| + |&5, (o, wo) — ki (€, )] -
We set
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and get back to our case where (&, ug) € X(3,U). Notice that

D(ﬁ:U)Sfao,uo (97 % 57 u)

1 0 -1 10
~ (uo)Pm + k5 (&, uo) (1 0 > DieaNeoun (0,60 = (0 1)

- 1 —0eNg o, (0,0,6,0) —0uNG,, (0,7, €, u) _(1 o)
- (uo)Pm o+ k(S0 uo) \ DN (0,0, 6,u) DN (0,4, u) 01/

The assertion follows from the following estimates. For all (0,1), (§,u) € B;(0) x Bs(0):

1
|m /\/?Oluo( 0, € u)|
1
= |ma§N€’l((9(> + 02(507 Uo, ')7 Qﬂ() + wz<€07 U, ))7 (5 + 50, u +_U0))|

)‘ <|852¢£ (€,U ZL')| ”U (g()aul);m) - U;(gaawr”L%(R)

< -

o |m781<€07u0
+ 025 (€, 0, )| 12 (r) |0() + G0 (o, w0, ) — O0(€, U, @) | Lo ()
+ 102605, (&, U, )| 2|9 (x) + wi (€0, w0, ) — wiy (€, 0, )| L2 ()

+ |3§29€(57@a$)|L1 ®) [Yo(&o, uo, ©) — Yo(&, U, )| oo (m)
i / 05 (6.1, 2)05 (6.1, ) + (€. 71, ) (€. 7, ) i)

)l (’8§¢5 (&U ﬂf)fm ’U;i(fo,uoﬁ) - UZ(E»@@\L%(R)

|m181<€07u0
+ |a§2¢fz(§,ﬂ, 93)|L;E(R)|9($) + 90(50&0, 95) - Qo(é,ﬂ, $)|L30(R)
+ |a§20fz(€7 u, x)|Lg(R)|¢($) + wi(gm Ug, IL’) - wi(ga u, x)|L%(]R)

+ 0205, (€, 4, )| L1y | Y0 (o, w0, ) — 1ho(€, @, 95)|L%°(R)>

<k:
27
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1

| — e (Gort0) /\/Z)QUO( 1, & u) — 1
1
=|- ma&/\[ﬂ(w(.) + 07, (&0, w0, -), () + U5, (&0, o, ), (€ + o, 1 +_u0)) — 1|
— i —¢
1 _ _
< m(!a@mﬁ(&ﬁ, )| 22 ®) |5, (€0, w0, ) — 03, (€, T, )| L2(m)

+ 100515, (&, 0, )| Ly ) |0() + 0o (€0, w0, ) — O0(&, U, )| L ()
+ 100,85 (€, 4, )| L2 )| () + wy, (§o, uo, ) — ws (€, 4, T)|r2(m)

+ 0:0u0;, (€, @, )| 11 (m) [0 (S0, w0, ) — Yo (€, @, x)|Lgo(R))

+1- m / — 05 (&, 1, 2)0¢ 05 (€, 1, ) + 0,05 (€, 0, ) O (€, 1, ) dw — 1]
1
= m§ (&0, uo)|
+ |0e0uty, (€, u w)’L;(R)W(x) + 00 (&0, uo, ©) — 0o (&, T, )| 2o (m)
+ 060,05, (€, 0, )| 2wy [0 () + W}, (€0, w0, ) — Wi (€, 4, )| 2wy
+ 06805, (€, 1, )| L1 (r) [P0 (€0, w0, ) — Yo (€, U, )| oo m)

(lagauwf;(é, U, )| 2wy V5 (€0, w0, 2) — 05 (€, T, )| L2y

m\ z/\m

+ |m5 (€, 1) — m5 (€0, uo)|
k
< 5,
1 e, 1
|Wa N (0,0, 6 u) — 1
= ’mau/\/a’l((e(') + 67, (&0, vo, +), V() + U5 (€0, uo, ), (§ + &0, u —i—}bo)) — 1|
=q =¢
1 _ _
= Tme (€0, uo))| <|au8€¢i(5’ﬂ’ )| 2w vy, (S0, w0, ©) — v, (€, U, @) | L2 ()

+10u0r, (€, 4, )| 1w |0(2) + 00(&o, w0, ) — 0o(€, U, )| L (r)

+ 10005, (&, @, @) |2y [0 (2) + W] (§o, w0, ) — Wi (€, T, @) L2 (w)

+ |8U8§97€1(§7 aa :U)’L;(R) Wo(fo, Uo, ZL‘) - ¢o(§, ﬂ, x)’Lgo(R))

1 . . ~ . o -
+ |m/_aiiﬁn(gauax)auen(ﬁa%x)+a§9n(§, ) uw (5 U a:) dx 1|
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(190e5(&, 7, 2) 23 o5 (€0, w0, 2) — 5 (65 )z

= | (o, uo)]|
+ 10u0e05,(§, 1, ) | Ly )| 0() + 00 (€0, w0, ) — Oo(&, s )| Lo ()
+ 0,00 (5 )| L2 [ (2) 4wy (€0, w0, @) — wi (€, T, )| 2w
+ 040605, (€, @, )| L1y [P0 (€0, w0, ) — Wo(E, U, )| Lo )

~— —

+ |m1€1(£7 5077//0 |
k
< 5,
1 €,2
|m N (0,10, 6, u)
1
= |mau/\f€’2((9(‘) + 07, (80, wo, +), V() + 5, (6o, o, ), (§ + &0, u +_uo))|

T =¢

< 62 E(¢E 5 9 3 o E(E )
= ‘m%<€07u0)| (‘ u¢n(f>U,$)\LI(R)!%(§0’U0,$) vn(é',u,a:)hz(m)

+ 0245 (€, 0, ) 12 ) 10() + G0 (o, w0, ) — O0(€, U, @) | Lo ()
+ 10205, (€, 1, 2) | 2 ) |¥ (@) + w;, (€0, w0, ) — wi (€, T, )| 2R
+ 10265, (€, 1, )| 1 ) [P0 (S0, w0, ) — Yo(€, T, )| Lo (m)

4] [ ~0u5(E 0. 00,0(E 1.5) + 003 1. 2)0,55 (€. ) o]

_ 1 2.1 E(¢F = 15 € —
- m<|au¢n(€7uax)|L§(R)|vn(§07u07x> Un(gvuax”L%(R)
+ 0245, (€, 0, ) L1 ) 10() + G0 (o, wo, ) — Oo(€, U, @) | Lo ()

+ |a§‘92(57 ﬂﬂ”L%(R)W(@ tw (§0a Uo, T ) Z,(g x)lL%(R)

+ ‘8292(57 u, $)|L;(R)W0(§0,U07 ) % &U x |L°°(R>

kK
5"
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We show that 37 < 6,60 >0 Ve € (0,20], (€0, u0) € 2(3,U)
V(Q,w) ( ) | gouo( 7¢’O70)|00<5(1_k):

. [idc
" 238

We set

Notice that

1 1
Se 0o (0,1,0,0) = ; 0,0).
foun (0:4,0,0) 7 (uo)’m + k5 (8o, uo) (0 >N0u0( $:0.0)
The assertion follows from the following estimates. For all (6,1) € B,.(0):
L (0.4,0,0
ms(g(];u[)) 0u0< dj )|
1 e, 1

<<9<) + 02(§07 Uo, ')7 ¢() + 1?2(5& Uo, ')7 (507 u0>>|

’mi(foa ug)” S0

1 _ )
- m‘ ] et w0, 1012) — 0856w 10 do

1

< m(|35¢Z(507UO,x)|L1(R)!9(x)|Lgo(R) +10¢0;, (&0, wo, ) L2(r) [ () | L2 (R >

1
m% (607 Uo)
1

|mi(§o, ug)

Voo (61,0, 0)|

NEQ((Q(') + 82(507 Uo, ')7 ¢() + wwgm(va Uo, ')7 (507 uO))'

) Wlun‘ ] 0060, 200) — .85 o0, )

1
< ———— (|05 (&0, wo, @) | 1 (m) |0(2) | oo (r) + |Oub5, (€0, w0, )| L2 x) |12 )
< ey 0 oo, D)l 000 ) + 100 (0, w0, ) 120 ) 3o )

Remark 21.8. In this chapter we have chosen ¢y as small as (21.1), (21.2), (21.3), and
(21.4) are satisfied.



