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Abstract

This thesis investigates the potential role of spatial anisotropies and global rotation in
addressing the observed matter-antimatter asymmetry in the universe.

The standard cosmological model, ACDM, faces several unresolved puzzles, in-
cluding CMB anomalies, dark matter, and the matter-antimatter asymmetry. The
CMB anomalies suggest deviations from isotropy, prompting the exploration of more
general anisotropic models. Additionally, current solutions to dark matter and matter-
antimatter asymmetry imply the need for extensions beyond the Standard Model.
Given these issues, it is crucial to question the accuracy of the FLRW geometry in
ACDM. This thesis explores the rotating Bianchi IX universe, motivated by the BKL
conjecture and the potential role of global rotation in cosmological angular momentum
generation, in an effort to investigate the anisotropic effects of geometry on the particle
spectrum.

The Weyl and Dirac spinor fields are studied within the Bianchi IX universe, con-
sidering a range of models, from the axisymmetric Bianchi IX universe to the more
general rotating Bianchi IX model. The Hamiltonian for spinor fields in this back-
ground is formulated, and the corresponding equations of motion for Weyl and Dirac
spinors are derived. The field equations are solved in a fixed background as an initial
step toward understanding the particle spectrum in such spacetimes. This approach
sets the stage for future refinements using the adiabatic approximation and the WKB
approximation. Generalized spinor spherical harmonics are obtained using analogies
with the asymmetric “ideal” top. Building on previous work on the diagonal Bianchi IX
model, we generalize this approach for spinor fields in a broader Bianchi IX framework.

Our work builds on earlier studies of Weyl spinors and the phenomenon of level
crossing, which results in the creation of neutrinos instead of antineutrinos in an ax-
isymmetric Bianchi IX universe as the universe evolves toward isotropy. We extend
this analysis to a broader class of models, examining how these effects manifest in more
general rotating and anisotropic cosmological backgrounds. While Weyl fermions do
not describe neutrinos in nature, the mathematical framework developed here is useful
for analyzing the Dirac equations in this context.

For Dirac fermions in the axisymmetric Bianchi IX model, we find that the energy
spectrum is significantly influenced by the spin orientation, resulting in spin-dependent
enhancements or suppressions for both particles and antiparticles. The inclusion of
global rotation introduces further contributions due to the coupling between particle
spin and the universe’s rotational motion. Specifically, rotational contributions to the
energy spectrum cause energy shifts with opposite effects for particles and antiparticles.
Depending on the alignment of the spin with the universe’s rotation, energy levels are

either increased or decreased, leading to complex modifications in the energy structure.



This spin-angular velocity coupling uncovers previously unexplored mechanisms that
could contribute to the observed asymmetry between matter and antimatter—effects
absent in homogeneous and isotropic models.

Therefore, these results underscore the importance of background anisotropies in
the search for an explanation of the matter-antimatter asymmetry and encourage fur-
ther investigation in this direction. The next logical step in this research is to solve
the equations in a time-dependent background, beginning with the adiabatic approx-
imation and later employing the WKB approximation to account for more realistic
conditions. Furthermore, the analysis could be extended to include interactions within
quantum electrodynamics (QED), enabling the exploration of whether these geomet-
ric effects influence particle creation and annihilation processes. These efforts could
provide valuable insights into the role of geometric effects in fundamental interactions,
contributing to our understanding of the mechanisms driving the matter-antimatter

asymmetry in the Universe.



Zusammenfassung

Diese Dissertation untersucht die potenzielle Rolle von raumlichen Anisotropien und
globaler Rotation im Universum zur Erkldrung der beobachteten Materie- Antimaterie-
Asymmetrie.

Das Standard-Kosmologiemodell, ACDM, steht vor mehreren ungelésten Rétseln,
einschlieflich Anomalien im kosmischen Mikrowellenhintergrund (CMB), dunkler Ma-
terie und der Materie-Antimaterie-Asymmetrie. Die CMB-Anomalien deuten auf Ab-
weichungen von der Isotropie hin, was die Untersuchung allgemeinerer anisotroper
Modelle anregt. Dariiber hinaus implizieren die aktuellen Loésungen fiir dunkle Ma-
terie und Materie-Antimaterie-Asymmetrie die Notwendigkeit von Erweiterungen tiber
das Standardmodell hinaus. Angesichts dieser Probleme ist es entscheidend, die
Genauigkeit der FLRW-Geometrie im Rahmen von ACDM zu hinterfragen. Diese
Dissertation untersucht das rotierende Bianchi-IX-Universum, das durch die BKL-
Vermutung und die potenzielle Rolle der globalen Rotation in der Erzeugung von kos-
mologischem Drehimpuls motiviert ist, um die anisotropen Effekte der Geometrie auf
das Teilchenspektrum zu untersuchen.

Die Weyl- und Dirac-Spinorfelder werden im Kontext des Bianchi-IX-Universums
untersucht. Es wird eine Reihe von Modellen betrachtet, vom achsensymmetrischen
Bianchi-IX-Universum bis hin zum allgemeineren rotierenden Bianchi-IX-Modell.
Der Hamiltonoperator fiir Spinorfelder in diesem Hintergrund wird formuliert, und
die entsprechenden Bewegungsgleichungen fiir Weyl- und Dirac-Spinoren werden
abgeleitet. Die Feldgleichungen werden in einem festen Hintergrund als erster Schritt
zur Untersuchung des Teilchenspektrums in solchen Raumzeiten gelost. Dieser Ansatz
bildet die Grundlage fiir zukiinftige Verfeinerungen unter Verwendung der adiabati-
schen Naherung und der WKB-Naherung. Verallgemeinerte spinorische sphéarische
Harmonien werden unter Verwendung von Analogien mit dem asymmetrischen ,jide-
alen”“ Kegel erhalten. Aufbauend auf fritheren Arbeiten zum diagonalen Bianchi-IX-
Modell verallgemeinern wir diesen Ansatz fiir Spinorfelder in einem breiteren Bianchi-
I[X-Rahmen.

Unsere Arbeit baut auf fritheren Studien von Weyl-Spinoren und dem Phénomen
des Levelcrossings auf, das zur Entstehung von Neutrinos anstelle von Antineutrinos in
einem achsensymmetrischen Bianchi-IX-Universum fiihrt, wéhrend sich das Universum
in Richtung Isotropie entwickelt. Wir erweitern diese Analyse auf eine breitere Klasse
von Modellen und untersuchen, wie diese Effekte in allgemeineren rotierenden und
anisotropen kosmologischen Hintergriinden auftreten. Wiahrend Weyl-Fermionen in
der Natur keine Neutrinos beschreiben, ist der hier entwickelte mathematische Rahmen
niitzlich, um die Dirac-Gleichungen in diesem Kontext zu analysieren.

Fiir Dirac-Fermionen im achsensymmetrischen Bianchi-IX-Modell stellen wir fest,



dass das Energiespektrum erheblich von der Spinorientierung beeinflusst wird, was zu
spinabhéngigen Verstéarkungen oder Abschwéchungen sowohl fiir Teilchen als auch fiir
Antiteilchen fithrt. Die Einbeziehung globaler Rotation fiihrt zu weiteren Beitrigen
aufgrund der Kopplung zwischen Teilchenspin und der Rotationsbewegung des Uni-
versums. Insbesondere verursachen die rotatorischen Beitrage zum Energiespektrum
Energieverschiebungen mit gegensétzlichen Effekten fiir Teilchen und Antiteilchen. Ab-
héngig von der Ausrichtung des Spins mit der Rotation des Universums werden die
Energieniveaus entweder erhéht oder verringert, was zu komplexen Anderungen in
der Energiestruktur fithrt. Diese Kopplung von Spin und Winkelgeschwindigkeit zeigt
bislang unerforschte Mechanismen auf, die zur beobachteten Asymmetrie zwischen Ma-
terie und Antimaterie im Universum beitragen kénnten — Effekte, die in homogenen
und isotropen Modellen fehlen.

Daher unterstreichen diese Ergebnisse die Bedeutung von Hintergrundanisotropien
in der Suche nach einer Erklarung der Materie-Antimaterie-Asymmetrie und regen
zu weiteren Untersuchungen in diese Richtung an. Der néchste logische Schritt in
dieser Forschung besteht darin, die Gleichungen in einem zeitabhéngigen Hintergrund
zu l6sen, beginnend mit der adiabatischen Naherung und spéater unter Verwendung
der WKB-Naherung, um realistischere Bedingungen zu beriicksichtigen. Dariiber hin-
aus konnte die Analyse auf die Einbeziehung von Wechselwirkungen im Rahmen der
Quanten-Elektrodynamik (QED) ausgeweitet werden, um zu untersuchen, ob diese ge-
ometrischen Effekte die Erzeugung und Vernichtung von Teilchen beeinflussen. Diese
Bemiihungen konnten wertvolle Einblicke in die Rolle geometrischer Effekte in funda-
mentalen Wechselwirkungen bieten und unser Verstédndnis der Mechanismen erweitern,

welche die Materie-Antimaterie-Asymmetrie im Universum antreiben.



Notation and Conventions

Mathematical Symbols

= Definition.

Q

Approximately equal to.

o Proportional to.

~ Asymptotically equal to.

= Identical by definition.

pe Greater than or approximately equal to.
€ Element of a set.

v “For all” (universal quantifier).

(.,.) Scalar product.

[.,.]  Commutator: [A, B] = AB — BA.

{.,.} Anticommutator: {A, B} = AB + BA.
<. > Correlation function.

A Wedge product.

O Partial derivative with respect to coordinate x*.

Set of real numbers.

Complex conjugation.

~—r
S

Transpose of a matrix.

~~ o~
...\;%

~—
—

Hermitian adjoint (complex conjugate transpose).

Conventions

e We adopt natural units: A =c = 1.

The metric signature convention used is (—, +, +, +).

Greek indices (u, v, ...) denote spacetime components and run as u =0, 1,2, 3.

Latin indices (i, 7, ...) denote spatial components and run as i = 1,2, 3.

Greek indices with a hat, i.e., &, B , refer to the local inertial frame.

Einstein summation convention is assumed, i.e., >, A;B* is written as A;B".
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1 Introduction and motivation

There are four fundamental forces in Nature. Three of them—the strong, electromag-
netic, and weak forces—are described by quantum field theory and form the basis of
the Standard Model of particle physics. The gravitational force, on the other hand, is
described by Einstein’s General Theory of Relativity (GR), which is a classical theory.
These two theories together provide the theoretical framework for cosmology, which
aims to study the origin, evolution, and large-scale structure of the universe.

General Relativity is an extremely successful theory that has passed numerous ob-
servational tests across both astrophysical and cosmological scales. These include phe-
nomena such as the deflection of light, the perihelion precession, gravitational redshift,
and cosmic expansion. Recent exciting developments include the direct detection of
gravitational waves by LIGO [1| and the imaging of a black hole’s shadow [2]. Despite
its success, GR faces a breakdown due to the occurrence of spacetime singularities un-
der general conditions, as predicted by the Hawking-Penrose singularity theorems [3],
[4]. Singularities occur in black holes and, in cosmology, at the beginning of the evo-
lution of the Universe, known as the Big Bang singularity. Thus, GR fails to describe
the physics in the early Universe at high-energy scales near the Big Bang singularity.

It is expected that singularities can be avoided in a fundamental quantum gravity
(QG) theory [5]. However, since a complete QG theory is not yet available, the only
framework we can currently rely on to describe physical interactions in the early Uni-
verse is Quantum Field Theory (QFT) in curved spacetime. Unfortunately, this theory
itself faces several conceptual and technical challenges, including issues with renormal-
ization, the ambiguity of the vacuum state due to the lack of Poincaré invariance, and
the fundamental definition of a particle in curved spacetime [6]. The study of particle
production and interactions in the early Universe is, therefore, only possible through
the use of various approximations, which will be discussed in this thesis in Sec. 3.

The ACDM model is the leading cosmological framework, providing the foundation
for our understanding of the evolution of the Universe. Its success is evident in its
remarkable agreement with observational data, including measurements of the Cosmic
Microwave Background (CMB) from WMAP [7] and Planck [8], as well as large-scale
structure observations from the Sloan Digital Sky Survey (SDSS) [9], among others.

The Standard Model of Cosmology (ACDM model) describes the universe as con-
sisting of approximately 5% ordinary baryonic matter, 26% cold dark matter (CDM),
and 69% dark energy (A, the cosmological constant) [8]. It assumes the geometry of
the Universe to be homogeneous and isotropic, based on the validity of the cosmo-
logical principle, and is described by Friedmann-Lemaitre-Robertson-Walker (FLRW)
cosmological models, particularly a flat model [79].

Furthermore, as part of its framework, the ACDM model incorporates a phase



of inflation, which is assumed to have occurred around 107%* seconds after the Big
Bang, during which the Universe underwent exponential expansion. Inflation solves
key problems, such as the horizon problem and the flatness problem, and provides a
mechanism for generating the initial density fluctuations that serve as the seeds for the
large-scale structure of the Universe today [11], [12], [13].

The standard model of cosmology, the ACDM model, is remarkably successful in
describing a wide range of observations. However, several persistent and significant
challenges remain within this framework, suggesting that new physics may be required
beyond the standard cosmological model [14]. To explore this in more detail, we first
examine the key puzzles that arise within the ACDM model in the next section, followed

by a discussion on these challenges and their implications.

1.1 Puzzles in the Standard Model of Cosmology

Among the unresolved issues of ACDM are the nature of dark matter and dark energy,
CMB anomalies, the Hubble tension, the matter-antimatter asymmetry, and others [§].
In addition, the cold dark matter model, which forms the foundation of the ACDM
framework, also faces several challenges on small scales, which will be discussed in
detail in the next section.

The Hubble tension refers to the disagreement between local measurements of the
Hubble constant and its value inferred from the CMB [15]. Extensive discussions of this
issue and possible resolutions based on different cosmological models, including dynam-
ical dark energy, primordial magnetic fields, modified gravity, and other alternatives,
can be found in review articles [16], [17]. In this section, we will focus specifically on
CMB anomalies, dark matter, and the matter-antimatter asymmetry, providing a brief
overview of these issues. Later, in Sec. 1.2, these puzzles will be addressed from a

geometric perspective, which motivates the problem explored in this thesis.

1.1.1 Cosmic Microwave Background anomalies

In the early Universe, matter was extremely hot and dense. As the Universe expanded,
it cooled down, leading to a sequence of phase transitions that shaped its thermal
history. A detailed description of these phase transitions can be found in [18], [19],
[20], and [21]. The light nuclei were created during Big Bang Nucleosynthesis (at
~ 200 s), the theoretical framework for which was initially developed by Gamow et
al. in the 1940s [22]. At this stage, the universe was too hot for electrons to be
bound to nuclei to form neutral atoms. This process became possible much later, when
the universe had cooled further and transitioned from radiation domination to matter
domination. Around 380,000 years after the Big Bang, when the temperature had

dropped to approximately 3000 K, protons and electrons combined to form neutral



hydrogen atoms. As a result, the photons, which were interacting with electrons via
Thomson scattering, decoupled from the matter and began to free-stream. These
decoupled photons, now known as the CMB photons, retain the characteristic black-
body radiation spectrum (as a result of being in thermal equilibrium with the matter)
from the time of decoupling. Additionally, the temperature spectrum of the CMB
exhibits anisotropies on the order of 107%, providing evidence for fluctuations in the
primordial matter density.

The CMB spectrum was first detected by Arno Penzias and Robert Wilson in 1965
[23|. Since then, increasingly precise observations have been made by missions such as
the Cosmic Background Explorer (COBE) [24], the Wilkinson Microwave Anisotropy
Probe (WMAP) |7], and Planck [8]. These missions have not only refined our under-
standing of the CMB but also revealed unexpected features in the data at large angular
scales. Notable anomalies include the alignment of the lowest multipole moments with
each other and with the motion and geometry of the Solar System, a hemispherical
power asymmetry, parity asymmetry, and the presence of cold spots (for a detailed dis-
cussion, see [14], [25], [26] and the references therein). These anomalies challenge the
expected statistical isotropy and Gaussianity of the CMB temperature fluctuations!.

The CMB temperature anisotropies?, AT(n), where the unit vector 7 denotes a
direction in the sky, are measured relative to the mean CMB temperature, T = 2.7 K.
These anisotropies can be expanded in terms of spherical harmonics as

0() = 21 = 3™ 4 Yo ), (1)
Im

T

where ay,, are the expansion coefficients, also known as multipole moments, and Y4, (1)
are the standard spherical harmonics on a 2-sphere. The multipole number ¢ corre-
sponds to different angular scales of the temperature anisotropies and takes integer val-
ues £ > 0. Specifically, £ = 0,1, 2, 3, ... correspond to the monopole, dipole, quadrupole,
and octupole, respectively. The monopole and dipole components are not of cosmolog-
ical interest, as the variance of the monopole is undefined and the dipole is primarily
influenced by our motion through the universe. Therefore, in anisotropy studies, anal-
yses typically focus on the multipoles with ¢ > 2. The magnetic quantum numbers
take values m = —0, —( +1,...,+/.

The statistical properties of CMB anisotropies are analyzed using the two-point cor-

relation function, which quantifies the relationships between temperature fluctuations

IStatistical isotropy follows from the cosmological principle, a fundamental assumption of the
standard cosmological model, while Gaussianity arises from inflation, which is an integral part of the
ACDM framework.

2A more detailed discussion of the CMB temperature anisotropies can be found in the standard
literature, see, for example, [27] and [28].



at different points on the sky. Statistical isotropy implies that the expectation values
of all two-point correlation functions are invariant under arbitrary rotations of the sky.
As a result, the two-point correlation function depends only on the angular separation
0 between two points, with cos = n; - ny. This function can then be expanded in

terms of Legendre polynomials as follows:

R R 1
C(0) = (O(71)O (1)) = E;@“ 1)CyPy(cosh), (1.2)
which leads to the following relation
(@G ) = Cr Spr G, (1.3)

where C is known as the angular power of the multipole /.

Having briefly introduced the necessary mathematical concepts, we now return to
the discussion of CMB anomalies. Given the complexity and technical nature of the
topic, we will focus on highlighting the key aspects of these anomalies and discussing

their significance, without delving into the technical details.

Lack of large-angle CMB temperature correlations

It has been observed that the two-point angular correlation function C'(), as given
by (1.2), is suppressed at large angular scales, it nearly vanishing for angular sep-
arations ¢ 2> 60°. Additionally, the angular power spectrum shows suppression at
low-¢ values, particularly with a heavily suppressed quadrupole, a mildly suppressed
octupole, and unsuppressed higher multipoles. These anomalies cannot be adequately
explained within the framework of the standard model of cosmology. One possible
explanation for the lack of power at large scales is the finite topology of the Universe
[16].

Quadrupole-octupole alignment

In the standard ACDM model, the orientations and shapes of the multipole mo-
ments in harmonic space are expected to be random and independent. However, ob-
servations show that the quadrupole (¢ = 2) and octopole (¢ = 3) are unexpectedly
planar and aligned with each other?.

Even more strikingly, the quadrupole and octopole planes are not only aligned with

each other but are also unexpectedly perpendicular to the Ecliptic plane and aligned

3An alternative approach to analyzing large-angle anomalies involves using multipole vectors, as
introduced in [29]. These vectors offer a different representation compared to spherical harmonics,
providing a more convenient tool for studying these anomalies.



with the CMB dipole [26]. No known systematics or foreground contamination has
been identified to account for these violations of statistical isotropy. The alignment of
these low-order multipoles suggests the presence of a preferred direction in the CMB
temperature anisotropy, challenging the assumption of statistical isotropy in the stan-

dard cosmological model.

Hemispherical asymmetry

A hemispherical power asymmetry has been detected, where the CMB tempera-
ture anisotropies are larger in one hemisphere of the sky than in the other. Notably,
the plane that maximizes this asymmetry is approximately aligned with the Ecliptic
plane. Proposed explanations for this anomaly include models involving a superhori-
zon perturbation or asymmetric initial states of quantum perturbations [25]. However,
no convincing systematic or cosmological explanation has yet accounted for why one

ecliptic hemisphere exhibits less power than the other.

Parity Asymmetry

In the CMB angular power spectrum, odd ¢ multipoles exhibit excess power com-
pared to even ¢ multipoles on the largest angular scales (2 < ¢ < 30). This contradicts
the predictions of the ACDM model, which expects power to be equally distributed
between even and odd modes.

The parity asymmetry appears to be correlated with the lack of power at large
angular scales. Furthermore, the direction that maximizes this parity asymmetry is
also close to the direction of the hemispherical asymmetry [14]. As a result, it remains
unclear whether the parity asymmetry is an independent anomaly or a byproduct of

another underlying anomaly.
Cold spot

The Cold Spot was discovered in the southern hemisphere of the CMB sky, located
at the galactic coordinates (I,b) = (209°, —57°). The Cold Spot is an unusually large,
roughly circular region with a radius of about five degrees. It exhibits a significant
temperature decrement, with a mean temperature of AT ~ —100 uK relative to the
average CMB temperature [25]. It represents a statistical anomaly in the large-angle
fluctuations of the CMB, indicating non-Gaussian features. This observation contra-
dicts the Gaussianity assumption predicted by the standard ACDM model.

Providing a theoretical explanation for a localized feature appearing in a non-special
location in the sky is challenging. In this context, Bianchi cosmological models, which
are homogeneous yet anisotropic, have been proposed as a potential explanation for

the Cold Spot. Other possible explanations include large statistical fluctuations, an



artifact of inflation, multiple voids, the universe’s rotation axis, cosmic textures, and
more [14], [25].

To summarize, several anomalies in the CMB data appear to contradict the predic-
tions of the standard ACDM model. While some studies suggest that these anomalies
could be the result of statistical flukes [30], the fact that multiple sets of them are
statistically independent makes it highly unlikely that all of these anomalies arose si-
multaneously by chance. Furthermore, anomalies on large scales cannot be attributed
to experimental systematics or foreground contamination. Instead, the most plausible
explanation is that they have a cosmological origin, with non-trivial cosmic topology
or anisotropic geometry being the only currently promising frameworks [16]. Further
clarification of the nature of these anomalies can be achieved through new CMB ob-
servations, such as CMB polarization studies, large-scale structure surveys, and other

cosmological probes.

1.1.2 Dark matter

There is strong evidence for the existence of dark matter, inferred from various grav-
itational effects, including galaxy rotation curves, gravitational lensing, the dynamics
of galaxy clusters, and cluster collisions, as well as from cosmic microwave background
data. Below, we will briefly describe these observations, along with the properties and
proposed models of dark matter, focusing on cold dark matter (CDM), which forms the
foundation of the ACDM model. Finally, we will conclude by discussing the challenges
faced by the CDM model. For further details, see the review papers [31], [32] and

references therein.

