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Abstract
Conventional superconductors are one of the most well known example of macro-

scopic quantum phenomena, therefore superconducting circuits have emerged as a
promising platform for qubits, quantum information processing and simulating light-
matter interactions. The endeavor of simulating exotic physics on superconducting
circuits is also accompanied with search of new circuit elements, apart from already
existing elements such as capacitors, inductors and Josephson junctions, that can
help in reproducing these novel phenomena experimentally. In this thesis we discuss
three different projects that are unified by presence of exceptional points and non-
Hermitian topology, that touch on one or both of these aspects of superconducting
circuits. In the first project we study a system with both supercurrents and lossy
currents in order to unify the two distinct ways of detecting fractional charges. We
find that charge quantization is here a conserved property of the detector basis of the
Lindbladian, while charge fractionalization is a topological property of its complex-
valued eigenspectrum. We show that already conventional superconductor-normal
metal hybrid circuits exhibit a variety of topological phases, including an open quan-
tum system version of a fractional Josephson effect, due to the presence of exceptional
points in its spectrum. In the second project we study topology of a dissipative sys-
tem, that can mimic some essential features of an Andreev bound state spectrum of
a multi-terminal Josephson junction. We find that this system indeed has topolog-
ical properties that are encoded in an open system version of Chern number. We
also find the full counting statistics for this toy model and conclude that this Chern
number is not measurable via any regular transport experiment. Finally in the third
project we show how superconducting circuit hardware can implement a variety of
classical and quantum spacetime geometries on lattices, by both using established
circuit elements and introducing new ones. We demonstrate the possibility of a met-
ric sharply changing within a single lattice point, thus entering a regime where the
modulation of system parameters is (in a sense) trans-Planckian, and the Hawking
temperature ill-defined. In fact, our approach suggests that stable, thermal event
horizons are incompatible with strictly discrete lattice models. Contrary to regular
Hawking radiation (nonzero boson occupation number), the instability manifests as
an accumulation of charge and phase quantum fluctuations over short time scales –
a robust signature even in the presence of an environment. Moreover, we present
a loop-hole for the typical black/white hole ambiguity in lattice simulations: excep-
tional points in the dispersion relation allows for the creation of pure black (or white)
hole horizons, at the expense of radically changing the interior wormhole dynamics.
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1. Introduction

1.1. Superconducting circuits: fractional charges,
dissipation and event horizons

The recent push to implement quantum computation and construct usable technol-
ogy for communication based on quantum effects, has brought forth superconducting
circuits as a promising platform [Les+20; Bac+21; Cle+20; Lac+19]. This is due
to the fact that superconductors are one of the most well-understood examples of
a macroscopic quantum phenomenon, with a coherent many-body state of electrons
condensed into Cooper pairs. This state is characterized with a complex-valued order
parameter ∆eiϕ, where the superconducting phase ϕ represents in a sense a counting
field for the number of Cooper pairs stored in the condensate [Tin04]. In short, the
order parameter being 2π-periodic in ϕ expresses the fact that the condensate hosts
an integer number of Cooper pairs, in a very similar way to solid state band structure
theory, where any discrete lattice gives rise to a Brillouin zone. Also, superconduct-
ing circuits provide a high degree of tunability since they can be fabricated on a
chip using standard lithographical technologies [Gao+21]. These circuits consists of
superconductors (called superconducting islands) connected via Josephson junctions
or any other element that does not destroy the supercurrent. The study of super-
conducting circuits for simulating light-matter interactions is termed circuit quantum
electrodynamics (circuit QED) [BGO23] in analogy with cavity QED [Kim98]. Just
like cavity QED, circuit QED (cQED) also serves as a platform to simulate exotic
physics. Studying dynamical Casimir effect [Wil+11], soliton dynamics [Ust98], topo-
logically protected qubits [Gla+09] and quantum phase transitions [Fv01] are just a
few examples of superconducting circuits being used to simulate novel phenomena in
condensed matter physics. Simulating the aforementioned exotic phenomena often
requires devising the energy dependence of the superconducting circuit on its param-
eters in a specific manner, this leads us to another aspect of research in cQED, which
is to design and implement new circuit elements apart from the standard toolbox
of resistors, capacitors and inductors. The Josephson junction (JJ) is one famous
example of such a circuit element, more currently, there are proposals to implement
a whole host of other circuit elements with different energy contributions:: Majorana
junctions [FK09], quantum version of gyrators [VD14], multi-stable JJs [Smi+22] etc.

The Josephson junction can be described by an energy contribution to the circuit,
of the form of −EJ cos(ϕ) (where EJ is the Josephson energy, and ϕ here denotes
the difference of superconducting phases of the two bulks connected by the junction).
In alignment with the above Brillouin zone analogy, the 2π-periodic cos(ϕ) energy
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1. Introduction

describes sequential tunneling of integer Cooper pairs across the junction. On the
other hand the Majorana junctions are predicted to show a 4π-periodic (∼ cosϕ/2)
Josephson effect [FK09], this is due to the fact that Majorana particles carry a fraction
of charge of a Cooper pair (half to be specific). While Cooper pairs are composite
particles (half a Cooper pair is simply a single electron), it may at a first glance
seem unproblematic to fractionalize the Cooper pair, it nonetheless has to be noted
that unpaired electrons cannot be part of the actual superconducting condensate –
at least when implementing the topological superconductor by proximitizing a given
material, such as nanowires [KOB19] or topological insulators [FK08] with a regu-
lar s-wave superconductor. Moreover, there exist generalizations to junctions with
parafermions [ZK14b; Ort+15] where not only Cooper pairs, but the actual funda-
mental electron charge seems broken. As a matter of fact, charge quantisation is also
seemingly violated if one naively tries to quantise the classical description of a regu-
lar, linear inductor, with an energy of the form ∼ ϕ2, which thus, strangely, provides
a quasiparticle with infinitely small fractional charge [Koc+09]. Hence cQED is not
only a tool to put quantum effects to practical use, it also compels us to look closely
at some fundamental aspects of condensed matter physics. Charge franctionalization
and how to reconcile it with charge quantization [RB82] is not only of interest within
the realm of superconducting circuits, but also connects to a very large body of work
in strongly correlated quantum systems, for instance fractionally charged anyons in
the fractional quantum Hall effect [KF94], or Luttinger liquid theory [GGM10]. In
the absence of superconductivity (and thus of a superconducting phase ϕ), one first of
all needs a different transport quantity to describe fractional charges, such as charge
counting fields [Riw19], and one needs to include dissipative transport. A general-
ized understanding of charge franctionalization and quantization in hybrid systems
containing both supercurrents and lossy currents (which was so far missing in the
existing literature) is the main accomplishment of the first project of this thesis (Ch.
2). A 2π-periodic phase is not only rooted in the physical concept of charge quan-
tization, but can also be regarded as providing a closed base manifold, on which a
given topological number, such as the Chern number (see further below for a defini-
tion/further details) can be defined. In fact, as shown in [Riw+16a], one does not
need topological superconductors to engineer a topological state in a circuit: regular
4-terminal Josephson junctions naturally provide the necessary degrees of freedom to
realize Weyl points in the Brillouin zone defined by 3D space of the three indepen-
dent superconducting phase differences. The Chern number, defined in a 2D slice in
ϕ-space, can be nonzero due to the topological charge carried by the Weyl points, and
lead to a quantized supercurrent response. However, once again, dissipative processes
add considerable complexity, and even threaten to thwart a direct observation of the
topological effect: poisoning by non-equilibrium quasiparticles leads to fluctuations of
the Chern number, thus washing out the quantization of the current response. This
leads to the second project, where nonequilibrium generalizations of Chern numbers
in the context of quasiparticle poisoning in multiterminal junctions are studied (Ch.
3).

In the first two projects of this thesis (chapters 2 and 3), we will work with dissipa-
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1.1. Superconducting circuits: fractional charges, dissipation and event horizons

tive systems i.e. systems that are connected to an external environment. Taking into
account dissipation results in a more realistic modelling of superconducting circuits,
which is essential if we ever hope to use them as a basis for realistic devices. Ad-
ditionally in the last decade non-equilibrium systems, which include both externally
driven systems and dissipative systems, have received increasing attention as they
offer a whole new range of phenomena that are impossible in equilibrium systems.
Such as the realisation of continuous time crystals [Kon+22; Liu+23], Floquet states
(achieved by periodic driving of a system) [Tsu24], observation of topological prop-
erties in dissipative systems that are topologically trivial in the closed limit [MPS15]
etc.

Fractional charges in condensed matter systems are primarily studied in two dif-
ferent ways, first in case of non-equilibrium transport by finding the full counting
statistics (FCS) of the system, second in case of coherent transport (supercurrent)
by studying the phase picked up by the fractional charge when moving through a
magnetic field. As alluded to earlier, studying charge fractionalization in presence
of both supercurrents and lossy currents is the goal of the first project of this thesis
(Ch. 2), therefore we will study a superconducting circuit that hosts both coherent
and dissipative currents, and therefore aim to unify the two methods of studying
fractional charges. As we will see, the existence of fractional charges, regardless of
which approach we take to study them, will have an intimate connection with the
existence of exceptional points in the spectrum of the Lindbladian superoperator that
encodes the transport properties of the system. In the last section of this project we
will also provide a proposal to experimentally observe a 4π-periodic Josephson effect
using weak measurements.

Exceptional points are defined as points in parameter space where two eigenvalues
and eigenvectors of a system coalesce into one. They are an important feature of open
quantum systems where the generator of time evolution, unlike a closed system, is
a non-Hermitian operator. Exceptional points are a widely studied topic in context
of topology of non-equilibrium systems [Li+23], and their appearance in our work
does imply presence of topological properties in the system, which will be discussed
in chapter 2. Taking a cue from this result, we will further explore different notions
of topology in open quantum systems in Ch.3 with multi terminal Josephson junction
as the model system. Multi terminal Josephson junctions, which consist of more
than two superconductors connected to a central scattering region, have emerged
as a promising platform for simulating condensed matter models with topological
properties [Riw+16a; XVL17; XVL18]. In particular our focus will be to extend the
result of Riwar et. al. ([Riw+16a]), we will use the proposed extension of the tenfold
way for quadratic Lindbladians [LMC20], to study the topology of a multi terminal
Josephson junction in presence of quasiparticle poisoning which acts as a source of
dissipation. We will find that a notion of topological invariant can indeed be defined
even in the presence of dissipation.

The third and final project of this thesis (Ch. 4) is concerned with simulation of
analog event horizons. While this may superficially seem like quite a rift from above
subjects regarding superconducting circuits, topology, dissipation, and exceptional

3



1. Introduction

points, the results presented below will show remarkable parallels. The study of ana-
log event horizons in condensed matter system is a long standing area of research, since
it is more experimentally accessible than the study of astrophysical horizons. There
have been both theoretical [Unr81; KBW20; STW20; De +21; Gar+00; Gar+01] and
experimental [Ste14; Muñ+19; RBF22] works on the subject, some of which indeed
use superconducting circuits [Nat+09; KHF20; TD19; Lan15]. Our proposal differs
in a number of manners from existing works. One of the main differences is that we
do not go to a continuous limit but rather fully embrace the discreteness of the cir-
cuit network, such that the lattice nature of the simulation gives us some unexpected
results such as unavoidable dynamical instabilities and ambiguity about the nature
of the event horizon (i.e. whether it is a black hole or a white hole). The issue of
dynamical instabilities can actually be attributed to the appearance of exceptional
points, which occur despite the system Hamiltonian being Hermitian. While the full
explanation for this is quite involved and will be dealt with in the main text of the
thesis, we here sketch a simplified picture. First, note that the emergence of an event
horizon (in the same spirit as the original Unruh proposal [Unr81]) in a lattice model
requires in essence a chain with inverted (negative) spring constants. Take for in-
stance the circuit version of a harmonic oscillator, the LC resonator, where inverting
the sign of the spring constant can be regarded as making the inductance L negative.
The resonance frequency 1/

√
LC thus becomes imaginary – a transition that can be

described simply as passing through an exceptional point (see also the square root
discussion of exceptional points above). Such an instability can be avoided, and the
system stabilized to real eigenvalues, when adding nonreciprocal interactions in the
circuit which imitate a Lorentz boost. As it turns out, such a nonreciprocal pro-
cess can be provided by the Chern number of multiterminal junctions. However, the
stabiliziation of the full lattice, especially for inhomogeneous systems requires a deli-
cate fine-tuning of system parameters, and can thus in general only be approximately
satisfied, leading to latent generic instabilities.

There is a second way, in which periodicity breaking and exceptional points enter
– and fundamentally connect to black and white holes. Namely, in lattice models,
and event horizon can never be purely black or white hole [De +21], but is always a
combination of both. This fact is straightforwardly related to the Nielsen-Ninomiya
theorem [NN81]. In 3D lattice systems, it guarantees that Weyl points always emerge
as pairs with opposite topological charge. In 1D lattices (the focus of Ch. 4), the
dispersion relation of a massless field always has to cross zero energy at least twice
within the Brillouin zone. As we show, under appropriate arrangement of the circuit
elements within the lattice, one can engineer dispersion relations with exceptional
points, leading to a periodicity breaking in the dispersion relation, where at least a
part of the spectrum is complex-valued. In this case, event horizons can be true black
or white holes, at the cost of severe instabilities within the wormhole interior. Overall
this project uses existing elements of cQED in novel ways, like inductors, capacitors,
and nonreciprocal elements, and proposing new elements, like negative inductors (by
using transient flux quench in Josephson junctions), as well as quantum inductors.
The latter, though, not studied in this thesis, is a part of the larger work that contains
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1.2. Circuit QED: a quick review

the final project.
This thesis is organised as follows

1. The remaining sections of this introductory chapter contains preliminary reviews
of basic notions and mathematical methods relevant this thesis.

2. Chapter 2 contains the first project, where we study how fractional charges
appear in a conventional superconducting-normal metal hybrid circuit.

3. In chapter 3 we investigate a toy model realisable using superconducting circuits
that hosts topological properties in presence of dissipation.

4. Finally in chapter 4 we use existing elements of circuit QED and propose new
ones in order to realise an analog event horizon in a superconducting circuit.

5. Finally appendices A, B, C, D, E, F and G provide additional important calcu-
lations to support the work in the main thesis.

Further introduction to the topics mentioned above and their relevance in supercon-
ducting circuits will be given at the beginning of the corresponding chapter. Chapters
2 and 4 contain works that have either appeared as a publication or are being prepared
as such, and include a high degree of collaboration with the coauthors of the corre-
sponding papers. The coauthors will be credited in the beginning of the corresponding
chapters and specifically in sections of the chapters.

Note on notations: We will denote many body operators with a hat, for example
an annihilation operator will be represented as â, while the operators that act on
single particle spaces do not have any special notation, it should be clear from the
context of the equation. Also h̵ = 1 in this thesis unless stated otherwise.

1.2. Circuit QED: a quick review
In this section we will give a quick overview of cQED by going over how one begins to
study superconducting circuits using Lagrangians and Hamiltonians. For a more de-
tailed and thorough introduction to the subject, the e-book by Ciani et. al. [CDT24]
and the review paper by Blais et. al. [Bla+21] are recommended, these also serve as
the main references for this section. The approach to dealing with general electrical
circuits in cQED is to first write down the Lagrangian, that corresponds to the clas-
sical equations of motion i.e. Kirchhoff’s laws for currents and voltages. Then, find
the Hamiltonian and finally promote the classical variables to quantum operators by
imposing commutation relations on them. We will focus on the following three circuit
elements: capacitors, inductors and Josephson junctions, since they are not only the
most commonly occurring ones, but they also serve as building blocks for new and
more complicated circuit elements.

The circuits generally consists of branches and nodes, where each branch is a two
terminal circuit element and nodes are points where two or more branches meet. We
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Ib

finish

start

Figure 1.1.: Schematic of a branch with a two terminal circuit element, represented by
a rectangle, connected to two nodes. The arrow represents the direction
of flow of the current in the branch Ib.

can also have four terminal circuit elements, we are going to discuss one such element,
called gyrator, near the end of this section. Lastly to be precise we need to assign a
direction to the branches, we do this by calling one of the nodes, for a given branch,
as finish and the other one as start (see Fig.1.1). As per convention positive current
flows from the finish node to the start node and we define the branch voltage as
Vb = Vfinish − Vstart. Instead of working with currents and voltages we will define the
branch-flux variables Φb(t) as

Vb(t) =
dΦb

dt
. (1.1)

We will assume that at t → −∞ all electromagnetic fields and potentials were zero,
hence we can write

Φb(t) =
t

∫
−∞

Vb(t)dt. (1.2)

Like voltages we can also define node fluxes as Φb = Φfinish − Φstart. For supercon-
ducting circuits the branch-flux variable also directly relates to the superconducting
phase drop over the piece of superconducting material representing the branch.

1.2.1. Capacitors, inductors and LC oscillators
Now we will construct the Lagrangian for linear capacitors and linear inductors in
terms of the branch-flux Φb and its time derivative Φ̇b, which will play the role of
position and velocity (of a mechanical system) respectively. First let us consider an
inductive branch with current Ib(t) at some time t, then for an infinitesimal time dt
the charge transported from finish node to start node is Ib(t)dt. If the branch voltage
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is Vb(t), the work done on the element is dW = Vb(t)Ib(t)dt. The total energy stored
in the inductive element can be written as

Ub(t) =
t

∫
−∞

Vb(t′)Ib(t′)dt′. (1.3)

For a linear inductor the current can be written as

Ib(t) =
Φb(t)
L

, (1.4)

where L denotes its inductance. Hence the total energy is

Ub(t) =
Φ2

b(t)
2L . (1.5)

For a linear capacitor, we use the relation Q = CV in the following form

Ib(t) = C
dVb

dt
, (1.6)

where C is its capacitance. We get the following expression for energy

Ub(t) =
1
2CV

2
b (t) =

1
2CΦ̇2

b(t). (1.7)

As a concrete example for circuit quantisation let us take a look at the example
of an LC oscillator. It consists of a capacitor and an inductor in parallel (Fig.1.2),
since they are connected in parallel the voltages in both the branches must be equal
by Kirchhoff’s law of voltages. Hence we only have a single independent branch-flux
Φb = Φ − Φground, which we can write in terms of node fluxes. Since the only thing
that matters is the difference of the node fluxes we can set Φground = 0 without loss of
generality to get Φb = Φ. As stated earlier the branch flux and its time derivative play
the role of position and velocity respectively, therefore when writing the Lagrangian
we associate the energy of the inductive element with potential energy and the energy
of the capacitive element with kinetic energy. Further below, we will discuss a special
case of a nonreciprocal element, a gyrator, which cannot be categorized as purely
kinetic nor purely potential energy, as its energy depends on both ϕ and ϕ̇. Hence
the Lagrangian for an LC circuit is

L = 1
2CΦ̇2(t) − Φ2(t)

2L , (1.8)

where we have already substituted the branch flux with the node flux. To get the
Hamiltonian, we first define the conjugate variable

q = ∂L
∂Φ̇
= CΦ̇, (1.9)

7
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which has the dimensions of charge hence the symbol. Using Legendre transformation
we get

H = qΦ̇ −L = q
2(t)
2C + Φ2(t)

2L . (1.10)

Now we promote the variables to Hermitian quantum operators q → q̂ and Φ→ Φ̂ and
impose the commutation relation

[Φ̂, q̂] = ih̵. (1.11)

The Hamiltonian along with the commutation relation is clearly a quantum harmonic
oscillator and can be easily solved by using the method of ladder operators.

Now we introduce some dimensionless variables to work with that will be used for
the rest of this thesis

ϕ = 2πΦ
Φ0

, (1.12)

n = q

2e,

where Φ0 = h/2e is the superconducting flux quantum and the variable n measures
the number of charges in units of two times the elementary charge e, this definition is
appropriate for superconducting circuits since the relevant "particles" are the Cooper
pairs which carry a charge of 2e. The Hamiltonian becomes

H = EC n̂
2 +ELϕ̂

2, (1.13)

where we have introduced the charging energy

EC =
(2e)2
2C , (1.14)

and the inductive energy

EL =
Φ2

0
8π2L

, (1.15)

also the commutation relation now reads

[ϕ̂, n̂] = i. (1.16)

Next, we replace the linear inductor in the LC circuit with a Josephson junction.
Josephson junction is characterised by two relations

Ib = Ic sinφ, (1.17)
dφ

dt
= 2πVb

Φ0
, (1.18)
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C L

Φ

C

Φ

EJ

a) b)

Figure 1.2.: a) Figure showing a schematic of an LC oscillator with one independent
node flux Φ. b) Here the linear inductor of the LC oscillator is replaced
by a Josephson junction.

where Ib and Vb are the branch current and voltage respectively. Also Ic is the critical
current, which depends on properties of the junction like the material, thickness, area
etc. Most importantly, φ is the superconducting phase difference between the two
superconductors that form the Josephson junction and lies in the interval [0,2π),
which is different from the branch flux variable Φb or its dimensionless counterpart
ϕb = Φb/Φ0 that takes any value in R. Nonetheless, here we are going to make
the identification φ = ϕb, the mathematical justification for this identification is too
involved for this quick review, therefore we refer to the section 4.1.1 in [CDT24]. With
this identification we can write the first Josephson relation as

Ib = Ic sinϕb, (1.19)

and get the energy associated with the Josephson junction

UJ =
t

∫
−∞

Vb(t′)Ib(t′)dt′ = IcΦ0

ϕb(t′=t)

∫
ϕb(t′=−∞)

sinϕbdϕb = −EJ cosϕb. (1.20)

Here we have defined the Josephson energy as

EJ =
IcΦ0

2π , (1.21)

and dropped a constant term that arises out of our assumption that ϕb(t′ = −∞) = 0.
Finally we can write down the Lagrangian for the circuit in Fig. 1.2(b) as

L = C2 Φ̇2 +EJ cos Φ
Φ0
, (1.22)

where we have again set the ground flux to zero and replaced the branch flux with
the node flux. The conjugate variable is q = ∂L/∂Φ̇ = CΦ̇ and therefore the quantised
Hamiltonian is

H = q̂2

2C −EJ cos Φ̂
Φ0
, (1.23)
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CJ EJ CJ EJ

Figure 1.3.: Every Josephson junction has an intrinsic capacitance, in circuits this
fact is conveyed by drawing a box around the two crosses that denotes a
JJ.

and in terms of dimensionless variables it can be written as

H = EC n̂
2 −EJ cos ϕ̂. (1.24)

This Hamiltonian is taken to be the one that describes a general Josephson junction
since every junction comes with an intrinsic capacitance, this capacitance is often
denoted as CJ . In fact the compact circuit symbol for a JJ is designed with this fact
in mind (see Fig. 1.3). If a JJ is additionally shunted by another capacitor Cs then
the effective capacitance of the system will be C = Cs +CJ .

Our work will also feature a nonreciprocal four terminal circuit elements, called gy-
rators. Classical gyrators, are already widely in use in circuit engineering and signal
processing [Abd+13; KSA20; MC15; MC17], whose consistent circuit theoretical de-
scription goes back to the work by Tellegen [Tel48]. These are however generally large
clunky objects operating in a finite frequency window. Various recent works strive
towards a realisation and a consistent description of quantum mechanical gyrators
[VD14; Rym+21; Sel+23; VH24]. As defined by Tellegen, the fundamental equation
of a gyrator is

(I1
I2
) = (0 −G

G 0 )(
V1
V2
) , (1.25)

where I1, I2 are the currents flowing through port 1 and port 2 respectively, and V1, V2
are the voltages across port 1 and port 2 respectively, see Fig. 1.4. We will use the
gyrator as an effective two terminal element, by grounding the nodes with fluxes Φ3
and Φ4, as shown in Fig. 1.5, which is an example of a minimal circuit that contains
gyrator as a two terminal element. The Lagrangian for this circuit can be written as

L = 1
2CΦ̇2

1 +
1
2CΦ̇2

2 +
G

2
(Φ1Φ̇2 − Φ̇1Φ2) . (1.26)

10
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Figure 1.4.: Schematic of a gyrator, a four terminal and two-port element, the left
port (port 1) contains two nodes with node fluxes Φ1 and Φ3, while the
right port (port 2) contains two nodes with node fluxes Φ2 and Φ4.

Figure 1.5.: A minimal circuit containing a gyrator and capacitors. The nodes with
fluxes Φ3 and Φ4 (in Fig. 1.4) have been grounded. Hence the node fluxes
Φ1 and Φ2 are equal to the branch fluxes.
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The contribution of the gyrator element to this Lagrangian is such that when we write
the equations of motion in terms of currents and voltages, we get back the defining
equation for the gyrator (Eq. (1.25)). The Hamiltonian of this minimal circuit is

H =
(q̂1 + 0.5 ∗GΦ̂2)

2

2C +
(q̂2 − 0.5 ∗GΦ̂1)

2

2C . (1.27)

Gyrator will play an indispensable role in Ch. 4, where we will need it to tilt the
dispersion relation of a JJ array. A connection to the work of Riwar et. al. [Riw+16a]
can also be made, the Chern number that quantizes the transconductance of the multi-
terminal Josephson junction essentially provides a source of gyration (see Eq. (3.5)).

Before ending this section we will just state the following facts without going into
any mathematical details:

1. if a circuit has a constant voltage source V , then we define a line as a path in
the circuit that starts from the branch that is grounded and ends at the branch
that is connected to the voltage source without any breaks. Then we have the
following constraint for the branch fluxes across a line

∑
b∈line

Φ̇b = V, (1.28)

which is just the Kirchhoff’s law of voltages.

2. If instead of forming a line we choose the branches such that they form a closed
loop, then we have the following constraint on the branch fluxes

∑
b∈loop

Φb = Φext., (1.29)

where Φext. is the (time independent) external flux passing through the loop in
question.

In our discussion above we associated the energy of capacitive element with kinetic
energy and that of inductive elements with potential energy. It is worth pointing out
that there is no fundamental reason to make this association, in fact for the case of
quantum phase-slip junctions this approach fails due to the Lagrangian being non-
convex (hence the Legendre transform to the Hamiltonian is no longer possible). We
also did not deal with the case of time dependent external fluxes as it is still a topic
of current research, for some approaches to this problem see [Bla+21; RD22].

1.3. POVMs and weak measurements
In this section we give a brief introduction to weak measurements, that will be useful
for section 2.6 when we use them to simulate a counting field (χ) and give an experi-
mentally realisable way to observe a 4π-periodic Josephson effect. First let us begin
by stating the measurement postulate of quantum mechanics [Bru02]:
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Postulate 1. A physical observable of a quantum system is represented by a Hermi-
tian operator that acts on the elements of the Hilbert space of the quantum system.
The only possible outcome of the measurement of an observable are the eigenvalues
of the corresponding operator.

Let us consider a quantum system described by the state ∣ψ⟩, and a Hermitian
operator O that corresponds to some physical observable. The possible results of
the measurement are the eigenvalues, {on}, of O. The probability of measuring a
particular eigenvalue is given by

p(on) = tr (Pnρ) , (1.30)

where ρ describes the state of the system and Pn is the projection operator for the
eigenspace of on. After the measurement the system is in the state

ρ̃ = PnρP
†
n

tr (Pnρ)
. (1.31)

The projection operators corresponding to a Hermitian observable are orthogonal
(Hermitian) and have the following properties PnPn′ = δnn′Pn and ∑nPn = I, where I
is the identity operator on the Hilbert space. The second property is just a restate-
ment of the fact that summing over all probabilities for a measurement gives unity,
the measurements described by this postulate are called projective or von Neumann
measurements. So far we have just repeated what is taught to undergraduates in an
introductory quantum mechanics course, albeit in terms of density operator instead
of state vectors, in the next paragraph we are going to reformulate the measurement
postulate.

Now, consider a case where the system of interest (S) is coupled to an auxillary
system (A), such that the composite system is described by the state ρ = ρS ⊗ ρA.
Then following the measurement postulate the probability to obtain an experimental
value m can be specified with an orthogonal projection operator Pm

p(m) = tr (Pmρ) ,
p(m) = trS (EmρS) . (1.32)

Here Em = trA (PmρA) is an operator that acts only on the Hilbert space of the
system (S), the subscripts in the trace operation indicate over which Hilbert space
the trace is being taken. Using the properties of the projection operator it can be
easily deduced that Em is a positive operator and again due to probability conservation
∑mEm = IS. If we have a set of projection operators on the composite system {Pm}
from that we can deduce the set of positive operators {Em} that can be used to
obtain the measurement probabilities. The operators Em are called POVM (positive
operator valued measure) elements and the whole set of {Em} is called the POVM.
This example provides us a way to generalise the measurement postulate with the
help of POVMs [Bru02].
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Postulate 2. Quantum measurement is defined by a collection of positive operators
{Em} acting on the Hilbert space of the system that satisfy ∑mEm = I. The index m
refers to the possible outcomes of the experiment. If a system is in a state ρ then the
probability that the result of the experiment is m is given by

p(m) = tr (Emρ) . (1.33)

Note that the second measurement postulate does not add anything fundamentally
new to quantum mechanics since we reached it by using the postulate of projective
measurements and the idea of composite quantum systems. Indeed given any POVM
on a Hilbert space (H) it is always possible to construct a set of orthogonal projec-
tion operators that act on a space obtained by extending H and gives us the correct
measurement probabilities by using the projective measurement postulate, this is the
statement of Neumark’s theorem (section 9-6 of [Per95]) whose proof we are not going
to present here. But despite this, POVM formalism is quite helpful, since extend-
ing the Hilbert space of a system to cast every measurement in form of orthogonal
projections just adds complexity and shields us from understanding the physics.

One might immediately see an important fact missing from the POVM approach
to measurements, we cannot write the state of the system after the measurement
in terms of elements of POVM. First we would like to point out that in many real
world experiments only the measurement statistics is of interest and not the state of
the system after the measurement. Secondly, if we further know a set of operators
Mmk such that Em = ∑kM

†
mkMmk then we can write the state of the system after

measurement as

ρ̃ = ∑kMmkρM
†
mk

p(m)
. (1.34)

Here, Mmk are called measurement operators, for the special case of Em = M †
mMm,

i.e index k only takes one value, the measurement preserves the purity of the states.

1.3.1. Weak measurements
After reviewing the POVM formalism of the measurement postulate we are in position
to discuss weak measurements. Broadly speaking there are two distinct ways we can
call a measurement weak [Bru02]. To see this let us consider a two level system with
states ∣0⟩ and ∣1⟩ and the following POVM

E0 = ∣0⟩ ⟨0∣ + (1 − ϵ) ∣1⟩ ⟨1∣ ,
E1 = ϵ ∣1⟩ ⟨1∣ , (1.35)

where ϵ≪ 1. We can define the following measurement operators

M0 = ∣0⟩ ⟨0∣ +
√

1 − ϵ ∣1⟩ ⟨1∣ ,
M1 =

√
ϵ ∣1⟩ ⟨1∣ . (1.36)
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It is easy to check that E0 and E1 are positive operators and E0 + E1 = I. If the
system is in the state ∣ψ⟩ = α ∣0⟩ + β ∣1⟩ such that ∣α∣2 + ∣β∣2 = 1, then the probability
of the outcome labelled 0 is given by p(0) = 1− ϵ ∣β∣2 and the probability of obtaining
the outcome labelled 1 is p(1) = ϵ ∣β∣2. Hence for most experiments the measurement
outcome 0 will be obtained and the state of the system changes very little

∣ψ̃⟩ = α ∣0⟩ + β
√

1 − ϵ ∣1⟩
√

1 − ϵ ∣β∣2
. (1.37)

But with a small probability we obtain the the outcome labelled 1, in this case the
state of the system is drastically changed to ∣ψ̃⟩ = ∣1⟩. Therefore this measurement
is weak in the sense that for most replication of this process we obtain very little
information about the system and the state of the system is changed very little about
but on rare occasions the state of the system is drastically changed and we obtain
ample information about the system.

On the other hand we can also construct the following POVM

E0 =
1 + ϵ

2 ∣0⟩ ⟨0∣ + 1 − ϵ
2 ∣1⟩ ⟨1∣ ,

E1 =
1 − ϵ

2 ∣0⟩ ⟨0∣ + 1 + ϵ
2 ∣1⟩ ⟨1∣ ,

M0 =
√

1 + ϵ
2 ∣0⟩ ⟨0∣ +

√
1 − ϵ

2 ∣1⟩ ⟨1∣ ,

M1 =
√

1 − ϵ
2 ∣0⟩ ⟨0∣ +

√
1 + ϵ

2 ∣1⟩ ⟨1∣ . (1.38)

Starting with the same state of the two level system as in the last example, the
probabilities for outcomes labelled 0 and 1 are

p(0) = 1
2 + ϵ

∣α∣2 − ∣β∣2

2 , and

p(1) = 1
2 − ϵ

∣α∣2 − ∣β∣2

2 . (1.39)

The states of the system after these measurements are (up to first order in ϵ)

∣ψ̃0⟩ ≈ α (1 + ϵ ∣β∣2) ∣0⟩ + β (1 − ϵ ∣α∣2) ∣1⟩ ,
∣ψ̃1⟩ ≈ α (1 − ϵ ∣β∣2) ∣0⟩ + β (1 + ϵ ∣α∣2) ∣1⟩ . (1.40)

Since the probability of the two measurement outcomes are almost equal and the
state of the system changes very little, an individual measurement represented by
this POVM does not contain much useful information. To get a good understanding
of the state of the system the measurements have to be repeated sufficient amount
of times so that the state of the system eventually drifts towards either ∣0⟩ or ∣1⟩
depending on ∣α∣2 and ∣β∣2.
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Before finishing this review of weak measurements we would like to state a result
for a system that is under continuous measurement from [Cre+06]. Suppose a system
that evolves autonomously due to its own Hamiltonian H is under continuous mea-
surement, where the measurement outcomes can be described by a set of measurement
operators {Mi} that can be used to construct a POVM. By continuous measurement
we mean that the measurements take place instantaneously and randomly in time at
an average rate R, hence this result will only be true for time scales > 1/R. Consider
a short time interval δt (that is still large compared to 1/R), during this time interval
the probability that a measurement takes place is Rδt we also assume that the time
interval is short enough so that the possibility of two or more measurements can be
neglected. If a measurement takes place then the density operator evolves as

ρ(t + δt) =∑
i

Miρ(t)M †
i , (1.41)

and in absence of a measurement taking place the system evolves under its own
Hamiltonian

ρ(t + δt) = ρ(t) − i [H,ρ(t)] δt. (1.42)

To lowest order in δt we can write down the total change in the density operator by
adding the two processes, weighted by their probabilities of occurrence

ρ(t + δt) = (1 −Rδt) (ρ(t) − i [H,ρ(t)] δt) +Rδt(∑
i

Miρ(t)M †
i ) ,

ρ(t + δt) − ρ(t)
δt

= −i [H,ρ(t)] +R(∑
i

Miρ(t)M †
i − ρ(t)) . (1.43)

Taking the limit δt→ 0 we get the differential equation

dρ

dt
= −i [H,ρ(t)] +R∑

i

(Miρ(t)M †
i −

1
2{M

†
i Mi, ρ(t)}) , (1.44)

where we have used the fact that ∑iM
†
i Mi = I to write the equation in Lindblad

form. As we will see in Sec. 1.4, Lindblad equation is a generic master equation for
systems that evolve under a Hamiltonian and a weak dissipative environment, hence
continuous measurements seem to simulate the effect of weak dissipation. This result
is in general true for any kind of (continuous) measurement but we will use it in
section 2.6 specifically for weak measurement.

1.3.2. Full counting statistics
So far we have talked about how POVMs provide a way to obtain measurement
statistics for a system, a related and very useful concept is that of full counting
statistics (FCS), which has been widely used in mesoscopic physics [LLL96; BS01;
BN03; Bel05; Gus+06; Mat+14; YTW16]. Consider a detector connected to a system
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of interest, where the measurement operators are given by Eq. (1.35), such that the
detector registers a click every time a projective measurement happens (i.e. outcome
corresponding to M1). This information about the detector can be included in the
density matrix ρ(t)→ ρ(n, t) by introducing a new variable n, that tells us how many
times the detector has registered clicks up to time t.

We can find the probability of registering n clicks up to time t as

P (n, t) = tr (ρ(n, t)) , (1.45)

note that ρ(n, t) contains a degree of freedom for detector as well therefore it does
not completely fit the definition of a density matrix, hence its trace is not necessarily
unity. To get the FCS we define the following Fourier transform

m(χ, t) =∑
n

P (n, t)einχ, (1.46)

where χ is called the counting field. It should be noted that, although we introduced
FCS by using an example of weak measurement it is not a necessity, all one needs
to define an FCS is some form of measurement statistics (here it was P (n, t)). For
example in [LLL96] it is the electron counting statistics and in [LRS14] it is the number
of photons counted by the detector. It might seem a little artificial to introduce this
quantity, but for charge transport one can obtain quantities like the average current
and average noise as follows

⟨I⟩ = −i lim
t→∞

1
t

∂ lnm(χ, t)
∂χ

∣
χ=0

,

⟨S⟩ = i2 lim
t→∞

1
t

∂2 lnm(χ, t)
∂χ2 ∣

χ=0
, (1.47)

as well as higher moments. One can equivalently introduce the quantity ρ(χ, t) =
∑n ρ(n, t)einχ and find its equation of motion of the form

∂tρ(χ, t) =K(χ, t)ρ(χ, t), (1.48)

where K(χ, t) in general is non-Hermitian (especially if we include continuous mea-
surements). As pointed out in [RD22] and [Li+23], the eigenvalues of K(χ, t) can
undergo braid phase transitions and introduce topological properties in otherwise con-
ventional systems. We will build on this result in the first project in Ch. 2, especially
on the result in the former paper.

1.4. Open quantum systems and third quantisation
We have mentioned about how taking dissipation into account for quantum systems
results in more realistic models, and the fact that open (dissipative) quantum systems
sometimes display features that are absent from their non-dissipative counterparts. In
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this section we give a brief introduction to how open quantum systems are dealt with
mathematically, this will lead us through topics like Lindblad equation, exceptional
points and finally to the work of Tomaz Prosen about specifically dealing with Lind-
blad equations that are quadratic in fermionic operators, sometimes termed as "third
quantization". As shown by [LMC20] Prosen’s formalism allows one to easily extend
the famous ten-fold classification of topological insulators and superconductors to the
systems governed by quadratic Lindblad equations, this will be of particular use to
us in Ch. 3 where we study such a system and try to find some notion of topology
that can be associated with it.

The fact that the time evolution of an isolated quantum system is governed by
a Hermitian Hamiltonian, is necessary to conserve the norm of the wave function.
Hence when discussing open systems, where some loss of information is expected,
lifting the condition of Hermiticity is an obvious way forward. This leads us to the
first approach used in working with dissipative systems, where the governing equation
is Schrödinger-like but the Hamiltonian is no longer Hermitian. This approach arises
naturally in gain loss systems [KYZ16; FEG17; El-+18], one aspect that makes this
approach rather useful is that if the non-Hermitian Hamiltonian has combined parity-
time (PT ) symmetry then the eigenvalues are guaranteed to be real even in absence
of Hermiticity. We won’t go into much detail about this approach here since it will
not be of much use to us, but it is a very interesting and active area of research, for
a thorough review see [YU20].

The second approach to studying open quantum systems is via the Gorini Kos-
sakowski Sudarshan Lindblad equation (GKSL equation) or just Lindblad equation,
which is a quantum master equation. Consider a composite system that consists of
the system of interest denoted by S and other system that acts as the environment.
The Hamiltonian of the composite system can be written in the following form

H =HS +Henv. +Hint., (1.49)

where HS and Henv. are free Hamiltonians of the system and bath respectively, and
Hint. is the interaction Hamiltonian between them. The complete mathematical model
of the total system is often much too complicated. The environment can be, for
example a reservoir (environment with infinite degree of freedoms) or a bath (reservoir
in thermal equilibrium state), in which case the exact solution would require solving
an infinite hierarchy of coupled equations of motion. We regard an open system S to
be singled out by the fact that all observations of interest refer to this subsystem. If
the total system is described by the density matrix ρ then we define ρS = trenv.ρ as
the reduced density matrix for S. At time t we can find the reduced density matrix
by

ρS(t) = trenv. (U(t, t0)ρ(t0)U †(t, t0)) (1.50)
where U(t, t0) is the time evolution operator of the composite system.

Let us assume that it is possible to prepare the initial state of the composite system
as a product state, i.e.

ρ(t0) = ρS(t0)⊗ ρenv.(t0). (1.51)
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1.4. Open quantum systems and third quantisation

Since ρenv.(t0) is positive and has a unit trace, there always exist a set of orthonormal
eigenvectors {∣ν⟩} such that

ρenv.(t0) =∑
ν

λν ∣ν⟩ ⟨ν∣ , (1.52)

where λν are the non-negative eigenvalues. Hence we get

ρS(t) = trenv. (U(t, t0)ρ(t0)U †(t, t0)) ,

ρS(t) =∑
µ

⟨µ∣ (U(t, t0)ρS(t0)⊗∑
ν

λν ∣ν⟩ ⟨ν∣U †(t, t0)) ∣µ⟩ ,

ρS(t) =Kµν(t, t0)ρS(t0)K†
µν(t, t0), (1.53)

where the operators Kµν(t) that only act on the Hilbert space of S are called Kraus
operators and are given by

Kµν(t, t0) =
√
λν ⟨µ∣ (U(t, t0) ∣ν⟩ . (1.54)

The representation of the equation of motion in terms of these Kraus operators is
called Kraus operator sum representation (OSR). Since we want the reduced density
matrix ρS(t) to have a unit trace, this imposes the following condition on the Kraus
operators

∑
µν

K†
µν(t, t0)Kµν(t, t0) = I, (1.55)

where I is the identity operator on the reduced Hilbert space. This is reminiscent of the
measurement operators we came across while discussing POVMs in Sec. 1.3, indeed
OSR can capture, among other things, the descrition of non-selective measurements
and therefore the measurement operators are sometimes called Kraus operators. If
we consider the Kraus OSR as a map that maps a density matrix from some initial
time to final time, F (ρ(t0))→ ρ(t), then it can be shown to have following properties:
trace preserving, linear, and completely positive [Lid20].

Our goal is to write a differential equation for time evolution of the density matrix,
for that we will first make two assumptions:

1. first, the system we are interested in is time translationally invariant, hence the
term t0 that has appeared so far can be set to zero.

2. secondly, we make the Markovian approximation i.e., the system has no memory.

Using Taylor expansion near t = 0 we can write

ρS(dt) = ρS(0) + ρ̇Sdt +O(dt2), (1.56)

and from the Kraus OSR we get

ρS(dt) =∑
α

Kα(dt)ρS(0)K†
α(dt), (1.57)
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where we hve collected the indices µ and ν into one index α. Next we have to find the
Kraus operators such that the OSR time evolution matches the Taylor expansion, for
this one of the Kraus operators will need to contain the identity operator. Hence we
can write

K0(dt) = I +L0dt, (1.58)

this gives us

K0(dt)ρS(0)K†
0(dt) = ρS(0) + [L0ρS(0) + ρS(0)L†

0]dt +O(dt2). (1.59)

Thus we pick all other Kraus operators as

Kα =
√
dtLα, α ≥ 1, (1.60)

which acts on the density matrix as

KαρS(0)K†
α = LαρS(0)L†

αdt. (1.61)

We now also impose the condition for trace preservation ∑α≥0K
†
αKα = I up to O(dt2),

which gives

I = I + [L0 +L†
0 +∑

α≥1
L†

αLα]dt +O(dt2). (1.62)

Next we write L0 as a sum of a Hermitian and anti-Hermitian operator L0 = A − iH
where A† = A and H† =H. This gives the following identity

A = −1
2 ∑α≥1

L†
αLα. (1.63)

Finally putting all this in the OSR time evolution equation and defining ρ̇S ∣t=0 =
(ρS(dt) − ρS(0))/dt, we get

ρ̇S ∣t=0 = −i [H,ρS(0)] +∑
α≥1
(LαρS(0)L†

α −
1
2{L

†
αLα, ρS(0)}) . (1.64)

Now we make use of the Markov approximation and claim that this equation is true
for all times, since for every small time step the rate of change of the system will
only depend on its current state, we also re-scale the Lα operators as Lα →

√
γ′αLα to

make them dimensionless. Hence the final equation we get is

ρ̇S(t) = −i [H,ρS(t)] +∑
α≥1

γα (LαρS(t)L†
α −

1
2{L

†
αLα, ρS(t)}) , (1.65)

where γα =
√
∣γ′α∣

2. The generator of the evolution, L from the equation ρ̇S = Lρ̇S, is
called the Lindbladian. The Lα are called the Lindblad or dissipation operators. The
operator H is Hermitian and can be interpreted as the Hamiltonian of the system
plus a correction called the Lamb shift, this detail becomes obvious if we derive the
Lindblad equation microscopically which can be found in Ch. 3 of [BP07].
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1.4. Open quantum systems and third quantisation

1.4.1. Exceptional points
Hermitian matrices, at least the ones that are finite dimensional, can always be di-
agonalized, which means they have as many linearly independent eigenvectors as the
number of eigenvalues (this is just the spectral theorem for finite dimensions). Non-
Hermitian matrices have no such guarantee, sometimes they can be defective i.e. the
number of linearly independent eigenvectors are less than the number of eigenvalues.
Keeping this in mind let us consider the following non-Hermitian Hamiltonian [Li+23]

H = (ω0 − iγ κ
κ ω0 + iγ

) , (1.66)

which is a simple model of two coupled resonators with same frequency (ω0), such
that the loss of one resonator is equal to the gain of the other one (±γ), and κ is the
coupling strength. The eigenvalues of this (non-Hermitian) Hamiltonian are

E± = ω0 ±
√
κ2 − γ2, (1.67)

if the system parameters can be externally controlled then we see that for κ > γ both
eigenvalues are real while for κ < γ both of them become complex. For κ = γ, both
the eigenvalues are same E+ = E− = ω0, this is not the ordinary degeneracy that one
might encounter working with a Hermitian Hamiltonian, this becomes clear if we try
to find its eigenvectors, of which it only has one (1 i)T .

If we were to look at the above Hamiltonian as a function of one of parameters
(say γ), then at the point κ = γ in the parameter space it will appear as if the
two eigenvalues and eigenvectors are coalescing into each other. This is how we
define exceptional points (EPs), i.e. as points in parameter space where two or more
eigenvalues and eigenvectors coalesce. The points where more than two eigenvalues
(and eigenvectors) meet are called higher order EPs, although they have recently
started become subject of interest [Bud+19; OY19], most works concerning EPs still
focus on the case of only two eigenvalues and eigenvectors, therefore that is what we
will discuss here.

EPs have been studied in areas of physics such as optics [Hlu+21; Xia+21],acoustics
[Din+18] and quantum mechanics [Özt+21; Lia+21], but here we will focus on the
effect the presence EPs has on the topology of the spectrum of the corresponding non-
Hermitian system. For this purpose we will consider the following 2∗2 non-Hermitian
Hamiltonian [DFM22]

H(z) = (0 1
1 z
) , (1.68)

where z ∈ C. The eigenvalues of this Hamiltonian are

E±(z) =
z ±
√
z2 + 4
2 , (1.69)
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Figure 1.6.: If two eigenvalues go around a branch point, i.e. an exceptional point,
then they braid around each other.

to find the exceptional points we set E+(z) = E−(z) and find that at points z = ±2i
in the parameter space the eigenvalues and eigenvectors coalesce. Note that in the
expression for eigenvalues we have a square root of a complex function, which we
know is multi-valued function that is dealt with by introducing branch cuts. The end
point of a branch cut is called branch point and in context of non-Hermitian matrices
it is precisely the EP. An interesting thing to consider is the behavior of eigenvalues
near the EPs, we can do this by expanding the parameter z near one of the EPs,
z = 2i(1 + δz/2), where δz is small. The difference of eigenvalues near the EP looks
as follows

∣E+ −E−∣ = 2 ∣
√
δz∣ , (1.70)

up to the leading order. As it turns out this square root behavior is generic for EPs
where two eigenvalues and eigenvectors meet.

In simplified terms, the vicinity of an exceptional point can be described by the
two solutions of the square root function ±

√
λ of a complex number λ. To foreshadow

the connection to charge fractionalization, we make the following observation: when
following a circle around the singular point z = 0, after one revolution around the
origin, one adiabatically connexts +

√
λ with −

√
λ (and vice versa), and only returns

to the origin after a second turn (see Fig. 1.6). This behaviour can be regarded as
a braid, breaking periodicity in the circle, which (as we will show in Ch. 2) can be
connected to fractional charges, if the parameters appearing in λ are connected to
transport quantities, such as the superconducting phase or the counting field.

Since eigenvalues of non-Hermitian Hamiltonians are complex, and therefore two
dimensional, there is a possibility of forming loops by changing the parameters of
the system in an appropriate way. This fact is captured by defining the eigenvalue
winding number as

w = 1
2πi ∮

C

dz∂z ln det (H(z) −Er) , (1.71)

where C denotes a closed path generated by varying the parameter z that maps to a
closed loops for eigenvalues in the complex plane and Er is arbitrary reference energy,

22



1.4. Open quantum systems and third quantisation

this definition can be expanded if more than one parameter is involved. By Stokes
theorem we know that the above integral will vanish unless the path C encloses some
singularities. Note that winding number is also defined for Hermitian systems, for
example in the SSH model, but it is not defined for eigenvalues since real eigenvalues
cannot form closed loops. For the simple example we have used so far the winding
number reduces to

w = v± + v∓,

w = 1
2π ∮

C

dz∂z (arg (E+ −E−)) +
1

2π ∮
C

dz∂z (arg (E− −E+)) , (1.72)

where we have set the reference energy Er equal to the energy at the EP and v±(∓) is
called the eigenvalue vorticity. If we vary the parameter z such that the eigenvalues
form two separate closed loops then the winding number comes out to be 0, but if
the eigenvalues form a single closed loop then it comes out to be -1, hence indicating
a topological transition in the spectrum. In the second case there is only one loop
becuase it encloses an EP and the eigenvalues have braided around each other. The
topological distinction between the two loops has to do with the fact that if a loop
does not pass through a branch cut it can be reduced to a single point with smooth
deformations but if a loop does pass through a branch cut (if it contains an EP it will
necessarily has to) it cannot be reduced to a single point.

1.4.2. Third quantisation
Here we review the approach to solving Lindblad master equation that is quadratic in
fermionic operators, developed by Prosen in [Pro08; Pro10], called third quantisation.
We will use this in Sec.3.4 to study topology of a system described by a quadratic
Lindbladian.

Let us consider a system of n Fermions, described by a quadratic Lindblad equation

ρ̇ = −i [Ĥ, ρ] +∑
µ

(L̂µρL̂
†
µ −

1
2
{L̂†

µL̂µ, ρ}) . (1.73)

First we write the n fermionic operators in terms of 2n Majorana operators, hence we
can write the Hamiltonian and dissipation operators as

Ĥ =
2n

∑
i,j=1

α̂iHijα̂j, (1.74)

and

L̂µ =
2n

∑
i=1
lµ,iα̂i, (1.75)

where

{α̂i, α̂j} = 2δi,j, (1.76)
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because of the above commutation relation we can always write the first quantized
Hamiltonian as an anti-symmetric matrix, i.e. HT = −H this also makes it a purely
imaginary matrix.

Next step is to assign a Hilbert space structure to the space of operators K, which
is a 22n = 4n dimensional space. We define the canonical basis for this space ∣Pw⟩ ,
where

Pw =
2n

∏
i=1
α̂wi

i ,wi ∈ {0,1} , (1.77)

the inner product is defined as

⟨x∣ y⟩ = 4−ntr (x†y) . (1.78)

We also define creation and annihilation operators on this space of operators, as
follows

ĉj ∣Pw⟩ = δwj ,1 ∣α̂jPw⟩ , (1.79)
ĉ†

j ∣Pw⟩ = δwj ,0 ∣α̂jPw⟩ , (1.80)

these operators follow the standard fermionic anti-commutation relations.
Now we are ready to write the Lindblad operator in the canonical basis we just

defined, we start with the commutator part of the Lindblad equation

L̂0ρ = [Ĥ, ρ] . (1.81)

Since K is a Lie algebra, one defines the adjoint representation of a Lie derivative for
an arbitrary A ∈ K back on K as, adA ∣B⟩ = ∣[A,B]⟩ . It is now straightforward to
compute the action of a Lie derivative of a product of two Majorana operators on an
arbitrary basis element

adα̂jα̂k ∣Pw⟩ = ∣α̂jα̂kPw⟩ − ∣Pwα̂jα̂k⟩
= 2 (δwj ,1δwk,0 + δwj ,0δwk,1) ∣α̂jα̂kPw⟩
= 2 (ĉ†

j ĉk − ĉ†
kĉj) ∣Pw⟩ . (1.82)

Hence for the Hamiltonian we get

L̂0 = 4
2n

∑
j,k=1

ĉ†
jHjkĉk. (1.83)

Now let us consider the action of dissipation operators

L̂µρ = 2L̂µρL̂
†
µ − {L̂†

µL̂µ, ρ} =
2n

∑
j,k=1

lµ,jl
∗
µ,kL̂j,kρ, (1.84)
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where

L̂j,kρ = α̂jρα̂k − {α̂kα̂j, ρ} . (1.85)

Again we proceed by computing the actions of L̂j,k on elements of the canonical basis
of operator Fock space K. In order to do so, it is crucial to observe that the question
whether α̂j commutes or anticommutes with Pw depends on the number of a-fermions
∣w∣ = ∑iwi in Pw, namely Pwα̂j = (−1)∣w∣+wj α̂jPw, and hence

L̂j,k ∣Pw⟩ = [2 (−1)∣w∣+wj α̂jα̂k − α̂kα̂j − (−1)wk+wj α̂kα̂j] ∣Pw⟩ . (1.86)

Observing that

∣α̂jPw⟩ = (ĉ†
j + ĉj) ∣Pw⟩ ,

(−1)wj ∣α̂jPw⟩ = (ĉ†
j − ĉj) ∣Pw⟩ ,

(−1)∣w∣ ∣α̂jPw⟩ = exp (iπN̂) ∣Pw⟩ , (1.87)

where N̂ = ∑j ĉ
†
j ĉj. One can derive that

L̂j,k = (1 + exp (iπN̂)) (2ĉ†
j ĉ

†
k − ĉ

†
j ĉk − ĉ†

kĉj) + (1 − exp (iπN̂)) (2ĉj ĉk − ĉj ĉ
†
k − ĉkĉ

†
j) .

(1.88)

Obviously, the maps L̂j,k, and hence also the total Lindblad part of Liouvillean
∑µLµ, do not conserve the number of a-fermions. But they conserve its parity, i.e.
the product of any two creation/annihilation a-Fermi maps commutes with the parity
operation P̂ = exp (iπN̂), with respect to which the operator space can be decom-
posed into a direct sum K = K+⊕K−, and even/odd operator spaces are orthogonally
projected as K± = (1 ± exp (iπN̂))K. Thus, the positive parity subspace K+ is a linear
space spanned by ∣Pw⟩ with even ∣w∣. All the maps L̂j,k now act separately on K±
and L̂j,kK± ⊆ K±. For example, the maps defined on even parity subspace are indeed
quadratic in a-fermions

L̂j,k∣K+ = 4ĉ†
j ĉ

†
k − 2ĉ†

j ĉk − 2ĉ†
kĉj. (1.89)

We shall focus on physical observables which are products of an even number of
Majorana fermions, so we shall in the following discuss only Liouville dynamics on
the subspace K+. Putting the previous results together we get

L̂+ = −2ĉ† ⋅ (2iH +M +MT ) ĉ + 2ĉ† ⋅ (M −MT ) ĉ†,

L̂+ = 4ĉ† ⋅ (−iH −Re [M]) ĉ + 4iĉ† ⋅ Im [M] ĉ†, (1.90)

where M is a complex Hermitian matrix parametrizing the Lindblad operators

Mjk =∑
µ

lµ,jl
∗
µ,k. (1.91)
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Using the fact that M is Hermitian we can write

L̂+ = ( ĉ† ĉ )( −X
T Y

0 X
)( ĉ

ĉ† ) , (1.92)

where

X = −2iH + 2Re [M] ,
Y = 4iIm [M] . (1.93)

Here we take a side step to prove some results that will be useful later, first let us
look at the definition of the Hermitian matrix Mjk = ∑µ lµ,jl∗µ,k and consider the case
where µ = 1, then keeping in mind that we started with a system of n Fermions we
can write

M =
⎛
⎜
⎝

0 ⋯ l1
⋮ ⋯ ⋮
0 ⋯ ln

⎞
⎟
⎠

⎛
⎜
⎝

0 ⋯ 0
⋮ ⋯ ⋮
l∗1 ⋯ l∗n

⎞
⎟
⎠
=
⎛
⎜
⎝

0 ⋯ l1
⋮ ⋯ ⋮
0 ⋯ ln

⎞
⎟
⎠

⎛
⎜
⎝

0 ⋯ l1
⋮ ⋯ ⋮
0 ⋯ ln

⎞
⎟
⎠

†

. (1.94)

This is the sufficient condition forM to be positive semi-definite, if we generalise to the
case µ > 1, then it can be straight forwardly argued that M is a sum of positive semi-
definite matrices, hence in turn itself is positive semi-definite. , this also implies that
X +XT = 4Re[M] ≽ 0. Consider an eigenvalue β and the corresponding eigenvector
∣v⟩ of X, then

X ∣v⟩ = β ∣v⟩ ,
X ∣v⟩∗ = β∗ ∣v⟩∗ , (1.95)

since X is purely real. Taking appropriate dot products we show that

∣v⟩† (X +XT ) ∣v⟩ = 2Re[β] ∣v⟩† ∣v⟩ , (1.96)

then the strict positivity of ∣v⟩† ∣v⟩ and non negativity of ∣v⟩† (X +XT ) ∣v⟩ imply
Re[β] ≥ 0.

Our next goal is to write the Lindbladian operator obtained in Eq.(1.92) in a form
similar to a diagonalised second quantised operator. To that end, define

â1,j =
1√
2
(ĉj + ĉ†

j) ,

â2,j =
i√
2
(ĉj − ĉ†

j) . (1.97)

These follow the anti-commutation relations {âµ,j, âν,k} = δµνδjk, where µ, ν = 1,2.
Hence the Lindbladian can be written as

L̂+ = âT ⋅A ⋅ â −A0Î, (1.98)
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where â = ( â1,1 ⋯ â1,2n â2,1 ⋯ â2,2n )
T and A is a complex anti-symmetric 4n∗

4n matrix with

A = ( −2iH + 2iIm[M] 2iM
−2iMT −2iH − 2iIm[M] ) ,

= −2iI2 ⊗H − 2σ2 ⊗Re[M] − 2 (σ1 − iσ3)⊗ Im[M],
A0 = 2∑

j

Mjj. (1.99)

We can define the following unitary transformation

Ã = UAU †, (1.100)

= ( −X
T Y

0 X
) , (1.101)

where

U = 1√
2
( 1 −i

1 i
)⊗ I2n. (1.102)

Since Ã and A are connected by a unitary transformation, they will have the same
eigenvalues. Using the formula for a special case of determinant of a block matrix

det( P Q
0 S

) = det (P )det (S) ,

we can deduce that the set of eigenvalues of A will be the union of the sets of eigen-
values of X and −X, hence we have shown that the eigenvalues of A come in pairs of
(βi,−βi).