Chapter 22

Existence of Dynamics and the
Orthogonal Component

Let € € (0,¢0], where ¢ is from Lemma 21.7. We argue similar to [Stu98, Proof of theorem
2.1]. In order to be able to make use of existence theory we set

@(t,l’) = e(t’x) - 02(557 US,JZ) )
ﬂ)(t, :L‘) = @D(t,:ﬁ) - ¢Z(§S7 uS,ZL’) )

and consider the problem
v(0,2)\  ( 0(0,2) — 05, (&, us, )
(w(&as)) - <w<o,x> —¢z<§s,us,x>> ’ 22

5 (700 _ (0. 2) — 5 (€0 1. )
! w(t,x) [0(t, ) + 65 (&, us, ©)]ww — Sin(0(t, ) + 05 (&, us, ) + Fle,x) | -

By [Mar76, Theorem VIII 2.1, Theorem VIII 3.2 ] there exists a local solution (see also
[Stu98, Proof of theorem 2.1}, [Stu92, p.434 |) with

(0, w) € CY([0, Tioc], H'(R) & L*(R)) .
(0,v) given by 0(t, x) = v(t, ) + 05 (&, us, ©) and (¢, x) = w(t, x) + 15 (&, us, ) solves ob-

viously locally the Cauchy problem (19.2)-(19.4) and (0,4) € C'([0, Tjoe], L (R) & L*(R))
due to Morrey’s embedding theorem.

We are going to obtain a bound in Chapter 26 which will imply that the local solutions
are indeed continuable.

So from now we assume that (v, w) € C1([0,T], H'(R) @ L*(R)) is a solution of (22.1)-(??)
and (6, 1) is a solution of (19.2)-(19.4) such that (#,+) € C*([0,T], L>(R)® L*(R)). Given
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(0,1) we choose the parameters (£(t), u(t)) according to Lemma 21.7 and define (v, w) as
follows:

v(t,x) = 0(t,z) — 65 (E(t), u(t), z), (22.2)
w(t,x) = 77/)(15,1}) _¢Z<§(t)7u(t)vx) : (22'3)
(v(t,x),w(t,x)) is well defined for t > 0 so small that
V()| poory + [0 ()| 2y < 7
and
(€(t), u(t)) € X(4,U, 5),

where r, U are from Lemma 21.7 and = from Definition 20.65. We formalize this by the
following definition.

Definition 22.1. Let t* be the "exit time”:

t* = sup {T >0 o] poo oo (o) T 1€l Lo o,0,2m)) < 7
(), u(t) € TA,U,2), 0S¢ T},

where r,U are from Lemma 21.7 and = is from Definition 20.65.

Notice that (&, us) = (£(0),u(0)) € ¥(4,U, Z). We will choose € such that, among others,
the following conditions are fulfilled:

(a) € € (0,&0], where g¢ is from Lemma 21.7,
(b) [v(0)] oo (my + [0(0)| 12y < 5, where (v(0),w(0)) is given by (19.3)-(19.4).
t

Thus (v(t,x),w(t,z)) is well defined for 0 < ¢ < ¢*. The next lemma provides more
information on (v, w).

Lemma 22.2. Let T = min{t*, T} and let (v,w) be defined by (22.2)-(22.3). Then (v, w) €
([0, 7], H'(R) ® L*(R)).

Proof. Using (22.2)-(22.3), Lemma 4.2 and the fact that (v,w) € C'([0, Tioe), H'(R) ®
L%*(R)), we obtain

v(t,x) = 0(t, z) — 05 (&o, uo, ) + 65 (&, o, ) — 05 (E, u, x)
= 0(t, ) + 05 (&, ug, ) — 05 (&, u, ) € HL(R),

w(t,z) = ¥(t,2) — ¥ (§,u,2) € Ly(R).

This implies the claim. O
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In the following remark we point out the relation between F' and (65,5, ).

Remark 22.3. Due to (20.16) and Lemma 20.66 for a. e. ({,u,z) € £(4,U,Z) xR
i) )\ 020 (€ ux) — sinb (€ u2) + Fe,)

: 0,8, u, ) . _
+ )\u,n(ga U)au (1/}2(57 u, iL’)) + Rn<€> u, iL’) -

Notice that there appears F instead of F' in the equation above. The following rates of
convergence hold:

Z?;ol 8%_?2 g — 0751
Z?:—Ol 82;{}2 e =0(E"),
0 Y ()
0
0 — O(€1+k) )
Mo My

The next two lemmas give rates of convergence of R;, (£, u,-) and X; (£, u) which will be
needed in the proof of the modulation equations for the parameters (£(¢), u(t)) in the next
chapter and in the proof of the main result in Chapter 26. We start with R (€, u, ).

Lemma 22.4. It holds that
|[RZ<€7 U, ')]1|L2(R) = O(gn+k+1) ’
HRZ(&? u7 ')]2‘L2(R) e O(€n+k+1>
uniformly in (§,u) € X(4,U,=).

Proof. Using Remark 22.3, Lemma 20.67 and Morrey’s embedding theorem we obtain for
all (§,u) € ¥(4,U,=2):

[R(8 w, ')]1|L2(R)

n—1
020, (8w, )
< |/\Z,n('7u)|Loo(R) aﬂ( s il _02( ) U, )
i=0 ’ L2(R)
0 it et 0,
<ec 0 Zn—ol QLU | i _ e
c i=0 4l n
)\u,n Y2 (uy) 0

Y5 (ux)
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and

HR751<€> u, ')]2|L2(R)

n—1 a,L 0 - .
au (Z M g — ¢Z(§7 U, ))

< |/\Z,n("u){L°°(R)
i=0 L2(R)
0 S B e -6
=<l i B -y
W/ ye (uy) 0 Yo ()
— O(8n+k+1) _

The following lemma gives rates of convergence of A; , (§,u) and its derivatives.
Lemma 22.5. [t holds that

Xon (&) = O,

[0, 0 (& u)| = O,

(025, (&, u)| = O("H) .

uniformly in (§,u) € R x I(uy).