Galactic rotation curves

The rotational velocity of stars and gas orbiting the centers of galaxies is expected
to decrease as the radius increases. For a spherically concentrated mass M (r), the

orbital velocity follows the relation

v(r) =+GM(r)/r. (1.4)

If all the mass is enclosed at the center, the orbital velocity behaves as v(r) ~ /2,

However, as shown in Fig. 1, as the radius increases, v(r) ~ r, meaning the rotation
curve remains flat, contrary to the expected behavior. This discrepancy was first
discovered by Vera Rubin and Kent Ford in the 1970 [33].

To account for this behavior, the most straightforward explanation is that galaxies
contain far more mass than is visible from the stellar objects in the galactic disks,
implying the presence of a large, spherically distributed dark matter halo extending
well beyond the visible boundaries of the galaxy.



DISTRIBUTION OF DARK MATTER IN NGC 3198
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Figure 1: Galactic rotation curve of NGC 3198, illustrating the contribution of the
dark matter halo required to match the observed data [31].

Mass of Galaxy Clusters: Virial Theorem and Gravitational Lensing

For a stationary, bound system—such as a cluster of galaxies—the Virial Theo-
rem, which relates the system’s kinetic energy 7' and potential energy V', should hold.
Specifically,

2T)+ (V) =0. (1.5)

This is used to estimate the mass of galaxy clusters by relating the velocity disper-
sion of galaxies to the gravitational potential. However, the mass calculated using
the Virial Theorem was significantly higher than the mass of the visible matter. In
addition, another method for estimating the mass of galaxy clusters is gravitational
lensing, where the gravitational field of a cluster deflects the light from background
objects. The weak lensing data from the Sloan Digital Sky Survey (SDSS) [9] revealed
that galaxies, including the Milky Way, are larger and more massive than previously
thought. Consequently, mass estimates based on gravitational lensing also indicate the
presence of additional mass beyond what is accounted for by visible matter. Moreover,
this approach suggests that dark matter extends to even greater distances than those
inferred from rotation curves. For instance, in the Milky Way, visible matter extends
up to 10 kpc, while the dark matter halo is believed to reach 100 kpc based on rotation
curve analysis. However, lensing data suggests that it may extend even further, up to

200 kpc from the centers of galaxies |34].



Collisions of clusters

A collision of two galaxy clusters, known as the Bullet Cluster, was detected by
NASA’s Chandra X-ray Observatory and is shown in Fig. 2. The gas from the two
clusters interacts, slows down, and exhibits a characteristic shock wave (depicted in
pink). In contrast, the dark matter component (shown in blue) passes through un-
affected, as it only interacts gravitationally. The dark matter is detected through

gravitational lensing.

Figure 2: A collision of galaxy clusters forming the Bullet Cluster. The gas is shown
in pink, while the dark matter distribution is inferred from gravitational lensing and
depicted in blue [32].

Cosmic microwave background

The evidence for dark matter also comes from the Cosmic Microwave Background
(CMB) data, first detected by COBE in 1992 and later refined by WMAP and Planck.
Analyzing these data within the framework of the ACDM model leads to the conclusion
that dark matter must be present in the Universe and is approximately five times more

abundant than baryonic matter [8|.

Properties of Dark Matter

Based on the observed phenomena, dark matter is expected to have the following
properties: its interactions with Standard Model particles must be extremely weak,
with interactions with baryonic matter occurring solely through gravity. Additionally,
dark matter must be nearly collisionless, exhibiting very weak self-interactions, as
evidenced by observations of the Bullet Cluster.

Moreover, dark matter must be non-relativistic, or “cold”, behaving like a collection
of non-relativistic particles attracted by gravity. This is crucial for the growth of small
perturbations in the CMB and for dark matter to accumulate and form the galactic

halos of galaxies, consistent with observations.



Furthermore, observations from the Cosmic Microwave Background (CMB) indicate
that baryonic matter makes up only 5% of the total energy density of the universe,
with the remaining component attributed to dark matter, which must therefore be non-
baryonic. This conclusion is further supported by Big Bang Nucleosynthesis (BBN),
which accurately predicts the abundances of light elements (H, He, Li, D) based on
the total baryonic density. Additionally, large-scale structure formation models require
non-baryonic dark matter to drive the necessary growth of cosmic structures [35]. These
observations place strict upper bounds on the amount of baryonic matter in the universe
and strongly suggest that dark matter is non-baryonic? [36].

Finally, dark matter has to be stable because its presence is observed in the early
universe and persists to the present day. Its stability is essential, as cosmological
simulations and CMB observations rely on dark matter to explain the growth of density
perturbations and the distribution of galaxies. If dark matter does decay, the process

must occur at an extremely slow rate.

Models of Dark Matter

If dark matter is composed of particles, its models can be classified based on
the thermal velocities of these particles. Dark matter is categorized as cold (non-
relativistic), hot (relativistic), or warm (intermediate between the two). This clas-
sification plays a crucial role in structure formation, as the velocity of dark matter
particles affects how cosmic structures grow and evolve over time [37], [38].

The hot dark matter model, composed of massive and relativistic particles such
as neutrinos, would result in a very different formation of structures in the universe.
It would prevent the formation of small-scale structures like galaxies. Consequently,
this would significantly affect the formation and distribution of galaxies, deviating
from the observations we currently see. Observations of the CMB and large-scale
structure surveys favor the cold dark matter (CDM) model, which forms the basis of
the standard cosmological model, ACDM [8]. However, the CDM model also faces
certain challenges®, which we will briefly discuss below.

Since CDM particles must be massive, non-relativistic, weakly interacting, and
stable, no Standard Model particles satisfy these requirements. Consequently, a re-
markably wide range of candidates has been proposed for the CDM model. Among
the many possibilities are Weakly Interacting Massive Particles (WIMPs), axions (hy-

pothetical particles motivated by the strong CP problem in quantum chromodynamics

4However, some models propose that dark matter could have a baryonic nature. One such model
involves MACHOs (Massive Compact Halo Objects), which consist of ordinary baryonic matter in the
form of faint stars, stellar remnants, black holes, or mirror matter [32].

®The Warm Dark Matter (WDM) model is considered to address some of these challenges; however,
it also introduces its own set of difficulties [39].



(QCD)), sterile neutrinos, supersymmetric particles, primordial black holes, Kaluza-
Klein particles from higher-dimensional theories, and numerous other exotic candidates
(see, e.g., [40]). The vast and diverse range of proposed candidates underscores the
complexity of identifying the true nature of dark matter.

Finally, let us also mention that, alternatively, some approaches attempt to explain
the effects attributed to dark matter without introducing additional matter, instead
suggesting that the theory of gravity itself must be modified. Numerous theories have
been developed to alter gravity in a way that eliminates the need for dark matter and
dark energy. These include Modified Newtonian Dynamics (MOND), Tensor-Vector-
Scalar Gravity (TeVeS), f(R) Gravity, and Generalized Einstein-Aether Theory (GEA),
among others. However, most of these alternative gravity models struggle to fully
account for the observed effects of dark matter, with MOND being the only approach
that could still be considered a relevant theory in this context (see, e.g., the review
article [41]).

Problems of Cold Dark Matter (CDM) model

The CDM model has been a successful framework for predicting and explaining the
large-scale structure of the Universe. However, it faces several challenges at smaller
scales, particularly those below approximately 1 Mpc. Among the most well-known
issues are the Cusp/Core problem, Missing Satellites, Too Big to Fail, and the angular
momentum catastrophe, which are briefly explained below. A detailed discussion of the
issues and possible solutions to some of the problems can be found in [42], [43], and
the references therein.

The observed dark matter-dominated galaxies are found to be less dense and less
cuspy than predicted by the CDM model. This discrepancy is known as the “cusp/core”
(CC) problem. Various approaches have been proposed to address this issue, one of
which is fuzzy dark matter (FDM), or fuzzy cold dark matter (FCDM). FDM consists
of ultra-light bosonic particles that, due to their extremely small mass, behave more
like waves than traditional particles, hence the term “fuzzy” [44].

The “missing satellite problem” (MSP) refers to the discrepancy between the number
of small galaxies and dwarf galaxy satellites in the Local Group® predicted by the
CDM model and what is actually observed. The observed number of these galaxies is
significantly lower than the predictions made by the CDM model.

Furthermore, the “Too Big To Fail” (TBTF) problem refers to the prediction by
CDM simulations that massive dark matter halos should host bright galaxies or large

satellite galaxies, a prediction that contradicts observations. Halos of this mass are

6The Local Group refers to a galaxy group that includes the Milky Way and its neighboring
galaxies, which are all gravitationally bound to each other.
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generally expected to form bright galaxies or large satellites, so the fact that they are
missing presents a significant challenge to our understanding.

The angular momentum catastrophe refers to the discrepancy between the angular
momentum distributions observed in galaxy formation simulations and those seen in
actual galaxies. In [45], the authors demonstrated that the angular momentum distri-
butions of dwarf galaxy disks are clearly distinct from those of the dark matter halos.
In the standard picture of structure formation, the angular momentum of protogalaxies
is thought to arise from cosmological torques. Since both dark and baryonic matter
experience the same tidal forces, it is expected that they should exhibit similar angular
momentum distributions. Thus, understanding the angular momentum distribution of
disk galaxies remains a significant challenge for the current model of galaxy formation.

In conclusion, while the ACDM model has been successful in describing the forma-
tion and evolution of large-scale structures in the Universe, it faces significant unre-
solved challenges at smaller scales. Moreover, as previously mentioned, no Standard
Model particle can account for cold dark matter (CDM), requiring the consideration
of physics beyond the Standard Model—an area for which no direct evidence has been
found so far. This highlights the limitations of the ACDM model and underscores the

need to reassess our understanding of it.

1.1.3 Matter-antimatter asymmetry

Qunatum Field Theory, which forms the foundation of the Standard Model of parti-
cle physics, predicts the existence of antiparticles and describes the processes of pair
creation and annihilation, which are symmetric with respect to particles and antiparti-
cles. Therefore, the fact that we observe a matter-dominated universe, with an almost
complete absence of antimatter”, remains an unresolved issue in modern cosmology.
In the early stages, the Universe was hot, with an equilibrium maintained between
particle pair creation and annihilation processes. As the Universe expanded and the
plasma cooled, matter and antimatter annihilated each other, leaving behind a small
excess of matter. The study of matter-antimatter asymmetry primarily focuses on
baryon asymmetry because it is directly observable, leaves a clear imprint on cosmo-
logical data, and is crucial for explaining the current structure and composition of the
Universe, as it is the main contributor to its matter density (apart from dark matter
and dark energy). Additionally, leptons (such as neutrinos and electrons) also exhibit

an asymmetry, though directly measuring it is challenging [48]. The asymmetry of

“Some theories suggest that the Universe may not have a fundamental matter-antimatter asym-
metry. Instead, it could be composed of separate regions dominated by either matter or antimatter,
or a homogeneous blend of both. If this were true, we would expect to detect y-rays from matter-
antimatter annihilation processes. However, observational evidence does not support these scenarios
[46], [47].
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electrons is indirectly inferred from baryon asymmetry®.

The baryon asymmetry of the Universe (BAU) is characterized by a parameter
baryon-to-photon ratio, denoted by 7. It is defined as the ratio of the number of
baryons to the number of photons in the early Universe, i.e., n = Ng/N,. This
parameter can be measured in two independent ways: from the power spectrum of
temperature fluctuations in the Cosmic Microwave Background (CMB) and from the
abundances of light elements in the intergalactic medium, as predicted by Big Bang
Nucleosynthesis (BBN) (see, e.g., [49] for a detailed discussion). The result from Big
Bang Nucleosynthesis (BBN) is given in [50], while the value inferred from the Cosmic
Microwave Background (CMB) is reported in [51]. The measured values for n from
both methods® are consistent, giving n ~ 1071, Thus, after the Universe cooled down,
matter and antimatter annihilated, leaving behind an excess of baryons—roughly one
baryon for every 10 billion photons. Therefore, the vast matter-antimatter asymmetry
observed in the Universe today was an extremely small quantity in the early Universe.

The generation of baryon asymmetry (referred to as Baryogenesis) is possible if the

following three Sakharov conditions are satisfied [52]:
e Baryon number (B) violation,
e C (charge conjugation symmetry) and CP (C and parity) violation,
e Deviation from thermal equilibrium.

The first condition is evident: if the Universe starts with a baryon number of zero,
it cannot evolve into a state with a nonzero baryon number B # 0 without baryon
number-violating interactions. Additionally, if C and CP symmetries hold, any process
that generates an excess of baryons will be accompanied by another process producing
an equal number of antibaryons, preventing a net baryon asymmetry. Hence, the second
condition is required. Finally, since thermal equilibrium is a time-translation invariant
state, the creation of baryon asymmetry would be impossible if the system started with
a vanishing baryon number.

The Standard Model (SM) fulfills all the necessary conditions for baryogenesis [53].
In [54], 't Hooft demonstrated that while baryon and lepton numbers are conserved
in perturbative theory, non-perturbative effects at very high temperatures can violate
these symmetries. These effects, known as sphaleron processes, are key to baryon
number violation. Additionally, CP violation occurs through weak interactions and

quark Yukawa couplings [55|, while the expansion of the Universe ensures departure

8Due to the charge neutrality of the Universe, the number of electrons must be equal to the number
of protons.

9These methods measure 7 at different stages of the Universe’s evolution, which helps to constrain
cosmological models and test their validity, especially the ACDM model.
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from equilibrium. However, these effects within the SM are too weak to account for
the observed baryon asymmetry, making successful baryogenesis unlikely within the
Standard Model alone. As a result, extensions of the Standard Model are explored as
potential solutions, often introducing new sources of CP violation and baryon number
violation. These modifications give rise to various baryogenesis scenarios, such as
models with an extended Higgs sector or the Minimal Supersymmetric Standard Model
(MSSM), as discussed in the literature [56|. This class of mechanisms is broadly known
as Electroweak Baryogenesis.

In addition, several beyond Standard Model mechanisms have been proposed to ex-
plain the origin of baryon asymmetry. Notable among them are Grand Unified Theory
(GUT) Baryogenesis, the Affleck-Dine Mechanism in supersymmetric (SUSY) theories,
Baryogenesis via Leptogenesis and gravitational baryogenesis'®. While these mecha-
nisms offer potential solutions to the baryon asymmetry problem, they face significant
theoretical and observational challenges that remain unresolved. For a more detailed
discussion of these approaches and their limitations, see [49], [56], [58], [59], and refer-
ences therein.

In conclusion, the matter-antimatter asymmetry remains a major unresolved prob-
lem in modern cosmology. While various attempts to extend the Standard Model or
explore physics beyond the Standard Model have been proposed, none are currently

supported by observational evidence.

10This approach suggests that a CP-violating coupling between the Ricci scalar and the baryon
number current can generate the observed baryon asymmetry in an expanding universe. For further
details, see, e.g., [57].
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1.2 Addressing cosmological puzzles from a geometric

perspective

As outlined in the previous section, the standard cosmological model, ACDM, encoun-
ters various difficulties. In particular, when it comes to anomalies in the CMB, homo-
geneous and isotropic FLRW models fail to provide satisfactory explanations—unless
these anomalies can be attributed to statistical effects or background contamination,
which is considered unlikely based on prior discussion. Consequently, these anomalies
hint at a deviation from isotropy on large scales, opening the door to exploring more
general homogeneous but anisotropic models as a possible resolution to these issues.

Furthermore, since no particles within the Standard Model meet the necessary
conditions for cold dark matter, as previously discussed, alternative candidates beyond
the Standard Model must be considered, though these particles have yet to be observed.
In addition, while the cold dark matter model successfully accounts for most expected
properties of dark matter and aligns well with large-scale structure observations, it faces
significant challenges on smaller scales, prompting a reconsideration of the model.

Finally, to explain the matter-antimatter asymmetry, the Sakharov conditions for
successful baryogenesis must be satisfied. In this context, Standard Model physics
is insufficient to produce the necessary asymmetry to resolve the problem, and once
again, solutions must be sought in physics beyond the Standard Model.

Given these substantial difficulties, the natural first question is whether the foun-
dational assumptions of the FLRW geometry in the ACDM model are correct. Could
it be that the simplicity of such a highly symmetric geometry is the cause of these
challenges? In fact, as stated by Gerard 't Hooft in [54]:

“When one attempts to construct a realistic model of nature, one is often
confronted with the difficulty that most simple models have too much sym-

metry.”

This suggests that the highly symmetric nature of the FLRW geometry may not be an
accurate reflection of the true structure of the Universe. Consequently, the first step
in addressing these cosmological puzzles would be to relax the isotropy assumption, as
suggested by the CMB anomalies, and to develop cosmological models based on more
general geometries, testing them against observational data.

How might the assumption of a homogeneous and anisotropic model of the universe
contribute to resolving the puzzles of matter-antimatter asymmetry and the nature of
dark matter? As mentioned at the beginning of this chapter, within the framework of
QFT in curved spacetime, there are inherent challenges in defining the concept of a
particle and establishing an unambiguous vacuum. These challenges can be addressed
using approximations, e.g. adiabatic approximation. In the FLRW geometry, the

only gravitational effect that enters into the particle physics discussion compared to
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Minkowski spacetime, is the expansion of the universe, which leads to the redshifting
of particles. However, in anisotropic models, the geometric effects are expected to be
more complex. To assess the impact of geometric anisotropy on particles and their
interactions, it is essential to derive the equations of motion for the relevant fields
in the given anisotropic background. These equations must then be solved under an
appropriate approximation, followed by quantization to understand how anisotropic
geometric dynamics affect the system. If a suitable anisotropic model is chosen, it
may reveal an asymmetry between particles and antiparticles—potentially providing
an explanation for the observed matter-antimatter asymmetry, without relying on the
mechanisms typically proposed in particle physics!'. The objective of this thesis is to
explore this possibility.

Moreover, in the framework of the ACDM model, dark matter plays a crucial role
in the growth of the initial perturbations, which serve as the seeds for large-scale struc-
tures. It has been shown that without a significant amount of dark matter, there would
not be sufficient gravitational attraction to facilitate the formation of the large-scale
structures we observe today. The process of structure formation in the ACDM model
is discussed in great detail in [35]. In the context of a homogeneous anisotropic model,
the evolution of the initial perturbations differs from that in FLRW models (see, e.g.,
[60] and references therein), thereby impacting the structure formation. Consequently,
anisotropic gravitational effects may account for some of the phenomena typically at-
tributed to dark matter. However, as discussed earlier, certain observations supporting
the existence of dark matter, such as the collision of the Bullet Cluster, would be chal-
lenging to explain solely through anisotropic effects, without invoking the presence of
actual dark matter.

Furthermore, since the mechanism responsible for the matter-antimatter asymme-
try remains unknown, and given that electric charge is conserved in GR, particles and
antiparticles are expected to be produced in equal amounts. If a fundamental asymme-
try between particles and antiparticles were induced by the spatial anisotropy of the
universe—for instance, a suppression of antiparticles—matter and antimatter could
coexist without undergoing complete annihilation. This idea is highly speculative and
provides a heuristic perspective that requires rigorous investigation. A definitive con-
clusion can only be reached through detailed studies of Quantum Electrodynamics
within a specific anisotropic cosmological model.

Now, the question arises: which homogeneous, anisotropic model of the universe

should be considered? We will explore this in the next section.

" Such effects have been studied for Weyl neutrinos by Gibbons in [61], [62] within an axisymmetric
Bianchi IX universe. In this thesis, we will analyze these results in detail and extend the discussion
to Dirac spinors.
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1.3 Why rotating Bianchi IX universe?

There exist various homogeneous, anisotropic cosmological models, which are classified
and described in detail in Chap. 2. To investigate the possible effects proposed above,
we adopt the Bianchi IX model, which represents a finite universe and, in general,
allows for global rotation. The following section presents arguments to justify this

choice.

BKL conjecture

As discussed previously, singularities inevitably arise in GR, making the study of
their nature a key area of investigation in theoretical physics. The Big Bang singularity
is not a consequence of the symmetry of the FLRW framework but rather a generic
feature of Einstein’s field equations [63]. In the 1946, Lifshitz [64] examined the grav-
itational stability of non-static isotropic universe models. He concluded that space’s
isotropy cannot be maintained as the universe evolves towards singularities. Later,
in a series of influential works [65], [66], Vladimir Belinsky, Isaak Khalatnikov, and
Evgeny Lifshitz (BKL) proposed a conjecture about the behavior of spacetime near a
singularity. Their prediction highlighted highly chaotic and oscillatory dynamics when
approaching to singularity that are dominated by time-dependent factors rather than
spatial variations. As a result, different spatial points effectively decouple, and the
behavior of the universe becomes similar to that of the general Bianchi IX model. The
dynamics of the diagonal Bianchi IX model were independently studied by Misner [67],
who proposed that the oscillations in the Bianchi IX model could potentially resolve
the “horizon problem”. These studies were later generalized to symmetric and general
Bianchi IX models by Ryan [68], [69].

In addition, the BKL conjecture has important applications in quantum gravity,
particularly in the study of singularities and quantum gravitational effects near them.
It has been explored in various quantum gravity approaches, such as canonical quantum
gravity [70] and loop quantum gravity |71], along with other related studies.

Thus, a more realistic cosmological model would be to consider an initially homo-
geneous and anisotropic universe. In this case, as suggested by the BKL conjecture, a
general Bianchi IX universe, which later evolved toward the isotropic FLRW universe
that we observe today. This is important, as the initial anisotropies could potentially
be responsible for the resolution of cosmological puzzles, as argued in the previous sec-
tion. The question remains, however, how exactly the isotropization of such a universe

could take place.
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Isotropization

One possible mechanism for the isotropization of initially homogeneous, anisotropic
models is an inflationary phase. A general discussion on whether inflation can occur
in such universes and, if so, whether it leads to isotropization can be found in [60] and
references therein. The isotropization of the Bianchi IX model driven by a scalar field
with an exponential potential of the form proportional to e¥¢ is examined in |72]. It has
been shown that for k& < /2, a set of continuously expanding anisotropic Bianchi IX
models exists that undergo isotropization. Conversely, for k > /2, initially expanding
Bianchi IX models do not evolve toward an continuously expanding isotropic state.

The claim of the inflationary epoch that it can evolve the universe from generic
initial conditions to a homogeneous and isotropic state relies on the validity of the
“cosmic no-hair conjecture”, proposed by Gibbons and Hawking 73] and Hawking and
Moss [74]. This conjecture states that all expanding universe models with a positive
cosmological constant asymptotically approach the de Sitter solution'?. In [75], Wald
examined the cosmic no-hair conjecture within the framework of homogeneous cosmo-
logical models, showing that all initially expanding Bianchi models, with the exception
of type IX, tend to approach the de Sitter solution on a rapidly exponential timescale.
For type IX cosmologies, similar behavior is observed, given that the cosmological con-
stant is large enough, which lends further support to the “cosmic no-hair conjecture”.