In order to diagonalise the Lindbladian we have to diagonalise the matrix A, in
general there is no guarantee that this matrix will be diagonalisable but here we
will assume that to be the case. We will arrange the eigenvalues of A as follows
( β1 ⋯ β2n −β1 ⋯ −β2n ), such that Re[β1] ≥ Re[β2] ≥ ⋯Re[β2n] ≥ 0, this order-
ing allows us to conclude that {βi}2n

i=1 are the eigenvalues of X. Due to our assumption
of diagonalisability, the matrix A will have 4n linearly independent eigenvectors and
as a result of the matrix being anti-symmetric these eigenvectors can be normalised
as follows

∣vi⟩T ∣vj⟩ = Jij, where J = σ1 ⊗ I2n (1.103)

Let V be a matrix such that its rows are the eigenvectors of A, combined with how
we have arranged our eigenvalues the first 2n rows of V will contain eigenvectors
corresponding to the eigenvalues ( β1 ⋯ β2n ) and the last 2n rows will contain
eigenvectors corresponding to the eigenvalues ( −β1 ⋯ −β2n ), hence we can write

AV T = V TD,

27



1. Introduction

V V T = J, (1.104)

where D = diag ( β1 ⋯ β2n −β1 ⋯ −β2n ). Combining the above two equations
we get

A = V T ΛV, where Λ =DJ. (1.105)

Define new operators as

b̂j = ∣vj⟩T â, for 1 ≤ j ≤ 2n
b̂′j = ∣vj⟩T â, for 2n + 1 ≤ j ≤ 4n. (1.106)

These operators follow the almost canonical anti-commutation relations {b̂j, b̂k} = 0,
{b̂′j, b̂′k} = 0, {b̂j, b̂′k} = δjk, this is a direct consequence of the second line of Eq.(1.104)
and the commutation relations of the Majorana operators defined in Eq.(1.97). We
can finally write the Lindbladian as

L̂+ = −2
2n

∑
j=1
βj b̂

′
j b̂j + (

2n

∑
j=1
βj −A0) Î. (1.107)

Now we will show that the last term in Eq.(1.107) is actually 0. We can write

A0 = 2tr (M) = 2tr (Re[M]) , (1.108)

since the imaginary part of a Hermitian matrix is always anti-symmetric. Also since
{βi}2n

i=1 are eigenvalues of X, we can write

2n

∑
i=1
βi = tr (X) = 2tr (Re[M]) , (1.109)

here we have used the fact that HT = −H. Finally,

L̂+ = −2
2n

∑
j=1
βj b̂

′
j b̂j. (1.110)

We can write the eigenvalues of the Lindbladian superoperator L̂+ in term of eigen-
values of Z as

λν = −2
2n

∑
j=1
βjνj, (1.111)

where νj ∈ {0,1} and ν = {ν1, ν2,⋯, ν2n}.
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1.5. Introduction to the tenfold way
Here we will review the famous tenfold way, that classifies topological insulators
(TIs) and topological superconductors (TSCs) into ten symmetry classes [Sch+08;
Ryu+10; Kit09; Chi+16], depending on which symmetry the system possesses. This
will serve as the jumping off point to discuss the extension of this classification for
non-Hermitian systems in the next section, the results of which we will use in Ch. 3
to find topological properties of an open system.

To begin consider a second quantised free fermionic Hamiltonian

Ĥ = ∑
J,K

ĉ†
JHJK ĉK , (1.112)

where the fermionic creation and annihilation operators follow the canonical anti-
commutation relations {ĉ†

J , ĉK} = δJK , the capitalised indices represent collection of
quantum numbers for e.g. site index, spin or other relevant quantum numbers for
the system and HJK is the gapped first quantised Hamiltonian. The framework of
tenfold way uses the two anti-unitary symmetries of H, namely time-reversal and
particle-hole symmetry, to classify the first quantised Hamiltonian into ten symmetry
classes. To understand this classification better, first we need to understand how
these symmetries act on the Hamiltonian.

1. Time-reversal symmetry (TRS): Time reversal T̂ is an anti-unitary opera-
tor that acts on the fermionic annihilation operators as follows

T̂ ĉJ T̂ −1 =∑
K

(UT )JK ĉK ,

T̂ iT̂ −1 = −i, (1.113)

where UT must be a unitary matrix to preserve the canonical anti-commutation
relations. For this operation to be a symmetry of the system, the operator must
commute with the second quantised Hamiltonian T̂ ĤT̂ −1 = Ĥ, this leads to the
following condition for the first quantised Hamiltonian

U †
TH

∗UT =H. (1.114)

Applying the time-reversal operator twice we get

(U∗TUT )†H (U∗TUT ) =H, (1.115)

since first quantised Hamiltonian can always be written in the irreducible repre-
sentation, the above condition in conjunction with Schur’s lemma implies that
U∗TUT = eiαI, using the fact that UT is unitary it can be deduced that

U∗TUT = ±I. (1.116)
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Applying the time-reversal operator twice on a fermionic annihilation operator
we see that T̂ 2ĉJ T̂ −2 = ∑K (U∗TUT )JK

ĉK = ±ĉJ , hence in a fermionic system the
time-reversal operator squares to

T̂ 2 = (±1)N̂ when U∗TUT = ±I, (1.117)

where N̂ = ∑J ĉ
†
J ĉJ is the number operator.

2. Particle-hole symmetry (PHS): Particle-hole transformation Ĉ is a unitary
transformation that transforms fermionic annihilation operators into creation
operators

ĈĉJ Ĉ−1 =∑
K

(U∗C)JK ĉ
†
K , (1.118)

and vice-versa, again to preserve the canonical anti-commutation relations UC

must be a unitary matrix. If this transformation is a symmetry of the system,
i.e. ĈĤ Ĉ−1 = Ĥ, then for the first quantised Hamiltonian we get

U †
CH

TUC = −H, (1.119)
and trH = 0. Using similar arguments as for the time-reversal operator, we can
deduce that

Ĉ2 = (±1)N̂ when U∗CUC = ±I. (1.120)

3. Chiral symmetry (CS): This symmetry is defined as the combination of time-
reversal and particle-hole symmetries, a system might not fulfill the criteria for
the two symmetries discussed above, but it can still have the symmetry that is
the combination of the two, the so called chiral symmetry

Ŝ = T̂ ⋅ Ĉ. (1.121)
This transformation acts as follows on the fermionic annihilation operators

Ŝ ĉJ Ŝ−1 =∑
K

(U∗CU∗T )JK ĉ
†
K , (1.122)

and if the transformation satisfies ŜĤŜ−1 = Ĥ, then the conditions on the first
quantised Hamiltonian are

U †
SHUS = −H, where US = UCUT , (1.123)

and trH = 0. Using the same reasoning that we used to derive T̂ 2 = Ĉ2 = (±1)N̂ ,
we can deduce that U2

S = eiαI. Redefining US → eiα/2US, the conditions on the
single particle Hamiltonian for chiral symmetry simplifies to

{H,US} = 0, U2
S = U

†
SUS = I. (1.124)

As a final remark, the analysis in this section does not apply to TSCs, since the
second quantised Hamiltonian does not contain any pairing terms (for e.g. ĉJ ĉK),
but a similar analysis can be repeated by writing the superconductor Hamiltonian in
BdG form and using Nambu operators instead of fermionic operators.
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1.5.1. Periodic table of TIs and TSCs
After the above discussion, we are now in position to classify the gapped single parti-
cle Hamiltonians into symmetry classes in terms of non-unitary symmetries. It should
be noted that using unitary symmetries that commute with the first quantised Hamil-
tonian, we can write it in a block diagonal form, such that the unitary symmetries
will act trivially on each block. It is these irreducible blocks, without any unitary
symmetries, that we wish to classify. So far we have discussed the following

T −1HT =H, T = UTK, U∗TUT = ±I,
C−1HC = −H, C = UCK, U∗CUC = ±I,
S−1HS = −H, S = US, U2

S = I, (1.125)

where UT , UC and US are unitary matrices and K is the complex conjugation operator.
As it turns out this list is exhaustive, i.e. without loss of generality we can assume
there is only one operator T representing TRS and only one operator C representing
PHS. If this was not the case, say there were two operators C1 and C2 that represented
PHS, then their combination C1 ⋅ C2 will act as unitary symmetry and it would be
possible to bring H into a block diagonal form such that UC1 ⋅U∗C2

will act trivially on
each block. Thus on each block UC1 and UC2 will be trivially related to each other,
hence we can just use a single operator corresponding to PHS, similar argument can
be used to prove uniqueness of the TRS operator. On the other hand, the combination
of TRS and PHS (T ⋅C), the chiral symmetry, is indeed a unitary operator but instead
of commuting with H it anti-commutes, hence it is necessary to take it into account
separately.

It is easy to see, why the above three symmetries lead to ten symmetry classes for
the single particle Hamiltonians. Let us begin with how H transforms under TRS(T ),
first option is that H is not invariant under T , second option is that it is invariant
under T and T 2 = +I and the third option is that H is invariant under T and T 2 = −I.
Similarly we get three cases for PHS, hence the combination of both gives us 3∗3 = 9
cases. For chiral symmetry, in the eight out of nine cases mentioned above it is easy
to deduce its presence or absence just by looking at how the Hamiltonian transforms
under TRS and PHS. For the ninth case where both TRS and PHS are absent, the
chiral symmetry can be absent or present, resulting in (3 ∗ 3) − 1 + 2 = 10 cases.

The table 1.1 lists the ten symmetry classes that are used to classify TIs and
TSCs, these symmetry classes were first described by Altland and Zirnbauer [Zir96;
AZ97] in context of disordered fermionic systems, and are therefore sometimes called
Altland-Zirnbauer (AZ) classes. The table 1.1 also is written in such a way as to
separate the so called complex classes A and AIII from the rest of the so called real
classes. This nomenclature is due to the fact that these eight classes have at least
one anti-unitary symmetry which imposes a relation between the real and imaginary
part of the corresponding Hamiltonian, while for the two complex classes the real and
imaginary part of the corresponding Hamiltonians are completely independent.

Before ending this section we say a few words about topological invariants, they
play the same role for classification of topological phases of matter as the order pa-
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Class TRS PHS CS d=0 d=1 d=2 d=3 d=4 d=5 d=6 d=7
Complex classes

A 0 0 0 Z 0 Z 0 Z 0 Z 0
AIII 0 0 1 0 Z 0 Z 0 Z 0 Z

Real classes
AI + 0 0 Z 0 0 0 2Z 0 Z2 Z2

BDI + + 1 Z2 Z 0 0 0 2Z 0 Z2
D 0 + 0 Z2 Z2 Z 0 0 0 2Z 0

DIII − + 1 0 Z2 Z2 Z 0 0 0 2Z
AII − 0 0 2Z 0 Z2 Z2 Z 0 0 0
CII − − 1 0 2Z 0 Z2 Z2 Z 0 0
C 0 − 0 0 0 2Z 0 Z2 Z2 Z 0
CI + − 1 0 0 0 2Z 0 Z2 Z2 Z

Table 1.1.: Listed in this table are ten symmetry classes for fermionic gapped first
quantised Hamiltonians. The time evolution operator constructed from
the single particle Hamiltonian eitH belongs to a symmetric space, the
first column in the table denotes the name given to this symmetric space
by Élie Cartan in his classification. The labels TRS, PHS and CS represent
the time-reversal, particle-hole and the chiral symmetries respectively. For
TRS and PHS the label 0 means that the Hamiltonian is not invariant
under that transformation, while the ± signs mean that the transformation
is a symmetry and the corresponding operators square to ±I. For CS the
labels 0 and 1 denote its absence or presence respectively. The columns
labelled with different values of d (spatial dimension), tells us if for a given
d there exist a topologically non-trivial ground state. The symbols Z, 2Z
and Z2 represent the nature of topological invariant that characterises a
symmetry class, and the symbol ’0’ represents that all the ground states
are topologically trivial.
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1.6. Extending the tenfold classification

rameter in the Landau-Ginzburg theory of phase transitions. Hence the value of
the topological invariant is an indication of the phase of the matter, which can be
calculated experimentally by observing a quantity that is proportional to the said
topological invariant, for example: transverse conductivity in integer quantum hall
effect [Hat97]. As shown in Table 1.1, topological invariants can take variety of differ-
ent values depending on the symmetry class and the spatial dimension of the system,
the ones in the table means the following:

1. topological invariants in Z can take integer values (0,±1,±2, ...),

2. topological invariants in 2Z can take even integer values (0,±2,±4, ...),

3. topological invariants in Z2 can take two values, generally denoted as {−1,+1}.

Some well known topological invariants are the winding number in the SSH model
[MAG16] and the Chern number for the Haldane model [Hal88]. Chern number, or
its modified version for non-Hermitian Hamiltonians, will be the relevant topological
invariant in the second project in Ch. 3, for a dissipative toy model that is realised
via multi-terminal Josephson junction. Chern number for closed systems is defined
by Berry curvature, consider a gapped quantum system described by a wave function
∣ψ(k)⟩, then the Berry connection is defined as follows

A(k) = i ⟨ψ(k)∣∇k ∣ψ(k)⟩ , (1.126)

and Berry curvature is

B(k) = ∇k ×A(k), (1.127)

finally the Chern number can be written as

C = 1
2π∬

BZ

B(k) ⋅ dS, (1.128)

where the integral is taken over the entire Brillouin zone.

1.6. Extending the tenfold classification
It will be in our interest in Ch. 3 to discuss the topology of a non-Hermitian system
described by Lindblad equation, hence in this section we review the proposed exten-
sion of the classification of TIs and TSCs to non-Hermitian systems. Characterising
non-Hermitian systems with topological properties has been a focus of research for
more than a decade now [RL09; HH11]. Here we focus on the work of Kawabata et.
al. [Kaw+19a] where the authors claim to develop a complete theory of symmetry
and topology in non-Hermitian physics and show that presence of non-Hermiticity
ramifies the ten symmetry classes to 38 symmetry classes, and on the work of Lieu
et. al. [LMC20] where the authors use the work by Kawabata et. al. to show
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that the fermionic systems described by quadratic Lindbladians can be classified into
ten symmetry classes that reduce to the Altland-Zirnbauer classes in the absence of
dissipation.

We start with the observation that for non-Hermitian matrices the operation of
complex conjugation is not equal to the operation of transpose unlike the case of
Hermitian matrices. Hence if we take the example of TRS for closed systems which
is given by

U †
TH

∗UT =H, U∗TUT = ±I, (1.129)

the complex conjugation can be replaced by a transpose but if we want to extend this
condition to include non-Hermtian matrices we will have to make a choice between
the two operations. Similar problem arises when extending the concept of PHS and
CS. To develop the expression for the action of symmetries we define the second
quantised time reversal and particle hole transformation as in Eqs. (1.113) and (1.118)
respectively, then we follow a similar procedure as for the closed system (except there
no constraint due to Hermiticity) and end up with the following definitions of TRS,
PHS and CS for single particle non-Hermitian Hamiltonians respectively

T †
+H

∗T+ =H, T †
+T+ = I, T ∗+T+ = ±I,

C†
−H

TC− = −H, C†
−C− = I, C∗−C− = ±I,

Γ†H†Γ = −H, Γ† = Γ, Γ2 = I. (1.130)

Here, as with the closed system, chiral symmetry is defined as the combination
of time reversal and particle hole symmetries. The equations in (1.130) serve as a
natural extension of symmetry operations that give us Altland-Zirnbauer (AZ) classes,
we can also define a variant of TRS with transpose and a variant of PHS with complex
conjugation as

C†
+H

TC+ =H, C†
+C+ = I, C∗+C+ = ±I,

T †
−H

∗T− = −H, T †
−T− = I, T ∗−T− = ±I. (1.131)

These new variants of TRS and PHS are termed TRS† and PHS† respectively, also
it is easy to notice that combining TRS and PHS gives the same result as combining
TRS† and PHS†, hence we don’t need to define a new chiral symmetry operator. TRS†,
PHS† and CS also generate ten symmetry classes that are called AZ† symmetry classes
(see table 1.2). We also define a new symmetry the sublattice symmetry (SLS)

SHS† = −H, S†S = I, S2 = I, (1.132)

which is equivalent to CS for the Hermitian case. The symmetries discussed in Eqs.
(1.130), (1.131) and (1.132) results in 38 distinct symmetry classes, which can be
counted as follows: the original 10 AZ symmetry classes, 6 additional AZ† symmetry
classes and 22 symmetry classes originating by combining AZ classes with SLS, any
other combination of the aforementioned symmetries can be expressed in terms of
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these 38 classes [Kaw+19a]. The reason AZ† only result in six new classes is due to
the fact that the classes A and AIII are common to both AZ and itself, furthermore the
class AI in AZ class and class D† in AZ† class are equivalent due to the fact that when
a non-Hermitian Hamiltonian H respects TRS another non-Hermitian Hamiltonian
iH respects PHS† [Kaw+19b], similarly class AII is equivalent to class C†.

Another aspect of tenfold classification is the presence of a gap in the spectrum
of the first quantised Hamiltonian, which in the case of non-Hermitian Hamiltonians
becomes a little complicated since in general they can have complex eigenvalues. The
energy gap of a closed system can be contracted to a point since the spectrum is one
dimensional, this point is generally termed the Fermi energy EF , thus naturally and
uniquely a system can be said to have a energy gap if no energy bands cross the point
E = EF . For the case of open systems, the energy gap is not necessarily contractible
to a point since the spectrum is two dimensional, hence the energy gap can be either
a forbidden point (point gap) or a forbidden line (line gap) in the complex plane.
Importantly the definitions of of the two energy gaps are independent of each other,
the choice of the gap depends on the physical problem. The topological classification
also depends on the kind of the gap in the system, two systems with same symmetries
and same dimensions can have different topological characterisations if the type of
gaps they exhibit are different (table III in [Kaw+19a]). The precise definition of the
gaps are as follows:

Point gap: A non-Hermitian Hamiltonian H(k) is said to have a point gap if and
only if it is invertible, i.e. detH(k) ≠ 0,∀ k, and all the eigenenergies are nonzero,
i.e. E(k) ≠ 0,∀ k.
In principle the point gap can exist at any arbitrary value in the complex plane, but
the presence of symmetries often restrict the eigenvalues. For example in presence of
TRS the eigenenergies must come in pairs of (E,E∗) and in presence of SLS they must
come in pairs of (E,−E), thus zero energy is a convenient choice for the definition of
the point gap.

Line gap: A non-Hermitian Hamiltonian H(k) is said to have a real (imaginary)
line gap if and only if it is invertible, i.e. detH(k) ≠ 0,∀ k, and the real (imaginary)
part of the eigenenergies is nonzero, i.e. ReE(k) ≠ 0,∀ k (ImE(k) ≠ 0,∀ k).
Again the choice of real and imaginary axes as the defining lines in the complex plane
instead of an arbitrary line has to do with the restrictions imposed by symmetries on
the eigenvalues.

Kawabata et. al. provided the topological classification of non-Hermitian Hamil-
tonians based on 38 symmetry classes, different types of gap and spatial dimensions.
The different phases of topologically nontrivial non-Hermitian Hamiltonians are dis-
tinguished by topological invariants such as winding numbers and Chern numbers.
We will not go into detail of how to calculate these invariants for each case, but we
will expand upon the Chern number later in section 3.4 when discussing our specific
model.

So far we have discussed general open systems described by a non-Hermitian Hamil-
tonian, now we discuss the work of Lieu et. al. [LMC20] which specializes the work
of Kawabata et. al. to dissipative fermionic systems described by quadratic Lindbla-
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Class TRS PHS TRS† PHS† CS d=0 d=1 d=2 d=3
Complex classes

A 0 0 0 0 0 Z 0 Z 0
AIII 0 0 0 0 1 0 Z 0 Z

Real AZ classes
AI + 0 0 0 0 Z 0 0 0

BDI + + 0 0 1 Z2 Z 0 0
D 0 + 0 0 0 Z2 Z2 Z 0

DIII − + 0 0 1 0 Z2 Z2 Z
AII − 0 0 0 0 2Z 0 Z2 Z2
CII − − 0 0 1 0 2Z 0 Z2
C 0 − 0 0 0 0 0 2Z 0
CI + − 0 0 1 Z 0 Z 0

Real AZ† classes
AI† 0 0 + 0 0 Z 0 0 0

BDI† 0 0 + + 1 Z2 Z 0 0
D† 0 0 0 + 0 Z2 Z2 Z 0

DIII† 0 0 − + 1 0 Z2 Z2 Z
AII† 0 0 − 0 0 2Z 0 Z2 Z2
CII† 0 0 − − 1 0 2Z 0 Z2
C† 0 0 0 − 0 0 0 2Z 0
CI† 0 0 + − 1 0 0 0 2Z

Table 1.2.: Listed in this table are 16 distinct symmetry classes out of 38 symmetry
classes found by Kawabata et. al. while extending the tenfold classification
to non-Hermitian systems. The topological equivalence of classes D†(C†)
and AI(AII) and the fact that the classes A and AIII are common to both
AZ and AZ† results in 16 distinct classes instead of 20. The labels ± and 0
here have the same meaning as in the table 1.1. The columns labelled with
different values of d (spatial dimension), tells us if for a given d there exist
a topologically non-trivial non-Hermitian Hamiltonian in presence of a real
line gap. The complete topological classification is much richer than what
we have presented here, since it contains more symmetry classes that arise
by combining AZ classes with SLS and additional types of gaps namely,
point gap and imaginary line gap. For a detailed description of topological
classifiction of non-Hermitian Hamiltonians one can look at the original
work [Kaw+19a].
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dians. Consider a system described by the Lindblad equation

i
dρ

dt
= L̂(ρ) = [Ĥ, ρ] + i∑

µ

(2L̂µρL̂
†
µ − {L̂†

µL̂µ, ρ}) , (1.133)

this equation describes the non-unitary time evolution of the density matrix. Here,
the Hamiltonian Ĥ encodes to the coherent time evolution, while the so called jump
or dissipation operators L̂µ describe the gains and losses in the system. Also the
above Lindblad equation is written in a non-standard form, since we have multiplied
i on both sides, this was done so that in absence of dissipation operators the equation
will reduce to the standard Schrödinger equation.

In general a Lindblad equation can be solved by vectorising the density matrix and
writing the Lindbladian superoperator L̂ as a matrix. For a system of n fermions this
amounts to diagonalising a 22n×22n matrix, which can get very numerically expensive.
But for the case when the Hamiltonian Ĥ is quadratic and the dissipation operators
L̂µ are linear in fermionic operators the problem becomes much simpler. In his work
on quadratic Lindblad equations, Prosen [Pro08; Pro10] has been able to show that
for such systems we can work with 4n × 4n matrix. We have given a detailed review
of Prosen’s approach in Sec. 1.4, here we will just use the results.

Using Prosen’s formalism the Linbladian superoperator can be written as

L̂ = 2 ( ĉ† ĉ )( −Z
T −2Im [M]

0 Z
)( ĉ

ĉ† ) − 2itr [M] (1.134)

where Z = H + iRe [M] and ĉ = (ĉ1,⋯, ĉ2n). The ĉ
(†)
i superoperators follow the

fermionic canonical anti-commutation relations (CAR) {ĉi, ĉ
†
j} = δij, {ĉ†

i , ĉ
†
j} = 0 and

{ĉi, ĉj} = 0. The upper diagonal form of the Lindbladian implies that its spectrum
only depends on the eigenvalues of Z, it can be diagonalised in terms of quasiparticles

L̂ = −4
4
∑
i=1
λib̂
′
ib̂i, (1.135)

where the quasiparticles follow the almost CAR {b̂i, b̂′j} = δij, {b̂′i, b̂′j} = 0 and {b̂i, b̂j} =
0. The eigenvalues of Z have to follow some generic restrictions: i) Im[λi] ≥ 0 since
elements of density matrix can only decay and not amplify with time, and ii) the
eigenvalues always come in pairs of (λ,−λ∗) in order to preserve the Hermiticity of
the density matrix at all times.

The eigenvalues of the non-Hermitian matrix Z plays the same role for quadratic
Lindbladians as the eigenvalues of the single particle Hamiltonian play for the second
quantised Hamiltonian in the case of closed systems. Hence, while investigating the
topological properties of a system described by a quadratic Lindbladian it is natural
to look at the symmetry classification of the matrix Z. As discussed earlier in this
section, for non-Hermitian matrices the time-reversal and particle-hole symmetries
can be generalised in two ways given by Eqs. (1.130) and (1.131). Let us assume
that for Z the correct way to generalise time-reversal is via complex conjugation
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(T †
+Z∗T+ = Z), then this would imply that every eigenvalue of Z will have a conjugate

partner, this implies that for every decaying mode (Im[λ] ≥ 0) of Z there will be an
amplifying mode (Im[λ∗] ≤ 0), which is unphysical. Similarly using the transpose for
particle-hole symmetry (C†

−ZTC− = −Z) implies the eigenvalues always come in pairs
of (λ,−λ), which again leads to an amplifying mode. Hence for Z the unique way to
generalise symmetries is given by Eq. (1.131)

Time-reversal: C†
+Z

TC+ = Z, C†
+C+ = I, C∗+C+ = ±I,

Particle-hole: T †
−Z
∗T− = −Z, T †

−T− = I, T ∗−T− = ±I,
Chiral: Γ†Z†Γ = −Z, Γ† = Γ, Γ2 = I. (1.136)

The fact that for quadratic Lindbladians the time-reversal symmetry takes the form of
the first line in Eq. (1.136) can also be ascertained from the microscopic derivation of
Lindblad equation, as shown in supplementary material of [LMC20]. The restriction
that all eigenvalues of Z should follow Im[λ] ≥ 0, also allows us to rule out the
possibility of using either a point gap or an imaginary line gap to determine its
symmetry class. This is due to the fact that for both, the point gap and imaginary
line gap, the eigenvalues of Z can be deformed to a single point without closing the
gap. Hence to determine the symmetry class of Z, we should ascertain if it satisfies
the conditions in Eq. (1.136) and if its spectrum has a real line gap.
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2. Fractional charges and fractional
Josephson effect in
superconductor-normal metal
hybrid circuits

2.1. Introduction
The notion of fractional charges plays an omnipresent role in condensed matter
physics, especially in lower dimensional systems, such as in 1D Luttinger liquids
[PGL00; Imu+02; Tra+04; Ste+07; GGM10], or in the 2D fractional quantum Hall
effect [TSG82; Lau83; KF94; Sam+97; de-+97], as well as in topological supercon-
ductors, where the presence of Majorana- or parafermions gives rise to a fractional
Josephson effect [Kit01; FK09; ZK14a; Ort+15]. While the literature on how to de-
fine and detect a fractional charge e∗ ≠ e (e being the elementary charge) is of course
much vaster than we could possibly account for in this small introduction, we can
nonetheless identify two main and seemingly distinct flavours, which we here intend
to unify. As we argue below, this attempt of a unification is deeply rooted in the un-
derstanding, that fundamentally, charge of any electronic system must be quantized
in integer units of the elementary charge e, such that any charge fractionalization
effect can only be meaningfully defined in terms of the topological properties of the
time evolution of a system coupled to a transport detector.

In a non-equilibrium transport situation, e∗ may be extracted from the transport
statistics. This idea was pioneered by Kane and Fisher [KF94], who showed that
the Fano factor (the noise-to-current ratio) returns e∗/e, provided that the transport
statistics is Poissonian. Very recently, this idea was generalized to a generic non-
Poissonian transport regime, when considering the topological properties [Riw19] of
the entire full-counting statistics (FCS) [LLL96]. This definition hinges on the time-
dependent dynamics of the moment generating functionm (χ) = ∑N e

iχNP (N), where
χ is the so-called counting field, and P (N) is the probability of having transported
N electrons. If N is integer, then m is obviously 2π-periodic in χ for all times. Effec-
tive quantum field theories hosting fractionally charged excitations may in principle
predict a moment generating function m with broken periodicity. However, it was
understood already, that the elementary charge being fundamental for any electronic
system, this broken periodicity must be artificial. That is, such effective field theories
must have a limited validity for sufficiently high cumulants, and the 2π-periodicity of
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m (χ) must be restored [Ari98; GGM10; IAC13; Riw19; Riw21]. On the other hand,
generic open quantum systems with a transport detector were shown to undergo dy-
namical phase transitions [Pis04; Ubb+12; FG13; Bra+17] leading to a braiding of the
complex eigenspectrum of the Lindbladian along the counting field [RS13; LRS14].
The main nontrivial contribution of [Riw19] is the realization, that the resulting
breaking of the 2π-periodicity of the complex eigenspectrum, which governs the time
evolution of P (N), and thus of m(χ), should be interpreted as transport carrying
fractional charges in the same sense as the known examples from strongly correlated
systems. In short, fundamental charge quantization is thus a property of the detector
basis, whereas fractional charges are a property of the open system eigenspectrum.
Based on this realization, Ref. [Riw19] argued that fractional charges are already
observable for standard sequential electron tunneling through a quantum dot in a
purely dissipative transport regime, not requiring any material-specific properties or
interactions.

Fractional charges can also be defined without the explicit need for nonequilib-
rium transport (and transport statistics measurements) by the phase picked up when
travelling through a magnetic field, ϕ = e∗ ∫ dxA (x) /h̵, where for anyonic excita-
tions, e∗ can be directly linked to the nontrivial exchange statistics [LM77; Wil82;
ASW84; Bar+20; 20]. This notion of fractional charges is at the heart of the frac-
tional Josephson effect due to the presence of exotic excitations, such as Majorana- or
parafermions [Kit01; FK09; ZK14a; Ort+15; Kap+19]. Here, e∗ defines the periodic-
ity with which the supercurrent depends on the superconducting phase bias ϕ, since
in superconducting transport, the phase enters as e±iϕ. For a pure superconducting
regime, it is usually possible to describe the dissipation-free current in the form of a
low-energy Hamiltonian H(ϕ). It may therefore be tempting to just equip H with
the periodicity in ϕ given by the fractional Josephson effect. However, also in the
context of superconducting circuits, there is a lingering question about the impor-
tance of charge quantization in various contexts, such as for charge noise sensitivity
of the fluxonium [Koc+09; Man+09; MY20], when coupling Josephson junctions to
an electromagnetic environment [Mur+20; HS21; Mur+21; Kau+21], or when consid-
ering the physics of quantum phase slip junctions [KR23]. Specifically for topological
superconductors, the presence of Majorana fermions provides a degenerate ground
state with even and odd fermion parity, allowing for coherent transport processes
which transport a single elementary charge e instead of the Cooper pair charge 2e
in the ordinary Josephson effect. However, there is a fundamental incompatibility
between charge stored in the topological part of the circuit (integer multiples of e)
and the charge stored in the trivial parts of the device (integer multiples of 2e). This
interplay can lead to instabilities of the fractional Josephson effect for certain circuit
configurations [Hec+11]. The relevance of this incompatibility has also been recently
studied for time-dependent driving and capacitive coupling [KHR22], giving rise to a
purely geometric correction term. Generally it was argued [Riw21], that for super-
conducting systems, the periodicity in ϕ of a Hamiltonian (describing a given circuit
element) is defined by the unit of charge which a detector, a magnetic field or another
circuit element couples to, whereas fractional Josephson effects, and the associated
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fractional charges, are defined in the periodicity of the eigenspectrum. This argu-
ment thus corresponds to a quantum mechanical counterpart to the statement made
for purely dissipative systems in Ref. [Riw19].

The question which has, to the best of our knowledge, not yet been addressed, is how
exactly the fractional Josephson effect and fractional charges measured in the trans-
port statistics are related, and importantly, how to generalize to a situation where
dissipative non-equilibrium currents and equilibrium supercurrents coexist. When
combining supercurrents and FCS [RN04], the counting field χ appears as a shift in
ϕ, suggesting that the fractional charge in the moment generating function is directly
inherited from the periodicity of the Josephson relation. However, we show that the
picture becomes much more complex when including nonequilibrium currents, and
that in the most generic situation, charge fractionalization expresses itself as excep-
tional points (EP) in the 2D space spanned by the independent superconducting phase
ϕ and the counting field χ. Charge fractionalization in the current statistics and the
fractional Josephson effect are thus in general related, but nonetheless distinct effects.
Moreover, and similar in spirit to Ref. [Riw19], we can show that in a generic open
system context, no exotic materials are required to engineer topological phase tran-
sitions giving rise to fractional charges, and a fractional Josephson effect. Curiously,
we find that poisoning due to out-of-equilibrium quasiparticles, usually a nuisance
for superconducting circuits [LGL05; Sha+08; Cat+11; LM12; FK09; Hec+11; RL12;
GC11; BWT12; Pek+13]), is in the particular case studied here a necessary ingredient
driving the topological transitions.

For concreteness, we consider a minimal heterostructure model of a single-level
quantum dot coupled to two phase-biased superconductors (S) allowing for a super-
current to flow, and an additional normal metal (N), providing a nonequilibrium
electron source. Quantum dot heterostructures have been widely studied in the past
both theoretically [FR98; Kan98; CAH00; CLM01; PGK07; Sot+10; Hil+11; Fut+13;
Sot+14; WK17] and experimentally [Her+10; Hof+10; Dir+11], with a recently re-
vived interest in connection with a possible probing of the Higgs mode [HS22], and
observation of transition from normal Josephson junction to a π junction [SMH22].
In particular, the inclusion of a counting field has been discussed in Ref. [SK14].

While all of our results have been obtained specifically for this model, we believe
that our findings regarding the connection between the fractional Josephson effect and
fractional charges are generic, so long as the dynamics is described by a Lindbladian.
In particular, we find that the aforementioned EPs give rise to phase transitions which
can carry a trivial or fractional charge in χ (along the lines of [Riw19]) for different
values of ϕ, and at the same time a conventional or fractional Josephson effect for
different values of χ. Our work can thus be seamlessly embedded in a larger currently
ongoing effort to generalize the notion of topological phase transitions to open quan-
tum systems [RL09; RL10; Die+11; Bar+13; BD15; RLL; Eng+17; Bar+18; MC18;
EKB19; Kaw+19a; MC19; KR19; LMC20], especially when expressed via EPs in
the open system eigenspectrum [Hei04; Hei12; Kun+18; Kaw+19a; WJS19; MB21;
BBK21; Avi+19; San+16], by here assigning them the explicit role of generators of
fractional charges and a fractional Josephson effect.
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Let us take some time here to comment on our choice of considering the Lindbladian
approach for an open quantum system. In particular, the time-local approximation
allows us to classify the open system dynamics in a formally similar way as the
closed system, by analyzing the topological properties of the eigenspectrum of the
Lindbladian superoperator. On the one hand we stress that there are a number of
examples, where this approach proved to be very successful to accurately model real
experimental systems, such as time dependently driven electron pumps [Roc+13],
or the full-counting statistics in quantum dots [Fli+09], notably even at finite fre-
quency [Ubb+12]. On the other hand, it would of course be desirable to not be
restricted to weak coupling, and work towards a classification scheme of quantum sys-
tems strongly coupled to the environment. Here, the most general way of describing
a dissipative system would be via a time non-local kernel that incorporates memory
effects, as in the Nakajima-Zwanzig quantum master equation [Nak58; Zwa60]. It
might thus seem, that our topological analysis may be restricted to weak coupling to
an environment. However, we would like to point out a recent important work by
Nestmann et. al. [NBW21], which shows that it is possible to establish a connec-
tion between the above time non-local master equation, and a time-local one (which
still captures the strong coupling to the environment), via a fixed point relation. It
is therefore perceivable that our classification approach is in principle generalisable
to systems with strong coupling to the environment. However such an effort is well
beyond the scope of the present work, and would likely be envisaged as a future
project.

Finally, we explicitly illuminate the role of transport detectors, for different trans-
port measurement schemes. For instance, a generic model of a charge meter constantly
entangling with the measured transport processes [PWS17; PWS; SKB09] suppresses
all supercurrents, but nonetheless provides a new type of fractional transport phase,
which was not yet predicted in Ref. [Riw19], consisting of a statistical mix of trivial
and fractional charges. This is constrasted with a complementary understanding of
FCSs, where the cumulant generating function is reconstituted by measuring individ-
ual cumulants of the current statistics (in the spirit of the FCS as defined in Ref.
[RN04]), where supercurrents persist, and the aforementioned EP phase-transitions
are (at least in principle) measurable. However, because the materials in the here
considered circuit are trivial, the fractional Josephson effect is only visible at finite
counting fields χ, and its unambiguous observation would thus in principle require the
measurement of cumulants of arbitrarily high order. In order to circumvent this issue,
we study alternatively quantum weak measurements of the supercurrent. While weak
measurement of the current could be envisaged by means of Faraday rotation (explic-
itly proposed to weakly measure spins, e.g., in Ref. [Liu+10]), we strive to propose
an “all-circuit” realization of weak measurement using SQUID detectors, inspired by
Ref. [Ste+01]. We show in particular that a certain post-processing of the classical
information obtained by the weak measurement allows to simulate the influence of a
finite counting field, and thus induces the protected fractional Josephson effect. This
principle can to some extend be understood as a new paradigm of the information
of a weak detector being used to “filter out” transport processes with integer Cooper
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pairs in favour of fractional Cooper pair processes, importantly, without the need of
real-time feedback [Vij+12].

This work was done in collaboration with J. Schwibbert and R.-P. Riwar and has
appeared as a paper in PRB [JSR23], the part of the work done by them will be ex-
plicitly stated. This chapter of the thesis is organized as follows. In Sec. 2.2 we set the
stage by reviewing generic features of conventional and fractional Josephson effects
by comparing the quantum dot circuit with a Majorana-based circuit. In the same
section we define a notion of an open system fractional Josephson effect in presence of
a generic coupling to a bath. This is followed by Sec. 2.3 where we explicitly introduce
dissipation by means of a coupling between normal metal-induced dissipative mech-
anism for the quantum dot circuit. In Sec. 2.4 two common versions of full-counting
statistics are introduced and the relevant features with respect to topological trans-
port are elucidated. In Sec. 2.5 we discuss various topological phase transitions which
arise due to the interplay of dissipation and transport measurement, and argue how
they can be interpreted as fractional charges and a fractional Josephson effect, re-
spectively. Based on these results, we investigate in Sec. 2.6 how continuous weak
measurement of the current can serve as a means to reach the part of the phase space
with finite counting field, where the fractional Josephson effect can be observed. The
conclusions are presented in Sec. 2.7. Finally, the appendices A and B detail the
derivation of how to extract higher cumulants of all eigenmodes and the calculation
of the scattering properties of the SQUID detector used for weak measurement respec-
tively. In the original paper there are two more appendices, credited to Schwibbert
and Riwar, that include important derivations and intermediate results, such as the
computation of the open system eigenmodes and their interpretation, the calculation
of the position of exceptional points. They are not included in the thesis but will be
referenced in the text as their results show up. Finally some of the calculations for
[JSR23] are part of J. Schwibbert’s master thesis [Sch20], it will also be referenced in
the relevant parts.

2.2. Integer versus fractional Josephson effect and
open quantum system generalization

Consider two superconducting contacts with a phase difference ϕ (which may be
controlled, e.g., by a magnetic field). These superconductors may be brought into
electrical contact through various ways, for instance by an insulating barrier (the SIS
junction) [Jos74] or via more general weak links [Bee91]. In this work, we consider
for concreteness weakly coupled tunnel junctions, which have a single quantum dot
level [Kön99]1 sandwiched in between, see Fig. 2.1a. The quantum dot itself is de-
scribed by a single level at energy ϵ, which can be at most doubly occupied (due to

1Note however, that we expect our conclusions qualitatively hold also for other systems providing a
single-level charge level in between the superconductors, such as a superconducting charge island
(Cooper pair transistor in the regime of large charging energies, see, e.g., [Cot02]).
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spin degeneracy). The double occupation comes in addition with the energy cost U
due to Coulomb interactions. The Hamiltonian thus reads

Hdot = ϵn̂ +U
n̂ (n̂ − 1)

2 , (2.1)

the total occupation number on the single level being n̂ = ∑σ d
†
σdσ, where d(†)σ an-

nihilates (creates) an electron with spin σ =↑, ↓. The eigenstates of Hdot are ∣0⟩,
∣1⟩σ = d

†
σ ∣0⟩, and ∣2⟩ = d†

↑d
†
↓ ∣0⟩, where ∣0⟩ is the empty state, dσ ∣0⟩ = 0. The coupling to

the superconductors will in leading order introduce coherent transitions between the
∣0⟩ and ∣2⟩ states, such that the transport can be captured in terms of the Hamiltonian
(detailed calculation of this result can be found in Appendix B of [Sch20])

H (ϕ) =Hdot +HJ (ϕ) , (2.2)

where the exchange of Cooper pairs is described by

HJ (ϕ) =
EJL +EJReiϕ

2 d†
↑d

†
↓ + h.c. (2.3)

The origin of this additional pairing term is the proximity effect, here considered
in the limit of large superconducting gaps ∆ [RA00; VMY03; Cho+04; Fut+09;
Sot+10], such that EJα = ΓSα where ΓSα is the normal state tunneling rate between
the quantum dot and the corresponding contact α = L,R. That is, the relevant
correlation time of the superconducting reservoir is ∆−1. In some sense, the tunnel
coupling to the superconductor reservoirs already represent an opening of the local
quantum system to a reservoir. However, since supercurrents are mediated entirely
without dissipation (at least in this approximation) this effect can be captured by a
low-energy Hamiltonian. Hence, the dissipation-free circuit constitutes our “closed”
quantum system.

While these individual processes each give rise to single Cooper pair tunneling
processes (∼ e±iϕ), the presence of the quantum dot level modifies the overall trans-
port behaviour. Namely, the Hamiltonian H (ϕ) has the even eigenstates ∣±⟩ =

1√
2

√
1 ± δ ∣0⟩ ± 1√

2e
iϕJ

√
1 ∓ δ ∣2⟩ with

δ = − 2ϵ +U
√
(2ϵ +U)2 + ∣EJL +EJReiϕ∣2

, (2.4)

and the corresponding eigenenergies

ϵ± (ϕ) =
−2ϵ −U ±

√
(2ϵ +U)2 + ∣EJL +EJReiϕ∣2

2 . (2.5)

Since the odd parity states ∣1σ⟩ cannot partake in the Cooper pair transport, they
remain eigenstates also for the full H, with the unchanged eigenenergy ϵ. The above
energies ϵ± (ϕ) are no longer a pure cosine (as for instance for the standard Josephson
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effect), but the spectrum remains in general 2π-periodic, see Fig. 2.1c, signifying
integer multiple Cooper pair tunnelings as explained initially in this paragraph.

There is however one special point in parameter space, where the 2π-periodicity
is broken: for ϵ = −U/2 and EJL = EJR ≡ EJ , the minigap closes, such that ϵ± =
±EJ cos (ϕ/2), and the eigenvalues exchange places when progressing ϕ by 2π, see
Fig. 2.1d. Here, it seems that the transport can be described by means of a fractional
transport of Cooper pairs, transferred in half-integer portions.

This is highly reminiscent of topological Josephson junctions based on Majorana
fermions, where the fractional Josephson effect hinges upon the topological contacts
having an even and odd ground state [FK09]. Here, the Hamiltonian is commonly
given in the form

HM = iEM cos (ϕ/2)γ1,Lγ2,R , (2.6)

describing the coupling of Majorana edge states on the left and right γ1/2,α via a
junction, see Fig. 2.1b (see, e.g., Ref. [12]). This Hamiltonian has the exact same 4π-
periodic eigenvalues ϵ±(ϕ) = ±EM cos(ϕ/2) (see again Fig. 2.1d), which we associate to
the eigenvectors ∣±⟩ 2. Note that of course, the eigenstates ∣±⟩ of the Majorana circuit
are different from the eigenstates ∣±⟩ of the quantum dot circuits. We nonetheless
choose the same notation for simplicity - the reason for this will become obvious
below.

Now, the reader might perhaps be surprised by such seemingly naive (or even
slightly brazen) juxtaposition of a regular quantum dot circuit and a Majorana-based
junction. Indeed, one might for instance argue that no experiment could ever tune
both EJL,JR and ϵ to such perfection as to make the mini-gap disappear completely.
However, it should be noted that in Majorana circuits, finite size effects are known to
induce a small gapping, due to a coupling of the Majoranas on the same chain (i.e.,
terms of the form ∼ γ2,Lγ1,L or ∼ γ2,Rγ1,R) [Kit01; LSD10; Wan+]. A gapping and thus
a restoring of a 2π-periodic spectrum was also predicted when a Majorana-junction
and a regular Josephson junction are coupled in parallel to form a SQUID [Hec+11].
As a consequence, the line between fractional and regular Josephson effect starts to
blur, as a minigap may likely be present for both trivial and topological circuits.

Alternatively, one might have tried to argue that while the energy spectrum of both
systems looks similar, the Hamiltonian has a fundamentally different periodicity in
ϕ, with Eq. (2.3) being 2π-periodic whereas Eq. (2.6) appears genuinely 4π-periodic.
Such arguments can however likewise be easily defused. If the phase bias ϕ is station-
ary, the periodicity of the Hamiltonian is a simple gauge choice and not of relevance.
For instance, we could have redistributed the phase drop in Eq. (2.3) symmetrically
over both junctions with a factor e±iϕ/2, thus achieving a 4π-periodic Hamiltonian.
However, this basis choice becomes relevant (i.e., it ceases to be a mere gauge choice)
if ϕ becomes time-dependent due to driving with magnetic fields [YSK19a; RD22],
or a dynamical quantum operator due to the addition of a capacitor [KHR22], or

2We note that for the open Majorana circuit, each of the eigenvalues is two-fold degenerate, cor-
responding to overall even and odd parity. For our purposes, this distinction is of no further
importance.
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if non-local correlation measurements are performed [Riw21]. Here, the appropriate
rule of thumb [Riw21] is that the relevant charge (and the corresponding charge unit)
is the charge that a magnetic field, a capacitor, or a detector couple to. For instance,
for the Majorana circuit, Eq. (2.6), a detector could measure the charge being trans-
ported across the actual Majorana junction, marked with an arrow in Fig. 2.1b. Then,
the 4π-periodic basis choice given in Eq. (2.6) is correct, since the Majorana wires
physically exchange the charge e. If the same detector would however measure the
charge entering one of the s-wave superconductor bulks, which proximitize the topo-
logical nanowire (the green bulks in Fig. 2.1b), then the correct basis choice must be
a 2π-periodic one (e.g. via the unitary transformation proposed by Ref. [Hec+11]),
to account for the fact, that the trivial, s-wave part of the circuit can in its ground
state only accept integer Cooper pairs with charge 2e.

The above short review leads us to two conclusions. First, whether a system pro-
vides a fractional or regular Josephson effect should be best described exclusively by
the periodicity of the eigenspectrum, and not of the Hamiltonian, as the latter is
either a gauge choice (for constant phase bias), or fixed by external factors. Second,
even if a system consists of topological superconductors, there are many nontrivial
factors that may lead to an instability of the fractional Josephson effect, by introduc-
ing a minigap, and restoring 2π-periodicity. In the following, we will show with the
example of the trivial quantum dot system, that the inclusion of a non-equilibrium
quasiparticle reservoir, and the addition of a transport detector can as a matter of
fact undo the gapping, and restore an open system version of the fractional Joseph-
son effect, without the need for fine-tuning any system parameters. As already stated
in the introduction, this effort will furthermore shed light on the intricate relation-
ship between the fractional Josephson effect and fractional charges, as defined in the
transport statistics [Riw19].

However, before continuing, we need to develop as a next preparatory step a gener-
alization of the notion of a fractional Josephson effect for open systems. To this end,
we consider either the quantum dot circuit, Eq. (2.2), or the Majorana circuit de-
scribed in Eq. (2.6), and add a generic open system dynamics to it. For this purpose,
we take as the basis the two closed system eigenstates ∣±⟩ with eigenenergies ϵ± (ϕ),
where ϵ± can now either be 2π-periodic or 4π-periodic, see Fig. 2.1c and d. In the next
section, we discuss a concrete model for open system dynamics for the quantum dot
circuit; here, on this general, illustrative level, we are merely concerned with simple
generic open system processes, which consists of stochastic transitions between the
∣+⟩ and ∣−⟩ states. Such processes can be described by a Lindblad quantum master
equation for the density matrix ρ = ∑η,η′=±Pηη′ ∣η⟩ ⟨η′∣,

ρ̇ = −i [H (ϕ) , ρ] +∑
j=±

Γj (ajρa
†
j −

1
2
{a†

jaj, ρ}) , (2.7)

with a± = ∣±⟩ ⟨∓∣, such that Γ± represents the rate for a stochastic jump from ∣∓⟩ to
∣±⟩.

While in the closed system, we had the real eigenvalues ϵ± (ϕ), the Lindblad equa-
tion gives rise to a set of complex eigenvalues {λn}, describing both the coherent and
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superconductor
<latexit sha1_base64="qr/Ky1jMT8JSct/ufLkTeTW87Y4=">AAAB/nicbVA9SwNBEN3zM8avU7GyOQyCVbiLhSkDNpYRzAckR9jbTJIle7vH7pwYjoB/xcZCEVt/h53/xk1yhSY+GHi8N8PMvCgR3KDvfztr6xubW9uFneLu3v7BoXt03DQq1QwaTAml2xE1ILiEBnIU0E400DgS0IrGNzO/9QDacCXvcZJAGNOh5APOKFqp5552ER4xM2kCminZTxkqPe25Jb/sz+GtkiAnJZKj3nO/un3F0hgkMkGN6QR+gmFGNXImYFrspgYSysZ0CB1LJY3BhNn8/Kl3YZW+N1DalkRvrv6eyGhszCSObGdMcWSWvZn4n9dJcVANMy6TFEGyxaJBKjxU3iwLr881MBQTSyjT3N7qsRHVlKFNrGhDCJZfXiXNSjm4KlfuKqVaNY+jQM7IObkkAbkmNXJL6qRBGMnIM3klb86T8+K8Ox+L1jUnnzkhf+B8/gCvCpaO</latexit>

�1,L
<latexit sha1_base64="nFChPADugM9odBaUn/q2JrzY3Sk=">AAAB83icbVA9SwNBEJ3zM8avqKXNYhAsJNxFwZQBGwuLCOYDckeY22ySJbt3x+6eEI78DRsLRWz9M3b+GzfJFZr4YODx3gwz88JEcG1c99tZW9/Y3Nou7BR39/YPDktHxy0dp4qyJo1FrDohaiZ4xJqGG8E6iWIoQ8Ha4fh25refmNI8jh7NJGGBxGHEB5yisZLvD1FK7GXe5f20Vyq7FXcOskq8nJQhR6NX+vL7MU0liwwVqHXXcxMTZKgMp4JNi36qWYJ0jEPWtTRCyXSQzW+eknOr9MkgVrYiQ+bq74kMpdYTGdpOiWakl72Z+J/XTc2gFmQ8SlLDIrpYNEgFMTGZBUD6XDFqxMQSpIrbWwkdoUJqbExFG4K3/PIqaVUr3lWl+nBdrtfyOApwCmdwAR7cQB3uoAFNoJDAM7zCm5M6L86787FoXXPymRP4A+fzB35dkUs=</latexit>

�2,L
<latexit sha1_base64="VdJtTV7zfZ/HU2KHAfxOjeoKyv8=">AAAB83icbVA9SwNBEJ3zM8avqKXNYRAsJNxFwZQBGwuLCOYDckeY22ySJbt7x+6eEI78DRsLRWz9M3b+GzfJFZr4YODx3gwz86KEM20879tZW9/Y3Nou7BR39/YPDktHxy0dp4rQJol5rDoRasqZpE3DDKedRFEUEaftaHw789tPVGkWy0czSWgocCjZgBE0VgqCIQqBvax6eT/tlcpexZvDXSV+TsqQo9ErfQX9mKSCSkM4at31vcSEGSrDCKfTYpBqmiAZ45B2LZUoqA6z+c1T99wqfXcQK1vSuHP190SGQuuJiGynQDPSy95M/M/rpmZQCzMmk9RQSRaLBil3TezOAnD7TFFi+MQSJIrZW10yQoXE2JiKNgR/+eVV0qpW/KtK9eG6XK/lcRTgFM7gAny4gTrcQQOaQCCBZ3iFNyd1Xpx352PRuubkMyfwB87nD3/kkUw=</latexit>

�2,R
<latexit sha1_base64="yaUkRuzZs2zScxY8oymXBQZuQr4=">AAAB83icbVBNS8NAEJ34WetX1aOXYBE8SEmqYI8FLx6r2A9oQplst+3S3U3Y3Qgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5UcKZNp737aytb2xubRd2irt7+weHpaPjlo5TRWiTxDxWnQg15UzSpmGG006iKIqI03Y0vp357SeqNIvlo5kkNBQ4lGzACBorBcEQhcBeVr18mPZKZa/izeGuEj8nZcjR6JW+gn5MUkGlIRy17vpeYsIMlWGE02kxSDVNkIxxSLuWShRUh9n85ql7bpW+O4iVLWncufp7IkOh9UREtlOgGellbyb+53VTM6iFGZNJaqgki0WDlLsmdmcBuH2mKDF8YgkSxeytLhmhQmJsTEUbgr/88ippVSv+VaV6f12u1/I4CnAKZ3ABPtxAHe6gAU0gkMAzvMKbkzovzrvzsWhdc/KZE/gD5/MHiQKRUg==</latexit>

�1,R
<latexit sha1_base64="bcQQhLCVavg1R0tRlpwgKnU/U8k=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4kJJUwR4LXjxWsR/QhDLZbtulu0nY3Qgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5YSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TRVmTxiJWnRA1EzxiTcONYJ1EMZShYO1wfDvz209MaR5Hj2aSsEDiMOIDTtFYyfeHKCX2Mu/yYdorld2KOwdZJV5OypCj0St9+f2YppJFhgrUuuu5iQkyVIZTwaZFP9UsQTrGIetaGqFkOsjmN0/JuVX6ZBArW5Ehc/X3RIZS64kMbadEM9LL3kz8z+umZlALMh4lqWERXSwapIKYmMwCIH2uGDViYglSxe2thI5QITU2pqINwVt+eZW0qhXvqlK9vy7Xa3kcBTiFM7gAD26gDnfQgCZQSOAZXuHNSZ0X5935WLSuOfnMCfyB8/kDh3uRUQ==</latexit>

EM
<latexit sha1_base64="9Z5Ddua5Xg3MBgYHc5JU+9vRTsc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGwRwDIngRIpoHJEuYncwmQ2Znl5leIYR8ghcPinj1i7z5N06SPWhiQUNR1U13V5BIYdB1v53c2vrG5lZ+u7Czu7d/UDw8apo41Yw3WCxj3Q6o4VIo3kCBkrcTzWkUSN4KRtczv/XEtRGxesRxwv2IDpQIBaNopYeb3l2vWHLL7hxklXgZKUGGeq/41e3HLI24QiapMR3PTdCfUI2CST4tdFPDE8pGdMA7lioaceNP5qdOyZlV+iSMtS2FZK7+npjQyJhxFNjOiOLQLHsz8T+vk2JY9SdCJSlyxRaLwlQSjMnsb9IXmjOUY0so08LeStiQasrQplOwIXjLL6+SZqXsXZQr95elWjWLIw8ncArn4MEV1OAW6tAABgN4hld4c6Tz4rw7H4vWnJPNHMMfOJ8/5quNgw==</latexit>

1.0
<latexit sha1_base64="17JU8mgzW+0r3BU/ddjlTj7dEnk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqYI8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpwau6g3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNWPczLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ+1a1buq1u6vK416HkcRzuAcLsGDG2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwBRyo0h</latexit>

0.5
<latexit sha1_base64="kvNE+J3dN+QLFmlCp2lNoaGyoqI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4CklV7LHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+de90plz/XmIKvEz0kZctR7pa9uP2FZzBUySY3p+F6KwYRqFEzyabGbGZ5SNqID3rFU0ZibYDI/dUrOrdInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo2owESrNkCu2WBRlkmBCZn+TvtCcoRxbQpkW9lbChlRThjadog3BX355lTQrrn/pVu6vyrVqHkcBTuEMLsCHG6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBX2I0l</latexit>

�0.5
<latexit sha1_base64="/suP8poN3qKyLE/ZlVrt5Z8aLfE=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4MSRVsceCF48V7Ae0oWy2m3bp7ibsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8MOFMG8/7dtbWNza3tks75d29/YPDytFxW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wcpf7nSeqNIvlo5kmNBB4JFnECDa5dOm5N4NK1XO9OdAq8QtShQLNQeWrP4xJKqg0hGOte76XmCDDyjDC6azcTzVNMJngEe1ZKrGgOsjmt87QuVWGKIqVLWnQXP09kWGh9VSEtlNgM9bLXi7+5/VSE9WDjMkkNVSSxaIo5cjEKH8cDZmixPCpJZgoZm9FZIwVJsbGU7Yh+Msvr5J2zfWv3NrDdbVRL+IowSmcwQX4cAsNuIcmtIDAGJ7hFd4c4bw4787HonXNKWZO4A+czx/Be41c</latexit>

�1.0
<latexit sha1_base64="QyaWWTBE+VjMH6YiGvvmLdbUNf4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBiyGpgj0WvHisYD+gDWWz3bRLdzdhdyOU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2njet1Pa2Nza3invVvb2Dw6PqscnHR2nitA2iXmseiHWlDNJ24YZTnuJoliEnHbD6V3ud5+o0iyWj2aW0EDgsWQRI9jk0pXvesNqzXO9BdA68QtSgwKtYfVrMIpJKqg0hGOt+76XmCDDyjDC6bwySDVNMJniMe1bKrGgOsgWt87RhVVGKIqVLWnQQv09kWGh9UyEtlNgM9GrXi7+5/VTEzWCjMkkNVSS5aIo5cjEKH8cjZiixPCZJZgoZm9FZIIVJsbGU7Eh+Ksvr5NO3fWv3frDTa3ZKOIowxmcwyX4cAtNuIcWtIHABJ7hFd4c4bw4787HsrXkFDOn8AfO5w+7bY1Y</latexit>

⇡
<latexit sha1_base64="MZ2/ZVxHsDLFuC8Iw6qdhtemMDE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqYI8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoZ/wQbniVt0FyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmrPsZl0lqULLlojAVxMRk/jcZcoXMiKkllClubyVsTBVlxqZTsiF4qy+vk3at6l1Va/fXlUY9j6MIZ3AOl+DBDTTgDprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzifP04Jjcc=</latexit> 2⇡

<latexit sha1_base64="3I9Hr77NEjSA8pETyXfVCImJSdU=">AAAB63icbVBNSwMxEJ34WetX1aOXYBE8ld0q2GPBi8cK9gPapWTTbBuaZJckK5Slf8GLB0W8+oe8+W/MtnvQ1gcDj/dmmJkXJoIb63nfaGNza3tnt7RX3j84PDqunJx2TJxqyto0FrHuhcQwwRVrW24F6yWaERkK1g2nd7nffWLa8Fg92lnCAknGikecEptL9UHCh5WqV/MWwOvEL0gVCrSGla/BKKapZMpSQYzp+15ig4xoy6lg8/IgNSwhdErGrO+oIpKZIFvcOseXThnhKNaulMUL9fdERqQxMxm6TknsxKx6ufif109t1AgyrpLUMkWXi6JUYBvj/HE84ppRK2aOEKq5uxXTCdGEWhdP2YXgr768Tjr1mn9dqz/cVJuNIo4SnMMFXIEPt9CEe2hBGyhM4Ble4Q1J9ILe0ceydQMVM2fwB+jzB79PjgM=</latexit>

�
<latexit sha1_base64="UCo1fmcOUuSBKTBCb5bGsNwjZgo=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lqwR4LXjxWsB/QhrLZbpqlu5uwuxFK6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzgoQzbVz32yltbe/s7pX3KweHR8cn1dOzno5TRWiXxDxWgwBrypmkXcMMp4NEUSwCTvvB7C73+09UaRbLRzNPqC/wVLKQEWxyaZREbFytuXV3CbRJvILUoEBnXP0aTWKSCioN4Vjroecmxs+wMoxwuqiMUk0TTGZ4SoeWSiyo9rPlrQt0ZZUJCmNlSxq0VH9PZFhoPReB7RTYRHrdy8X/vGFqwpafMZmkhkqyWhSmHJkY5Y+jCVOUGD63BBPF7K2IRFhhYmw8FRuCt/7yJuk16t5NvfHQrLVbRRxluIBLuAYPbqEN99CBLhCI4Ble4c0Rzovz7nysWktOMXMOf+B8/gAR1I45</latexit>

1.0
<latexit sha1_base64="17JU8mgzW+0r3BU/ddjlTj7dEnk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqYI8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpwau6g3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNWPczLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ+1a1buq1u6vK416HkcRzuAcLsGDG2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwBRyo0h</latexit>

0.5
<latexit sha1_base64="kvNE+J3dN+QLFmlCp2lNoaGyoqI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4CklV7LHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+de90plz/XmIKvEz0kZctR7pa9uP2FZzBUySY3p+F6KwYRqFEzyabGbGZ5SNqID3rFU0ZibYDI/dUrOrdInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo2owESrNkCu2WBRlkmBCZn+TvtCcoRxbQpkW9lbChlRThjadog3BX355lTQrrn/pVu6vyrVqHkcBTuEMLsCHG6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBX2I0l</latexit>

�0.5
<latexit sha1_base64="/suP8poN3qKyLE/ZlVrt5Z8aLfE=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4MSRVsceCF48V7Ae0oWy2m3bp7ibsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8MOFMG8/7dtbWNza3tks75d29/YPDytFxW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wcpf7nSeqNIvlo5kmNBB4JFnECDa5dOm5N4NK1XO9OdAq8QtShQLNQeWrP4xJKqg0hGOte76XmCDDyjDC6azcTzVNMJngEe1ZKrGgOsjmt87QuVWGKIqVLWnQXP09kWGh9VSEtlNgM9bLXi7+5/VSE9WDjMkkNVSSxaIo5cjEKH8cDZmixPCpJZgoZm9FZIwVJsbGU7Yh+Msvr5J2zfWv3NrDdbVRL+IowSmcwQX4cAsNuIcmtIDAGJ7hFd4c4bw4787HonXNKWZO4A+czx/Be41c</latexit>