Proof. Using Remark 22.3 and Morreys embedding Theorem we obtain for all (§,u) €
$(4,U, 2):

01X, (€, )
< ‘al)‘i,n<"u)‘L°°(R)
SR X)) P

0
<c|| O

€
o Y3 (ux)

= O("*)
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and
[CUD)]
< ‘aQAZ,n<'7 u) ’LOO(R)
<c ‘62/\2,71('7 u) ‘HI(R)
0
<c 0
Aun
’ Y3 (ux)
— O(€k+1) )
A5 (&, u)| can be treated analogously. O

We compute the time derivatives of v and w which will be needed in the following chapters.
Lemma 22.6. The equations for (v,w) defined by (22.2)-(22.3), are
b(z) = w(w) — E0:05 (€, u, ) — 1D 05 (€, u, x)
+udel;, (€, u, x) + X, (€, u)0ubr (€, u, ) + [R5, (€, u, )l

sin 0% (&, u, z)v*(x)
2

+ R(0)(2) + udgd (€, 1, @) + A, (6 )ty (€ u, @)
+ [Ri(& u, $)]2 - fai%bi(fa U, {L‘) - uau¢fz(€a U, [L‘) ’

w(x) = 0?v(x) — cos O (€, u, z)v(z) +

for times t € [0,t*], where R(v) = O(|U|Z%(R)) and RE (&, u, x) is from Theorem 20.62 (c).
Proof. We take the time derivatives of (v,w) and use Remark 22.3, (19.2):
() = w(x) + ¢ (&, u, )
€00 (€, u, ) — 00,05 (€, )
= w(z) — £0¢b;, (€, u,x) — i, (€, u, x)
+ udel;, (§,u, ) + X (6 1) 0u05 (€ u, @) + [RE(§ u, 2)]
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w(r) = 0%0(x) — sinO(z) + F(e,x) — E0eS (€, u, ) — w5 (€, u, )
= 0205 (&, u, ) + O%v(x) — sin 6 (€, u, )
sin 02 (&, u, x)v?(z)
2
+ Rw)(x) + F(e,x) — £0eS (€, u, ) — w5 (€, u, 2)

sin 0° (&, u, z)v*(x)

2
+ R(U) (.’L’) + ’U,agw;(f, u, SL’) + )‘Z,n(gv u)auwa(f? u, ;C)
+ [’R’fz<£7 U, 1:)]2 - gaﬁwi(éa u, x) - uauw;i(év u, .’II) )

—cos b (&, u,x)v(x) +

= 0%v(z) — cos O (£, u, z)v(z) +

xT

where we have expanded the term sin(6: (&, u, ) + v(z)).



Chapter 23

Modulation Equations

In the following lemma we derive modulation equations for the parameters (£(t), u(t)).

Lemma 23.1. There exists an 9 > 0 such that the following statement holds. Let € €
(0,e0] and let (v,w) be given as in (22.2)-(22.3) by

v(t,z) = 0(t, x) — 05(&(1), u(t), =),
with (&,u) obtained from Lemma 21.7. Let
‘U‘Lm([o,t*},Hl(R)) , ‘w‘LOO([U,t*],LQ(]R)) < €o,
where t* is from Definition 22.1. Then it holds for t € [0,t*] that
€(t) = u(®)] < Cllo(t)| 1 ry + [w0()] L2y + C (B3 gy + Ce™HH,
[i(t) = A5 (€@, u()] < Cllo() gy + [w(E)] g2y ]+ C () gy + Ce™
where C depends on F and &.

Proof. The technique we use is similar to that in the proof of [IKV12, Lemma 6.2]. Let
g0 € (0,e*) with £* from Theorem 20.61 and let £ € (0,g9). Further in the proof we will
make some more assumptions on €. Using Definition 21.1 and (22.2)-(22.3), we write the
orthogonality conditions as follows:

0= C3(0,4,€,u) = / D6 (6., 2)0(x) — O% (€, u, 2w (x) dar

0=C5(0,¢,& u) = /&ﬂbi({,u,x)v(x) — 0u0; (&, u, x)w(z) de .

In the following we skip (0,1, £, u) for simplicity of further notation and take the derivatives
of Ci, C5 with respect to ¢t and use Lemma 22.6.
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d
56 = [ aloevi(e u elz) + 06 w00 (a)

— OO (€, u, ) () — Bl (€, u, 2) () da

=%/{éﬁ¢ﬂ&UJﬂ+u&ﬁwﬁ@ﬂu@}v@)
+{%ﬁ@ww%{ﬂ@—&%ﬁ&w@—u%%@w@
+UQ%@mw%h&A&w&%@ww%ﬂRﬂéw@h}
—{é%ﬁ%@uﬂﬁ+u&ﬁﬁﬂ§UAﬂ}w@)

sin 02 (&, u, x)v?(z)

_ {359;(& u, x)}{@iv(x) —cos b (&, u, x)v(x) + 5

+ R(”)(ZE) + U@giﬂi(ﬁ, U, l’) + XZ,n(ﬁ? U)&M/J;i(é, U, I)

+ [R2(§7 u, I)]Z - 5851/}2(57 u, [L’) - uaul/)ri(ga u, ZE)} dx

= / _a§¢i(€7 u, x>au0:ri<§’ u, I) + 8592(& U, x>8uwi<§’ U, I) dx (u - Az,n(fv U))

-~

=0 (1 (60, ) 8 60, )

+ /8§w2(£7 u, x>8567€1(£7 u, I) - aﬁdﬁz(ﬁ? u, x>8£97€1(£7 u, .T}) dx (u - 5)

i

g

=0t (6w, ). 1, (6 )

b [ 0wz € 0)o(e) — 0,087 (6w w)ue) o (i = X (6

-~

o],

—/%%@%@M@—%%@wwM@MWW—Q

J/

-~

- o],
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—l—/ﬁgwi({,u, r)w(x) — 0gb;, (&, u, ) (83%@(55) —cos b (&, u,x)v(q:)) dx

[\

—i—/u@gwfl(g,u,x)v(x) — udz0;, (€, u, x)w(x) do

" / DD (€, u, 2)ul(x) — D065 (€, w, wyw(a) di - X, (€, )

+/ {35%‘2(57uw)}{[@(&%ﬂf)k} dx

-/ {859;@, “ >}{ BT | Ry o) + (R3 e x>12} s

J/

-~

= [P,,i(g,u,v,w)] )

and

d
Lo5= / DuO5 (€, s 1)) + Bl (€1, ) D)

— 04[O0, (&, u, ) |w(x) — 0,05 (€, u, x)Oyw(x) dx

= / {Safauwi(f,u,x) + ﬂaiwi(f,u,x)}v(x)
+ {auwri(gv u, QZ)} {w(m) - 5859751(& u, l’) - u@ﬁ,ﬁ(ﬁ, u, JJ)
+udeby, (€, u, ) + X, (€, 1) 0ub, (€, u, ) + [Ri(f,u,x)h}
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sin 0% (€, u, z)v*(z)

— {auei(f,u, x)}{agv(x) —cos b (& u, x)v(x) + 5

+ R(v)(z) + udets (€, u, ) + A5, (& )95 (€, u, )

+ [R7€1<£7 Uu, l’)]g - 585%51(5} u, 33) - uau¢i(£> u, .ZE)} dx

= /&ﬁi(é} U, )0y, (€, 1, &) = b5, (€, w, 2)0uty (€, u, ) da - (4 — X7, (€, 1))

J/

-

=Q (ti,n(gv u, ’)7 ti,n(év u, ))

b [ BB 0,210,556 ) — D€, )00 6 ) di - — &

/

v~

-0 (ti,n(&w )ste (&, ')>

[ J/
-

= [Mfl(rf,u,v,w)]

22

- /858“02(5, u, 2)v(z) — 00,05 (€, u, x)w(x) dz -(u — &)

J/

-~

- {Mﬁ({,u,v,w)]m

—i—/@uwi(f,u,x)w(av) — 00 (&, u, ) <8§v(m) — Cos 92(5,%1’)@(1’)) dx

(.