Finally, another factor contributing to the damping of anisotropy is cosmological
particle creation, as discussed in, e.g., [77].

Thus, given that the initial dynamics near the Big Bang are described by the
Bianchi IX metric, and assuming successful isotropization occurs (provided certain
conditions are satisfied), with the evolving geometry approaching the FLRW model

observed today, this model can be considered a reasonable choice for study.

12The Cosmic No-Hair Conjecture has significant implications for quantum gravity, as quantum
gravitational effects could offer a more nuanced understanding of isotropization. Fundamental discus-
sions on this topic are available in the literature (see, e.g., [5], [76]).
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Angular momentum generation in cosmological context

Another motivating factor for considering the rotating Bianchi IX universe is its
relevance to the question of how galaxies acquired angular momentum. The generation
of angular momentum in the cosmological context remains a crucial unresolved issue in
modern astrophysics and cosmology. Several approaches have been proposed to explain

this phenomenon. For more details, see e.g., [78], [79], and the references therein:

e One explanation involves the role of primordial turbulence. The idea is that
turbulence in the intergalactic medium, caused by the initial density fluctuations
in primordial gas, could have contributed to the formation of rotating structures
such as galaxies. However, this model faces significant challenges, as turbulence
likely couldn’t have been maintained for long enough against the dissipation

processes to contribute meaningfully to angular momentum.

e Another proposed mechanism is the tidal torques from neighboring proto-
galaxies, known as Tidal torque theory. This theory suggests that angular mo-
mentum in forming galaxies arises from tidal interactions between collapsing re-
gions of the universe and surrounding mass distributions. However, this idea is
only valid in the linear regime when density perturbations were small. Addition-
ally, it struggles to explain the observed relation J oc M°/3, which is commonly

seen in galaxies.

e Finally, global rotation could play a key role. In this scenario, the Coriolis force
within galactic frames could naturally induce rotation as galaxies form, leading

to the generation of angular momentum.

This last approach was initially proposed by G. Gamow [80], K. Gédel [81], and C.
B. Collins and S. W. Hawking [82]. However, a more detailed study was carried out
by Li-Xin Li, who in his paper |78] explores the theoretical implications of a rotating
universe on the formation of galaxies. Specifically, he examines how global rotation
could influence angular momentum, structure formation, and the evolution of cosmic
objects. Li also argued that the empirical relation between angular momentum and
the mass of a galaxy, J oc M®/3, can be explained by global rotation. The role of global
rotation has been further studied by [83], [84], [85], and others.

Observations indicate the presence of angular momentum on unexpectedly large
scales. Specifically, galaxy filaments have been found to exhibit rotation, and when
these filaments are stacked together, they continue to display coherent spinning mo-
tion [86]. Additionally, some galaxy clusters have also been observed to rotate [87].
Theoretically, a galaxy cluster can acquire angular momentum through either an off-

axis merger or a global rotation of the universe. However, studies have not found strong
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evidence of recent mergers in the clusters suspected to be rotating. This absence of
merger signatures suggests that global rotation may be a plausible explanation for their
angular momentum.

While tidal torques remain the dominant explanation for angular momentum gen-
eration in cosmic structures, tidal torque theory is most effective at smaller scales,
such as galaxies, during the early stages of structure formation. For larger structures,
however, it struggles to account for the observed rotation. This limitation makes the

hypothesis of global rotation in the early universe an intriguing alternative.

To summarize, considering the observations and theoretical challenges discussed,
the Bianchi IX cosmological model provides a valuable framework for exploring funda-
mental cosmological puzzles and understanding the origin of large-scale rotation. By
examining potential deviations from the standard ACDM model due to anisotropy and
global rotation, this approach offers a fresh perspective on the limitations of the highly
symmetric underlying geometry. In doing so, it may reveal new insights into cosmic
dynamics and the role of rotation in shaping the universe’s large-scale structure.

Of course, in the pursuit of constructing a realistic cosmological model, one must
remain consistent with CMB observations. If a global rotation exists, its angular
velocity is constrained by CMB limits to approximately w ~ 107!2 rad yr—! [88].
Moreover, ongoing research continues to explore Bianchi models in the context of CMB
anomalies (see, e.g., [89], [90]), with the latter specifically discussing an axisymmetric
Bianchi IX model as a potential solution to certain CMB anomalies. A comprehensive
overview of observational and theoretical anisotropic models can be found in [60].

Finally, studying the physics of spin-1/2 particles in a rotating Bianchi IX universe
can reveal many unexpected and interesting effects that are absent in FLRW models.
Kamenshchik and Teryaev [91] have conducted research on the motion of Dirac par-
ticles in the Bianchi IX model, where particles are treated as classical objects (with
further references on Dirac particles in general gravitational fields available there).
They demonstrated that anisotropies induce spin precession, which becomes chaotic
due to the oscillatory approach to a singularity. The authors showed showed that this
could lead to helicity flips in fermions during the early universe, potentially resulting
in the production of sterile particles that may contribute to dark matter. Therefore,
observing such effects arising within classical discussions suggests that even more nu-
anced phenomena, such as those arising from spin-angular velocity coupling due to the
rotation of the universe, may emerge in a more fundamental theory. By considering
quantum field theory in the Bianchi IX model and quantizing the field to introduce
particles, we can explore these effects more thoroughly. In this thesis, we carry out

these calculations and show that indeed, such effects do appear.
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1.4 Structure of the thesis

This thesis is structured as follows: Chapter 2 begins with an overview of homogeneous
and anisotropic models in cosmology, introducing the mathematical and conceptual
frameworks essential for understanding these spacetimes, with particular emphasis on
the Bianchi IX model. Chapter 3 examines the foundational aspects of QFT in curved
spacetime, beginning with the established framework of QFT in Minkowski spacetime.
It reviews the key concepts and equations that govern spinor fields, with a focus on
Dirac and Weyl spinors. The chapter then extends the formulation of spinor fields to
curved spacetime, utilizing the vierbein formalism. The chapter concludes with a dis-
cussion on cosmological particle creation in an expanding universe. Moving to Chapter
4, the focus is on the Hamiltonian formulation of the spinor field within the Bianchi
IX universe. The ADM decomposition of spacetime serves as the foundation for ex-
pressing the gravitational dynamics in a Hamiltonian framework. The Lagrangian and
Hamiltonian densities for both the gravitational and spinor components of the system
are derived, setting the stage for further analysis. The equations of motion for the Weyl
and Dirac spinor fields are obtained, providing the groundwork for their quantization
in the following chapters. Chapter 5 examines the properties of the SO(3) group,
the symmetry group of the Bianchi IX universe. Since the study focuses on spinor
fields, investigating the representations of the SO(3) group is essential for analyzing
the behavior of spinors in this context. In Chapter 6, the correspondence between the
asymmetric rotor and the fixed Bianchi IX model is explored. This correspondence
allows the application of the energy eigenbasis of the asymmetric rotor, derived from
quantum mechanics, to the study of spinor fields in the Mixmaster universe. Chap-
ter 7 presents the solutions and quantization of the left-handed Weyl and Dirac field
equations within the fixed Bianchi IX universe. Given the complexity of the Bianchi
IX model, a fixed background enables the analytic solution of the field equations. This
approach facilitates a detailed examination of the effects of background anisotropies
and rotation on the particle and antiparticle energy spectra. The chapter begins by
discussing a range of Bianchi IX models, starting with the simplest, the axisymmetric
case, and gradually progressing to more complex models. This progression allows for
an exploration of key features and geometric contributions. The thesis concludes with
Chapter 8, summarizing the key findings and offering an outlook on potential future

research directions.
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2 Spatially homogeneous anisotropic models

In this chapter, we begin with a general discussion on homogeneous and anisotropic
models in cosmology, providing the mathematical and conceptual tools necessary to
understand these spacetimes. We will then focus on the Bianchi IX model, discussing
key details that lay the groundwork for a later exploration of the spinor field in this
universe.

Key sources in the literature, such as [60] and [92-94], provide a detailed exposition
of homogeneous anisotropic cosmological models and serve as a foundation for our
discussion. Additionally, works by Jantzen [95-97| offer valuable insights into spatially
homogeneous spacetimes from a group-theoretical perspective. His contributions have
been instrumental in understanding the role of symmetry groups in classifying spatially
homogeneous cosmological models and analyzing their dynamical behavior, particularly

within the Hamiltonian formalism.

2.1 Lie groups of isometries and spatial homogeneity

The transformations that leave the metric g of the manifold M invariant are called

isometries. These are generated by Killing vectors &, which satisfy
Leg=0, (2.1)

where L¢ denotes the Lie derivative with respect to . The set of Killing vectors {¢,}

on the manifold forms a Lie algebra. Consequently, they satisfy the following relation

[gaa gb] = Ccab 507 (22)

where C¢,, are called structure constants. The Jacobi identity expressed in terms of

these constants reads
CpwCp = 0. (2.3)

The isometries generated by the Killing vectors &,, for a = 1,2, ...,r, form a Lie group
G, known as the isometry (or symmetry) group of the manifold M. To explicitly
indicate the dimension of the group in the notation, this Lie group is typically denoted
by G,.

The orbit of a fixed point x, where x € M, is the set of all the points on the
manifold M that can be reached by the action of the group G on z. Let us denote it
by O,. The orbit forms a submanifold of M and is referred to as a homogeneous or
nvariant subspace.

If O, = M, the group G is said to act transitively on the orbit. Furthermore, if

the transformation from the point x € M to any other point in the orbit is unique,
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the group is called simply transitive. Conversely, if the transformation is not unique,
the group is said to be multiply transitive.

Spatially homogeneous spacetimes can be constructed by considering a four-
dimensional manifold M that is invariant under a three-dimensional simply transitive
Lie group Gj. This group generates three-dimensional homogeneous hypersurfaces.
These cosmological models, known as Bianchi models, are classified based on the alge-
braic properties of the Lie algebra associated with (g3, as discussed in the next section.

The only spatially homogeneous cosmological model that is not a Bianchi model
is the Kantowski-Sachs model, which is invariant under a G4 group that contains no

transitive Gz.

2.2 The classification of three-dimensional Lie algebras

The classification of three-dimensional Lie algebras was originally introduced by Luigi
Bianchi. In the literature, however, the classification is often described using the
Schiicking-Behr approach, rather than Bianchi’s original method. The historical de-
velopment of the Bianchi classification of homogeneous cosmological models and the
contributions of various authors are presented in [98].
To provide the classification, the structure constants are first decomposed under
the action of the general linear group GL(3,R) as follows [97], [99]:
Cikj = €ijlnkl + a,,0m" (2.4)

ij

where
and  a,,n™* = 0. (2.5)

mk>

1
m:_Ck
tm =35

Next, one can introduce a parameter h via the following relation,
1
a;a; = Eh eiklejmnnkmnl". (26)
As a symmetric matrix, {n*'} can be diagonalized,

{n*} = diag (n(l), n(Q),n(?’)) . Gy = ad>

m?

a >0, (2.7)

with

a*> =hnWn®  an® =0 (2.8)
It is now possible to classify all three-dimensional Lie algebras (and hence the spatially
homogeneous model universes) by the values of a and n”. The various spatially ho-

mogeneous models are referred to as the Bianchi types. These Bianchi symmetry types

can be further divided into two symmetry classes, A and B, depending on whether a
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1S zero or not.

Class | Bianchi type | n®™ [ n® | n®
A I
IT
VI
VIl
VIII
IX
B \Y
1Y
[I=vIi_,
Vlnzo,-1
VI

=}
s}

= e =)
|
[a—y
L QPR RO OO O OO R

Table 1: Bianchi classification of three-dimensional Lie algebras in the Schiicking-Behr
approach. Canonical structure constants for different Bianchi types.

The Bianchi types I, V, and IX include the FLRW universes as special cases, with
K = 0,—1,+1, respectively [60], [L00]. Later, we will focus on Bianchi type IX and

discuss the details of this model in the upcoming sections.

2.3 The line element of Bianchi-type models

As we discussed earlier, the three-dimensional simply transitive Lie group generates
three-dimensional homogeneous hypersurfaces ¥ (i.e., the orbits) in a four-dimensional
manifold M. Therefore, it is possible to choose a one-parameter family of these homo-
geneous spacelike hypersurfaces that fill the manifold, allowing the spacetime manifold
to be expressed as a product M = R x 3. This enables the line element of any spatially

homogeneous spacetime to be written as follows
ds* = —dt* + dI?, (2.9)

where di? is the line element of the homogeneous hypersurface labeled by the parameter
t.

Invariant basis

The simplest way to express the spatial metric is to introduce an invariant basis
{e;} (where i = 1, 2, 3), a basis that is invariant under the action of the symmetry
group. Therefore, the Lie derivative of the invariant vectors along the Killing vectors

must vanish, i.e.,

Leej = [&i,e5] = 0. (2.10)
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The invariant vectors are tangent to each hypersurface, and their structure coefficients
are constant on each homogeneous hypersurface. These invariant vector fields, there-
fore, generate a transformation group that is isomorphic to the original Lie group. Let
us consider a homogeneous hypersurface with three Killing vectors &;, which satisfy the

following commutation relations,

(€, €] = Cljén, (2.11)

where C’fj are the structure constants of the group. The invariant basis {e;} can be
constructed by taking the vectors e; at a given point F, on the hypersurface, then
choosing e;(Fy) = &(Fy) and requiring that the conditions (2.10) be satisfied. The

obtained invariant vectors e; satisfy the following commutation relations,
lei, €] = —C’fjek. (2.12)
The 1-forms o* dual to this basis obey the following relations
N
do” = §Cij0 Na’. (2.13)

To complete the discussion on the invariant basis, let us point out that the action of
the group on the manifold can be either left or right. The left-action of the group leads
to a left-invariant (or left-homogeneous) Riemannian manifold ¥ with a left-invariant
spatial metric and left-invariant Killing vectors generating the isometries [95].

If a group acts simply transitively on the manifold, then the orbit and the group
are diffeomorphic, and the left action of the group on the manifold corresponds to left
translation on the group. Let us recall that for a group acting on itself from the left, i.
e., under left-translations L,, g1 — ggi, and that for the right translations Ry, g1 — ¢19,
where g,g;1 € G. Due to the fact that these two translations commute with each
other as a result of the associativity of the group multiplication, R, is invariant under
the symmetry transformations generated by L,. Therefore, for the left-homogeneous
Riemannian space X, the left translations L, generate the symmetry transformations

via the Killing vectors {¢;}, and the generators of the R, form the invariant basis {e;}.

The spatial metric

The line element of the homogeneous hypersurface can be given as follows:
dl2 = hijO'iO'j, (214)

where h;; is the three-metric and o' are the 1-forms dual to the invariant basis e;. The

1-forms can be expressed in terms of coordinates via o* = e’ dx®, where €', is a matrix.
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Therefore, the line element can be written as
di* = hij(e’ odz®) (e gda”). (2.15)

The time dependence in di* can be treated using different approaches [60]:
e Metric approach: Only the spatial metric h;; depends on time.

e Automorphism approach: Time dependence is included in both the spatial metric

hi; and the basis vectors e;.

e Orthonormal tetrad approach: By introducing an orthonormal basis, the metric
simplifies to g,, = 7,.,, making the basis vectors and structure coefficients time-

dependent.

We will adopt the automorphism approach throughout this thesis, with a detailed

discussion in the context of the Bianchi IX model.

Automorphism approach

First, we define the automorphism group of the Lie algebra g with respect to the
basis {e;}, denoted as Aut.(g). This group, which is a subgroup of the general linear
group GL(n,R), consists of transformations of the basis {e;} by elements A € GL(n,R)
that preserve the structure constants [95].

Thus, considering a transformation of the basis {¢;} by an element A € GL(n,R),

we write
e; = A_lji €; = Aijej, (216)

and it can be shown that the structure constants of the basis é;
~k k 1 —1m —1n k

The special automorphism group, defined as SAut.(g) = {A € Aut.(g)| detA = 1},
is used instead of Aut.(g) in studies of Lagrangian and Hamiltonian formulations of
homogeneous cosmologies, as it ensures the invariance of the volume element under
frame transformations [101].

The action of SAut.(g) on the hypersurface ¥ induces a decomposition of the three-

metric into diagonal and off-diagonal components,
h=AThA, A <€ SAut.(g), (2.18)

where h is the diagonal metric. Both h and matrix A are time-dependent.
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2.4 Bianchi IX model

The symmetry group of the Bianchi IX model is the rotation group SO(3), with the
structure constants given by C’fj = —&;1. The topology of this model is a 3-sphere, S°.

For the Bianchi IX model, SAut.(g) = Aut.(g) = SO(3,R), so the spatial metric
can be diagonalized via the rotation group, which coincides with the symmetry group

of the homogeneous space. The relation (2.18) for the Bianchi IX model then reads
hij = R*Rj'hyy = hiy R*:R';;, (2.19)

where R is the rotation matrix, R € SO(3), which, when parametrized by Euler angles,
is given by (5.4). This decomposition significantly simplifies the dynamical equations.
Furthermore, the diagonal metric hy; can be parametrized by Misner variables o, 3, 53—
[67], [102] as follows:

hi = e**diag <625++2‘/§ﬁ‘,e25+’2\/§f3‘,e’4ﬁ+> , (2.20)

where the parameters «, . and [S_ are functions of time, describing the evolution of
the spatial volume and the shape of the universe, respectively. The parameters (. are
known as the anisotropy factors.

Thus, the dynamics are described by two sets of three variables: one set parametriz-
ing the diagonal metric, {«, 5;, _}, and another set specifying the diagonalizing ma-
trix R, which are the Euler angles {¢, 0,1 }.

Three cases for a Bianchi IX universe can be distinguished [100]:

e Diagonal (or non-rotating) case: In this case, the metric is diagonal, i.e., h;; =

hi;. This model of the universe is also known as the Mixmaster universe.

o Symmetric (non-tumbling) case: In this case, there is a rotation around only one
axis, so h;; has one off-diagonal term. Considering a rotation around the z-axis,

we have R = R,(¢), and the metric becomes

h= BT (6)hR.(9). (2.21)

e General case: In this case, the metric h;; is a general 3 x 3 matrix, given by (2.19)

with a rotation matrix defined in (5.4).

Note that the closed FLRW model is a special case of the diagonal Bianchi IX, with
B+ = p_ = 0. In addition, the Bianchi IX model also contains the axisymmetric
Bianchi IX universe as a special case, for which the space exhibits axial symmetry

in addition to invariance under SO(3). The axisymmetric Bianchi IX line element is
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recovered by setting 5_ = 0 in (2.20). Thus, for this model, the dynamical variables
are only a and f;.

Finally, we note that D. H. King [103] has demonstrated that any Bianchi type-IX
universe can be interpreted as a closed FLRW universe with superimposed circularly

polarized gravitational waves, where the longest wavelength fits into the closed universe.

Invariant basis

The invariant basis (which is right-invariant for left-homogeneous space) has to
satisfy the commutation relations (2.12). For the Bianchi IX model with structure

constants C’fj = —&ijk, it reads
(65, €5] = €ijuen. (2.22)

The construction of the invariant basis is presented in detail in Appendix A.2. The

invariant basis in terms of the Euler angles in zyz-convention is given by

1
61:sin¢%+cosw<cot9£— 8),

Oy sinf 0¢
0 0 1 0
_ g - _ - 7 2.23
€2 cosw&g smw<cot«96¢ sin&&b)’ ( )
o= 2
3_aw‘

The Killing vectors, which form a left-invariant basis, & = ¢é; , are related to the right-
invariant basis by the matrix adjoint representation of the Lie group [97]. In our case,
the adjoint group of SO(3) is the group SO(3) itself. Therefore, the matrices of the
adjoint representation are the rotation matrices R € SO(3), given by (5.4). Thus, the

left- and right-invariant bases are related by
éj = Rijei. (224)

Using this relation, one can obtain the left-invariant basis, which has the form

~ ) 0 0 1 0
€1 = —smgb—ae — Ccos ¢ (cot9—8¢ - sin0_8¢)
0 0 1 0
_ o _ 9 2.25
€9 COS¢8€ Sln¢(60t08¢ sin@@z/)) (2.25)
5 0
3 — 8¢7
and satisfies the commutation relations
[éi, é]] = _gijkék' (226)
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Finally, it is easy to show that

[éi, Gj] = 0, for VZ,] (227)

One-forms

To calculate the one-forms {0’} dual to the basis {e;}, we first express both in

terms of the coordinates
e, =0, 0;, and o¢"=0",dz", (2.28)

where
(2.29)

Using the above relations and coordinates (z°, 21, 2%, 2%) = (t, ¢, 0,1), one-forms dual

to the basis (2.23) can be expressed as

o = dt,
ol = — cossin Od¢g + sin d#,
v ¢ v (2.30)
0? = sin sin Odg + cosdh,
0% = cos0do + dip.
Moreover, the wedge product takes the form
o' ANo?ANo® = —sinfdp AdO A dp = sin0df A do A dip. (2.31)

Finally, it can be shown that the following relations hold for the one-forms correspond-

ing to the left-invariant and right-invariant bases [97|
R YR =J,0% and dRR'=J,6°% (2.32)

where R € SO(3) and J, are the generators of the rotation group SO(3), given by
(5.11).
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3 Quantum Field Theory in curved spacetime

In this section, we will explore the foundations of quantum field theory (QFT) in curved
spacetime, beginning with the standard framework of QFT in Minkowski spacetime.
We start by reviewing the essential concepts and equations governing spinor fields, with
particular focus on Dirac and Weyl spinors, which are central to the study of fermionic
fields in quantum field theory.

Extending the formulation of spinor fields to curved spacetime presents a challenge,
as the concept of a spinor is inherently tied to Lorentz invariance, which is not manifest
in general curved spacetimes. To address this, we utilize the vierbein formalism, which
allows us to relate the curved spacetime metric to a locally flat frame. This enables the
construction of a Lorentz-invariant Lagrangian for spinor fields in curved spacetime,
ensuring the proper definition and behavior of spinors in such a setting.

We conclude this section with a discussion of cosmological particle creation in an
expanding universe, which provides a natural transition to our study of spinor fields in
the Bianchi IX universe. In this context, we will investigate how the structure of the
universe influences the dynamics of Weyl and Dirac spinors.

Throughout this section, we follow the standard treatments and methodologies
presented in established textbooks on quantum field theory in Minkowski spacetime
[104-108] and in curved spacetime [6], [109], [110].