�1.0
<latexit sha1_base64="QyaWWTBE+VjMH6YiGvvmLdbUNf4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBiyGpgj0WvHisYD+gDWWz3bRLdzdhdyOU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2njet1Pa2Nza3invVvb2Dw6PqscnHR2nitA2iXmseiHWlDNJ24YZTnuJoliEnHbD6V3ud5+o0iyWj2aW0EDgsWQRI9jk0pXvesNqzXO9BdA68QtSgwKtYfVrMIpJKqg0hGOt+76XmCDDyjDC6bwySDVNMJniMe1bKrGgOsgWt87RhVVGKIqVLWnQQv09kWGh9UyEtlNgM9GrXi7+5/VTEzWCjMkkNVSS5aIo5cjEKH8cjZiixPCZJZgoZm9FZIIVJsbGU7Eh+Ksvr5NO3fWv3frDTa3ZKOIowxmcwyX4cAtNuIcWtIHABJ7hFd4c4bw4787HsrXkFDOn8AfO5w+7bY1Y</latexit>

⇡
<latexit sha1_base64="MZ2/ZVxHsDLFuC8Iw6qdhtemMDE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqYI8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoZ/wQbniVt0FyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmrPsZl0lqULLlojAVxMRk/jcZcoXMiKkllClubyVsTBVlxqZTsiF4qy+vk3at6l1Va/fXlUY9j6MIZ3AOl+DBDTTgDprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzifP04Jjcc=</latexit> 2⇡

<latexit sha1_base64="3I9Hr77NEjSA8pETyXfVCImJSdU=">AAAB63icbVBNSwMxEJ34WetX1aOXYBE8ld0q2GPBi8cK9gPapWTTbBuaZJckK5Slf8GLB0W8+oe8+W/MtnvQ1gcDj/dmmJkXJoIb63nfaGNza3tnt7RX3j84PDqunJx2TJxqyto0FrHuhcQwwRVrW24F6yWaERkK1g2nd7nffWLa8Fg92lnCAknGikecEptL9UHCh5WqV/MWwOvEL0gVCrSGla/BKKapZMpSQYzp+15ig4xoy6lg8/IgNSwhdErGrO+oIpKZIFvcOseXThnhKNaulMUL9fdERqQxMxm6TknsxKx6ufif109t1AgyrpLUMkWXi6JUYBvj/HE84ppRK2aOEKq5uxXTCdGEWhdP2YXgr768Tjr1mn9dqz/cVJuNIo4SnMMFXIEPt9CEe2hBGyhM4Ble4Q1J9ILe0ceydQMVM2fwB+jzB79PjgM=</latexit>

�
<latexit sha1_base64="UCo1fmcOUuSBKTBCb5bGsNwjZgo=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lqwR4LXjxWsB/QhrLZbpqlu5uwuxFK6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzgoQzbVz32yltbe/s7pX3KweHR8cn1dOzno5TRWiXxDxWgwBrypmkXcMMp4NEUSwCTvvB7C73+09UaRbLRzNPqC/wVLKQEWxyaZREbFytuXV3CbRJvILUoEBnXP0aTWKSCioN4Vjroecmxs+wMoxwuqiMUk0TTGZ4SoeWSiyo9rPlrQt0ZZUJCmNlSxq0VH9PZFhoPReB7RTYRHrdy8X/vGFqwpafMZmkhkqyWhSmHJkY5Y+jCVOUGD63BBPF7K2IRFhhYmw8FRuCt/7yJuk16t5NvfHQrLVbRRxluIBLuAYPbqEN99CBLhCI4Ble4c0Rzovz7nysWktOMXMOf+B8/gAR1I45</latexit>

(a)
<latexit sha1_base64="LiBFNgl4qwVVAuX5MNJxN44MC1Y=">AAAB8XicbVA9TwJBEN3DL8Qv1NJmIzHBhtyhiZQkNpaYCBjhQvaWATbs7V1254zkwr+wsdAYW/+Nnf/GBa5Q8CWTvLw3k5l5QSyFQdf9dnJr6xubW/ntws7u3v5B8fCoZaJEc2jySEb6PmAGpFDQRIES7mMNLAwktIPx9cxvP4I2IlJ3OInBD9lQiYHgDK300EV4wrTMzqe9YsmtuHPQVeJlpEQyNHrFr24/4kkICrlkxnQ8N0Y/ZRoFlzAtdBMDMeNjNoSOpYqFYPx0fvGUnlmlTweRtqWQztXfEykLjZmEge0MGY7MsjcT//M6CQ5qfipUnCAovlg0SCTFiM7ep32hgaOcWMK4FvZWykdMM442pIINwVt+eZW0qhXvolK9vSzVa1kceXJCTkmZeOSK1MkNaZAm4USRZ/JK3hzjvDjvzseiNedkM8fkD5zPH00IkKM=</latexit>

(b)
<latexit sha1_base64="g1nAuJKc2Za11pAaKoM8223wRjc=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmIzHBhtyhiZQkNpaYCBjhQvaWBTbs7V1254zkwr+wsdAYW/+Nnf/GBa5Q8CWTvLw3k5l5QSyFQdf9dnJr6xubW/ntws7u3v5B8fCoZaJEM95kkYz0fUANl0LxJgqU/D7WnIaB5O1gfD3z249cGxGpO5zE3A/pUImBYBSt9NBF/oRpOTif9oolt+LOQVaJl5ESZGj0il/dfsSSkCtkkhrT8dwY/ZRqFEzyaaGbGB5TNqZD3rFU0ZAbP51fPCVnVumTQaRtKSRz9fdESkNjJmFgO0OKI7PszcT/vE6Cg5qfChUnyBVbLBokkmBEZu+TvtCcoZxYQpkW9lbCRlRThjakgg3BW355lbSqFe+iUr29LNVrWRx5OIFTKIMHV1CHG2hAExgoeIZXeHOM8+K8Ox+L1pyTzRzDHzifP06OkKQ=</latexit>

(c)
<latexit sha1_base64="dfqruGIuvVFU2Wkh8g1H2/1zCmo=">AAAB8XicbVA9TwJBEN3DL8Qv1NJmIzHBhtyhiZQkNpaYCBjhQvaWATbs7V1254zkwr+wsdAYW/+Nnf/GBa5Q8CWTvLw3k5l5QSyFQdf9dnJr6xubW/ntws7u3v5B8fCoZaJEc2jySEb6PmAGpFDQRIES7mMNLAwktIPx9cxvP4I2IlJ3OInBD9lQiYHgDK300EV4wrTMz6e9YsmtuHPQVeJlpEQyNHrFr24/4kkICrlkxnQ8N0Y/ZRoFlzAtdBMDMeNjNoSOpYqFYPx0fvGUnlmlTweRtqWQztXfEykLjZmEge0MGY7MsjcT//M6CQ5qfipUnCAovlg0SCTFiM7ep32hgaOcWMK4FvZWykdMM442pIINwVt+eZW0qhXvolK9vSzVa1kceXJCTkmZeOSK1MkNaZAm4USRZ/JK3hzjvDjvzseiNedkM8fkD5zPH1AUkKU=</latexit>

(d)
<latexit sha1_base64="8WIx3qI3wEp6M4lgvLn6v+SAccY=">AAAB8XicbVBNS8NAEN3Ur1q/qh69BItQLyWpgj0WvHisYFuxDWWzmbRLN5uwOxFL6L/w4kERr/4bb/4bt20O2vpg4PHeDDPz/ERwjY7zbRXW1jc2t4rbpZ3dvf2D8uFRR8epYtBmsYjVvU81CC6hjRwF3CcKaOQL6Prj65nffQSleSzvcJKAF9Gh5CFnFI300Ed4wqwanE8H5YpTc+awV4mbkwrJ0RqUv/pBzNIIJDJBte65ToJeRhVyJmBa6qcaEsrGdAg9QyWNQHvZ/OKpfWaUwA5jZUqiPVd/T2Q00noS+aYzojjSy95M/M/rpRg2vIzLJEWQbLEoTIWNsT173w64AoZiYghliptbbTaiijI0IZVMCO7yy6ukU6+5F7X67WWl2cjjKJITckqqxCVXpEluSIu0CSOSPJNX8mZp68V6tz4WrQUrnzkmf2B9/gBRmpCm</latexit>

(e)
<latexit sha1_base64="aKX1/gkyaUSSx0l4O+KMR2nO5Sw=">AAAB8XicbVA9TwJBEN3DL8Qv1NJmIzHBhtyhiZQkNpaYCBjhQvaWATbs7V1254zkwr+wsdAYW/+Nnf/GBa5Q8CWTvLw3k5l5QSyFQdf9dnJr6xubW/ntws7u3v5B8fCoZaJEc2jySEb6PmAGpFDQRIES7mMNLAwktIPx9cxvP4I2IlJ3OInBD9lQiYHgDK300EV4wrQM59NeseRW3DnoKvEyUiIZGr3iV7cf8SQEhVwyYzqeG6OfMo2CS5gWuomBmPExG0LHUsVCMH46v3hKz6zSp4NI21JI5+rviZSFxkzCwHaGDEdm2ZuJ/3mdBAc1PxUqThAUXywaJJJiRGfv077QwFFOLGFcC3sr5SOmGUcbUsGG4C2/vEpa1Yp3UaneXpbqtSyOPDkhp6RMPHJF6uSGNEiTcKLIM3klb45xXpx352PRmnOymWPyB87nD1MgkKc=</latexit>

(f)
<latexit sha1_base64="I3V38uvEwuKk50yNEwH6rWaQpEg=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmIzHBhtyhiZQkNpaYCBiBkL1lDzbs7V1254zkwr+wsdAYW/+Nnf/GBa5Q8CWTvLw3k5l5fiyFQdf9dnJr6xubW/ntws7u3v5B8fCoZaJEM95kkYz0vU8Nl0LxJgqU/D7WnIa+5G1/fD3z249cGxGpO5zEvBfSoRKBYBSt9NBF/oRpOTif9oslt+LOQVaJl5ESZGj0i1/dQcSSkCtkkhrT8dwYeynVKJjk00I3MTymbEyHvGOpoiE3vXR+8ZScWWVAgkjbUkjm6u+JlIbGTELfdoYUR2bZm4n/eZ0Eg1ovFSpOkCu2WBQkkmBEZu+TgdCcoZxYQpkW9lbCRlRThjakgg3BW355lbSqFe+iUr29LNVrWRx5OIFTKIMHV1CHG2hAExgoeIZXeHOM8+K8Ox+L1pyTzRzDHzifP1SmkKg=</latexit>

1.0
<latexit sha1_base64="17JU8mgzW+0r3BU/ddjlTj7dEnk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqYI8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpwau6g3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNWPczLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ+1a1buq1u6vK416HkcRzuAcLsGDG2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwBRyo0h</latexit>

0.5
<latexit sha1_base64="kvNE+J3dN+QLFmlCp2lNoaGyoqI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4CklV7LHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+de90plz/XmIKvEz0kZctR7pa9uP2FZzBUySY3p+F6KwYRqFEzyabGbGZ5SNqID3rFU0ZibYDI/dUrOrdInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo2owESrNkCu2WBRlkmBCZn+TvtCcoRxbQpkW9lbChlRThjadog3BX355lTQrrn/pVu6vyrVqHkcBTuEMLsCHG6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBX2I0l</latexit>

�0.5
<latexit sha1_base64="/suP8poN3qKyLE/ZlVrt5Z8aLfE=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4MSRVsceCF48V7Ae0oWy2m3bp7ibsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8MOFMG8/7dtbWNza3tks75d29/YPDytFxW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wcpf7nSeqNIvlo5kmNBB4JFnECDa5dOm5N4NK1XO9OdAq8QtShQLNQeWrP4xJKqg0hGOte76XmCDDyjDC6azcTzVNMJngEe1ZKrGgOsjmt87QuVWGKIqVLWnQXP09kWGh9VSEtlNgM9bLXi7+5/VSE9WDjMkkNVSSxaIo5cjEKH8cDZmixPCpJZgoZm9FZIwVJsbGU7Yh+Msvr5J2zfWv3NrDdbVRL+IowSmcwQX4cAsNuIcmtIDAGJ7hFd4c4bw4787HonXNKWZO4A+czx/Be41c</latexit>

�1.0
<latexit sha1_base64="QyaWWTBE+VjMH6YiGvvmLdbUNf4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBiyGpgj0WvHisYD+gDWWz3bRLdzdhdyOU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2njet1Pa2Nza3invVvb2Dw6PqscnHR2nitA2iXmseiHWlDNJ24YZTnuJoliEnHbD6V3ud5+o0iyWj2aW0EDgsWQRI9jk0pXvesNqzXO9BdA68QtSgwKtYfVrMIpJKqg0hGOt+76XmCDDyjDC6bwySDVNMJniMe1bKrGgOsgWt87RhVVGKIqVLWnQQv09kWGh9UyEtlNgM9GrXi7+5/VTEzWCjMkkNVSS5aIo5cjEKH8cjZiixPCZJZgoZm9FZIIVJsbGU7Eh+Ksvr5NO3fWv3frDTa3ZKOIowxmcwyX4cAtNuIcWtIHABJ7hFd4c4bw4787HsrXkFDOn8AfO5w+7bY1Y</latexit>

�1.0
<latexit sha1_base64="QyaWWTBE+VjMH6YiGvvmLdbUNf4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBiyGpgj0WvHisYD+gDWWz3bRLdzdhdyOU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2njet1Pa2Nza3invVvb2Dw6PqscnHR2nitA2iXmseiHWlDNJ24YZTnuJoliEnHbD6V3ud5+o0iyWj2aW0EDgsWQRI9jk0pXvesNqzXO9BdA68QtSgwKtYfVrMIpJKqg0hGOt+76XmCDDyjDC6bwySDVNMJniMe1bKrGgOsgWt87RhVVGKIqVLWnQQv09kWGh9UyEtlNgM9GrXi7+5/VTEzWCjMkkNVSS5aIo5cjEKH8cjZiixPCZJZgoZm9FZIIVJsbGU7Eh+Ksvr5NO3fWv3frDTa3ZKOIowxmcwyX4cAtNuIcWtIHABJ7hFd4c4bw4787HsrXkFDOn8AfO5w+7bY1Y</latexit>

Re[�]
<latexit sha1_base64="wCGU4/I3AKUBvFbC5lkdfqB/iLg=">AAAB+3icbVDLSsNAFJ34rPUV69JNsAiuSlIFuyy4cVnFPiANZTK9bYdOJmHmRlpCfsWNC0Xc+iPu/Bunj4W2Hhg4nHMP984JE8E1uu63tbG5tb2zW9gr7h8cHh3bJ6WWjlPFoMliEatOSDUILqGJHAV0EgU0CgW0w/HtzG8/gdI8lo84TSCI6FDyAWcUjdSzS12ECWYPkPtdYWJ9GvTssltx53DWibckZbJEo2d/dfsxSyOQyATV2vfcBIOMKuRMQF7sphoSysZ0CL6hkkagg2x+e+5cGKXvDGJlnkRnrv5OZDTSehqFZjKiONKr3kz8z/NTHNSCjMskRZBssWiQCgdjZ1aE0+cKGIqpIZQpbm512IgqytDUVTQleKtfXietasW7qlTvr8v12rKOAjkj5+SSeOSG1MkdaZAmYWRCnskrebNy68V6tz4WoxvWMnNK/sD6/AFfeZSe</latexit>

Im[�]
<latexit sha1_base64="eJx9LADD4NPlAHaezuqQZkQq9EE=">AAAB+3icbVDLSsNAFJ34rPUV69JNsAiuSlIFuyy40V0F+4AklMlk0g6dTMLMjbSE/IobF4q49Ufc+TdO2yy09cDA4Zx7uHdOkHKmwLa/jY3Nre2d3cpedf/g8OjYPKn1VJJJQrsk4YkcBFhRzgTtAgNOB6mkOA447QeT27nff6JSsUQ8wiylfoxHgkWMYNDS0Kx5QKeQ38eF63EdC7E/NOt2w17AWidOSeqoRGdofnlhQrKYCiAcK+U6dgp+jiUwwmlR9TJFU0wmeERdTQWOqfLzxe2FdaGV0IoSqZ8Aa6H+TuQ4VmoWB3oyxjBWq95c/M9zM4hafs5EmgEVZLkoyrgFiTUvwgqZpAT4TBNMJNO3WmSMJSag66rqEpzVL6+TXrPhXDWaD9f1dquso4LO0Dm6RA66QW10hzqoiwiaomf0it6Mwngx3o2P5eiGUWZO0R8Ynz9d4pSd</latexit>

1.0
<latexit sha1_base64="17JU8mgzW+0r3BU/ddjlTj7dEnk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqYI8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpwau6g3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNWPczLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ+1a1buq1u6vK416HkcRzuAcLsGDG2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwBRyo0h</latexit>

0.5
<latexit sha1_base64="kvNE+J3dN+QLFmlCp2lNoaGyoqI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4CklV7LHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+de90plz/XmIKvEz0kZctR7pa9uP2FZzBUySY3p+F6KwYRqFEzyabGbGZ5SNqID3rFU0ZibYDI/dUrOrdInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo2owESrNkCu2WBRlkmBCZn+TvtCcoRxbQpkW9lbChlRThjadog3BX355lTQrrn/pVu6vyrVqHkcBTuEMLsCHG6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBX2I0l</latexit>

�0.5
<latexit sha1_base64="/suP8poN3qKyLE/ZlVrt5Z8aLfE=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4MSRVsceCF48V7Ae0oWy2m3bp7ibsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8MOFMG8/7dtbWNza3tks75d29/YPDytFxW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wcpf7nSeqNIvlo5kmNBB4JFnECDa5dOm5N4NK1XO9OdAq8QtShQLNQeWrP4xJKqg0hGOte76XmCDDyjDC6azcTzVNMJngEe1ZKrGgOsjmt87QuVWGKIqVLWnQXP09kWGh9VSEtlNgM9bLXi7+5/VSE9WDjMkkNVSSxaIo5cjEKH8cDZmixPCpJZgoZm9FZIwVJsbGU7Yh+Msvr5J2zfWv3NrDdbVRL+IowSmcwQX4cAsNuIcmtIDAGJ7hFd4c4bw4787HonXNKWZO4A+czx/Be41c</latexit>

�1.0
<latexit sha1_base64="QyaWWTBE+VjMH6YiGvvmLdbUNf4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBiyGpgj0WvHisYD+gDWWz3bRLdzdhdyOU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2njet1Pa2Nza3invVvb2Dw6PqscnHR2nitA2iXmseiHWlDNJ24YZTnuJoliEnHbD6V3ud5+o0iyWj2aW0EDgsWQRI9jk0pXvesNqzXO9BdA68QtSgwKtYfVrMIpJKqg0hGOt+76XmCDDyjDC6bwySDVNMJniMe1bKrGgOsgWt87RhVVGKIqVLWnQQv09kWGh9UyEtlNgM9GrXi7+5/VTEzWCjMkkNVSS5aIo5cjEKH8cjZiixPCZJZgoZm9FZIIVJsbGU7Eh+Ksvr5NO3fWv3frDTa3ZKOIowxmcwyX4cAtNuIcWtIHABJ7hFd4c4bw4787HsrXkFDOn8AfO5w+7bY1Y</latexit>

�1.0
<latexit sha1_base64="QyaWWTBE+VjMH6YiGvvmLdbUNf4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBiyGpgj0WvHisYD+gDWWz3bRLdzdhdyOU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2njet1Pa2Nza3invVvb2Dw6PqscnHR2nitA2iXmseiHWlDNJ24YZTnuJoliEnHbD6V3ud5+o0iyWj2aW0EDgsWQRI9jk0pXvesNqzXO9BdA68QtSgwKtYfVrMIpJKqg0hGOt+76XmCDDyjDC6bwySDVNMJniMe1bKrGgOsgWt87RhVVGKIqVLWnQQv09kWGh9UyEtlNgM9GrXi7+5/VTEzWCjMkkNVSS5aIo5cjEKH8cjZiixPCZJZgoZm9FZIIVJsbGU7Eh+Ksvr5NO3fWv3frDTa3ZKOIowxmcwyX4cAtNuIcWtIHABJ7hFd4c4bw4787HsrXkFDOn8AfO5w+7bY1Y</latexit>

Re[�]
<latexit sha1_base64="wCGU4/I3AKUBvFbC5lkdfqB/iLg=">AAAB+3icbVDLSsNAFJ34rPUV69JNsAiuSlIFuyy4cVnFPiANZTK9bYdOJmHmRlpCfsWNC0Xc+iPu/Bunj4W2Hhg4nHMP984JE8E1uu63tbG5tb2zW9gr7h8cHh3bJ6WWjlPFoMliEatOSDUILqGJHAV0EgU0CgW0w/HtzG8/gdI8lo84TSCI6FDyAWcUjdSzS12ECWYPkPtdYWJ9GvTssltx53DWibckZbJEo2d/dfsxSyOQyATV2vfcBIOMKuRMQF7sphoSysZ0CL6hkkagg2x+e+5cGKXvDGJlnkRnrv5OZDTSehqFZjKiONKr3kz8z/NTHNSCjMskRZBssWiQCgdjZ1aE0+cKGIqpIZQpbm512IgqytDUVTQleKtfXietasW7qlTvr8v12rKOAjkj5+SSeOSG1MkdaZAmYWRCnskrebNy68V6tz4WoxvWMnNK/sD6/AFfeZSe</latexit>

Im[�]
<latexit sha1_base64="eJx9LADD4NPlAHaezuqQZkQq9EE=">AAAB+3icbVDLSsNAFJ34rPUV69JNsAiuSlIFuyy40V0F+4AklMlk0g6dTMLMjbSE/IobF4q49Ufc+TdO2yy09cDA4Zx7uHdOkHKmwLa/jY3Nre2d3cpedf/g8OjYPKn1VJJJQrsk4YkcBFhRzgTtAgNOB6mkOA447QeT27nff6JSsUQ8wiylfoxHgkWMYNDS0Kx5QKeQ38eF63EdC7E/NOt2w17AWidOSeqoRGdofnlhQrKYCiAcK+U6dgp+jiUwwmlR9TJFU0wmeERdTQWOqfLzxe2FdaGV0IoSqZ8Aa6H+TuQ4VmoWB3oyxjBWq95c/M9zM4hafs5EmgEVZLkoyrgFiTUvwgqZpAT4TBNMJNO3WmSMJSag66rqEpzVL6+TXrPhXDWaD9f1dquso4LO0Dm6RA66QW10hzqoiwiaomf0it6Mwngx3o2P5eiGUWZO0R8Ynz9d4pSd</latexit>

<latexit sha1_base64="XNR05snyePzTn5HbZZ/JlBR6RY8="></latexit>

dot

<latexit sha1_base64="+3df5DNxXBc+nwAaZ/fU/5XylSA="></latexit> ✏

✏0

<latexit sha1_base64="+3df5DNxXBc+nwAaZ/fU/5XylSA="></latexit> ✏

✏0

Figure 2.1.: Generalization of integer versus fractional Josephson effect for open quan-
tum systems. We compare a conventional circuit, such as the quantum
dot proximitized with two superconductors (essentially a Cooper pair
transistor) (a), with a topological circuit, hosting Majorana fermions (b).
Both circuits are subject to the phase bias ϕ. For the closed system, the
regular and fractional Josephson effect can be distinguished by either a
2π-periodic (c), or a 4π-periodic (d) energy spectrum as a function of ϕ.
When including a simple, generic open system dynamics, see Eq. (2.7),
the purely real spectrum in (c,d) gets replaced by a complex spectrum
λ (ϕ) (e,f), where the real part describes dissipation and decoherence,
whereas the imaginary part represents the coherent dynamics. When
drawing the complex spectrum of the open system parametrically with
respect to ϕ (from 0 to 2π, in the sense indicated by the arrow), we see
that in the regular Josephson effect, the eigenvalues with finite imaginary
part return to their initial values after a progression of ϕ from 0 to 2π (e).
For the fractional Josephson effect, these two eigenvalues swap places (f).
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2. Fractional charges and fractional Josephson effect in superconductor-normal
metal hybrid circuits

dissipative dynamics, see Fig. 2.1e and f. In addition, while the closed system could
be described by just two eigenvalues, due to the two degrees of freedom + and −, for
the open system, we have four eigenvalues due to the enlarged structure of the density
matrix. The eigenvalue 0 represents the fact that there is a unique stationary state,
ρst = (Γ− ∣−⟩ ⟨−∣ + Γ+ ∣+⟩ ⟨+∣) / (Γ+ + Γ−). The eigenvalue − (Γ+ + Γ−) corresponds to the
decay of the diagonal density matrix elements (if the states ∣±⟩ encode a qubit, this
would be the T1 time). Finally, there are the eigenvalues ±i (ϵ+ − ϵ−) − (Γ+ + Γ−) /2,
belonging to the eigenoperators ∣±⟩ ⟨∓∣ which describe the coherent oscillations, in-
cluding the decoherence rate (Γ+ + Γ−) /2 (T2 time). Only this last pair of eigenvalues
depends on ϕ, such that the integer and fractional Josephson effects can be charac-
terized by means of their ϕ-dependence. In order to represent the (now) complex
eigenspectrum, we choose a parametric plot, where the real and imaginary parts of λ
are shown as two independent axes, and the resulting curves are parametrized by ϕ
(in Figs. 2.1e and f). In the regular Josephson effect the eigenvalues with finite imag-
inary part (coherent dynamics) map onto themselves when running ϕ from 0 to 2π,
see Fig. 2.1e. This is in contrast to the fractional Josephson effect, where the same
two eigenvalues swap places, see Fig. 2.1f. The two resulting open system spectra
are thus still topologically distinct, as one cannot continuously map from one to the
other. This allows for a straightforward topological classification of the open system
dynamics.

2.3. The model: superconductor-normal metal hybrid
circuit

Let us now introduce a microscopic model for the open system dynamics of the quan-
tum dot circuit. In addition to the two superconductors, we include a tunnel coupling
to a third, normal metal reservoir, see Fig. 2.2a. This coupling introduces dissipative,
stochastic transport events. Since pairing (∆) is absent in the normal metal, it can in
lowest order only introduce processes which flip the parity within the quantum dot.
We here focus on the regime where the chemical potential of the normal metal is large
with respect to the system dynamics (µ≫ ϵ,U,EJα). Therefore, for the computation
of the dynamics due to the normal metal (by means of a standard sequential tunneling
approximation, see Ref. [Kön99]), we may disregard the internal coherent dynamics.
Consequently, the normal metal will mainly act as a source of quasiparticles, thus
inducing the nonequilibrium stochastic transitions, ∣0⟩ → ∣1σ⟩ and ∣1σ⟩ → ∣2⟩. Includ-
ing the stochastic processes, the dynamics of the system is described by the quantum
master equation ρ̇ = Lρ, with

L (ϕ) ⋅ = −i [H (ϕ) , ⋅] +WN ⋅, (2.8)
where H(ϕ) is the Hamiltonian given in Eq. (2.2), and the kernel due to the normal
metal processes, WN , is of the Lindblad form

WN ⋅ = ΓN∑
σ

(d†
σ ⋅ dσ −

1
2
{dσd

†
σ, ⋅}) , (2.9)
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the calculation to obtain this form of the kernel WN can be found in Appendix B of
[Sch20]. We note that strictly speaking, the superconductors themselves should like-
wise contribute to parity switches due to a finite quasiparticle population. However,
even though quasiparticles are known to occur with a much higher concentration that
what is expected from a thermal equilibrium distribution [MAA09; Ris+13], they are
nonetheless dilute (with a concentration of typically 10−6 ∼ 10−5 with respect to the
Cooper pair density [RC19]), such that the normal metal influence may be expected
to be dominant, even when EJ > ΓN , especially due to the large chemical potential.

The processes ∣0⟩ → ∣1σ⟩ and ∣1σ⟩ → ∣2⟩ both occur with the same rate. This is
in particular due to µ ≫ U , such that effectively, the many-body interaction is no
longer visible within the dissipative dynamics. This is why, for the remainder of this
work, we will set U = 0 without loss of generality. As another important observation,
let us point out that contrary to the generic open system discussion in the previous
section, the kernel WN here gives rise to relaxation and decoherence in a basis which is
different from the eigenbasis of the local dynamics H. This will render the dynamics
much more complex, especially when including a transport detector, as we show in
what follows.

However, before we continue with transport measurements and transport statistics,
let us briefly describe the system dynamics of ρ. As already introduced in Sec. 2.2 the
system dynamics is governed by the set of generally complex eigenvalues {λn} of the
superoperator L, Eq. (2.8), with the corresponding eigenoperators. In absence of the
parity drive, ΓN = 0, the dynamics of the density matrix is given by the eigenmodes
of −i [H, ⋅] alone. The eigenoperators ∣+⟩ ⟨+∣ , ∣−⟩ ⟨−∣ , ∣1σ⟩ ⟨1σ ∣, all have eigenvalues 0,
meaning that they correspond to the eigenstates of H. The eigenoperators ∣±⟩ ⟨∓∣ with
the eigenvalues −i (ϵ± − ϵ∓) indicate the coherent dynamics. With finite ΓN , the even
and odd subsectors couple. The eigenvalues are now 0,−ΓN ,−2ΓN ,−i (ϵ± − ϵ∓) − ΓN ,
where −ΓN is doubly degenerate, see Fig. 2.2b. These eigenvalues can be interpreted
as the decay of physical quantities as discussed in Refs. [Spl+10; Con+12; SW12]. For
this purpose, one needs to consider the structure of the corresponding eigenoperators.
While it is possible to find a closed form for the eigenoperators for arbitrary system
parameters, the expressions are quite cumbersome and thus not very instructive. We
therefore consider the here relevant limit ΓN ≪ ∣ϵ+ − ϵ−∣, where we may simplify the
expressions considerably (done explicitly by Schwibbert and Riwar in Appendix A of
[JSR23]). Namely, we find that the eigenoperators belonging to λ± = −i (ϵ± − ϵ∓)−ΓN

are still approximately given by ∣±⟩ ⟨∓∣, which now represent the coherent oscillations
damped with the decoherence rate ΓN . The eigenvalue λ0 = 0 corresponds to the
stationary state of the quantum master equation,

ρ̂st ≈ (1 − δ)
2

4 ∣+⟩ ⟨+∣ + 1 − δ2

4 ∑
σ

∣1σ⟩ ⟨1σ ∣ +
(1 + δ)2

4 ∣−⟩ ⟨−∣ . (2.10)

We observe that even though the parity switching rate is small, the occupation of the
odd state is of the same order as the even state in ρst. This is simply due to the fact
that while parity switches from even to odd are rare, the same is true for the reversed
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metal hybrid circuits

process from odd to even. Hence the system spends an approximately equal amount
of time in either parity sector. The eigenvalue λp = −2ΓN indicates the decay of the
fermion parity, given by the operator p̂ = eiπn̂, as discussed also in Ref. [SW12]. The
doubly degenerate eigenvalue λs,c = −ΓN relates to two processes. For one, to the
decay of spin, ŝ = ∑σ σ ∣1σ⟩ ⟨1σ ∣, and for another, to the decay of what we refer to as
the pseudo-charge number ĉ = ∣+⟩ ⟨+∣ − ∣−⟩ ⟨−∣. We baptize it in this way because in
the absence of the proximity effect, EJ → 0, we find ĉ→ ∣2⟩ ⟨2∣ − ∣0⟩ ⟨0∣ = n̂ − 1.

With respect to the Josephson effect, note that the normal metal itself merely in-
troduces relaxation and decoherence, but does not alter the periodicity of the eigen-
spectrum with respect to ϕ: the coherent oscillations still occur with the frequency
ϵ+ − ϵ−, which, as discussed above, are usually 2π periodic in ϕ (unless the system pa-
rameters are tuned to very special values). Hence, in the generic case of a spectrum
with a minigap, the complex open system spectrum has the same topology as the one
shown in Fig. 2.1e. This will change now, when considering the combination of open
system dynamics and transport measurements. Let us point out though, that while
the transport measurement is indispensable, the presence of a nonequilibrium drive
due to the voltage-biased normal metal is equally important. For a pure equilibrium
drive, the kernel L would satisfy an equivalent of a PT symmetry, where braid phase
transitions are forbidden even in the presence of a counting field [RS13; Riw19].

2.4. Different flavors of full-counting statistics
Generally, for a superconducting junction described by a Hamiltonian H (ϕ), the
operator for the supercurrent across the junction can be defined as I = 2e∂ϕH (ϕ). In
Eq. (2.3), the phase bias is attached to the right contact, such that the operation ∂ϕ

actually returns the current to the right,

I ≡ ieEJRe
iϕd†
↑d

†
↓ + h.c. = ISR. (2.11)

By means of a simple unitary transformation, the Josephson energy could be modified
as EJL+EJReiϕ → EJLe−iϕ+EJR, such that here, the current at the left interface would
be measured. In accordance with what we stated in the introduction and in Sec. 2.2,
the position of measurement is not a mere gauge choice, and gives rise to different
predictions. Here, this difference is in particular due to the addition of a third (normal
metal) contact, which injects an additional dissipative displacement current. For the
remainder of this thesis we will stick for concreteness to the explicit example where
the current is measured at the right contact (see also Fig. 2.2a). In order to map
these results to the case where the detector is on the left, one has to mirror the entire
device (that is exchange EJL↔ EJR). Let us note that yet another physically distinct
scenario would be to distribute the phase bias across both junctions with a factor ζ,
i.e., EJL + EJReiϕ → EJLe−iζϕ + EJRei(1−ζ)ϕ. This would express the situation when
a current detector couples to both currents at the left and right junction with this
prefactor. Our results would certainly be sensitive to the value of ζ. We disregard
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1
<latexit sha1_base64="PMMVAj56CwSF/6ga4otp5Igdjpw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU9AalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1Yp3Xak2b8r1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AeOmMrw==</latexit>

2
<latexit sha1_base64="rEHzCxvbCIUsFnb9BW4eMmFoKQI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUrA5KZbfiLkDWiZeTMuRoDEpf/WHM0gilYYJq3fPcxPgZVYYzgbNiP9WYUDahI+xZKmmE2s8Wh87IpVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvulJt3pTrtTyOApzDBVyBB7dQh3toQAsYIDzDK7w5j86L8+58LFs3nHzmDP7A+fwBem2MsA==</latexit>

�0
<latexit sha1_base64="kMv7XPRDL+wADvAFC0kbZpkrKyE="></latexit>

��<latexit sha1_base64="DPTbfddO+GatSNKH2gVvIneYe4k="></latexit>

�p
<latexit sha1_base64="hCU/P5glgvBdDGOcdPwpk39tBvQ="></latexit>

�+
<latexit sha1_base64="9EaoEW5ymhFJkRHVxTvPHujetcY="></latexit>

<latexit sha1_base64="OFSQW0PhDAO3gQrRywiuFCcAxYw=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBhZRERF0W3bisYB/QhjCZTNqhk0mYmQgl1F9x40IRt36IO//GaRtBWw8MHM45l3vnBClnSjvOl1VaWV1b3yhvVra2d3b37P2DtkoySWiLJDyR3QArypmgLc00p91UUhwHnHaC0c3U7zxQqVgi7vU4pV6MB4JFjGBtJN+u9rkJh9gnpz9M+XbNqTszoGXiFqQGBZq+/dkPE5LFVGjCsVI910m1l2OpGeF0UulniqaYjPCA9gwVOKbKy2fHT9CxUUIUJdI8odFM/T2R41ipcRyYZIz1UC16U/E/r5fp6MrLmUgzTQWZL4oyjnSCpk2gkElKNB8bgolk5lZEhlhiok1fFVOCu/jlZdI+q7sXdffuvNa4LuoowyEcwQm4cAkNuIUmtIDAGJ7gBV6tR+vZerPe59GSVcxU4Q+sj295GJSp</latexit>

�c,�s

<latexit sha1_base64="XNR05snyePzTn5HbZZ/JlBR6RY8="></latexit>

dot

0
<latexit sha1_base64="8SPvTV/z8oIhjlRiKd59oqPvbVY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUdAelsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1Yp3Xak2b8r1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4Ad2WMrg==</latexit>

�
<latexit sha1_base64="UCo1fmcOUuSBKTBCb5bGsNwjZgo=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lqwR4LXjxWsB/QhrLZbpqlu5uwuxFK6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzgoQzbVz32yltbe/s7pX3KweHR8cn1dOzno5TRWiXxDxWgwBrypmkXcMMp4NEUSwCTvvB7C73+09UaRbLRzNPqC/wVLKQEWxyaZREbFytuXV3CbRJvILUoEBnXP0aTWKSCioN4Vjroecmxs+wMoxwuqiMUk0TTGZ4SoeWSiyo9rPlrQt0ZZUJCmNlSxq0VH9PZFhoPReB7RTYRHrdy8X/vGFqwpafMZmkhkqyWhSmHJkY5Y+jCVOUGD63BBPF7K2IRFhhYmw8FRuCt/7yJuk16t5NvfHQrLVbRRxluIBLuAYPbqEN99CBLhCI4Ble4c0Rzovz7nysWktOMXMOf+B8/gAR1I45</latexit>

normal
metal

<latexit sha1_base64="T6U4Y4rJ1hkmgVXQMkMIVo5s+rI=">AAACDnicbVC7TgJBFJ3FF+ILtbTZSEisyC4WUpLYWGIij4QlZHa4wISZ2c3MXSPZ8AU2/oqNhcbYWtv5Nw6whYInmeTcc+6dmXvCWHCDnvft5DY2t7Z38ruFvf2Dw6Pi8UnLRIlm0GSRiHQnpAYEV9BEjgI6sQYqQwHtcHI999v3oA2P1B1OY+hJOlJ8yBlFK/WL5YCBQtBcjQKEB0xVpCUVsyBYlhLQVv1iyat4C7jrxM9IiWRo9ItfwSBiibR3M0GN6fpejL2UauRMwKwQJAZiyiZ0BF1LFZVgeulinZlbtsrAHUbaHoXuQv09kVJpzFSGtlNSHJtVby7+53UTHNZ6KVdxgqDY8qFhIlyM3Hk27oBrYCimllCmuf2ry8ZUU2YDMgUbgr+68jppVSv+ZaV6Wy3Va1kceXJGzskF8ckVqZMb0iBNwsgjeSav5M15cl6cd+dj2ZpzsplT8gfO5w+ldZ22</latexit>

superconductor
<latexit sha1_base64="qr/Ky1jMT8JSct/ufLkTeTW87Y4=">AAAB/nicbVA9SwNBEN3zM8avU7GyOQyCVbiLhSkDNpYRzAckR9jbTJIle7vH7pwYjoB/xcZCEVt/h53/xk1yhSY+GHi8N8PMvCgR3KDvfztr6xubW9uFneLu3v7BoXt03DQq1QwaTAml2xE1ILiEBnIU0E400DgS0IrGNzO/9QDacCXvcZJAGNOh5APOKFqp5552ER4xM2kCminZTxkqPe25Jb/sz+GtkiAnJZKj3nO/un3F0hgkMkGN6QR+gmFGNXImYFrspgYSysZ0CB1LJY3BhNn8/Kl3YZW+N1DalkRvrv6eyGhszCSObGdMcWSWvZn4n9dJcVANMy6TFEGyxaJBKjxU3iwLr881MBQTSyjT3N7qsRHVlKFNrGhDCJZfXiXNSjm4KlfuKqVaNY+jQM7IObkkAbkmNXJL6qRBGMnIM3klb86T8+K8Ox+L1jUnnzkhf+B8/gCvCpaO</latexit>

superconductor
<latexit sha1_base64="qr/Ky1jMT8JSct/ufLkTeTW87Y4=">AAAB/nicbVA9SwNBEN3zM8avU7GyOQyCVbiLhSkDNpYRzAckR9jbTJIle7vH7pwYjoB/xcZCEVt/h53/xk1yhSY+GHi8N8PMvCgR3KDvfztr6xubW9uFneLu3v7BoXt03DQq1QwaTAml2xE1ILiEBnIU0E400DgS0IrGNzO/9QDacCXvcZJAGNOh5APOKFqp5552ER4xM2kCminZTxkqPe25Jb/sz+GtkiAnJZKj3nO/un3F0hgkMkGN6QR+gmFGNXImYFrspgYSysZ0CB1LJY3BhNn8/Kl3YZW+N1DalkRvrv6eyGhszCSObGdMcWSWvZn4n9dJcVANMy6TFEGyxaJBKjxU3iwLr881MBQTSyjT3N7qsRHVlKFNrGhDCJZfXiXNSjm4KlfuKqVaNY+jQM7IObkkAbkmNXJL6qRBGMnIM3klb86T8+K8Ox+L1jUnnzkhf+B8/gCvCpaO</latexit>

EJL
<latexit sha1_base64="qC/X17fXFw/FxIj5qVQ3mYiB1o4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtBXssiCDioYL9gHYp2TTbxmaTJckKZel/8OJBEa/+H2/+G9N2D9r6YODx3gwz84KYM21c99vJra1vbG7ltws7u3v7B8XDo5aWiSK0SSSXqhNgTTkTtGmY4bQTK4qjgNN2ML6a+e0nqjST4sFMYupHeChYyAg2Vmpd99Pbu2m/WHLL7hxolXgZKUGGRr/41RtIkkRUGMKx1l3PjY2fYmUY4XRa6CWaxpiM8ZB2LRU4otpP59dO0ZlVBiiUypYwaK7+nkhxpPUkCmxnhM1IL3sz8T+vm5iw5qdMxImhgiwWhQlHRqLZ62jAFCWGTyzBRDF7KyIjrDAxNqCCDcFbfnmVtCpl76Jcua+W6rUsjjycwCmcgweXUIcbaEATCDzCM7zCmyOdF+fd+Vi05pxs5hj+wPn8AUBXjuI=</latexit>

EJR
<latexit sha1_base64="HhMswnLZGryKgbiLs4X7ymBM9qc=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtBXssiCCeqtgPaJeSTbNtbDZZkqxQlv4HLx4U8er/8ea/MW33oK0PBh7vzTAzL4g508Z1v53c2vrG5lZ+u7Czu7d/UDw8ammZKEKbRHKpOgHWlDNBm4YZTjuxojgKOG0H46uZ336iSjMpHswkpn6Eh4KFjGBjpdZ1P729n/aLJbfszoFWiZeREmRo9ItfvYEkSUSFIRxr3fXc2PgpVoYRTqeFXqJpjMkYD2nXUoEjqv10fu0UnVllgEKpbAmD5urviRRHWk+iwHZG2Iz0sjcT//O6iQlrfspEnBgqyGJRmHBkJJq9jgZMUWL4xBJMFLO3IjLCChNjAyrYELzll1dJq1L2LsqVu2qpXsviyMMJnMI5eHAJdbiBBjSBwCM8wyu8OdJ5cd6dj0VrzslmjuEPnM8fSXWO6A==</latexit>

�N
<latexit sha1_base64="wWGYIAki6jnJvRiVokzc6TAoXZI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexGwRwDHvQkEcwDkiX0TmaTITO768ysEEJ+wosHRbz6O978GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VZQ1aCxi1Q5QM8Ej1jDcCNZOFEMZCNYKRtczv/XElOZx9GDGCfMlDiIecorGSu3uDUqJvbteseSW3TnIKvEyUoIM9V7xq9uPaSpZZKhArTuemxh/gspwKti00E01S5COcMA6lkYomfYn83un5MwqfRLGylZkyFz9PTFBqfVYBrZTohnqZW8m/ud1UhNW/QmPktSwiC4WhakgJiaz50mfK0aNGFuCVHF7K6FDVEiNjahgQ/CWX14lzUrZuyhX7i9LtWoWRx5O4BTOwYMrqMEt1KEBFAQ8wyu8OY/Oi/PufCxac042cwx/4Hz+AKk1j7A=</latexit>

<latexit sha1_base64="XNR05snyePzTn5HbZZ/JlBR6RY8="></latexit>

dot

<latexit sha1_base64="n9G45lm70jRzSnwng7w33tw126U="></latexit>

c(�) = i�C1 +
(i�)2

2
C2 + . . .

<latexit sha1_base64="3PU8SptcuXnvcTY4RUFJ3I+ea+A="></latexit>

ideal detector |Ni ! |N ± 1i

(b)
<latexit sha1_base64="g1nAuJKc2Za11pAaKoM8223wRjc=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmIzHBhtyhiZQkNpaYCBjhQvaWBTbs7V1254zkwr+wsdAYW/+Nnf/GBa5Q8CWTvLw3k5l5QSyFQdf9dnJr6xubW/ntws7u3v5B8fCoZaJEM95kkYz0fUANl0LxJgqU/D7WnIaB5O1gfD3z249cGxGpO5zE3A/pUImBYBSt9NBF/oRpOTif9oolt+LOQVaJl5ESZGj0il/dfsSSkCtkkhrT8dwY/ZRqFEzyaaGbGB5TNqZD3rFU0ZAbP51fPCVnVumTQaRtKSRz9fdESkNjJmFgO0OKI7PszcT/vE6Cg5qfChUnyBVbLBokkmBEZu+TvtCcoZxYQpkW9lbCRlRThjakgg3BW355lbSqFe+iUr29LNVrWRx5OIFTKIMHV1CHG2hAExgoeIZXeHOM8+K8Ox+L1pyTzRzDHzifP06OkKQ=</latexit>

<latexit sha1_base64="sXMhFU7v3AVbN2YvjCmwo9IqeVQ="></latexit>

⇢(N, N 0)
FT�! ⇢(�, ��)

<latexit sha1_base64="eBBBKYSPSn4I/JjLCD+C/j8jghw="></latexit>

bI(t)

0
<latexit sha1_base64="8SPvTV/z8oIhjlRiKd59oqPvbVY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUdAelsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1Yp3Xak2b8r1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4Ad2WMrg==</latexit>

�
<latexit sha1_base64="UCo1fmcOUuSBKTBCb5bGsNwjZgo=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lqwR4LXjxWsB/QhrLZbpqlu5uwuxFK6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzgoQzbVz32yltbe/s7pX3KweHR8cn1dOzno5TRWiXxDxWgwBrypmkXcMMp4NEUSwCTvvB7C73+09UaRbLRzNPqC/wVLKQEWxyaZREbFytuXV3CbRJvILUoEBnXP0aTWKSCioN4Vjroecmxs+wMoxwuqiMUk0TTGZ4SoeWSiyo9rPlrQt0ZZUJCmNlSxq0VH9PZFhoPReB7RTYRHrdy8X/vGFqwpafMZmkhkqyWhSmHJkY5Y+jCVOUGD63BBPF7K2IRFhhYmw8FRuCt/7yJuk16t5NvfHQrLVbRRxluIBLuAYPbqEN99CBLhCI4Ble4c0Rzovz7nysWktOMXMOf+B8/gAR1I45</latexit>

normal
metal

<latexit sha1_base64="T6U4Y4rJ1hkmgVXQMkMIVo5s+rI=">AAACDnicbVC7TgJBFJ3FF+ILtbTZSEisyC4WUpLYWGIij4QlZHa4wISZ2c3MXSPZ8AU2/oqNhcbYWtv5Nw6whYInmeTcc+6dmXvCWHCDnvft5DY2t7Z38ruFvf2Dw6Pi8UnLRIlm0GSRiHQnpAYEV9BEjgI6sQYqQwHtcHI999v3oA2P1B1OY+hJOlJ8yBlFK/WL5YCBQtBcjQKEB0xVpCUVsyBYlhLQVv1iyat4C7jrxM9IiWRo9ItfwSBiibR3M0GN6fpejL2UauRMwKwQJAZiyiZ0BF1LFZVgeulinZlbtsrAHUbaHoXuQv09kVJpzFSGtlNSHJtVby7+53UTHNZ6KVdxgqDY8qFhIlyM3Hk27oBrYCimllCmuf2ry8ZUU2YDMgUbgr+68jppVSv+ZaV6Wy3Va1kceXJGzskF8ckVqZMb0iBNwsgjeSav5M15cl6cd+dj2ZpzsplT8gfO5w+ldZ22</latexit>

superconductor
<latexit sha1_base64="qr/Ky1jMT8JSct/ufLkTeTW87Y4=">AAAB/nicbVA9SwNBEN3zM8avU7GyOQyCVbiLhSkDNpYRzAckR9jbTJIle7vH7pwYjoB/xcZCEVt/h53/xk1yhSY+GHi8N8PMvCgR3KDvfztr6xubW9uFneLu3v7BoXt03DQq1QwaTAml2xE1ILiEBnIU0E400DgS0IrGNzO/9QDacCXvcZJAGNOh5APOKFqp5552ER4xM2kCminZTxkqPe25Jb/sz+GtkiAnJZKj3nO/un3F0hgkMkGN6QR+gmFGNXImYFrspgYSysZ0CB1LJY3BhNn8/Kl3YZW+N1DalkRvrv6eyGhszCSObGdMcWSWvZn4n9dJcVANMy6TFEGyxaJBKjxU3iwLr881MBQTSyjT3N7qsRHVlKFNrGhDCJZfXiXNSjm4KlfuKqVaNY+jQM7IObkkAbkmNXJL6qRBGMnIM3klb86T8+K8Ox+L1jUnnzkhf+B8/gCvCpaO</latexit>

superconductor
<latexit sha1_base64="qr/Ky1jMT8JSct/ufLkTeTW87Y4=">AAAB/nicbVA9SwNBEN3zM8avU7GyOQyCVbiLhSkDNpYRzAckR9jbTJIle7vH7pwYjoB/xcZCEVt/h53/xk1yhSY+GHi8N8PMvCgR3KDvfztr6xubW9uFneLu3v7BoXt03DQq1QwaTAml2xE1ILiEBnIU0E400DgS0IrGNzO/9QDacCXvcZJAGNOh5APOKFqp5552ER4xM2kCminZTxkqPe25Jb/sz+GtkiAnJZKj3nO/un3F0hgkMkGN6QR+gmFGNXImYFrspgYSysZ0CB1LJY3BhNn8/Kl3YZW+N1DalkRvrv6eyGhszCSObGdMcWSWvZn4n9dJcVANMy6TFEGyxaJBKjxU3iwLr881MBQTSyjT3N7qsRHVlKFNrGhDCJZfXiXNSjm4KlfuKqVaNY+jQM7IObkkAbkmNXJL6qRBGMnIM3klb86T8+K8Ox+L1jUnnzkhf+B8/gCvCpaO</latexit>

EJL
<latexit sha1_base64="qC/X17fXFw/FxIj5qVQ3mYiB1o4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtBXssiCDioYL9gHYp2TTbxmaTJckKZel/8OJBEa/+H2/+G9N2D9r6YODx3gwz84KYM21c99vJra1vbG7ltws7u3v7B8XDo5aWiSK0SSSXqhNgTTkTtGmY4bQTK4qjgNN2ML6a+e0nqjST4sFMYupHeChYyAg2Vmpd99Pbu2m/WHLL7hxolXgZKUGGRr/41RtIkkRUGMKx1l3PjY2fYmUY4XRa6CWaxpiM8ZB2LRU4otpP59dO0ZlVBiiUypYwaK7+nkhxpPUkCmxnhM1IL3sz8T+vm5iw5qdMxImhgiwWhQlHRqLZ62jAFCWGTyzBRDF7KyIjrDAxNqCCDcFbfnmVtCpl76Jcua+W6rUsjjycwCmcgweXUIcbaEATCDzCM7zCmyOdF+fd+Vi05pxs5hj+wPn8AUBXjuI=</latexit>

EJR
<latexit sha1_base64="HhMswnLZGryKgbiLs4X7ymBM9qc=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtBXssiCCeqtgPaJeSTbNtbDZZkqxQlv4HLx4U8er/8ea/MW33oK0PBh7vzTAzL4g508Z1v53c2vrG5lZ+u7Czu7d/UDw8ammZKEKbRHKpOgHWlDNBm4YZTjuxojgKOG0H46uZ336iSjMpHswkpn6Eh4KFjGBjpdZ1P729n/aLJbfszoFWiZeREmRo9ItfvYEkSUSFIRxr3fXc2PgpVoYRTqeFXqJpjMkYD2nXUoEjqv10fu0UnVllgEKpbAmD5urviRRHWk+iwHZG2Iz0sjcT//O6iQlrfspEnBgqyGJRmHBkJJq9jgZMUWL4xBJMFLO3IjLCChNjAyrYELzll1dJq1L2LsqVu2qpXsviyMMJnMI5eHAJdbiBBjSBwCM8wyu8OdJ5cd6dj0VrzslmjuEPnM8fSXWO6A==</latexit>

�N
<latexit sha1_base64="wWGYIAki6jnJvRiVokzc6TAoXZI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexGwRwDHvQkEcwDkiX0TmaTITO768ysEEJ+wosHRbz6O978GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VZQ1aCxi1Q5QM8Ej1jDcCNZOFEMZCNYKRtczv/XElOZx9GDGCfMlDiIecorGSu3uDUqJvbteseSW3TnIKvEyUoIM9V7xq9uPaSpZZKhArTuemxh/gspwKti00E01S5COcMA6lkYomfYn83un5MwqfRLGylZkyFz9PTFBqfVYBrZTohnqZW8m/ud1UhNW/QmPktSwiC4WhakgJiaz50mfK0aNGFuCVHF7K6FDVEiNjahgQ/CWX14lzUrZuyhX7i9LtWoWRx5O4BTOwYMrqMEt1KEBFAQ8wyu8OY/Oi/PufCxac042cwx/4Hz+AKk1j7A=</latexit>
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Figure 2.2.: (a) Sketch of the system under consideration. A central charge island
(quantum dot) is connected to a left and right superconductor, with a
phase bias ϕ. The normal metal pumps quasiparticles into the system
with the rate ΓN . A detector with counting field χ measures current into
the right superconductor. (b) The complex eigenspectrum of the quantum
master equation {λ} for χ = 0. The eigenmodes can be interpreted as
follows. There is a stationary state related to the eigenvalue λ0 = 0.
The nonzero eigenvalues can be associated to the decay of the parity,
pseudocharge (see main text) and spin, λp,c,s, respectively, and to the
coherent dynamics λ±.
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2. Fractional charges and fractional Josephson effect in superconductor-normal
metal hybrid circuits

this option for simplicity, assuming that it is physically possible to build a current
detector which couples only to the right contact.

For starters, let us point out that in the absence of the normal metal, the even
parity eigenstates ∣±⟩ exhibit a dc Josephson effect,

⟨I⟩± = 2e∂ϕϵ±. (2.12)

In the odd parity sector, the system is “poisoned”, and no supercurrent flows, see
also discussion after Eq. (2.5). For the current expectation value, the main influence
of the normal metal is a reduction of the supercurrent in the stationary state, due to
the finite occupation of the poisoned state, see Eq. (2.10).

In the following, we now want to go way beyond the current expectation value, and
describe the entire FCS of the transport, where the interplay between quasiparticle-
induced dissipation and current measurement will give rise to a plethora of nontrivial
effects. However, before going down that road, we have to explicitly address the fact
that there are several different ways to define the FCS, which correspond to different
measurement schemes. While these differences do not play a role for purely dissipative
transport, in the presence of supercurrents, these different “flavours” of FCS give rise
to markedly different results, and in particular to different interpretations of the
observed topological transitions.