+/ﬁ@m%@www@»w@m%@wwmqu

+/%%@m@%@—%%@w@ﬂ@w%&A&w

+/ {(%@Ui(é,u,l’)}{[RZ(f,u,w)h} dx

—/{m%@ww}fm%“”””%ﬁ+mmeWM£mwm}m.

2

/

v~

= [Pﬁ(g,u,v, w)] )
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We set

QF (€,u) = Q (tz,n@,u, -),tz,n(f,u,-)) Q (tgn(g,u,.),t;n(g,u?.))
n\Ss ) Q (ti7n<€7ua ')7t2,n(67u7')) Q (tz,n(£7u7')7t2,n(£7u7'))

0 Q (tz,n(éu u, ) ti,n(&a U, ))
Q (tqi,n(gv u, ')7 tz,n(& u, )) 0

B 0 () + mé (€, )
(3 (u)m + ma (€, u)) 0

- (wpm+msien) (1) 4) -

Now we consider for any (§,4) € R x [-U — U(2),U + U(2)], (v,w) € HY(R) x L*(R) the
matrix:

(85 z<€,u,->> <v<->)> <<auang<‘,a,->> <v<->>>

—026;,(€,u,-) )\ w() L2(R)®L2(R) ~0,0¢05(&,u,-) )\ @() L2(R)®L2(R)

<<8gauwz<ia,~>> (v<->>> <(az¢;<€,u,->> <v<->>>
—0:0.03(6,0,) ) \TO) ) [ oo —000,(& 1) ) \CO) ) [ e

We use Lemma 21.6, Lemma 20.67 and Holder’s inequality similar to the proof of Lemma 21.7
and obtain for all (£,u) € R x [-U —U(2),U + U(2)], (v,w) € H'(R) x L*(R):

HQ5(E @)] " MEE, @, 0, @)|| < C(10] gy + 102y (23.1)

where we denote by || - || a matrix norm. Let I = I, be the identety matrix of dimension 2.
Due to (23.1) we are to choose g > 0 such that if |0, [W[;2®) < €0 then the matrix

I+ [E )] MiE, a,o,)

is invertible by Neumann’s theorem. We write the time derivatives of (Cf,C5) in matrix
form and use the notation P (&, u,v,w) = P, M5 (&, u,v,w) = M, Q5 (§,u) = Q:

d(c
"= (C)

B f—u é—u
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This implies

—'P=(1+07'M) (u _i; 7& u)> .

If 0] g1y » (W] 2@y < €0 then we obtain as mentioned above by Neumann’s theorem that

(u_iiﬁ;m>:‘(1+91Mjﬁmlpy

We make a further assumption on gy, namely that ¢y should be so small that the conver-
gence rates in Lemma 22.4 and in Lemma 22.5 are satisfied.

We consider P, and Ps:

P = /0§w2(§,u, r)w(z) — 0y (&, u, x) (851}(1’) —cos b (&, u, a:)v(:r)) dx

-+/U%¢ﬂ&wxwmﬂ—U%@@ﬂa@w@ﬁm

+/3u5’5¢2(€,u,$)v($) = 0400, (&, u, w)w(x) du - X, (€, u)

+/ {%ﬁ}i(&u,x)}{[Ri(éuw)h} dx

—/{éwaawx&{ﬁnﬁ“”“”“”)+wa@+wnaawxm}dx

2

Consequently using Corollary 20.6, Lemma 22.4, Lemma 22.5 and similar arguments as
above we obtain

1P| < Cllv] gy + |w|L2(R)]€k+1 . !Uﬁp(R) L Oentht
%:/@%@%meﬁﬁﬁ%@wa—m%@mmwﬂm

+ /uﬁgﬁuzﬁi(f,u,x)v(x) — w00y 05, (&, u, v)w(x) dx

+ [ BRiE s a)oo) - 2676w D)uwl) o X 6 )
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-/ {aue;@, >}{ PS¢ o) + [R;(g,u,xnz} .

Consequently using Corollary 20.6, Lemma 22.4, Lemma 22.5 and similar arguments as
above we obtain

1P| < Cf|v] gy + |”‘~U|L2(R)]5lC+1 +C |U|12711(R) + Ot






Chapter 24

Lyapunov Functional

We introduce the Lyapunov functions.

Definition 24.1. Let (v, w) be given by (22.2)-(22.3), with (£, u) obtained from Lemma 21.7.
We set

2 2 2

w2(:1: &cv(x cos(65 (&, u, x))v*(x)
2 + 2

/ w2(3; (Dpv(z))? COS(GK(’Y<5" —&)vi(@) + uw(z)0,v(z) d
/ +uw(z)dpv(z) de . (24.1)

Remark 24.2. [¢ is the quadratic part of
H(0, ) + ull(0, )
above the virtual solitary manifold S;, since due to (7)

H(GZ(& u, )+ (), Y5 (€ u, ) + w(,)>

1

=5 [ Wi a) - @) + (@856 . 0) + Dr0(0)?

+2(1 — cos(65 (€, u, z) +v(x))) do
- %/<¢Z(§vu7 ))? + 205, (&, u, w)w(x) + w?(2)

+ (0,05 (&, u, 7)) + 20,05 (&, u, 1) 0pv(x) + (Opv(w))?
+2—2cos0: (&, u,z) + 2sin(65, (&, u, x))v(z)
+ cos(05 (&, u, 2))v?* (z) do + O(v*) + O(w?)
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and due to (8)
1636w ) + (), V(6 u,) + ()
— [ ) + w@) (@05 (6 ) + Oc0(e)
= [ Ui w0086 ) + Ui )0 (a)

+ 0,05 (&, u, x) w(z) + w(x)o,v(z) de .

We compute the time derivative of L*(¢) in the following lemma. This will be one of the
main ingredients in the proof of the main result.

Lemma 24.3.

L= ¢ [ [t ot wn)} - wiw){ - deviie un)}

+ [eos(05 (&, u, x))v(x) — 2v(2)] 005 (€, u, ©) + uw(x) 0,005 (€, u, x) d:c]
— (= X, (€, u)) [ / —ud(@){ — 0,05 u,2) } — w(@)| - (€ ua) |

+ [cos(05 (&, u, x))v(x) — O%v(2)]0,05 (€, u, x) + uw(x)0,0,05 (€, u, v) dx]

— u/ sin(@i(g,u, $))8u9fl(§,u,m)v2(x) dx

+(€—u) / cos(0 (&, u, 2))0(2)0y0(z) dx

+ u/w(x)axv(:v) dx

2

sin 0% (&, u, x)v*(z) -

5 + R(v)(2) + [Ry (& u, 2)]a] + 0:0(2) 02 [R,, (€, u, )

+ cos(0,, (&, u, ©))o(2)[Ry, (€, u, )]s + ww(2)0: Ry, (€, u, )]y d .

+ [P E LI L f)) + (R (6 )l

+ udv(z)|
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Proof. We use a similar technique as in the proof of [KSK97, Lemma 2.1]. We can assume
that the initial data of our problem has compact support. This allows us to do the fol-
lowing computations (integration by parts etc.). The claim for non-compactly supported
initial data follows by density arguments.