3.1 Spinor field in Minkowski spacetime
The Lagrangian density'® of the Dirac spinor field in Minkowski spaectime is given by
L =V(in"d, —m)V, (3.1)
where U = W40 From the Euler-Lagrange equation we derive the Dirac equation
(iv"0,, — m)¥ = 0. (3.2)
The matrices v* satisfy the anticommutation rules
{7 = =20, (3.3)

where the sign convention is (—, +, +,+). We use the gamma matrices in the Weyl (or

chiral) representation, among other possible choices such as the Dirac and Majorana

13For convenience, we will refer to it simply as the Lagrangian.
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representations, as it best suits our analysis; hence, they take the form

0 I A 0 o -1 0
0 7 ? 5
— N == 5 == 5 34
7 (I 0) 7 <—0i 0) 7 ( 0 I) (3:4)

with the Pauli matrices given by

0 1 0 —2 1 0
01—<1 ())’ 02—<i 0), 03—<O _1>. (3.5)

The Klein-Gordon equation is satisfied by each component of the Dirac spinor V.
Indeed, acting on the Dirac equation (3.2) with the operator (i7d, + m) leads to the

Klein-Gordon equation, namely
(i7" 0, + m)(iv"0,, — m)¥ = —(v"4"0,0, + m*)¥ = (9,0" — m*)¥ = 0, (3.6)

where we used

1
P00y = 41,7100, = —0, 0" (3.7)

Introducing the notation

ot =(I,0"), o= (I,-0"), u=0,1,2,3, (3.8)

A = (UOM i)u> . (3.9)

The Dirac spinor representation of the Lorentz group is reducible. It decomposes into

Wwe Call express ’}//J’ as

two irreducible representations: left-handed and right-handed spinor representations,

which act on two-component spinors. Therefore, the spinor ¥ can be written in the

U= (i’;) , (3.10)

where U, and Wy are known as the left-handed and right-handed Weyl spinors, re-

following form

spectively. In terms of these spinors, the Dirac Lagrangian takes the form
L =iVo"0, Vs + iV} 6"0,T, —m (\IJE\IJL + \I/TL\IIR> . (3.11)

Hence, we see that the mass m couples the left-handed and right-handed spinors. For
the massless case we can write

L=Lr+ Lr, (3.12)
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where
L, =1i0l5"9,9,, (3.13)

and
Lr=iVho"0,Vp. (3.14)

These are the Lagrangians for the left-handed and right-handed spinors, respectively.

Furthermore, the Dirac Hamiltonian density reads
H =" (—iy'0; +m) V. (3.15)
In terms of the ¥ and Wy spinors it takes the form
H =iV o'0,0;, — i’ U, +m [\Ifg% + xp}pr] . (3.16)

For the massless case, we get

H =Hp+ Hr, (3.17)
where
Hy, =000y, (3.18)
and
Hp = —iUlo'0,0 5. (3.19)

Finally, in terms of the Weyl spinors, the Dirac equation reads

_ o U
b m  iot0, AN | (3.20)
woh0, —m Ur

which leads to two equations
i&“@u\IJL = m\I/R, (321)

and
z’a“@u\IJR = m\IJL. (322)

For the massless fermions, we obtain the Weyl equations

o Left-handed:
i"9, Uy, = 0, (3.23)

e Right-handed:
i0"0,VYp = 0. (3.24)

In the following sections, we will explore the solutions to the Weyl and Dirac equations,

as well as the quantization of the corresponding spinor fields.
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3.1.1 Weyl spinor field

The discovery of neutrino oscillations provided definitive evidence that neutrinos have
mass, ruling out the possibility of them being purely massless Weyl fermions. Conse-
quently, neutrinos are expected to be either Dirac or Majorana particles'*. However,
for our study, we discuss the Weyl spinors not as for its relevance in the true nature
of neutrinos rather for the relevance for its formalism which serves as a foundational
framework for understanding more general spinor fields. In Nature, neutrinos are
observed to be left-handed!®, meaning that in weak interactions, neutrinos are pre-
dominantly left-handed, while antineutrinos are right-handed, making the left-handed
Weyl equation a natural starting point for our analysis. By studying the Weyl field in

detail, we lay the groundwork for later discussions on massive spinor fields.

Solution

Separating the temporal and spatial components in the left-handed Weyl equation
(3.23), we obtain

OV (x) =o', ¥ (). (3.25)

Let us look for the solution to this equation by separating the variables into temporal

and spatial parts, i.e.
Up(z) = NtV (%), (3.26)

where N () is a function of ¢ and ¥ (x) is a spinor!6. Substituting this into the Weyl

equation, we obtain

i 9N (t) = i

NG a0,V (x). (3.27)

\PL(X)
Since the left side of the equation depends only on time and the right side only on

space, both sides can be set equal to a constant E. Hence, we get

1

N(t)aoN(t)zE, —  N(t) = e (3.28)

i

MDirac neutrinos are fermions with mass, described by four-component spinors that include both
left- and right-handed components. Majorana neutrinos, also massive, are described by a four-
component spinor, but with the restriction that they are equal to their own charge conjugates, making
them their own antiparticles.

15Both Dirac and Majorana neutrinos can have left- and right-handed components, with the mass
term linking the two; however, only the left-handed component interacts with the weak force [106].

16We use the notation 7 = x.
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and
(ic'0; — E) ¥y (x) = 0. (3.29)

To solve this equation, we can apply a Fourier expansion and seek solutions of the
following form,
U, (x) = wi(p)eP™ = wy (p)eie, (3.30)

where wy,(p) are two-spinors.
Substituting this into (3.29) leads to

(£o'p; + E) wi(p) = 0. (3.31)

Using the Pauli matrices (3.5) explicitly, we obtain

+FE+p3 pr—ip
PR L (p) = 0. (3.32)
p1+ips E£E —p3

It is straightforward to show that from this one gets E? = p? + p3 + p3 = |p|?. Intro-
ducing €, = |p| > 0, we can write the energy eigenvalues as E = +e,,.

Furthermore, to find the eigenspinors we can look for the solutions by the following

form,
fi(p)
wr(p) = . (3.33)
[f 2(p)
Substituting this into (3.32), we get two solutions:
filp) = ) ), (3.34)
(—ep — p3)
and
falp) = L g ), (3.35)
(—ep + p3)
The two independent solutions can be given as
e The positive frequency solution'”
\I/](f) = wi(p)e P = uy(p)eErt=P), (3.36)

1"Note that the sign in the exponent e®® differs from standard QFT textbooks, for example, [106],
due to a different choice of metric signature.
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e The negative frequency solution

L) = wi(p)e®® = v (p)e’ PN, (3.37)

where u;, and vy, are the eigenspinors!®.

The eigenspinors satisfy the following normalization and orthogonality conditions:

ul (p)ur(p) = v} (p)or(p) = 1, (3.38)

and
up (p)ur(p) = vy (p)vL(p) = ul,(p)vr(p) =0, (3:39)
where p, = (—¢,, —p).
Thus, using the relations (3.34) and (3.35), along with the orthonormalization con-

ditions above, the positive and negative frequency solutions take the forms

@) = un(ple 7t = e (TP e (3a0)
2ep(ep —p2) \ P + 1Dy
and
. 1 —p 4 .
\Ifz(o_)(a:) = v (p)e?* = Pz 1Py el (—EpttPx) (3.41)
V2¢e,(ep+p2) \ €p+ D2

Finally, the general solution can be expressed as a linear combination of the positive

and negative energy solutions as follows:

V(o) = [ G @) @) £ 1 (@) 8 ). (3.42)

Quantization

The field is quantized by taking a(p) and b(p) as operators,

Uy (x) = / (;Z;];B [a(p)ur(p)e™* + bl (p)vr(p)e™*] (3.43)
V(o) = [ s [ol @l e+ ool )] (3.44)

8L ater, we will show that these spinors are indeed left-handed, thus justifying the name.
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and requiring the following anticommutation relations to hold:

{a(p),a'(q)} = 27)*6®(p—q), {b(p),b' (@)} = (27)*s(p - q), (3.45)

We define the vacuum state by

a(p)|0) = b(p)|0) = 0. (3.46)

The operator af(p) creates a neutrino, and b'(p) creates an antineutrino, the helicities

of which are discussed below.

Helicity

For the Dirac spinor, the helicity operator, which is the projection of angular mo-

mentum along the direction of momentum, is defined by

i i 1 a0
h = §5ijkp12jk = 5]?1 ( ) 5 (347)

where the Lorentz group generators are

y 7 .. oF 0
PO — . 4
5¢ ( 0 0k> (3.48)

Therefore, the helicity operator acting on the Weyl spinors is

h=—0o'p;=—0o'p;. 3.49
2|p| 2ep ( )

It is easy to show that the solutions of the Weyl equation are helicity eigenstates.
Indeed, let us first write the positive and negative frequency solutions in a general
form,

T — qpp (p)etPe, (3.50)

Substituting this into the left-handed Weyl equation (3.23), we obtain
[6°po + 6'pi] wi(p)e* =0, (3.51)
which leads to

Ipowr(p) = o' piwr(p). (3.52)

Recalling the definition (3.49), and rewriting the above equation in terms of the helicity
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operator, we obtain the eigenvalue equation

hwr(p) = Awe(p), (3.53)
where the eigenvalues are A = fp‘po Since py = —¢,, the helicity eigenvalue is —%,
and thus we have

po — Ly 3.54

P 9P (3.54)

Therefore, as indicated by the name, we have shown that this is indeed a left-handed
spinor. The solutions of the right-handed Weyl equation are also eigenstates of the
helicity operator, with the corresponding helicity eigenvalue of +%.

One can prove that the Weyl operator of the left-handed spinor field (3.43) anni-
hilates a negative helicity particle and creates a positive helicity antiparticle. Hence,
it can be shown that a'(p) creates a neutrino with negative helicity, and b(p) creates

an antineutrino with positive helicity:

1 1
ha!(p)|0) = —5a'(p)|0), and hb!(p)[0) = Sb'(p)[0). (3.55)
Explicit and detailed calculations can be found in [111].
Hamiltonian

To complete this section, let us express the Hamiltonian in terms of creation and

annihilation operators. Recalling the left-handed Hamiltonian
Hp =i / AR AReLOR (3.56)

and inserting (3.43) and (3.44), we can express the Hamiltonian in terms of creation

and annihilation operators as

= [ S5 ol pla) + ¥ o) - S0} (357)

where the delta function evaluated at zero, 6*(0), represents an infinite vacuum energy
contribution arising from the integral over all momentum modes. To remove this

unphysical divergence, normal ordering is applied [106].

3.1.2 Dirac spinor field

As we have shown, the Dirac equation (3.20) in the Weyl basis leads to two separate
equations,

iU#a#\I/R = m\I/L, (358)
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and
i&“@M\PL = m\I/R. (359)

Let us now proceed with the solution of these equations.
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Solution

Separating the temporal and spatial parts of the spinor field, we can seek solutions

of the following form:

U(t,x) = NHw(x) = N(t) (wL> , (3.60)

WR

where the four-spinor w can be expressed in terms of the left-handed and right-handed

Weyl spinors. Substituting the above decomposition into equations (3.58) and (3.59),

we obtain .
Fwp =i0'0;wy, + mwg,
t ot f (3.61)
EU}R = —ia’&in + muwy,,
where F is a constant introduced by
OpN (t) iRt
=F — N()=e"" 3.62
S (t)=c (3.62)

Furthermore, using the Fourier expansion

P .
L) = [ PE) exive’, (3.63)
Wg wh,

and substituting this into the equations (3.61) leads to

(o) why 4 =01 (3.64)
(—E T O'zpi) wh 4+ muwy, = 0.
From the above relations, we deduce:
(~EF0o'p) (-E+o'p) —m* =0, (3.65)
which leads to the following energy eigenvalues:
E = +(m? + |p|)"? := +¢,. (3.66)

To calculate the eigenspinors wy, let us first consider the rest frame where p; = 0. In
this case, the energy eigenvalues are F = £m. Substituting this into equation (3.64),

we obtain two independent solutions:

Uy = wh(ps = 0) = (g) = uk(p=0) = (”5 ) , (3.67)
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where the two-component spinors &, and 7, are given by

1€} = { (é) : (?) } . s=1,2. (3.68)

Then, it is straightforward to show that the general eigenspinors of equation (3.64)

take the form
— (VY & 3.69
us(p) (\/__£S> ( . )

and

vs(p) = (_V%U;S) : (3.70)

which satisfy the following normalization conditions,

U, (p)us(p) = 2mdys, and  Tp(p)vs(p) = —2m0ys. (3.71)

Hence, the positive- and negative-frequency solutions are given by

s(+ _ ip-x
\Pp( )<l') - us(p)ep ) (372)
and
s (2) = vy(p)e 7. (3.73)
Quantization

The spinor field can be expanded as

U(x) = Z / dp 1 [af)us(p)e’ip"’” + bf,Tvs(p)eip'ﬂ , (3.74)

5 (2m)3 | /2¢,

and similarly,

T, d3p 1 st~ ip-T s — —ip-T
U(x) = 5 [ap s (p)e™™ + by vs(p)e } , (3.75)

\/2€p

where ¢, = y/p? + m? is the relativistic energy.

The operators aff and aj, are the creation and annihilation operators for a fermion,
while bf,T and bf, are the creation and annihilation operators for an antifermion. The
index s labels the spin degrees of freedom, taking values s = 1,2 for a spin—% field. The
spinors us(p) and wvg(p) are solutions of the Dirac equation, corresponding to fermion

and antifermion states with momentum p and energy e,.
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The operators satisfy the following anticommutation relations:
v sty fpr psT1 3¢(3 rs
{ap,a’l} = {00, 0°1} = (2m)%6%) (p — q)6™. (3.76)
The vacuum state is defined by

a3 |0) = br]0) = 0. (3.77)

Helicity

It is important to note that, unlike Weyl spinors, the helicity of massive Dirac
particles, as defined by (3.47), depends on the reference frame. The helicity of massive
Dirac particles can change under Lorentz transformations because a boost to a different
reference frame can reverse the momentum direction, which in turn flips the helicity.
In contrast, for massless particles, helicity is Lorentz-invariant. Therefore, rather than
helicity, the chirality of the spinor is Lorentz-invariant, making it a more fundamental
quantity in relativistic quantum field theory.

Chirality is defined as the eigenvalue of the chirality operator, given by
7 =iyl (3.78)

The Dirac spinor can then be decomposed into left-handed and right-handed compo-

nents (which we already mentioned) using the projection operators
VU, =PV, WVgi=PFPrY, (3.79)

where the projection operators are

Py = , Pp= . (3.80)

For massless particles, chirality and helicity are the same, since a massless particle’s

momentum always aligns with its spin in any reference frame.

Hamailtonian

The Hamiltonian for the Dirac field is given by
H= /d% U (—i7'0; +m) 0. (3.81)

First, we observe that substituting the positive and negative frequency solutions into
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the Dirac equation leads to the following relations:

(v'pi +m) us(p) = =1 pous(p) = e,7 us(p),

. o . (3.82)
(="' +m) vs(p) = 7’povs(p) = —e7"vs(p).
Next, we recall the following standard relations (see, for example, [112])
Ug! Ous =2 0635’ = 2¢ 555’7
(P)7"us(p) = 2p » (3.83)
@s’(P)VOUs(P) = 2p0555’ = 25]3585’7
and
ﬂsl — O?)S = O,
( p)v0 (p) (3.84)
vy (=p)y us(p) = 0.

Substituting the field expansions (3.74) and (3.75) into the Hamiltonian (3.81), and

utilizing the relations above, we obtain the following expression for the Hamiltonian:
H= b Lastas 1131 — 590
_Z (QW):&EP ap,'ag, + by, — 6+7(0) - (3.85)

3.2 Spinor field in curved spacetime

To generalize the Dirac equation to curved spacetime (as well as to accelerated frames
in Minkowski space), the notion of spinors must be appropriately extended. This exten-
sion can be achieved through the vierbein formalism, which provides a framework for
addressing the local Lorentz invariance of the Dirac equation in a general Riemannian
spacetime. By introducing vierbeins, we can translate between the curved spacetime
and the locally flat tangent space, ensuring that the spinor fields transform appro-
priately under local Lorentz transformations. This approach allows us to formulate
the Dirac equation in a manner consistent with general relativity, while preserving its
fundamental structure.

In constructing this section, we rely on the comprehensive treatments provided in
the textbooks by Parker and Toms [110], Birrell and Davies [6], and Grib et al. [113],
alongside the insightful lecture notes by Saharian [114], all of which address key aspects

of spinors in curved spacetime.
Vierbein Formalism

The vierbein (or tetrad) is a set of four linearly independent vector fields that form
an orthonormal basis for the tangent space at each point of a four-dimensional curved
spacetime. The vierbein, denoted by izdu(:v), relates the curved spacetime metric to
the flat Minkowski metric, i.e. by use of vierbein, the spacetime dependence is shifted

into the vierbeins.
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The metric can be expressed via

Guo@) = 1,500, ()P, (), (3.86)

where 7,5 is the Minkowski metric with signature (—, +, +,+). Note that p, v are the
spacetime indices and @, B are the local inertial frame indices.

Introducing one-forms y%(z) of the local orthonormal frame by
X4 (x) = h® (x)d", (3.87)
the line element in the curved spacetime can be written as
ds* = g, (v)datdz” = Naj X (z)x*(z). (3.88)
The tetrad H&# (x) satisfies the relations
hi'hg, =nap,  hORS = 0% hShay = G, (3.89)

where we introduced h 4", which is the reciprocal tetrad (also known as dual tetrad or
inverse vierbein).

Additionally, the following duality relations hold:
R A O Y (3.90)
The generalized gamma matrices in curved spacetime are defined by
(@) = hy' (@), (3.91)

where the v* are the gamma matrices in Minkowski spacetime, which satisfy the fol-

lowing anticommutation relations:
{7477} = =20 (3.92)

Therefore, in curved spacetime, the generalized gamma matrices satisfy

{v"(@),7"(2)} = —2¢" (). (3.93)
The covariant derivative acting on the spinor is defined by

VU = (9, + )0, (3.94)
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with the connection I', given by

1, 7 v ap
Du(w) = ha (Vuhy) =2, (3.95)

where ¥ are the generators of the Lorentz group and, as such, have the form

ap Lra 5
% = 2 [’y ,ﬂ. (3.96)

Moreover, the covariant derivative of the tetrad is given by

Vuhy =0,hy + Tl hy (3.97)

po''p

Dirac equation

Finally, we can write the action for a Dirac spinor field in curved spacetime as

S = / d*zv/—gL, (3.98)

with the Lagrangian density

Lp(z) =/—g¥ (iv"V, —m) ¥, (3.99)

where U = \IJT'yO.
Variation of the action S with respect to ¥ yields the covariant Dirac equation in

curved spacetime
(iv"V,, —m) ¥ = 0. (3.100)

To calculate the second-order equation for the Dirac spinor field, let us apply the

operator (—i7”V, — m) on the Dirac equation, which leads to
(=iy"V, —m) (iv"V,, —m) ¥ = [(v*V,)* + m*] ¥ = 0. (3.101)

It can be shown that (first demonstrated by Schrédinger in 1931)

1
(V'V )0 = 44"V, V, ¥ = — <VHV“ + gRAchV”VVV/\Vg) v, (3.102)
and
Ruro V"7 = 2R. (3.103)

Therefore, the second-order equation satisfied by each spinor component reads
V. V¥ 4+ R/4A—m?] ¥ =0. (3.104)
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Finally, to complete the discussion, let us also mention the energy-momentum tensor
for the Dirac field, which takes the form

(U7, V) ¥ = (V. )7 ¥] - (3.105)

1
2% 5

3.3 Particle creation in curved spacetime

The classical fields in Minkowski spacetime can be extended to curved spacetime. A
particular example is the Dirac field, as explored in the previous section.

Quantum field theory in curved spacetime can be formulated by extending the
formal canonical quantization scheme used in Minkowski spacetime to a curved back-
ground. The construction of a vacuum state, Fock space, and other related structures
can proceed in the same manner as in Minkowski spacetime. However, in curved space-
time, the formalism introduces an inherent ambiguity.

In Minkowski spacetime, the Poincaré group symmetries guarantee the existence of
a unique vacuum state. A natural set of mode solutions emerges from the preferred
coordinate system (t, z,y, z), and the invariance under Lorentz transformations ensures
that this vacuum remains consistent across all inertial frames.

In contrast, the lack of invariance under the Poincaré group in curved spacetime
(and for non-inertial frames) means there is no global inertial frame or timelike Killing
vector field. This absence of Poincaré symmetry introduces ambiguities in defining the
vacuum. This issue has been extensively discussed in the literature and covered in
standard textbooks such as [6], [110], [113] and [115].

As a consequence of the vacuum ambiguity in curved spacetime, particle creation
arises as a fundamental phenomenon. A notable example is Hawking radiation, where
quantum fluctuations near a black hole’s event horizon generate particle-antiparticle
pairs, with one falling into the black hole and the other escaping as radiation [116],
[117]. This provides a heuristic picture of the process, illustrating how quantum effects
near the event horizon can lead to the emission of radiation.

Another important example of particle creation occurs in the context of the expand-
ing universe. In this area, Leonard Parker made pioneering contributions to the study
of particle creation in curved spacetime, particularly through his work on quantum
field theory in cosmological settings [118], [119]. This is a subject we will delve into
further in the subsequent sections.

In this section, we begin by examining the quantization of the Dirac spinor field in
curved spacetime. Then we introduce the Bogoliubov transformations, which provides
a framework for analyzing particle creation by relating different mode expansions of
the quantum field.

Building on this, we explore various approaches to defining a particle concept in
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curved spacetime and examine particle creation in an expanding universe. Finally,
we provide a preliminary discussion on the Bianchi IX model, laying the groundwork
for a more detailed analysis of particle creation in this highly anisotropic cosmological

setting presented in Chap. 7.

3.3.1 Canonical quantization of spinor field

The canonical quantization procedure starts with the construction of a complete or-

thonormal set of solutions of the classical field, in this case the Dirac spinor field. We

denote by {¢S+), 1&5_)} a set of solutions of the Dirac equation in curved spacetime!®.