2.4.1. Averaging time-resolved current measurements
In the context of superconducting transport, a straightforward access to FCS is due
to [RN04], whereby the quantum master equation is supplemented with a counting
field χ, ρ̇ (χ) = L (χ,ϕ)ρ (χ), such that

L (χ,ϕ) ⋅ = −i [H (ϕ − χ) ⋅ − ⋅H (ϕ + χ)] +WN ⋅ . (2.13)

The cumulant generating function for the transported charges after a measurement
(integration) time τ , c (χ, τ), is then computed via the moment generating function
m (χ, τ), defined as

m (χ,ϕ, τ) = tr [eL(χ,ϕ)τρ0] ≡ eτc(χ,ϕ,τ), (2.14)

where ρ0 is the initial state (which becomes irrelevant for large measurement times
τ). Derivatives of the cumulant generating function provide the cumulants Ck. For
instance, the average current is given as

⟨I⟩ = C1 = −ie∂χc∣χ→0 , (2.15)

and the current noise (usually denoted by the letter S) is given as

S = C2 = (−i)2 e2∂2
χc∣χ→0 , (2.16)

and so forth. In order to appreciate the difference to the other important notion of
FCS (explained below), we have to go beyond this formal definition, and recapitulate
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2.4. Different flavors of full-counting statistics
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<latexit sha1_base64="rEHzCxvbCIUsFnb9BW4eMmFoKQI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUrA5KZbfiLkDWiZeTMuRoDEpf/WHM0gilYYJq3fPcxPgZVYYzgbNiP9WYUDahI+xZKmmE2s8Wh87IpVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvulJt3pTrtTyOApzDBVyBB7dQh3toQAsYIDzDK7w5j86L8+58LFs3nHzmDP7A+fwBem2MsA==</latexit>

�0
<latexit sha1_base64="kMv7XPRDL+wADvAFC0kbZpkrKyE="></latexit>

��<latexit sha1_base64="DPTbfddO+GatSNKH2gVvIneYe4k="></latexit>

�p
<latexit sha1_base64="hCU/P5glgvBdDGOcdPwpk39tBvQ="></latexit>

�+
<latexit sha1_base64="9EaoEW5ymhFJkRHVxTvPHujetcY="></latexit>

<latexit sha1_base64="OFSQW0PhDAO3gQrRywiuFCcAxYw=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBhZRERF0W3bisYB/QhjCZTNqhk0mYmQgl1F9x40IRt36IO//GaRtBWw8MHM45l3vnBClnSjvOl1VaWV1b3yhvVra2d3b37P2DtkoySWiLJDyR3QArypmgLc00p91UUhwHnHaC0c3U7zxQqVgi7vU4pV6MB4JFjGBtJN+u9rkJh9gnpz9M+XbNqTszoGXiFqQGBZq+/dkPE5LFVGjCsVI910m1l2OpGeF0UulniqaYjPCA9gwVOKbKy2fHT9CxUUIUJdI8odFM/T2R41ipcRyYZIz1UC16U/E/r5fp6MrLmUgzTQWZL4oyjnSCpk2gkElKNB8bgolk5lZEhlhiok1fFVOCu/jlZdI+q7sXdffuvNa4LuoowyEcwQm4cAkNuIUmtIDAGJ7gBV6tR+vZerPe59GSVcxU4Q+sj295GJSp</latexit>

�c,�s

<latexit sha1_base64="XNR05snyePzTn5HbZZ/JlBR6RY8="></latexit>

dot

0
<latexit sha1_base64="8SPvTV/z8oIhjlRiKd59oqPvbVY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUdAelsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1Yp3Xak2b8r1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4Ad2WMrg==</latexit>

�
<latexit sha1_base64="UCo1fmcOUuSBKTBCb5bGsNwjZgo=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lqwR4LXjxWsB/QhrLZbpqlu5uwuxFK6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzgoQzbVz32yltbe/s7pX3KweHR8cn1dOzno5TRWiXxDxWgwBrypmkXcMMp4NEUSwCTvvB7C73+09UaRbLRzNPqC/wVLKQEWxyaZREbFytuXV3CbRJvILUoEBnXP0aTWKSCioN4Vjroecmxs+wMoxwuqiMUk0TTGZ4SoeWSiyo9rPlrQt0ZZUJCmNlSxq0VH9PZFhoPReB7RTYRHrdy8X/vGFqwpafMZmkhkqyWhSmHJkY5Y+jCVOUGD63BBPF7K2IRFhhYmw8FRuCt/7yJuk16t5NvfHQrLVbRRxluIBLuAYPbqEN99CBLhCI4Ble4c0Rzovz7nysWktOMXMOf+B8/gAR1I45</latexit>

normal
metal

<latexit sha1_base64="T6U4Y4rJ1hkmgVXQMkMIVo5s+rI=">AAACDnicbVC7TgJBFJ3FF+ILtbTZSEisyC4WUpLYWGIij4QlZHa4wISZ2c3MXSPZ8AU2/oqNhcbYWtv5Nw6whYInmeTcc+6dmXvCWHCDnvft5DY2t7Z38ruFvf2Dw6Pi8UnLRIlm0GSRiHQnpAYEV9BEjgI6sQYqQwHtcHI999v3oA2P1B1OY+hJOlJ8yBlFK/WL5YCBQtBcjQKEB0xVpCUVsyBYlhLQVv1iyat4C7jrxM9IiWRo9ItfwSBiibR3M0GN6fpejL2UauRMwKwQJAZiyiZ0BF1LFZVgeulinZlbtsrAHUbaHoXuQv09kVJpzFSGtlNSHJtVby7+53UTHNZ6KVdxgqDY8qFhIlyM3Hk27oBrYCimllCmuf2ry8ZUU2YDMgUbgr+68jppVSv+ZaV6Wy3Va1kceXJGzskF8ckVqZMb0iBNwsgjeSav5M15cl6cd+dj2ZpzsplT8gfO5w+ldZ22</latexit>

superconductor
<latexit sha1_base64="qr/Ky1jMT8JSct/ufLkTeTW87Y4=">AAAB/nicbVA9SwNBEN3zM8avU7GyOQyCVbiLhSkDNpYRzAckR9jbTJIle7vH7pwYjoB/xcZCEVt/h53/xk1yhSY+GHi8N8PMvCgR3KDvfztr6xubW9uFneLu3v7BoXt03DQq1QwaTAml2xE1ILiEBnIU0E400DgS0IrGNzO/9QDacCXvcZJAGNOh5APOKFqp5552ER4xM2kCminZTxkqPe25Jb/sz+GtkiAnJZKj3nO/un3F0hgkMkGN6QR+gmFGNXImYFrspgYSysZ0CB1LJY3BhNn8/Kl3YZW+N1DalkRvrv6eyGhszCSObGdMcWSWvZn4n9dJcVANMy6TFEGyxaJBKjxU3iwLr881MBQTSyjT3N7qsRHVlKFNrGhDCJZfXiXNSjm4KlfuKqVaNY+jQM7IObkkAbkmNXJL6qRBGMnIM3klb86T8+K8Ox+L1jUnnzkhf+B8/gCvCpaO</latexit>

superconductor
<latexit sha1_base64="qr/Ky1jMT8JSct/ufLkTeTW87Y4=">AAAB/nicbVA9SwNBEN3zM8avU7GyOQyCVbiLhSkDNpYRzAckR9jbTJIle7vH7pwYjoB/xcZCEVt/h53/xk1yhSY+GHi8N8PMvCgR3KDvfztr6xubW9uFneLu3v7BoXt03DQq1QwaTAml2xE1ILiEBnIU0E400DgS0IrGNzO/9QDacCXvcZJAGNOh5APOKFqp5552ER4xM2kCminZTxkqPe25Jb/sz+GtkiAnJZKj3nO/un3F0hgkMkGN6QR+gmFGNXImYFrspgYSysZ0CB1LJY3BhNn8/Kl3YZW+N1DalkRvrv6eyGhszCSObGdMcWSWvZn4n9dJcVANMy6TFEGyxaJBKjxU3iwLr881MBQTSyjT3N7qsRHVlKFNrGhDCJZfXiXNSjm4KlfuKqVaNY+jQM7IObkkAbkmNXJL6qRBGMnIM3klb86T8+K8Ox+L1jUnnzkhf+B8/gCvCpaO</latexit>

EJL
<latexit sha1_base64="qC/X17fXFw/FxIj5qVQ3mYiB1o4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtBXssiCDioYL9gHYp2TTbxmaTJckKZel/8OJBEa/+H2/+G9N2D9r6YODx3gwz84KYM21c99vJra1vbG7ltws7u3v7B8XDo5aWiSK0SSSXqhNgTTkTtGmY4bQTK4qjgNN2ML6a+e0nqjST4sFMYupHeChYyAg2Vmpd99Pbu2m/WHLL7hxolXgZKUGGRr/41RtIkkRUGMKx1l3PjY2fYmUY4XRa6CWaxpiM8ZB2LRU4otpP59dO0ZlVBiiUypYwaK7+nkhxpPUkCmxnhM1IL3sz8T+vm5iw5qdMxImhgiwWhQlHRqLZ62jAFCWGTyzBRDF7KyIjrDAxNqCCDcFbfnmVtCpl76Jcua+W6rUsjjycwCmcgweXUIcbaEATCDzCM7zCmyOdF+fd+Vi05pxs5hj+wPn8AUBXjuI=</latexit>

EJR
<latexit sha1_base64="HhMswnLZGryKgbiLs4X7ymBM9qc=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtBXssiCCeqtgPaJeSTbNtbDZZkqxQlv4HLx4U8er/8ea/MW33oK0PBh7vzTAzL4g508Z1v53c2vrG5lZ+u7Czu7d/UDw8ammZKEKbRHKpOgHWlDNBm4YZTjuxojgKOG0H46uZ336iSjMpHswkpn6Eh4KFjGBjpdZ1P729n/aLJbfszoFWiZeREmRo9ItfvYEkSUSFIRxr3fXc2PgpVoYRTqeFXqJpjMkYD2nXUoEjqv10fu0UnVllgEKpbAmD5urviRRHWk+iwHZG2Iz0sjcT//O6iQlrfspEnBgqyGJRmHBkJJq9jgZMUWL4xBJMFLO3IjLCChNjAyrYELzll1dJq1L2LsqVu2qpXsviyMMJnMI5eHAJdbiBBjSBwCM8wyu8OdJ5cd6dj0VrzslmjuEPnM8fSXWO6A==</latexit>

�N
<latexit sha1_base64="wWGYIAki6jnJvRiVokzc6TAoXZI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexGwRwDHvQkEcwDkiX0TmaTITO768ysEEJ+wosHRbz6O978GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VZQ1aCxi1Q5QM8Ej1jDcCNZOFEMZCNYKRtczv/XElOZx9GDGCfMlDiIecorGSu3uDUqJvbteseSW3TnIKvEyUoIM9V7xq9uPaSpZZKhArTuemxh/gspwKti00E01S5COcMA6lkYomfYn83un5MwqfRLGylZkyFz9PTFBqfVYBrZTohnqZW8m/ud1UhNW/QmPktSwiC4WhakgJiaz50mfK0aNGFuCVHF7K6FDVEiNjahgQ/CWX14lzUrZuyhX7i9LtWoWRx5O4BTOwYMrqMEt1KEBFAQ8wyu8OY/Oi/PufCxac042cwx/4Hz+AKk1j7A=</latexit>

<latexit sha1_base64="XNR05snyePzTn5HbZZ/JlBR6RY8="></latexit>

dot

<latexit sha1_base64="n9G45lm70jRzSnwng7w33tw126U="></latexit>

c(�) = i�C1 +
(i�)2

2
C2 + . . .

<latexit sha1_base64="3PU8SptcuXnvcTY4RUFJ3I+ea+A="></latexit>

ideal detector |Ni ! |N ± 1i

(b)
<latexit sha1_base64="g1nAuJKc2Za11pAaKoM8223wRjc=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmIzHBhtyhiZQkNpaYCBjhQvaWBTbs7V1254zkwr+wsdAYW/+Nnf/GBa5Q8CWTvLw3k5l5QSyFQdf9dnJr6xubW/ntws7u3v5B8fCoZaJEM95kkYz0fUANl0LxJgqU/D7WnIaB5O1gfD3z249cGxGpO5zE3A/pUImBYBSt9NBF/oRpOTif9oolt+LOQVaJl5ESZGj0il/dfsSSkCtkkhrT8dwY/ZRqFEzyaaGbGB5TNqZD3rFU0ZAbP51fPCVnVumTQaRtKSRz9fdESkNjJmFgO0OKI7PszcT/vE6Cg5qfChUnyBVbLBokkmBEZu+TvtCcoZxYQpkW9lbCRlRThjakgg3BW355lbSqFe+iUr29LNVrWRx5OIFTKIMHV1CHG2hAExgoeIZXeHOM8+K8Ox+L1pyTzRzDHzifP06OkKQ=</latexit>

<latexit sha1_base64="sXMhFU7v3AVbN2YvjCmwo9IqeVQ="></latexit>

⇢(N, N 0)
FT�! ⇢(�, ��)

<latexit sha1_base64="eBBBKYSPSn4I/JjLCD+C/j8jghw="></latexit>

bI(t)

0
<latexit sha1_base64="8SPvTV/z8oIhjlRiKd59oqPvbVY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUdAelsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1Yp3Xak2b8r1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4Ad2WMrg==</latexit>

�
<latexit sha1_base64="UCo1fmcOUuSBKTBCb5bGsNwjZgo=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lqwR4LXjxWsB/QhrLZbpqlu5uwuxFK6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzgoQzbVz32yltbe/s7pX3KweHR8cn1dOzno5TRWiXxDxWgwBrypmkXcMMp4NEUSwCTvvB7C73+09UaRbLRzNPqC/wVLKQEWxyaZREbFytuXV3CbRJvILUoEBnXP0aTWKSCioN4Vjroecmxs+wMoxwuqiMUk0TTGZ4SoeWSiyo9rPlrQt0ZZUJCmNlSxq0VH9PZFhoPReB7RTYRHrdy8X/vGFqwpafMZmkhkqyWhSmHJkY5Y+jCVOUGD63BBPF7K2IRFhhYmw8FRuCt/7yJuk16t5NvfHQrLVbRRxluIBLuAYPbqEN99CBLhCI4Ble4c0Rzovz7nysWktOMXMOf+B8/gAR1I45</latexit>

normal
metal

<latexit sha1_base64="T6U4Y4rJ1hkmgVXQMkMIVo5s+rI=">AAACDnicbVC7TgJBFJ3FF+ILtbTZSEisyC4WUpLYWGIij4QlZHa4wISZ2c3MXSPZ8AU2/oqNhcbYWtv5Nw6whYInmeTcc+6dmXvCWHCDnvft5DY2t7Z38ruFvf2Dw6Pi8UnLRIlm0GSRiHQnpAYEV9BEjgI6sQYqQwHtcHI999v3oA2P1B1OY+hJOlJ8yBlFK/WL5YCBQtBcjQKEB0xVpCUVsyBYlhLQVv1iyat4C7jrxM9IiWRo9ItfwSBiibR3M0GN6fpejL2UauRMwKwQJAZiyiZ0BF1LFZVgeulinZlbtsrAHUbaHoXuQv09kVJpzFSGtlNSHJtVby7+53UTHNZ6KVdxgqDY8qFhIlyM3Hk27oBrYCimllCmuf2ry8ZUU2YDMgUbgr+68jppVSv+ZaV6Wy3Va1kceXJGzskF8ckVqZMb0iBNwsgjeSav5M15cl6cd+dj2ZpzsplT8gfO5w+ldZ22</latexit>

superconductor
<latexit sha1_base64="qr/Ky1jMT8JSct/ufLkTeTW87Y4=">AAAB/nicbVA9SwNBEN3zM8avU7GyOQyCVbiLhSkDNpYRzAckR9jbTJIle7vH7pwYjoB/xcZCEVt/h53/xk1yhSY+GHi8N8PMvCgR3KDvfztr6xubW9uFneLu3v7BoXt03DQq1QwaTAml2xE1ILiEBnIU0E400DgS0IrGNzO/9QDacCXvcZJAGNOh5APOKFqp5552ER4xM2kCminZTxkqPe25Jb/sz+GtkiAnJZKj3nO/un3F0hgkMkGN6QR+gmFGNXImYFrspgYSysZ0CB1LJY3BhNn8/Kl3YZW+N1DalkRvrv6eyGhszCSObGdMcWSWvZn4n9dJcVANMy6TFEGyxaJBKjxU3iwLr881MBQTSyjT3N7qsRHVlKFNrGhDCJZfXiXNSjm4KlfuKqVaNY+jQM7IObkkAbkmNXJL6qRBGMnIM3klb86T8+K8Ox+L1jUnnzkhf+B8/gCvCpaO</latexit>

superconductor
<latexit sha1_base64="qr/Ky1jMT8JSct/ufLkTeTW87Y4=">AAAB/nicbVA9SwNBEN3zM8avU7GyOQyCVbiLhSkDNpYRzAckR9jbTJIle7vH7pwYjoB/xcZCEVt/h53/xk1yhSY+GHi8N8PMvCgR3KDvfztr6xubW9uFneLu3v7BoXt03DQq1QwaTAml2xE1ILiEBnIU0E400DgS0IrGNzO/9QDacCXvcZJAGNOh5APOKFqp5552ER4xM2kCminZTxkqPe25Jb/sz+GtkiAnJZKj3nO/un3F0hgkMkGN6QR+gmFGNXImYFrspgYSysZ0CB1LJY3BhNn8/Kl3YZW+N1DalkRvrv6eyGhszCSObGdMcWSWvZn4n9dJcVANMy6TFEGyxaJBKjxU3iwLr881MBQTSyjT3N7qsRHVlKFNrGhDCJZfXiXNSjm4KlfuKqVaNY+jQM7IObkkAbkmNXJL6qRBGMnIM3klb86T8+K8Ox+L1jUnnzkhf+B8/gCvCpaO</latexit>

EJL
<latexit sha1_base64="qC/X17fXFw/FxIj5qVQ3mYiB1o4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtBXssiCDioYL9gHYp2TTbxmaTJckKZel/8OJBEa/+H2/+G9N2D9r6YODx3gwz84KYM21c99vJra1vbG7ltws7u3v7B8XDo5aWiSK0SSSXqhNgTTkTtGmY4bQTK4qjgNN2ML6a+e0nqjST4sFMYupHeChYyAg2Vmpd99Pbu2m/WHLL7hxolXgZKUGGRr/41RtIkkRUGMKx1l3PjY2fYmUY4XRa6CWaxpiM8ZB2LRU4otpP59dO0ZlVBiiUypYwaK7+nkhxpPUkCmxnhM1IL3sz8T+vm5iw5qdMxImhgiwWhQlHRqLZ62jAFCWGTyzBRDF7KyIjrDAxNqCCDcFbfnmVtCpl76Jcua+W6rUsjjycwCmcgweXUIcbaEATCDzCM7zCmyOdF+fd+Vi05pxs5hj+wPn8AUBXjuI=</latexit>

EJR
<latexit sha1_base64="HhMswnLZGryKgbiLs4X7ymBM9qc=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtBXssiCCeqtgPaJeSTbNtbDZZkqxQlv4HLx4U8er/8ea/MW33oK0PBh7vzTAzL4g508Z1v53c2vrG5lZ+u7Czu7d/UDw8ammZKEKbRHKpOgHWlDNBm4YZTjuxojgKOG0H46uZ336iSjMpHswkpn6Eh4KFjGBjpdZ1P729n/aLJbfszoFWiZeREmRo9ItfvYEkSUSFIRxr3fXc2PgpVoYRTqeFXqJpjMkYD2nXUoEjqv10fu0UnVllgEKpbAmD5urviRRHWk+iwHZG2Iz0sjcT//O6iQlrfspEnBgqyGJRmHBkJJq9jgZMUWL4xBJMFLO3IjLCChNjAyrYELzll1dJq1L2LsqVu2qpXsviyMMJnMI5eHAJdbiBBjSBwCM8wyu8OdJ5cd6dj0VrzslmjuEPnM8fSXWO6A==</latexit>

�N
<latexit sha1_base64="wWGYIAki6jnJvRiVokzc6TAoXZI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexGwRwDHvQkEcwDkiX0TmaTITO768ysEEJ+wosHRbz6O978GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VZQ1aCxi1Q5QM8Ej1jDcCNZOFEMZCNYKRtczv/XElOZx9GDGCfMlDiIecorGSu3uDUqJvbteseSW3TnIKvEyUoIM9V7xq9uPaSpZZKhArTuemxh/gspwKti00E01S5COcMA6lkYomfYn83un5MwqfRLGylZkyFz9PTFBqfVYBrZTohnqZW8m/ud1UhNW/QmPktSwiC4WhakgJiaz50mfK0aNGFuCVHF7K6FDVEiNjahgQ/CWX14lzUrZuyhX7i9LtWoWRx5O4BTOwYMrqMEt1KEBFAQ8wyu8OY/Oi/PufCxac042cwx/4Hz+AKk1j7A=</latexit>

(a)
<latexit sha1_base64="LiBFNgl4qwVVAuX5MNJxN44MC1Y=">AAAB8XicbVA9TwJBEN3DL8Qv1NJmIzHBhtyhiZQkNpaYCBjhQvaWATbs7V1254zkwr+wsdAYW/+Nnf/GBa5Q8CWTvLw3k5l5QSyFQdf9dnJr6xubW/ntws7u3v5B8fCoZaJEc2jySEb6PmAGpFDQRIES7mMNLAwktIPx9cxvP4I2IlJ3OInBD9lQiYHgDK300EV4wrTMzqe9YsmtuHPQVeJlpEQyNHrFr24/4kkICrlkxnQ8N0Y/ZRoFlzAtdBMDMeNjNoSOpYqFYPx0fvGUnlmlTweRtqWQztXfEykLjZmEge0MGY7MsjcT//M6CQ5qfipUnCAovlg0SCTFiM7ep32hgaOcWMK4FvZWykdMM442pIINwVt+eZW0qhXvolK9vSzVa1kceXJCTkmZeOSK1MkNaZAm4USRZ/JK3hzjvDjvzseiNedkM8fkD5zPH00IkKM=</latexit>
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Figure 2.3.: Different approaches to FCS. (a) The current at the right junction may
be projectively measured at a given time t, and current measurements
at different times can be correlated and integrated over time, in order to
obtain the cumulants Ck. In between measurements, the system propa-
gates freely. The cumulant generating function can then be reconstructed
in a Taylor series. In this approach, the counting field χ is a fictitious
quantity. (b) An ideal detector may be coupled at the right contact, such
that for each transported Cooper pair, the detector changes its state
∣N⟩ → ∣N ± 1⟩ where N stands for the number of transported Cooper
pairs. The detector thus continuously entangles with the system. As a
consequence, the counting field χ is here an actual physical quantity: the
detector momentum, related to N by a Fourier transform (FT). However,
after a projective measurement of the detector state, the information of
the dissipation-free supercurrent is lost.
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in detail, how the current is actually measured in order to obtain the above cumulants.
For this purpose, let us examine the first couple of statistical moments a little more
closely. The first moment (giving rise to the current expectation value I = C1) returns

−ie∂χ m∣χ→0 = −ietr
⎡⎢⎢⎢⎢⎣

τ

∫
0

dt1e
L(ϕ)(τ−t1) ∂χL (ϕ)∣χ→0 e

L(ϕ)t1ρ0

⎤⎥⎥⎥⎥⎦
(2.17)

where
−ie ∂χL∣χ→0 ⋅ = e{∂ϕH (ϕ) , ⋅} =

1
2 {I, ⋅} , (2.18)

with the anticommutator {⋅, ⋅}. As we see, the FCS as defined above corresponds to
a system evolving freely (that is, without any detection event) for most of the time,
and a projective current measurement at a precise time step t1, and subsequently,
integrating over all times t1 from 0 to a total measurement time τ , as schematically
represented in Fig. 2.3a. The zero-frequency limit of the FCS is when the measurement
time approaches infinity, τ →∞. The picture becomes even more detailed, when going
to the next moment, providing the current-current correlations,

(−i2e)2 ∂2
χm∣χ→0 = (−i2e)

2 tr
⎡⎢⎢⎢⎢⎣

τ

∫
0

dt1e
L(ϕ)(τ−t1) ∂2

χL (ϕ)∣χ→0 e
L(ϕ)t1ρ0

⎤⎥⎥⎥⎥⎦

+ 2tr
⎡⎢⎢⎢⎢⎣

τ

∫
0

dt1

t1

∫
0

dt2e
L(ϕ)(τ−t1) {I, ⋅} eL(ϕ)(t1−t2) {I, ⋅} eL(ϕ)t2ρ0

⎤⎥⎥⎥⎥⎦
. (2.19)

While both the first and second line now indicate two current measurements, the time
difference between these two measurements is of the essence. While the second line
accounts for projective current measurements at times t1 and t2, which are sufficiently
far apart (with an unimpeded system evolution for the rest of the time interval),
the first line describes two current measurements that occur within time intervals
which are short with respect to the superconductor correlation time ∆−1 (see also
previous section). For the interested reader, we refer to the diagrammatic language
for noise, which was first developed for time-independent systems [Thi+03; Thi+05a;
Thi+05b], subsequently generalized to time-dependent systems [RSK13] as well as
finite frequency noise [DS18]. In this language, measurements according to the first
line are represented by diagrams where the two current operators appear within the
same irreducible block.

At any rate, it is interesting to note that if the current detector fails to measure
time-resolved currents on a time-scale smaller than ∆−1, the first line will be absent
altogether. This can be understood as a high-frequency cut-off for the FCS. Such a
deficient detector would return a different moment generating function, given as

mcut-off (χ,ϕ, τ) = tr [eLcut-off(χ,ϕ)τρ0] , (2.20)

with
Lcut-off (χ,ϕ) = L (ϕ) + i

χ

2e {I, ⋅} , (2.21)
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which is nothing but a first order in χ approximation of the full L (ϕ,χ). Thus,
while the eigenspectrum of Lcut-off (ϕ,χ) asymptotically approaches the one for the
full L (ϕ,χ) for low values of χ (low cumulants), the global properties (arbitrarily
high cumulants) differ decisively. In particular, while the full L is 2π-periodic in χ,
L (ϕ,χ + 2π) = L (ϕ,χ), reflecting the fact that the detector measures the supercurrent
in integer portions of Cooper pairs, this information is lost in Lcut-off. Likewise, we
cannot in general hope to see the same topological phase transitions along χ for the
two scenarios. We conclude that if we are interested in understanding and measuring
the global properties of the FCS with respect to χ (relevant for fractional charges as
defined in [Riw19]) by means of projective current measurements, a current detector
which can resolve beyond the time-scale ∆−1 is required.

2.4.2. Continuous entanglement with a charge transport detector
This subsection is credited to Schwibbert. There is a different approach to FCS,
whereby an explicit detector is included in the model description of the system [LLL96;
SKB09; PWS; PWS17], keeping track of the number of charges exchanged at a given
interface. Hence, the counting field χ is here not merely an auxiliary mathematical
object without any physical meaning. To the contrary, it has a well-defined precise
interpretation: χ is the detector momentum [PWS; PWS17]. Because of this, the
global properties defined in χ-space are much more tangible compared to the notion
described in the above section, where large χ can only be reached by measuring a
sufficiently high number of cumulants. Here, an analysis (read-out) of the detector
state may directly provide the moment generating function for finite χ, in contrast
to the previously introduced approach, where m as a function of χ would have to be
reconstructed essentially by analytic continuation, starting from χ = 0.

Following the lines of [SKB09; PWS; PWS17], a detector measuring transport at the
interface to the right superconductor can be modeled by supplementing the proximity
Hamiltonian HJ with the detector degrees of freedom ∣N⟩ indicating the number N
of measured Cooper pair transport events,

→HJ =
1
2 (EJL +EJRe

iϕ∑
N

∣N − 1⟩ ⟨N ∣)d†
↑d

†
↓ + h.c. (2.22)

Thus, the detector state changes as ∣N⟩ → ∣N ± 1⟩, for each Cooper pair leaving or
entering the right contact, see also Fig. 2.3b. Note that the detector itself is ideal
in the sense that it does not have any internal dynamics apart from this coupling
(i.e., the Hamiltonian of the isolated detector is zero). The quantum system plus
detector have a much larger state space, described by the density matrix ρS+D =
∑N,N ′ ρ (N,N ′) ⊗ ∣N⟩ ⟨N ′∣, illustrating the fact that the detector will be entangled
with the system during the measurement. Similar to the previous notion of FCS, τ
here stands for the total measurement time. Whereas in Sec. 2.4.1 τ represented the
total time interval over which the current measurements should be averaged, here τ
stands for the total time elapsed since the coupling to the detector (and thus the
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build up of entanglement) started. Also for continuous entanglement, a related zero-
frequency FCS can be defined, by analyzing the asymptotic behaviour for τ →∞.

The additional detector degree of freedom can be compactified by a double Fourier
transform,

ρ (χ, δχ) =∑
N

∑
N ′
eiχ(N+N ′)eiδχ(N−N ′)ρ (N,N ′) , (2.23)

resulting in the quantum master equation

ρ̇ (χ, δχ) = LCE (χ, δχ,ϕ)ρ (χ, δχ) . (2.24)

We note that the Lindbladian describing the continuous entanglement with the de-
tector, LCE, is related to the above, first version of FCS, described by L (χ,ϕ) in
Eq. (2.13), as

LCE (χ, δχ,ϕ) = L (χ,ϕ − δχ) . (2.25)
The variables χ and δχ can be thought of as the classical and quantum component
of the detector momentum. As we see, the classical detector momentum corresponds
to the counting field introduced in the FCS of Ref. [RN04].

The quantum part δχ on the other hand simply enters as a shift in the supercon-
ducting phase, and may therefore at first sight seem innocuous. It is however this
shift, which makes all the difference. Namely, for the continuously entangling detec-
tor, the moment generating function is defined as the Fourier transform of a projective
measurement of the detector state in its eigenbasis ∣N⟩,

mCE (χ, τ) =∑
N

ei2Nχtr [ρ (N,N, τ)] =
2π

∫
0

dδχ

2π tr [ρ (χ, δχ, τ)] , (2.26)

where for the second identity, we used the fact that the integration over δχ results in
the projection onto the diagonal elements ρ (N,N ′) → ρ (N,N). Importantly, due to
δχ appearing as a shift in ϕ, we can relate this moment generating function to the
first one, Eq. (2.14), as follows

mCE (χ, τ) =
2π

∫
0

dϕ

2πm (χ,ϕ, τ) . (2.27)

Overall, we note that since LCE and likewise mCE, Eqs. (2.25) and (2.27), can be
constructed from L and m respectively, Eqs. (2.13) and (2.14), we consider L to be
the more fundamental construction of FCS. Therefore, it will suffice to analyse the
topological properties of L(χ,ϕ).

However, the above phase shift δχ plays an important role when it comes to an-
alyzing the topological eigenspectrum of L, due to the presence of supercurrents.
If supercurrents were absent, there would be no phase-dependence of the transport
m (χ,ϕ) = m (χ), such that m and mCE are equivalent. However, for supercurrents
being present, the two notions of FCS differ, in that the supercurrents are averaged
out in mCE. One can convince oneself of this fact, simply by means of the Josephson
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relations given in Eq. (2.12), where ∫
2π

0 dϕIS± ∼ ϵ± (2π) − ϵ± (0) must be zero, due to
the 2π-periodicity of the eigenspectrum ϵ± in ϕ. This cancellation of the supercurrent
is a consequence of the detector always being ideally coupled to the interface at which
it counts the number of transported Cooper pairs. It thus entangles with the coher-
ent transport (and the entanglement continuously increases as the measurement goes
on), such that when projectively reading out the detector state, the information about
the supercurrent is destroyed. Nonetheless, such a continuously entangled detector
may serve for an understanding of the topology of the dissipative part of transport.
Moreover, as we will show below, such a detector will give rise to a novel transport
phase, which can be interpreted as a statistical mix between a fractional and a trivial
transport.

Let us conclude this section by pointing out the following. In this work, we aim
at understanding the topological properties of the eigenspectrum of L along both
the χ and ϕ coordinates. While this is endeavour is formally well-defined, thanks
to Eq. (2.13), from a more practical point of view, we see that both of the above
flavours of FCS come with their advantages and disadvantages. Ultimately we have
the choice between measuring individual cumulants without destroying the supercur-
rent information (in accordance with the construction of L), which however allows us
to only explore the vicinity of χ ≈ 0 (since the measurement of arbitrarily high cumu-
lants is experimentally challenging), or, via LCE, explore the full χ-space (since the
detector and thus χ are here physical) but at the expense of losing the supercurrent
information, and thus losing the ϕ-dependence. Moreover, realistically, a detector
measuring the charge that arrived at one of the superconducting contacts most likely
involves supplementing said contact with a capacitance, which thus renders the de-
tector nonideal (its Hamiltonian is no longer zero). This leads us to consider below a
third variation to obtain information about the transport statistics: continuous weak
measurement. However, this approach is very challenging to cast into a general form,
which is why we first present our results for the topology of L, and identify a par-
ticularly interesting topological regime, for which we formulate a specifically tailored
version of weak transport measurement.

2.5. Fractional charge versus fractional Josephson
effect

This section is credited to Schwibbert and Riwar. We have so far established a
framework to describe the open system dynamics of a superconductor-normal metal
hybrid circuit, including the FCS, based on the Lindbladian L (χ,ϕ) in Eq. (2.13). Let
us now explore the topological properties of the eigenspectrum of L (χ,ϕ), {λn (χ,ϕ)}.
In order to analyze the topology of the eigenspectrum, keeping track of the eigenvalue
labelling will be important. In Sec. 2.3, we have already introduced the labelling
{λ0, λ±, λp, λs,c}, motivated by the physical interpretation of the decay processes of the
corresponding eigenmodes. When including the counting field χ, the eigenspectrum
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will be modified, λn(ϕ)→ λn(χ,ϕ). For finite χ we will still use the same labelling of
indices, which is however somewhat tricky because of braid phase transitions, whereby
certain eigenvalues swap places. We therefore use the convention, that the labelling
n shall be done according to Sec. 2.3 at the reference point χ = 0.

As detailed in the previous section, the counting field and the superconducting
phase difference appear per se as independent parameters. Similarly to Refs. [RS13;
LRS14; Riw19], it turns out that the nonequilibrium drive via the normal metal
will give rise to topological transitions in the spectrum λn. However, in Refs. [RS13;
LRS14; Riw19] only the counting field χ was considered as a relevant coordinate. Here,
we have the 2D space (χ,ϕ). In 2D, exceptional points appear, as we will explain in
more detail below. When considering cuts of the complex spectrum along either χ or
ϕ, these exceptional points generate a braid phase transition, and a resulting broken
periodicity in either χ or ϕ. We will interpret phases with a broken periodicity along χ
as a transport with fractional charges (along the lines of Ref. [Riw19]). Intriguingly,
including here the superconducting phase ϕ, our theory also predicts braid phase
transitions in ϕ. There are several nontrivial phases, which can be classified as a
fractional Josephson effect, in the sense of having a spectrum with broken periodicity
in ϕ. We will refine this statement in the following. Importantly, since transitions
along both coordinates appear due to exceptional points in the 2D space (χ,ϕ),
we conclude that the fractional charge defined in the transport statistics (χ) and
the fractional Josephson effect (ϕ) are intimately related, but distinct concepts in a
generic open system context.

2.5.1. Braid phase transitions due to exceptional points in
counting field and superconducting phase

In order to describe the topological phase transitions in the spectrum of L(χ,ϕ),
we first have to establish some technical details regarding braid theory. As already
stated, in general, the eigenspectrum of L (χ,ϕ), {λn (χ,ϕ)}, is complex. Considering
the space spanned by (χ,ϕ), we can think of the eigenspectrum as a complex band
in a 2D Brillouin zone (where χ and ϕ are coordinates of the 2D torus). Therefore,
the touching of two complex bands, λn = λm≠n, leads to two independent conditions,
which may be satisfied for particular values of both χ and ϕ. That is, a touching of
two complex bands occurs in isolated points on the 2D torus. In Fig. 2.4a, we show
the location of exceptional points for a chosen parameter set. As it turns out, band
degeneracy points can occur for typical system parameters (see caption of Fig. 2.4).
Locally, at the degeneracy points, the two eigenvalues partaking in the degeneracy
can be described by a complex square root function ±

√
z (where z ∼ χ + iϕ). In the

literature of topological transitions in open quantum systems, these touching points
are commonly referred to as exceptional points, see, e.g., Ref. [BBK21] (and references
therein).

When choosing a closed path in (χ,ϕ) around an exceptional point, the two eigen-
values which touch at the exceptional points, perform a braid. Thus, to each of the
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exceptional points, one may assign generators of the braid group; the braid generator
may be considered as a generalization of the notion of a topological charge carried by
a degeneracy point (see, e.g., [Riw19]). Given a certain ordering of the eigenvalues,
the index j of the braid generator σj (see Fig. 2.4b) indicates, which two eigenvalues
perform a braid. We here choose the order of the labels as λ0, λ+, λ−, λp, see, e.g.,
Fig. 2.6. For instance, the braid generator σ1 thus braids λ0 with λ+, σ2 braides λ+
with λ− and finally σ3 braids λ− with λp. Note that the eigenvalues λs,c are inert,
in the sense that they depend neither on χ nor ϕ, and do not partake in braiding.
This is why we do not have to include them for the analysis of the topology of the
eigenspectrum. While ∂χλs = 0 can be understood by the complete symmetry of the
system with respect to spin, ∂χλn = 0 stems from the effective elimination of the
many-body interactions within the dissipative (quasiparticle-induced) processes, due
to µ≫ U . At any rate, we only have to consider braid generators with four strands.
For four strands, the set of three braid generators, σ1, σ2, and σ3, see Fig. 2.4b, is
complete and describes the whole braid group. For convenience, we have furthermore
introduced a braid generator to directly braid the first and fourth strand (λ0 and λp),
σ4 = σ−1

1 σ−1
3 σ2σ1σ3. This generator is however non-fundamental in the sense that it

can be constructed out of σ1,2,3.
Due to the 2π-periodicity of L in χ and ϕ, there must be an overall conservation

of the “braid charge” (similar to [Riw19], where this was discussed for complex χ).
As a consequence, to each exceptional point with a given braid generator σj (see Fig.
2.4b), there must exist a partner point, with the inverse braid generator. These two
partner points are connected by a line, see 2.4a. In fact, since the exceptional points
are locally described by the square root function, these lines can be understood as the
corresponding branch cuts, with the two partner points as origin points for the branch
cut. When considering the spectrum along one particular parameter (either χ or ϕ,
see red arrows in Fig. 2.4a), the braid word for the spectrum can be constructed as
follows. One simply has to add for each branch cut which is crossed, the corresponding
braid generator in the order it is crossed. In order to know the chirality of the braid
generator (i.e., whether one has to add a given σj or σ−1

j ) one may follow a “right
hand rule”: take the cross product of the tangential vector indicating the path taken
(red arrow in Fig. 2.4a) and the tangential vector of the branch cut, at the given
point, where these two lines cross. The direction of the cross product vector decides
the chirality. In Fig. 2.4a, we show two examples of paths (as red arrows), one along
χ for a fixed value of ϕ, and conversely one along ϕ with fixed χ. Along these paths,
the topological phases discussed below emerge (marked with a star and an inverse
star symbol, cf Secs. 2.5.2 and 2.5.3).

At this point, let us comment on the importance of the fact that the dissipative
processes due to WN relax into a basis different from the eigenbasis of H. If the
coupling to the environment would be such that the dissipative processes occurred
in the basis of H, as is the case, e.g. in Eq. (2.7), then the addition of the counting
field χ would not give rise to any interesting topological transitions. Here, the eigen-
values λ±(ϕ) = ±i[ϵ+(ϕ) − ϵ−(ϕ)] − (Γ+ + Γ−)/2 would simply receive a χ-dependence
as λ±(χ,ϕ) = ∓i[ϵ+(ϕ + χ) − ϵ−(ϕ − χ)] − (Γ+ + Γ−)/2. Due to ϵ± being gapped for
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the quantum dot circuit, the complex spectrum eigenspectrum would here be trivial
for all values of (χ,ϕ). The normal metal providing an out-of-equilibrium electron
source thus plays an essential role as the driver of topological phase transitions. We
note that usually, processes which change the parity of superconducting circuits are
considered detrimental (referred to as quasiparticle poisoning, see, e.g., Refs. [LGL05;
Sha+08; Cat+11; LM12; FK09; Hec+11; RL12; GC11; BWT12; Pek+13]). Here, we
provide a rare counter example, where they are at the origin of an interesting effect.

2.5.2. Fractional charges
Let us now analyze explicitly the plethora of braid phase transitions of the eigenspec-
trum of L (χ,ϕ) along χ with fixed ϕ. While we could in principle use the information
of the exceptional points in (χ,ϕ)-space, as discussed above, we note that for explicit
calculations, there is a mathematically more efficient approach, which was discussed
in Ref. [Riw19] (and further detailed in Appendix B of [JSR23]). Namely, the trick is
to describe braid transitions in L (χ) (for fixed ϕ) by generalizing to complex counting
fields eiχ → z ∈ C (and e−iχ → 1/z), such that the real counting fields are represented
on the unit circle, ∣z∣ = 1. The exceptional points now do no longer appear in the
2D space of (χ,ϕ), but in the complex 2D space of z. A braid phase transition in
the χ-space occurs when an exceptional point traverses the unit circle. Therefore, in
order to keep track of the topological phases, we simply have to compute the number
of exceptional points residing within the unit circle. Based on the definition for L
in Eq. (2.13), we find that the positions of the exceptional points can be obtained
analytically by means of the quartic equations,

4
∑
i=0
piz

i = 0 and
4
∑
i=0
qiz

i = 0 , (2.28)

where the coefficients pi and qi depend on all the system parameters and ϕ. Their
explicit forms are given in Appendix B of [JSR23]. Note that both equations have to
be fulfilled individually, such that there are two sets of roots for z, one for the first, and
one for the second polynomial equation. As explained above, for a given root z0, one
simply has to test if ∣z0∣ ≶ 1 and count the total number of roots inside the unit circle,
which enables us to draw maps of the topological phases as in Fig. 2.5 as a function
of all the system parameters and ϕ. We find overall four different types of braids for
the eigenspectrum along χ, which are labelled in Fig. 2.5b with the sphere, triangle,
upside down triangle, and star symbols, and explicitly drawn at example points in
parameter space in Fig. 2.6. In the upper left corner of each panel in Fig. 2.6, we also
provide the braid word describing the topology of the spectrum.

There is a trivial phase, shown in Fig. 2.6a (sphere symbol). Here, the eigenvalues
{λ0, λ+, λp, λ−} do not swap places within the entire interval χ ∈ [0,2π). There are
two topological phases (triangle, and upside-down triangle), shown in Figs. 2.6b and
c. In Fig. 2.6b, the eigenvalues related to the stationary state λ0 and the parity decay
λp perform a braid. However, this braid does not break the 2π-periodicity in χ, as
they braid twice, as indicated by the braid words σ4σ4 and σ2σ2.
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Figure 2.4.: (a) Positions of exceptional points in (χ,ϕ)-space for EJL = EJR ≡ EJ ,
ϵ = 0.1EJ , and ΓN = 0.5EJ . To each exceptional point, one may assign
braid generators (similar to a topological charge), marked with solid and
empty circles. Since four eigenvalues partake in braid phase transitions,
we need the braid group for four strands, given in b). In fact, this braid
group is complete already with the first three generators, σ1, σ2, and σ3.
The fourth braid generator is only added for convenience; it can be ex-
pressed as σ4 = σ−1

1 σ−1
3 σ2σ1σ3. Due to overall “braid charge” conservation,

each exceptional point must have its negative counter part, to which the
inverse braid generator is assigned. Such a pair of exceptional points is
connected via an arrow (solid purple and dashed green). The braids along
a particular axis (either χ or ϕ, see two examples marked with red arrows),
see subsequent figures, can be constructed from a) by the following rule.
To know the topology (i.e., the braid word) of a spectrum along a given
path, one needs to assemble all the generators of the connection lines of
two exceptional points, in the order they are crossed. For instance, the
red arrow along χ, gives rise to the braid word (σ1σ3σ4)2 = (σ2σ1σ3)2,
which corresponds to the topological phase given in Fig. 2.6d. The red
line along ϕ [see inset of a)], returns the braid word σ1σ3σ4σ−1

1 σ−1
3 = σ2,

and thus the topological phase from Fig. 2.8d.
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2. Fractional charges and fractional Josephson effect in superconductor-normal
metal hybrid circuits

Finally, there is a topological phase where the 2π-periodicity in χ is broken, see
Fig. 2.6d. After progression of χ by 2π the eigenvalues λ0 and λp, as well as λ+ and λ−
have swapped places, leading to an overall 4π-periodicity of the spectrum. Along the
lines of Ref. [Riw19], such a spectrum can be interpreted as transporting a charge with
half the unit as compared to the 2π-periodic phases. For the sake of completeness,
let us reiterate the arguments of Ref. [Riw19]. First of all, note that as per the two
definitions of the FCS, Eqs. (2.13) and (2.25), the charge is counted in units of Cooper
pairs, with charge 2e. The trivial phases with a spectrum 2π-periodic in χ therefore
transport charges in units of 2e. The in the 4π-periodic phase, the transported charge
is e∗ = 2e/2 = e. Charge quantization is broken in the sense that physically, the s-wave
superconducting contacts can only accept integer Cooper pairs (due to the large ∆
limit). The non-equilibrium drive due to the normal-metal induces the topological
phase of Fig. 2.6d, where the contacts seem to accept half-integer Cooper pairs. In
fact, this breaking of charge quantization seems already to some extent indicative of
a fractional Josephson effect, which we will discuss in detail in moment.

According to Ref. [Riw19], there are two important ways to define fractional charges
in χ. Let us first consider the zero-frequency limit of FCS. As already mentioned
above, the measurement time τ is here to be taken as infinite, τ →∞. Consequently,
in the transport statistics, only the eigenvalue with the least negative real part, λ0 is
visible (see also Ref. [NB02; BN03]), as can be seen when considering the definition of
the moment generating function m in Eq. (2.14). As τ increases, all higher eigenmodes
λn≠0 become exponentially suppressed. In fact, the cumulant generating function in
this limit can be computed simply as

lim
τ→∞

c(χ, τ) = λ0(χ) . (2.29)

That is, for a hypothetical experimenter measuring the true zero-frequency FCS,
the information of the higher modes would be lost. However, something nontrivial re-
mains. Suppose that we were able to measure a sufficiently large number of cumulants
Ck to reconstruct c(χ), and thus m(χ), for finite values of χ. This would essentially
correspond to analyzing the eigenvalue λ(χ) first close to χ ≈ 0 and then analyti-
cally continuing to finite χ. If the cumulants Ck are measured up to a sufficiently
high (ideally infinitely high) order k, the cumulants could thus be used to reconstruct
the periodicity of λ0 in χ and thus determine unit of the charge being transported.
Curiously, when the zero mode λ0 partakes in a braid phase transision, the analytic
continuation would clearly provide a 4π-periodic moment generating function, indi-
cating transport in units of e, in spite of the system physically transporting charges
into the superconducting reservoirs in units of 2e.

The interpretation of the broken periodicity as a fractional charge works also for
finite measurement times τ , when the transport statistics still depend on τ , and the
decaying modes λn≠0 are still detectable. Here, Ref. [Riw19] argues, that the spectrum
consisting of complex bands with broken periodicity in χ can be exactly mapped to
a fictitious open quantum system which transports charges in units given by the
periodicity in χ. In the topological phase shown in Fig. 2.6d, both λ0 and λp as well
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2.5. Fractional charge versus fractional Josephson effect

as λ+ and λ− merge into two complex bands, each with periodicity 4π. Thus, this
corresponds to two fictitious bands transporting charge e instead of 2e.

There is an additional final point to be discussed. Namely, the spectrum as shown
in Fig. 2.6 can only be measured when adopting the first version of FCS, outlined
in Sec. 2.4.1, i.e., when projectively measuring the current at local times, and corre-
lating them to obtain the transport statistics. If the FCS is instead measured with
a continuously entangling detector, according to Eq. (2.27) the moment generating
function is integrated over ϕ. Since the moment generating function is a regular
expectation value, the integral over ϕ (including the normalization prefactor 1/2π)
can be understood effectively as a statistical average over a homogeneous probability
distribution in ϕ. It is in this sense, that the transport statistics obtained via mCE
are to be understood as a statistical mix of different topological phases. For instance,
in Fig. 2.5 for a given ϵ one can draw a horizontal line along ϕ, and thus evaluate
how many distinct topological phase regions the line crosses. In particular, there is
thus the possibility to observe a statistical mix of topological phases with different
transported charge units, either the charge 2e for the phases in Figs. 2.6a, b, and c
or the charge e for Fig. 2.6d. Such an effect was not posssible in Ref. [Riw19], where
only normal metal contacts were considered, and thus the FCS was ϕ-independent.

2.5.3. Fractional Josephson effect
As we have seen just now, one particular topological phase along χ (Fig. 2.6d) indi-
cated transport with a charge e instead of 2e which would be the default charge of the
superconducting contact. Here, we want to analyse the topological properties of the
eigenspectrum along ϕ for different values of χ. To this end, we proceed similarly as
above, this time, by replacing eiϕ → z̃ (and e−iϕ → 1/z̃) and analyzing the positions of
exceptional points in the space of general, complex z̃. Also here, this position can be
evaluated again by means of a quartic equation with the same form as in Eq. (2.28),
with z → z̃ and the new coefficients pi, qi → p̃i, q̃i, depending on χ instead of ϕ. Again,
their explicit form is given in Appendix B of [JSR23].

The resulting map of topological phases is shown in Fig. 2.7. Here, there are overall
five different phases to be observed, a trivial one, and four topologically nontrivial
ones, denoted by the square, diamond, pentagon and inverted star symbols (as in-
dicated in Fig. 2.7b). Here, all of the nontrivial phases break 2π-periodicity along
ϕ. Hence, in this broad sense, all of these phases may be interpreted as a fractional
Josephson effect. In particular, apart from the 4π-periodic phases in Fig. 2.8a and b
(denoted with the square and diamond symbols), there is in fact an 8π-periodic phase
(pentagon symbol), where all four non-inert eigenvalues partake in a braid. Here, we
can think of the interaction with the magnetic field generating the phase bias ϕ in
terms of a charge e/2, similar to parafermionic circuits [ZK14a; Ort+15]. Note that
a fractional charge e/2 could not be observed in the topological properties along χ
discussed previously. We can therefore see this as a nice example illustrating why the
topological properties along χ and along ϕ should in general be considered distinct
effects. Topological transitions along both parameters are related due to their com-
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2. Fractional charges and fractional Josephson effect in superconductor-normal
metal hybrid circuits

(a)
<latexit sha1_base64="LiBFNgl4qwVVAuX5MNJxN44MC1Y=">AAAB8XicbVA9TwJBEN3DL8Qv1NJmIzHBhtyhiZQkNpaYCBjhQvaWATbs7V1254zkwr+wsdAYW/+Nnf/GBa5Q8CWTvLw3k5l5QSyFQdf9dnJr6xubW/ntws7u3v5B8fCoZaJEc2jySEb6PmAGpFDQRIES7mMNLAwktIPx9cxvP4I2IlJ3OInBD9lQiYHgDK300EV4wrTMzqe9YsmtuHPQVeJlpEQyNHrFr24/4kkICrlkxnQ8N0Y/ZRoFlzAtdBMDMeNjNoSOpYqFYPx0fvGUnlmlTweRtqWQztXfEykLjZmEge0MGY7MsjcT//M6CQ5qfipUnCAovlg0SCTFiM7ep32hgaOcWMK4FvZWykdMM442pIINwVt+eZW0qhXvolK9vSzVa1kceXJCTkmZeOSK1MkNaZAm4USRZ/JK3hzjvDjvzseiNedkM8fkD5zPH00IkKM=</latexit>

0
<latexit sha1_base64="8SPvTV/z8oIhjlRiKd59oqPvbVY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUdAelsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1Yp3Xak2b8r1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4Ad2WMrg==</latexit>

⇡
<latexit sha1_base64="MZ2/ZVxHsDLFuC8Iw6qdhtemMDE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqYI8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoZ/wQbniVt0FyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmrPsZl0lqULLlojAVxMRk/jcZcoXMiKkllClubyVsTBVlxqZTsiF4qy+vk3at6l1Va/fXlUY9j6MIZ3AOl+DBDTTgDprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzifP04Jjcc=</latexit>

2⇡
<latexit sha1_base64="3I9Hr77NEjSA8pETyXfVCImJSdU=">AAAB63icbVBNSwMxEJ34WetX1aOXYBE8ld0q2GPBi8cK9gPapWTTbBuaZJckK5Slf8GLB0W8+oe8+W/MtnvQ1gcDj/dmmJkXJoIb63nfaGNza3tnt7RX3j84PDqunJx2TJxqyto0FrHuhcQwwRVrW24F6yWaERkK1g2nd7nffWLa8Fg92lnCAknGikecEptL9UHCh5WqV/MWwOvEL0gVCrSGla/BKKapZMpSQYzp+15ig4xoy6lg8/IgNSwhdErGrO+oIpKZIFvcOseXThnhKNaulMUL9fdERqQxMxm6TknsxKx6ufif109t1AgyrpLUMkWXi6JUYBvj/HE84ppRK2aOEKq5uxXTCdGEWhdP2YXgr768Tjr1mn9dqz/cVJuNIo4SnMMFXIEPt9CEe2hBGyhM4Ble4Q1J9ILe0ceydQMVM2fwB+jzB79PjgM=</latexit>

0
<latexit sha1_base64="8SPvTV/z8oIhjlRiKd59oqPvbVY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUdAelsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1Yp3Xak2b8r1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4Ad2WMrg==</latexit>

⇡
<latexit sha1_base64="MZ2/ZVxHsDLFuC8Iw6qdhtemMDE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqYI8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoZ/wQbniVt0FyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmrPsZl0lqULLlojAVxMRk/jcZcoXMiKkllClubyVsTBVlxqZTsiF4qy+vk3at6l1Va/fXlUY9j6MIZ3AOl+DBDTTgDprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzifP04Jjcc=</latexit>

2⇡
<latexit sha1_base64="3I9Hr77NEjSA8pETyXfVCImJSdU=">AAAB63icbVBNSwMxEJ34WetX1aOXYBE8ld0q2GPBi8cK9gPapWTTbBuaZJckK5Slf8GLB0W8+oe8+W/MtnvQ1gcDj/dmmJkXJoIb63nfaGNza3tnt7RX3j84PDqunJx2TJxqyto0FrHuhcQwwRVrW24F6yWaERkK1g2nd7nffWLa8Fg92lnCAknGikecEptL9UHCh5WqV/MWwOvEL0gVCrSGla/BKKapZMpSQYzp+15ig4xoy6lg8/IgNSwhdErGrO+oIpKZIFvcOseXThnhKNaulMUL9fdERqQxMxm6TknsxKx6ufif109t1AgyrpLUMkWXi6JUYBvj/HE84ppRK2aOEKq5uxXTCdGEWhdP2YXgr768Tjr1mn9dqz/cVJuNIo4SnMMFXIEPt9CEe2hBGyhM4Ble4Q1J9ILe0ceydQMVM2fwB+jzB79PjgM=</latexit>

�1.0
<latexit sha1_base64="QyaWWTBE+VjMH6YiGvvmLdbUNf4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBiyGpgj0WvHisYD+gDWWz3bRLdzdhdyOU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2njet1Pa2Nza3invVvb2Dw6PqscnHR2nitA2iXmseiHWlDNJ24YZTnuJoliEnHbD6V3ud5+o0iyWj2aW0EDgsWQRI9jk0pXvesNqzXO9BdA68QtSgwKtYfVrMIpJKqg0hGOt+76XmCDDyjDC6bwySDVNMJniMe1bKrGgOsgWt87RhVVGKIqVLWnQQv09kWGh9UyEtlNgM9GrXi7+5/VTEzWCjMkkNVSS5aIo5cjEKH8cjZiixPCZJZgoZm9FZIIVJsbGU7Eh+Ksvr5NO3fWv3frDTa3ZKOIowxmcwyX4cAtNuIcWtIHABJ7hFd4c4bw4787HsrXkFDOn8AfO5w+7bY1Y</latexit>

�0.5
<latexit sha1_base64="/suP8poN3qKyLE/ZlVrt5Z8aLfE=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4MSRVsceCF48V7Ae0oWy2m3bp7ibsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8MOFMG8/7dtbWNza3tks75d29/YPDytFxW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wcpf7nSeqNIvlo5kmNBB4JFnECDa5dOm5N4NK1XO9OdAq8QtShQLNQeWrP4xJKqg0hGOte76XmCDDyjDC6azcTzVNMJngEe1ZKrGgOsjmt87QuVWGKIqVLWnQXP09kWGh9VSEtlNgM9bLXi7+5/VSE9WDjMkkNVSSxaIo5cjEKH8cDZmixPCpJZgoZm9FZIwVJsbGU7Yh+Msvr5J2zfWv3NrDdbVRL+IowSmcwQX4cAsNuIcmtIDAGJ7hFd4c4bw4787HonXNKWZO4A+czx/Be41c</latexit>

0.0
<latexit sha1_base64="mj2081YA3+AIsVdrU9lRQg9KPWY=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgj0WvHisaD+gXUo2zbah2eySzApl6U/w4kERr/4ib/4b03YP2vog4fHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPbhVd1Cu2H8Bsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42WLVGbmwypCEsbZPIVmovzsyGhkzjQJbGVEcm1VvLv7n9VIM634mVJIiV2w5KEwlwZjM7yZDoTlDObWEMi3sroSNqaYMbTolG4K3evI6adeq3lW1dn9dadTzOIpwBudwCR7cQAPuoAktYDCCZ3iFN0c6L86787EsLTh5zyn8gfP5A1BEjSA=</latexit>

0.5
<latexit sha1_base64="kvNE+J3dN+QLFmlCp2lNoaGyoqI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4CklV7LHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+de90plz/XmIKvEz0kZctR7pa9uP2FZzBUySY3p+F6KwYRqFEzyabGbGZ5SNqID3rFU0ZibYDI/dUrOrdInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo2owESrNkCu2WBRlkmBCZn+TvtCcoRxbQpkW9lbChlRThjadog3BX355lTQrrn/pVu6vyrVqHkcBTuEMLsCHG6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBX2I0l</latexit>

1.0
<latexit sha1_base64="17JU8mgzW+0r3BU/ddjlTj7dEnk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqYI8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpwau6g3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNWPczLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ+1a1buq1u6vK416HkcRzuAcLsGDG2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwBRyo0h</latexit>

�1.0
<latexit sha1_base64="QyaWWTBE+VjMH6YiGvvmLdbUNf4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBiyGpgj0WvHisYD+gDWWz3bRLdzdhdyOU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2njet1Pa2Nza3invVvb2Dw6PqscnHR2nitA2iXmseiHWlDNJ24YZTnuJoliEnHbD6V3ud5+o0iyWj2aW0EDgsWQRI9jk0pXvesNqzXO9BdA68QtSgwKtYfVrMIpJKqg0hGOt+76XmCDDyjDC6bwySDVNMJniMe1bKrGgOsgWt87RhVVGKIqVLWnQQv09kWGh9UyEtlNgM9GrXi7+5/VTEzWCjMkkNVSS5aIo5cjEKH8cjZiixPCZJZgoZm9FZIIVJsbGU7Eh+Ksvr5NO3fWv3frDTa3ZKOIowxmcwyX4cAtNuIcWtIHABJ7hFd4c4bw4787HsrXkFDOn8AfO5w+7bY1Y</latexit>

�0.5
<latexit sha1_base64="/suP8poN3qKyLE/ZlVrt5Z8aLfE=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4MSRVsceCF48V7Ae0oWy2m3bp7ibsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8MOFMG8/7dtbWNza3tks75d29/YPDytFxW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wcpf7nSeqNIvlo5kmNBB4JFnECDa5dOm5N4NK1XO9OdAq8QtShQLNQeWrP4xJKqg0hGOte76XmCDDyjDC6azcTzVNMJngEe1ZKrGgOsjmt87QuVWGKIqVLWnQXP09kWGh9VSEtlNgM9bLXi7+5/VSE9WDjMkkNVSSxaIo5cjEKH8cDZmixPCpJZgoZm9FZIwVJsbGU7Yh+Msvr5J2zfWv3NrDdbVRL+IowSmcwQX4cAsNuIcmtIDAGJ7hFd4c4bw4787HonXNKWZO4A+czx/Be41c</latexit>

0.0
<latexit sha1_base64="mj2081YA3+AIsVdrU9lRQg9KPWY=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgj0WvHisaD+gXUo2zbah2eySzApl6U/w4kERr/4ib/4b03YP2vog4fHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPbhVd1Cu2H8Bsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42WLVGbmwypCEsbZPIVmovzsyGhkzjQJbGVEcm1VvLv7n9VIM634mVJIiV2w5KEwlwZjM7yZDoTlDObWEMi3sroSNqaYMbTolG4K3evI6adeq3lW1dn9dadTzOIpwBudwCR7cQAPuoAktYDCCZ3iFN0c6L86787EsLTh5zyn8gfP5A1BEjSA=</latexit>

0.5
<latexit sha1_base64="kvNE+J3dN+QLFmlCp2lNoaGyoqI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4CklV7LHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+de90plz/XmIKvEz0kZctR7pa9uP2FZzBUySY3p+F6KwYRqFEzyabGbGZ5SNqID3rFU0ZibYDI/dUrOrdInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo2owESrNkCu2WBRlkmBCZn+TvtCcoRxbQpkW9lbChlRThjadog3BX355lTQrrn/pVu6vyrVqHkcBTuEMLsCHG6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBX2I0l</latexit>

1.0
<latexit sha1_base64="17JU8mgzW+0r3BU/ddjlTj7dEnk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqYI8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpwau6g3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNWPczLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ+1a1buq1u6vK416HkcRzuAcLsGDG2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwBRyo0h</latexit>

(b)
<latexit sha1_base64="g1nAuJKc2Za11pAaKoM8223wRjc=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmIzHBhtyhiZQkNpaYCBjhQvaWBTbs7V1254zkwr+wsdAYW/+Nnf/GBa5Q8CWTvLw3k5l5QSyFQdf9dnJr6xubW/ntws7u3v5B8fCoZaJEM95kkYz0fUANl0LxJgqU/D7WnIaB5O1gfD3z249cGxGpO5zE3A/pUImBYBSt9NBF/oRpOTif9oolt+LOQVaJl5ESZGj0il/dfsSSkCtkkhrT8dwY/ZRqFEzyaaGbGB5TNqZD3rFU0ZAbP51fPCVnVumTQaRtKSRz9fdESkNjJmFgO0OKI7PszcT/vE6Cg5qfChUnyBVbLBokkmBEZu+TvtCcoZxYQpkW9lbCRlRThjakgg3BW355lbSqFe+iUr29LNVrWRx5OIFTKIMHV1CHG2hAExgoeIZXeHOM8+K8Ox+L1pyTzRzDHzifP06OkKQ=</latexit>

(c)
<latexit sha1_base64="dfqruGIuvVFU2Wkh8g1H2/1zCmo=">AAAB8XicbVA9TwJBEN3DL8Qv1NJmIzHBhtyhiZQkNpaYCBjhQvaWATbs7V1254zkwr+wsdAYW/+Nnf/GBa5Q8CWTvLw3k5l5QSyFQdf9dnJr6xubW/ntws7u3v5B8fCoZaJEc2jySEb6PmAGpFDQRIES7mMNLAwktIPx9cxvP4I2IlJ3OInBD9lQiYHgDK300EV4wrTMz6e9YsmtuHPQVeJlpEQyNHrFr24/4kkICrlkxnQ8N0Y/ZRoFlzAtdBMDMeNjNoSOpYqFYPx0fvGUnlmlTweRtqWQztXfEykLjZmEge0MGY7MsjcT//M6CQ5qfipUnCAovlg0SCTFiM7ep32hgaOcWMK4FvZWykdMM442pIINwVt+eZW0qhXvolK9vSzVa1kceXJCTkmZeOSK1MkNaZAm4USRZ/JK3hzjvDjvzseiNedkM8fkD5zPH1AUkKU=</latexit>

(d)
<latexit sha1_base64="8WIx3qI3wEp6M4lgvLn6v+SAccY=">AAAB8XicbVBNS8NAEN3Ur1q/qh69BItQLyWpgj0WvHisYFuxDWWzmbRLN5uwOxFL6L/w4kERr/4bb/4bt20O2vpg4PHeDDPz/ERwjY7zbRXW1jc2t4rbpZ3dvf2D8uFRR8epYtBmsYjVvU81CC6hjRwF3CcKaOQL6Prj65nffQSleSzvcJKAF9Gh5CFnFI300Ed4wqwanE8H5YpTc+awV4mbkwrJ0RqUv/pBzNIIJDJBte65ToJeRhVyJmBa6qcaEsrGdAg9QyWNQHvZ/OKpfWaUwA5jZUqiPVd/T2Q00noS+aYzojjSy95M/M/rpRg2vIzLJEWQbLEoTIWNsT173w64AoZiYghliptbbTaiijI0IZVMCO7yy6ukU6+5F7X67WWl2cjjKJITckqqxCVXpEluSIu0CSOSPJNX8mZp68V6tz4WrQUrnzkmf2B9/gBRmpCm</latexit>

�
<latexit sha1_base64="UCo1fmcOUuSBKTBCb5bGsNwjZgo=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lqwR4LXjxWsB/QhrLZbpqlu5uwuxFK6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzgoQzbVz32yltbe/s7pX3KweHR8cn1dOzno5TRWiXxDxWgwBrypmkXcMMp4NEUSwCTvvB7C73+09UaRbLRzNPqC/wVLKQEWxyaZREbFytuXV3CbRJvILUoEBnXP0aTWKSCioN4Vjroecmxs+wMoxwuqiMUk0TTGZ4SoeWSiyo9rPlrQt0ZZUJCmNlSxq0VH9PZFhoPReB7RTYRHrdy8X/vGFqwpafMZmkhkqyWhSmHJkY5Y+jCVOUGD63BBPF7K2IRFhhYmw8FRuCt/7yJuk16t5NvfHQrLVbRRxluIBLuAYPbqEN99CBLhCI4Ble4c0Rzovz7nysWktOMXMOf+B8/gAR1I45</latexit>