Some preliminary calculations:

/ Ouleos 0(& s )] o 1y g

2

_ _/sin(efb(g,wm))éaggi(g’u7x)v2(x) dx

/sm (O (&, u, 2) 8u9fl(§,u,x)02(x) dx

sin(0 ( S,u x)

f[@g&i(f, w, ) + 0,05 (&, u, ) |v? () do

sin (6 §,u x))

f@xei(ﬁ, u, 2)v*(z) do

sin(0 ( §,u x)

&ﬂfl(& u, 2)v*(z) do

sin(0 ( §,u x)

+
\\\\

f[@g@i(f, u, ) + 0.0; (&, u, x) v () dx
/58:,; cos(0 f,u x)))vg(x)

/sm (0 (€, v, 2) (C)uﬁfl({“,u,x)vQ(x) dx

B / sin(65 (€, u, )

5 f[@g@i(f, u, ) + 0.0: (€, u, x) v () dx

0405 (€, u, x)v* () de .

‘f‘/éCOS(QZ(g’u? x))v(x)awv(x) . uSin(92(§7u’Qj))

Partial integration yields [ 9,v(z)d2v(x) + w(z)d,w(x) dx = 0. We differentiate the Lya-
punov function (24.1) with respect to t:
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Oi[cos 5 (&,u, x)] o
5 v(x)

—LE :/ x) + 0,0(2)0,0(x) + cos 05 (&, u, v)v(z)0(x) +
+ uw(x)0,v(z) 4+ vw(z)0,0(x) + tw(x)dyv(x) da

= /w(az) lagv(x) — cos 05 (&, u, z)v(z) + sin 92(5,126, x)v*(x)
+

R(v)(x) + udets (&, u, ) + X, (&, w)0ut5 (€, u, @)

+ [R5(&,u, 2)]o — €005 (€ u, ) — a5 (6w, 56)]

+ Opv ()0, [w(l“) — £0¢0;, (€, u, @) — 10,0, (€, u, )

+ U0l (& u, ) + X, (€ )00, (€, u, ) + [R5, (€ u, 33)]1]

+ cos(6;,(€, u, x))v(x) [w(ﬂf) — £060;, (€, u, @) — 10,0, (€, u, )
+ U0l (&, u, ) + X, (€ 1w)0ub,, (€ u, ) + [R5 (€ u, 33)]1]

sin(0;, (€, u, 7))
B 2

+ SCOS(QZ(S, u, x))v(x)0,v(x) —

€[0cts (€ w. ) + 0,026 w,2) |2 (@)

056, 1.7)

005, (&, u, v)0° ()

sin 6 (&, u, v)v*(x)
2

+ ud,v(x) | O2v(z) — cos O (€, u, z)v(z) +

+ R(’U)(:U) + Uagwi(g, U, .’13) + )‘Z,n(£7 u>auwrgl(§7 u, SL’)

+ [sz(£7 u, x)]2 - 5851/}2(57 u, ;C) - Uau?ﬁfl(f? u, LU)
+ u/w(x)axv(x) dx

+ /uw(x)@z [w(m) — EDO5 (&, u, ) — 1005 (€, u, 1)
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+u0e0;, (&, u, ) + X, (&, u) 005, (€, u, x) + [R5, (&, u, x)]1] dx
=w-©l/ﬂ@mm{—@ﬁ@mw&—w@ﬁ—@m@ww&

+ [cos(65 (&, u, x))v(z) — O20(x)]0eb5 (&, u, ) + uw ()0, 0605 (€, u, ) da:]

—m—xm@mwl/ﬂ@w@ﬁ—awaam@}—w@ﬁ—awaamm}

+ [cos(05 (€, u, x))v(x) — 020 (2)] 0,05 (&, u, ) + uw(x)Dp0,0% (€, u, x) dx]

—u/Sin(af‘(g’u’m))ﬁuﬁfL({,u,x)U?(x) dx

_ §/ sin(QfL(g,uw)) [3592(5711@) + 0,05 (€, u, ) | v2(2) da
+ (5 —u) /COS(@Z(ﬁ,u, z))v(z)0v(x) da

—i—u/w(x)axv(x) dx

+ [ LD ) ) + R 6w

sin 0% (€, u, z)v*(x)
2
+ &Ev(x)ax[RfL(f, u, x)]l + COS(QfL<§’ u, I))U(I)[’R’i(fv u, I)]l + uw(x)ait [IR’Z(&’ u, x)]l dx .

+ udv(x)| + R(v)(x) + [R5, (&, u,2))2]







Chapter 25

Lower Bound

We use the notation from Chapter 7. In this chapter we will prove the lower bound on the
Lyapunov function L. This will be one of the main ingredients in the proof of the main
result. Due to (22.2)-(22.3) (v, w) is given by

vt x) = 0t x) = 0,(E(t), u(t), ),
w(t, x) =t x) — P (E(t), ult), z) .
Thus the orthogonality conditions
Ci(0,9,&u) =0,
C3(0,9,&u) =0,

can be expressed in terms of the variables (6,1, £, u) and in terms of the variables (v, w, &, u).
First we introduce a notation in order to be able to express the orthogonality conditions
in terms of the variables (v, w, &, u).

Definition 25.1.

@mw&wz/&%ﬁwﬂﬂﬂ—@%ﬁw@M@M,

Cs(v,w, &, u) = /@uwi(f,u,x)v(x) — 0u0; (& u, x)w(z) de .

Now we prove a lower bound on the functional £ which will be related to L later.

Lemma 25.2. Let ¢g > 0 be sufficiently small. There exists ¢ > 0 such that if 0 < ¢ < g,
(&,u) € [-E,E]x[-U-U((2),U+U(2)] CRx(—1,1) and (v,w) € H'(R) x L*(R) satisfies

(fg(v,w,g,u) =0
then

2 2
E(v,w,&u) = c(|v)ip g + [wliag) -

257
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Proof. We follow closely [Stul2] and [Stu98]. This proof is a slight modification of the
proof of [Stul2, Lemma 4.3]. First of all we choose ¢y such that gy € (0,¢*) with £* from
Theorem 20.61. We will specify &y later. Notice that the operator —9% + cosfx(Z) is
nonnegative. It has (see [Stu92]) an one dimensional null space spanned by 0% (-) and the
essential spectrum [1,00). We argue by contradiction and asume that the result claimed
is false:

Vj e N € € (0750]7 (£j7uj) < [_57

[1]

Sej— L 1, 9 9 (25.1)
Cy' (05,0;,&5,u;) =0, E(0j, w5, u5) < 3(|UJ'|H1(IR) + 0512 () )-
This statement is also true for the sequences
vj = ——s Uj_2 + and w;:=
(’vlel(R) + ’wj’L2(]R))2

Wi

D) 2 T
(|UJ"H1(R) + |wj’L2(]R))2

j—o0

Assuming that [vj],) "= 0 we get: [(v))o] 2 7280 and Wil L2y 280, This is a
contradiction to the fact that |Uj|§{1 ® T |wj|iz(R) = 1Vj € N. By passing to a subsequence

we may assume (without loss of generality) that there exists an 0 > 0 s.t.