The set obeys the following orthonormalization conditions:

(wf,”,w,‘],*)) = 0y, (¢§",¢§7)) =80, (¢§+),¢§7)> =0, (3.106)

The index J denotes the set of quantum numbers used to label the modes (e.g., mo-

mentum and spin). Thus, the spinor field can be expanded as*
U= lasul? +ehul]. (3.107)
J

Moreover, since the choice of modes is not generally unique in curved spacetime, we
can also introduce another orthonormalized set, {XST), XST)}, in which the spinor field

can be expanded,

o= 3" lamd -8l (3.108)
J/

To quantize the field, we treat the expansion coefficients as operators and impose the

following anticommutation relations:

{aj,af,,} - {aj,a?,,} — Gy, {bJ,bT,,} - {ZSJ,IST,,} — Gy, (3.109)

with all other anticommutators vanishing.
The vacuum states corresponding to each set can be introduced as follows:
as|0) =b,/0) =0, (0]0)

a0 = B,00) =0, (0[0)

I

1
(3.110)
1

19This notation should not be confused with the positive- and negative-frequency solutions defined
in Minkowski spacetime. Here, we use it merely to label independent solutions, without implying
a frequency interpretation. In curved spacetime, as discussed earlier, the concepts of positive- and
negative-frequency modes are not globally well-defined due to the absence of a timelike Killing vec-
tor field. However, as we will see later, within certain approximations, it is possible to recover an
approximate notion of positive- and negative-frequency solutions.

20We assume summation over discrete indices and integration over continuous indices, with both
cases symbolically denoted by X ;.
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The particle and antiparticle number operators are defined as follows: For the first set,

NJ:(ZBG/J, NJ:bjf]bJ, (3111)

and for the second set
Ny=ala;, N;=0blb,. (3.112)

Bogoliubov transformation

Since both sets are complete, we can write the following expansion relations:

Y5 = > [OCJJ’XST) - ﬂJJ’XE]J/r)} ; (3.113)
J/
and
?A(IJF) = Z |:04§J’X‘(]J’r) + 53}/)(?}7)} : (3.114)
Jl

Here, oy and (B, are matrices. These relations are known as Bogoliubov transfor-
mations.
Using the above relations, we can also relate the operators from one expansion to

those in the other. The following relations are then obtained [113]:

aj = Z [OéJJ/ ay + By BH ;
7 ) (3.115)
by = Z [aJJ’ by — By &H ;

J/

and
ay =Y [O‘Z‘J' aly + B3 BJ’} ;
! i (3.116)
bTJ = Z [CV}J' bT]’ — B dJ’} :

J/
Introducing the matrices @ = {ay.;} and B = {5,/;}, they satisfy the relations

aal+ 0881 =1, ap’ =pa’, (3.117)

which follows from the orthonormality of the sets. It can be shown that the annihilation

operator of one vacuum, when acting on the other vacuum state, leads to

as0) =" [a” g+ B BT,,] 0) =" By b[0) # 0. (3.118)
J! J!
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In addition, the expectation value of particle number in another vacuum state is
(OIN,10) = (OINJI0) = >~ 1B (3.119)
Jl

which implies that the vacuum state of the x; modes contains Y ,, |8,./|* particles in
the 1; modes.

3.3.2 Cosmological particle creation

The evolution of the universe’s metric has been shown to lead to particle creation. As
discussed above, in curved spacetime, the concept of the vacuum is not unique, and
as a result, the notion of particles becomes ambiguous. To provide a clear definition
of particles and the vacuum in such a setting, certain approximations or assumptions

must be made when addressing cosmological particle creation.

o Asymptotic Minkowski regions

A common approximation in studying particle creation in an expanding universe
is to assume that spacetime behaves like Minkowski space in the distant past and
future. Specifically, in cosmological models such as a flat FLRW universe, space-
time is assumed to approach Minkowski space as the scale factor a(t) behaves as
a(t) ~ ay, ast — —oo, and a(t) ~ ay, as t — oo. This simplification allows for
the definition of the Minkowski vacuum in the “in” and “out” states, providing a
well-defined notion of particles in these asymptotic regions. The effect of particle
creation then arises from a Bogoliubov transformation between the initial and
final states, with the number of created particles depending on the expansion

rate.

One should note that this assumption has several limitations. For example, it
does not apply to models of the universe with compact topologies, such as the
Bianchi IX model discussed below, where asymptotic Minkowski regions do not

exist.

e Static regions

In scenarios where no asymptotic Minkowski regions exist, such as in non-flat
geometries, one can instead assume the presence of “in” and “out” static regions.
This means that the metric remains static for ¢ < t; and ¢ > tf, while it varies
with time in the intermediate region ¢; < ¢ < ty. Under this assumption, one
can unambiguously define the past and future vacuum states, |0y,) and |Opyt),

corresponding to the mode decomposition in the respective static regions [115],

I61].
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In a static spacetime, the absence of time dependence in the metric allows for a
separation of variables in the field equations. The solutions can be decomposed

into a product of a temporal part and a spatial part

U(x,t) = Ug(x)e ", (3.120)

where U () is a function of the spatial coordinates, and the factor e *#* repre-

sents the time evolution with a well-defined energy FE.

Instantaneous Hamiltonian diagonalization

In a nonstationary gravitational field, where a universal definition of particles
does not exist, one can describe a quantized field using a quasiparticle interpre-
tation, with the quasiparticles’ definition evolving over time. This approach relies
on Hamiltonian diagonalization, a method that has been thoroughly explored and
applied by A.A. Grib and his collaborators; further details can be found in [113].

Nevertheless, this method has faced strong criticism from Fulling [120], who
points out that its direct application often leads to conceptual ambiguities, re-
sulting in infinite particle densities and a non-renormalizable energy-momentum

tensor.

Adiabatic approximation

In quantum field theory in curved spacetime, the adiabatic approximation as-
sumes a slowly expanding universe, ensuring a well-defined notion of particles at
all times. This approach is particularly useful when static in and out regions do

not exist, as suggested by modern cosmology.

The approximation holds when the relative change in a mode’s frequency is small
compared to the universe’s expansion rate, leading to minimal particle creation.
When this condition is violated, wave coupling and mode mixing occur, resulting

in particle production.

To refine the understanding of particle production beyond the leading-order adi-
abatic approximation, one can employ the method of successive WKB approx-
imations [6], [121],[122]. This method provides higher-order corrections to the
adiabatic expansion and allows for a more accurate treatment of cases where the
background evolution is more rapid. In principle, this approach yields arbitrar-
ily precise approximations to the exact solution by systematically incorporating

additional corrections.

48



Throughout this thesis, we will adopt the assumption of static regions to study
spinor creation in the Bianchi IX model. While this assumption is admittedly artifi-
cial, it serves as a crucial first step in understanding the general features of particle
production in such spacetimes. A more complete and precise analysis must be devel-
oped using the adiabatic approximation and further refinements based on the WKB
approximation, which provide a systematic framework for handling time-dependent
backgrounds. However, a detailed exploration of these methods will be left for future

considerations.
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4 Hamiltonian formulation of spinor field in a

Bianchi IX universe

The Hamiltonian approach, as outlined in [92] and [100], offers a powerful method
for analyzing the dynamics of Bianchi type models. In this chapter, we focus on the
Hamiltonian formulation of the spinor field in the Bianchi IX universe.

We begin with the ADM decomposition of the spacetime, which provides the foun-
dation for expressing the gravitational dynamics in a Hamiltonian framework [5|. Ad-
ditionally, we construct an orthonormal frame, which is essential for the proper for-
mulation of the Dirac field in curved spacetime. Next, we derive the Lagrangian and
Hamiltonian densities for both the gravitational and spinor parts of the system, laying
the groundwork for the subsequent analysis. The study of the Bianchi IX model cou-
pled to a homogeneous spinor field has been explored in [123|, and later extended in
[124], where the Wheeler-DeWitt equation for the spinor field in the context of Bianchi
IX is analyzed®'. Here, since our focus is on the quantization of the spinor field for
particle creation, we do not impose the restriction of homogeneity on the spinor field.
In addition, we derive the equations of motion for the Weyl and Dirac spinor fields
within the Bianchi IX universe. This serves as a preparatory step for the quantization

of these fields, which will be explored in detail in the following chapters.

4.1 ADM decomposition

The Hamiltonian formulation of General Relativity begins with the ADM decompo-
sition, which involves breaking a four-dimensional spacetime manifold (M, g) into a
family of three-dimensional spacelike Cauchy hypersurfaces parameterized by a global
time function ¢. The evolution of these hypersurfaces provides a way to analyze the
dynamics of spacetime.

To implement this foliation, we introduce a global time function ¢ and a vector field

t*, which represents the ‘flow of time’ and satisfies the condition
"V, t = 1. (4.1)

The vector field t* can be decomposed into its normal and tangential components

2IMoreover, the Hamiltonian formulation provides an effective way to explore the quantum aspects
of the Bianchi IX model, particularly leading to the Wheeler-DeWitt equation, which is central to
quantum cosmology. The dynamics of the Bianchi IX model near the singularity, within the framework
of quantum cosmology, have been discussed in [70]. This work contributes valuable insights into the
behavior of the model in the quantum regime, especially as it approaches the singularity.
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relative to the hypersurfaces as follows:
th = Nnt + N¥, (4.2)

where N is the lapse function, N* is the shift vector, and n* is the unit normal vector
to the hypersurface, satisfying n*n, = —1.
The spatial geometry of the hypersurface is described by the induced metric h,,,

which is related to the spacetime metric g,, by
hyw = Guw + 1. (4.3)

With this decomposition, the four-metric g,, can be expressed in terms of the ADM

variables as

_ [(N,N"—N? N, (44
gl‘V a Nc hab . .

The corresponding line element takes the form
ds? = g, dr*ds” = —(N? — N;N)dt* + 2N;dz'dt + hijdz’da’ (4.5)

4.1.1 The line element of Bianchi IX

As discussed in Sec. 2.3, in spatially homogeneous models, it is often more convenient
to use the invariant basis rather than the coordinate basis. In such spaces, the ADM

line element then reads
ds?> = —N?dt? + hij (Nidt + ai) (det + O’j) ) (4.6)

The one-forms {¢'}, which are dual to the invariant basis, can be expressed in terms
of the coordinates {z'} as o' = ¢*; da’.
The induced three-metric h;; for the Bianchi IX model, discussed in detail in
Sec. 2.4, is given by
hij = huR"R';, (4.7)

where R is the rotation matrix. The diagonal three-metric, expressed in terms of the

Misner variables «, 5, and (_, takes the form
hi = [diag (eﬁl, 632, 633” with £, = 2(8 + a), (4.8)
kl
where

B =By + V3B-, Br= By — V3B, fBs= —20,. (4.9)
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It is also convenient to introduce functions
bF = ePr/?, (4.10)
and rewrite the metric as
hij = bV 6 R* R, where m =k, n=IL (4.11)

This will be particularly useful in constructing the orthonormal frame for the Bianchi

IX model in the next section.

4.1.2 Orthonormal frame

The study of spinor fields in curved spacetime is facilitated by the use of the vierbein
formalism, which requires the introduction of an orthonormal frame. This is discussed
in detail in Sec. 3.2.

Let us first outline the general procedure for obtaining the orthonormal frame,
based on the method presented in [96]. Following this, we will present the explicit
construction of the orthonormal frame for the Bianchi IX model.

The metric of the manifold (M, g) can be expressed in terms of the vierbein as

G () = 508, ()P, (). (4.12)

Introducing the one-forms x®(z) of the local orthonormal frame via

X% (x) = he,

(x)dat, (4.13)
the line element in the curved spacetime can be written as
2 & & 0\ 1.7
ds? = 15 @ () = = () + 0, (4.14)

where we separated the temporal and spatial parts.
Let us recall the ADM line element for a spatially homogeneous spacetime, given by

(4.6). Then, the three-metric h;; can be expressed in terms of the vierbein as follows
hij() = 65 1 (@)l (<), (4.15)

where we introduced
B =h o, (4.16)

using the relations o’ = o'; da.

Hence, the one-forms of the orthonormal frame, given in (4.13), can be expressed
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as
0= Ndt, ' =hi (Nidt+ o). (4.17)

Furthermore, the orthonormal basis €; can be related to the invariant basis e; through

1 . .
€y = N(ﬁt — Nlei), € = h;l €;. (418)

Orthonormal frame in Bianchi IX

For the three-metric h;; of Bianchi IX, given by (4.11), the orthonormal one-forms

take the following form
X' = N@®)dt, x'=WR, (Ndt+0') where k=1, (4.19)
where
W, =R, B,=N, h, =0 K,=0"R;N. (4.20)

For convenience, we will work in the N* = 0 gauge throughout this chapter. Hence,

using the relations (3.90), the inverses in this gauge are given by

hi'=("TTRYG, k= he' =0, h=0. (4.21)

4.2 Lagrangian

The total action for a spinor field in curved spacetime consists of the sum of the
Einstein-Hilbert action and the Dirac field action. In the following sections, we will
examine both the gravitational and spinor components, deriving their respective La-

grangian densities using the ADM decomposition of spacetime.
4.2.1 Gravitational Lagrangian

The Einstein-Hilbert action has the following form

1 1
=— | d*z/—gR— —— dBrvVhK. 4.22

After the ADM decomposition, the Einstein-Hilbert action takes the form

1 g
Spn = / o' Ao Ao® / dNVh(K;K7 — K? + ®R), (4.23)
167TG »
where the quantity ® R denotes the Ricci scalar on the hypersurface. The wedge
product, as given by (2.31), is defined over the ranges of the Euler angles 0 < ¢ < 2,

0<f<mand 0 <y <2rm.
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The second fundamental form K;;, which describes the embedding of the Cauchy
hypersurface ¥ into the manifold (M, g), can be expressed in terms of the lapse function

and shift vector as

1 .

where D; denotes the spatial covariant derivative. The trace of the extrinsic curvature
is given by K = h" K;; with K = hmhI'K,,.

Hence, the gravitational Lagrangian density takes the form??

Lo =NVh(K K7 - K? + ®R). (4.25)

In the NV; = 0 gauge, it will be given by

Vh

Lo = ~—
¢TUN

[hijhzmhﬂhml G } + NVROR, (4.26)

Biancht IX model

Recalling that the three-metric of the Bianchi IX model is given by (4.7), its inverse

metric takes the form
hY =R, R, h™, (4.27)

where

R = (b6 k=m, [ =n. (4.28)

The calculation of the time derivative of the three-metric leads to
hig = (Bua + Bt ™ + iy 1) RERY, (4.29)
where we introduced the “angular velocity” matrix w defined by
Wk, = RERY,. (4.30)

It can be shown that w is an antisymmetric matriz. Indeed, this follows from the fact
that

RRT =1 (4.31)
by taking time derivative
RR” + RR" =0, (4.32)
22For convenience, we adopt units such that ﬁ =1.
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to find
w=—w’. (4.33)

Therefore, as an antisymmetric matrix, w can be written as follows:

0 wlg —w31
W = —w12 0 w23 . (434)
UJ31 —w23 0

Using the rotation matrix R given by (A.18), the definition (4.30) leads to the following
components: . .
w?3 = sin 1l — sin H cos Yo,
w® = sin ) sin 0 + cos 10, (4.35)
wly =1 + cos 0.
The Lagrangian density (4.26) can be written in terms of kinetic and potential parts

as follows:

Lo=Tc— Vg, (4.36)

where the kinetic term is

Te = NVh(Ki; K7 — K?) = vh

- [hijh””hﬂhml — (W) } , (4.37)

since this term is quadratic in the “velocities”, i.e., the time derivatives of the metric

components, and the potential term is
Vg = —Ne3* @R, (4.38)

This term depends only on the spatial metric and not on its time derivatives, which
identifies it as the potential term.

The calculations yield the following results for the kinetic part:

e Diagonal case: The three metric is h;; = l_z,;j. We denote the kinetic term by T,

which is given by
3o

T — 6% (—d2 + 32+ BE) . (4.39)

e Symmetric case: There is rotation only about one axis, hence the three-metric is
h = RT(¢)hR.(¢). We denote the kinetic term by T®, which is given by

63a

T =S (6 (—a2+ 82 + 52) + 207 sinb? (2v38.) | (4.40)
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where (w';)? = ¢2. We can write it as
63&
T8 =T+ 2~ sinh? (2v/38_) (w's)?. (4.41)
e (eneral case: The kinetic term denoted by 7% takes the form
T8 =T 4+ 717 (4.42)
where we introduced

o = 257 [sinh? (2V/34.) (') + sinh® (38, — V3 (w%5)” +sinh® (38, + V3A_) (1)’
(4.43)

Thus, we obtained for the kinetic part has a contribution from anisotropy factors as
well as the rotation.

Let us study the rotation part further. First we recall the rotational kinetic energy
of a rigid body as given by (6.12) below. Comparing this with the rotational kinetic
energy TP, it is easy to notice that we can introduce the “moments of inertia”’ as
follows:

I = 4sinb? (38, — V35_),
I, = 4sinh? (35+ + \/35_>, (4.44)
I = 4sinh® (2v/34_).

In addition, comparing (4.35) and (6.6) below, we see that
Ql = w23, QQ = w31, Q3 = wlg. (445)

Therefore, the rotational contribution to the kinetic term, 7™, corresponds to the

kinetic energy of an asymmetric top, namely

or € [1 2 1 2 1 2
T - W 5[1@1 + 5[292 + 5[393 . (446)

However, in this case, the “moments of inertia” are time-dependent.
Following this, the calculation of the potential term (4.38) for the Bianchi IX metric
yields

Vola, By, B-) = gea {6_85+ + 2eP+ [cosh (4\/§ﬁ_) — 1} — 4¢P+ cosh (2\/55_)} )
(4.47)
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Finally, the Lagrangian density for the general Bianchi IX model takes the form

63a

. : 1 1 1

Dynamics of Bianchi IX

The potential, Vg(a, 54, 5-), in the Bianchi IX model, first discussed by Misner
[67] in his study of Mixmaster dynamics, plays a fundamental role in shaping the
anisotropic evolution of the universe. For fixed values of «, this potential consists of
three exponentially steep walls that form valleys, confining the system’s motion and
leading to chaotic behavior.

Near the singularity (o« — —o0), as the universe point moves through phase space,
it undergoes successive bounces off the potential walls. This results in a highly non-
linear, ergodic-like evolution characterized by an infinite series of Kasner epochs. The
chaotic nature of the Bianchi IX model aligns with the BKL conjecture, which posits
that, near a singularity, the universe’s evolution is dominated by local anisotropic
oscillations [65].

Finally, as the universe approaches isotropy?®, the anisotropy factors 3, and _
vanish, causing the potential to effectively disappear and the anisotropic oscillations
to fade.

4.2.2 Spinor Lagrangian

Let us begin the discussion by recalling the essential concepts and equations from
Sec. 3.2, where we provided a detailed analysis of the Dirac field in curved spacetime.

The Lagrangian density of the Dirac field in curved spacetime is given by
Lp=+—g¥ (iv"V,—m)V. (4.49)
where ¥ = \I/WO and the generalized gamma matrices are given by
= hg'y?, (4.50)
which satisfy the following anticommutation relations

{’yﬂa’yy} = _29MV7 and {7&773} = _277&/3 (451)

23The isotropization mechanisms have been explained in Sec. 1.3.
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The covariant derivative acting on the Dirac spinor has the form
VU =(0,+T,)V. (4.52)

The connection I',, is given in (3.95), which can be rewritten as

1 (3("
Py = 5hap> p (4.53)

where we introduced
K = haw (b ) (4.54)
Hence, the Lagrangian density of the spinor field can be written as follows:

Lp(z) =+/—g¥ (iﬁﬁ“’yﬁau - %ﬁdﬁﬁvﬁEdﬁ — m) v, (4.55)

where

(4.56)

Let us recall the following definitions from differential geometry in a non-coordinate
basis (for further details, see [60], [92]). Consider a basis {e,} that satisfies the com-

mutation relations
[ar es] =7 apep- (4.57)

The basis vector can be expressed in terms of coordinates by e, = 0,*9,. Then the

Ricci rotation coefficients can be defined by
[y, =0%05" 0./ (4.58)

Additionally, introducing vas, = garY" 5,, We can express the connection components

in terms of the commutation coefficients as follows:
1
Lpap = 5(75004 + Yaps = VpaB)- (4.59)
Using the above quantities for our specific case, we can write
1
Rapo = Lapo = 5aap + Vaap — Vaps): (4.60)
where 7 &p are the commutation coefficients of the orthonormal basis {5}, namely
€4, 5] = 7&&3 € (4.61)

Hence, to be able to calculate the k5, for the Bianchi IX metric, first we have to
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determine the commutation coefficients of the orthonormal frame. In addition, the

one-forms {x%}, dual to the basis {€4} satisfy the following equation:

. 1 . 3 .
= ——vo‘mxﬁ AX7. (4.62)

dx 5

Recalling the explicit form of {x*} given in (4.19),
0 = N(t)dt, X' = V'R, (N'dt+ '), where n= i (4.63)

and substituting it into (4.62), we can determine the commutation coefficients of the
orthonormal frame.

First, considering the right-hand side of (4.62), let us calculate the wedge products:

e For f=9=0
Y AxT=x"AxY=0. (4.64)

e For 3=0,% =1, where [ = 1,2, 3,

Ay = NV R dt A o', k=1 (4.65)

YA = b <R5ijRil - R%RQNJ‘) dt Aot + bV R R 6 Aot (4.66)

where j = m, [=k.
Next, let us calculate dy®:

e For & =0:
dy’ = N(t)dt A dt = 0, (4.67)

which leads to
'yoﬁﬁ =0 forany 3,7. (4.68)

e For & =1, with7=1,2,3:
ax' = VR (T) N Wt A o+ (0B + 0 R dEA o+ 0 R () 0" A o
(4.69)

where n =1, and a,b = 1,2,3 and we used the relation (2.32), i.e.

dR'; = R'\(T,)" 10" (4.70)
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Substituting the relations (4.69) and (4.66) into the equation (4.68) leads to
—y BRI RY = DR ()", (4.71)
and
7 i NV R b (R5 JNIRL — R%RZ-NJ) — V"R, N (1)~ (b"R% + b”Rf) .
(4.72)

Using
(Ja)’, = —Eabe; (4.73)

and recalling the relation for the determinant of a matrix A with elements {a;;},
given by

Eivig..in Wiy j1 Qiggo -+ Qipy gy, = det(A)ngémjn’ (4'74)

the first equation leads to the following result
Vi =0 TR ey (4.75)
Then, substituting this into (4.72), further simplifications lead to

U Gl
Vo=

bR ()N — (b"RZ v b”Rf) R, (4.76)

where n =14, m=7, k=1.

Using the obtained relations (4.68), (4.75) and (4.76), we can finally calculate the term
%/—1 B ﬁ’yﬁdeé , which enters in the Dirac Lagrangian. These calculations are carried out
in Appendix A.3.