�
<latexit sha1_base64="UCo1fmcOUuSBKTBCb5bGsNwjZgo=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lqwR4LXjxWsB/QhrLZbpqlu5uwuxFK6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzgoQzbVz32yltbe/s7pX3KweHR8cn1dOzno5TRWiXxDxWgwBrypmkXcMMp4NEUSwCTvvB7C73+09UaRbLRzNPqC/wVLKQEWxyaZREbFytuXV3CbRJvILUoEBnXP0aTWKSCioN4Vjroecmxs+wMoxwuqiMUk0TTGZ4SoeWSiyo9rPlrQt0ZZUJCmNlSxq0VH9PZFhoPReB7RTYRHrdy8X/vGFqwpafMZmkhkqyWhSmHJkY5Y+jCVOUGD63BBPF7K2IRFhhYmw8FRuCt/7yJuk16t5NvfHQrLVbRRxluIBLuAYPbqEN99CBLhCI4Ble4c0Rzovz7nysWktOMXMOf+B8/gAR1I45</latexit>

✏

EJ
<latexit sha1_base64="o2LN/a8LVCxoE0/4MZrJCjRJ5TM=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5JUwS4LIoirCvYBTQiT6aQdOpkJMxOhhuCvuHGhiFv/w51/47TNQlsPXDiccy/33hMmjCrtON9WaWV1bX2jvFnZ2t7Z3bP3DzpKpBKTNhZMyF6IFGGUk7ammpFeIgmKQ0a64fhq6ncfiFRU8Hs9SYgfoyGnEcVIGymwj7xIIpx5JFGUCZ5n18FtHthVp+bMAJeJW5AqKNAK7C9vIHAaE64xQ0r1XSfRfoakppiRvOKliiQIj9GQ9A3lKCbKz2bX5/DUKAMYCWmKazhTf09kKFZqEoemM0Z6pBa9qfif10911PAzypNUE47ni6KUQS3gNAo4oJJgzSaGICypuRXiETJxaBNYxYTgLr68TDr1mnteq99dVJuNIo4yOAYn4Ay44BI0wQ1ogTbA4BE8g1fwZj1ZL9a79TFvLVnFzCH4A+vzBxaYlZk=</latexit>

✏

EJ
<latexit sha1_base64="o2LN/a8LVCxoE0/4MZrJCjRJ5TM=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5JUwS4LIoirCvYBTQiT6aQdOpkJMxOhhuCvuHGhiFv/w51/47TNQlsPXDiccy/33hMmjCrtON9WaWV1bX2jvFnZ2t7Z3bP3DzpKpBKTNhZMyF6IFGGUk7ammpFeIgmKQ0a64fhq6ncfiFRU8Hs9SYgfoyGnEcVIGymwj7xIIpx5JFGUCZ5n18FtHthVp+bMAJeJW5AqKNAK7C9vIHAaE64xQ0r1XSfRfoakppiRvOKliiQIj9GQ9A3lKCbKz2bX5/DUKAMYCWmKazhTf09kKFZqEoemM0Z6pBa9qfif10911PAzypNUE47ni6KUQS3gNAo4oJJgzSaGICypuRXiETJxaBNYxYTgLr68TDr1mnteq99dVJuNIo4yOAYn4Ay44BI0wQ1ogTbA4BE8g1fwZj1ZL9a79TFvLVnFzCH4A+vzBxaYlZk=</latexit>

EJL/EJ = 1.2
<latexit sha1_base64="aNA2EbPEthI3embaTTwWkeAXvko=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgad2NgrkIAQlI8BDBPCBZl9nJbDJk9sHMrBKW/IcXD4p49V+8+TdOkj1oYkFDUdVNd5cXcyaVZX0buZXVtfWN/GZha3tnd6+4f9CSUSIIbZKIR6LjYUk5C2lTMcVpJxYUBx6nbW90PfXbj1RIFoX3ahxTJ8CDkPmMYKWlh5qb1m8nZzW3fmWbZbdYskxrBrRM7IyUIEPDLX71+hFJAhoqwrGUXduKlZNioRjhdFLoJZLGmIzwgHY1DXFApZPOrp6gE630kR8JXaFCM/X3RIoDKceBpzsDrIZy0ZuK/3ndRPkVJ2VhnCgakvkiP+FIRWgaAeozQYniY00wEUzfisgQC0yUDqqgQ7AXX14mrbJpn5vlu4tStZLFkYcjOIZTsOESqnADDWgCAQHP8ApvxpPxYrwbH/PWnJHNHMIfGJ8/aSiRHQ==</latexit>

EJL/EJ = 1.0
<latexit sha1_base64="wtHVeUKWmU1bvmYAux57ZveqXPg=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgad2NgrkIAQlI8BDBPCBZl9nJbDJk9sHMrBKW/IcXD4p49V+8+TdOkj1oYkFDUdVNd5cXcyaVZX0buZXVtfWN/GZha3tnd6+4f9CSUSIIbZKIR6LjYUk5C2lTMcVpJxYUBx6nbW90PfXbj1RIFoX3ahxTJ8CDkPmMYKWlh5qb1m8nZzW3fmWbllssWaY1A1omdkZKkKHhFr96/YgkAQ0V4VjKrm3FykmxUIxwOin0EkljTEZ4QLuahjig0klnV0/QiVb6yI+ErlChmfp7IsWBlOPA050BVkO56E3F/7xuovyKk7IwThQNyXyRn3CkIjSNAPWZoETxsSaYCKZvRWSIBSZKB1XQIdiLLy+TVtm0z83y3UWpWsniyMMRHMMp2HAJVbiBBjSBgIBneIU348l4Md6Nj3lrzshmDuEPjM8fZiCRGw==</latexit>

EJL/EJ = 0.8
<latexit sha1_base64="rGMObXAfZ4a8DIXgMYGYKURIEjg=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgad2NgrkIAQlI8BDBPCBZl9nJbDJk9sHMrBKW/IcXD4p49V+8+TdOkj1oYkFDUdVNd5cXcyaVZX0buZXVtfWN/GZha3tnd6+4f9CSUSIIbZKIR6LjYUk5C2lTMcVpJxYUBx6nbW90PfXbj1RIFoX3ahxTJ8CDkPmMYKWlh5qb1m8nZzW3fmWZFbdYskxrBrRM7IyUIEPDLX71+hFJAhoqwrGUXduKlZNioRjhdFLoJZLGmIzwgHY1DXFApZPOrp6gE630kR8JXaFCM/X3RIoDKceBpzsDrIZy0ZuK/3ndRPkVJ2VhnCgakvkiP+FIRWgaAeozQYniY00wEUzfisgQC0yUDqqgQ7AXX14mrbJpn5vlu4tStZLFkYcjOIZTsOESqnADDWgCAQHP8ApvxpPxYrwbH/PWnJHNHMIfGJ8/cLqRIg==</latexit>

EJL/EJ = 0.6
<latexit sha1_base64="mGwUxRg2NRk9pJNyPAEHXb6/vjs=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8rbtRNBchIAEJHiKYByTrMjuZTYbMPpiZVcKS//DiQRGv/os3/8ZJsgdNLGgoqrrp7vJizqSyrG9jaXlldW09t5Hf3Nre2S3s7TdllAhCGyTikWh7WFLOQtpQTHHajgXFgcdpyxteT/zWIxWSReG9GsXUCXA/ZD4jWGnpoeqmtdvxadWtXVnmhVsoWqY1BVokdkaKkKHuFr66vYgkAQ0V4VjKjm3FykmxUIxwOs53E0ljTIa4Tzuahjig0kmnV4/RsVZ6yI+ErlChqfp7IsWBlKPA050BVgM5703E/7xOovyyk7IwThQNyWyRn3CkIjSJAPWYoETxkSaYCKZvRWSABSZKB5XXIdjzLy+SZsm0z8zS3XmxUs7iyMEhHMEJ2HAJFbiBOjSAgIBneIU348l4Md6Nj1nrkpHNHMAfGJ8/bbKRIA==</latexit>

Figure 2.5.: Map of the different topological phases of the eigenspectrum λn (χ) (with
n = {0,+,−, p}), as a function of the detuning ϵ, and the phase bias ϕ,
for different asymmetries of the Josephson energies, EJL/EJ (a-d). In
(b) we mark all four possible topological phases with the symbols of
circle, triangle, inverted triangle, and star. Out of those, only the yellow
phase (star) is a topological phase with fractional charge e∗ = e/2. For
asymmetric junctions, EJL/EJ = 0.8 (see panel c), this phase is connected
for all ϕ for a certain interval of ϵ close to 0.
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2.5. Fractional charge versus fractional Josephson effect

Re[�]/�N
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Im[�]/EJ
<latexit sha1_base64="ViJWY/yyizvrYDiHgW8WZbu6PE8=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KomVbDLggjqqoJ9QBLKZDpth04ezNyIJWTjr7hxoYhbP8Odf+O0zUJbDwwczrmHO/f4seAKLOvbKCwtr6yuFddLG5tb2zvm7l5LRYmkrEkjEcmOTxQTPGRN4CBYJ5aMBL5gbX90OfHbD0wqHoX3MI6ZF5BByPucEtBS1zxwgT1CehNk2HGFzvWId3rVve2aZatiTYEXiZ2TMsrR6Jpfbi+iScBCoIIo5dhWDF5KJHAqWFZyE8ViQkdkwBxNQxIw5aXTAzJ8rJUe7kdSvxDwVP2dSEmg1Djw9WRAYKjmvYn4n+ck0K95KQ/jBFhIZ4v6icAQ4UkbuMcloyDGmhAquf4rpkMiCQXdWUmXYM+fvEha1Yp9VqnenZfrtbyOIjpER+gE2egC1dE1aqAmoihDz+gVvRlPxovxbnzMRgtGntlHf2B8/gAcRZYM</latexit>
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Re[�]
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�1
<latexit sha1_base64="tfgNxvHXG7ZaX6c+rUDud2wirPM=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRVsMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKD5dev1R2K+4cZJV4OSlDjka/9NUbxCyNuEImqTFdz03Qz6hGwSSfFnup4QllYzrkXUsVjbjxs/mlU3JulQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMa34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbThFG4K3/PIqaVUr3lWlen9drtfyOApwCmdwAR7cQB3uoAFNYBDCM7zCmzN2Xpx352PRuubkMyfwB87nD+IujOY=</latexit>

�2
<latexit sha1_base64="I2GbCcG9ojGSUc2L62pU2p4MAeU=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRVsMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKD5fVfqnsVtw5yCrxclKGHI1+6as3iFkacYVMUmO6npugn1GNgkk+LfZSwxPKxnTIu5YqGnHjZ/NLp+TcKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YY1vxMqCRFrthiUZhKgjGZvU0GQnOGcmIJZVrYWwkbUU0Z2nCKNgRv+eVV0qpWvKtK9f66XK/lcRTgFM7gAjy4gTrcQQOawCCEZ3iFN2fsvDjvzseidc3JZ07gD5zPH+OyjOc=</latexit>

�1
<latexit sha1_base64="tfgNxvHXG7ZaX6c+rUDud2wirPM=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRVsMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKD5dev1R2K+4cZJV4OSlDjka/9NUbxCyNuEImqTFdz03Qz6hGwSSfFnup4QllYzrkXUsVjbjxs/mlU3JulQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMa34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbThFG4K3/PIqaVUr3lWlen9drtfyOApwCmdwAR7cQB3uoAFNYBDCM7zCmzN2Xpx352PRuubkMyfwB87nD+IujOY=</latexit>

�2
<latexit sha1_base64="I2GbCcG9ojGSUc2L62pU2p4MAeU=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRVsMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKD5fVfqnsVtw5yCrxclKGHI1+6as3iFkacYVMUmO6npugn1GNgkk+LfZSwxPKxnTIu5YqGnHjZ/NLp+TcKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YY1vxMqCRFrthiUZhKgjGZvU0GQnOGcmIJZVrYWwkbUU0Z2nCKNgRv+eVV0qpWvKtK9f66XK/lcRTgFM7gAjy4gTrcQQOawCCEZ3iFN2fsvDjvzseidc3JZ07gD5zPH+OyjOc=</latexit>

�1
<latexit sha1_base64="tfgNxvHXG7ZaX6c+rUDud2wirPM=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRVsMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKD5dev1R2K+4cZJV4OSlDjka/9NUbxCyNuEImqTFdz03Qz6hGwSSfFnup4QllYzrkXUsVjbjxs/mlU3JulQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMa34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbThFG4K3/PIqaVUr3lWlen9drtfyOApwCmdwAR7cQB3uoAFNYBDCM7zCmzN2Xpx352PRuubkMyfwB87nD+IujOY=</latexit>

�2
<latexit sha1_base64="I2GbCcG9ojGSUc2L62pU2p4MAeU=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRVsMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKD5fVfqnsVtw5yCrxclKGHI1+6as3iFkacYVMUmO6npugn1GNgkk+LfZSwxPKxnTIu5YqGnHjZ/NLp+TcKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YY1vxMqCRFrthiUZhKgjGZvU0GQnOGcmIJZVrYWwkbUU0Z2nCKNgRv+eVV0qpWvKtK9f66XK/lcRTgFM7gAjy4gTrcQQOawCCEZ3iFN2fsvDjvzseidc3JZ07gD5zPH+OyjOc=</latexit>
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<latexit sha1_base64="tfgNxvHXG7ZaX6c+rUDud2wirPM=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRVsMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKD5dev1R2K+4cZJV4OSlDjka/9NUbxCyNuEImqTFdz03Qz6hGwSSfFnup4QllYzrkXUsVjbjxs/mlU3JulQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMa34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbThFG4K3/PIqaVUr3lWlen9drtfyOApwCmdwAR7cQB3uoAFNYBDCM7zCmzN2Xpx352PRuubkMyfwB87nD+IujOY=</latexit>
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�2
<latexit sha1_base64="I2GbCcG9ojGSUc2L62pU2p4MAeU=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRVsMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKD5fVfqnsVtw5yCrxclKGHI1+6as3iFkacYVMUmO6npugn1GNgkk+LfZSwxPKxnTIu5YqGnHjZ/NLp+TcKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YY1vxMqCRFrthiUZhKgjGZvU0GQnOGcmIJZVrYWwkbUU0Z2nCKNgRv+eVV0qpWvKtK9f66XK/lcRTgFM7gAjy4gTrcQQOawCCEZ3iFN2fsvDjvzseidc3JZ07gD5zPH+OyjOc=</latexit>

�1
<latexit sha1_base64="tfgNxvHXG7ZaX6c+rUDud2wirPM=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRVsMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKD5dev1R2K+4cZJV4OSlDjka/9NUbxCyNuEImqTFdz03Qz6hGwSSfFnup4QllYzrkXUsVjbjxs/mlU3JulQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMa34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbThFG4K3/PIqaVUr3lWlen9drtfyOApwCmdwAR7cQB3uoAFNYBDCM7zCmzN2Xpx352PRuubkMyfwB87nD+IujOY=</latexit>

1
<latexit sha1_base64="PMMVAj56CwSF/6ga4otp5Igdjpw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU9AalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1Yp3Xak2b8r1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AeOmMrw==</latexit>

2
<latexit sha1_base64="rEHzCxvbCIUsFnb9BW4eMmFoKQI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUrA5KZbfiLkDWiZeTMuRoDEpf/WHM0gilYYJq3fPcxPgZVYYzgbNiP9WYUDahI+xZKmmE2s8Wh87IpVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvulJt3pTrtTyOApzDBVyBB7dQh3toQAsYIDzDK7w5j86L8+58LFs3nHzmDP7A+fwBem2MsA==</latexit>

�2
<latexit sha1_base64="I2GbCcG9ojGSUc2L62pU2p4MAeU=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRVsMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKD5fVfqnsVtw5yCrxclKGHI1+6as3iFkacYVMUmO6npugn1GNgkk+LfZSwxPKxnTIu5YqGnHjZ/NLp+TcKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YY1vxMqCRFrthiUZhKgjGZvU0GQnOGcmIJZVrYWwkbUU0Z2nCKNgRv+eVV0qpWvKtK9f66XK/lcRTgFM7gAjy4gTrcQQOawCCEZ3iFN2fsvDjvzseidc3JZ07gD5zPH+OyjOc=</latexit>

�1
<latexit sha1_base64="tfgNxvHXG7ZaX6c+rUDud2wirPM=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRVsMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKD5dev1R2K+4cZJV4OSlDjka/9NUbxCyNuEImqTFdz03Qz6hGwSSfFnup4QllYzrkXUsVjbjxs/mlU3JulQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMa34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbThFG4K3/PIqaVUr3lWlen9drtfyOApwCmdwAR7cQB3uoAFNYBDCM7zCmzN2Xpx352PRuubkMyfwB87nD+IujOY=</latexit>

1
<latexit sha1_base64="PMMVAj56CwSF/6ga4otp5Igdjpw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU9AalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1Yp3Xak2b8r1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AeOmMrw==</latexit>

2
<latexit sha1_base64="rEHzCxvbCIUsFnb9BW4eMmFoKQI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUrA5KZbfiLkDWiZeTMuRoDEpf/WHM0gilYYJq3fPcxPgZVYYzgbNiP9WYUDahI+xZKmmE2s8Wh87IpVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvulJt3pTrtTyOApzDBVyBB7dQh3toQAsYIDzDK7w5j86L8+58LFs3nHzmDP7A+fwBem2MsA==</latexit>

�2
<latexit sha1_base64="I2GbCcG9ojGSUc2L62pU2p4MAeU=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRVsMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKD5fVfqnsVtw5yCrxclKGHI1+6as3iFkacYVMUmO6npugn1GNgkk+LfZSwxPKxnTIu5YqGnHjZ/NLp+TcKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YY1vxMqCRFrthiUZhKgjGZvU0GQnOGcmIJZVrYWwkbUU0Z2nCKNgRv+eVV0qpWvKtK9f66XK/lcRTgFM7gAjy4gTrcQQOawCCEZ3iFN2fsvDjvzseidc3JZ07gD5zPH+OyjOc=</latexit>

�1
<latexit sha1_base64="tfgNxvHXG7ZaX6c+rUDud2wirPM=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRVsMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKD5dev1R2K+4cZJV4OSlDjka/9NUbxCyNuEImqTFdz03Qz6hGwSSfFnup4QllYzrkXUsVjbjxs/mlU3JulQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMa34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbThFG4K3/PIqaVUr3lWlen9drtfyOApwCmdwAR7cQB3uoAFNYBDCM7zCmzN2Xpx352PRuubkMyfwB87nD+IujOY=</latexit>

1
<latexit sha1_base64="PMMVAj56CwSF/6ga4otp5Igdjpw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU9AalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1Yp3Xak2b8r1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AeOmMrw==</latexit>

2
<latexit sha1_base64="rEHzCxvbCIUsFnb9BW4eMmFoKQI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUrA5KZbfiLkDWiZeTMuRoDEpf/WHM0gilYYJq3fPcxPgZVYYzgbNiP9WYUDahI+xZKmmE2s8Wh87IpVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvulJt3pTrtTyOApzDBVyBB7dQh3toQAsYIDzDK7w5j86L8+58LFs3nHzmDP7A+fwBem2MsA==</latexit>

�2
<latexit sha1_base64="I2GbCcG9ojGSUc2L62pU2p4MAeU=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRVsMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKD5fVfqnsVtw5yCrxclKGHI1+6as3iFkacYVMUmO6npugn1GNgkk+LfZSwxPKxnTIu5YqGnHjZ/NLp+TcKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YY1vxMqCRFrthiUZhKgjGZvU0GQnOGcmIJZVrYWwkbUU0Z2nCKNgRv+eVV0qpWvKtK9f66XK/lcRTgFM7gAjy4gTrcQQOawCCEZ3iFN2fsvDjvzseidc3JZ07gD5zPH+OyjOc=</latexit>

�1
<latexit sha1_base64="tfgNxvHXG7ZaX6c+rUDud2wirPM=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRVsMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKD5dev1R2K+4cZJV4OSlDjka/9NUbxCyNuEImqTFdz03Qz6hGwSSfFnup4QllYzrkXUsVjbjxs/mlU3JulQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMa34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbThFG4K3/PIqaVUr3lWlen9drtfyOApwCmdwAR7cQB3uoAFNYBDCM7zCmzN2Xpx352PRuubkMyfwB87nD+IujOY=</latexit>

1
<latexit sha1_base64="PMMVAj56CwSF/6ga4otp5Igdjpw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU9AalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1Yp3Xak2b8r1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AeOmMrw==</latexit>

2
<latexit sha1_base64="rEHzCxvbCIUsFnb9BW4eMmFoKQI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUrA5KZbfiLkDWiZeTMuRoDEpf/WHM0gilYYJq3fPcxPgZVYYzgbNiP9WYUDahI+xZKmmE2s8Wh87IpVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvulJt3pTrtTyOApzDBVyBB7dQh3toQAsYIDzDK7w5j86L8+58LFs3nHzmDP7A+fwBem2MsA==</latexit>

�2�2<latexit sha1_base64="3teDRJ1ZINU5VMcmZrzLtlGsd3I=">AAAB+XicbVDLSgMxFL3js9bXqEs3wSK4KjNVsMuCG5cV7APaYcikmTY0yQxJplCG/okbF4q49U/c+Tem7QjaeuByD+fcS25OlHKmjed9ORubW9s7u6W98v7B4dGxe3La1kmmCG2RhCeqG2FNOZO0ZZjhtJsqikXEaSca3839zoQqzRL5aKYpDQQeShYzgo2VQtftazYUOKz99NCteFVvAbRO/IJUoEAzdD/7g4RkgkpDONa653upCXKsDCOczsr9TNMUkzEe0p6lEguqg3xx+QxdWmWA4kTZkgYt1N8bORZaT0VkJwU2I73qzcX/vF5m4nqQM5lmhkqyfCjOODIJmseABkxRYvjUEkwUs7ciMsIKE2PDKtsQ/NUvr5N2repfV2sPN5VGvYijBOdwAVfgwy004B6a0AICE3iCF3h1cufZeXPel6MbTrFzBn/gfHwDEcmTQQ==</latexit>

�4�4<latexit sha1_base64="FZvrgWAONV6G8MWzynKcddb0foc=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZmpBbssuHFZwT6gHYZMmrahSWZIMoUy9E/cuFDErX/izr8xbUfQ1gOXezjnXnJzooQzbTzvyylsbe/s7hX3SweHR8cn7ulZW8epIrRFYh6rboQ15UzSlmGG026iKBYRp51ocrfwO1OqNIvlo5klNBB4JNmQEWysFLpuX7ORwGHtp4du2at4S6BN4uekDDmaofvZH8QkFVQawrHWPd9LTJBhZRjhdF7qp5ommEzwiPYslVhQHWTLy+foyioDNIyVLWnQUv29kWGh9UxEdlJgM9br3kL8z+ulZlgPMiaT1FBJVg8NU45MjBYxoAFTlBg+swQTxeytiIyxwsTYsEo2BH/9y5ukXa34N5XqQ63cqOdxFOECLuEafLiFBtxDE1pAYApP8AKvTuY8O2/O+2q04OQ75/AHzsc3F+mTRQ==</latexit>

(�2�1�3)
2

<latexit sha1_base64="n17AWZdRrPtKUOfYTGC/qrvVrzQ=">AAACBXicbVC7TsMwFHXKq5RXgBEGiwqpLFWSItGxEgtjkehDakPkuE5r1XYi20Gqoi4s/AoLAwix8g9s/A1umwFajmTdo3Pu1fU9YcKo0o7zbRXW1jc2t4rbpZ3dvf0D+/CoreJUYtLCMYtlN0SKMCpIS1PNSDeRBPGQkU44vp75nQciFY3FnZ4kxOdoKGhEMdJGCuzTSl/RIUeBl1c3r7WLey+wy07VmQOuEjcnZZCjGdhf/UGMU06Exgwp1XOdRPsZkppiRqalfqpIgvAYDUnPUIE4UX42v2IKz40ygFEszRMaztXfExniSk14aDo50iO17M3E/7xeqqO6n1GRpJoIvFgUpQzqGM4igQMqCdZsYgjCkpq/QjxCEmFtgiuZENzlk1dJ26u6tap3e1lu1PM4iuAEnIEKcMEVaIAb0AQtgMEjeAav4M16sl6sd+tj0Vqw8plj8AfW5w8JQpeY</latexit>

(a)
<latexit sha1_base64="LiBFNgl4qwVVAuX5MNJxN44MC1Y=">AAAB8XicbVA9TwJBEN3DL8Qv1NJmIzHBhtyhiZQkNpaYCBjhQvaWATbs7V1254zkwr+wsdAYW/+Nnf/GBa5Q8CWTvLw3k5l5QSyFQdf9dnJr6xubW/ntws7u3v5B8fCoZaJEc2jySEb6PmAGpFDQRIES7mMNLAwktIPx9cxvP4I2IlJ3OInBD9lQiYHgDK300EV4wrTMzqe9YsmtuHPQVeJlpEQyNHrFr24/4kkICrlkxnQ8N0Y/ZRoFlzAtdBMDMeNjNoSOpYqFYPx0fvGUnlmlTweRtqWQztXfEykLjZmEge0MGY7MsjcT//M6CQ5qfipUnCAovlg0SCTFiM7ep32hgaOcWMK4FvZWykdMM442pIINwVt+eZW0qhXvolK9vSzVa1kceXJCTkmZeOSK1MkNaZAm4USRZ/JK3hzjvDjvzseiNedkM8fkD5zPH00IkKM=</latexit>

(b)
<latexit sha1_base64="g1nAuJKc2Za11pAaKoM8223wRjc=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmIzHBhtyhiZQkNpaYCBjhQvaWBTbs7V1254zkwr+wsdAYW/+Nnf/GBa5Q8CWTvLw3k5l5QSyFQdf9dnJr6xubW/ntws7u3v5B8fCoZaJEM95kkYz0fUANl0LxJgqU/D7WnIaB5O1gfD3z249cGxGpO5zE3A/pUImBYBSt9NBF/oRpOTif9oolt+LOQVaJl5ESZGj0il/dfsSSkCtkkhrT8dwY/ZRqFEzyaaGbGB5TNqZD3rFU0ZAbP51fPCVnVumTQaRtKSRz9fdESkNjJmFgO0OKI7PszcT/vE6Cg5qfChUnyBVbLBokkmBEZu+TvtCcoZxYQpkW9lbCRlRThjakgg3BW355lbSqFe+iUr29LNVrWRx5OIFTKIMHV1CHG2hAExgoeIZXeHOM8+K8Ox+L1pyTzRzDHzifP06OkKQ=</latexit>

(c)
<latexit sha1_base64="dfqruGIuvVFU2Wkh8g1H2/1zCmo=">AAAB8XicbVA9TwJBEN3DL8Qv1NJmIzHBhtyhiZQkNpaYCBjhQvaWATbs7V1254zkwr+wsdAYW/+Nnf/GBa5Q8CWTvLw3k5l5QSyFQdf9dnJr6xubW/ntws7u3v5B8fCoZaJEc2jySEb6PmAGpFDQRIES7mMNLAwktIPx9cxvP4I2IlJ3OInBD9lQiYHgDK300EV4wrTMz6e9YsmtuHPQVeJlpEQyNHrFr24/4kkICrlkxnQ8N0Y/ZRoFlzAtdBMDMeNjNoSOpYqFYPx0fvGUnlmlTweRtqWQztXfEykLjZmEge0MGY7MsjcT//M6CQ5qfipUnCAovlg0SCTFiM7ep32hgaOcWMK4FvZWykdMM442pIINwVt+eZW0qhXvolK9vSzVa1kceXJCTkmZeOSK1MkNaZAm4USRZ/JK3hzjvDjvzseiNedkM8fkD5zPH1AUkKU=</latexit>

(d)
<latexit sha1_base64="8WIx3qI3wEp6M4lgvLn6v+SAccY=">AAAB8XicbVBNS8NAEN3Ur1q/qh69BItQLyWpgj0WvHisYFuxDWWzmbRLN5uwOxFL6L/w4kERr/4bb/4bt20O2vpg4PHeDDPz/ERwjY7zbRXW1jc2t4rbpZ3dvf2D8uFRR8epYtBmsYjVvU81CC6hjRwF3CcKaOQL6Prj65nffQSleSzvcJKAF9Gh5CFnFI300Ed4wqwanE8H5YpTc+awV4mbkwrJ0RqUv/pBzNIIJDJBte65ToJeRhVyJmBa6qcaEsrGdAg9QyWNQHvZ/OKpfWaUwA5jZUqiPVd/T2Q00noS+aYzojjSy95M/M/rpRg2vIzLJEWQbLEoTIWNsT173w64AoZiYghliptbbTaiijI0IZVMCO7yy6ukU6+5F7X67WWl2cjjKJITckqqxCVXpEluSIu0CSOSPJNX8mZp68V6tz4WrQUrnzkmf2B9/gBRmpCm</latexit>

�0
<latexit sha1_base64="kMv7XPRDL+wADvAFC0kbZpkrKyE="></latexit>

��<latexit sha1_base64="DPTbfddO+GatSNKH2gVvIneYe4k="></latexit>

�p
<latexit sha1_base64="hCU/P5glgvBdDGOcdPwpk39tBvQ="></latexit>

�+
<latexit sha1_base64="9EaoEW5ymhFJkRHVxTvPHujetcY="></latexit>

\definecolor{redkey}{rgb}{0.86, 0.42, 0.26}
\definecolor{bluekey}{rgb}{0.40, 0.50, 0.69}
\definecolor{greenkey}{rgb}{0.59, 0.69, 0.28}
\definecolor{yellowkey}{rgb}{0.84, 0.62, 0.25}

Figure 2.6.: The real and imaginary parts of the spectrum λn (χ) (with n =
{0,+,−, p}), drawn parametrically for χ = [0,2π), for the four different
topological phases mapped out in Fig. 2.5 (a-d), and the definitions for
the generators of the braid group, σ1,2,3 (e). The corresponding inverse
generators σ−1

1,2,3 can be constructed by braiding with opposite chirality.
There is a trivial phase (a), where all complex eigenvalues form separate
bands. The corresponding braid word is trivial. In (b) the eigenvalues λ0
and λp braid twice, such that the total spectrum remains 2π-periodic
in χ. This spectrum can be described by the braid word σ4σ4 with
σ4 = σ−1

1 σ−1
3 σ2σ3σ1. In (c) the same double braiding occurs but with

the eigenvalues λ+ and λ−, characterized by the braid word σ2σ2. Finally,
in (d) the braid leads to eigenvalues λ0 and λp, respectively λ+ and λ−,
swapping places. Here, the eigenspectrum is 4π-periodic in χ, thus break-
ing the 2π-periodicity of L (χ). Here, the transport can be described by
eigenmodes with fractional charge e∗ = e/2.
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metal hybrid circuits

mon generation by means of the exceptional points in (χ,ϕ), as shown in Fig. 2.4,
however, as it turns out, their configuration may be such that different braid phases
occur along the two parameters.

In addition, there is a topological phase (inverted star symbol in Fig. 2.7b) which
deserves the label of a fractional Josephson effect in a more narrow sense. Namely, the
complex spectrum here (shown in Fig. 2.8d) can be continuously mapped to the open
system spectrum of the actual Majorana-fermion circuit, shown in Fig. 2.1f. That
is, the shape of the eigenvalues in Fig. 2.8d permits the explicit interpretation of the
spectrum as two eigenvalues related to the coherent (Hamiltonian) dynamics λ± which
have now a closed minigap, and remaining standard eigenvalues related to decay and
stationary state, which do not partake in the braid. Importantly, we note that for a
closed system, the gap in the Josephson spectrum can only be closed when using at
least four superconducting contacts (and thus three phase differences ϕ1,2,3) as shown
in Ref. [Riw+16b]. As already pointed out in Sec. 2.2, for the circuit considered
here, with only two superconducting contacts (and the single phase difference ϕ), the
closed system cannot stabilize a closing of the minigap: any deviation from ϵ = 0
or EJL = EJR opens a gap. Here we show, that a gap closing can be stabilized by
means of the interplay between a nonequilibrium drive (due to the normal metal) and
a measurement of the transport statistics (nonzero χ).

Let us conclude this section by summarizing, that for a generic open quantum
circuit, the emergence of fractional charges defined in the FCS (χ) and a fractional
Josephson effect, indicating the unit of charge with which the magnetic field interacts
(ϕ) are in so far related, as they are generated by exceptional points in the 2D space
spanned by (χ,ϕ). They are however also distinct in the sense that these exceptional
points produce different braids when analyzing the spectrum either along the χ-space
(where either 2π- or 4π-periodic spectra emerge) or along the ϕ-space (where we find
2π-, 4π- and even 8π-periodic spectra). Moreover, we can show that the fractional
Josephson effect, and thus a closing of the minigap in the Josephson energy (imaginary
part of the complex eigenspectrum) can be stabilized when combining nonequilibrium
and transport measurements, a feature which is impossible for a closed (dissipation-
free) circuit.

Finally, let us explicitly point out what we have already indicated at the beginning
of Sec. 2.4. Namely, there is a left-right asymmetry in the occurrence of topological
phases, as can be seen when swapping EJL ↔ EJR, e.g., when comparing Figs. 2.5a
and c as well as Figs. 2.7a and c. This is due to the fact, that the current is measured
asymmetrically (at the right contact), as we have discussed when defining the current
operator, Eq. (2.11). Exact left-right symmetry is only achieved by mirroring the
circuit and the detector placement.

2.6. Finite counting field as weak measurement
While we have learned above that a trivial circuit with a quantum dot coupled to
superconducting and normal metal contacts provide an unexpected wealth of open
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(c)
<latexit sha1_base64="dfqruGIuvVFU2Wkh8g1H2/1zCmo=">AAAB8XicbVA9TwJBEN3DL8Qv1NJmIzHBhtyhiZQkNpaYCBjhQvaWATbs7V1254zkwr+wsdAYW/+Nnf/GBa5Q8CWTvLw3k5l5QSyFQdf9dnJr6xubW/ntws7u3v5B8fCoZaJEc2jySEb6PmAGpFDQRIES7mMNLAwktIPx9cxvP4I2IlJ3OInBD9lQiYHgDK300EV4wrTMz6e9YsmtuHPQVeJlpEQyNHrFr24/4kkICrlkxnQ8N0Y/ZRoFlzAtdBMDMeNjNoSOpYqFYPx0fvGUnlmlTweRtqWQztXfEykLjZmEge0MGY7MsjcT//M6CQ5qfipUnCAovlg0SCTFiM7ep32hgaOcWMK4FvZWykdMM442pIINwVt+eZW0qhXvolK9vSzVa1kceXJCTkmZeOSK1MkNaZAm4USRZ/JK3hzjvDjvzseiNedkM8fkD5zPH1AUkKU=</latexit>

✏

EJ
<latexit sha1_base64="o2LN/a8LVCxoE0/4MZrJCjRJ5TM=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5JUwS4LIoirCvYBTQiT6aQdOpkJMxOhhuCvuHGhiFv/w51/47TNQlsPXDiccy/33hMmjCrtON9WaWV1bX2jvFnZ2t7Z3bP3DzpKpBKTNhZMyF6IFGGUk7ammpFeIgmKQ0a64fhq6ncfiFRU8Hs9SYgfoyGnEcVIGymwj7xIIpx5JFGUCZ5n18FtHthVp+bMAJeJW5AqKNAK7C9vIHAaE64xQ0r1XSfRfoakppiRvOKliiQIj9GQ9A3lKCbKz2bX5/DUKAMYCWmKazhTf09kKFZqEoemM0Z6pBa9qfif10911PAzypNUE47ni6KUQS3gNAo4oJJgzSaGICypuRXiETJxaBNYxYTgLr68TDr1mnteq99dVJuNIo4yOAYn4Ay44BI0wQ1ogTbA4BE8g1fwZj1ZL9a79TFvLVnFzCH4A+vzBxaYlZk=</latexit>

EJL/EJ = 1.0
<latexit sha1_base64="wtHVeUKWmU1bvmYAux57ZveqXPg=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgad2NgrkIAQlI8BDBPCBZl9nJbDJk9sHMrBKW/IcXD4p49V+8+TdOkj1oYkFDUdVNd5cXcyaVZX0buZXVtfWN/GZha3tnd6+4f9CSUSIIbZKIR6LjYUk5C2lTMcVpJxYUBx6nbW90PfXbj1RIFoX3ahxTJ8CDkPmMYKWlh5qb1m8nZzW3fmWbllssWaY1A1omdkZKkKHhFr96/YgkAQ0V4VjKrm3FykmxUIxwOin0EkljTEZ4QLuahjig0klnV0/QiVb6yI+ErlChmfp7IsWBlOPA050BVkO56E3F/7xuovyKk7IwThQNyXyRn3CkIjSNAPWZoETxsSaYCKZvRWSIBSZKB1XQIdiLLy+TVtm0z83y3UWpWsniyMMRHMMp2HAJVbiBBjSBgIBneIU348l4Md6Nj3lrzshmDuEPjM8fZiCRGw==</latexit>

0
<latexit sha1_base64="8SPvTV/z8oIhjlRiKd59oqPvbVY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUdAelsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1Yp3Xak2b8r1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4Ad2WMrg==</latexit>

⇡
<latexit sha1_base64="MZ2/ZVxHsDLFuC8Iw6qdhtemMDE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqYI8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoZ/wQbniVt0FyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmrPsZl0lqULLlojAVxMRk/jcZcoXMiKkllClubyVsTBVlxqZTsiF4qy+vk3at6l1Va/fXlUY9j6MIZ3AOl+DBDTTgDprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzifP04Jjcc=</latexit>

2⇡
<latexit sha1_base64="3I9Hr77NEjSA8pETyXfVCImJSdU=">AAAB63icbVBNSwMxEJ34WetX1aOXYBE8ld0q2GPBi8cK9gPapWTTbBuaZJckK5Slf8GLB0W8+oe8+W/MtnvQ1gcDj/dmmJkXJoIb63nfaGNza3tnt7RX3j84PDqunJx2TJxqyto0FrHuhcQwwRVrW24F6yWaERkK1g2nd7nffWLa8Fg92lnCAknGikecEptL9UHCh5WqV/MWwOvEL0gVCrSGla/BKKapZMpSQYzp+15ig4xoy6lg8/IgNSwhdErGrO+oIpKZIFvcOseXThnhKNaulMUL9fdERqQxMxm6TknsxKx6ufif109t1AgyrpLUMkWXi6JUYBvj/HE84ppRK2aOEKq5uxXTCdGEWhdP2YXgr768Tjr1mn9dqz/cVJuNIo4SnMMFXIEPt9CEe2hBGyhM4Ble4Q1J9ILe0ceydQMVM2fwB+jzB79PjgM=</latexit>

(d)
<latexit sha1_base64="8WIx3qI3wEp6M4lgvLn6v+SAccY=">AAAB8XicbVBNS8NAEN3Ur1q/qh69BItQLyWpgj0WvHisYFuxDWWzmbRLN5uwOxFL6L/w4kERr/4bb/4bt20O2vpg4PHeDDPz/ERwjY7zbRXW1jc2t4rbpZ3dvf2D8uFRR8epYtBmsYjVvU81CC6hjRwF3CcKaOQL6Prj65nffQSleSzvcJKAF9Gh5CFnFI300Ed4wqwanE8H5YpTc+awV4mbkwrJ0RqUv/pBzNIIJDJBte65ToJeRhVyJmBa6qcaEsrGdAg9QyWNQHvZ/OKpfWaUwA5jZUqiPVd/T2Q00noS+aYzojjSy95M/M/rpRg2vIzLJEWQbLEoTIWNsT173w64AoZiYghliptbbTaiijI0IZVMCO7yy6ukU6+5F7X67WWl2cjjKJITckqqxCVXpEluSIu0CSOSPJNX8mZp68V6tz4WrQUrnzkmf2B9/gBRmpCm</latexit>

EJL/EJ = 0.8
<latexit sha1_base64="rGMObXAfZ4a8DIXgMYGYKURIEjg=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgad2NgrkIAQlI8BDBPCBZl9nJbDJk9sHMrBKW/IcXD4p49V+8+TdOkj1oYkFDUdVNd5cXcyaVZX0buZXVtfWN/GZha3tnd6+4f9CSUSIIbZKIR6LjYUk5C2lTMcVpJxYUBx6nbW90PfXbj1RIFoX3ahxTJ8CDkPmMYKWlh5qb1m8nZzW3fmWZFbdYskxrBrRM7IyUIEPDLX71+hFJAhoqwrGUXduKlZNioRjhdFLoJZLGmIzwgHY1DXFApZPOrp6gE630kR8JXaFCM/X3RIoDKceBpzsDrIZy0ZuK/3ndRPkVJ2VhnCgakvkiP+FIRWgaAeozQYniY00wEUzfisgQC0yUDqqgQ7AXX14mrbJpn5vlu4tStZLFkYcjOIZTsOESqnADDWgCAQHP8ApvxpPxYrwbH/PWnJHNHMIfGJ8/cLqRIg==</latexit>

EJL/EJ = 1.1
<latexit sha1_base64="Nh1eJP8RhQOZ7FiUlnqY1gRtptw=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgad2NgrkIAQlI8BDBPCBZl9nJbDJk9sHMrBKW/IcXD4p49V+8+TdOkj1oYkFDUdVNd5cXcyaVZX0buZXVtfWN/GZha3tnd6+4f9CSUSIIbZKIR6LjYUk5C2lTMcVpJxYUBx6nbW90PfXbj1RIFoX3ahxTJ8CDkPmMYKWlh5qb1m8nZzW3fmWbtlssWaY1A1omdkZKkKHhFr96/YgkAQ0V4VjKrm3FykmxUIxwOin0EkljTEZ4QLuahjig0klnV0/QiVb6yI+ErlChmfp7IsWBlOPA050BVkO56E3F/7xuovyKk7IwThQNyXyRn3CkIjSNAPWZoETxsSaYCKZvRWSIBSZKB1XQIdiLLy+TVtm0z83y3UWpWsniyMMRHMMp2HAJVbiBBjSBgIBneIU348l4Md6Nj3lrzshmDuEPjM8fZ6SRHA==</latexit>

EJL/EJ = 0.9
<latexit sha1_base64="tyqDLveKbz1IsvaoiQO8+2MoK1U=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8rbtRMB6EgAQkeIhgHpCsy+xkNhky+2BmVglL/sOLB0W8+i/e/BsnyR40saChqOqmu8uLOZPKsr6NpeWV1bX13EZ+c2t7Z7ewt9+UUSIIbZCIR6LtYUk5C2lDMcVpOxYUBx6nLW94PfFbj1RIFoX3ahRTJ8D9kPmMYKWlh6qb1m7Hp1W3dmWZl26haJnWFGiR2BkpQoa6W/jq9iKSBDRUhGMpO7YVKyfFQjHC6TjfTSSNMRniPu1oGuKASiedXj1Gx1rpIT8SukKFpurviRQHUo4CT3cGWA3kvDcR//M6ifLLTsrCOFE0JLNFfsKRitAkAtRjghLFR5pgIpi+FZEBFpgoHVReh2DPv7xImiXTPjNLd+fFSjmLIweHcAQnYMMFVOAG6tAAAgKe4RXejCfjxXg3PmatS0Y2cwB/YHz+AHI+kSM=</latexit>

�
<latexit sha1_base64="J8j5PfGY1Uc1lvXmQ/l7riBRTyk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lqwR4LXjxWsB/QhrLZbpqlu5uwuxFK6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzgoQzbVz32yltbe/s7pX3KweHR8cn1dOzno5TRWiXxDxWgwBrypmkXcMMp4NEUSwCTvvB7C73+09UaRbLRzNPqC/wVLKQEWxyaUQiNq7W3Lq7BNokXkFqUKAzrn6NJjFJBZWGcKz10HMT42dYGUY4XVRGqaYJJjM8pUNLJRZU+9ny1gW6ssoEhbGyJQ1aqr8nMiy0novAdgpsIr3u5eJ/3jA1YcvPmExSQyVZLQpTjkyM8sfRhClKDJ9bgoli9lZEIqwwMTaeig3BW395k/Qade+m3nho1tqtIo4yXMAlXIMHt9CGe+hAFwhE8Ayv8OYI58V5dz5WrSWnmDmHP3A+fwD9944s</latexit>

�
<latexit sha1_base64="J8j5PfGY1Uc1lvXmQ/l7riBRTyk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lqwR4LXjxWsB/QhrLZbpqlu5uwuxFK6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzgoQzbVz32yltbe/s7pX3KweHR8cn1dOzno5TRWiXxDxWgwBrypmkXcMMp4NEUSwCTvvB7C73+09UaRbLRzNPqC/wVLKQEWxyaUQiNq7W3Lq7BNokXkFqUKAzrn6NJjFJBZWGcKz10HMT42dYGUY4XVRGqaYJJjM8pUNLJRZU+9ny1gW6ssoEhbGyJQ1aqr8nMiy0novAdgpsIr3u5eJ/3jA1YcvPmExSQyVZLQpTjkyM8sfRhClKDJ9bgoli9lZEIqwwMTaeig3BW395k/Qade+m3nho1tqtIo4yXMAlXIMHt9CGe+hAFwhE8Ayv8OYI58V5dz5WrSWnmDmHP3A+fwD9944s</latexit>

Figure 2.7.: Map of the different topological phases of the spectrum λn (ϕ), as a func-
tion of the detuning ϵ, and the counting field χ, for different asymmetries
of the Josephson energies, EJL/EJ (a-d). Apart from the trivial phase,
there are here four distinct topological phases, marked in (b) with the
symbols of square, rhombus, pentagon, and inverted star. For each topo-
logical phase at a given (ϵ, χ), there is a partner phase at (−ϵ, χ) which
can be obtained through complex conjugation of the bands λx → λ∗x.
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2. Fractional charges and fractional Josephson effect in superconductor-normal
metal hybrid circuits

Re[�]/�N
<latexit sha1_base64="74eiLM+9MewknuDN3/Nee1XXPQ0=">AAACBXicbVC7SgNBFJ31bXxFLbUYDIJV3FVBS8FCK4liVMgu4e7kRgdndpeZu2JY0tj4KzYWitj6D3b+jZNH4evAwOGce7hzT5wpacn3P72R0bHxicmp6dLM7Nz8Qnlx6dymuRFYF6lKzWUMFpVMsE6SFF5mBkHHCi/im4Oef3GLxso0OaNOhpGGq0S2pQByUrO8GhLeUXGKXd4Ilcu1INoMD0FraB43yxW/6vfB/5JgSCpsiFqz/BG2UpFrTEgosLYR+BlFBRiSQmG3FOYWMxA3cIUNRxPQaKOif0WXrzulxdupcS8h3le/JwrQ1nZ07CY10LX97fXE/7xGTu29qJBJlhMmYrConStOKe9VwlvSoCDVcQSEke6vXFyDAUGuuJIrIfh98l9yvlUNtqtbJzuV/b1hHVNsha2xDRawXbbPjliN1Zlg9+yRPbMX78F78l69t8HoiDfMLLMf8N6/AAw+mD0=</latexit>

Im[�]/EJ
<latexit sha1_base64="ViJWY/yyizvrYDiHgW8WZbu6PE8=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KomVbDLggjqqoJ9QBLKZDpth04ezNyIJWTjr7hxoYhbP8Odf+O0zUJbDwwczrmHO/f4seAKLOvbKCwtr6yuFddLG5tb2zvm7l5LRYmkrEkjEcmOTxQTPGRN4CBYJ5aMBL5gbX90OfHbD0wqHoX3MI6ZF5BByPucEtBS1zxwgT1CehNk2HGFzvWId3rVve2aZatiTYEXiZ2TMsrR6Jpfbi+iScBCoIIo5dhWDF5KJHAqWFZyE8ViQkdkwBxNQxIw5aXTAzJ8rJUe7kdSvxDwVP2dSEmg1Djw9WRAYKjmvYn4n+ck0K95KQ/jBFhIZ4v6icAQ4UkbuMcloyDGmhAquf4rpkMiCQXdWUmXYM+fvEha1Yp9VqnenZfrtbyOIjpER+gE2egC1dE1aqAmoihDz+gVvRlPxovxbnzMRgtGntlHf2B8/gAcRZYM</latexit>

Im[�]/EJ
<latexit sha1_base64="ViJWY/yyizvrYDiHgW8WZbu6PE8=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KomVbDLggjqqoJ9QBLKZDpth04ezNyIJWTjr7hxoYhbP8Odf+O0zUJbDwwczrmHO/f4seAKLOvbKCwtr6yuFddLG5tb2zvm7l5LRYmkrEkjEcmOTxQTPGRN4CBYJ5aMBL5gbX90OfHbD0wqHoX3MI6ZF5BByPucEtBS1zxwgT1CehNk2HGFzvWId3rVve2aZatiTYEXiZ2TMsrR6Jpfbi+iScBCoIIo5dhWDF5KJHAqWFZyE8ViQkdkwBxNQxIw5aXTAzJ8rJUe7kdSvxDwVP2dSEmg1Djw9WRAYKjmvYn4n+ck0K95KQ/jBFhIZ4v6icAQ4UkbuMcloyDGmhAquf4rpkMiCQXdWUmXYM+fvEha1Yp9VqnenZfrtbyOIjpER+gE2egC1dE1aqAmoihDz+gVvRlPxovxbnzMRgtGntlHf2B8/gAcRZYM</latexit>

Re[�]

�N<latexit sha1_base64="iO4MDeDQy88OlKCS1gxDHXeUViw=">AAACDXicbVBNb9NAFFynUEJa2lCOXFaklXqK7LRSc4zEAU6oVE0TKbai581zssqube0+IyLLf4ALf4ULBxDiyp1b/003HwdIOtJKo5k3evsmzpW05Pv3Xm3vydP9Z/XnjYPDF0fHzZcndzYrjMC+yFRmhjFYVDLFPklSOMwNgo4VDuL526U/+ITGyiy9pUWOkYZpKhMpgJw0bp6GiQFRhoSfqbzBio9C5dITiKoyfAdaw/hDNW62/La/At8lwYa02AbX4+bfcJKJQmNKQoG1o8DPKSrBkBQKq0ZYWMxBzGGKI0dT0GijcnVNxc+cMuFJZtxLia/UfxMlaGsXOnaTGmhmt72l+Jg3KijpRqVM84IwFetFSaE4ZXxZDZ9Ig4LUwhEQRrq/cjEDVw+5AhuuhGD75F1y12kHF+3Ox8tWr7upo85eszfsnAXsivXYe3bN+kywL+wb+8F+el+9794v7/d6tOZtMq/Yf/D+PABD15xG</latexit>

Re[�]

�N<latexit sha1_base64="iO4MDeDQy88OlKCS1gxDHXeUViw=">AAACDXicbVBNb9NAFFynUEJa2lCOXFaklXqK7LRSc4zEAU6oVE0TKbai581zssqube0+IyLLf4ALf4ULBxDiyp1b/003HwdIOtJKo5k3evsmzpW05Pv3Xm3vydP9Z/XnjYPDF0fHzZcndzYrjMC+yFRmhjFYVDLFPklSOMwNgo4VDuL526U/+ITGyiy9pUWOkYZpKhMpgJw0bp6GiQFRhoSfqbzBio9C5dITiKoyfAdaw/hDNW62/La/At8lwYa02AbX4+bfcJKJQmNKQoG1o8DPKSrBkBQKq0ZYWMxBzGGKI0dT0GijcnVNxc+cMuFJZtxLia/UfxMlaGsXOnaTGmhmt72l+Jg3KijpRqVM84IwFetFSaE4ZXxZDZ9Ig4LUwhEQRrq/cjEDVw+5AhuuhGD75F1y12kHF+3Ox8tWr7upo85eszfsnAXsivXYe3bN+kywL+wb+8F+el+9794v7/d6tOZtMq/Yf/D+PABD15xG</latexit>

�1
<latexit sha1_base64="tfgNxvHXG7ZaX6c+rUDud2wirPM=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRVsMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKD5dev1R2K+4cZJV4OSlDjka/9NUbxCyNuEImqTFdz03Qz6hGwSSfFnup4QllYzrkXUsVjbjxs/mlU3JulQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMa34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbThFG4K3/PIqaVUr3lWlen9drtfyOApwCmdwAR7cQB3uoAFNYBDCM7zCmzN2Xpx352PRuubkMyfwB87nD+IujOY=</latexit>

�2
<latexit sha1_base64="I2GbCcG9ojGSUc2L62pU2p4MAeU=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRVsMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKD5fVfqnsVtw5yCrxclKGHI1+6as3iFkacYVMUmO6npugn1GNgkk+LfZSwxPKxnTIu5YqGnHjZ/NLp+TcKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YY1vxMqCRFrthiUZhKgjGZvU0GQnOGcmIJZVrYWwkbUU0Z2nCKNgRv+eVV0qpWvKtK9f66XK/lcRTgFM7gAjy4gTrcQQOawCCEZ3iFN2fsvDjvzseidc3JZ07gD5zPH+OyjOc=</latexit>

�1
<latexit sha1_base64="tfgNxvHXG7ZaX6c+rUDud2wirPM=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRVsMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKD5dev1R2K+4cZJV4OSlDjka/9NUbxCyNuEImqTFdz03Qz6hGwSSfFnup4QllYzrkXUsVjbjxs/mlU3JulQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMa34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbThFG4K3/PIqaVUr3lWlen9drtfyOApwCmdwAR7cQB3uoAFNYBDCM7zCmzN2Xpx352PRuubkMyfwB87nD+IujOY=</latexit>

�2
<latexit sha1_base64="I2GbCcG9ojGSUc2L62pU2p4MAeU=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRVsMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKD5fVfqnsVtw5yCrxclKGHI1+6as3iFkacYVMUmO6npugn1GNgkk+LfZSwxPKxnTIu5YqGnHjZ/NLp+TcKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YY1vxMqCRFrthiUZhKgjGZvU0GQnOGcmIJZVrYWwkbUU0Z2nCKNgRv+eVV0qpWvKtK9f66XK/lcRTgFM7gAjy4gTrcQQOawCCEZ3iFN2fsvDjvzseidc3JZ07gD5zPH+OyjOc=</latexit>

�1
<latexit sha1_base64="tfgNxvHXG7ZaX6c+rUDud2wirPM=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRVsMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKD5dev1R2K+4cZJV4OSlDjka/9NUbxCyNuEImqTFdz03Qz6hGwSSfFnup4QllYzrkXUsVjbjxs/mlU3JulQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMa34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbThFG4K3/PIqaVUr3lWlen9drtfyOApwCmdwAR7cQB3uoAFNYBDCM7zCmzN2Xpx352PRuubkMyfwB87nD+IujOY=</latexit>

�2
<latexit sha1_base64="I2GbCcG9ojGSUc2L62pU2p4MAeU=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRVsMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKD5fVfqnsVtw5yCrxclKGHI1+6as3iFkacYVMUmO6npugn1GNgkk+LfZSwxPKxnTIu5YqGnHjZ/NLp+TcKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YY1vxMqCRFrthiUZhKgjGZvU0GQnOGcmIJZVrYWwkbUU0Z2nCKNgRv+eVV0qpWvKtK9f66XK/lcRTgFM7gAjy4gTrcQQOawCCEZ3iFN2fsvDjvzseidc3JZ07gD5zPH+OyjOc=</latexit>

�1
<latexit sha1_base64="tfgNxvHXG7ZaX6c+rUDud2wirPM=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRVsMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKD5dev1R2K+4cZJV4OSlDjka/9NUbxCyNuEImqTFdz03Qz6hGwSSfFnup4QllYzrkXUsVjbjxs/mlU3JulQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMa34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbThFG4K3/PIqaVUr3lWlen9drtfyOApwCmdwAR7cQB3uoAFNYBDCM7zCmzN2Xpx352PRuubkMyfwB87nD+IujOY=</latexit>

�2
<latexit sha1_base64="I2GbCcG9ojGSUc2L62pU2p4MAeU=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRVsMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKD5fVfqnsVtw5yCrxclKGHI1+6as3iFkacYVMUmO6npugn1GNgkk+LfZSwxPKxnTIu5YqGnHjZ/NLp+TcKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YY1vxMqCRFrthiUZhKgjGZvU0GQnOGcmIJZVrYWwkbUU0Z2nCKNgRv+eVV0qpWvKtK9f66XK/lcRTgFM7gAjy4gTrcQQOawCCEZ3iFN2fsvDjvzseidc3JZ07gD5zPH+OyjOc=</latexit>

�2
<latexit sha1_base64="I2GbCcG9ojGSUc2L62pU2p4MAeU=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRVsMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKD5fVfqnsVtw5yCrxclKGHI1+6as3iFkacYVMUmO6npugn1GNgkk+LfZSwxPKxnTIu5YqGnHjZ/NLp+TcKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YY1vxMqCRFrthiUZhKgjGZvU0GQnOGcmIJZVrYWwkbUU0Z2nCKNgRv+eVV0qpWvKtK9f66XK/lcRTgFM7gAjy4gTrcQQOawCCEZ3iFN2fsvDjvzseidc3JZ07gD5zPH+OyjOc=</latexit>

�1
<latexit sha1_base64="tfgNxvHXG7ZaX6c+rUDud2wirPM=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRVsMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKD5dev1R2K+4cZJV4OSlDjka/9NUbxCyNuEImqTFdz03Qz6hGwSSfFnup4QllYzrkXUsVjbjxs/mlU3JulQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMa34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbThFG4K3/PIqaVUr3lWlen9drtfyOApwCmdwAR7cQB3uoAFNYBDCM7zCmzN2Xpx352PRuubkMyfwB87nD+IujOY=</latexit>

1
<latexit sha1_base64="PMMVAj56CwSF/6ga4otp5Igdjpw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU9AalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1Yp3Xak2b8r1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AeOmMrw==</latexit>

2
<latexit sha1_base64="rEHzCxvbCIUsFnb9BW4eMmFoKQI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUrA5KZbfiLkDWiZeTMuRoDEpf/WHM0gilYYJq3fPcxPgZVYYzgbNiP9WYUDahI+xZKmmE2s8Wh87IpVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvulJt3pTrtTyOApzDBVyBB7dQh3toQAsYIDzDK7w5j86L8+58LFs3nHzmDP7A+fwBem2MsA==</latexit>

�2
<latexit sha1_base64="I2GbCcG9ojGSUc2L62pU2p4MAeU=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRVsMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKD5fVfqnsVtw5yCrxclKGHI1+6as3iFkacYVMUmO6npugn1GNgkk+LfZSwxPKxnTIu5YqGnHjZ/NLp+TcKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YY1vxMqCRFrthiUZhKgjGZvU0GQnOGcmIJZVrYWwkbUU0Z2nCKNgRv+eVV0qpWvKtK9f66XK/lcRTgFM7gAjy4gTrcQQOawCCEZ3iFN2fsvDjvzseidc3JZ07gD5zPH+OyjOc=</latexit>

�1
<latexit sha1_base64="tfgNxvHXG7ZaX6c+rUDud2wirPM=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRVsMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKD5dev1R2K+4cZJV4OSlDjka/9NUbxCyNuEImqTFdz03Qz6hGwSSfFnup4QllYzrkXUsVjbjxs/mlU3JulQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMa34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbThFG4K3/PIqaVUr3lWlen9drtfyOApwCmdwAR7cQB3uoAFNYBDCM7zCmzN2Xpx352PRuubkMyfwB87nD+IujOY=</latexit>

1
<latexit sha1_base64="PMMVAj56CwSF/6ga4otp5Igdjpw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU9AalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1Yp3Xak2b8r1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AeOmMrw==</latexit>

2
<latexit sha1_base64="rEHzCxvbCIUsFnb9BW4eMmFoKQI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUrA5KZbfiLkDWiZeTMuRoDEpf/WHM0gilYYJq3fPcxPgZVYYzgbNiP9WYUDahI+xZKmmE2s8Wh87IpVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvulJt3pTrtTyOApzDBVyBB7dQh3toQAsYIDzDK7w5j86L8+58LFs3nHzmDP7A+fwBem2MsA==</latexit>

�2
<latexit sha1_base64="I2GbCcG9ojGSUc2L62pU2p4MAeU=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRVsMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKD5fVfqnsVtw5yCrxclKGHI1+6as3iFkacYVMUmO6npugn1GNgkk+LfZSwxPKxnTIu5YqGnHjZ/NLp+TcKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YY1vxMqCRFrthiUZhKgjGZvU0GQnOGcmIJZVrYWwkbUU0Z2nCKNgRv+eVV0qpWvKtK9f66XK/lcRTgFM7gAjy4gTrcQQOawCCEZ3iFN2fsvDjvzseidc3JZ07gD5zPH+OyjOc=</latexit>

�1
<latexit sha1_base64="tfgNxvHXG7ZaX6c+rUDud2wirPM=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRVsMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKD5dev1R2K+4cZJV4OSlDjka/9NUbxCyNuEImqTFdz03Qz6hGwSSfFnup4QllYzrkXUsVjbjxs/mlU3JulQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMa34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbThFG4K3/PIqaVUr3lWlen9drtfyOApwCmdwAR7cQB3uoAFNYBDCM7zCmzN2Xpx352PRuubkMyfwB87nD+IujOY=</latexit>

1
<latexit sha1_base64="PMMVAj56CwSF/6ga4otp5Igdjpw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU9AalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1Yp3Xak2b8r1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AeOmMrw==</latexit>

2
<latexit sha1_base64="rEHzCxvbCIUsFnb9BW4eMmFoKQI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUrA5KZbfiLkDWiZeTMuRoDEpf/WHM0gilYYJq3fPcxPgZVYYzgbNiP9WYUDahI+xZKmmE2s8Wh87IpVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvulJt3pTrtTyOApzDBVyBB7dQh3toQAsYIDzDK7w5j86L8+58LFs3nHzmDP7A+fwBem2MsA==</latexit>

�2
<latexit sha1_base64="I2GbCcG9ojGSUc2L62pU2p4MAeU=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRVsMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKD5fVfqnsVtw5yCrxclKGHI1+6as3iFkacYVMUmO6npugn1GNgkk+LfZSwxPKxnTIu5YqGnHjZ/NLp+TcKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YY1vxMqCRFrthiUZhKgjGZvU0GQnOGcmIJZVrYWwkbUU0Z2nCKNgRv+eVV0qpWvKtK9f66XK/lcRTgFM7gAjy4gTrcQQOawCCEZ3iFN2fsvDjvzseidc3JZ07gD5zPH+OyjOc=</latexit>

�1
<latexit sha1_base64="tfgNxvHXG7ZaX6c+rUDud2wirPM=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRVsMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKD5dev1R2K+4cZJV4OSlDjka/9NUbxCyNuEImqTFdz03Qz6hGwSSfFnup4QllYzrkXUsVjbjxs/mlU3JulQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMa34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbThFG4K3/PIqaVUr3lWlen9drtfyOApwCmdwAR7cQB3uoAFNYBDCM7zCmzN2Xpx352PRuubkMyfwB87nD+IujOY=</latexit>

1
<latexit sha1_base64="PMMVAj56CwSF/6ga4otp5Igdjpw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU9AalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1Yp3Xak2b8r1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AeOmMrw==</latexit>

2
<latexit sha1_base64="rEHzCxvbCIUsFnb9BW4eMmFoKQI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUrA5KZbfiLkDWiZeTMuRoDEpf/WHM0gilYYJq3fPcxPgZVYYzgbNiP9WYUDahI+xZKmmE2s8Wh87IpVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvulJt3pTrtTyOApzDBVyBB7dQh3toQAsYIDzDK7w5j86L8+58LFs3nHzmDP7A+fwBem2MsA==</latexit>

(a)
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Figure 2.8.: The real and imaginary parts of the spectrum λn (ϕ), drawn parametri-
cally for ϕ = [0,2π), for the four different topological phases mapped out
in Fig. 2.7 (a-d). In all phases, the 2π-periodicity in ϕ is broken. In (a)
and (d), two eigenvalues participate in a braid, either λ0 and λp in (a), or
λ+ and λ− in (d). In (b), both λ0 and λ+ as well as λp and λ− exchange
places during a 2π-sweep of ϕ. In (c), all eigenvalues interchange, leading
to an 8π-periodic phase. The phase depicted in (d) has a mapping to a
closed system fractional Josephson effect including weak dissipation. The
other phases (a-c) do not have such a correspondence, since they involve
the eigenvalues λ0 and λp (see also main text).
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2.6. Finite counting field as weak measurement

system topological phase transitions, there are some important remaining caveats es-
pecially with regard to the nature of the detector. In particular, the observation of
the topological phase transitions along ϕ-space (see Figs. 2.8) are in fact virtually
impossible, when adhering to the idealized detection schemes depicted in Fig. 2.3. As
for the detection scheme with time-local projective current measurements, Fig. 2.3a,
the finite χ parameter regime can only be approached, by measuring an increasing
number of cumulants Ck of the supercurrent (and, in fact, by including finite mea-
surement times τ in order to extract all the eigenmodes, see Appendix A) and then
analytically continuing the eigenmodes λn(χ) starting from the extracted ∂k

χλn(0). It
goes without saying that, such a procedure is in and of itself extremely challenging
expermentally. Moreover, note also, that there is no convergence if we aim to go
across a topological phase transition. Let us explicitly illustrated this fact with the
example of the topological spectrum shown in Fig. 2.8d. For χ = 0 (while keeping
all other parameters the same) the spectrum is trivial. The analytically continued
eigenvalues, starting at χ = 0, are defined as

λac
i (χ,ϕ) = λi(0, ϕ) + χ ∂χλi(χ,ϕ)∣χ=0 +

χ2

2! ∂
2
χλi(χ,ϕ)∣χ=0 +⋯ (2.30)

Now we can compare the analytically continued eigenspectrum to the exact one (with-
out expansion around χ = 0) to see if they still braid in the same way, keeping all other
parameters same. In Fig. 2.9a we compare the parametric plots of the analytically
continued eigenvalues to second order and exact eigenvalues for finite counting field,
and can easily conclude that analytically continued eigenvalues do not reproduce the
same braid. We find that the 4π-periodic fractional Josephson effect only emerges
when going to arbitrary high order cumulants, which is an outright prohibitive re-
quirement from an experimental viewpoint.