072 > 6 Vi €N. (25.2)
Since (v;,w;) is bounded in H*(R) x L*(R) we may assume that v; T® 4 and w; 2@

by taking subsequances. Due to Rellich’s theorem we may assume again by passing to
subsequences that v, "5 v for Q C R bounded and open. Passing to a further subsequence
we may assume almost everywhere convergence. The fact that

1
dr>0 st. |cos(0x(2))| > 3 for |Z|>r (25.3)

and that —0% + cosfk(Z) is a nonnegative operator yields the following estimate if we
assume that (v;, w;) € H*(R) x L*(R).

E(vj, wj, &, uj)
=5 [ w@) + w0 +
+ cos(Bx (2 () (& — )i () i

! z AN TN
= i [ G )+t + )+ s )

+ COS(QK(Z))U?(

A
W%—é}-)dZ

| x [~U—=U(2),U+U(2)], (v;,w;) € H'(R) x L*(R) :
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1 A Z Z A
— wi(—— + &) + u,v +&))? — Oqvi(—— + &)vj(—— +§;
27(“]) /( J(7<u]) 5]) J ](’}/(U]) J)) Z ](’Y(U]) J) ]( (UJ) ])
A
+ cos(2)WP(—— + &) dZ
(203 )
1 A Z Z
> w;i(—— + &) + u;v; + &) + [070;(—— + &)
70 fpenson ey ) UMy 6+ e+ )
A
+ cos(2)v? + &) dZ
(203 )
1 Z
> vi(—— + &) dZ
4y () /{ZER:|Z|21"} j(V(Uj) &)
1 [aepts 1 [ )
_Z/oo vj(x)dx+1/“+£j v; () dz .
It follows by approximation
1 (™S, I )
E(vj,wj, & uy) > —/ v; (z) d:l:—l——/ vi(x) de
4o e

for (vj,w;) € H'(R) x L*(R) and (&;,u;) as above. We may extract a subsequence such
that u; = & = ¢ and €j 5 é. Tt follows from (25.1) and from the previous estimate

that
/ v} (x) da 20
{zE€R:|z|>7}

for a sufficiently large 7. As a consequence (25.2) and the strong convergence on bounded

domains yield
/ v2(as) dx >0,
{zeR:|z|<F}

from which it follows that v # 0. Weak convergence and the continuity of & — (62, ¢, Non)
(see Theorem 20.61) imply using the triangle inequality that

Cs(v,w, & u) =0 (25.4)
and
%/(w(m) +wv'(2))? da < lijniioglf%/ (w;(z) + ujv;(x))2 dz, (25.5)

: / (%u)(v)'(m))2 de < Timinf 5 / (7 éj)(vj)'(x))Q dz. (25.6)
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Due to (25.3) we are able to apply Fatou’s lemma for a sufficiently large 7 and obtain:

1

- cos(Ox (v(u)(z — (1) d
2/{wER;x|>f} (O (v(u)(z = €)))v™(z)

(25.7)

Jj—o0

< liminf L / cos(Ox (v(u;)(z — &)))v? () da,
{zE€R:|z|>T}

where we have used that (v;) converges almost everywhere. Dominated convergence theo-
rem yields:

1
- cos(Ox (v(u)(z — v (x) dx
3 R )

1 (25.8)

~ lm cos(Br (1) (z — £))03(@) do.
J—o0 {zeR:|z|<F}
(25.1) together with (25.5)-(25.8) imply:
E(w,w,&u) =0. (25.9)

Since v # 0, (25.9) yields (v(z), w(z)) = N0 (7(u)(x =€), —uy (W) (v(u)(z = £))) for
some 1 # 0. Using Lemma 20.67 and the notation from Definition 21.4 we choose &
sufficiently small so that for all (&, u)

1 - .
N <‘8U,U761(£7 u, 37) ‘LQ(R) |a§¢0(€a u, x)|L2(R) + ‘8uw781(€7 u, :E) ‘LQ(R) |a§90<57 U, x)|L2(R)> S

7(u) 2

We obtain a contradiction to (25.4), since
0=Cs(v,w, & u)
— [ o€ u o) - 0,85 (€ v (o) do

Oeho(€, u, x) . Oebp(&,u, ) dx)

=7 (yg(u)m + /&Lvi(f, u, ) () — Oyw; (&, u, x) ()

£0.

Remark 25.3. Let (v, w) be given by (22.2)-(22.3), with (£, u) obtained from Lemma 21.7.
It holds that



Chapter 26

Proof of Theorem 19.3

26.1 Dynamics with Approximate Equations for the
Parameters (£, u)

The goal of this section is to prove the following theorem. We consider again the Cauchy
problem defined by (19.2)-(19.4).

Theorem 26.1. Letn > 1, k+1 <n. Assume
(a) F € C"((—1,1), H"(R)), OLF(0,-) = 0, where 0 <1 < k;
(b) & € R.

There exist eg > 0, u, > 0 and a map

(_50760> - Y;(“*): € (éia je AL ) (261)

n) Mun

of class C™ such that the following holds. We consider the initial value problem

% (Z((ifg)) - <8§H(t,m) — sziﬂn(té”(f,)x) + F(s,x)) ’ (262)

0(0,z) = 6; (&, us, z) + v(0, z) (26.3)

(0, 2) = Y5 (&, us, ) +w(0,2) (26.4)

where (05,95,05.,,) = (0 + 05,40 + 95, X5,), (0(0,2),w(0,2)) € HR) x L*R) and

(&, us) = (£(0),u(0)) € R x (—1,1) such that the following assumptions are satisfied:
(c) € € (0,¢e0],
(d) Ju| <7,
(e) N=(6(0,),4(0,-), &, us) =0

261
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(f) |U(O)\§11(R) + ]w(0)|iz(R) < e where (v(0,-),w(0,-)) is given by (26.3)-(26.4).
Then the Cauchy problem defined by (26.2)-(26.4) has a unique solution on the time interval

1 k+1—-90
0<t<T, whereT =T(e, k,d) = A B(k,6) = +T

The solution may be written in the form
O(t, x) = 0,(E(t), ult), ) + v(t, z),
P(t, ) = Pn(E(), ult), ) + w(t, z),
where v, w,u, & have reqularity
(€(t),u(t)) € C*([0, T], R x (—1,1)),
(v(t),w(t)) € C([0,T], H'(R) & L*(R)),
such that the symplectic orthogonality condition

NE(O(E,-), (), 6(8), ult)) = 0

is satisfied. There exist positive constants ¢, C' such that
E(t) —ult)] < Cem T,
[a(t) = A5, (E(F),ul(t))] < Cemrrrt

and

2 2 .
‘UlL"O([O,T],Hl(R)) + ’w‘Loo([(]’T]’LQ(R)) < C€2 .

The constants ¢, C' depend on F and &;.

The previous theorem yields us only approximate equations for the parameters (&, u)
whereas Theorem 19.3 provides ODE’s (19.5)-(19.6) which describe the dynamics more
precisely. In the previous theorem the orthogonality conditions are satisfied which do not
have to hold in Theorem 19.3.