Substituting the terms %/ﬁdéﬂﬁﬁd@ given in (A.75) into the Lagrangian (4.55), we
finally obtain

Lp= Ne3°‘\I/{z' (7“(‘% — %c’wé> + %e_a |:6_4B+ + 2P+ +2V3p- + 6%*_2‘/‘%*] 71223
— % [cosh (2\/§B_>wi§’y‘j§]ﬁ + cosh (36+ + \/§B_>w?’ify()231
+ cosh (35+ — \/gﬁ_)wéwﬁzéé] — m}\IJ.
(4.77)

where the first term of the Lagrangian, expressed in terms of the invariant-basis, reads

VO = h 'V, = hp’vPeq + hy'vPe; = 7 0+ i e, (4.78)
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and where we have used the relation (4.16) and p = 0,1,2,3 and 7 = 1,2, 3.

Furthermore, for convenience, let us introduce a function defined by
F(Oz /8+ 8 ) — 1670‘ [6*45+ T 625++2\/§/3— + 625+*2\/§/3—} (4 79)
B, B-) =5 . .

Also, recalling the relations (4.44) for the “moments of inertia”, we can write

[NIES

cosh <35+ — \/§B_> = (1 + %) )

cosh <35+ -+ \/gﬁ_> = <1 + %) ’ , (4.80)

cosh (2\/3&) - (1 n %)é .

Finally, using “angular velocities” {€;} as introduced in (4.45), the Hamiltonian can

be rewritten as follows

_ 1 - JRDN 3 ~ 5 an
‘CD = Nesalll{i (N’YO@O + hgz'}/zei — ﬁa’yo) + iF(OZ,ﬁ+,/8_>’}/1223 —m

1 1 )
-+ (1 + %) Q08 (1 + %) Q088 (1 + %) 5] }xp

(4.81)

Thus, in the Bianchi IX model, the Lagrangian includes the following contributions:

the spinor—“angular velocity” coupling term, o< Qm@Z%, which arises from the model’s

rotation; the geometry—spinor coupling potential, oc F'(av, S, 5_)71223, resulting from

its anisotropy; and a spinor coupling to ¢, which describes the evolution of the spatial

volume. The latter, unsurprisingly, also appears in isotropic cosmological models.

4.3 Hamiltonian

The total Lagrangian density can be expressed as
L=Lg+ Lp, (4.82)

where Lg represents the gravitational contribution, as defined in equation (4.48), and
Lp denotes the spinor contribution, given in equation (4.77).

To obtain the canonical Hamiltonian density, we first identify the conjugate coordi-
nates and introduce the corresponding conjugate momenta. For a Lagrangian density

that depends on the generalized coordinates and their velocities,

L=L(X:, X)), (4.83)
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the conjugate momenta are defined as

P

= —_. 4.84
=% (4.84)

By applying the Legendre transformation, the canonical Hamiltonian density is given
by
M=) Py X - L. (4.85)

The total Hamiltonian takes the form
H:/01A02A037—[:/01A02/\03 [NHo+ N'H;] (4.86)
N )

where H, is the Hamiltonian constraint, and H; represents the diffeomorphism con-

straint.

Gravitational Hamiltonian density

For the gravitational part, there are six independent variables: the Misner variables
a, By, B—, and the Euler angles ¢, 6, ¢. Then, the Hamiltonian density H can be
determined by

H = aP,+ 4 Ps, + 3 Ps + 9Py + 0P+ ¢Py — Le. (4.87)

Hence, the calculations of the conjugate momenta of variables o, 8., f_ from the

Lagrangian density (4.48) lead to

3o
p=5_ 1,
Ocv N
e (4.88)
Py =25 1975
B+ — 8/8:‘: - N +5
and for the conjugate momenta of Euler angles we get
oL e
[ aw N 3943,
oL e
= — = —1[L% 1,82 si 4.89
0 2% N[Q 2 €08 + 11§ siny] ( )
oL e o .
Py = 0_¢ = [1323 cos 0 + 1502 sin O sinp — 1182 sin 6 cos )] .
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First, let us express ¢,  and ¢ in terms of 0y, (s, Q3 using (4.35),

é: L (sin¢) Qy — cos Y (),
sin 6
6 = cos 1 g + sin (4.90)

= — cot 0 (sin ) Qy — cos Q).

Next, from (4.89) we obtain 2; in terms of the conjugate momenta P,, Py and Py,

which is given by

N —3a
1 = s [PosinOsing — cos ) (P — Py cosf)]
Ne—?)a ‘ ’
Qy = Tsin0 [Pysinf cos ) + siny (P, — Py cos )], (4.91)
Ne 3
Q3 = Py.
3 13 )

Then, we introduce the “angular momenta” L;, defined as follows

6301

It is easy to see from (4.89) that, in terms of angular momenta, the conjugate momenta

of the Euler angles are given by

€3a
P,=—L
P N 3
3o
Py = % [Locost + Ly sin], (4.93)
3a
P, = % [L3cosl + Losinfsiny — Ly sinf cos)].

Thus, using the relations obtained above and (4.88), the canonical Hamiltonian density

takes the following form:

N€—3a L2 L2 L2
= —P?4+ P2 4+ P2 N2 4+ 243 Ve ). (4.94

Finally, let us point out that to simplify the calculations, we previously assumed a
gauge in which the shift vector N; vanishes. However, when this assumption is relaxed,
N; simply appears as a Lagrange multiplier for the diffeomorphism constraint, H; =~ 0
(see, e.g., [70], [124]).
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Including the spinor field

Recalling the Dirac spinor field Lagrangian given by (4.81), we note that it contains
terms proportional to €2;. Therefore, the conjugate momenta of the Euler angles, given
by (4.89), acquire additional contributions from the spinor field.

These calculations are technically intricate and have been discussed in detail by
Damour [124], where a homogeneous spinor field is considered. Since a full treatment
of this topic is beyond the scope of this thesis, we refer the reader to that work for a

more thorough discussion.

4.4 Equations of motion for spinor fields

The Dirac equation in Bianchi IX model can be derived from the Euler-Lagrange equa-

tion, where the Lagrangian is given by (4.77). The Dirac equation takes the form

{z‘ (wau — iavﬁ) +iF(a, By, B)7'S® —m

2N
i L\? 0 i L\? ) o L\? v
—— {14+ —=) Q372 1+ =] Wy'X 1+— ] Zv'2 v = 0.
N(+4) 'S (147 ) 2B (14 )y 0

(4.95)

For the diagonal and symmetric Bianchi IX cases the equations simplify to:

e Diagonal case

{z’ (waﬂ - %aﬁ) +iF(a, By, By EB — m}\lf = 0. (4.96)

e Symmetric case

1
3 . 4 53 i L\? ) oeis
(10, — 5= ) +iF SR em—— (1+ 2] '8 30 =0,
{Z(v A 2N04’Y>+@ (a, By, B-)y m N( +5 ) % 0
(4.97)

It is easy to see that the Dirac equation in the closed FLRW model can be recovered
from (4.96) by setting the function F(«, 51, _) equal to zero, as obtained by Parker
[125].
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Equations in terms of Pauli matrices

The above equations are obtained without fixing any specific representation for v
matrices. As in Chapter 3, by giving the gamma matrices in the Weyl representation

and using the notation in (3.8), the gamma matrices can be expressed as

i (fa U()“) , (4.98)

In addition, by recalling the explicit calculations for the products 7?X% obtained
in (A.68-A.73) and substituting them into equation (4.95), we can write

~m D
( " R) T =0, (4.99)
DL —m

where we introduced

1
S T 1 L\?
DR:Zhd“O' € — 2NCk+ F( /8+’6 ) ﬁ Ei <1+Z) Q[O',
. (4.100)

. —& 32 . 1 1 _[A 2 ~
DLZZhdMU €M—ﬁa—§F(a,64_,/B_)—ﬁz (1+Zl) Q[O’l.
i

Writing the Dirac spinor in terms of Weyl spinors, the equation (4.99) leads to the

following two equations

1
, & 31 1 1 I\ 2 ;
Zhd’uO' €n — 2NO{—|— F( 5+,ﬂ ) ﬁz (1+Zl> QZAO'I \IIR:m\IIL, (4101)
i
and
R P 1 o
tha"o%, — omra = SF (e, By, B-) — o Z ( ) Qo' | Uy =mlp. (4.102)
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Weyl equations

Setting m = 0, we obtain the Weyl equations

e Left-handed spinor:

1
. —& 3Z ]_ 7
Zh@'uO' €p — ﬁa ( 64_, — ﬁ Z < ) Ul \IJL = O,
]

e Right-handed spinor:

I A 1 L\
tha"'o%e, — ord+ S Fa, Br, ) = ﬁZ(lJer) Qo' | Up =0.
l
(4.104)

We will discuss the solutions of the Weyl and Dirac equations and their physical con-

sequences for the matter-antimatter asymmetry in Sec. 7.1 and Sec. 7.2, respectively.

66



5 Group SO(3)

The symmetry group of the Bianchi IX model is the SO(3) group. In this chapter,
we will explore the details of the SO(3) group that are relevant to the current work.
Since we are considering a spinor field in the Bianchi IX universe, it is also necessary to
examine the representations of the group, as they are crucial for studying the behavior
of spinor fields in this context. In this chapter, we build upon foundational material

from sources such as [126-129], incorporating these ideas into the discussion.

5.1 Parametrization and Lie algebra of SO(3)

Let us consider the set of all rotations in three-dimensional Euclidean space, R3, about
a fixed point. The product of two rotations results in another rotation, and each
rotation has an inverse. Additionally, there exists an identity rotation, namely the
unit matrix, which corresponds to a rotation by a zero angle. Therefore, the set of all
rotations forms a group, known as SO(3).

By fixing an orthonormal basis in three-dimensional space R?, the rotations can be
represented by matrices that transform, for example, the z, y, z frame to the 2/, ¢/, 2/

frame, maintaining the same origin. The transformation can be expressed as
k_ pk g
2" =R a', (5.1)

where RF; is the rotation matrix (with k denoting the column index and i the row
index). The rotation matrix is both orthogonal and special, meaning it satisfies the

following conditions:
R'R=1, (5.2)

and
det R = 1. (5.3)

Thus, the rotation group consists of the set of all special orthogonal 3 x 3 matrices.
Matrices that satisfy only the condition (5.2) are called orthogonal. The orthogonal
matrices generate the group O(3). For these matrices, (det R)> = 1, which leads
to det R = +1. Therefore, the orthogonal matrices also include reflection matrices.
To exclude reflections and consider only rotations, the condition (5.3) must also be
imposed. The above discussion can be generalized to higher-dimensional Euclidean

spaces R", for which the group is denoted as SO(n).
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Parametrization of the rotation group

The parametric representation of the rotation group in three-dimensional space
can be expressed in terms of Euler angles {¢, 0,1 }. Throughout this thesis, the zyz-
convention will be used?!. Details on rotations in different conventions are discussed
in Appendix A.1.

A rotation R can be expressed as a product of three successive rotations as follows

R = R.(¢)Ry(0)R=(9), (5.4)
where
cos¢ sing 0
R.(¢)=| —sin¢g cos¢ 0|, (5.5)
0 0 1

cos@ 0 —sinf
R,(0) = 0 1 0 , (5.6)

sin@ 0 cosf

costy siny 0
R.(¢) = | —siny cosvy 0] . (5.7)
0 0 1

The first rotation is performed around the z-axis of the initial coordinate system by
an angle ¢. Next, the system is rotated by an angle # around the intermediate y-
axis, followed by a rotation by v about the new z-axis. The ranges of the angles are
0<op<2m,0<OH<mand 0 <y < 27.

Generators of the group

The group SO(3) is a continuous group since the group elements depend on param-
eters (in this case angles) which can vary continuously and assume an infinite number
of values and hence there are an infinite number of group elements. It is easy to no-
tice that the group elements are infinitely differentiable with respect to the parameters.
Mathematician Sophus Lie showed that the study of such groups (known as Lie groups)
reduces to the study of the group elements in the neighborhood of the identity element.

24The reason for this choice will be explained later in Sec. 5.3.3.

68



Let us consider an infinitesimal rotation, which can be written as
R~1+ A, (5.8)

where the elements of the matrix A are small quantities of the first order. Terms of
the second and higher orders can be neglected.

The orthogonality condition (5.2) of rotation matrices R leads to the following
relation

A+ AT =0, (5.9)

which implies that A is an antisymmetric matrix.
For the SO(3) group, three independent parameters are required to describe rota-

tions. Thus, the antisymmetric matrix A can be written as follows [130]

0 05 —0,
A=1-6, 0 0, | =67, (5.10)
0, —60, O

where @ = (61, 0,,03) represents the infinitesimal angles of rotation around the z-,

y-, and z-axes, respectively. The three real antisymmetric matrices are denoted by

j = (\717\72)\73) with

0 0 0 00 —1 0
J=10 0 1|, =fo0 o], Z=]|-10 0], (5.11)
0 —1 0 10 0 0

where J; are called group genmerators. Hence, for SO(3), there are three generators
corresponding to rotations about each axis, where the x-, y-, and z-axes are denoted
by 1, 2, and 3, respectively.

Any rotation in the group corresponding to larger values of the rotation angles 6;
can be generated by performing N successive infinitesimal rotations of 6;/N. Taking

the limit as N — oo, we obtain the following relation
R(0) = exp(0T) = eXibiJi = IaTx 0y Ty 0= (5.12)

Thus, any rotation in three-dimensional space can be expressed in terms of the group
generators.
It is also essential to introduce the generators as Hermitian matrices (due to their

application in quantum physics). Therefore, let us define J; = —iJ;, which, when
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written explicitly, read

0 0 01 0 -1 0
Jy=110 0 =1, o=t 0 0 0], J5=2]1 0 0 (5.13)
0 -1 0 0 0 0 0
Then, we can give a general rotation as
R = Zilii (5.14)

where J; are the Hermitian generators of the SO(3) group.

Lie algebra

The commutator of two generators is itself a generator. The commutation relations

between the generators define the Lie algebra
Ti T3} = C; T, (5.15)

where C’fj are the structure constants. It is easy to notice that C’fj = —C’ﬁ.. The
structure constants determine the Lie algebra, which, in turn, essentially determines
the Lie group. Note that while a Lie group is characterized by multiplication, its Lie
algebra is characterized by commutation.

For the SO(3) group, the structure constants are C’fj = —¢;jk, meaning that the

following commutation relations hold?
T, T;] = —€iju T (5.16)
Moreover, for the Hermitian generators, we have:

[JZ‘, JJ] = iEiijk. (517)

5.2 Homomorphism of SU(2) onto SO(3)

The special unitary group, also known as SU(2), consists of the two-dimensional unitary

matrices with determinant 1. Hence, considering a two-dimensional matrix

U= <Z Z) , (5.18)

25Note that if we had chosen to work with clockwise rotations, the structure constants would be

ij = €;jk, With the generators K, = —IC;, which is also commonly used in the literature.
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the following condition must hold for the matrix to be unitary:
UUt =1, (5.19)
and for it to be special, it has to satisfy
detU = +1. (5.20)

The condition (5.19) leads to the following relation between the matrix elements

a‘a+bb=1, (5.21)
and

a*c+b*d =0, (5.22)
which implies that

c=—-b"d/a". (5.23)
In addition, (5.20) demands

ad — bc = 1. (5.24)
It follows that d = a*, ¢ = —b*. Thus, the unitary matrix can be expressed in a general

form
b
U:(a ), (5.25)
—b* a*

Any two-dimensional Hermitian traceless matrix H can be written as a linear com-

where |a]? + |b]? = 1.

bination of the Pauli matrices, which are given by

01:<0 1>, 02:<Q _i>, 03:<1 O). (5.26)
10 v 0 0 —1

Therefore, such a matrix H can be written as [129], [131]

Z T — 1y
H = x0y + yoy + 203 = . : (5.27)
Tty —z

where x,y, z are real coefficients. We specifically chose to take these coefficients as the
Cartesian coordinates.

Transforming the Hermitian matrix H by a unitary matrix U with detU = 1 as

H' =UHUT, (5.28)
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the resulting matrix H' is also Hermitian and traceless. Therefore, H' can be written

as a linear combination of Pauli matrices as well, i.e.,

!/

.
H =d'oy +yoy+ 703 = : , v : (5.29)
w/ + Zy/ _Z/
with three real coefficients (z/,v/, 2’).
In addition, from the relations (5.28) and (5.25), we have

g @ b z r—1y\ [(a* —b (5.30)
e r+iy  —z voa ) .

Therefore, based on the above two relations, one notices that x’,y/, 2 are linearly
related to z,y, z. Introducing the vectors x = (x,y, z) and x’ = (2/, ¢/, 2’), the relation
can be expressed in matrix form,

x' = Sx. (5.31)

Finally, taking into account the fact that det(H) = det(H’) and
det(H) = —|x|?, det(H') = —|x?, (5.32)

implies that the length of the vectors is the same; hence, the vector x is rotated into
x’, i.e., S is a rotation matrix, S = R, which is parametrized by Euler angles and given
by (5.4). Therefore, to any 2 x 2 unitary matrix U with detU = 1, there corresponds
a rotation matrix R in three-dimensional space.

Finally, it can be noted that if one had considered the matrix —U instead of U
in (5.28), the matrix H" would not change, and consequently, the resulting rotation
matrix S would remain the same.

Thus, to sum up, there is a two-to-one homomorphism of the unitary group SU(2)
onto the rotation group SO(3), or in other words, SU(2) double covers SO(3).

Unitary group elements in terms of Euler angles

The unitary matrices corresponding to the rotation matrices (parametrized by Euler
angles) can be obtained from (5.31). Starting with the first rotation around the z-axis

by the angle ¢, described by the rotation matrix R,(¢) (5.5), the corresponding unitary

P

| it 0

U, — eios/2 _ (e ’ ,¢> . (5.33)
0 e 2

matrix is given by

For the second rotation around the intermediate y-axis, described by R, (#) (5.6), the
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corresponding unitary matrix reads

[% -0

. COS 5 Sin 5

_ _i020/2 2 2
Uy = e'20/2 = 2 2 ). (5.34)

—SlH§ COS§

Finally, for the last rotation around the new z-axis by the angle v, the corresponding

Ow) | (5.35)

Therefore, the unitary matrix corresponding to the rotation R = R,(¢)R,(0)R.(¢) is

the product of the above matrices, i.e.,

unitary matrix is

i

-

. (&
U, = ezag1/;/2 —
v 0 e

" sin 2
btv 2) : (5.36)

Group generators

From the above parametric description, it is straightforward to obtain the SU(2)
group generators in terms of Pauli matrices as T, = %*, where a = 1,2, 3. Hence, they

are explicitly written as

1(0 1 1(0 —¢ 1({1 O
T == , Ty =— , T3 =— : 5.37
Therefore, the group elements can be given by the form

U = ¢ifaTe, (5.38)

where 6, are the rotation parameters. Moreover, the group generators satisfy the

following commutation relations,
[To, Tp) = icape T (5.39)

Recalling the commutation relation of the Hermitian operators of the SO(3) group
(5.17), it is easy to notice that the Lie algebras of SO(3) and SU(2) are isomorphic.
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5.3 Group representations

We provide a brief description of the unitary representations of the SO(3) group, fo-
cusing on functions that remain invariant under the group action and on the spinor

representation of the group.

5.3.1 Irreducible representations

It has been proven that any continuous unitary representation of a compact Lie group,
such as SO(3), in a Hilbert space can be expressed as a direct sum of the finite-
dimensional irreducible representations of the group (see, e.g., [128]).
Let there be given a unitary representation g — T, of the group of rotations in
a Hilbert space H. Any element of the group in a particular representation can be
written as
T, = ek, (5.40)

where 6, are the continuous parameters of the group and J; are the Hermitian gen-
erators of the group in the considered representation. The generators in an arbitrary
representation form a Lie algebra, whose structure is isomorphic to that of the group’s
Lie algebra, that is,

(i, Jj] = icijn T (5.41)

Thus, the commutation relations of the group generators (5.17) hold in arbitrary rep-
resentations. To analyze the eigenvectors of the Hermitian generators, we first consider

the following combinations
Jp=J+id, J_o=J —ilds. (5.42)
The commutators of these matrices are
(Jo, sl =—Jy, [J_,Js3l=J_, [Jo,J ]=2J. (5.43)

For any irreducible representation J, J_ and J; define an orthogonal basis consisting

of the normalized eigenvectors of J3, given by the following equations,

J—l—fm = a/m-&—lfm—i-la

Jffm = Cmemfla (544>
J3fm = mfm?
where m = —[,—1l + 1, ..., 1, with [ being either an integer or a half-integer, and «,, =

V/(l+m)(l—m+1). The eigenvectors fi, fi_1,...f—; form the canonical basis of the

representation. The number [, which corresponds to the largest eigenvalue of the
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Hermitian generator Js, is called the weight of the considered irreducible representation.
In addition, all the eigenvectors of an irreducible representation with a given weight
[ satisfy the eigenvalue equation for the Casimir operator J? = J? + JZ + JZ, since it

commutes with all the operators of the representation. Thus, we have
JAf=1(1+1)f. (5.45)

Finally, we note that the general representation of the group can be expressed as a block
diagonal matrix, consisting of all irreducible representations with weights ranging from
—[ to I.

5.3.2 Spinor representation

Let us consider a first-rank spinor ¢, denoted by

[
b = <¢2> . (5.46)

Under a rotation of the frame by the rotation matrix R (5.4), the spinors transform

via the unitary matrix U, as given in (5.36), namely

V' =Uy, (5.47)

The above transformation yields a first-rank spinor representation (a two-dimensional
representation of the rotation group).

To construct the canonical basis for this representation, we need to solve the equa-
tions (5.41), where for the spinor representation, the matrices .J; correspond to the
matrices T;, i = 1,2, 3, as given by (5.37).

Let us consider the equation

JSfm = mfma (548)

where

19
> : 5.49
0 1 (5.49)

and f,, are the eigenspinors which can be written as

_ (I
£ (f,i) . (5.50)

75



Hence, the solutions of the equation (5.48) are

1 0
)

where m assumes two eigenvalues; m = —%, %
It is straightforward to show, by solving the eigenvalue equation of the Casimir
operator (5.45), that the spinor representation is an irreducible representation with

weight % .

5.3.3 Generalized spherical harmonics

Next, we examine the functions that remain invariant under the action of the SO(3)
group.

Considering a function f(1,0,¢) expressed in terms of Euler angles, it is trans-
formed under a rotation of the coordinate frame by the action of an operator T} as

follows

Tgf(qu)?Q’gb) - f,(waea ¢) = f<¢,79/7¢,)' (552)

The general representation is reducible to the irreducible representations of weight [.
To study this and obtain the canonical basis, we need to follow the steps presented
previously, as given in Sec. 5.3.1.

To solve the equations (5.44), we need to introduce operators J; acting on functions.
These can be defined in two ways, using the right-invariant and left-invariant bases, as
given by (2.25) and (2.23), respectively.