This issue could be avoided if χ was a real, physical parameter, which it is not when
utilizing time-local current correlations (Fig. 2.3a). It would be, if instead an explicit
physical detector was present (Fig. 2.3a), however, here there is the aforementioned
problem, that the continuous entanglement between system and detector destroys the
information of the supercurrent. This prompts us to study alternative measurement
schemes, where the transport measurement satisfies both the requirements of the
counting field being physical, and at the same time preserving information about the
supercurrent. As it turns out, these requirements can be met by a weak continuous
measurement of the current.

Weak measurement has been studied extensively in several contexts (for an instruc-
tive review, see Ref. [Cle+10]). A weak continuous measurement of the current could
for instance be envisaged along similar lines as in Ref. [Liu+10], where it was proposed
to weakly measure spins via an incident polarized photon beam and exploiting the
Faraday effect. Due to the magnetic field emitted by the supercurrent, it is in princi-
ple perceivable to use a similar setup here to obtain information about the transport.
However, in the light of massive experimental advances in the interaction and con-
trol of superconducting circuits with transmission lines [Wal+04; Gu+17; Wen17], we
deem it informative to briefly sketch an “all-circuit” realization of the weak measure-
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2. Fractional charges and fractional Josephson effect in superconductor-normal
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Figure 2.9.: (a) The dashed lines are analytically continued eigenvalues up to second
order, while the solid lines are eigenvalues with a finite counting field (see
also Fig. 2.8d). The analytically continued eigenvalues match asymptot-
ically only away from ϕ = π. Near ϕ = π however, they do not perform
the same braiding as in Fig. 2.8d, such that the topological phase cannot
be observed. (b) The solid lines are again eigenvalues for ideal detec-
tor kernel with finite counting field (Fig. 2.8d), and the dashed lines are
eigenvalues for the weak measurement kernel. The eigenvalues do not
match up exactly (due to a distortion, see main text), but they exhibit
the same braiding. These plots are for the following parameter values:

ϵ
EJR
= 0.007, EJL

EJR
= 1.0, ΓN

EJR
= 0.2, χ = −0.04, ωmδr

EJR
= 0.02 and ξ = π/2.
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2.6. Finite counting field as weak measurement

ment (i.e., without relying on polarized photon beams). For this purpose we study
coherent scattering in a nearby SQUID inductively coupled to the circuit, loosely
inspired by Ref. [Ste+01]. In the following we will provide a highly simplified model
of a SQUID detector and its interaction with the circuit, as a proof of principle for
a weak measurement of the supercurrent, and show how it can be used to simulate a
counting field. Finally, we will investigate as an example, how the topological phase
from Fig. 2.8d can be probed with this setup.

2.6.1. SQUID detector for weak current measurement
The SQUID detector consists of two superconducting lines connected via two Joseph-
son junctions (with Josephson energy EJ,SQUID) in parallel, see Fig. 2.10. The weak
measurement is then implemented by means of the following points. (i) The current
from the main circuit produces a magnetic field that can interact with the SQUID. The
interaction strength can be estimated based on Ampère’s law, see, e.g., Ref. [Riw21].
(ii) If we send a signal from one end of the detector it will be reflected and transmitted
at the SQUID. (iii) The reflection and transmission coefficients are sensitive to the
flux enclosed by the SQUID and therefore depend on the current from the quantum
dot.

As we will develop now, a subsequent evaluation of the scattered state will provide
us with classical information about the supercurrent without completely suppressing
it. In particular, we will show that the measurement is weak because of a highly
reflective nature of the SQUID (i.e., full reflection is the default event, without ob-
taining any information about the current), and continuous in the sense that there
is a repeated initiation of incoming waves after a given time interval, the inverse of
which represents the detection frequency.

In order to describe the scattering problem, let us start by writing down the Hamil-
tonian for the SQUID detector. Overall it is composed of three parts, HSQUID =
HL +HR + V describing the left (right) conductor line HL (HR) and the SQUID part
connecting the two, V . Each of these subparts can be written as

HL =
1

2C0

0
∑

j=−∞
q2

j +
1

2L0

−1
∑

j=−∞
(
φj+1 − φj

2e )
2

(2.31)

HR =
1

2C0

∞
∑
j=1
q2

j +
1

2L0

∞
∑
j=1
(
φj+1 − φj

2e )
2

(2.32)

V = − γ

2e2 cos (φ1 − φ0) ≈ γ (
φ1 − φ0

2e )
2
+ const. , (2.33)

where we chose for convenience a discrete lattice representation of the conductor
lines [Poz12], which are characterized by the capacitances C0 and the inductances
L0. The charge and phase variables qj and φj on the lattice nodes j satisfy the
commutation relations [qj, φj′] = i2eδjj′ . The interaction with the circuit is included
via the coupling prefactor in V (which is chosen to have the units of an inverse
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2. Fractional charges and fractional Josephson effect in superconductor-normal
metal hybrid circuits
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dot

Figure 2.10.: Setup for weak measurement by means of a SQUID detector. An incom-
ing wave packet will be scattered at the SQUID. The inductive coupling
between the main circuit and the SQUID shall be tailored such that the
outgoing scattered state depends on the supercurrent entering the su-
perconductor on the right. A subsequent projective measurement of the
scattered state realizes a form of weak measurement of the supercurrent.
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2.6. Finite counting field as weak measurement

inductance). When tuning the externally applied flux to half flux quantum, we get

γ = 2e2λEJ,SQUIDI , (2.34)

where I is the current operator, as defined in Eq. (2.11). The coupling constant λ
can be estimated from Ampère’s law (as already mentioned, see Ref. [Riw21]). Note
that for simplicity, we assume that the signals will have low amplitudes in φ, such
that we may expand V up to quadratic order, see Eq. (2.33). The tuning to half-flux
makes the SQUID highly reflective; for I = 0, the SQUID can be considered as a hard
wall from the point of view of an incident wave, and only weakly transmittive for a
finite I since the local inductance of the SQUID is very high. Strictly speaking, for
two disconnected wires (as for I = 0), the phase difference (φ1 − φ0) is not in general
guaranteed to remain small. However, one can easily connect the two transmission
lines in a loop, so that even when γ = 0 the phase difference remains small, at least for
a sufficiently small loop inductance. Also, note that for simplicity, we assumed the su-
perconductor line to be without resistance. Of course realistically resistance is always
present [Sch83; Bul84; HG97]. According to [HG97] the coupling to continuous modes
in the loop leads to the renormalization of the Josephson energy, but this does not
qualitatively change our idea of using the SQUID detector. The other more drastic
effect the dissipation can have is that the superconducting loop itself might undergo
a superconductor to insulator phase transition. As predicted in [Sch83; Bul84], this
puts a limitation on the transmission line parameters. To be precise if the parameter
g, where g−1 = 4e2

h̵π

√
L0
C0

, is below a certain threshold gc then the superconducting loop
will act as a insulator [HG97]. We further note, that the existence of dissipative quan-
tum phase transitions is currently still subject to debate [Mur+20; HS21; Mur+21].
Overall, our specific proposal of a circuit realization of weak current measurement
should really only be considered a proof of concept, and may easily serve as blueprint
for other (more) feasible realizations.

Let us briefly touch on an important point regarding the spatial resolution of the
current measurement. Namely, depending on the circuit geometry and detector place-
ment, the SQUID could in principle couple to both the left and right supercurrents
(and thus fails to reproduce the topological phase transitions discussed above, and
in general complicate the discussion). In the most generic case, we would thus ac-
tually have a nonzero ζ parameter, describing this nonideal coupling, see the dis-
cussion in Sec. 2.4 after Eq. (2.11). In order to avoid such subtleties, we assume
that the SQUID is placed more towards the right contact than the actual quantum
dot. This is fine, because it is plausible to assume that the Cooper pairs, once they
enter the right contact, are distributed very fast (according to the group velocity of
the Nambu-Goldstone mode within the superconductor bulk, see, e.g., Ref. [AS10]).
Hence, the bottleneck current is the tunneling current between dot and superconduct-
ing contact, which can be still observed deep within the right contact, neglecting the
high-frequency displacement currents inside the bulk.

To continue, we note that the individual Hamiltonians HL,R each have a linear
dispersion relation, for bosonic modes propagating in 1D, Ek ≈ ω0∣k∣ (valid for ∣k∣≪ 1),
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with ω0 = 1/
√
L0C0 and the unitless wave vector k. We then assume that one creates

an incoming signal at a certain energy E with wave vector kE = E/ω0, carried by the
conductor lines, which can scatter at the SQUID. The transmission amplitude can be
computed by means of the Fisher-Lee formula [FL81],

tL(E) = −ivE lim
j→∞,j′→−∞

G+jj′(E)e−ikE(j−j′) (2.35)

where vE = ∂kEk∣Ek=E and G+jj′(E) is the retarded single-particle (here, single-boson)
Green’s function. We obtain

tL(E) = −iγL0

kE

(2.36)

The explicit calculation is shown in Appendix B. This final result is valid up to
first order in γ (in accordance with the assumption that tunneling is weak, ∣t∣ ≪ 1).
Importantly, for half flux Φext = Φ0/2, which will be our default parameter setting
from now on, the transmission coefficient is directly proportional to the current I, see
Eq. (2.34). In particular, it changes sign if the current changes sign. Due to left-right
symmetry of SQUID detector we can easily deduce that

tL(E) = tR(E) = t(E)
rL(E) = rR(E) = r(E) (2.37)

Thus, the reflection and transmission coefficients can be cast into a standard scattering
matrix

S = ( r
L tR

tL rR ) = (
r t
t r

) (2.38)

Since the scattering matrix is unitary (S†S = I), we can deduce two equations that give
us a relation between the reflection and transmission coefficients. The first equation
is r∗t + t∗r = 0 which leads us to conclude that the reflection coefficient must be
real since the transmission coefficient in Eq. (2.36) is imaginary. The other equation,
conservation of probability ∣t∣2 + ∣r∣2 = 1, lets us calculate the amplitude of r.

As already stated above the SQUID is weakly transmitting, therefore most of the
signal will be reflected,

r = 1 − δr (2.39)
with δr ≪ 1. From this, we derive

∣t∣2 = 2δr (2.40)

upto first order in δr. These identities will help us now in constructing the Master
equation including the influence of the SQUID detector.

2.6.2. Master equation including weak measurement
Now we are ready to develop the master equation for the quantum dot system in
presence of the SQUID detector and show how it simulates a counting field. To
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write down the master equation we need Kraus operators that describe the weak
measurement process.

For simplicity, we assume that the scattering time of the wave packet at the SQUID
is very short, much shorter than the dynamics due to the coupling with the supercon-
ductors (defined by the energy scale ∼ EJL,JR) and the coupling to the normal metal
(∼ ΓN). Thus, we are entitled to treat the different parts of the system dynamics
independently, and add them up for the final Master equation.

Keeping therefore the circuit state constant, let the initial state of the circuit plus
detector (no normal metal) before scattering at the SQUID be the factorized state

∣Ψin⟩ = [C− ∣I−⟩ +C0↑ ∣I0↑⟩ +C0↓ ∣I0↓⟩ +C+ ∣I+⟩ ]⊗ ∣in,R⟩ (2.41)

where the states ∣I∓⟩ , ∣I0σ⟩ (σ =↑, ↓) are the eigenvectors of the current operator I and
C∓,C0σ are complex-valued wave function amplitudes, satisfying the normalization
condition ∣C−∣2 + ∣C0↑∣2 + ∣C0↓∣2 + ∣C+∣2 = 1. The vector ∣in,R⟩ represents the normalized
state that depicts the incoming signal, without loss of generality assumed to originate
from the right end of the conductor line. For the sake of completeness, let us provide
the explicit forms of the current operator eigenbasis, in terms of the quantum dot
charge basis, ∣0⟩, ∣1σ⟩, ∣2⟩, as introduced below Eq. (2.1). The eigenstates with nonzero
eigenvalues I∓ = ∓eEJR are given as ∣I∓⟩ = (∣0⟩ ± ieiϕ∣2⟩) /

√
2, and the degenerate pair

of zero eigenvalues I0σ = 0 belong to the eigenvectors ∣I0σ⟩ = ∣1σ⟩.
After scattering, the factorized initial state gets weakly entangled, resulting in the

final state

∣Ψf⟩ = [t−C− ∣I−⟩ + t+C+ ∣I+⟩ ]⊗ ∣out,L⟩+[r−C− ∣I−⟩ +∑
σ

C0σ ∣I0σ⟩ + r+C+ ∣I+⟩ ]⊗ ∣out,R⟩ ,

(2.42)
where r± and t± are reflection and transmission coefficients, respectively, correspond-
ing to eigenvalues I±. We have furthermore made use of the fact, that for I0σ = 0, the
signal gets completely reflected (due to the half-flux tuning).

In fact, the above final state shown in Eq. (2.42) is meaningful, if the experimenter
is merely measuring the presence or absence of a transmitted wave. We note however,
that an additional important piece of information can be extracted from the scattered
state: the aforementioned sensitivity of the transmission amplitude on the sign of the
current, t− = −t+. In terms of the outgoing signal, this sign change can be understood
as a π-phase shift, which could in principle be detected by an appropriate interference
setup. Then, we have three instead of two detection outcomes, which should therefore
be cast into the final wave function

∣Ψ′f⟩ = t−C− ∣I−⟩⊗ ∣out,L−⟩ + t+C+ ∣I+⟩⊗ ∣out,L+⟩

+ [r−C− ∣I−⟩ +∑
σ

C0σ ∣I0σ⟩ + r+C+ ∣I+⟩ ]⊗ ∣out,R⟩ ,
(2.43)

where the states ∣out,L∓⟩ represent a measurement of a transmitted wave (outgoing
to the left) including a determination of its relative phase shift with respect to the
initial wave, leading to the extra index ∓.
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Depending on the two possible detection scenarios, we have either two or three
possible measurement outcomes for the ancilla system, denoted by the index q ∈ {0,1},
or q ∈ {−,0,+}. The projection onto the different measurement outcomes is described
in the second scenario by the three Kraus operators

M∓ = t∓ ∣I∓⟩ ⟨I∓∣ (2.44)

M0 = r− ∣I−⟩ ⟨I−∣ +∑
σ

∣I0σ⟩ ⟨I0σ ∣ + r+ ∣I+⟩ ⟨I+∣ (2.45)

For the first scenario, the ∓ outcomes are merged into a single Kraus operator M1 =
M− +M+. Independent of the specific measurement basis, it is easy to check that the
requirement ∑q M

†
qMq = 1 is satisfied. We notice, that due to the highly reflective

nature of the SQUID, we may use Eq. (2.39), to express the Kraus operator

M0 = 1 + δM0 , (2.46)

where δM0 scales linear in δr, and thus quadratic in t, see also Eq. (2.40). The Kraus
operators M∓ on the other hand scale linearly in t. This different scaling behaviour is
important now for the derivation of the Master equation including weak measurement

We now assume that there is a repetition of incoming signals according to a mea-
surement frequency ωm, that is, the weak entanglement and subsequent projective
measurement occurs on average every time interval ∼ 1/ωm. The time evolution of
the density matrix due to this process (still neglecting the influence from the super-
conducting and normal metal contacts) can then be given as

ρ̇ = ωm (∑
q

MqρM
†
q − ρ) . (2.47)

The right-hand side can be expanded up to second order in t, resulting in the Master
equation

ρ̇ = ωm (K0 +K− +K+)ρ , (2.48)
with the definitions of the superoperators K∓⋅ = M∓ ⋅M∓ and K0⋅ = δM0 ⋅ + ⋅ δM0.
This equation is the specific case of the master equation we derived for continuous
measurement at the end of Sec. 1.3.

These superoperators can be reexpressed using the quantum dot creation and an-
nihilation operators as follows,

K0⋅ = −2δr (1 + d†
↑d

†
↓d↓d↑) ⋅ (1 + d

†
↑d

†
↓d↓d↑)

K−⋅ = A ⋅A −
i

2
{δreiϕd†

↑d
†
↓ − δre−iϕd↓d↑, ⋅}

K+⋅ = A ⋅A +
i

2
{δreiϕd†

↑d
†
↓ − δre−iϕd↓d↑, ⋅} (2.49)

where A is a Hermitian operator given by

A =
√
δr (1 + ieiϕd†

↑d
†
↓ − ie−iϕd↓d↑ + d†

↑d
†
↓d↓d↑) . (2.50)
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In order to derive the above K superoperators, we have used the property t−1 = −t1,
which further implies ∣t−1∣2 = ∣t1∣2 = ∣t∣2 and δr−1 = δr1 = δr. We notice that K± are
actually of the form K± = A ⋅ A ∓ δr/(2eEJR){I, ⋅} with the current operator I as
defined in Eq. (2.11). This observation will be of great use in a moment.

Let us now reintroduce the dynamics due to the superconducting and normal metal
contacts, captured by the Lindbladian L(ϕ), see Eq. (2.8). In addition, we keep a
register n which stores the classical information of the outcome of the above described
weak continuous measurement, ρ→ ρ(n). The full master equation can be written as

ρ̇(n) = [L(ϕ) + ωmK0]ρ(n) + ωmK+ρ(n ∓ 1) + ωmK−ρ(n + 1) . (2.51)

Note that for theK+-term, we have included both of the above scenarios of either being
able to distinguish the current direction or not. The resulting information processing
protocols are the following. If the current direction cannot be distinguished, then
K+ρ(n ∓ 1) → K+ρ(n + 1), such that the register n is simply increased by +1, when
having measured a nonzero current (events described by K∓). The absence of a
transmitted signal corresponds to a measurement of zero current, resulting in no
change in the detector count. If the current direction can be distinguished, we may
engage in a different protocol, K+ρ(n ∓ 1)→K+ρ(n − 1). Here, for a measurement of
the eigenvalue I−, the detector count goes down by one, and and for a measurement
of I+, the detector count goes up by one.

To proceed, let us define the Fourier transform as ρ(ξ) = ∑n e
inξρ(n) with a new

counting field ξ, which is distinct from, but (as we show now) to some extent related
to, the original counting field χ. The Fourier transformed master equation becomes

ρ̇(ξ) = [L(ϕ) + ωmK0 + ωmK+e
iξ + ωmK−e

∓iξ]ρ(ξ) . (2.52)

Crucially, it can be shown that for ξ = π/2, the weak measurement part in Eq. (2.52)
can be brought into a very similar form as the kernel in Eq. (2.21), provided that
our detector is able to distinguish between positive and negative currents, e±iξ → e−iξ

for K−. Note that setting ξ to a strong nonzero value (i.e., ξ = π/2) is no problem
whatsoever: the detector is here physically realized, and the experimenter will be
able to directly access the classical probability distribution of measurements along
the space n (the space conjugate to ξ). Hence, the choice ξ = π/2 simply corresponds
to a particular way of evaluating (post-processing) the classical information. At any
rate, plugging in ξ = π/2, we then find

ρ̇(π/2) = [L(ϕ) + ωmK0 − i
ωmδr

eEJR

{I, ⋅}]ρ(π/2) . (2.53)

Indeed with the replacement
ωmδr → −χ

EJR

2 (2.54)

the kernel including the weak measurement can be mapped (up to the extra term
K0, which we discuss in a moment) onto the kernel with small but finite χ. Of
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course, we can therefore not hope to probe the global properties of the kernel for all
χ. However, this form of weak measurement can be used to “simulate” the presence
of a small but finite counting field. Importantly, here the simulated χ enters as a
system parameter influencing the dynamics, and is no longer related to the transport
measurement (as the latter is encoded in the new classical counting field ξ). Hence,
we are no longer required to expand in χ, and can thus avoid any problems related
to analytic continuation, and the topological phase transition shown in Fig. 2.8d can
now be observed.

Let us now comment on the effect of aforementioned the extra term K0. While the
presence of K0 does distort the spectrum, we observe that the braid group of the two
eigenvalues λ± is preserved, when setting the weak measurement parameters (ωm and
δr) to values that correspond to the value of χ [according to Eq.2.54] in Fig. 2.8d.
As a proof of principle, we show the new eigenvalues for the weak measurement in
comparison with old ones, for finite χ, in Fig. 2.9b. Let us repeat that this recreation
of the braid phase transition via weak measurement is only possible if the detector
is able to distinguish the sign of the current (see above discussion), as otherwise, the
weak measurement kernel cannot be mapped onto Lcut-off(ϕ,χ).

To conclude, let us provide a short interpretation of the above concept. In the
absence of the weak current measurement (or transport measurement in general, χ =
0), the complex open system spectrum is trivial, and the eigenvalues belonging to the
coherent time evolution, λ± are gapped, see Fig. 2.1e. This corresponds to the trivial
Josephson effect. The reason why they are gapped is simply because it is in general
impossible to tune the system parameters to the perfectly symmetric values EJL = EJR

and ϵ = 0 (due to U = 0). The weak measurement can close the gap, and thus correct
for the “failure” to tune to perfect symmetry. We note that we have to set the new
counting field ξ to a precise value (π/2) to accomplish this. This is however no real
limitation: the weak measurement has provided us with an entire array of classical
information [encoded in the register n, ρ(n), see Eq. (2.51)], and setting ξ = π/2 is just
a particularly chosen way to evaluate (post-process) this information. Figuratively
speaking, this particular choice of post-processing the classical information “filters
out” transport processes with integer Cooper pair charge 2e in favour of processes
with fractional charge e.

2.7. Conclusions
We studied the topology of the transport properties of a generic quantum system
where supercurrents and dissipative currents coincide, in terms of the transport de-
grees of freedom of the counting field χ and the superconducting phase bias ϕ. We
found that fractional charges defined in the full-counting statistics are related to frac-
tional charges visible in the Josephson effect in a generic open quantum system via
exceptional points defined in the 2D base space (χ,ϕ) – as a matter of fact, the excep-
tional points can be considered as the generators of these fractional charges. While
thus related, the two notions of fractional charges are nonetheless distinct in the sense
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that they are defined along two independent spaces. By means of the concrete model
of a hetero-structure circuit, where a quantum dot is coupled to superconducting
and normal metal contacts, we showed that the intricate interplay between transport
measurement and nonequilibrium drive gives rise to a plethora of topological phases,
surprisingly including a phase which can be interpreted as an open system version of a
fractional Josephson effect, in spite of the system being composed of trivial materials.

In addition, we elucidated different flavours of full-counting statistics based on
different implementations of the transport detector, and their relevance for observing
different topological phases. For a continuously entangling detector, a novel type
topological phase emerges, which can be interpreted as a statistical mix of fractional
and integer charges defined in the counting field χ. However, as we pointed out, such
detectors destroy the information about the supercurrent, and thus cannot directly
measure a fractional Josephson effect. A complementary approach for obtaining the
full-counting statistics involves time-local measurements of the current, leaving the
system be in between measurements. While this approach preserves supercurrents, it
cannot detect topological transitions away from zero counting field. This prompted
us to develop a third notion of full-counting statistics relying on a continuous weak
measurement of the supercurrent. We sketched a proof of principle for an all-circuit
implementation of such a weak measurement by means of SQUID detectors. This
approach preserves supercurrents, and importantly enables us to reach topological
phases at finite counting fields.

As a final note, we believe that the “revival” of a fractional Josephson effect by
means of a weak supercurrent measurement might be an interesting effect also for
actual Majorana junctions, since the gap closing in the Josephson relation may not
be fully protected due to finite size effects. The applicability of weak measurement
and nonequilibrium driving to induce topological protection will likely be subject of
future research.
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3.1. Introduction
Broadly speaking, two things are said to be topologically similar if they can be mapped
to each other by continuous deformations, a famous example that often comes up in
popular science communication is the fact that a coffee mug and a torus are topo-
logically similar. It is in this sense that we encountered topological regions in the
eigenspectrum of the superconductor-normal metal hybrid circuit in chapter 2, the
behaviour of eigenvalues in the topological and trivial regions could not be mapped
to one other with only continuous deformations. We also encountered the fact that
dissipation played an essential part in realising this topology by helping to avoid the
fine-tuning problem. Now we would like to further explore the connection between
topology of superconducting circuits and dissipation. A straight forward way would
be to consider the same Lindbladian as the last chapter, and investigate it for dif-
ferent notions of topology, for e.g. using Lieu et. al.’s [LMC20] work on extending
the tenfold classification to quadratic Lindbladians. Unfortunately it turns out this
particular Lindbladian does not show any interesting properties in this regard, but
if we make the system two dimensional (i.e. two superconducting phases instead of
one) we do get something interesting. Therefore our goal in this chapter is to study
a dissipative toy model inspired from our previous work and see what topological
properties it holds and how to, if possible, realise it experimentally.

This chapter of the thesis is organised as follows: first we give a brief overview
of topology and related concepts in condensed matter systems in Sec. 3.2. Then in
Sec. 3.3 we review the work of Riwar et. al. [Riw+16a] on topology of multi terminal
Josephson junctions (MTJJs) since they are one of the platforms where our toy model
could be experimentally realised. We also argue how the topological properties of
MTJJs becomes experimentally inaccessible in presence of dissipation and therefore
we need to consider a notion of topology that takes into account open quantum
systems. Finally in Sec. 3.4 we study our toy model, the Hamiltonian for which
resembles the two dimensional Chern Hamiltonian, and investigate its topological
properties using the ideas discussed in Sec. 1.6.

3.2. Topological phases of matter
Characterisation and classification of different phases of matter and the study of phase
transitions has always been an essential goal of condensed matter physics, one famous
example of which is Ginzburg-Landau theory of continuous phase transitions [HK15].
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This theory has two essential ingredients: i) the observation that a phase transition
to a more ’ordered state’ is accompanied by spontaneous breaking of a symmetry,
and ii) a phenomenological order parameter that becomes nonzero as the system
transitions to the more ordered state. The discovery of integer quantum Hall effect
(IQHE) in 1980 [KDP80] goes against the Ginzburg-Landau paradigm. In this effect
the Hall resistance of a 2D electron gas is observed to be quantised Rxy = h/ne2, where
n ∈ N. The transition between states of different Hall resistances is not accompanied
by breaking of any symmetry, hence indicating presence of a different kind of phase
transition.

The explanation of IQHE [Lau81; Tho+82] resulted in a new approach to classify
phases of matter, one related to the topology of the wave function. IQHE turned
out to be the first observation of a new class of materials called topological insulators
(TIs) with many others being predicted and observed [KM05; FKM07; MB07; BHZ06;
FK07; Kön+07; Hsi+08]. The topological insulators are defined as free fermionic
systems that are gapped in the bulk but host gapless modes at the boundary. These
systems are topological in the sense that the states with gapless boundary modes
cannot be continuously deformed to a trivial insulating state, i.e. state with no
gapless boundary modes, without closing the gap in the bulk or without breaking
the symmetries of the Hamiltonian. This indifference to smooth deformation can also
help us characterise these topological phases with the help of topological invariants
(as in the case of IQHE), which are integrals over the momentum space. Using the
analogy between the Bogoliubov de-Gennes (BdG) Hamiltonian for quasiparticles
of superconductors and Hamiltonian of a band insulator, the study of TIs can be
generalised to study of topological superconductors (TSCs) [Roy08; Qi+09], for a
more detailed review of TIs and TSCs the following reviews [HK10; QZ11] are a good
starting point.

Currently, the zoo of topological materials is ever growing. By taking into account
crystal symmetries in addition to internal symmetries of the Hamiltonian the existence
of topological crystalline insulators and topological semi-metals have been predicted
and confirmed [Wie+22], superconducting heterostructures have also emerged as a
promising platform to construct topological metamaterials [Riw+16a; Eri+17; MH17;
XVL17; XVL18; Kle+21; Kle+20; Wei+21], and study of topology in non-equilibrium
systems (driven or dissipative) has also led to exciting insight into the role topology
can play even in more realistic systems [RL09; Kaw+19a; LMC20; YU20; BBK21;
Lin+13; Har+20]. Since topological properties of materials is currently a very active
area of research this list of works on topological materials is certainly not exhaustive.

3.3. Multi terminal Josephson junction
Multi terminal Josephson junctions (MTJJs) are a generalisation of Josephson junc-
tions, instead of two junctions being connected by a thin non-superconducting film,
MTJJs consist of multiple superconductors connected to a central scattering region.
They have emerged as one of the candidates for creating topological metamaterials
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ϕ0 = 0

ϕ2

ϕ4ϕ1

S

ϕ3

Figure 3.1.: A schematic diagram for a particular case of a multi terminal Joseph-
son junction (MTJJ) with five superconducting islands connected to a
central scattering region S. Due to the gauge invariance we set the super-
conducting phase labelled ϕ0 to zero (i.e. ground) and all other phases
are measured with respect to it.

using superconducting nanostructures [Riw+16a; XVL17; XVL18]. Particularly in
the work by Roman et. al. [Riw+16a] the authors were able to show that an n
terminal MTJJ can display properties of an (n− 1) dimensional topological material.
Since this result is relevant for this chapter of the thesis, in this section we will give
a brief summary of this paper.

Consider an MTJJ (Fig.3.1) with n superconducting leads connected to a scatter-
ing region with the same superconducting gap ∆ but with different superconducting
phase ϕµ. Since due to gauge invariance only the difference of the phases matter,
therefore we set one of them, say ϕ0 = 0. Andreev bound state (ABS) energy spec-
trum, that describes the subgap physics of the junction, provides a way to investigate
the properties of this junction. Andreev bound states are formed due to Andreev
reflections between superconducting and normal regions, and resemble the states of
a particle in a box where the role of "walls" is played by the superconductor-normal
region interfaces. The ABS energy spectrum is found to have gap closings at some
specific points in the space spanned by the superconducting phases. The lowest ABS
band can be effectively described by two-by-two Weyl Hamiltonian near these gap
closings

HW eyl =
3
∑
j=1
hjσj,
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hj =∑
α

δϕαMαj, (3.1)

where σj are Pauli matrices, the fields hj depend on δϕj = ϕj −ϕ(0)j via the real matrix
M , ϕ(0)j denotes the values of superconducting phases at the gap is closing and, α is
the index for superconducting leads.

The structure of the Weyl Hamiltonian implies that we need at least three inde-
pendent parameters to tune the system to gap closing, hence we need at least a four
terminal MTJJ (i.e. three independent phases) to observe Weyl singularities. The
presence of Weyl singularities serves as the motivation to study the topology of the
junction, which can be characterised by a set of Chern numbers. A Chern number is
defined as the integral over the Berry curvature in the subspace spanned by any two
of the superconducting phases, say ϕα and ϕβ, where the Berry curvature of a bound
state with band index k and spin σ is defined in terms of the wavefunction ∣ψkσ⟩ as

Bαβ
k = −2Im ⟨∂ψkσ

∂ϕα

∣ ∂ψkσ

∂ϕβ

⟩ , (3.2)

it turns out to be independent of the spin. The total Chern number associated with
phases ϕα and ϕβ is then given by

Cαβ =∑
kσ

Cαβ
k (nkσ −

1
2) , (3.3)

where nkσ = 0,1 is the occupation number and

Cαβ
k =

π

∫
−π

dϕα

π

∫
−π

dϕβ

Bαβ
k

2π . (3.4)

Finally, if the superconducting lead corresponding to the phase ϕβ is biased by a
voltage Vβ then the direct current in the superconducting lead α is given by

Īα = −4e2

h
CαβVβ, (3.5)

hence the transconductance matrix for the D.C. response of the junction can give us
information about its topology, this is the main result of Riwar et. al. [Riw+16a].

Let us return to Eq.(3.3) and notice that if the occupation number nkσ fluctuates
with time then the contribution of the band k to the total Chern number fluctuates
as well. This fluctuation is symmetric since the contribution of an empty band is
−Cαβ

k , Cαβ
k for a completely filled band and zero for a singly occupied band, therefore

this will average out to zero. One possible cause for such a fluctuation in occupation
number are the quasiparticles in the superconductors with energy higher then the
superconducting gap ∆. Hence while obtaining the D.C. response of the junction
the total Chern number Cαβ needs to be averaged over as well, since it is fluctuat-
ing with time therefore the simple relation between the D.C current and the total
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Chern number will disappear and the topology of the junction will be hidden from
experiments. To account for the quasiparticles in the junction, without making the
problem intractable, we can treat them as a source of dissipation, which leads us to
an obvious question. In presence of dissipation is there still some notion of topology
of the junction that can be detected by experiments?

To answer the above question we will use the notions of topology that have been
developed for non-Hermitian systems, that were discussed in 1.6, and apply those ideas
to a dissipative toy model that can be realised in MTJJs and simulates some essential
features of ABS, and additionally hosts a non-Hermitian topological invariant, and
examine if an experimentally observable quantity that depends on this topological
invariant is available.

3.4. Dissipative Chern Hamiltonian
Finally, we come to our original goal of studying a dissipative toy model that could
be simulated by an MTJJ. As stated earlier the Hamiltonian we consider is the two
dimensional extension of the Hamiltonian in Eq. (2.2) that resembles a 2d Chern
insulator Hamiltonian

Ĥ =∆(ϕ1, ϕ2) (d̂†
↑d̂↑ + d̂

†
↓d̂↓ − 1) +EwJ (sinϕ1 − i sinϕ2) d̂†

↑d̂
†
↓ +EwJ (sinϕ1 + i sinϕ2) d̂↓d̂↑,

(3.6)

where ∆(ϕ1, ϕ2) = δ+EwJ (cosϕ1 + cosϕ2) and the operators d̂(†)↑ , d̂(†)↓ follow standard
CAR. This Hamiltonian can be thought of as describing the lowest energy ABS band
in a four terminal junction, where one of the three independent superconducting
phases is fixed by threading an external flux through a loop (Fig.(3.2)).

As a quick aside, the Hamiltonian in Eq.(3.6) becomes the standard Chern Hamil-
tonian if we replace the superconducting phases with the pseudo-momenta ϕi → ki.
But it does not lie in the same symmetry class as the standard Chern Hamiltonian,
because the pseudo-momenta are odd under particle-hole transformation (ki → −ki)
but the superconducting phases are even (ϕi → ϕi) [ZK14a] (both are odd under
time-reversal). Using the conditions in Eq.(1.125) we can deduce that the Hamilto-
nian in Eq.(3.6) lies in the symmetry class C. If we calculate the Chern number for
this Hamiltonian, we find that it is 0 for ∣δ∣ > 2, -1 for −2 < δ < 0 and 1 for 0 < δ < 2,
this agrees with the information in table 1.1 that tells us that for a Hamiltonian in
class C and in two dimensions the topological invariant lies in Z.

The quasiparticles are nothing but the excitations in superconductors that destroy
the fermion parity of the ABS, therefore the dissipation can be described by the
fermionic operators d̂(†)↑ and d̂

(†)
↓ . Hence the dissipation operators that will enter the

Lindblad equation are

L̂1 =
√

Γ1d̂↑, L̂2 =
√

Γ2d̂↓, L̂3 =
√

Γ3d̂
†
↑, L̂4 =

√
Γ4d̂

†
↓. (3.7)
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ϕ0 = 0

ϕ2

ϕ1 S ϕ3

Φ

Figure 3.2.: Schematic of a four terminal multi terminal Josephson junction, where
one of the three independent superconducting phases is fixed by threading
an external flux Φ via a loop.

Γ1 (Γ2) and Γ3 (Γ4) respectively describe the rate of relaxing and pumping for the par-
ticle described by d̂↑ (d̂↓). Writing the fermionic creation and annihilation operators
in terms of Majoranas

d̂†
↑ =

α̂1 + iα̂2

2 Ô⇒ d̂↑ =
α̂1 − iα̂2

2 ,

d̂†
↓ =

α̂3 + iα̂4

2 Ô⇒ d̂↓ =
α̂3 − iα̂4

2 , (3.8)

the Hamiltonian becomes

Ĥ = ( α̂1 α̂2 α̂3 α̂4 )H
⎛
⎜⎜⎜
⎝

α̂1
α̂2
α̂3
α̂4

⎞
⎟⎟⎟
⎠

(3.9)

where

H = ∆(ϕ1, ϕ2)
4 ( 1 0

0 1 )⊗ (
0 −i
i 0 ) + (

0 1
−1 0 )⊗ (

−iEwJ sin ϕ2
4 iEwJ sin ϕ1

4
iEwJ sin ϕ1

4 iEwJ sin ϕ2
4

) ,

(3.10)

and the Hermitian matrix M that encodes the effect of dissipation operators is

M = ( 1 0
0 0 )⊗ (

Γ1+Γ3
4 iΓ1−Γ3

4
−iΓ1−Γ3

4
Γ1+Γ3

4
) + ( 0 0

0 1 )⊗ (
Γ2+Γ4

4 iΓ2−Γ4
4

−iΓ2−Γ4
4

Γ2+Γ4
4
) . (3.11)
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3. Topology in dissipative systems

Finally the Z =H + iRe [M] matrix can be written as

Z =H + iΓ↑ + Γ↓
8 ( 1 0

0 1 )⊗ (
1 0
0 1 ) + i

Γ↑ − Γ↓
8 ( 1 0

0 −1 )⊗ (
1 0
0 1 ) , (3.12)

here we have defined Γ↑ = Γ1 + Γ3 and Γ↓ = Γ2 + Γ4 for the sake of convenience.
The eigenvalues of Z are

λ1 = i
Γ↑ + Γ↓

8 − i8

√
(Γ↑ − Γ↓)2 − 4∆2 − 4E2

wJ (sin2 ϕ1 + sin2 ϕ2) − i4∆(Γ↑ − Γ↓),

λ2 = i
Γ↑ + Γ↓

8 − i8

√
(Γ↑ − Γ↓)2 − 4∆2 − 4E2

wJ (sin2 ϕ1 + sin2 ϕ2) + i4∆(Γ↑ − Γ↓),

λ−1 = i
Γ↑ + Γ↓

8 + i8

√
(Γ↑ − Γ↓)2 − 4∆2 − 4E2

wJ (sin2 ϕ1 + sin2 ϕ2) − i4∆(Γ↑ − Γ↓),

λ−2 = i
Γ↑ + Γ↓

8 + i8

√
(Γ↑ − Γ↓)2 − 4∆2 − 4E2

wJ (sin2 ϕ1 + sin2 ϕ2) + i4∆(Γ↑ − Γ↓), (3.13)

the eigenvalues are indexed such that the ones with negative index have negative
real part when Γ↑ = Γ↓. The analysis of these eigenvalues tells us that for ∣δ∣ < 2,
the topologically interesting regime in absence of dissipation, there is no real line
gap. Also, these eigenvalues contain square roots of complex functions therefore
appearance of EPs is guaranteed, which makes calculating Berry curvature and other
such quantities impossible. Because of these problems and looking at the form of
eigenvalues in Eq.(3.13), we specialize to the case Γ↑ = Γ↓ = Γ, here the eigenvalues
simplify to

λ1 = λ2 = i
Γ
4 +

1
4

√
∆2 +E2

wJ (sin2 ϕ1 + sin2 ϕ2),

λ−1 = λ−2 = i
Γ
4 −

1
4

√
∆2 +E2

wJ (sin2 ϕ1 + sin2 ϕ2). (3.14)

Hence the eigenvalues become degenerate, but it can be checked that these are not
defective, i.e. we can still find four linearly independent eigenvectors for Z. More
importantly we get eigenvalues with a real line gap that closes at δ = −2,0,2 for some
specific values of ϕ1 and ϕ2, taking a cue from the closed system we would expect
the topological invariant to change as we move across these points in the parameter
regime. But before we can start looking for topological invariants we need to look
at the symmetries of Z and determine if it lies in a symmetry class that allows for
topological phases in two dimensions.

The matrix Z in the case of symmetric dissipation Γ↑ = Γ↓ reduces to

Z = ( 1 0
0 1 )⊗ (

iΓ
4 −i∆(ϕ1,ϕ2)

4
i∆(ϕ1,ϕ2)

4 iΓ
4

) + ( 0 1
−1 0 )⊗ (

−iEwJ sin ϕ2
4 iEwJ sin ϕ1

4
iEwJ sin ϕ1

4 iEwJ sin ϕ2
4

) ,

(3.15)

the function ∆(ϕ1, ϕ2) contains cosines of ϕ1 and ϕ2 and therefore is an even function
of these variables. Below we go case by case and see which of the three conditions in
Eq.(1.136) are applicable for our model.
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3.4. Dissipative Chern Hamiltonian

1. Time-reversal symmetry: For Z to have time-reversal symmetry we must find
a unitary matrix C+ such that it can connect ZT (−ϕ1,−ϕ2) to Z(ϕ1, ϕ2) with a
similarity transformation. Writing out ZT (−ϕ1,−ϕ2) explicitly

ZT (−ϕ1,−ϕ2) = (
1 0
0 1 )⊗ (

iΓ
4 i∆(ϕ1,ϕ2)

4
−i∆(ϕ1,ϕ2)

4 iΓ
4

)

+ ( 0 1
−1 0 )⊗ (

−iEwJ sin ϕ2
4 iEwJ sin ϕ1

4
iEwJ sin ϕ1

4 iEwJ sin ϕ2
4

) , (3.16)

we see that we need a unitary matrix of the form

C+ = (
1 0
0 1 )⊗ (

w z
−eiθz∗ eiθw∗

) , (3.17)

where the second matrix in the above equation is a generic 2*2 unitary matrix
defined by three numbers w, z, θ such that ∣w∣2 + ∣z∣2 = 1 and θ ∈ R. This generic
matrix should satisfy the following two matrix equations

( w z
−eiθz∗ eiθw∗

)( Γ ∆
−∆ Γ )(

w∗ −e−iθz
z∗ e−iθw

) = ( Γ −∆
∆ Γ ) , (3.18)

( w z
−eiθz∗ eiθw∗

)( − sinϕ2 sinϕ1
sinϕ1 sinϕ2

)( w
∗ −e−iθz
z∗ e−iθw

) = ( − sinϕ2 sinϕ1
sinϕ1 sinϕ2

) .

(3.19)

Solving these two equations we conclude that no such unitary matrix exist,
hence there is no time-reversal symmetry.

2. Particle-hole symmetry: Since Z is a purely imaginary matrix by construction
and the superconducting phases do not change under particle-hole transfor-
mation, therefore we have −Z∗(ϕ1, ϕ2) = Z(ϕ1, ϕ2), hence our model trivially
satisfies the condition for particle-hole symmetry.

3. Chiral symmetry: Since this is a combination of time-reversal and particle-hole
symmetries and time-reversal is absent for this case therefore chiral symmetry
is also absent.

From the above discussion and looking at the table 1.2, we conclude that our system
lies in the class D† which does host topologically nontrivial non-Hermitian matrices
in two dimensions, and the corresponding topological invariant lies in Z.

3.4.1. Calculation of the topological invariant
The Z topological invariants of systems in even spatial dimensions d = 2n with real
line gap, are given by the nth Chern number Cn (Appendix H [Kaw+19a]). To define
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3. Topology in dissipative systems

this Chern number we will first discuss diagonalisation of non-Hermitian matrices.
Consider a general non-Hermitian square matrix B of dimension p∗p, if this matrix is
diagonalisable (i.e. it has p linearly independent eigenvectors) then we can decompose
it as follows

B =
p

∑
l=1
λp ∣up⟩ ⟨⟨up∣ , (3.20)

where ∣up⟩ and ⟨⟨up∣ are right and left eigenvectors of B corresponding to the eigen-
value λp. These are defined as follows

B ∣up⟩ = λp ∣up⟩ ,
B† ∣up⟩⟩ = λ∗p ∣up⟩⟩ . (3.21)

The left and right eigenvectors satisfy the following orthonormality conditions

⟨⟨up ∣ uq⟩ = δpq, ⟨up ∣uq⟩⟩ = δpq, (3.22)

and the following completeness relations

∑
p

∣up⟩ ⟨⟨up∣ =∑
p

∣up⟩⟩ ⟨up∣ = I. (3.23)

The indices p and q in the above formulas are band indices, we will use the convention
such that bands below the real line gap are denoted by negative integers and the ones
above the gap are denoted by positive integers.

In order to define the nth Chern number we first define the non-Abelian Berry con-
nection as a matrix-valued one-form, for the bands below the gap, whose components
are defined as

Apq =
2n

∑
i=1
⟨⟨up ∣ ∂ki

uq⟩dki, p, q < 0. (3.24)

The Berry curvature is a matrix-valued two-form whose components are given by

Fpq = dApq + ∑
m<0
Apm ∧Amq, p, q < 0, (3.25)

expanding the above expression in terms of eigenvectors we obtain

Fpq =
2n

∑
i,j=1
(⟨⟨∂ki

up ∣ ∂kj
uq⟩ + ∑

m<0
⟨⟨up ∣ ∂ki

um⟩ ⟨⟨um ∣ ∂kj
uq⟩)dki ∧ dkj,

Fpq =
2n

∑
i,j=1
⟨⟨∂ki

up ∣ (1 − ∑
m<0
∣um⟩ ⟨⟨um∣) ∣∂kj

uq⟩dki ∧ dkj, (3.26)

where we have used the fact that ∂ki
⟨⟨up ∣ uq⟩ = 0 Ô⇒ ⟨⟨up ∣ ∂ki

uq⟩ = − ⟨⟨∂ki
up ∣ uq⟩.

The Chern number can now be computed using the following expression

Cn =
1
n! (

i

2π)
n

∫
BZ

tr (Fn) , (3.27)
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3.4. Dissipative Chern Hamiltonian

since the Berry curvature is a matrix-valued two-form, the expression Fn implies ma-
trix multiplication with the caveat that the components of the matrix are multiplied
by exterior product. The above definitions of Berry connection, curvature and there-
fore the Chern number can equivalently be defined for bands with positive indices,
in that case the change in topological invariant as we go from one phase to the other
will have the same absolute value but sign will be flipped.

For our model, a system with two spatial dimensions and four bands (two above
the real line gap and two below), the relevant topological invariant is the first Chern
number, which simplifies to

C1 =
−1
∑

p=−2

i

2π

2π

∫
ϕ1=0

2π

∫
ϕ2=0

(⟨⟨∂ϕ1up ∣ ∂ϕ2up⟩ − ⟨⟨∂ϕ2up ∣ ∂ϕ1up⟩)dϕ1dϕ2. (3.28)

To compute this Chern number numerically we use the algorithm described in Fukui
et. al. [FHS05], we present a modified version of the algorithm here for the case of
non-Hermitian Hamiltonians. Let us say we have to calculate the Chern number for
the band ∣u (ϕj1 , ϕj2)⟩ (with ⟨⟨u (ϕj1 , ϕj2)∣ as the corresponding left eigenvector), we
begin by discretising the Brillouin zone into lattice points denoted by the ordered pair
(ϕj1 , ϕj2), where

ϕjµ =
2πjµ

Nµ

, jµ = (0,1,⋯,Nµ − 1) , (3.29)

hence the total number of lattice points in the Brillouin zone are N1N2. We assume
that the state ∣u (ϕj1 , ϕj2)⟩ is periodic on the lattice, ∣u (ϕj1 + 2π,ϕj2)⟩ = ∣u (ϕj1 , ϕj2)⟩ =
∣u (ϕj1 , ϕj2 + 2π)⟩.

Now we define the U(1) link variable as follows

U1 (ϕj1 , ϕj2) =
⟨⟨u (ϕj1 , ϕj2)∣u (ϕj1 + 2π/N1, ϕj2)⟩
∣⟨⟨u (ϕj1 , ϕj2)∣u (ϕj1 + 2π/N1, ϕj2)⟩∣

,

U2 (ϕj1 , ϕj2) =
⟨⟨u (ϕj1 , ϕj2)∣u (ϕj1 , ϕj2 + 2π/N2)⟩
∣⟨⟨u (ϕj1 , ϕj2)∣u (ϕj1 , ϕj2 + 2π/N2)⟩∣

. (3.30)

The link variable is defined as long as the expressions in the denominator do not
become zero, if this happens it can be avoided by shifting the lattice infinitesimally.
From the link variable we define the lattice field strength by

F̃ (ϕj1 , ϕj2) = ln [U1 (ϕj1 , ϕj2)U2 (ϕj1 + 2π/N1, ϕj2)U1 (ϕj1 , ϕj2 + 2π/N2)−1
U2 (ϕj1 , ϕj2)

−1] .
(3.31)

Note that the field strength is defined within the principal branch of logarithm i.e.
−π < F̃ (ϕj1 , ϕj2) /i < π. It can also be easily shown that this field strength is invariant
under the gauge transformation ∣u (ϕj1 , ϕj2)⟩ → eiλ(ϕj1 ,ϕj2) ∣u (ϕj1 , ϕj2)⟩. Finally the
Chern number associated with the band ∣u (ϕj1 , ϕj2)⟩ is given by

C̃1 =
i

2π ∑
ϕj1 ,ϕj2

F̃ (ϕj1 , ϕj2) (3.32)
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3. Topology in dissipative systems

The above algorithm has to be modified to include the case of degenerate eigenval-
ues, let us assume that the following states are degenerate ∣u1⟩ , ∣u2⟩ ,⋯, ∣uM⟩, then we
define the following multiplets

ψ = (∣u1⟩ ∣u2⟩ ⋯ ∣uM⟩) ,

ψ̃ =
⎛
⎜
⎝

⟨⟨u1∣
⋮

⟨⟨uM ∣

⎞
⎟
⎠
, (3.33)

now the U(1) link variables are defined as

U1 (ϕj1 , ϕj2) =
det (ψ̃ (ϕj1 , ϕj2)ψ (ϕj1 + 2π/N1, ϕj2))
∣det (ψ̃ (ϕj1 , ϕj2)ψ (ϕj1 + 2π/N1, ϕj2))∣

,

U2 (ϕj1 , ϕj2) =
det (ψ̃ (ϕj1 , ϕj2)ψ (ϕj1 , ϕj2 + 2π/N2))
∣det (ψ̃ (ϕj1 , ϕj2)ψ (ϕj1 , ϕj2 + 2π/N2))∣

. (3.34)

The definition of field strength remains the same and the Chern number follows from
that. The numerically calculated Chern number C̃1 converges to the analytical value
C1 the smaller we make the lattice spacing. The figure (3.3) shows the Chern number
for our system with respect to the parameter δ.

δ/EwJ-2 -1 1 2

-2

-1

1

2

C̃1

Figure 3.3.: Plot of the Chern number versus the parameter δ that varies from
−2.5EwJ to 2.5EwJ . Other energy scale in the system is the dissipa-
tion rate which is set to Γ = 0.3EwJ , while the lattice spacing is set by
using the following parameters N1 = N2 = 100. We see that as expected
the Chern number is zero for ∣δ∣ > 2 indicating that the system is topolog-
ically trivial, and is finite for ∣δ∣ < 2. Additionally there are two distinct
topological regions marked by C̃1 = ±2.
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3.4.2. Preliminary result for measurement
After confirming that our model indeed hosts a non-Hermitian topological invariant,
the next step is to find an experimentally measurable quantity that reflects this topol-
ogy. As a first step, taking inspiration from our previous work on superconductor-
normal metal hybrid circuit, we introduce a counting field in the system to model a
detector, this allows us to access the full counting statistics of the junction which can
then be used to obtain experimental observables. The counting field (χ) modifies the
Lindbladian as follows

i
dρ

dt
= (Ĥ (ϕ1 + χ,ϕ2)ρ − ρĤ (ϕ1 − χ,ϕ2)) + i ∑

µ=↑,↓
(2LµρL

†
µ − {L†

µLµ, ρ}) ,

i
dρ

dt
= cosχ [Ĥ (ϕ1, ϕ2) , ρ] + sinχ{∂ϕ1Ĥ (ϕ1, ϕ2) , ρ} + i ∑

µ=↑,↓
(2LµρL

†
µ − {L†

µLµ, ρ}) ,

(3.35)

the choice to add the counting field to the phase ϕ1 is arbitrary. Once we have the
modified form of the Lindblad equation, we can reapply the formalism proposed by
Prosen to write the Lindbladian superoperator in following form

L̂ = 2 ( ĉ† ĉ )( H cos (χ) − iRe [M] sin (χ)∂ϕ1H − 2Im [M]
− sin (χ)∂ϕ1H H cos (χ) + iRe [M] )(

ĉ

ĉ† ) − 2itr [M] ,

(3.36)

here H and M matrices are the same ones that were defined in absence of the counting
field, the dependence of the Hamiltonian on the superconducting phases have been
hidden to make the equation more readable.

We can clearly see from Eq.(3.36) that inclusion of counting field in the system
removes the straight forward dependence of the spectrum of the Lindbladian on the
block matrix on the main diagonal. Hence the topology of the complete Lindbladian
can no longer be ascertained by just looking at the topology of the block matrix on
the main diagonal.

3.5. Conclusion
Unfortunately due to time constraints this project had to be paused here, and the
question of if there exist a measurement that can reflect the topology of this dissipative
system remains open. One possibility of confirming at least some part of our result
is via direct observation of the eigenspectrum of the Lindbladian and looking for the
gap closing. We can obtain the eigenvalues of the Lindbladian from the eigenvalues
of Z (Eq.(1.111))

λ1 = 0, λ2 = −4iΓ, λ3 = λ4 = λ5 = λ6 = −2iΓ,

λ7 =λ8 = −iΓ −
√
(δ +EwJ (cosϕ1 + cosϕ2))2 +E2

wJ (sin2 ϕ1 + sin2 ϕ2),
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λ9 =λ10 = −iΓ +
√
(δ +EwJ (cosϕ1 + cosϕ2))2 +E2

wJ (sin2 ϕ1 + sin2 ϕ2),

λ11 =λ12 = −3iΓ −
√
(δ +EwJ (cosϕ1 + cosϕ2))2 +E2

wJ (sin2 ϕ1 + sin2 ϕ2),

λ13 =λ14 = −3iΓ +
√
(δ +EwJ (cosϕ1 + cosϕ2))2 +E2

wJ (sin2 ϕ1 + sin2 ϕ2),

λ15 = − 2iΓ − 2
√
(δ +EwJ (cosϕ1 + cosϕ2))2 +E2

wJ (sin2 ϕ1 + sin2 ϕ2),

λ16 = − 2iΓ + 2
√
(δ +EwJ (cosϕ1 + cosϕ2))2 +E2

wJ (sin2 ϕ1 + sin2 ϕ2).

We see that at the point of gap closing the eigenvalues of the Lindbladian become
imaginary (except for λ1). The real gap closing is shown for the eigenvalues λ7 and
λ9 is shown in Fig.

Figure 3.4.: Plot of the real parts of the eigenvalues λ7 (blue lines) and λ9 (orange
lines), since for all other eigenvalues the real part is either 0 or similar.
The real gap closes for δ = −2EwJ ,0,2EwJ , here we have shown it only in
the vicinity of δ = 0, the values of the superconducting phases where the
gap closes are ϕ1 = π,ϕ2 = 0 and ϕ1 = 0, ϕ2 = π.