The existence of g9 > 0, u, > 0 and the map (26.1) is ensured by Theorem 20.61. Now we
suppose that (26.2)-(26.4) has a solution and we make some assumptions on (v, w) given
by (22.2)-(22.3) and on (£, u) obtained from Lemma 21.7. Then the following lemma yields
us more accurate information about (v, w) and (&, u).
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Lemma 26.2. Letn > 1, k+1 < n. Assume that the assumptions (a),(b) of Theorem 26.1
are satisfied. Let = be from Definition 20.65 and U from Lemma 21.7. There exists £g > 0
such that the following statement holds. Let € € (0,&p). Assume that (26.2)-(26.4) has a
solution (6,1) on [0,T] such that

(6,%) € C([0,T], L=(R) ® L*(R)).
Let the assumptions (d),(e) of Theorem 26.1 be satisfied. Suppose that
0<T<t"'<T,

where t* is from Definition 22.1. Suppose that (v,w) is given by (22.2)-(22.3), with (&, u)
obtained from Lemma 21.7 such that

2 2 n—o
’U’LOO([O,T},Hl(R)) + ‘w‘LOO([O,T],LZ(R)) <eh?,

Then , provided

1 E+1-9

it holds that
(a) ¥Vt € [0,T] (&(t),u(t)) € X(5,U, =),

(b) |v|i°°([0,T],H1(]R)) + ‘w‘iw([O,T],LQ(R)) < L(L(0) + Ce™), where c is from Lemma 25.2
and C' depends on F,&,.

Remark 26.3. Notice that the assumption 7' < t* yields us the information:
vt € (0,77 (§(t),u(t)) € X(4,U,=).

Proof. Choose &y such that the following holds:

(1) & > 0 and & is less than the minimum of the £y’s from Lemma 21.7, Lemma 23.1
and Lemma 25.2;

(2) Ve € (0,5): €2 < U with U from Lemma 21.7;

(3) &p is so small that

1 5
k+16:| + ’u(())’ < % +U7

Ve € (0,5): Ce! {
€

where C is a constant that appears in (26.5) further in this proof which depends on
the bounds of the derivatives (order 0 to n) of the mapping ¢ — (0,5, A;, ,,) (which
depend on F' and &);



264 Proof of Theorem 19.3

(4) &o is so small that

_ n _ 1 1 2 kt1 1 1
Ve € (0750) : Ce T { k+15} + 05k+1 { k+15} +e2 [m} < 57
g 2 g 2 g 2

where C is a constant that appears in (26.6) further in this proof which depends on
the bounds of the derivatives (order 0 to n) of the mapping ¢ — (6,5, A;, ,,) (which
depend on F' and &;).

(5) &o is so small that Ve € (0,2) the following statement holds: if (v,w) € H'(R) x

. 2 2 n— . .
L?(R) satisfies V@) + 0|72 @) < £2"=% then it holds that V] ooy + [WlE2@) < 3
where 7 is from Lemma 21.7. This can be ensured by Morrey’s embedding theorem.

Let € € (0,&0). Notice that we have chosen ¢y in Lemma 23.1 such that the convergence
rates in Lemma 22.4 and in Lemma 22.5 are satisfied.
Lemma 23.1 yields V¢ € [0, T7:
. ) .
[€(t) = w(®)] < Cllvlgp gy + [wlp@e™ + Clofi g + Ce™
< an—l-k—l-l—% + C€2n—6 + C€n+k+1

n+k+1—4§
< Ce ,

. 2 n
[a(t) = X5, (61, u(t)] < Cllol gy + W] o)™ + C ofj g + O™
< C€n+k+lf% + C&_ané + C€n+k+1

< C€n+k+l—5

Thus we obtain using Lemma 22.5 Vt € [0,T]:
u(t) — u(0)] < / ji(s)] ds
< / () — X0 (€(5), u(8)] + [0 (E(s), u(s)] ds

S C€k+1t

= Ju(t)] < CFE 4 Ju(0)] (26.5)
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mw—amuiéﬁ@mS

s[ﬂa@—mw+W@Wh

< ORI L ORI 4 u(0) |t

= JE()] < CEMTRHITOE L ORI 1 [u(0)]t + |€(0)]. (26.6)

This implies (a) due to (3), (4) and assumption (d) of Theorem 26.1. Using Lemma 25.2,
Lemma 7.2, Lemma 24.3 and Lemma 22.4 we obtain for times

1
OStSTﬁma

the following estimate

c(lo(®) ey + [0 (B)72))
< L(1)

2
= L°(t) 4 CeH! V] 700 (0.0, 1. (R))

t

€ d €

= [ (0) —}—/ EL (t) dt+0€|v|im([o7ﬂ,H1(R))
0

:dﬂm+4%w£4/—wmmﬂ—@%@mw&—wu%—@ﬁ@wwﬁ
+ [eos (05 (&, u, 2))v(z) — O2v(2)]0ebs (€, u, ) + uw () 0,005 (€, u, ) dx]
—@—%J&@d/—wmwﬂ—@%@ww%—w@{—%%@wwﬁ

+ [cos(65 (&, u, x))v(z) — O20(2)]0u0E (€, u, ) + uw(x) 0 0ub5 (€, u, x) dac]

— U/ Sln(ei(§7U7x))8u92(f, u, $)’U2(l’) dx

+(€—u) / cos(0 (&, . m))v(a:)ﬁxv(x) dx

2
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—i-u/w(x)axv(a:) dx
+/w(w)[sin02(£,;,$)v ()

sin 0% (&, u, x)v%(z)
2

+ 0,0(x) 0, [R: (&, u, )1 + cos(65 (&, u, x))v(x)[R: (&, u, x)|1 + uw(x)0.[R:, (&, u, x)]; dz dt
+ C€2n+1+k75

< L(0) + Ce™.

+ ud,v(z)| + R(v)(z) + [R; (&, u, )]

Theorem 26.4. Let n > 1, k+ 1 < n. Assume that the assumptions (a),(b) of Theo-
rem 26.1 are satisfied. Let = be from Definition 20.65 and U from Lemma 21.7. There
exists g > 0 such that the following statement holds. Let € € (0,&q). Assume that (26.2)-
(26.4) has a solution (0,v) on [0,T] such that

(0,7) € C([0,T], L>(R) @ L*(R)) .

Suppose that
0<T<T.

and that the assumptions (d),(e),(f) of Theorem 26.1 are satisfied. Then, provided

1 k+1-—9

it holds that (v,w) given by (22.2)-(22.3) is well defined for times [0,T| and there exists a
constant ¢ such that

2 2 A om
(a) |U|L°°([0,T],H1(R)) + ’w’L"O([O,T],LQ(R)) < e,

(b) vt € [0, T] (£(t), u(t)) € B(5, U, E).
Proof. Choose &y such that the following holds:
(1) &y satisfies all smallness assumtions of Lemma 26.2;

(2) &p is so small that

2
Ve € (0, &) : E(L(O) +Ce™) < g2

where L(0) = E(v(0),w(0),&s, us) and the constants ¢, C' are from Lemma 26.2 (b);
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Let € € (0,&p). Notice that 3(5,U,=Z) C X(4,U,Z). We define an exit time
2 2 2 n
ty == sup {T > 0 olpee o, Ry T 11w 0,0, 020y < 7 (L(0) + ce™),
(€(t),u(t) € 2(5,U,2), 0<t < T} .

Suppose t, < 85(+5> Then there exists a time ¢ such that

1 N
o > >t
with A A
vie [0.4]: (€(t),u(t) € SAUE), (&), uld) ¢ 2(6,U,5)
or

1 n 2 n 2 2 )
E<L(O) +Ce™) < E(L(O) +Ce™) < |Vl oo 0,07, ) T W oo 0.07,22R)) < e,

This leads a contradiction to the previous lemma. Thus

2
2 2 2n A2
|U|Loo([o,T],H1(R)) + |w|L°°([O,T]7L2(]R)) < E(L(O) + Ce™) < c¢e

and
Vit € [0, T] (£(t),u(t)) € X(5,U,2).