Let us recall the commutation relations for the right- and left-invariant bases,
[61', 6j] = 5ijk6k7 and [éz, éj] = _5ijkék' (553)

Since the condition (5.41) must be satisfied, we can define the operators accordingly

as follows

J; =ie;, J; = —ié;. (5.54)

Thus, recalling (2.23) and (2.25), the operators are explicitly written as

lez[smw —|—cosw(cot6£— ,1 2)],

oY sinf ¢
Jy =i {cosw — sine (cot 9% - 8111108%5)] , (5.55)
_.2
ST
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and

Jy =i {sinqﬁ% + cos ¢ <co’m92 ! %)} ,

0¢p  sinf
. 9, 0 1 0
P R o_1 o 5.56
Ja 2[ cos¢00+81n¢<cot06¢ sin@@@b)}? (5.56)
~ 0
J3:—7/8—¢.

One can notice that these correspond to the body-fixed and space-fixed orbital angular
momenta (see, e.g., [132]). Therefore, for convenience, we will henceforth use the
notation L; = J; and L; = J;.

By introducing the operators Ly via (5.42), we obtain the following sets of operators:

L, =ie™™ {iqucotQi— L 9 },

o0 o sinf oo
L_ =ie" {—i% + cow% — 511119%} , (5.57)
Ly = i%,
and 5 5 5
L, =ie™ {—i% - cot@a—(b — sii@%} ,
L_=ie™™ {i% + cot ea% — SiiQ%} , (5.58)
Ly = —z‘a%.

Finally, by calculating the Casimir operator L? = L2, the equation (5.45), expressed
in terms of Euler angles, reads

o? 0 1 0? 0 0 02
— — 4+ —— | == —2cos—— + — | f=0. .
892+C0t989+sin29(8¢2 Cosea¢8w+8w2>+l(l+ )}f 0. (5.59)

The solutions of this equation are the functions? [129], [133]
DL (6,0,9) = e™vd, (9)e™?, (5.60)
where the functions d’, (6) are the solutions of the following equation,

d? d  m2+m?—2mm cosd
— t0— — L+ 1) d ., (8)=0. 5.61
d92 + co d& Sin2 0 ( + ) m m( ) ( )

26Gel’fand et al. used the zzz-convention with clockwise rotations [128]; hence, the functions take
a slightly different form compared to those presented here.
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The functions in (5.60) are the matrix elements of the Wigner matrix D' 27, which are

explicitly given by

Cm)l—m) )2
)= m/)!} (sinf/2)

I+m [ —m' m/—r _im r—m—m’ _im’
x Z( r > <r_ ) (1) e ot 2 e,

Dl ’m(¢7 (97 ¢) -

m—m
(5.62)
The eigenvalue equations (5.44) can be explicitly written as

LD, = ani1 DL i1y ms
LD, =aD" ., (5.63)
LyD' . =nD" .

and ~
L+Dl n,m am-f-lD—n ;m+1>
LD, =anD", . 1 (5.64)
LyD', , =mD", .,

where we have replaced m’ with m’ = —n to avoid a negative sign in the eigenvalue of

the operator Js.

The functions D', (#,0,1) will be referred to as the generalized spherical func-
tions. They form a complete orthonormal basis, satisfying the following orthonormality
and completeness relations:

872

27 ™ . 2T _, p
o [ sinoas [ v D 00,000 e(0,0.0) = 5

1 5ll/5mm’ 5nn/ ) (565)

and

8 2
D DL (6.0,0) D (.0 0) = 57 0(6 — ¢)d(cos O — cos 0)3( ). (5.66)

Imn

Therefore, any square-integrable function defined on S® can be expanded in terms of

the generalized spherical functions D' (¢, 0,1).

2TThe zyz-convention for Euler angles have been chosen to ensure that the Wigner D-matrix ele-
ments are real, which is not the case for the zxz-convention. The zyz-convention is also preferred in
quantum mechanics for the same reason.
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5.4 Multiplication of representations

Let us consider two irreducible representations: a representation g — U, with weight
l1, defined in the space R; with a canonical basis {e,,, }, where m; = —[;,...; 13, and a
representation g — V, with weight I, defined in the space R, with a canonical basis
{fms}, where mg = —lo, ..., l5.

The vectors e,,, and f,,, are the eigenvectors of Js, satisfying the following eigen-
value equations,

J3em, = miem,, (=l <my <1y),

(5.67)
I3 frmy = Mafmy, (=2 <ma < ly).

Then, it is evident that

J3(€m1fm2) = (J3€m1)fm2 + em1<J3fm2) = (ml + m2)em1fm2' (568>

Thus, the basis {€,, fm, } in the space Ry X Ry forms an orthonormal system of eigen-
vectors of J3, with corresponding eigenvalues m = mj+msq, where —l1—ls < m < l1+15.
The product of irreducible representations with weights /; and [, can also be decom-
posed into another set of bases, namely, irreducible representations of weight [, where
|l; = ly| <1 <1y + Iy, forming a canonical basis. This will be denoted by {¢',}.
The canonical eigenvectors in the space of Ry X Ry can be expressed as a linear

combination of the eigenvectors e,,, fi,, in the following manner [128|,

l Im
Im = Z Ollml;Iszeml fmw (5.69)
where m = my + mq. The coefficients Czl%l;lgmg are known as the Clebsch-Gordan

coefficients. Similarly, the eigenbasis {e,,, fm,} can be written as a linear combination

of the canonical basis.

5.4.1 Addition of angular momenta

Let us discuss a specific example of the product of the representation which is the
addition of angular momenta in quantum mechanics. The addition of angular momenta
refers to the combination of two or more angular momenta to form a total angular
momentum. This is a fundamental topic in quantum theory, and it has been studied
extensively in various references such as [134-137].

We consider two angular-momentum operators J(1) and J(2) in different subspaces,

both of which satisfy the angular-momentum commutation relations (5.41), namely

[J(1)i, J(1);] = dgije (Dg,  [J(2)i, J(2);] = igijn (2 (5.70)
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Also, we assume that the components of these angular momenta commute,
[J(1);,J(2);]=0, 4,j=1,2,3. (5.71)
Introducing a total angular momentum operator by
J=J(1)+ J(2), (5.72)

it is easy to show that J itself also satisfies the angular-momentum commutation rela-
tions, i.e.

[Ji, JJ] = igiijk. (573)

The eigenvalue equations for the Casimir operators of the angular momenta operators

are
J(U?jima) = iy + Dl ), and - J(2)%|joma) = ja(jo + 1)|joma),  (5.74)

where |jim;) and [jams) are the eigenvectors of the J(1) and J(2) angular momenta
operators.

Furthermore, for the components J(1); and J(2)3, we have
J(1>3|j1m1> = m1|j1m1> and J(2>3|j2m2> = m2|j2m2>. (575)

The total angular momentum J and its component J; = J(1); + J(2)3 also satisfy
the eigenvalue equations of (5.45) and (5.44), respectively. Hence, as discussed in the
previous section, we can choose the eigenbasis either in form of {e,,, fm,} or ¢!,. Let

us now discuss these two eigenbases explicitly in detail.
Product of two eigenbasis

We denote the eigenbasis corresponding to the product of the eigenvectors as
|j1j2; mama) = |jima)|jams). (5.76)

These are the simultaneous eigenvectors of the commuting operators J(1)*, J(2)?, J(1)s

and J(2)3. Thus, the following eigenvalue equations hold

J(1)%|j1o; mima) = ji(j1 + 1)|j1j2; mims), (5.77)
J(2)%|1j2; maima) = ja(ja + 1)|j1ja; maima),

and
J(1),j1j2; mama) = ma|jija; mimy),

- - (5.78)
J (23151725 m1m2> = Malj1j2; m1m2>,
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where |m;| < j; and |mg| < jo. For fixed j; and jo, there are (257 + 1)(2j2 + 1)

eigenvectors for all different values of m; and ms.
Canonical eigenbasis

Another option of eigenbasis are the simultaneous eigenvectors of the commuting
operators J2, J(1)*, J(2)* and Js. Note that only J5 commutes with J2; however,

2, J(1)s] £0,  [J2,J(2)s] £0. (5.79)
Denoting the eigenvector by |j1J; jm>, we have the following eigenvalue equations

J(1)?|jiga; gm) = j1(r + 1)|jrga; jm), (5.50)
J(2)%|j1ga; jm) = ja(jo + 1)|g1jo; jm),

and
J?|jijas gm) = 5 (G + 1)|jije; jm), (5.81)
J3|j1j2;jm> = m|j1j2;jm>7

where |71 — jo| < j < j1 + jo and m = my + my. For each value of j there are 2j + 1

values of m.
Clebsch-Gordan coefficients

As shown in (5.69), the two eigenvectors above can be expressed in terms of one

another as follows

ez dmy = Y {Gigas mamaljigo; jm)|jrja; mams), (5.82)
mi,m2
where Cf™ = (jij2; mimy|jm) are the Clebsch-Gordan coefficients as in (5.69).

The inverse transformation can be written similarly as

|j1j2; mams) = Z (j1ja; gmljija; mama)|jrja; jm). (5.83)
mi,ma2
Since the Clebsch-Gordan coefficients form a unitary matrix and the matrix elements
are taken to be real by convention, the inverse coefficients <j1j2;jm|j1j2; m1m2> are
the same as (j1j2; mimalj1ja; jm).
The Clebsch-Gordan coefficients satisfy the following orthogonality and normalisa-

tion relations

Z (j1ja; mama|jija; jm) (jija; mimb|jrja; jm) = Oy, Omyml (5.84)

Jsm
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and
Z <j1j2; m1m2|j1j2;jm><j1j2; m1m2|j1jg;j'm'> = 5jj/5mm’- (5-85)
mi,m2

Finally, let us recall that the Clebsch-Gordan coefficients can be expressed in terms of

the Wigner 3j-symbols

m o L iim g2 J
Cit gy = (J1d2s mamaljijo; jm) = (1) 721" /25 + 1 ( ) . (5.86)

mi1 Mo —M

Addition of spin and orbital angular momenta

Let us now focus on the discussion of the addition of spin and orbital angular
momenta (e.g., of an electron) by setting J(1) = L, where L is the orbital angular

momentum, and J(2) = S for the spin angular momentum?®

. In this case, we have
ji=1land j, =s = % Additionally, we denote my = my, with |m;| <, and my = my,
where m, = i%.

The two possible eigenbases discussed above are the following:

ls;mymg) = |lmy)|smg) and |ls;jm), (5.87)

1
29

momentum eigenstates and it is well known that

where j = [+ 5, and m = m; +mg = m; £ % The ]lml> are the orbital angular

1

<9, o|l, m + §> =Y} i1 (6,0). (5.88)

The spinor eigenstates |s m8> are

HEE <(1)> and |2, ) = (?) . (5.89)

For this case, the relation (5.82) takes the form?

|ls;jm> - Z Clj;zfms;sms l,m — ms>|sm5>. (5.90)
=+1

The components of the Clebsch-Gordan coefficients are given in the Table below [137]:

28The spin-angular momentum components are given by (5.37), where T; = S;.
29Tn the literature, it is common to use a more concise version of the notation, often written as
|jm), instead of |l s;jm).
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C 1 l+m+3 l—m+3
J=1l+3 \/ 2+1 2+1

S 1 . l—m—f—% l+m+%
J= 2 2041 21

Therefore, the eigenstates given by (5.90) will take the form

1 1 1
Logiim) = | i,
DA gt ™M

> 1 £\ /lE£m+3|l,m—3)
V2l +1 \/l$m+%|l,m+%>

(5.91)

Recalling (5.88), it is straightforward to show that the eigenfunctions of the total

angular momentum are

o ko) = ot (Y RA09)

l =
VAT 1 m+ 1Y, ,04(0,0)

These are known in the literature as spin-angular functions [137| or spin spherical

harmonics [138|.

5.4.2 Generalized spinor spherical harmonics

Finally, we are ready to discuss spinor fields that are invariant under the group SO(3),
building on the discussion developed throughout this section.
Following the steps in 5.4 and in the discussion of addition of spin and orbital

angular momenta, let us consider the product of two representations. The first rep-

resentation, g — V, has weight [} = % and acts in the space R; (i.e., the spinor
representation). It has a canonical basis {ey, }, where m; = —1, 1. As in (5.89), let

us adopt the notation |l m1> for the eigenvectors of spinor representation. That is, we

202 2/
The second representation, g — U,, has weight [, = [ and acts in the space Rj,

write e = |3, 5) and €1 = 1, -1

which in this case is the space of functions. Its canonical basis is given by f,, =
Db m(9,0,0), where my and |mo| < I. Here, it is also convenient to introduce the
notation |/ mm2> for the eigenvectors®. The eigenfunctions D!, (¢,0,) are related

to these eigenvectors via

One possible choice for an eigenbasis is {€, fim, }, Which consists of the eigenvectors of

30Note that the quantum number m shouldn’t be confused with m = my +ma. It is the eigenvalue
of the space-fixed orbital angular momentum operator Ls.
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the J;3 operator with eigenvalues of n = my 4+ ms.

The eigenvectors are explicitly given by

l,m,n— %> = (}l,m,g B §>> ; (5.94)

and

1 0
l,m,n+§>: <|z,m,n+§>>' (5.95)

. . . . I+
Another eigenbasis in the space R; X Ry consists of eigenvectors gm, 2, where |m| < l—l—%,

1 1
e = |33

_1
and gin 2. where |m| <1 — % The eigenvectors read explicitly

1 +y/ltn+i|l,mn—1)

V20+1 \/l$n+%|l,m,n—l-%>

E . ‘l 1 >

(5.96)

Moreover, in terms of the generalized spherical harmonics, the eigenfunctions take the

form

1 1 T\ /lxn+3D" 1 (6,0,1)
<¢,9,¢>‘li§,n,m>= 2=y (5.97)

VEAFT (fiFn+ 30" L (6.0,0)

which is the generalization of the spin spherical harmonics given in (5.92). Hence, we
refer to these eigenfunctions as the generalized spin spherical harmonics.
Therefore, any spinor field defined on S® can be expanded in terms of generalized

spin spherical harmonics.
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6 Quantization of the rotation of rigid tops

In his study of the Klein-Gordon equation for a scalar field in the fixed Mixmaster
universe, Bei-Lok Hu demonstrated an elegant connection [139]. He established that the
eigenstates of the Helmholtz equation in this background are identical to the rotational
eigenstates of an asymmetric top in quantum mechanics. This correspondence arises
from the fact that the Laplace operator in the Helmholtz equation in the Mixmaster
universe is mathematically equivalent to the Hamiltonian of an asymmetric top.

It has been demonstrated in quantum mechanics that the eigenstates of an asym-
metric top Hamiltonian can be expressed as linear combinations of the eigenstates of
the symmetric top Hamiltonian. Furthermore, considering the symmetry properties of
the asymmetric top and expressing the Hamiltonian eigenstates in terms of the eigen-
states of the symmetry group leads to significant simplifications when studying the
eigenvalue problem of the Hamiltonian.

In Sec. 6.1 of this chapter, we will introduce the symmetry group of the asymmetric
top, namely the group D5, which is a point group. We will then explore the irreducible
representations of this group, followed by a discussion of the eigenfunctions of both
symmetric and asymmetric tops, building on the material presented in sources such as
[135], [136], [140] and [141].

Furthermore, Hu’s work was later generalized by J. S. Dowker and D. F. Pettengill
in [142] to study spinor fields in a fixed Mixmaster universe. They showed that the
solution to the second-order equation for the Dirac spinor field can be identified with
the eigenvalue equation of the Hamiltonian for an asymmetric “ideal” top, where the
“ideal” top is defined as one possessing “intrinsic spin”.

Subsequently, we will generalize this approach for spinor fields in the general Bianchi
IX model. Additionally, we will discuss two possible choices for the eigenbasis of the
symmetric top, based on studies in Sec. 5.4.1 and Sec. 5.4.2, where the eigenbasis was

derived through group-theoretical considerations. We explore these in detail in Sec. 6.3.

6.1 Point groups

Point groups play a crucial role in quantum mechanics, particularly in molecular spec-
troscopy. These groups consist of symmetry operations that describe the symmetry of
a system, such as a molecule. The application of symmetry groups provides a powerful
tool for studying the energy eigenstates of molecules without the need to explicitly

solve the Schrédinger equation, which is often not feasible.
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Symmetry transformations

Transformations that leave a system or body unchanged are called symmetry trans-
formations. The three fundamental types of symmetry transformations are rotation,
reflection, and improper rotation. Any other symmetry transformation can be ex-

pressed as a combination of these.

Rotation

Let us consider a symmetry transformation of rotation about the axis of symmetry
by an angle 27 /n. The operation of such a rotation also known as n—fold rotation is
denoted by C,. Repeating the rotation n times, the body returns to the initial position.
Hence we can write

c"=E, (6.1)

where F is the identity operation.

Reflection

The operation of reflection in some plane is denoted by o. Repeating the reflection

operation twice results in the identity transformation, i.e.

o’ =E. (6.2)

Improper rotation

An improper rotation, also known as a rotary-reflection transformation, consists
of two operations: an n-fold rotation followed by a reflection in a plane perpendicu-
lar to the rotation axis. Repeating the improper rotation n times restores the body
to its initial position. Notably, n can only take even values, as for odd values, the
transformation simplifies to a reflection.

Denoting the improper rotation operation by a symbol S,,, it can be expressed in

terms of the rotation and reflection operators as
S, =C,o0=0cC,. (6.3)

S, is independent of the order of the application of rotation and reflection operations.

For a given body, the set of all symmetry transformations forms a group known
as the symmetry transformation group or symmetry group. In the case of a finite-
dimensional body, symmetry transformations are limited to rotations and reflections.
Moreover, these transformations must ensure that at least one point of the body re-

mains fixed, which is why such groups are called point groups.
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D, group

As mentioned earlier, the point group that will be used for our studies is the Dy
group which is a particular case of the dihedral group D,,.

Let us first discuss the group C,,. This group consists of rotations about the axis of
symmetry of nth order and the identity element E. In addition, if we consider n axes
of second order (horizontal axes) perpendicular to this nth order axis and including n
rotations by an angle 7 (i.e. two-fold rotations) about these horizontal axes, we will
obtain the group D,,. Hence, this groups has 2n elements.

Thus, the group D, has four group elements: the identity and three rotations by
an angle m about three mutually perpendicular axes of the second order. The three

rotation operators are denoted by C¢, C5 and C3.

6.1.1 Irreducible representations of the D, group

Since the group D, is an Abelian group, all its irreducible representations are one-
dimensional, which are denoted by A and B. The characters of the representations can
take only 41 values, which are depicted in the Table 2 below. The indices a, b and ¢
correspond to the principle axes about which the rotations are performed.

The representations A are symmetric and the B representations are antisymmetric
with respect to the rotations about a symmetrical axis of the nth order. As one can see
in Table 2, the representation A doesn’t change the sign under the symmetry operations

of the group elements, whereas the representations B do change their signs.

D, |E C¢ C% C5
A1 1 1 1

B, 1 -1 -1
B |1 -1 1 -1
B.|1 -1 -1 1

Table 2: Characters of irreducible representations of Dy group.

6.1.2 Two-valued representations of finite point groups

For the later discussion of spinors with half-integral spin, we must also consider the
two-valued irreducible representations of the point groups.

Since the two-valued representations are not true representations of a group, we
must adopt the following approach to obtain them [136]. First, we have to introduce

a new group element ), which is a rotation by an angle of 27 about an arbitrary axis,
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and demand the following conditions to be satisfied
C"=Q, Q*=C, " =E. (6.4)

Hence, the rotations C),, about the axes of symmetry yield identical transformations
after being applied 2n times, rather than after n times.

Similarly, for the reflection in a plane we demand
0’=Q, o'=E. (6.5)

The element ) commutes with all the other elements of the group. As a result, a
new set of elements is formed, which creates a group whose order is twice that of the
original group. The new group is called double point groups.

This approach enables the introduction of two-valued representations of the point
group by constructing the one-valued representations of the corresponding double
group. The irreducible representations of a double point group include the one-valued
irreducible representations, which are identical to those of the original point group.
In addition to these one-valued representations, two-dimensional representations also
arise.

As a particular case, let us consider the Dy group and denote the corresponding
double group by D). The characters of the two-dimensional irreducible representation
of the double group D), denoted by E’ (not to be confused with the identity element),

are given in the table below:

cg 0y G
D, | E Q C3Q C3Q C5Q
El2 -2 0 0 0

Table 3: Characters of two-valued representation of D group.

Application in Quantum Mechanics

In Quantum Mechanics, it is not always possible to solve the Schrodinger equation
exactly. Therefore, one can study the properties of the energy eigenvalues and eigen-
states of a system, particularly for more complex molecules, by utilizing the symmetry
groups. The symmetry transformations leave the Hamiltonian of the system invariant,
meaning that the group elements commute with the Hamiltonian. As a result, it can
be shown that the energy eigenfunctions of the system can be classified according to

the irreducible representations of the symmetry group.
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Additionally, let us mention that the energy eigenstates corresponding to one-
dimensional irreducible representations are non-degenerate, while the eigenstates asso-

ciated with two-dimensional representations are two-fold degenerate [135].

6.2 Rigid tops

Since our focus is on the energy eigenstates of symmetric and asymmetric tops, we
begin by reviewing the necessary concepts from classical mechanics. We will then

derive the Hamiltonians for both cases, which will later be quantized.
Motion of a rigid body in classical mechanics

In general, the motion of a rigid body with respect to a fixed coordinate system
involves both translations and rotations (around the center of mass). Here, we will
focus specifically on the rotational aspects.