Before closing this chapter we would like to reiterate what our preliminary results
mean. We have shown that our toy model with symmetric dissipation is topologically
non trivial for −2EwJ < δ < 2EwJ , and that this topology is encoded in the open
system version of the Chern number, which is well defined even in presence of quasi-
particle poisoning. But we have also shown that this Chern number cannot appear
in any regular transport measurement. We did this by introducing a counting field in
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the system Lindbladian and finding the FCS, the form of the Lindbladian with the
counting field immediately told us that no cumulant of the transport statistics can
reflect this Chern number in an experiment.
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4. Utilizing and extending
superconducting circuit toolbox to
simulate analog event horizons

4.1. Introduction
Unifying quantum mechanics and gravity poses several theoretical [tV74; GS86; Pen14]
and experimental challenges [Hos+85; MP88; Lee+20; Wes+21; Ger+11; Eib+13;
Rom17; Pin+18; Fei+19; Del+20; Teb+21], which motivates studying analogs of
relativistic quantum effects in experimentally accessible systems [BLV11]. Several
ideas have therefore been proposed for simulating gravitational effects in solid-state
systems – for example, holographic ideas borrowed from string theory [SY93; Sac15;
BAK16; KS18; KS19; Jaf+22], or cosmological particle creation [BLV03; FF04; FS04;
Jai+07; PFL10; Ste+22], or more directly, using Unruh’s proposal of "sonic black
holes" [Unr81] as an inspiration to simulate black holes in labs. Along these lines,
apparent event horizons and the resulting Hawking radiation have been studied on
various platforms [KBW20; STW20; De +21; Nat+09; KHF20; TD19; Lan15; Sab18;
Sab16], most notably in ultracold atomic gases [Gar+00; Gar+01; Ste14; Muñ+19;
RBF22].

There remain however a number of open questions. First, so far for solid state
implementations the metric usually changes only over a finite “healing length”. If the
surface gravity (for analog black holes surface gravity corresponds to the rate of change
of the group velocity with which a signal will move in the given metric [Muñ+19]) is
too weak, the resulting small Hawking temperature may thus be below the threshold
of the system’s intrinsic temperature [Rob12] – an obstacle that (at least up to now)
seems to have only been overcome for cold atom simulators [Muñ+19]. Relatedly,
systems with an apparent event horizon generically do not have a well-defined ground
state, such that any coupling to the environment leads to an instability, making it
extremely challenging to distinguish intrinsic radiation due to the horizon (which
would actually simulate aspects of a universe with nontrivial spacetime metric) and
radiation due to environment induced relaxation. In addition, even in the absence
of environment, the closed system can in some platforms be spontaneously unsta-
ble [Gar+00; Gar+01]. Furthermore, lattice realizations (which ultimately concerns
all solid state systems) add a number of interesting but challenging facets, such as a
natural (though possibly artifical) resolution of the trans-Planckian problem [Jac91;
Bro+95; SU05; HF23], and most notably, the fact that any event horizon has both
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black and white hole character, since the dispersion relation in a periodic Brillouin
zone must necessarily cross zero at least twice [De +21].

Superconducting circuits are one of the prime candidates for building large-scale
quantum hardware [Aru19; Wu 21; Kja+20]. The behaviour of these circuits and
their interactions with quantised electromagnetic fields in the microwave range are
described by circuit quantum electrodynamics (cQED), a formalism that reduces cir-
cuits to lumped elements whose phase and charge are canonically conjugate [YD84;
BKD04; UH16; VD17; Bla+04; Bla+07; BGO20; Bla+21; RD22]. The toolbox of
superconducting circuits includes nonlinear elements such as Josephson junctions and
linear elements such as capacitors and inductors. Our work will also feature nonre-
ciprocal multi-port circuit elements. Classical nonreciprocal elements called gyrators
(or their close cousins, circulators), are already widely in use in circuit engineering
and signal processing [Abd+13; KSA20; MC15; MC17], whose consistent circuit the-
oretical description goes back to the work by Tellegen [Tel48]. These are however
generally large clunky objects operating in a finite frequency window. Various recent
works strive towards a realisation and a consistent description of quantum mechanical
gyrators [VD14; Rym+21; Sel+23; VH24]. Moreover, it has recently been realised
[VH24; Riw23; MTY24] that the same nonreciprocal behaviour also occurs due to
topological transitions in the transport degrees of freedom of multiterminal junctions
[Riw+16a; FAB21; Pey+21; Wei+21; Kle+21; HR22], whose size can be on the meso
scale and the gyration behavior emerges in the D.C. limit. Over the course of decades,
it has been shown that networks of superconducting circuits can give rise to a large
number of physical phenomena and imitate various quantum field theories from other
domains [KM89; Ust98; Wal+00; Fv01; CAB08; Gla+09; THD12; HTK12; HG19;
TD19; Ole+22; WMB24; Flu+12; Wil+11]. However, the exploration of analog grav-
ity phenomena has so far been limited to Hawking-like radiation in Josephson junction
arrays [Nat+09; KHF20; Kat+21; Kat21a; Kat21b; Kat+23; TD19; Lan15], which,
due to the nature of their proposal leave only little control over the shape of the
spacetime geometry, or recreation of a limited class of curved spacetimes by means of
flux control of SQUID arrays [Sab18; Sab16].

In this work, we demonstrate that networks of Josephson junctions and gyrators
can be used as an engineering tool for simulations of quantum-gravity phenomena
with unprecedented tunability capabilities, and generate surprising insights specific
to lattice systems. The basic idea is that arrays of these elements result in a (nearly)
massless scalar field theory describing a quantum field – the superconducting phases
of the charge islands – propagating across a lattice with spatially varying analog
spacetime metric. The latter essentially encompasses the local dispersion relation, i.e.,
the velocities with which right and left signals move with respect to the laboratory
frame. Note, however, that although the model consists of quantum fields propagating
on a fixed lattice of quantum circuit elements, this does not necessarily correspond
to the semi-classical limit (i.e. quantum field theory on fixed background spacetime).
The fixed laboratory coordinates (space and time of the experimenter implementing
the device) do not have to coincide with space or time coordinates emerging from
hypothetical observers within the toy universe, see also discussion in the outlook.
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To create an apparent horizon we need a boundary between the "normal region"
(region where the signals can move in both directions) and a wormhole region where
the signals only move in one direction, i.e. a region with overtilted dispersion rela-
tion. As it turns out such a region can be created with negative inductors, which we
propose to achieve by adapting recent insights in flux quench of regular Josephson
junctions [YSK19b; RD22]. Tunable 0−π junctions [PB18; Li+19; Ke+19] may offer
an alternative pathway towards negative inductances.

Already for such classical metric profiles, we make a number of important obser-
vations specific to lattice simulations. The exceptional tunability of the individual
energy scales in the lattice allows to change the analog metric over only a few lattice
sites, which would yield for typical charging and Josephson energies Hawking tem-
peratures in the 100mK up to 1K range, thus comfortably exceeding usual cryogenic
temperatures. But as we show, this comes at the price of a fundamental impossibility
to create stable event horizons for strictly discrete lattice systems. Instead, the sys-
tem becomes unstable right after the quench, resulting in an immediate evaporation
starting out from the event horizon. We here embrace this instability, and show how
to realize systems with a change of the spacetime over a single lattice point, where
the rate of change of the metric itself is ill-defined at the horizon (in the style of
Refs. [Jac91; Bro+95; SU05], we refer to this change in the metric as being “trans-
Planckian”) resulting in a likewise ill-defined Hawking temperature. We thus create
a system where the signatures of wormhole collapse are fully disjoint from any finite
surface gravity effects at the horizon – and in doing so, provide an answer to the ques-
tion of what happens at an event horizon in the otherwise highly speculative limit
of diverging surface gravity. We show that the instability leads to an accumulation
of charge and phase quantum fluctuations, which we expect to be a highly robust
signature with respect to environment-induced dissipation, since the latter reduces
quantum fluctuations (instead of increasing them).

Moreover, we find an instructive loop-hole to the aforementioned ambiguity of
black- versus white hole event horizons in lattice systems. Namely, the inductive
coupling can go either via nearest or next-to-nearest neighbour nodes. For the for-
mer, the dispersion relation inside the wormhole region exhibits an exceptional point,
such that the eigenspectrum no longer crosses zero energy twice, but instead takes a
detour on the complex plane to satisfy periodicity. We thus realize lattice versions of
event horizons which are definitely either black- or white hole, but not both. However,
this feature radically changes the dynamics in the interior of the wormhole: instead
of an evaporation from the horizons outwards the entire wormhole interior evaporates
everywhere immediately after the quench.

Lastly, while we mostly consider long chains in the main part of this work, as they
provide a clean interpretation of the effects in the context of curved spacetime, we
are aware that they may be challenging to realize experimentally. In the outlook, we
therefore also propose experiments on only few lattice points as proofs of principle,
which already contain much of the pertinent phenomenology present in long chains.

This work started off as a group project and therefore has contributions from all,
past and present, group members. T. Herrig and C. Koliofoti contributed to the
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initial stages of the project and were instrumental in discarding a lot of false starts.
A. Kenawy wrote the first version of the code and obtained preliminary numerical
results, while O. Kashuba helped with the extension of Klich’s determinant formula
(see App. E). Also, D. Kruti and C. Koliofoti were of great help in understanding the
subtleties of already established results about astrophysical event horizons, while R.-
P. Riwar helped with placing this project in context of much larger body of already
existing work regarding analog event horizons in condensed matter physics. This
chapter of the thesis is organized as follows, section 4.2 is a brief review of scalar
field theories on curved spacetime, and a summary of our main accomplishments of
this work. In section 4.3 we introduce and study the two circuits that will host the
apparent horizons that we wish to investigate, we especially focus on the different
effect that negative inductances have on the dispersion relations of these two circuits
anticipating the differences between the horizons in them. Section 4.4 is a brief detour,
where we expand upon the idea of using flux quench on a Josephson junction to get a
negative inductance, and in section 4.5 we study and characterize the horizons in the
two aforementioned circuits, by looking at the time evolution of quantum fluctuations
of the conjugate charge and the phase difference. In section 4.6 we hypothesize on
the long time fate of the analog horizons and argue that the effect of this intrinsic
evaporation is easily distinguishable from the effect of coupling to the environment.
This section also acts as a bridge to the idea of quantum inductors and using them to
observe quantum superpositions of two spacetime geometries, this part of the work
is not included in the thesis since its main contibutors are D. Kruti and R.-P. Riwar,
but can be found in [Jav+24].

4.2. Curved space time metrics and the circuit
simulator

4.2.1. Brief review of field theories with curved spacetime and
stability considerations

To set the stage, let us reiterate basic notions related to field theories with nontrivial
spacetime metric.

Within this brief review, questions regarding the stability of the considered sys-
tems will emerge. To this end, we begin by providing a number of general statements
regarding bosonic Hamiltonians (as we focus on scalar bosonic quantum fields). The
quantum systems we consider are all described by a Hermitian Hamiltonian. In accor-
dance with Refs. [Gar+00; Gar+01; Nak+08; Min+07], we point out that hermiticity
does not guarantee stability of the system, due to the special symplectic structure
of the Bogoliubov transformation. In particular, two cases need to be distinguished.
It may happen that certain eigenvalues are negative, such that the system has no
well-defined many-body ground state. Such systems however still evolve in a stable
fashion, unless they are coupled to an environment, which will in general lead to a
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collapse of the system, as negative energy bosonic states can now be occupied by
extracting energy from the bath. In the second case, some eigenenergies may become
complex (again, this is consistent with Hermitian Hamiltonians, see Refs. [Gar+00;
Gar+01]). Such systems are spontaneously unstable, as they do not require a coupling
to a bath to collapse.

In continuous field theories, the action of a field ϕ in a d + 1-dimensional spacetime
is generally given as

S = 1
2 ∫ dtddx

√
−g gµν∂µϕ∂νϕ , (4.1)

where the metric tensor gµν can in general depend on all coordinates. Within actual
general relativity, the metric tensor of course encompasses the entire causal structure
of spacetime. However, it is understood since a long time that a wide variety of
nonrelativistic systems (condensed matter and beyond) may be described by an action
of the same form, however with typical velocities much below the speed of light.
These systems provide an analog spacetime in the sense that gµν looses its concrete
relativistic interpretation.

For simplicity, let us consider 1 + 1 dimensions (note that our simulator recipe works
also for more spatial dimensions, as we point out in a moment), and focus on metrics
that depend only on the position coordinate, i.e., metrics that are stationary in the
laboratory frame. Here we write the action explicitly in a matrix form as

S = 1
2 ∫ dtdx ( ∂tϕ ∂xϕ )(

1
u

v
u

v
u

v2−u2

u

)( ∂tϕ
∂xϕ
) , (4.2)

where u and v are two independent functions of x. Note that the matrix represent-
ing the spacetime metric has determinant −1, such that the √−g prefactor is here
irrelevant. For actions of this form, it is always possible to make a coordinate trans-
formation [Rob12]

y = t −
x

∫ dx′
1

u (x′) + v (x′)
(4.3)

z = t +
x

∫ dx′
1

u (x′) − v (x′)
, (4.4)

to bring the action into the simple form

S = ∫ dydz∂yϕ∂zϕ . (4.5)

In these coordinates, the classical Euler-Lagrange equation is simply ∂y∂zϕ = 0, whose
solutions are arbitrary superpositions of functions that depend either only on y, or
only on z. Transforming back to (t, x)-coordinates via Eqs. (4.3) and (4.4), these two
separate solutions correspond to waves propagating locally either with velocity u + v
or u − v. For constant u, v (and u > 0), the theory is readily quantized, yielding the
Hamiltonian

H = ∫ dkωka
†
kak , (4.6)
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where for bosonic fields, [ak, a
†
k′] = δ(k − k′). The dispersion relation ωk = u∣k∣ + vk

readily provides the group velocity of quantum excitations, such that the classical y
and z type solutions here correspond to k > 0 and k < 0, respectively. For ∣v∣ < u, the
system describes a regular analog light cone with H having only positive many-body
eigenvalues, where v corresponds to a finite tilt of the dispersion relation.

For ∣v∣ > u the dispersion relation is overtilted, such that one of the branches
(either k < 0 or k > 0) has now negative energies. Negative energies are meaningful
in the following sense. As already pointed out above, the Hamiltonian H here has in
principle no more well-defined ground state – indicating a serious instability. However,
the eigenvalues remain real, such that the closed quantum system still evolves in a
stable fashion. In particular, with a Galilei transformation 1 by, e.g., −v, we can undo
the tilt (the dispersion relation goes to u∣k∣) and thus return to a regular Hamiltonian
with a well-defined ground state. Consequently, for the closed quantum system, there
is nothing special about whether or not a particular branch has negative eigenenergies.
Matters are markedly different, once we consider open quantum systems. Here, the
Galilei transformation applies to both the system Hamiltonian, as well as to the
interaction with the environment. Hence, one cannot change a system from stable to
unstable by merely moving with respect to it – thus avoiding what would otherwise
be a serious conundrum. However, the inverse may well happen: if we fine tune the
parameters of the system such that it implements an overtilted dispersion relation in
the laboratory rest frame, the coupling to the environment may indeed be such that
the system collapses on very fast time scales (usually given by the typical relaxation
rates of the considered quantum hardware).

Returning to spatially varying spacetime metrics, apparent event horizons emerge
in this field theory when at a given point v crosses from ∣v∣ < ∣u∣ to ∣v∣ > ∣u∣, such that
there no longer exist a global transformation to a flat spacetime. Consequently, the
system is separated at the horizon into two halves, one with a well-defined ground
state (regular or no tilt in the dispersion relation) and one with no ground state
(overtilted). In principle, one could now expect already the closed quantum system
to be unstable as the two halves could exchange energy (which would thus lead to
complex eigenvalues). But as is well known [Rob12], this does not happen for this
particular system. Even in the presence of such a horizon, the system is still described
by regular, real eigenvalues, such that at least for the closed system, the evolution
is still stable (though in general not in a well-defined ground state). The reason
for this is that on both sides of the horizon, the above coordinate transformation to
(y, z) still applies, such that for these coordinates, there still exist two well-defined
branches of the wave solutions moving at different speeds relative to the lab frame.
At the horizon, the transition from ∣v∣ < ∣u∣ to ∣v∣ > ∣u∣ results in one – but only one –
of the two coordinate transformations (either y or z, depending on the sign of v) to
be singular. Consequently, the branch without singularity simply moves through the
event horizon as if it wasn’t there. The other branch (with the singularity) is causally

1Galilei transformations are of course allowed for the here considered simulator systems which
operate at velocities far below the speed of light.
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disconnected at the horizon, because wave solutions come to a stand-still. Hence the
left and right hand side of this branch do not couple.

Since the system is however not in a ground state, meaningful quantum measure-
ments are best defined by anchoring all observables to a basis with well-defined ground
state. This is commonly done [Rob12] by imagining the system to be prepared (in
the distant past) in the ground state of a spacetime metric without horizon (e.g.,
perfectly flat spacetime). When now defining measurements with respect to the new
eigenbasis, Hawking radiation emerges. A frequency decomposition of this radiation
reveals that it is of thermal nature, given by the surface gravity – e.g., for constant u,
the temperature is thus proportional to the energy scale ∂xv, evaluated at the horizon.

Crucially, while for the closed system (or for the actual universe) it therefore seems
plausible to have stable spacetime metrics with horizons and a related thermal Hawk-
ing radiation, it has to be noted that for simulators coupled to an environment, the
above is a highly precarious situation – precisely because of the lack of a well-defined
ground state. For instance, while the branch with the singularity may well be exactly
separated at the horizon for the closed system, the overtilted part very likely becomes
unstable simply due to coupling with the environment (see our above Galilei trans-
formation argument, respectively its inverse). Moreover, it cannot be excluded that
a (ever so slightly) nonlocal coupling to an environment effectively couples the two
causally separated branches, such that energy can be exchanged across the singularity
via environment-assisted tunneling. As we now go on to lattice simulators, stability
concerns only pile up.

4.2.2. Simulation with circuit networks
Here, we summarize our simulation idea by means of quantum circuits, and indicate
the main accomplishments of our work.

As we see in Eq. (4.2), for a system to emulate a field moving on a nontrivial
spacetime, we need interactions that provide the terms ∼ ϕ̇2, ∼ ϕ̇ ∂xϕ, and ∼ (∂xϕ)2.
Quantum circuit theory [BKD04; VD17; Rym+21; RD22] readily provides elements
that (in a certain continuum limit) provide such interactions. For a superconducting
node j, a finite capacitance (Cj) provides to the Lagrangian L an energy contribution
of the form

L→ L +
Cj

2 (
ϕ̇j

2e)
2

, (4.7)

whereas a finite inductance (Lj) between two neighbouring nodes j +1 and j provides

L→ L − 1
2Lj

(
ϕj+1 − ϕj

2e )
2
. (4.8)

In the continuum limit ϕj → ϕ(x), we indeed get the terms ∼ ϕ̇2 and ∼ (∂xϕ)2,
respectively.

However, this alone does not provide a tilt of the dispersion relation. This is where
gyrators come into play. As pointed out in Ref. [Rym+21], a three-port gyrator,
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connecting two neighbouring nodes ϕj+1 and ϕj to ground (whose phase is set to zero)
can be described by the following contribution to the Lagrangian 2,

L→ L +Gj(ϕjϕ̇j+1 − ϕ̇jϕj+1) , (4.9)

where the parameter G is proportional to the transconductance of the gyrator,

2eIj =
∂L
∂ϕj

= Gjϕ̇j+1 = 2eGjVj+1 (4.10)

2eIj+1 =
∂L
∂ϕj+1

= −Gjϕ̇j = −2eGjVj . (4.11)

The gyrator thus has a typical circular transport behaviour, i.e., a voltage at j (j +1)
induces a current (with reversed sign) at j+1 (j). The continuum limit (at least a naive
continuum limit, as we discuss in detail below) yields indeed a term of the sought-
after form ∼ ϕ̇ ∂xϕ and thus provides a tilt. In fact, it is precisely the above circular
transport behaviour, which allows us to develop an illustrative intuitive picture for the
physical origin of the tilt. Essentially, the gyrator acts as a “conveyer belt” for plasmon
excitations within the chain, transporting signals in opposite directions with different
group velocity. Thus it has in essence the same effect as a Galilei transformation (at
least in the continuum limit), except that we can in principle control it locally within
a given chain by modulating the value of G as a function of j.

The above ingredient list is in principle sufficient to simulate analog spacetime ge-
ometries with finite curvature. Also, while 1D and 2D arrays are likely most straight-
forwardly implemented on a circuit board, with appropriate 3D stacking one could
potentially also reach a higher number of spatial dimensions. The above realizations
mark a first central accomplishment of this work, where

(i) we identify a minimal set of circuit elements to realize scalar discrete field the-
ories with any shape of stationary analog spacetime geometry.

For illustration purposes and practicality, we stick to 1D arrays in the remainder of
this work. However, even in the 1 + 1 dimensional problem, there are a number of
interesting challenges which we attack in the following. As we argue in more detail
below, already for flat spacetime, an overtilt (with a negative energy branch) is not
straightforward to realize. As can be seen when comparing Eq. (4.2) with the inductor
contribution of Eq. (4.8) an overtilt ∣v∣ > u requires negative inductances. As a second
main result (developed in the subsequent section),

(ii) we show how to realize negative inductances via transient flux drive of Josephson
junctions, and thus create overtilted dispersion relations and analog (apparent)
event horizons.

2Note that the gyrator Lagrangian can be subject to gauge transformations, such that its form is
not uniquely determined.

101



4. Utilizing and extending superconducting circuit toolbox to simulate analog event
horizons

This particular implementation of negative inductances via a flux quench is first of all
of fundamental interest, as (contrary to other realizations [Gar+00; RBF22]) we do
not require a continuous non-equilibrium drive to maintain the event horizons. As we
detail further below, the absence of a well-defined ground state is merely the result
of an approximation valid at short times. The exact quantum field theory retains
a ground state at all times, which will ultimately be reached again via relaxation
processes, thus potentially offering the possibility of a complete wormhole evaporation
simulation emerging naturally from the hardware. Moreover, the setup we propose
allows for a radical change of the spacetime geometry over only a few lattice sites (and
as we show in a moment, even over a single lattice bond). With the energy scales
of the local charging energy given by EC and when using Josephson junctions as
inductive elements EJ , we would thus (at least in principle) be able to reach Hawking
temperatures (as defined above) on the order of ∼

√
ECEJ which (taking as a typical

transmon qubit frequency the value of 1GHz ∼ 10GHz) can yield up to 0.1K ∼ 1K
(which is above typical cryogenic temperatures).

However, in addition to the already mentioned general stability issues related to the
environment, the circuit simulation reveals fundamental lattice-specific spontaneous
instabilities (due to complex eigenvalues), which are already present when disregard-
ing the environment. We expect those to impede a straightforward observation of
thermal Hawking radiation. Instead,

(iii) we propose to directly probe the spontaneous collapse of systems with apparent
event horizons by means of accumulating quantum fluctuations, which we argue
to be distinguishable from collapse due to dissipative processes.

At any rate, some of the lattice-specific stability issues can be appreciated on the
general level here, others will be shown subsequently for a specific model. On a gen-
eral footing, we see in Eq. (4.2) that any (constant or spatially dependent) local tilt
v (which in our simulation would be implemented by constant or spatially varying
gyrator parameters Gj) must equally appear in the (∂xϕ)2 term, as the corresponding
matrix element g11 (µ, ν = 1 is the space-space component) is proportional to v2 − u2.
In other words, a finite nonreciprocity in the circuit needs to be “countered” by a cor-
responding inductive interaction, in order to realize actions of the form of Eq. (4.2).
Consequently, we would need an according spatially dependent tuning of the local
inductance profile Lj which matches exactly with the values of Gj. But first of all,
such a perfect fine tuning is realistically not possible, such that the condition g = −1 is
in general only approximately, but never exactly, fulfilled. Hence, the mapping onto
Eq. (4.5) is likewise not exact, and we cannot guarantee a perfect causal decoupling
across the horizon, and the closed system might become spontaneously unstable over
already short time scales. In fact, below we refrain from a simulation with constant
metric determinant g (in fact, we will modify the inductances rather than the gyrator
values), such that the systems we consider do not map to Eq. (4.5) in the continuum
limit. Furthermore, with the Hawking temperature being defined (at least in contin-
uous field theories) as the derivative of the group velocity (i.e., the surface gravity)
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at the event horizon, there emerges the curious question of what happens to the ob-
servables of the system when considering a very sharp (discontinuous) change of the
metric at the horizon, and how such a diverging surface gravity is regularized. In
what follows we will provide an answer to that question for lattice simulators.

Moreover, there is a deeper issue that our discrete circuit realization unravels, which
is true even if perfect tuning of Gj and Lj would be available. To see this, consider
first an (infinite) array where all gyrators have the same parameter Gj = G. Here, we
can reformulate the nonreciprocal part of the Lagrangian as follows,

G∑
j

(ϕjϕ̇j+1 − ϕj+1ϕ̇j) = G∑
j

ϕ̇j (ϕj−1 − ϕj+1) . (4.12)

Thus, we see that in order to have the correct counter term in the g11 component
for the lattice, we actually do not need nearest neighbour inductive coupling [as in-
dicated in Eq. (4.8)] but instead next-to-nearest neighbour coupling, ∼ (ϕj+1 − ϕj−1)2.
As further detailed below, because of this fundamental feature of the gyrator ele-
ment, nearest and next-to-nearest neighbour inductive couplings have fundamentally
different stability properties. In particular,
(iv) we find an important loop hole to the ambiguous black and white-hole nature of

lattice event horizons (through an exceptional point in the dispersion relation)
leading to a fundamentally different behaviour in the wormhole interior.

Finally, when returning to a spatially varying Gj, we can draw another important
conclusion. Namely, for a general gyrator Lagrangian of the form

∑
j

Gj (ϕjϕ̇j+1 − ϕj+1ϕ̇j) =

∑
j

ϕ̇j (Gj−1ϕj−1 −Gjϕj+1) ,
(4.13)

it turns out to be impossible to find exact inductive counter terms: as can be seen
in the right-hand side of above equation, the Lagrangian can no longer be factored
into simple phase differences (due to Gj ≠ Gj−1). The only possibility to counter the
above expression in terms of inductive couplings is to add inductors to ground, and
thus abandon charge conservation within the array. While charge leakage to ground
is very much a potential reality (especially if the realization of the gyrators is not
ideal, leading to additional inductive shunts), nonetheless

(v) we conclude that for generic circuits networks, nonreciprocal interactions cannot
be exactly countered by charge conserving inductive interactions.

The breaking of charge conservation (which is physical as it corresponds to leakage
to ground) effectively provides a mass term in the theory. In fact, we will include a
(finite but very small) mass term in the following, but for a different reason: it allows
us to deal with the otherwise problematic zero mode in the boson Hamiltonian.

To summarize, items (i) and (v) have already been fully demonstrated within the
above general reasoning, and require no further illustration. Items (ii-iv) on the other
hand are now explicitly shown in what follows, by considering a concrete setup.
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4.3. Setup
We here show with two example circuit models the capability of circuit arrays to
engineer nontrivial dispersion relations with analog wormholes. The first proposed
circuit consists of an array of J nodes (with periodic boundary conditions, i.e., J +1 =
1), interconnected via Josephson junctions in parallel with 3-port gyrators, as depicted
in Fig. 4.1a). The complete Lagrangian of the circuit will consist of three parts,
namely a capacitive Lagrangian in Eq. (4.7), a gyrator Lagrangian in Eq. (4.9) and a
term for the Josephson junctions LJ = ∑J

j=1EJ cos (ϕj+1 − ϕj + ϕext,j). Here, EJ is the
Josephson energy and ϕext,j is the external flux coupling to each Josephson junction.
This flux, and its time-dependent control, will play a pivotal role in what follows.

By standard circuit theory methods [BKD04; VD17; CDT24], we find that the
Hamiltonian of this array takes the form

H =
J

∑
j=1
EC[Nj +G(ϕj+1 − ϕj−1)]

2

−
J

∑
j=1
EJ cos(ϕj+1 − ϕj + ϕext,j), (4.14)

with the charging energy
EC ≡

(2e)2
2C .

The number operatorNj and the phase ϕj satisfy the canonical commutator [ϕj′ ,Nj] =
iδjj′ .

As stated in the previous section, the stability of circuits where Josephson junctions
connect nearest neighbours nodes and the ones where Josephson junctions couple next
nearest neighbour nodes is very different. Therefore, to illustrate their differences
the second circuit we study has next nearest neighbour connections via Josephson
junctions, see Fig. 4.1b). The Hamiltonian for such a circuit is

H′ =
J

∑
j=1
EC[Nj +G(ϕj+1 − ϕj−1)]

2

−
J

∑
j=1
E′J cos(ϕj+1 − ϕj−1 + ϕext,j) . (4.15)

Considering the system at low energies (close to the many-body ground state), the
phases on the nodes will approach an equilibrium configuration minimizing the total
Josephson junction energy of the array. For sufficiently long arrays, we find either
ϕj+1 − ϕj ≈ −ϕext,j + δϕj+1 − δϕj (for H) or ϕj+1 − ϕj−1 ≈ −ϕext,j + δϕj+1 − δϕj−1 (for H′).
Assuming EC < EJ , the quantum fluctuations around the equilibrium value will be
small, δϕj ≪ 1. Consequently, the Josephson term in Hamiltonians (4.14) and (4.15)
can be approximated by

≈
J

∑
j=1
EL(δϕj+1 − δϕj)2 + const.
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I(t)

=

a)

u′ − v′ u′ + v′ b)

c)

Figure 4.1.: Wormhole simulations with quantum circuits. In circuits a) and b) (near-
est and next-to-nearest Josephson coupling, respectively) the presence of
gyrators tilts the dispersion relation giving left and right moving wave
packets different speeds. The circuit c) is obtained by inverting the signs
of a finite connected region inductances of circuit a). This is achieved by
a flux quench induced by a localized current (inset), shifting the super-
conducting phase difference across the junction by π, leading to negative
inductance. This creates two boundaries between the normal and over-
tilted regions, which act as the apparent horizons. Horizons for the circuit
with Josephson junctions connecting next-nearest neighbors b) can be ob-
tained in a similar manner.
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≈
J

∑
j=1
E′L(δϕj+1 − δϕj−1)2 + const., (4.16)

where δϕj still satisfy the same commutation relations with Nj. The inductive energy
is E(′)L = E

(′)
J /2.

With the quadradic approximation of the Josephson energies, the total Hamilto-
nian describes a noninteracting boson field. Moreover, close to the ground state, the
externally applied flux ϕext,j could be eliminated from the problem. It would there-
fore seem that neither the nonlinearity of the Josephson junction, nor the external
flux play a role. However, as we will show in Sec. 4.4, transient flux-control and the
compact cosine behaviour of the Josephson energy will allow us to generate nontriv-
ial features related to quantum gravity. In particular, we will be able to modulate
the effective inductive energy EL highly locally, and in particular, render it negative,
allowing for the creation of instabilities that will lead to non-thermal Hawking radia-
tion. Note that the nonlinearity of the Josephson energy was likewise of importance
for earlier proposals to measure Hawking-like radiation emerging from soliton excita-
tions in Josephson junction arrays [KHF20]. We will comment on similarities with –
but also significant differences to – our approach further below.

For the above conventional non-interacting boson problem, translational invari-
ance allows us to analytically diagonalize the Hamiltonians (4.14) and (4.15), H(′) =
∑m ω

(′)
m b†

mbm (where index m goes from −J/2+1 to J/2), to get the dispersion relations
(Appendix C)

ωm = 2
√
E2

Cβm + 4ECG sin(2πm
J
) ,

ω′m = 2
√
E2

Cβ
′
m + 4ECG sin(2πm

J
) , (4.17)

where bm (b†
m) are bosonic annihilation (creation) operators satifying [bm, b

†
m′] = δmm′

and

βm =
4ECG2 sin2 (2πm

J
) + 4EL sin2 (πm

J
) +M

EC

,

β′m =
4ECG2 sin2 (2πm

J
) + 4E′L sin2 (2πm

J
) +M

EC

, (4.18)

where we will set E′L = EL/4 for the ease of comparing the two spectra in the linear
approximation. The quantum number m enumerates the momentum of bosonic exci-
tations, where we can define the wave vector as k = 2πm/J , such that ω(′)m → w(′)(k).
Note that we have introduced a very small mass term M (H(′) → H(′) +M ∑j ϕ

2
j) to

avoid the well-known diagonalization issues with the zero modes. We take whenever
possible the limit M → 0. The mass term physically corresponds to a small leak-
age of supercurrent towards ground, which could, e.g., originate from an imperfect
implementation of the gyrator element.
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Figure 4.2.: The above two figures show that the low-momentum eigenvalues (blue
lines) of the circuit Hamiltonians (4.14) and (4.15) can be approximated
by the linear dispersion relation (4.19) (orange lines) at low energies. The
branches of the dispersion relation correspond to right and left movers
with speeds u ± v. One crucial point about the eigenvalues in b) is that
near k = π the dispersion relation (brown lines) is the mirror image of
the dispersion near k = 0, which is a feature that the eigenvalues in
a) do not have. Parameters used: EC/EL = 1.3,E′L/EL = 0.25,G = 0.6,
and J = 50. To lift the degeneracy at zero energy, a small mass term is
used (≈ 10−3EL).

For small k, the system exhibits a linear dispersion relation, [see Figs. 4.2a) and 4.2b)],

ω(k) ≈ ω′(k) ≈ 2
√

4E2
CG

2 +ECEL ∣k∣ + 4ECGk. (4.19)

In the relativistic sense, this would correspond to the analog speed of light, where
the two branches k > 0 and k < 0 denote right and left moving signals, respectively
[see also Eq. (4.6)]. Importantly, we see in general different analog speeds of light
u + v (u − v) for excitations moving to the left, k < 0 (right, k > 0) [as illustrated
in Figure 4.1a) and b)], with u ∝ 2

√
4E2

CG
2 +ECEL and v ∝ 4ECG. A nonzero v

corresponds to a tilt of the dispersion relation, which is only possible for a nonzero
gyrator, G ≠ 0, due to the aforementioned “conveyer belt” dynamics.

Moreover, we observe that on this coarse-grained level (small k essentially corre-
sponds to taking the continuum limit of the lattice grid), the two models exhibit the
exact same dispersion relation. Note however, that the next-nearest neighbour model

107



4. Utilizing and extending superconducting circuit toolbox to simulate analog event
horizons

hosts a second low-energy point with linear dispersion relation at k ≈ π [see Fig. 4.2b)].
The dispersion tilt here is always opposite to the one at k ≈ 0. This feature emerges
for the following reason. In the absence of the gyrators, the model H′ has two disjoint
low-energy fields for even and odd lattice sites, resulting in a π-periodic Brillouin
zone. The gyrators couple these two separate modes, restoring 2π-periodicity with
respect to k (due to the alternating tilt), but keeping the two low-energy solutions
intact. In essence, while model H hosts a single low-energy analog light field, model
H′ hosts two separate fields with opposite dispersion relation. This detail will play
an even more prominent role in what follows.

In order to engineer analog wormholes with event horizons, we need to specifically
create a dispersion relation with an overtilt where ∣v∣ > u – at least in a finite region
of the device. Here, our resulting dispersion relation, Eq. (4.19), provides us with a
significant challenge: if both the inductive and capacitive energies EL,EC are positive,
then it can be easily shown that u > ∣v∣, independent of the specific parameter values.
Consequently, an overtilt must necessarily involve negative capacitances or negative
inductances. In the next section, we will explicitly discuss possibilities to render either
EC or EL negative, and point out in particular, why we expect negative EL to be the
more feasible of the two options.

In the remainder of this section, we proceed by discussing the consequences a nega-
tive inductance has on the dispersion relation. As already stated, for small k we thus
get an overtilted linear dispersion relation in both models, see Figs. 4.3a) and 4.3b).
As the slope of the dispersion relation now has the same sign for both positive and
negative k, we get signals propagating in the same direction. If we now join regions
with regular (u > ∣v∣) and overtilted (u < ∣v∣) dispersion relation, we could indeed
engineer analog wormholes. But before we embark on that, we need to discuss in
detail the behaviour of the dispersion relations, Eq. (4.17), for large k. Namely, when
considering the full Brillouin zone (i.e., for −π < k < π), we see that the two models
(nearest versus next-nearest neighbour) differ significantly. In particular, for the near-
est neighbor coupling, we observe that outside the range −k0 < k < k0 the dispersion
relation becomes complex, see Fig. 4.3a), where k0 is determined by the condition

sin2 (k0

2 ) =
4ECG2 − ∣EL∣

4ECG2 . (4.20)

This transition point is equivalent to an exceptional point in the system. Crucially,
this finding is in stark contrast to the model circuit where the Josephson junctions
connect the next nearest neighbors. Here, for parameter regime 4ECG2 + EL > 0,
we can overtilt the dispersion relation without encountering complex eigenvalues, see
Fig. 4.3b).

There are several reasons why both of these models are interesting in their own
right. First, let us comment in more detail on stability. In principle, the inversion
of inductance (or capacitance for that matter) indicates a spontaneous electrostatic
instability. This can be understood already on a much simpler level of a single LC
circuit, with a resonance frequency ∼

√
ELEC . Swapping the sign of the inductance

leads to an imaginary frequency. Note that for transient times, this result is by no
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Figure 4.3.: The principle behind the topological loop-hole for black versus white hole
horizons in lattice systems via exceptional point. In panels a) and b), we
show the complete dispersion of the circuit Hamiltonians (4.14) and (4.15)
with negative inductances. When the Josephson junctions connect near-
est neighbors, a), the eigenspectrum is complex (blue line represents real
part of the eigenvalues and yellow line the imaginary part). The points
where the eigenvalues go from real to complex are exceptional points
(marked by red dots). Consequently, the spectrum only crosses zero once
at k = 0, and satisfies the periodicity constraint of the Brillouin zone via
a detour in the complex plane. For next nearest neighbor coupling, b),
the spectrum is real for all values of k, and crosses zero twice, again with
mirror images at k = 0 and k = π. The low momentum eigenvalues (or-
ange line) for both the circuits do show an overtilt, which is required to
create a horizon. Parameters are same as in Fig. 4.2, except the signs for
EL and E′L are flipped.

109



4. Utilizing and extending superconducting circuit toolbox to simulate analog event
horizons

means problematic (see also Sec. 4.2.1), as such an imaginary frequency corresponds
to placing a localized wave function on the tip of an inverted harmonic potential.
For transient times, we can by all means obtain physically meaningful results from
the Schrödinger equation. In particular, note that such an evolution will result in
an exponential blowing up of quantum fluctuations of both canonically conjugate
quantities, here, charge and phase (as we will see later also in explicit calculations).
This might at first sight seem counterintuitive. The most common situation for generic
quantum wave functions is that the uncertainty in one of the two conjugate spaces
is inversely proportional to the uncertainty in the other. But note that inverted
potentials provide very special wave functions over time that spread both in position
(e.g., ϕ) space, as the wave function evolves from the tip of the parabola to both sides,
as well as increasing uncertainty in momentum (e.g., N) space, since the particle wave
gets more and more accelerated as it rolls down both sides of the inverted parabola.
The theory is only problematic in the long-time limit, due to the formal removal of
a well-defined ground state. We note that our realization of negative inductances
via the inherent nonlinearity of the Josephson effect provides a very neat conceptual
realization of instabilities, while (in principle) retaining a well-defined ground state
for long times, as we explain in more detail further below. We also note that a recent
work [RSB24] has explored a related but distinct concept of negative mass resonators
in cQED architectures, by strongly driving a weakly nonlinear superconducting LC
circuit [Fan+21], leading effectively to negative susceptibility.

To proceed, we note that in the 1D chain models we consider, there are ways to
stabilize the system in spite of negative inductances, in line with the discussion in
Sec. 4.2. Indeed, the gyrators play the pivotal role for stabilization: in the Hamiltoni-
ans of Eqs. (4.14) and (4.15), when we expand the term in the first line ∼ EC , we get
an effective inductive element due to a nonzero G, ∼ ECG2(ϕj+1 − ϕj−1)2. This is an
effective inductive contribution due to the gyrator, which is guaranteed to be positive
even when EL < 0 (as long as EC > 0). But as already foreshadowed in Sec. 4.2.2,
this effective inductive contribution couples next-nearest neighbour sites. Hence, a
negative next-nearest inductor [Eq. (4.14)] can be exactly compensated by a positive
next-nearest neighbour contribution of the gyrator. The negative nearest neighbour
inductor model [Eq. (4.15)] on the other hand cannot exactly be compensated by the
gyrators, hence the presence of the exceptional point.

Let us now take a bit of a more formal perspective on the above observation for
generic wormhole simulations, which will allow us to demonstrate one of the central
results of this work, see also item (iv) in Sec. 4.2.2. Namely, there is a simple topologi-
cal connection between overtilted spectra, Brillouin zone sizes, and exceptional points.
For discrete lattice implementations the dispersion relation is always 2π periodic in
k. Crucially, an overtilted spectrum means that the energies cross from positive to
negative values at the transition points k = 0,2π, . . .. If the spectrum is real for all k,
then periodicity in momentum space always guarantees that an overtilted spectrum
near a certain value of k must have an overtilted partner at another value of k with op-
posite tilt direction, as a periodic spectrum must traverse the zero-energy line an even
number of times. Consequently, for any lattice implementation, it seems unavoidable
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that what appears like a black hole horizon near one value of k, must necessarily
have a white hole horizon partner at another value of k. This fact has already been
pointed out in the context of analog black-hole simulations in tilted Weyl semimetal
structures [De +21]. Our next-nearest neighbour model confirms this expectation,
where the overtilt point at k ≈ 0 has an inverted partner point at k ≈ ±π, see Fig. 4.3
b). These two k points can be individually addressed when preparing, e.g., Gaussian
wave packets centered either around k ≈ 0 (wave packets that are smooth in j space)
and k ≈ ±π (wave packets with alternating even-odd signs in j space).

Crucially, the nearest-neighbour model provides an intriguing loop hole: here, the
overtilt at k ≈ 0 has no partner point with inverted tilt, very simply because the
dispersion relation satisfies the periodicity constraint in k by taking, in a sense, a
“detour” in the complex plane – by courtesy of the exceptional point. Consequently,
the spectrum crosses the zero energy line only once. We are thus able to conclude
that there is after all a case, where black and white hole horizons can be created
independently in a lattice. This comes at the cost of a spontaneous instability within
the overtilted region, which, importantly, is present even in the absence of an event
horizon. This finding will be of great importance when interpreting the origin of
radiation in the presence of event horizons in Sec. 4.5 below.

4.4. Realizing negative inductance through quench
As noted above, an overtilt in the dispersion relation is realized by means of either
negative capacitances or negative inductances. We here present ideas for the engi-
neering of both features, and then argue, why we expect the latter to be more feasible,
thus demonstrating claim (ii) in Sec. 4.2.2,

Negative (and other nonlinear) capacitances are an interesting topic within quan-
tum circuits, which date back to various pioneering ideas by Little [Lit64] and Lan-
dauer [Lan76], and have recently been a focal point of research, either in the form
of ferroelectric materials [CJG15; Zub+16; Hof+18; Hof+20], or capacitively-coupled
polarizers inducing pairing in quantum dots [Ham+16; Pla+18]. Specifically within
the circuit QED context, it has recently been proposed that negative capacitances
exist in the sense of an emf-induced renormalization [RD22], or that the charge in
the quantum phase slip energy contribution can be fractionalized and thus rendered
incommensurate [Her+23a; Her+23b]. There is, however, the problem that negative
capacitances correspond to an electrostatic instability, and are thus only meaning-
ful either as partial capacitances (where another capacitance in parallel guarantees
total positivity on a given charge island) or in a transient regime. Since we are in-
terested in the latter (after all, Hawking radiation is manifestly a transient feature),
this means that the capacitance should have to be tunable on very fast time scales,
which seems challenging, especially on the small scales of the here proposed circuit
QED architecture.

This is why we move on to ideas on how to bring about a transient behaviour
within the inductive (Josephson junction) element. Remember that we focus on a
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regime of EJ > EC where the cosine of the Josephson energy can be approximated as
a parabola with the inductive energy EL ∼ EJ of an effectively regular linear inductor
(rendering the resulting plasmon field effectively non-interacting, as shown above).
Nonetheless, we can exploit the nonlinear inductive behaviour. Suppose there is a
mechanism, allowing for a fast, transient switch from − cos(ϕj − ϕj−1) (e.g., for the
nearest neighbor model) to + cos(ϕj − ϕj−1). If that switch occurs sufficiently fast,
the circuit degrees of freedom have no time to adjust, such that the many-body wave
function immediately after the switch remains localized on what is now the maximum
(and not the minimum) of the cosine. Expanding for small phase differences localized
around said maximum, we can realize a sign switch of the inductive energy, EL → −EL,
leading to the sought-after overtilt in the dispersion relation (see the orange lines in
Fig. 4.2). Specifically, in the next section, we discuss the possibility of applying an
inverted inductance only in part of the system to create event horizons separating
regions with u < ∣v∣ from unquenched regions with u > ∣v∣.

Our proposal, thus, requires a mechanism to locally address the Josephson junc-
tions in a way to create connected regions with inverted inductance. We note that
so-called tunable 0 − π junctions are a subject of ongoing research and have multiple
proposals for their implementation, including the theoretical proposal about Joseph-
son junctions with a high-spin magnetic impurity sandwiched between two super-
conductors [PB18], experimental realization in ballistic Dirac semimetal Josephson
junctions [Li+19] and another experimental realization in Indium antimonide (InSb)
two dimensional electron gases [Ke+19].

We here point out a feasible alternative, where inductance inversion is also possible
for regular superconductor-insulator-superconductor Josephson junctions. Namely, a
nearby current source can likewise induce a phase shift of π. This idea is based on
the results of Ref. [RD22] where a gauge invariant formulation of time-dependent flux
driving was derived. Gauge aspects are of utmost importance to understand how
time-dependent flux is allocated in circuits involving multiple Josephson junctions,
such as SQUIDs or junction arrays [YSK19b; RD22; KR23]. Previous to Ref. [RD22],
it was expected that the ordinary lumped element approach to circuit QED is valid
in the presence of time-dependent flux. In this standard framework, it was recently
shown [YSK19b] that the allocation of the time-dependent flux within the device
(and thus, of the induced electric fields) is given by the capacitive network of the
involved charge islands. If this observation were generally true, it would be difficult
to locally address certain junctions with high local precision, unless the capacitive
network would be engineered accordingly. However, as shown in Ref. [RD22], the
connection between flux allocation and the capacitive network is valid only in special
cases; in general, both device geometry and magnetic field distribution lead to a highly
nontrivial flux allocation.

We here adopt this principle to show that the individual junctions can be addressed
by small current loops, (one loop per junction) where a time-dependent drive (inset in
Fig. 4.1) provides a shift inside the Josephson energies of the form cos(ϕj+1−ϕj+ϕext

j ),
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I(t)

Figure 4.4.: Illustration of non-local effects of the current loop flux drive.

where

ϕext
j =

2π
Φ0
∫
Lj

dl ⋅A . (4.21)

Here Φ0 is the flux quantum and A is the vector potential in the irrotational gauge
[YSK19b; RD22] accounting for the magnetic field emitted by the current carrying
loop sources. Note that since the magnetic field decays only as a power law, one may
have to take into account non-local effects, that is, the current loop at junction j
influences not only the phase drop at junction j but also at the other junctions j′,
see Fig. 4.4). We can generically write down the equation

ϕext
j (t) =

J

∑
j=1
αj,j′Ij(t) , (4.22)

where the matrix α contains the information about the geometric details of the circuit,
and accounts for the screening of the magnetic field (Meissner effect) as well as the
screening of the induced electric field (Thomas-Fermi screening). In order to know
what exact current pulses need to be applied in order to create a desired target phase
profile ϕext

j (e.g., ϕext
j = π within a given connected interval, j0 < j < j1, and ϕext

j = 0
everywhere else, which gives the black and white hole horizons, see sections below),
one simply needs to invert the square matrix α. Generally, we note that for our
purposes, the precision requirements are not so stringent: as long as deviations from
the target phase profile are small (with respect to π), the inductances in the array
are still inverted, resulting in the desired apparent event horizon.

The computation of matrix α is in general a complicated numerical task. We can
however provide a rough estimate by assuming the junctions to be arranged in a
straight line, and applying the Biot-Savart law (similar in spirit to Ref. [Riw21]). To
this end, we assume that each current-carrying wire j is described by a small current
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Figure 4.5.: Plot of current profiles for different parameters, in order to create the
target phase shift profile of exactly π within a connected region in the
junction array (from j = j0 to j = j1). We have plotted three current
profiles, that were obtained for a system with 50 sites with j0 = 15 and
j1 = 35, with different ratios of ∆l to ∆x as shown in the graph. The
parameter R does not have a significant effect on the nature of the current
profile, only on the magnitude of the ration Ij/I0, hence we set R/∆x = 1.

element of length ∆L. For small current loops with radius R, we can simply set
∆L ∼ R 3. Assuming Coulomb gauge (equivalent to the irrotational gauge, up to
screening of induced charges on the superconducting surfaces [RD22], which we here
neglect for simplicity) we have to solve ∇2A = −µ0j with the current density j for a
small current carrying element. Assuming an infinitesimal, delta-like current element
j ∼ δ(x)x, and plugging the resulting A into Eq. (4.22), we find

αj,j′ ≈
1
I0

R√
∆x2(j − j′)2 +∆l2

, (4.23)

where ∆x is the separation between Josephson junctions, and ∆l is the separation
between current loop j and junction j. The characteristic current I0 is given as
I−1

0 = µ0L/(2Φ0), where L is the length of path Lj in Eq. (4.22). It represents the
size of the fine structure containing the Josephson junction (Niemayer-Dolan bridge).
For a typical size of L ∼ 10µm, we find I0 ∼ 10µA (which is at the upper bound
of the current that can usually pass through flux lines). Note that this is a crude
upper bound for I0. Very likely, I0 is reduced significantly due to screening of the
electric field which has here been neglected. We therefore expect that a flip of the
phase by ∼ π is feasible. The other central figure of merit is the speed with which the

3Note that the most common designs for flux control, the loops have a radius larger than the
separation of the input and output lines, such that the representation of the source as a small
current carrying element is strongly simplified. A current source with ring geometry could be
more precise, but complicates the here presented estimate.
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phase flip can be performed. Defining the ramping time from zero current to target
current for a single flux line as ∆tI , the phase flip is guaranteed to be nonadiabatic
for
√
ECEJ∆tI < 1. This requires either the use of sub-GHz qubit designs, similar in

spirit to a recent proposal in Ref. [Sel+23], or ultrafast (∼ 100 gigasamples per second)
arbitrary waveform generators. The latter may cause problems with usual Al-based
architecture, but improvements were very recently demonstrated in connection with
Nb-based circuits [Anf+24].

For the matrix given in Eq. (4.23), we can explicitly compute a required current
profile that needs to be applied in order to swap the phases by ±π within a connected
part of the 1D chain. Blue dots in Fig. 4.5 show that if ∆l≪∆x, α is almost perfectly
diagonal, such that there is a one-to-one correspondence between the desired target
phase profile and the required current profile that has to be applied to the individual
loops. Note however that the onset of non-local effects may play a role even for
(moderately) small ∆l/∆x (orange and brown dots in Fig. 4.5), where we need to
apply a slightly nonlocal current profile to have a sharp, local switch from positive to
negative inductances within the 1D chain.

Note that the flux drive may in general not only couple to the Josephson junctions
but also to the gyrators shunted in parallel. In accordance with Ref. [RD22], such a
stray coupling can be neglected if the surface charges induced by the time-dependent
flux drive (these are the charges screening the induced electric field) are mostly al-
located near the junction. We expect this scenario to be plausible if junction and
gyrator are sufficiently spatially separated with respect to the length scale on which
the magnetic field varies. If such a spatial separation cannot be guaranteed, then one
would have to take into account the microscopic and geometric details of the gyrator
which is beyond the scope of this work.

To conclude this section, we point out similarities and differences to previous pro-
posals creating analog event horizons and Hawking radiation in solid state systems.
Specifically, the analog Hawking radiation previously predicted in Josephson junction
arrays [KHF20] relies on the creation of solitons, where within the finite extension
of the soliton (over many lattice sites), the inductance can likewise be regarded as
effectively negative within the soliton profile. The procedure we produce on the other
hand involves creating ±π shifts on a connected series of junctions, which in essence
corresponds to a tightly packed generation of “half”-solitons with the width of a single
lattice site. Our system thus seems arguably much less stable. But first, as indicated
already, the nonreciprocity provided by the gyrators allows for a stabilization of the
system even with inverted inductors, due to an extra (positive) inductive contribu-
tion. Second, the extra tilting mechanism provided by the gyrators allows for the
explicit realization of arbitrary (on-demand) spacetime geometries, and in addition,
the explicit creation of wormholes with (in principle) distinguishable black and white
hole horizons. As for the evolution of the unstable system beyond transient times, we
provide some thoughts in Sec. 4.6. Another important difference is that we here have
in principle perfect control on the position of the horizon, contrary to the solitons
studied in Ref. [Nat+09; KHF20], which are autonomously moving with respect to
the lab frame. Moreover, we can create an event horizon with the precision of a single
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lattice site. This is in contrast to all other analog Hawking radiation proposals (cold
atoms, circuits, tilted Weyl semimetals), where the analog metric always changes over
a finite width (a healing length). This is an interesting caveat specifically regarding
the existence of a well-defined Hawking temperature, or more generally, how to make
sense of horizons with diverging surface gravity, as already indicated in Sec. 4.2.

4.5. Analog horizons via flux quench
Once the optimization problem of the current profile has been solved, the sign of
the Josephson energy can be flipped for a region of the circuits described by the
Hamiltonians (4.14) and (4.15), resulting in two horizons in the circuits (Fig. 4.1c).
In the presence of horizons, the energy spectrum is in general complex for both nearest
and next-to-nearest neighbour implementations.

The presence of tilted dispersion relations and horizons can be probed by means of
injecting wave packets within the chains, and probe their time of flight. For example,
within an overtilted region, wave packets can only move in one direction. At a white
hole horizon, an incoming wave packet comes to a stand still. Such features represent
a first experimentally available signature of the nontrivial spacetime geometry. Note
that for the time evolution of the wave packets, the distinction between nearest and
next-to-nearest neighbour coupling is not that important, under the condition that
the experimenter is able to prepare wave packets close to k ≈ 0 or k ≈ π. These two
types of excitations clearly distinguish between black and white hole horizon as they
probe only a local part of k space. In addition, aspects of the wormhole stability
(or instability) are not immediately visible in the wave packet amplitude (until the
moment when the evaporation starts changing the spacetime geometry itself, see also
Sec. 4.6 below).

We therefore present in addition a more sophisticated measurement which is able
to probe radiation due to instabilities in a more direct fashion. Namely, this section
examines how to characterize the system via two point charge and phase correlation
functions. As foreshadowed above, while for a stable system, quantum fluctuations
remain bounded over time, they start to diverge in the presence of complex eigen-
values. In the quadratic approximation, see Eq. (4.16), it is convenient to express
the charge and phase operators for the circuits (4.14) and (4.15), in terms of bosonic
operators

Nj =
i√
2
(aj − a†

j) , (4.24)

ϕj =
1√
2
(aj + a†

j) , (4.25)

that obey the following commutation relations [aj, a
†
j′] = δjj′ , [aj, aj′] = 0. Now, cal-

culating the two point correlation functions for charge and phase operators turns
into calculating the correlation functions of the form ⟨aj(t)a†

j′(t′)⟩, ⟨a
†
j(t)a

†
j′(t′)⟩,

⟨aj(t)aj′(t′)⟩, and ⟨a†
j(t)aj′(t′)⟩.
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We are going to calculate these correlations using two methods: 1) direct diago-
nalization and 2) an extension of Klich’s determinant formula [Kli02]. The reason for
the multi-pronged approach will be explained in detail below. To summarize, 1) is
in principle very straightforward to implement and program, and is more versatile,
as it would allow computing all types of observables, not only correlations. But di-
agonalization is not applicable in the presence of exceptional points, which is where
method 2) comes into play, since it only requires exponentiation of the matrix with
exceptional points.

As previously stated, once the system has been quenched, its state is in a highly
excited state, were the new ground state is removed from the theory (a well-defined
procedure for times sufficiently close to the quench). In order to anchor the theory
to a well-defined ground state (necessary to compute observables in a well-defined
way), we choose to perform computations with respect to the ground state of the
unquenched system. Since the diagonalization of the quenched Hamiltonian is being
performed with respect to a state that is in general not its eigenstate, we will need
a generalised version of bosonic Bogoliubov transformations. These transformations
are discussed in Appendix D.

Implementing the Bogoliubov transformations on the quenched Hamiltonian, men-
tioned in the previous paragraph, requires diagonalizing a non-Hermitian matrix.
This can pose a problem if the matrix has defective eigenvalues (exceptional points).
We therefore suggest another method of calculating the correlations after the quench.
Consider the following way to write a two point correlation

⟨a†
i(t)aj(t)⟩ = ∂χ ⟨eχa†

i (t)aj(t)⟩
χ=0

= lim
β→∞

Tr (eiH>teχa†
i aje−iH>te−βH<)

Tr (e−βH<)
, (4.26)

where H< and H> are the unquenched and quenched Hamiltonians respectively. The
many body traces in the above expression can be calculated by an extension of Klich’s
trace-determinant formula. The original formula was introduced to calculate the trace
of many body operators by replacing it by a determinant of the corresponding first
quantized operator [Kli02]. The extension of this formula is described in appendices E
and F. This approach bypasses the problem posed by defective eigenvalues but it is also
considerably slower than diagonalization for numerics, hence limiting the size of the
systems we can work with. Another important remark: in the derivation (Appendix
E) we have to assume the existence of a ground state for a non-Hermitian operator,
which is not guaranteed. For some context about diagonalizing quadratic bosonic non-
Hermitian operators we also refer the reader to Ref. [KH23], where the concept of third
quantization [Pro08] was extended to the bosonic Linblad equation. In Ref. [KH23],
the existence of a ground state (or more appropriately, a non-equilibrium steady state)
is always guaranteed due to the form of the Lindblad equation. Crucially, we do not
have this constraint.

The system we will study here has fifty sites (J = 100) with the wormhole located
between j0 = 30 and j1 = 70. For convenience, we impose periodic boundaries in
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position space (i.e., the 1D chain is closed into a loop). The parameters of the system
are ∣E′L∣ = ∣EL∣ = 3.42EC , G = 2.4 and M = 3 ∗ 10−4EC . As already pointed out, in
each of the following figures of correlation functions the result could be obtained by
both diagonalization and the generalized Klich determinant. The time steps in the
following plots are δt = 0.0031E−1

C for the circuit with nearest neighbor coupling and
δt = 0.031E−1

C for the next-to-nearest neighbor coupling.
First, let us examine the plots of correlation functions for the circuit with only

nearest neighbor coupling, Figs. 4.6 and 4.7. We see that both phase and charge
quantum fluctuations diverge after the quench. The system has two boundaries (red
dotted lines) between the wormhole and the normal regions, that act as the horizons
(located at j0 and j1). If we initialize low energy excitations (for this circuit this
means excitations near k = 0) in the region with overtilted dispersion, they move from
the left horizon to the right horizon, hence we label them as the black and the white
hole horizon respectively. The black hole horizon radiates away with time, as can
be inferred by the accumulation of quantum fluctuations near it with time (which
indicates presence of radiation), while the white hole horizon does not radiate. This
explicitly confirms the previously discussed fact that for the nearest neighbour system,
black and white hole horizons are distinguishable. The wormhole region also starts
radiating due to the presence of the exceptional point (as likewise already discussed in
Sec. 4.3). We observe that the decay in the wormhole interior is much faster than the
one induced by the presence of the horizons, which leads to the correlation functions
growing much more rapidly inside the wormhole, before the black hole horizon show
any appreciable decay. Overall, the above thus illustrates the possibility to create
lattice simulations of wormholes with distinguishable black and white hole horizons,
at the cost of a strong instability of the wormhole interior.

Now, let us focus on the circuit where Josephson junctions connect next nearest
neighbors. Low-energy excitations in this circuit can be either near k = 0 or k = ±π.
For excitations (inside the wormhole region) near k = 0, similar to the previous circuit,
the left boundary (j0) acts as the black hole horizon and the right one (j1) as the
white hole. In contrast, for excitations near k = ±π the left boundary acts as the
white hole horizon and right boundary as the black hole. This symmetry is also
reflected in the correlation plots in Figs. 4.8 and 4.9, where we can observe both
horizons radiating away identically. Also, the only instability in this circuit is due to
the horizons, leading to a much slower collapse.