O

The previous theorem implies that the local solution of (26.2)-(26.4) discussed in Chap-
ter 22 is indeed continuable up to times eﬂ(;m) for e € (0,&p). Theorem 26.4 and Lemma 23.1
yield the approximate equations for the parameters (£, u). This verifies the claim of The-
orem 26.1.

26.2 ODE Analysis

In this section we lay the groundwork for passing from the approximate equations for the
parameters (£, u) in Theorem 26.1 to the ODE’s in (19.5)-(19.6). We start with a preparing
lemma.

Lemma 26.5. Letn > 1, k+1 < n. There exists g > 0 such that the following statement
holds. Let € € (0,20). Let B(k,0) = BE=0. Let £ = £(s), @ = (s), &1 = €1(s), €2 = €2(s)
be C' real-valued functions. Suppose that

lej(s)] < ee™*°
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on [0,T] for j =1,2. Assume that on [0,T],

Lets) = i(s) + er(s), &0) = 6o,

d . 1 . s . . .
25uUs) = m)\u,n(f(s),@g(k’é)u(s)) +ea(s), a(0)=1do-

Let € = f(s) and @ = i(s) be C real-valued functions which satisfy the exact equations

d - R -
%5(8) = u(S) ) 5(0) =80+

d 1 -
Y — € B(k,0) ~ o~
Eu(s) = m)\u,n(f(s),f ®94(s)), a(0) = dp.

Then provided T' < 1, there exists a ¢ > 0 such that the estimates
€(s) = €(s)] < e fa(s) — as)] < ee™
hold on [0,T].

Proof. In the following proof we follow very closely [HZ08, Lemma 6.1]. We choose &
so small that the convergence rates in Lemma 22.5 are satisfied for all € € (0,g9). Let
e € (0,e9). Let z = x(s) and y = y(s) be C! real-valued functions, C' > 1, and let (z,y)
satisfy the differential inequalities:

{ [ <yl z(0) = zo
91 < Clal+Clyl " y(0) =0
We are going to apply the Gronwall lemma. Let z(s) = 2% + y?. Then
2] = 223 + 2yy| < 2lz[ly| + 2C|[ly| + 2C|y[ly| < 4C(2* +y*) = 4C%,
and hence z(s) < z(0)e*“®. Thus
[2(s)| < V2max(|ao, |yo]) exp(2C:s) , (26.7
[y(s)| < VZmax(|zol, [yo]) exp(2Cs). |

Now we recall the Duhamel’s formula. Let X(s) : R — R? be a two-vector function,
Xo € R? a two-vector, and A(s) : R — (2 x 2 matrices) a 2 X 2 matrix function. We
consider the ODE system

X(s) = A(s)X(s), X(s) =X,
and denote its solution by X (s) = S(s, s") X, such that

%S(s, )Xo = A(s)S(s,s )Xo, S(s,8)Xo=Xp.
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Let F(s) : R — R? be a two-vector function. We can express the solution to the inhomo-

geneous ODE system '
X(s) =A(s)X(s) + F(s)

with initial condition X (0) = 0 by the Duhamel’s formula

= /0S S(s,s")F(s")ds

Let U=u—uand = = f — 5 . These functions satisfy

d

%E(s) =U(s) + €(s),
d

1 A -
V() = iy [Nan €61, 70(5)) = 25, E0), 24 00(9))] + ea(s)
Notice that

1 . 1 ~
626(k6 )‘E (5( )755(&6)&(8)) - =28(k, /\E (f( )765(&6)&(5))

1 A5a(€(s), 7™M a(s)) = AL (E(s), e”FDa(s)) :
= =5 o ()~ €(9)]
1 X5a(€(s), 675V a(s)) = AL (E(s), P F0a(s)) 1 X
25w () — a(s) i) — ls)]
Let
1 X5 (605), %M a(s)) = A%, (E(s), P Da(s)) -
~ = if £(s s
o) — Z3BR0) Es) &%) &(s) # &( >’
em(s)@l* (£(s), " Va(s)) if £(s) = £(s)
1 A5a(€(s), 7™V a(s)) = AL (E(s), 7B Da(s)) i
h(s) = =26(k.0) a(s) — a(s) if a(s) # u(s)
(114;5 DA, (é( ), Pt 6)7:0(5» if a(s) = u(s)
We set
N U _ |als) _|E(s)
469= [y agw)r T LQ@I X = g
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and obtain by Duhamel’s formula:

Z(s)
Ul(s)

_ /OSS(S,S') [222:;] ds'. (26.8)

We use Lemma 22.5 and apply (26.7) with
x(s) o |als) [Svo] S1C)
=S5(s+s,s NE = A
[y<s>] ) [( >] wl ~ [a)
It follows that

s i

€2\ S

exp(2C(s — ¢)) / /

Using (26.8) we obtain that on [0, 7]

12(s)| < ﬁTeXp(ZC’T) sup max(|e1(s)], |e2(s)]),

0<s<T
U(s)] < V2T exp(20T) sup max(|ex(s)], |es(s)]) ,
0<s<T
which yields the claim. O

In the following we show the relation between the parameters (Af ,u) selected by the implicit
function theorem according to Lemma 21.7 and the solutions (&, @) of the exact ODE’s from
the previous lemma.

Lemma 26.6. Letn > 1, k+1 < n. There exists £y > 0 such that the following statement

holds. Let € € (0,&9), B(k,8) = =2 and

where

Let (€, u) be the parameters selected according to Lemma 21.7 and (f, @) from Lemma 26.5.
Then it holds that

€(t) = E(EP*I)] < et

|u(t) i €B(k’6)ﬁ(56(k’5)t)| < 6n+6+ﬁ(k,§) )
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Proof. We choose £, as the minimum of &, from Theorem 26.4 and of the £y’s from Lemma
23.1 and Lemma 26.5. Let € € (0, ).

5@)=£@k““57ﬂw):g%mu@kmmh.

For times

1
0<t< Z55

Lemma 23.1 and Theorem 26.4 yield:
. ) .
€(t) — u(t)] < vl gy + [l 2gyle™ + C lvfi g + Ce™,
< OEn+k+1 + CEQn + O€n+k+1

n+k+1
< Ce ,

[a(t) = X% (€0, u®))] < Cllv] gy + 1wl 2yle™ + O ol gy + Ce™

O€n+k+1 + C€2n + O€n+k+1

< C€n+k+1

IA

Thus (€, @) satisfy the assumptions of Lemma 26.5, since

d -
%5(3)

1 , s
~ 22B(k0) <aﬁ<k,«s>)

1 S S 1 n+k+1
= 35009) Nun (5 <gﬂ(k75)) U <gﬁ(k,«s>)) + S 0T

1

=i N (£, 700 () + O
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Hence Lemma 26.5 yields:

~

E(s) — E(s)] = |€(t) — E(PEDE)| < centd

26.3 Completion of the Proof of Theorem 19.3
Theorem 26.1 yields the dynamics with the parameters (£, u) selected by the implicit
function theorem according to Lemma 21.7 on the time interval

1

Using Lemma 26.6 and the the triangle inequality we can replace

(€(1), u(t))

with

We set )
(@), a(t)) = (E(PFIL), PEDg(PRO))

and conclude that the equations claimed are satisfied. O
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