We can contrast above findings with a numerical calculation on a lattice with in-
creasingly smooth variation of circuit parameters. Naively one would expect that
there exists a continuum limit where the lattice theory maps back to the continuous
Lagrangian (see Eq. (4.1)), where stable solutions exist (non-complex eigenvalues)
and where horizons are unambiguously either black or white holes. Our calculation
reveals the following (see Appendix G): while solutions with real-valued eigenfrequen-
cies exist (reproducing thermal Hawking radiation) there remain two caveats. First
of all the black/white hole ambiguity remains for the next nearest coupling model –
giving rise to radiation close to both k = 0 and k = π sectors. Secondly, the Boltz-
mann factor (expressing Hawking radiation) receives a renormalisation that depends
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log ⟨(ϕj+1(t) − ϕj(t))
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E C
t

Figure 4.6.: Time evolution of quantum fluctuations of phase difference for a system
with Josephson junctions connecting the nearest neighbors. Red dotted
lines denote the position of the apparent horizons, i.e., boundaries be-
tween the wormhole and normal regions. Here, the fluctuations visibly
distinguish between a pure black (pure white) hole horizon, where quan-
tum fluctuations accumulate (or not). More over, the interior between
the two horizons is here unstable, such that quantum fluctuations diverge
immediately within the entire wormhole region.

strongly on the details of the discretisation, which likewise cannot be removed by
simply letting the lattice constant go to zero. Overall we can distinguish three types
of field theories, which are all demonstrably distinct from one another. Lattice theo-
ries can either be considered in an unstable regime where parameters change abruptly
with respect to the lattice constant, or a stable regime with smooth changes. However
even the latter does not simply map to the continuous model.

4.6. Perspective on wormhole evaporation over long
times and path to quantum inductors

As shown in the previous section, charge and phase fluctuations accumulate very
rapidly due to the fundamental instability inherent to the wormhole horizons or in-
terior (in case of nearest neighbour inductive coupling). In particular, the more the
system accumulates charge and phase fluctuations over time, the more the quadratic
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log ⟨Ñ2
j (t)⟩

Figure 4.7.: Time evolution of quantum fluctuations of conjugate charge for a system
with Josephson junctions connecting the nearest neighbors.

approximation of the Josephson energy becomes inaccurate, such that predicting the
system dynamics for long times becomes a much harder task (as the system can no
longer be approximated by non-interacting bosons). This is well beyond the scope of
the present work. We nonetheless find it illustrative to speculate on a qualitative level
about the long term fate of the wormhole – especially as it allows us to distinguish be-
tween intrinsic (spontaneous) collapse, and dissipative relaxation. In addition, some
of the resulting concepts provide an interesting segue to the subsequent idea: quantum
superpositions of the spacetime geometry.

To this end, let us take into account interactions with an environment. For the sake
of simplicity and concreteness, we consider the phase difference ϕj −ϕj−1+ϕext,j across
a single junction. At the beginning of the wormhole quench, this phase difference is
either localized around 0 (minimum of the cosine, if the junction is positioned outside
the wormhole) or around ±π (maximum of the cosine, inside the wormhole). In the
presence of the instability, the quantum fluctuations of this phase difference blow up
over time, as shown in the previous section. Now suppose that the environment en-
tangles (either weakly or strongly) with the current across this junction. This means
that the phase difference gets spontaneously projected onto a more localized state.
Notably, this type of environment-induced process thus diminishes quantum fluctua-
tions. We note that the same picture holds in perfect analogy for the accumulation of
charge noise quantum fluctuations, respectively, the reduction thereof by a dissipative
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Figure 4.8.: Time evolution of quantum fluctuations of phase difference for a system
with Josephson junctions connecting the next-nearest neighbors. Here,
(and contrary to Figs. 4.6 and 4.7) both horizons have black as well as
white hole character, such that the two horizons are not easily distinguised
when considering the spatial dependence of the fluctuations. On the other
hand, the wormhole interior is here (at least initially) stable, and quantum
fluctuations grow only from the horizons outwards.

process extracting information about the charge.
To proceed, note that the location of the wave function now is no longer at 0 or

π, but can be (with a finite probability) at a certain distance from the minimum or
maximum. With the new location updated, we again quadratically expand the cosine
around the new peak position of the phase difference. Importantly, due to the co-
sine behaviour of the junction the resulting effective inductance is now different (the
curvature of the cosine obviously changes as a function of the position at which it is
calculated). Thus, as time progresses, and the phase difference starts to classically
diffuse after repeated environment-induced measurements, the effective inductance at
a given junction likewise fluctuates classically. At this point, the impact of such dis-
sipative processes could likewise be detectable in time-of-flight measurements of wave
packets within the array. At any rate, the most likely long-term outcome is that all
phase differences relax to the ground state, equivalent to the complete evaporation of
the analog wormhole. We note that for a system on a ring (with periodic boundaries),
or a system with a finite mass term (Cooper-pair leakage to ground), the emergence
of soliton states might be a possibility.

121



4. Utilizing and extending superconducting circuit toolbox to simulate analog event
horizons

E C
t

Site

log ⟨Ñ2
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Figure 4.9.: Time evolution of quantum fluctuations of conjugate charge of a system
with Josephson junctions connecting the next-nearest neighbors.

Let us repeat that even though the environment will undoubtedly have a big impact
on the system dynamics (especially beyond the immediate transient time scale), the
experimental signatures could not be more different. Analog Hawking radiation leads
to an increase of quantum fluctuations, whereas the environment induces classical
fluctuations. Thus, the observation of the former can distinguish between how the
system intrinsically reacts to the creation of an instability, as compared to the impact
of external perturbations.

To conclude this section, we consider the very hypothetical case of negligible cou-
pling to the environment, as it reveals an interesting additional idea which we pursue
in the remainder of this work. If we assume that the build-up of quantum fluctua-
tions of the phase could progress unimpeded over longer times, the nonlinearity of
the Josephson energies results not in classical fluctuations of the effective inductance
(as in the previous paragraph), but in a system that has to be interpreted as being
in a quantum superposition of different effective inductances – a form of quantum
superposition of the spacetime geometry itself. However, within the above considered
setting, this effect is likely not to survive for very long due to environment-induced
decoherence of the quantum fluctuations, and even for a highly protected system,
it would be hard to analyse the effect in an unambiguous way. This serves as the
motivation for the next part of this project, which is not included in this thesis. We
modify the idea of quantum superposition of different effective inductances by not re-
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lying on instabilities (and thus not requiring any ultra-fast quenches), but instead on
more general notions of Josephson junctions with multiple minimas. This endeavour
will on the one hand introduce the notion of a quantum inductance, and with it, a
likely more stable version of a quantum superposition of the analog spacetime. As
is shown in Sec. VII of [Jav+24] there exists protocols allowing classical signals to
entangle with quantum spacetime, marking a highly non-trivial form of backaction
between fields and the spacetime they traverse.

4.7. Conclusions and outlook
In this chapter of the thesis we have proposed using quantum circuits to implement
analog horizons. Even though it is a well explored concept in solid state systems in
general, we here explicitly demonstrate the capacity of superconducting circuits to
emulate arbitrary spacetime configurations. By identifying a minimal fundamental
set of necessary circuit elements, we further unravel a number of surprising findings
pertinent to lattice systems, which allow in particular to create horizons where the
change in metric parameters happens at trans-Planckian length scales, allowing us to
disentangle the effect of a finite healing length from the effect of a horizon – and in
doing so, exploring the extreme regime of horizons with diverging surface gravity. To
implement the analog horizons in a quantum circuit, we proposed a general way of
creating negative inductances with Josephson junctions transiently driven by nearby
current loops. We further uncovered two subtly distinct ways to engineer a region
with overtilted dispersion relation, either with inductive coupling of nearest or next-
to-nearest neighbour nodes. While for the latter, horizons have a combination of black
and white hole character (as is the most usual case in lattices), the former [Eq.(4.14)]
hosts two distinct kinds of horizons, one that acts purely as a black hole horizon and
the other as a white hole horizon. For this second type of circuit, it is not only the
horizons, but also the region between the horizons (wormhole interior) that is unstable
due to the presence of an exceptional point. This instability also contributes to the
observed radiation (in addition to the evaporation of the horizons) as can be confirmed
by tracking the quantum fluctuations of phase difference and conjugate charge with
time (Figs. 4.6 and 4.7). In addition to Bogoliubov diagonalization, we used an
extension of Klich’s trace-determinant formula to obtain the correlation functions
numerically. The proof of this extension remains elusive for a general operator, but in
the parameter regime where the generalised Bogoliubov transformation is applicable,
the results of both numerical methods agree.

In this work, in addition to standard circuit elements, we have also included ele-
ments that are still being developed experimentally (such as quantum gyrators), or
introduced a new way to realise effective negative inductance, which, although it is
based on existing elements and ideas such as Josephson junctions and flux drive, are
here proposed to be operated in previously unexplored regimes. We here therefore
point at feasible small scale experimental test that can act as proof of principle for the
basic physical principles behind the considered physics. For instance, our proposal
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can be tested on a single transmon, where the qubit frequency becomes imaginary√
EJEC →

√
−EJEC for transient times. The resulting accumulation of phase or

charge quantum fluctuations (or limits thereof due to coupling to the environment)
can thus be tested in an “imaginary” qubit device. Such a study might be also of
some fundamental interest, when extending the description of the junction beyond
the quadratic approximation, where the expansion around the energy minimum or
the energy maximum can be regarded as real and imaginary twins of nonlinear dy-
namics – ready to be explored in future works. Finally this work also serves as basis
for us to develop the idea of quantum inductors and use them to simulate quantum
superposition of spacetimes (Sec. VII of [Jav+24]). An idea that as far as we know
has been unexplored in condensed matter physics until now.
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A. Extracting derivatives of
eigenvalues from experiments

In the main text, we argue that the χ-derivatives of eigenvalues λ can be extracted
from experimental data. We here briefly explain this statement. It is rooted in the first
definition of FCS with time-local current measurements, as explained in Sec. 2.4.1 of
the main text. Here, one measures the cumulants, as defined in Eqs. (2.15) and (2.16).
The moment and cumulant generating functions can be expressed in terms of the
eigenmodes of L(χ,ϕ) as

m (χ, τ) = eτc(χ,ϕ,τ) ≡ tr [eL(χ,ϕ)τρ0]
=∑

n

eλn(χ,ϕ)τ tr [∣n (χ,ϕ)) (n (χ,ϕ)∣ρ0]
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

eαn(χ,ϕ)

=∑
n

eλn(χ,ϕ)τ+αn(χ,ϕ)

= eλ0(χ,ϕ)τ+α0(χ,ϕ) +∑
n≠0

eλn(χ,ϕ)τ+αn(χ,ϕ) (A.1)

where λn(χ,ϕ) are the eigenvalues of L(χ,ϕ) while ∣n (χ,ϕ)) and (n (χ,ϕ)∣ are its
right and left eigenvectors, respectively. We know that λ0 (0, ϕ) = 0 and α0 (0, ϕ) = 0
if ρ0 is the stationary state. The moment and cumulant generating functions can
be expanded about χ = 0. For notational simplicity, we omit the addition of the
(−i)k prefactor for the k-th cumulant, and we likewise neglect the elementary charge
prefactor e. Note that the physically measurable cumulants Ck in the main text and
the below defined ck are related as Ck = (−ie)kck. At any rate, we find

m (χ,ϕ, τ) ≈m0 (ϕ, τ) + χm1 (ϕ, τ) +
1
2χ

2m2 (ϕ, τ) + . . .

mk (ϕ, τ) = ∂k
χm (χ,ϕ, τ)∣χ→0

c (χ,ϕ, τ) ≈ c0 (ϕ, τ) + χc1 (ϕ, τ) +
1
2χ

2c2 (ϕ, τ) + . . .

ck (ϕ, τ) = ∂k
χc (χ,ϕ, τ)∣χ→0 (A.2)

Now we can define the derivatives of the cumulant generating function in terms of
the derivatives of the moment generating function via the natural logarithm

1
τ

ln [1 + χm1 (ϕ, τ) +
1
2χ

2m2 (ϕ, τ) + . . .] = c0 (ϕ, τ) + χc1 (ϕ, τ) +
1
2χ

2c2 (ϕ, τ) + . . .

A 1
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ln [1 + χm1 (ϕ, τ) +
1
2χ

2m2 (ϕ, τ) + . . .] ≈ χm1 (ϕ, τ) +
1
2χ

2 [m2 (ϕ, τ) −m2
1 (ϕ, τ)] + . . . ,

(A.3)

where we have used the Maclaurin series expansion ln(1+x) = x−x2/2+x3/3− .... An
order by order comparison yields the well-known relationships

c0 (ϕ, τ) = 0

c1 (ϕ, τ) =
1
τ
m1 (ϕ, τ)

c2 (ϕ, τ) =
1
τ
[m2 (ϕ, τ) −m2

1 (ϕ, τ)] (A.4)

To proceed we now have to find the relation between the derivatives of moment
generating function and the derivatives of eigenvalues. For the latter, we get

λn (χ,ϕ) τ + αn (χ,ϕ) ≈ [λ(0)n (ϕ) + χλ(1)n (ϕ) +
1
2χ

2λ
(2)
n (ϕ)] τ

+ [α(0)n (ϕ) + χα(1)n (ϕ) +
1
2χ

2α
(2)
n (ϕ)] + . . . (A.5)

where λ(k)n (ϕ) = ∂χλn(χ,ϕ)∣χ→0, and the same for α(k)n (ϕ). Plugging this expansion of
λ and α into the definition of the moment generating function, we get

m0(ϕ, τ) = 1 (A.6)

m1(ϕ, τ) =∑
n

eλ
(0)
n (ϕ)τ+α

(0)
n (ϕ) [λ(1)n (ϕ) τ + α(1)n (ϕ)]

m2(ϕ, τ) =∑
n

eλ
(0)
n (ϕ)τ+α

(0)
n (ϕ) [λ(2)n (ϕ) τ + α(2)n (ϕ) + (λ(1)n (ϕ) τ + α(1)n (ϕ))

2
] . (A.7)

Finally we can write the cumulants in terms of derivatives of eigenvalues

c1 (ϕ, τ) =∑
n

eλ
(0)
n (ϕ)τeα

(0)
n (ϕ) [λ(1)n (ϕ) +

1
τ
α
(1)
n (ϕ)]

c2 (ϕ, τ) =∑
n

eλ
(0)
n (ϕ)τeα

(0)
n (ϕ) [λ(2)n (ϕ) + 2λ(1)n (ϕ)α(1)n (ϕ) + [λ(1)n (ϕ)]

2
τ + 1

τ
(α(2)n (ϕ) + [α(1)n (ϕ)]

2
)]

−∑
nn′
eλ
(0)
n (ϕ)τeλ

(0)
n′ (ϕ)τ

⎡⎢⎢⎢⎢⎣
eα
(0)
n (ϕ)λ

(1)
n (ϕ) eα

(0)
n′ (ϕ)λ

(1)
n′ (ϕ) τ + eα

(0)
n (ϕ)λ

(1)
n (ϕ) eα

(0)
n′ (ϕ)α

(1)
n′ (ϕ)

+ eα
(0)
n (ϕ)α

(1)
n (ϕ) eα

(0)
n′ (ϕ)λ

(1)
n′ (ϕ) +

1
τ
eα
(0)
n (ϕ)α

(1)
n (ϕ) eα

(0)
n′ (ϕ)α

(1)
n′ (ϕ)

⎤⎥⎥⎥⎥⎦
(A.8)

Just to briefly confirm, in the long time limit τ → ∞, the second cumulant becomes
c2(ϕ, τ) = −λ(2)0 (ϕ). Now, the idea is the following. The quantities c1 and c2 are
measurable as a function of τ , when performing a finite frequency evaluation of current
and noise. Then, all quantities which have a distinct time-evolution (be it due to a
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different exponential decay due to λn or due to a prefactor with a different power-law
in τ) can be distinguished and extracted in principle by fitting of the τ -dependent
data, by an appropriately chosen fitting function.

Consequently, in addition to the decay rates λ0
n, the following terms can be indi-

vidually extracted from the experimental data. For the first cumulant, these are

o1,n =eα
(0)
n (ϕ)λ

(1)
n (ϕ) (A.9)

o2,n =eα
(0)
n (ϕ)α

(1)
n (ϕ) . (A.10)

From the second cumulant, we can independently extract

o3,n =eα
(0)
n (ϕ)λ

(2)
n (ϕ) + 2eα

(0)
n (ϕ)λ

(1)
n (ϕ)α(1)n (ϕ) (A.11)

o4,n =eα
(0)
n (ϕ) [λ(1)n (ϕ)]

2
(A.12)

o5,n =eα
(0)
n (ϕ) (α(2)n (ϕ) + [α(1)n (ϕ)]

2
) . (A.13)

Finally by taking different combination of these expressions we can get the first and
second order corrections of all eigenvalues, that is

λ
(1)
n (ϕ) =

o4,n

o1,n

, (A.14)

and
λ
(2)
n (ϕ) =

(o1,no3,n − 2o2,no4,n) o4,n

o3
n,1

. (A.15)

These individual results can be stitched together to get λn(χ) ≈ λ(0)n +χλ(1)n + 1
2χ

2λ
(2)
n ,

which we plot in Fig. 2.9a in the main text for λ±. While in principle, this procedure
allows us to analytically continue the eigenvalues from χ = 0 to finite χ, we see that
this continuation fails to converge if there is a topological phase transition from zero
χ to finite χ, unless one measures cumulants up to infinite order in k, which is a
prohibitive requirement.
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B. Calculation of the transmission
coefficient for the squid detector

In the main text, we describe an all-circuit realization of continuous weak measure-
ment of the supercurrent. The decisive figure of merit is the transmission coefficient
of incoming waves towards the SQUID detector. To calculate this transmission co-
efficient, we start from the Hamiltonian description of the SQUID detector given in
Eqs. (2.31-2.33), and first diagonalize the Hamiltonians for the left and right conduc-
tor lines, i.e. HL and HR, using the following mode expansion

qj,L/R = −
i√
2

π

∫
0

dk

π
(C0

L0
)

1/4
√

2 sin(∣k∣2 ) cos (k(j − 1/2)) [ak,L/R − a†
k,L/R]

φj,L/R

2e = 1√
2

π

∫
0

dk

π
(L0

C0
)

1/4 1
√

2 sin ( ∣k∣2 )
cos (k(j − 1/2)) [ak,L/R + a†

k,L/R] (B.1)

The free Hamiltonians becomes

H0 =HL ⊗ IR + IL ⊗HR = ω0

π

∫
0

dk

π
sin(k2)a

†
k,Lak,L ⊗ IR + IL ⊗ ω0

π

∫
0

dk

π
sin(k2)a

†
k,Rak,R .

(B.2)

We note that in the continuum limit (vanishing size of islands j), we recover a linear
dispersion relation ∼ ω0k. For now we keep finite size effects, and take the continuum
limit at an appropriate later time.

Consequently, the interaction term can be expressed in terms of these bosonic
operators as follows,

V = γ (φ1 − φ0

2e )
2

= γ4

√
L0

C0

π

∫
0

π

∫
0

dkdk′

(2π)2
cos (k

2) cos (k′

2 )√
sin (k

2) sin (
k′

2 )
[IL ⊗ ak,R + IL ⊗ a†

k,R − ak,L ⊗ IR − a†
k,L ⊗ IR]

∗ [IL ⊗ ak′,R + IL ⊗ a†
k′,R − ak′,L ⊗ IR − a†

k′,L ⊗ IR] (B.3)

We can now deploy the following important simplification. We will be considering
an incoming signal at a certain energy focussing on the limit of elastic interaction
(neglecting a small chance that the boson may be absorbed by the main circuit). In
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addition, we perform a rotation wave approximation, discarding the pair-wise creation
(annihilation) terms ∼ a†a† (∼ aa). This allows us to work in the single particle picture,
the relevant states being ∣0, k⟩ and ∣k,0⟩, where the first (second) states corresponds
to a single particle eigenstate of HL (HR). The corresponding Green’s functions are

(Gk,k′)LL = ⟨k,0∣
1

E −H + i0+ ∣k
′,0⟩

(Gk,k′)LR = ⟨k,0∣
1

E −H + i0+ ∣0, k
′⟩

(Gk,k′)RL = ⟨0, k∣
1

E −H + i0+ ∣k
′,0⟩

(Gk,k′)RR = ⟨0, k∣
1

E −H + i0+ ∣0, k
′⟩ (B.4)

According to the Fisher-Lee formula [FL81], for the transmission coefficient we need
to find (Gk,k′)RL. We can write the Dyson equation as

(Gk,k′)RL = ⟨0, k∣
1

E −H + i0+ ∣k
′,0⟩ = ⟨0, k∣ 1

E −H0 + i0+
∣k′,0⟩ + ⟨0, k∣ 1

E −H0 + i0+
V

1
E −H + i0+ ∣k

′,0⟩

(B.5)

Since we consider only processes in V conserving the total boson number, we can
insert the identity operator for single particle subspace

IL =
π

∫
0

dk

2π ∣k,0⟩ ⟨k,0∣

I = IL ⊕ IR =
π

∫
0

dk1

2π ∣k1,0⟩ ⟨k1,0∣ +
π

∫
0

dk2

2π ∣0, k2⟩ ⟨0, k2∣ . (B.6)

to get

(Gk,k′)RL = ⟨0, k∣
1

E −H0 + i0+
∣k′,0⟩

+ ⟨0, k∣ 1
E −H0 + i0+

π

∫
0

dk1

2π ∣k1,0⟩ ⟨k1,0∣V
π

∫
0

dk3

2π ∣k3,0⟩ ⟨k3,0∣
1

E −H + i0+ ∣k
′,0⟩

+ ⟨0, k∣ 1
E −H0 + i0+

π

∫
0

dk1

2π ∣k1,0⟩ ⟨k1,0∣V
π

∫
0

dk4

2π ∣0, k4⟩ ⟨0, k4∣
1

E −H + i0+ ∣k
′,0⟩

+ ⟨0, k∣ 1
E −H0 + i0+

π

∫
0

dk2

2π ∣0, k2⟩ ⟨0, k2∣V
π

∫
0

dk3

2π ∣k3,0⟩ ⟨k3,0∣
1

E −H + i0+ ∣k
′,0⟩

+ ⟨0, k∣ 1
E −H0 + i0+

π

∫
0

dk2

2π ∣0, k2⟩ ⟨0, k2∣V
π

∫
0

dk4

2π ∣0, k4⟩ ⟨0, k4∣
1

E −H + i0+ ∣k
′,0⟩

(B.7)
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B. Calculation of the transmission coefficient for the squid detector

Assuming weak tunneling, we may deploy a perturbation theory up to first order in
the interaction V . To this end, we set H =H0 on the right side of Eq.B.5, to get

(Gk,k′)RL ≈ ⟨0, k∣
1

E −H0 + i0+
∣k′,0⟩ + ⟨0, k∣ 1

E −H0 + i0+
V

1
E −H0 + i0+

∣k′,0⟩

= 1
E − ωk + i0+

⟨0, k∣V ∣k′,0⟩ 1
E − ωk′ + i0+

(B.8)

Since without the interaction term V , there cannot be any coupling between the left
and right side of the system, the free Green’s function connecting the left and right
momenta is zero, i.e.

⟨0, k∣ 1
E −H0 + i0+

∣k′,0⟩ = 0 . (B.9)

This leaves us with the task of computing the interaction term

⟨0, k∣V ∣k′,0⟩ = γ4

√
L0

C0

π

∫
0

π

∫
0

dk1dk2

(2π)2
cos (k1

2 ) cos (k2
2 )√

sin (k1
2 ) sin (

k2
2 )
⟨0∣⊗ ⟨0∣ak,R [IL ⊗ ak1,R + IL ⊗ a†

k1,R

−ak1,L ⊗ IR − a†
k1,L ⊗ IR] [IL ⊗ ak2,R + IL ⊗ a†

k2,R − ak2,L ⊗ IR − a†
k2,L ⊗ IR]a†

k′,L ∣0⟩⊗ ∣0⟩

= −γ4

√
L0

C0

π

∫
0

π

∫
0

dk1dk2
cos (k1

2 ) cos (k2
2 )√

sin (k1
2 ) sin (

k2
2 )
[δ(k2 − k′)δ(k1 − k) + δ(k1 − k′)δ(k2 − k)]

= −γ2

√
L0

C0

cos (k
2) cos (k′

2 )√
sin (k

2) sin (
k′

2 )
(B.10)

Hence to first order we get

(Gk,k′)RL = −
γ

2

√
L0

C0

1
E − ωk + i0+

cos (k
2) cos (k′

2 )√
sin (k

2) sin (
k′

2 )

1
E − ωk′ + i0+

. (B.11)

Let us connect the above Green’s function to a Green’s function in position space,
using the following transformation

∣j⟩ =
π

∫
0

dk

π
cos (k (j − 1/2)) ∣k⟩ (B.12)

The position space Green’s function is

⟨0, j∣ 1
E −H + i0+ ∣j

′,0⟩ = −γ2

√
L0

C0

π

∫
0

π

∫
0

dkdk′

π2 cos (k (j − 1/2)) (Gk,k′)RL cos (k′ (j′ − 1/2))

(B.13)

Hence the transmission coefficient using Eq. (2.35) is

tL = ivγ2

√
L0

C0
lim

j→∞,j′→−∞
⟨0, j∣ 1

E −H0 + i0+
∣j′,0⟩ e−ikE(j−j′)
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= ivγ8

√
L0

C0
lim
j→∞

⎛
⎝

π

∫
0

dk

π

e−ik/2ei(k−kE)j + eik/2e−i(k+kE)j

E − 2ω0 sin (k
2) + i0+

cos (k/2)√
sin (k/2)

⎞
⎠

∗ lim
j′→−∞

⎛
⎝

π

∫
0

dk′

π

e−ik′/2ei(k′+kE)j′ + eik′/2e−i(k′−kE)j′

E − 2ω0 sin (k′

2 ) + i0+
cos (k′/2)√
sin (k′/2)

⎞
⎠

(B.14)

where kE is the wave vector corresponding to the energy at which the signal travels,
E = 2ω0 sin(kE/2). Let us focus on the first integral

π

∫
0

dk

π

e−ik/2ei(k−kE)j + eik/2e−i(k+kE)j

E − 2ω0 sin (k
2) + i0+

cos (k/2)√
sin (k/2)

≈ e−ikEj

π

∫
0

dk

π

e−ik/2eikj

E − 2ω0 sin (k
2) + i0+

cos (k/2)√
sin (k/2)

(B.15)

where we have ignored the term e−i(k+kE)j as it will become highly oscillatory in the
limit j →∞. We furthermore consider energies sufficiently low, such that we can also
make a linear approximation for the sine and cosine functions

e−ikEj

π

∫
0

dk

π

e−ik/2eikj

E − 2ω0 sin (k
2) + i0+

cos (k/2)√
sin (k/2)

≈ e
−ikEj

ω0

∞

∫
0

dk

π

eikj

kE − k + i0+

√
2
k
. (B.16)

This is in accordance with taking the continuum limit, i.e., the dimensions of the
islands j approaching zero.

To evaluate the remaining integral, we perform a contour integral in complex k-
space, where the contour is a quarter circle in the first quadrant centered at the origin
and with radius R, hence

∮
C

dz

π

eizj

kE − z + i0+

√
2
z
=

R

∫
0

dk

π

eikj

kE − k + i0+

√
2
k
+

π/2

∫
θ=0

iReiθdθ

π

eijR(cos θ+i sin θ)

kE −Reiθ + i0+

√
2

Reiθ

+
0

∫
R

idk

π

e−kj

kE − ik + i0+

√
2
ik

. (B.17)

The left-hand side of the above can be evaluated using Residue theorem, to get

∮
C

dz

π

eizj

kE − z + i0+

√
2
z
= 2πi

π
lim

z→kE+i0+
(z − (kE + i0+))

eizj

kE + i0+ − z

√
2
z

= −2iei(kE+i0+)j
√

2
kE + i0+

= −2ieikEj

√
2
kE

(B.18)

To evaluate the right-hand side, we take the limit R →∞, hence the angular integral
goes to zero, which gives us

∞

∫
0

dk

π

eikj

kE − k + i0+

√
2
k
=
√

2i
∞

∫
0

dk

π

e−kj

kE − ik

√
1
k
− 2ieikEj

√
2
kE
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B. Calculation of the transmission coefficient for the squid detector

=
√

2 ∗
ieijkE erfc (

√
j
√
ikE)√

kE

− 2ieikEj

√
2
kE

. (B.19)

Hence
π

∫
0

dk

π

e−ik/2ei(k−kE)j + eik/2e−i(k+kE)j

E − 2ω0 sin (k
2) + i0+

cos (k/2)√
sin (k/2)

≈ e−ikEj
⎛
⎝
ieijkE erfc (

√
j
√
ikE)

√
2
kE

− 2ieikEj

√
2
kE

⎞
⎠

= ierfc (
√
j
√
ikE)

√
2
kE

− 2i
√

2
kE

.

(B.20)

Similarly for the second integral we get
π

∫
0

dk′

π

e−ik′/2ei(k′+kE)j′ + eik′/2e−i(k′−kE)j′

E − 2ω0 sin (k′

2 ) + i0+
cos (k′/2)√
sin (k′/2)

≈ ierfc (
√
−j′
√
ikE)

√
2
kE

−2i
√

2
kE

.

(B.21)
Finally the transmission coefficient is

tL = iv γ

8ω2
0

√
L0

C0
lim
j→∞

⎛
⎝
ierfc (

√
j
√
ikE)

√
2
kE

− 2i
√

2
kE

⎞
⎠

lim
j′→−∞

⎛
⎝
ierfc (

√
−j′
√
ikE)

√
2
kE

− 2i
√

2
kE

⎞
⎠

= −iγL0

kE

, (B.22)

where v = ω0 cos(kE/2) ≈ ω0. The error function parts in both the integrals goes to
zero in the respective limits. We thus arrive at Eq. (2.36) in the main text.
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C. Josephson junction array with
gyrators

Here we solve a JJ array with gyrators

H =
J

∑
j=1
[Nj +G(ϕj+1 − ϕj−1)]

2
+EL (ϕj+1 − ϕj)2 +Mϕ2

j , (C.1)

and periodic boundary conditions, where we have introduced a mass term to regularize
the zero mode. Define the fourier transform as follows

Nk =
1√
J

J

∑
j=1
eikmjNj ,

ϕk =
1√
J

J

∑
j=1
e−ikmjϕj , (C.2)

km =
2πm
J

,

where m ∈ {−J/2 + 1,−J/2 + 2, ..., J/2}. The Hamiltonian can now be written as

H = EC

J
2

∑
m=−J

2 +1
[NmN−m + i2G sin(2πm

J
){Nm, ϕm} + βmϕmϕ−m] , (C.3)

where

βm =
4ECG2 sin2 (2πm

J
) + 4EL sin2 (πm

J
) +M

EC

,

and {, ⋅} denotes the anti-commutator. Now, we write the Fourier transformed charge
and phase operators in terms of bosonic annihilation and creation operators

Nm =
i√
2
(a−m − a†

m) , (C.4)

ϕm =
1√
2
(am + a†

−m) , (C.5)

that obey the following commutation relations [am, a
†
m′] = δmm′ , [am, am′] = 0. Finally,

the Hamiltonian becomes

H = EC

2

J
2 −1

∑
m=1
( a†

m a†
−m am a−m )Hm

⎛
⎜⎜⎜⎜
⎝

am

a−m

a†
m

a†
−m

⎞
⎟⎟⎟⎟
⎠

+ EC

2
( a†

0 a0 )h(
a0
a†

0
) + EC

2 (
a†

J
2

aJ
2
)h′
⎛
⎝
aJ

2

a†
J
2

⎞
⎠
,
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C. Josephson junction array with gyrators

H =
J
2 −1

∑
m=1
H1,m +H2 +H3 , (C.6)

where

Hm = (βm + 1) I4 + 4G sin(2πm
J
)( σz 0

0 σz
) + (βm − 1)( 0 σx

σx 0 ) , (C.7)

h = (β0 + 1) I2 + (β0 − 1)σx , (C.8)

h′ = (βJ
2
+ 1) I2 + (βJ

2
− 1)σx. (C.9)

In is a n-dimensional identity matrix while σz and σx are Pauli matrices. We will
focus on diagonalization of H1,m in eq.(C.6), the same formalism can be used for the
other parts.

We will use the diagonalization of H1,m to outline some general properties of a
Bosonic Bogoliubov transformation. Our goal is to find new operators, bm, b

†
m such

that

H1,m =
EC

2
( b†

m b†
−m bm b−m ) τzΛm

⎛
⎜⎜⎜⎜
⎝

bm

b−m

b†
m

b†
−m

⎞
⎟⎟⎟⎟
⎠

, (C.10)

where Λm is a diagonal matrix, and the new operators still satisfy the Bosonic com-
mutation relations. This entails finding a matrix Qm such that

Λm = Q−1
m τzHmQm, (C.11)

where

τz = (
I2 0
0 −I2

) .

Since the column vector and the row vector in eq.(A10) are related by Hermitian
conjugation, this imposes the following condition

Q−1
m = τzQ

†
mτz. (C.12)

Moreover the column (and the row) in eq.(A10) has internal structure as well, the
bottom half of the column contains Hermitian conjugates of the upper half, this results
in the following conditions

Q∗m = τxQmτx, (C.13)
Λm = −τxΛmτx, (C.14)

where

τx = (
0 I2
I2 0 ) .

C 10



Finally, we can write

H1,m =
EC

2
( a†

m a†
−m am a−m ) τzQmτzτzΛmQ

−1
m

⎛
⎜⎜⎜⎜
⎝

am

a−m

a†
m

a†
−m

⎞
⎟⎟⎟⎟
⎠

(C.15)

= EC

2
( b†

m b†
−m bm b−m ) τzΛm

⎛
⎜⎜⎜⎜
⎝

bm

b−m

b†
m

b†
−m

⎞
⎟⎟⎟⎟
⎠

. (C.16)

The above procedure of Bogoliubov transformation is only applicable if Λm is a real
matrix, for complex matrix we will develop the procedure in the next section.

The complete diagonalized Hamiltonian is

H =
J
2

∑
m=−J

2 +1
ωmb

†
mbm, (C.17)

ωm = 2
√
E2

Cβm + 4ECG sin(2πm
J
) . (C.18)

We also investigate the arrays where the Josephson junction connects next nearest
neighbors, the Hamiltonian for such a system will be

H′ =
J

∑
j=1
[Nj +G(ϕj+1 − ϕj−1)]

2
+EL (ϕj+1 − ϕj−1)2 +Mϕ2

j . (C.19)

This Hamiltonian can be diagonalized in a similar way to get

H′ =
J
2

∑
m=−J

2 +1
ωmb

†
mbm, (C.20)

ωm = 2
√
E2

Cβm + 4ECG sin(2πm
J
) , (C.21)

βm =
4 (ECG2 +EL) sin2 (2πm

J
) +M

EC

.
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D. Bogoliubov transformation for
calculating correlations after
quench

Consider the following Hamiltonian

H =
J

∑
j=1
[Nj +G(ϕj+1 − ϕj−1)]

2
+EL,j (ϕj+1 − ϕj)2 +Mϕ2

j . (D.1)

The term EL,j indicates that the inductance can vary with site. Since there is no
translational invariance, we cannot use Fourier transform, instead we write the phase
and charge operators in terms of Bosonic annihilation and creation operators

Nj =
i√
2
(aj − a†

j) , (D.2)

ϕj =
1√
2
(aj + a†

j) , (D.3)

that obey the following commutation relations [aj, a
†
j′] = δjj′ , [aj, aj′] = 0. This allows

us to write the Hamiltonian as

H = a†Ha, (D.4)

where a = ( a1 ⋯ aJ a†
1 ⋯ a†

J
)T .

We begin with the unquenched Hamiltonian, where EL,j = EL, this is the same
Hamiltonian that we solved in appendix C, this time in position space, we can still
follow the same steps and diagonalize it without going to the Fourier space to get

H< = a†H<a
= a†ZQZZΛ<Q−1a
= b†ZΛ<b (D.5)

=
J

∑
j=1
(λ<,jb†

jbj + λ<,jbjb
†
j) . (D.6)

Here

Z = ( IJ 0
0 −IJ

) ,
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and operators b(†) have the same commutation relations as a(†). The matrix Q satis-
fies the conditions in eq.(C.12) and (C.13), while the diagonal matrix Λ< satisfies the
eq.(C.14). In position space the Hamiltonian does not break down into independent
blocks of 4∗4 matrices, therefore the size of the matrices in the above equations have
to be changed appropriately.

Now we quench the system such that

EL,j =
⎧⎪⎪⎨⎪⎪⎩

−EL j0 < j < j1,

EL everywhere else,
(D.7)

for some arbitrary j0 and j1. The quenched Hamiltonian can be written as

H> = a†H>a
= a†ZPZZΛ>P −1a. (D.8)

The diagonal matrix Λ> is not necessarily real, therefore the eq.(C.12) and (C.13)
doesn’t hold, but these conditions translate to conditions on the first quantized matrix
as

H> =H†
>, (D.9)

HT
> =XH>X, (D.10)

X = ( 0 IJ

−IJ 0 ) .

which still hold true. From this we can get some new properties

P −1 = ZXP TXZ, (D.11)
Λ> = −XΛ>X, (D.12)
Λ> =M−1Λ∗>M, (D.13)

where M = ZP †ZP . One might notice that eq.(D.11) is just the combination of
eq.(C.12) and (C.13). The unquenched Hamiltonian can now be written as

H> = c●Z2JΛ>c (D.14)

=
J

∑
j=1
(λ>,jc●jcj + λ>,jcjc

●
j) , (D.15)

where

c● = ( c●1 ⋯ c●J c1 ⋯ cJ )

c = ( c1 ⋯ cJ c●1 ⋯ c●J )
T
.

The new operators obey the following commutation relations [cj, c●j′] = δjj′ , [cj, cj′] = 0,
[c●j , c●j′] = 0. These relations closely resemble Bosonic commutation relations, but
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D. Bogoliubov transformation for calculating correlations after quench

it is important to note that the operators c●j and cj are not related by Hermitian
conjugation.

Any two point correlation of charge and phase operators can be written as a linear
combination of two point correlators of the a(†) operators, hence we focus on finding
the following correlation matrix

F (t, t′) ≡ ⟨a(t)a†(t′)⟩ , (D.16)

where the average is taken over the ground state of the equilibrium system. For a
total number of J sites F is a 2J ∗ 2J matrix with the substructure form

F (t, t′) = ( A(t, t
′) B(t, t′)

C(t, t′) D(t, t′) ) , (D.17)

where A,B,C and D are block matrices of dimensions J ∗J that contain the correla-
tions of the form ⟨aj(t)a†

j′(t′)⟩ ,⟨a†
j(t)a

†
j′(t′)⟩ ,⟨aj(t)aj′(t′)⟩ and ⟨a†

j(t)aj′(t′)⟩ respec-
tively.

First let us calculate the correlation matrix for unquenched Hamiltonian

F<(t, t′) = Q ⟨b(t)b†(t′)⟩ZQ−1Z. (D.18)

In this step we have used the fact that the matrices Q and Z2J commute with many-
body operator H<. Since the ground state of unquenched Hamiltonian is defined as
bi ∣0⟩ = 0 ∀i, we get

F<(t, t′) = Qe−i2(t−t′)Λ< I2J +Z
2 Q−1Z. (D.19)

Now we focus on the case where we quench the system. Namely, we prepare the
system in a ground state of a different HamiltonianH< for times t < 0, and immediately
switch the system to the Hamiltonian H> at time t = 0 (and let it evolve for subsequent
t > 0). Using the previous results we can finally write down the correlation matrix

F>(t, t′) = ⟨a(t)a†(t′)⟩
= P ⟨c(t)c●(t′)⟩ZP −1Z

= Pe−i2Λ>t ⟨cc●⟩ ei2Λ>t′ZP −1Z

= Pe−i2Λ>tP −1 ⟨aa†⟩ZPei2Λ>t′P −1Z

= Pe−i2Λ>tP −1Q ⟨bb†⟩ZQ−1Pei2Λ>t′P −1Z

= Pe−i2Λ>tP −1Q
I2J +Z

2 Q−1Pei2Λ>t′P −1Z

= e−i2H>tQ
I2J +Z

2 Q−1ei2H>t′Z. (D.20)
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E. Klich’s determinant formula
Consider two second quantized operators Â and B̂, such that

Â =∑
i,j

⟨i∣A ∣j⟩d†
idj,

B̂ =∑
i,j

⟨i∣B ∣j⟩d†
idj,

where A and B are first the quantized operators and the states ∣i⟩ span the corre-
sponding single particle Hilbert space. Then it can be shown that [Kli02]

Tr (eÂeB̂) = det (1 − ξeAeB)−ξ
, (E.1)

where ξ = 1 for Bosons and ξ = −1 for Fermions (the creation and annihilation opera-
tors satisfy did

†
j − ξd

†
jdi = δij).

We are going to derive a similar formula for operators that also contain terms of the
form didj and d†

id
†
j, we will work with Bosonic operators, the formula for Fermionic

operators can be derived in a similar way.
Consider an operator (not necessarily Hermitian) that can be written in terms of

Bosonic creation and annihilation operators as follows

Â =
J

∑
i,j=1

a†
iA
(0)
ij aj +

1
2a

†
iA
(1)
ij a

†
j +

1
2aiA

(2)
ij aj =

1
2A −

1
2trA(0), (E.2)

(note: Tr is the trace for a many body operator while tr is the normal trace for a
matrix), here

A = a†Aa,

A = (
A(0) A(1)

A(2) A(0)
T) .

The matrices A(1) and A(2) can always be written as symmetric matrices due to the
Bosonic commutation relations. This leads to the following property

XAX = AT . (E.3)

To calculate the trace of this many body operator, we can diagonalize ZA but since
it is not Hermitian, there is no guarantee that it is diagonalizable. Instead we find
Schur’s decomposition of ZA i.e.

ZA = UΛU †, (E.4)
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E. Klich’s determinant formula

where U is a unitary matrix and Λ is an upper triangular matrix with eigenvalues of
ZA on its diagonal. Schur’s decomposition allows us to arrange the eigenvalues in
any order we want on the diagonal of Λ, we will choose the following arrangement

DiagΛ = ( λ1 ⋯ λJ −λJ ⋯ −λ1 ) , (E.5)

the above arrangement is possible because the eigenvalues of ZA come in pairs of
(λ,−λ), this fact can be ascertained from the following property

if (ZA − λ)m ∣λ⟩ = 0
Ô⇒ ∣λ⟩T ZX (ZA + λ)m = 0, (E.6)

for m ≥ 1, the m ≠ 1 cases correspond to generalized eigenvectors. The specific
arrangement of eigenvalues in eq.(E.5) also imposes a specific structure on the matrix
U , which is

U = ( ∣λ1⟩ ⋯ ∣λJ⟩ XZ ∣λJ⟩∗ ⋯ XZ ∣λ1⟩∗ ) , (E.7)

where ∣λi⟩ is the (generalized) eigenvector corresponding to the eigenvalue λi. The
eigenvectors are normalized as follows

∣λi⟩† ∣λj⟩ = δij. (E.8)

Now we return to the problem of calculating the trace of the many body operator,
for that

A = a†Aa
= a†ZUZZΛU †a

= ( c●1 ⋯ c●J cJ ⋯ c1 )ZΛ ( c1 ⋯ cJ c●J ⋯ c●1 )
T
, (E.9)

and the commutation relations for the new operators are [cj, c●j′] = δjj′ , [cj, cj′] = 0,
[c●j , c●j′] = 0. Finally,

A =
J

∑
i=1
λi (c●i ci + cic

●
i ) +

J

∑
i,j=1

Nijc
●
i c
●
j +

J

∑
i<j,i=1

Rijc
●
i cj, (E.10)

where the termsNij and Rij encompass the non-diagonal terms of the upper triangular
matrix Λ.

Define two states ⟨0∣L and ∣0⟩R such that

⟨0∣L c●i = 0 ∀i, (E.11)
ci ∣0⟩R = 0 ∀i. (E.12)

Then it is easy to see that the operator ∑J
i=1 c

●
i ci acts as a number operator. We can

define a basis for a Fock space in terms of the following states

∣n1, n2,⋯, nJ⟩ =
c●1

n1c●2
n2⋯c●J nJ

√
n1!n2!⋯nJ !

∣0⟩R , (E.13)
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⟨⟨n1, n2,⋯, nJ ∣ = ⟨0∣L
c1n1c2n2⋯cJ

nJ

√
n1!n2!⋯nJ !

. (E.14)

The states are normalized such that

⟨⟨n1, n2,⋯, nJ ∣ ∣m1,m2,⋯,mJ⟩ = δn1,m1δn2,m2⋯δnJ ,mJ
, (E.15)

and the resolution of the identity on the Fock space is

Î =
∞
∑

n1=0
⋯

∞
∑

nJ=0
∣n1, n2,⋯, nJ⟩ ⟨⟨n1, n2,⋯, nJ ∣ . (E.16)

The trace of the exponential of the many body operator can now be written as

TreÂ = e−trA(0)/2TreA/2

= e−trA(0)/2
∞
∑

n1=0
⋯

∞
∑

nJ=0
⟨⟨n1, n2,⋯, nJ ∣ eA/2 ∣n1, n2,⋯, nJ⟩

=
∞
∑

n1=0
⋯

∞
∑

nJ=0
⟨⟨n1, n2,⋯, nJ ∣ e∑

J
i=1 λi(c●i ci+cic

●
i)/2 ∣n1, n2,⋯, nJ⟩

=
J

∏
i=1

eλi/2

1 − eλi
. (E.17)

The terms ∑J
i,j=1Nijc●i c

●
j and ∑J

i<j,i=1Rijc●i cj change the number states in such a way
that no combination of them with each other or themselves can contribute to the
trace, therefore the only term that contributes is ∑J

i=1 λi (c●i ci + cic●i ). This was the
reason why we chose a specific arrangement of eigenvalues in eq.(E.5).

We can write eq.(C18) as

TreÂ = e−trA(0)/2 det(1 −UU †ZeZA/2)−1, (E.18)

which doesn’t appear to be universal on account of the appearance of the matrix U ,
instead we will work with the following formula

[TreÂ]
2
= det(Z)e−trA(0) det(1 − eZA)−1. (E.19)

We still don’t have an expression which is analogous to the eq.(E.1), to derive such
an expression, consider another operator B̂ that can be written in a form similar to
eq.(E.2), then it can be shown that

[12A,
1
2B] =

1
2C, (E.20)

where

C = a†Z [ZA,ZB]a.

Using the Baker-Campbell-Hausdorff we can get our final expression as

[Tr (eÂeB̂)]
2
= det(Z)e−tr(A(0)+B(0)) det(1 − eZAeZB)−1. (E.21)

E 17



F. Correlation matrix from Klich’s
determinant formula

This section gives the expressions used to calculate the equal time correlation matrix
after the quench F>(t, t), using the formulas developed in the last section. Before we
give the general expressions, first let us note a result that will be used in the rest of
the section

lim
β→∞

⎡⎢⎢⎢⎢⎣

Tr (eÂe−βH<)
Tr (e−βH<)

⎤⎥⎥⎥⎥⎦

2

= lim
β→∞

e−trA(0) det(1 − eZAe−βZH<)−1

det(1 − e−βZH<)−1

= lim
β→∞

e−trA(0) det( 1
1 − e−βΛ<

−Q−1eZAQ
e−βΛ<

1 − e−βΛ<
)
−1

= e−trA(0) det(I2J +Z
2 +Q−1eZAQ

I2J −Z
2 )

−1
, (F.1)

where the diagonal matrix Λ< of dimensions 2J has positive eigenvalues in the first
half on the diagonal and negative eigenvalues in the second half.

Now let us write down the expressions for elements of the correlation matrix

F>,ij(t, t) = ⟨a†(t)ia(t)j⟩ = ∂χ ⟨eχa†(t)ia(t)j⟩
χ=0

≈ lim
δχ→0

⟨eδχa†(t)ia(t)j⟩ − 1
δχ

= lim
δχ→0

√
⟨eδχa†(t)ia(t)j⟩2 − 1

δχ

= lim
δχ→0

√
limβ→∞

Tr(eiH>teχ̂e−iH>te−βH<)2

Tr(e−βH<)2 − 1

δχ
, (F.2)

where we have defined the operator χ̂ as follows

χ̂ = δχ(1
2a†Ma ± 1

2trM (0)) ,

M = (
M (0) M (1)

M (2) (M (0))T ) , (F.3)

such that

M (1) = (M (1))T ,
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M (2) = (M (2))T .

The elements of the matrix M and the plus or minus sign in the definition of χ̂
depend on the value of the indices i and j.

F>,ij(t, t) = lim
δχ→0

√
limβ→∞

Tr(eiH>teχ̂e−iH>te−βH<)2

Tr(e−βH<)2 − 1

δχ

= lim
δχ→0

√
limβ→∞

e±δχtrM(0) det(1−eiZ2J H>teδχZ2J M e−iZ2J H>te−βZ2J H<)−1

det(1−e−βZ2J H<)−1 − 1

δχ
, (F.4)

(F.5)

where we have used Eq.(E.21). Expanding the exponentials upto first order in δχ,
and using the identity det (I + ϵA) ≈ 1 + ϵtr (A) +O (ϵ2), we get

F>,ij(t, t) = lim
δχ→0

e±δχtr M(0)
2 (1 + δχ

2 tr [Q−1eiZH>tZMe−iZH>tQ (I2J −Z)])
−1/2 − 1

δχ
. (F.6)

If trM (0) = 0

F>,ij(t, t) = lim
δχ→0

(1 + δχ
2 tr [Q−1eiZH>tZMe−iZH>tQ (I2J −Z)])

−1/2 − 1
δχ

≈ lim
δχ→0

1 − δχ
4 tr [Q−1eiZH>tZMe−iZH>tQ (I2J −Z)] − 1

δχ

= −tr [Q−1eiZH>tZMe−iZH>tQ (I2J −Z)]
4 . (F.7)

instead if trM (0) = 1 with a negative sign in the definition of χ̂

F>,ij(t, t) = lim
δχ→0

e−
δχ
2 (1 + δχ

2 tr [Q−1eiZH>tZMe−iZH>tQ (I2J −Z)])
−1/2 − 1

δχ

≈ lim
δχ→0

e−
δχ
2 − e−

δχ
2 δχ

4 tr [Q−1eiZH>tZMe−iZH>tQ (I2J −Z)] − 1
δχ

= −1
2 −

tr [Q−1eiZH>tZMe−iZH>tQ (I2J −Z)]
4 . (F.8)

and finally if trM (0) = 1 with a plus sign in the definition of χ̂

F>,ij(t, t) = lim
δχ→0

e
δχ
2 (1 + δχ

2 tr [Q−1eiZH>tZMe−iZH>tQ (I2J −Z)])
−1/2 − 1

δχ

≈ lim
δχ→0

e
δχ
2 − e

δχ
2 δχ

4 tr [Q−1eiZH>tZMe−iZH>tQ (I2J −Z)] − 1
δχ
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F. Correlation matrix from Klich’s determinant formula

= 1
2 −

tr [Q−1eiZH>tZMe−iZH>tQ (I2J −Z)]
4 . (F.9)

The matrix M and the operator χ̂ will have the following forms depending on the
indices i and j.

• i ≤ J ,j ≤ J :
The matrices M (1) and M (2) will only contain zeros, and

M
(0)
lk =

⎧⎪⎪⎨⎪⎪⎩

0 l ≠ i, k ≠ j,
1 l = i, k = j,

χ̂ = δχ(1
2a†Ma − 1

2trM (0)) , (F.10)

the indices l and k run from 1 to J . Here, trM (0) = 1 only if i = j otherwise it’s
zero.

• i ≤ J ,j > J :
The matrices M (0) and M (2) will only contain zeros, and

M
(1)
lk =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

1 l = j − J, k = i,
1 l = i, k = j − J,
0 every other element,

χ̂ = δχ1
2a†Ma. (F.11)

Here, trM (0) is always zero.

• i > J ,j ≤ J :
The matrices M (0) and M (1) will only contain zeros, and

M
(2)
lk =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

1 l = j, k = i − J,
1 l = i − J, k = j,
0 every other element,

χ̂ = δχ1
2a†Ma. (F.12)

Again, trM (0) is always zero.

• i > J ,j > J :
The matrices M (1) and M (2) will only contain zeros, and

M
(0)
lk =

⎧⎪⎪⎨⎪⎪⎩

0 l ≠ i − J, k ≠ j − J,
1 l = i − J, k = j − J,

χ̂ = δχ(1
2a†Ma + 1

2trM (0)) . (F.13)

Here, trM (0) = 1 only if i = j otherwise it’s zero.
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G. Hawking-Unruh radiation on a
lattice

In this appendix we argue that the Hawking radiation can indeed be obtained on a
lattice if the change in the parameters of the system, equivalently the change in metric,
is smooth enough (with some restrictions). However as also pointed out in the main
text, there will be essential differences between continuum and lattice models. To
begin let us consider the following Lagrangian

L = ∫ dx( 1
2uϕ̇

2 − v (x)
u

ϕ̇∂xϕ +
v2 (x) − u2

2u (∂xϕ)2) , (G.1)

this form of Lagrangian is what most works on analog horizons try to emulate [Rob12],
an important aspect of this field theory is that the determinant of the metric remains
constant. This is in contrast to our proposal, where we only modulate the inductance
with position, which does not conserve the determinant of the metric in the continuum
limit. But our goal here is to compare the result of lattice realisations and continuum
realisations, and since most existing continuum proposals for analog horizons use this
particular field theory, therefore we stick to this one.

Now we set this field theory on a one dimensional infinite lattice, the discretised
version of the Lagrangian is

L = ∆x
u
∑
j

ϕ̇2
j −∑

j

vj

u
ϕ̇j (ϕj+1 − ϕj−1) −∑

j

u2 − v2
j

4u∆x (ϕj+1 − ϕj−1)2 , (G.2)

also note that since we consider next-to-nearest neighbour coupling, in order to avoid
any issues due to instabilities that do not arise from the presence of a horizon, also
in this model the lattice constant is best defined as 2∆x. The conjugate field is

πj =
1

2∆x
∂L
∂ϕ̇j

= 1
u
ϕ̇j −

vj

2u∆x (ϕj+1 − ϕj−1) , (G.3)

hence using the Legendre transform we can write the Hamiltonian

H = 2∆xu2∑j
π2

j +
vj

2 ∑j
{πj, (ϕj+1 − ϕj−1)} +∑

j

u

4∆x (ϕj+1 − ϕj−1)2 . (G.4)

Now the equations of motion will be

2∆xϕ̈j = vj+1ϕ̇j+1 − vj−1ϕ̇j−1 + vj (ϕ̇j+1 − ϕ̇j−1) −
u2 − v2

j−1

2∆x (ϕj − ϕj−2) −
u2 − v2

j+1

2∆x (ϕj − ϕj+2) ,
(G.5)
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G. Hawking-Unruh radiation on a lattice

for the translationally invariant case (vj = v) this reduces to

2∆xϕ̈j = 2v (ϕ̇j+1 − ϕ̇j−1) −
u2 − v2

2∆x (2ϕj − ϕj−2 − ϕj+2) . (G.6)

Using the following ansatz ϕj(t) = eiωteik∆xj, we get the dispersion relation

ω±(k) = v
sin (k∆x)

∆x ± u ∣sin (k∆x)
∆x ∣ , (G.7)

in the limit ∆x→ 0, this yields the same dispersion relation as in the continuum case.
Additionally in this dispersion relation the sector near k = 0 and k = π mirror each
other which is reminiscent of the dispersion relation in Eq. (4.17).

We now come to the inhomogeneous system, since the Lagrangian is still time
independent we can still write the ansatz ϕj (t) = eiωtϕj, which gives us the following
recurrence relation

−ω2 2∆x
u

ϕj = iω
vj+1

u
ϕj+1 − iω

vj−1

u
ϕj−1 + iω

vj

u
(ϕj+1 − ϕj−1) −

u2 − v2
j−1

2u∆x (ϕj − ϕj−2)

−
u2 − v2

j+1

2u∆x (ϕj − ϕj+2) , (G.8)

which we can re-write as

ϕj+2 = ϕj −
4ω2∆x2

u2 − v2
j+1
ϕj +

2iω∆x
u2 − v2

j+1
(vj−1ϕj−1 − vj+1ϕj+1) −

2iω∆x
u2 − v2

j+1
vj (ϕj+1 − ϕj−1)

+
u2 − v2

j−1

u2 − v2
j+1
(ϕj − ϕj−2) . (G.9)

We are interested in the solution to this recurrence relation for the following profile

vj =
⎧⎪⎪⎨⎪⎪⎩

v0 j → −∞,
v1 j →∞,

(G.10)

such that v0 < u < v1. With this profile of the parameter vj, in the asymptotically left
region the signals will move in both left and right directions while in asymptotically
right region the signals will only move towards right, and somewhere in the boundary
between these two region for some j′ we will have vj′ ≤ u < vj′+1, this is the event
horizon.

In general solving the recurrence relation in Eq.(G.9) for an arbitrary profile of vj

is not analytically possible, therefore we will tackle this problem numerically. We use
a linear profile for the parameter vj such that

vj =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

0 j < −J,
vmax

j+J
2J −J ≤ j ≤ J,

vmax j > J,
(G.11)
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where vmax = 2u
1−α

J
and α < J is a real number that decides the details of discretisation

of vj with respect to u. For example, if α = 0 then vj=0 = u, or if α = 0.5 then u will
lie exactly in middle of vj′ and vj′+1. The justification for using a linear profile is that
in the continuum limit if the change in metric across the horizon is smooth, then we
can always approximate this change in the region near the horizon as linear.

To construct scattering modes for the Hamiltonian we start with the following
incoming plane wave

ϕin = ∑
j<−J

eik∆xj 0 < k∆x≪ 1, (G.12)

in the region with vj = 0 and energy ω+(k) = u sin (k∆x) /∆x. Using the recurrence
relation we obtain the transmitted mode as shown in Fig. G.1, from this we conclude
that the scattering modes with positive energy are of the form

ϕk = ∑
j<−J

eik∆xj +C(ωk,+) ∑
j≥−J

(eik̃∆xj + ei(π−k̃∆x)j) , (G.13)

where

k̃ = 1
∆x arcsin ωk,+∆x

vmax − u
, (G.14)

is obtained by energy matching and C(ωk,+) is a constant depending on the energy
of the incoming wave. To extract the form of the constant C(ωk,+), we use the plot
in Fig. G.2 (a) and find that

C(ωk,+) = γe
π
a

ωk,+ . (G.15)

The factor eπωk,+/a is the expected Hawking factor where a is the analog surface gravity,
which should be given by the derivative of the group velocity across the horizon, and
indeed from Fig. G.2 (b) we can see that

a = vmax

2J∆x, (G.16)

i.e. it is the discrete derivative of the group velocity. In contrast to the continuum
version of this problem we also have the γ term in addition to the Hawking factor
(eπωk,+/a). As alluded to in the main text γ depends on the exact details of the
discretisation of vj, if α = 0.5 and therefore u lies exactly in the middle of some vj′

and vj′+1 then γ = 1, as we change α and therefore the asymmetry of u with respect to
vj′ and vj′+1, the value of γ changes and becomes infinite for α = 0 (see Fig. G.2 (b)).
This can also be seen from the recurrence relation in Eq.(G.9), where if some vj = u,
the equation becomes non-analytic. Another thing we can gleam from Eq. (G.13) is
that the incoming mode scatters into two different modes with same energy but for
one of them its momentum is near k̃ = 0 and for the other one the momentum is near
k̃ = π. This in turn implies that even for the case of smooth variation of parameters,
in a lattice model, the ambiguity between black/white hole nature of the horizon still
remains.
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G. Hawking-Unruh radiation on a lattice
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Figure G.1.: In this figure we have plotted the absolute value of ϕj as a function of

j. Since the incoming mode was chosen to be a plane wave therefore
we see ∣ϕj ∣ = 1 for j < −J . The transmitted mode (orange dotted lines),
obtained numerically, shows a beating pattern. To confirm that the
beating pattern is produced by a wave vector near k̃ = 0 and the other
one near k̃ = π, we have also plotted a function A (eik̃∆xj + ei(π−k̃∆x)j)) on
the same figure. We see that the theoretical and numerical transmitted
modes agree with each other if we scale the theoretical one appropriately
using the constant A.
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Figure G.2.: a) In this figure we have plotted the logarithm of maximum of ∣ϕj(k)∣,
where k is the wave vector of the incoming mode, against k to extract the
constant C(ωk,+). Note that only the transmitted mode has been plotted.
We see that for different values of α the log plots differ by their intercepts,
this is the factor γ that depends on the details of discretisation of vj. b)
Here we have isolated the plot of α = 0.5, such that γ = 1.0, to confirm
that our theoretical prediction of the surface gravity a = vmax/2J∆x
matches the numerical calculation, which we can see it indeed does.
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