The rotational dynamics are characterized by the angular velocity, moments of

inertia, and angular momentum, which will be introduced below [143], [144].
Angular velocity

Let us denote the angular velocity vector of the rotating rigid body by 2. The
components of the angular velocity vector along the coordinate axes, expressed in

terms of the Euler angles in zyz-convention, are given by

Q) = sind — sin 6 cos Yo,
0y = sin ¢ sin 0¢ + cos Vb, (6.6)
Q3 = 1/1 + cos Qé,

where Qq, Q5 and €23 are the angular velocities about the 2/, ' and 2’ axes of the

body-fixed frame of reference.
Angular momentum

The angular momentum vector L is related to the angular velocity vector €2 by a
linear transformation, which involves the moment of inertia tensor. The relationship
is given by

L =1;%;, 1i,j=1,2,3, (6.7)

where L; are the components of the angular momentum vector and ;; is the (moment
of) inertia tensor, which depends on the choice of the rotation axis.
Since the moment of inertia tensor is a symmetric matrix, it can be diagonalized

through an appropriate transformation, such as changing the direction of the coordinate
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axes. Therefore, the diagonalized tensor can be obtained as follows:
1Y = RIR", (6.8)

where R is a rotation matrix and I¢ is the diagonal moment of inertia tensor given by

L 00
=10 L o]. (6.9)
0 0 Iy

The directions of the coordinate axes 2/, ¥ and z’ for which the moment of inertia
tensor is diagonal are called the principal axes.
The angular momentum and angular velocity vector components along the principal

axes are related as
Ll == [191, LQ - [QQQ, L3 - [393. (610)

Kinetic energy

Finally, another important concept needed to study the dynamics of the rotation

of the rigid body is the kinetic energy. The rotational kinetic energy can be written as

1
If the axes ’, 3/ and 2’ are taken to be the principal axes of inertia, the kinetic energy

simplifies to
1

2

In addition, it can be expressed in terms of the components of the angular momentum

1 1

Ly L3 | L3
= — 4+ =4 —=. 6.13
20 * 2, 213 (6.13)
6.2.1 Symmetric top
A symmetric top is a rigid body where two of the three moments of inertia are equal,
I, = I, # I3. Hence, the rotational kinetic energy of a symmetric top takes the form

1 1
T=h (QF +93) + 51393, (6.14)

In terms of the angular momenta, the kinetic energy can be written

Li+ly, Lj

TP = .
oI, 20

(6.15)
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Let us introduce the following parameters

1 1 1
e = 6.16
“Ton 21, 7 2Iy (6.16)
These are known as rotational constants. Taking a = b for the symmetric top, we can

write the Hamiltonian of the symmetric top as follows:
H =a(L} + L3) + cLj, (6.17)

or equivalently
H=al?+ (c—a)L3. (6.18)

Recalling the body-fixed angular momentum operator L; in terms of Euler angles, as
presented in equation (5.55), and explicitly substituting the operators, the Schrédinger

equation for the symmetric top can be written as

0? 1 9 2¢cosl  0?

- a—2+ t9§+(f+ t29) + -
ooz "oy a o2 sin2600¢%  sin? AP

} U= EEI;.JQ)

Before discussing the solution to the above equation, let us first note that for the
spherical top, where I} = I, = I3, the equation simplifies to the eigenvalue equation of

the Casimir (or total angular momentum) operator (5.59), with eigenvalues of
E=al(l+1), (6.20)

and the orthonormalized eigenfunctions of

20+ 1
872

qjlnm(¢797w) = Dinm(gb?eal/))? (621)

where [ take integer values and |n|, |m| <.

To solve the equation (6.19), let us use the following ansatz:
U(g,0,1) = e ™ B(h)e™, (6.22)

Substituting this ansatz into the equation, we obtain

d? d m? + n? + 2mn cos 6
a a

1 a—c ,
W‘FCO’G@@ - 20 }B(Q) = {—E+ n }B(@) (623)

Recalling the equation (5.61), one can see that B(f) = A

Cm(0) with the eigenvalues
of

E=al(l+1)+ (c—a)n’ (6.24)
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Thus, the eigenfunctions of the symmetric and spherical tops are the same. The dif-
ference lies in the energy eigenvalues. For the spherical top, the energy eigenvalues
depend solely on the quantum number [, and the levels are (21 + 1)-fold degenerate,
corresponding to the values of n. On the other hand, for the symmetric top the energy

2 as well. Since the values of n with different signs correspond

eigenvalues depend on n
to the same energy eigenstate, the degeneracy is 2(21 + 1) for n # 0.

Finally, for the convenience of future developments regarding the asymmetric and
“ideal” tops, let us use the notation | mn> to describe the eigenstates, as was done in

(5.93), namely,

20+1
Vinn (1,0, 0) = =

Furthermore, the eigenvalue equations for the body- and space-fixed angular momenta,

(¢,0,¢]lmn). (6.25)

given in (5.57) and (5.58), can be rewritten using this notation as

L+|lmn> = Qpi1|l, m,n+ 1>,
L_[lmn)=ay,|l, m,n—1), (6.26)
Ls|lmn) = nllmn),

and }
L+|lmn> = 1|, m+1, n>,
[~/_|lmn> = ap|l, m—1, n), (6.27)
Eg\lmn> =mllmn).

We conclude the discussion by noting that the Hamiltonian of the symmetric top

commutes with the operators L2, Ly and Ls. The operators L; act on the index n of

the eigenstates {l mn>, while the operators L; act on the index m.

6.2.2 Asymmetric top

An asymmetric top is a rigid body in which all three moments of inertia are distinct,

i.e., Iy # Iy # I3. Hence, the Hamiltonian has the general form
H =aLi+bLj+ cLj. (6.28)

It is easy to observe that, unlike in the symmetric case, the Hamiltonian commutes
with the operators L? and Ls; however, it no longer commutes with L3. Therefore, n
is no longer a good quantum number for the asymmetric top.

It can be shown that the eigenfunctions of the asymmetric rigid rotator can be

expressed as linear combinations of the symmetric top eigenfunctions [lmn) [135].
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Therefore, we can write
!

[lm) = Z ay,[lmn), (6.29)

n=-—I1

where ‘lm> are the eigenstates of the asymmetric top. Substituting this expansion into

the Schrédinger equation

H|lm) = E|lm), (6.30)

we get
> " ay (Hyw — Eby) =0, (6.31)

where
]:I]lmn> :ZHnn/|lmn/>. (6.32)

Hence, we get (2 + 1) equations corresponding to each value of n. The roots of the
secular equation
det|Hnn/ - E(S,m/| = O, (633)

are the energy eigenvalues of the asymmetric top.
However, a more convenient choice of eigenbasis can be made to simplify the calcu-
lation of the energy eigenvalues. This eigenbasis can be constructed by incorporating

the symmetry properties of the asymmetric top [140], [145], [146].

Symmetry properties of the asymmetric rotator

The symmetry group of the asymmetric top is the group Ds, which as we discussed
in Section 6.1, contains an identity element and three two-fold rotations C¢, C%, C,
i.e., rotations by angle m about the three principle axes of the top.

The Hamiltonian and the commutation relations of angular momenta (5.41) are
invariant under the transformations of the symmetry group. Therefore, as discussed
in Section 6.1, the eigenfunctions can be classified according to the irreducible repre-
sentations of the symmetry group. The D, group has four one-dimensional irreducible
representations: A, By, Bo, and Bjs, see Table 2.

The symmetry axes of the rotations, denoted by a, b, and ¢, can be identified with
the body-fixed axes 2/, ¢/, and 2/, respectively®'. The Euler angles will be transformed
under the operations C$, C%, CS as expressed in Table 4 below.

Therefore, it can be shown that the eigenstates | mn> transform under the action

3INote that this is a specific choice. In general, there are 3! ways of relating a, b and ¢ to the
body-fixed coordinate axes. Additionally, due to the various choices of Euler angles used to describe
the orientation of the body-fixed axis with respect to the space-fixed axis, the notation and operation
of the two-fold rotation on the eigenbasis |! mn> differ in the literature, which can lead to confusion
[145].
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Table 4: Transformation of the Euler angles under the operation of two-fold rotations.

of these operators as
Csllmn) = (-
CHllmn) = (-1 ”"\lm —n>, (6.34)
Csllmn) = (—1)")lmn).
0

Let us introduce the functions (for n # 0) as in [147],
imnz) = (=1)"* ™"|lmn), (6.35)
Then we take the following combination (known as the Wang combination)
imny)=2""2[llmnaz) + (=1)"|lm —nz)], (6.36)
where v =0 (even) and 1 (odd). Furthermore, for n = 0 only v = 0 exists, i.e.,
lm00) =|lm0z). (6.37)

One can show that
Csllmny) = (=)™ [Imn~y),

Collmny) = (=1)" ™ imn~), (6.38)
Csllmny) = (=1)"[lmn~y).
Thus, the states ]lmn”y> are simultaneous eigenstates of the C¢, C%, C§ operators.
The symmetry species (or the representation classes) of the eigenstates depend on the

parities of n and [ + v, as shown in the Table below, where ‘e’ denotes the even values

and ‘o’ denotes the odd values.

Symmetry species | Parity of n | Parity of [ + ~
A e e
B, 0 e
By o} 0
B, e o)
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Finally, instead of (6.29), we can expand the asymmetric top eigenstates in terms

of [lmn~y)
im~y) = Zaﬁmﬁﬂmnw. (6.39)

In this case, the secular equation takes the form
det]Hnnw — Eénn/’ =0. (640)

Hence, expanding the eigenstates of the asymmetric top using the basis |l mn’y> leads
to the secular equation breaking down into four lower-degree equations, each corre-
sponding to one of the four possible symmetry species (associated with the symmetry

representations) of the eigenstates.

6.3 “Ideal” tops

As mentioned in the introduction of this chapter, the solution to the second-order
equation for the Dirac spinor field in the fixed Mixmaster universe corresponds to the
eigenvalue equation of the Hamiltonian for an asymmetric “ideal” top [142].

In this section, we extend our discussion to the general Bianchi IX model, which

encompasses the Mixmaster (or diagonal) model as a particular case.
6.3.1 Hamiltonian of the “ideal” top

Second-order equation
First, let us recall the second-order equation for the Dirac spinor field ¥. As we
discussed in Sec. 3.2, it is given by
[V, VF+ R/4—m?] ¥ =0, (6.41)
where the covariant derivative has the form
Vy=0,+T,, (6.42)
with the partial derivatives expressed in terms of the invariant basis: Jy = ey and
0; = o7;e;. The connection is given by

1

F#:§

mdBMEdB, where mdéu:ﬁﬁ#ndﬁﬁ. (6.43)

Let us also recall the relation (3.103), which can be rewritten as

R 1 1
i gRuqu"’y”’yW’ = §Rwo—z“”2“, (6.44)
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where we introduced ¥#, defined by

1
B =1 (6.45)

Since y* = ﬁ&” 7%, we can express L in terms of the Lorentz generators 248 as follows:

v L & 1 v B 7 u7 vyas
S — Z[haﬂ’V ha Y] = hdhy s (6.46)

We can write the Dirac spinor ¥ via two bispinors

vy
U — (\PR> ’ (6.47)

and by substituting it into (6.41), we can separate the second-order equation for each

bispinor. Hence, the second-order equation for the left-handed and right-handed spinors

is given by
1
V,.VH + §RMV/\UZ%,VRE%;,TR — mQ} U r=0, (6.48)
where
S = hi'hy 275, (6.49)

and Z‘zﬂ r are generators of the Lorentz group for (%,O) and (0

, %) representations,
respectively (see, e.g., Srednicki [112] for details).

Considering a fixed general Bianchi IX model, all time-dependent parameters o, S+
and w'; are set to constants. Since the generators E%’g » are proportional to j; = % spin

angular momentum operators, it has been shown in [142] that

1 U wAo ~
éRuvkozz,Rzz,R = Z Ci]i27 (6.50)

where ¢; are constants that can be determined through careful calculations. This is a
general form to express the proportionality.
Next, let us consider the first term of the second-order equation, which for the
N; = 0 gauge, simplifies to
1

B kv - _
VuV' =gV =~ 5

o} + 9" V,V;, (6.51)

where the three-metric ¢ is given in a coordinate basis. Let us relate it to the three-

metric in the invariant basis {e;}. Using the relations (2.28), we can write

dI* = gijda'da’ = g;j0',070%0° = heyoo®. (6.52)
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Furthermore, the inverse three-metric in coordinate basis then is given by ¢¥ =

h%o,ioy7, where the inverse three-metric of Bianchi IX has the form
h® = R, R°, h™", (6.53)

with
Rt = (bR0) T k=m, [ =n. (6.54)

The explicit forms of functions b* are give in (4.10).
Let us consider the spatial part of (6.51). Using the relations obtained above, we
can write

9"V, V; =h"0,'0,7 (9,0, + 0;T; + T;0; + I;T';). (6.55)
Substituting the inverse three-metric and using e, = 0,'9;, we obtain
gijvivj = R, R, D™ (eqep + €4 abjf‘j + 0, T ep + aaiabjFiFj). (6.56)
Let us analyze the terms inside the brackets separately:

e The first term simplifies to

R, R W™ eqe, = R RV, (DF0) 16 e ey = Z e Pig2 (6.57)

79

i

where we have used the relation of the left-invariant and right-invariant bases,
ie., €, = R%,e,. Furthermore, since the left-invariant basis is related to the
space-fixed angular momentum by (5.54), it is easy to notice that the above term

is proportional to L2. So, let us write

R R W™ eqey = Y piL3, (6.58)

where p; are again constants. Note, that for the diagonal case the first term takes

the form
R e e, = (BF0) "1™ e e, = Z e’BieZ2 = ZpiL?, (6.59)

where p; = —p; and L; are the body-fixed angular momentum components.
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e Next, let us consider the last term in the brackets. For the covariant derivative

acting on the ¢, p we can introduce
Lr_ 1 o _ 1sp ap — A 6.60
I = §“a;§i2L,R = §h i“aﬁﬁzL,R = A I (6.60)

Therefore, the last term in (6.56) is proportional to

R R W0 o/ T Ty =) 07, (6.61)

where spin angular momentum components in space-fixed frame, denoted by 7;

are related to the components in body-fixed frame as
Ji = R™ jm. (6.62)
For the diagonal case, we have

7mn 7 j 2
W™ i, T = Z viji. (6.63)

e [inally, for terms e;I'; and I';e; it is straightforward to show that
R RO ™ (eq 0w’ s + 04'Ti ) = ) &Liji, (6.64)

where we used the fact that the orbital and spin angular momenta commute.

This term corresponds to the spin-orbit coupling.

For the diagonal case, we get

W (e 0’ T + 0 Tien) = &Liji, (6.65)

Moreover, we can introduce the total angular momentum J in the body-fixed

frame and J in the space-fixed frame as follows:

Jy=Li+j;, J,=L;+J, (6.66)

where the total angular momenta J and J are related via the rotation matrices

R

= R™J,n. (6.67)

BN
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The coupling term can be expressed in terms of the total angular momentum J;

Liji==(J} =L} —j2). (6.68)

1
2
The same obviously holds in the body-fixed frame as well.

Hamiltonian

Let us substitute (6.50) and (6.56), with relations obtained above, into the second-
order equation (6.48). Taking into account the separation of the temporal and spatial

parts in (6.51), we get the Hamiltonian eigenvalue equation

HwL,R(Q/% 67 (b) = (E2 - mz)\IIL,R(w7 97 (b)a (669>

with the eigenvalues of £? — m? and the Hamiltonian of the form
}¥:§:<&ﬁ+ﬁwf+mf>, (6.70)

where S\i, [4;, U; are constants.
For the diagonal Bianchi IX model, it will be expressed in terms of the body-fixed

angular momenta, as derived in [142],

H =2 (ML + i +vid}) (6.71)

which is the Hamiltonian of an asymmetric top with an “intrinsic” spin, also known as
an “ideal” asymmetric top.

Also, let us point out that for the symmetric “ideal” top we have
H =ML + pj* +vJ?, (6.72)

where the coefficients of each angular momenta components are the same constants.
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6.3.2 Symmetric “ideal” top

Body-fixed Hamiltonian

Let us note that the body-fixed Hamiltonian of the “ideal” symmetric top, given by
(6.72), commutes with the operators J?, L? = L2, 4%, Js and Ly. The eigenstates of
this Hamiltonian are the same as those obtained in Sec. 5.4.2 using a purely group-
theoretical approach. As mentioned there, one can choose between two different bases.
In Sec. 5.4.1, it was shown that the choice of a different basis is related to the selection

of sets of operators that commute with the Hamiltonian:

e For the commuting set of the operators L2 = L2, j2, L, j; and Ls, the eigenstates

ls;m (n —ny)ng) = |lm (n — ny))|sn), (6.73)

where n, = :I:%. Hence, we have two independent basis vectors

|

I\ 1 1y l,m,n—%>

Iy 1 0
s )= (ny) O

e For the set of operators J?, L? = [7,]'2, Js, L3, the eigenstates are |ls;jmn>,

which can be expressed in terms of the previous eigenstate as follows

\ls;jmn> = Z C{;Z_ns;sns\l,m,n—ns>\sns>, (6.76)

1
n5::i:§

where j = £ ;. As we obtained in (5.96), the eigenvectors then explicitly have

the form

1 + lin+%\l,m,n—%>

— (6.77)
V2i+1 IFn+3ll,mn+3)

]jmn> = )li%, mn> =

Thus, any bispinor on a symmetric top can be expanded using the obtained eigenvec-

tors, with the choice of either of the two bases for the expansion.
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Space-fixed Hamiltonian

The Hamiltonian of the “ideal” symmetric top, expressed in terms of the space-fixed

angular momentum operator, reads
H = \L? + jij> + vJ>. (6.78)

In this case, the Hamiltonian commutes with the operators J2, L2 = L2, j2, J5 and Ls.
Following the same steps as before, it is apparent that the eigenbasis of the space-fixed
Hamiltonian can be obtained by simply exchanging the quantum numbers m and n.

Thus, the two eigenstates are given by:

e For the commuting set of operators L = L2, j2, Ls, j5 and Ls, the eigenstates

are

|ls; (m —my)n) = |l (m —my)n)|sm,), (6.79)
where mg = i%. Then the eigenvectors take the explicit form

1
_m8_§

1 (1 I\ (|lbm—1%n)

N[ =

- mg = —

1 1 1 0
e D= (e y) O

e For the set J2, L2 = L2, }2, J3, L, the eigenstates are

|l3;jmn> = Z Clj;g—ms;sms l7m B ms,n>]sms>, (682)

1
m5::|:§

which has the following explicit form

|jmn>z‘zi1 mn>: 1L (EytEmtsglm= g (6.83)
2’ V2+1\ JiFm+Llm+ 1 n)
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6.3.3 Asymmetric “ideal” top

Body-fixed Hamiltonian

The Hamiltonian of the asymmetric “ideal” top (6.71) commutes with the operators
L2 =12 42, J?, Ls: however, unlike the symmetric “ideal” top, it doesn’t commute with
the operators Ls, 73, J3. Hence, n is no longer a good quantum number. It has been
shown in [142] that similar to the asymmetric top, the eigenbasis of the asymmetric
“ideal” top can be expressed as a linear combination of the eigenbasis of the symmetric
“ideal top”.

First, to be able to separately discuss the spinor components, let us introduce a
spinor index g, which takes values p = 1,2. Thus, recalling the eigenstates of the

symmetric “ideal” top, for each spinor component it can be written as follows:

e For the basis (6.76) of the symmetric ideal top, by introducing the spinor index,

y j?n
J mn> = E C —1)H —1)K
) M R T

S T §

we have

l,m,n+ (_21>#>u' (6.84)

Therefore, the eigenstates of the asymmetric top (for each spinor component) can

jm) = >

be expanded as

jm n> : (6.85)

m

— For =1, it reads

1
wy (YPEREE

mn) — =+ At
g ># Z Va1

)j m>1 - Zn:agnn

— For y = 2, we have

jmny =S (V12
2

jm) = al
"7 >2 ; mn
e For the basis (6.79), each spinor component can be expanded as

. _ l
ls,m> —g Ay
o
n

l,m,n + (_21)”>u. (6.88)
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Space-fixed Hamiltonian

The space-fixed Hamiltonian (6.70) commutes with the operators J?, L2 =12 2
and Ls. It does no longer commute with the operators J3, Lz and Jjs. Therefore, we
have to sum over m quantum number.

Thus, we can expand the spinor field as follows:

e For the basis (6.82) of symmetric ideal top, introducing the spinor index pu, we

have

l,m + (_21)”,@“. (6.89)

) = 3O
2

j= l:i:f

The eigenstates of the asymmetric top Hamiltonian can be given by

iny = >

>H. (6.90)

— For p = 1:

,/lj:m—i—l

. - . I+ 2

:E J :iE -2 IR AR -
)jn>1 amnjmn>u a m

(6.91)
— For p=2:
in), Z ), = i s S| (6.02)
n al, = mit | ———l, —.n)|. (6.
’ - NoTEs 2
e For the basis (6.73), each spinor component can be expanded as
_1>M

ls;n> =S n> . 6.93
SRS 2 " 099
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Symmetry adapted basis

Finally, one can also incorporate the symmetry properties of the “ideal” asymmet-
ric top to expand the eigenstates in terms of the eigenstates of the symmetry group
operators.

As discussed in Sec.6.1.2, the point group D, must be extended to its double point
group D) in order to incorporate the spinors. The group elements are provided in
Table 3.

Under the action of the operators C¢, C% and C§, the eigenstates |j mn> are trans-
formed as3?

C’g|jmn> = e”j|jm —n>
CHljmn) = €™ Ut im —n), (6.94)

Cslimny =€e™[jmn).

We introduce a basis |j mn~), which generalizes (6.36) as follows:
ljmny) =2" 1/2[jmna:>—|— 1)jm —nwz)]. (6.95)

The transformations of these states under the action of the Dy group operators are

given by:

e For integral j:

Csljmn~y) = (=1 ]jmn~y),
C3| jmny) = (=177 jmny), (6.96)
Csljmny) = (=1)"jmn~).

Hence, |j mn’y> for integral values of j are simultaneous eigenstates of the sym-
metry operators (as expected). Using these states as the basis for the expansion
will split the Hamiltonian into four blocks, each corresponding to one of the four

irreducible representations of the D, group.

e For half-integral j:

Csljmny) = (=1)e™|jmnry),
T (1) jmn =), (6.97)
Csljmny) =e™[jmn —~).

Cé’ljmm>=—

Using the above states as a basis for the expansion, it has been shown that the Hamil-

tonian splits into two blocks. Furthermore, the energy eigenvalues for each block are

32The eigenvalues are different from the one obtained in [142], because of different choices of Euler
angles.
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doubly degenerate [142].

The expansion of the asymmetric “ideal” top eigenstates in terms of these eigenstates

j m7>u =D Gy

This expansion, however, is not a convenient choice for solving the Weyl and Dirac

can be written as

jmn'y>u. (6.98)

equations. The reason is that in these equations, the operators L; and L; appear
(instead of the squares of the operators, as in the second-order equation), and these do
not commute with the operators C¢, C5 and Cf of the D, group.

Therefore, throughout the thesis, the expressions (6.88) and (6.93) will be used as

the most convenient choice.
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7 Spinors in a Bianchi IX universe

In this chapter, we present the solutions and quantization of the left-handed Weyl and
Dirac field equations, as derived in Sec. 4.4, within the context of a fixed Bianchi IX
universe.

The motivation for using a fixed background is twofold. First, as discussed in detail
in Sec. 3.3.2, to address particle creation due to cosmic expansion, certain assump-
tions must be made to unambiguously define the “in” and “out” vacuum states. We
assume that the universe is static in both the past (the “in” region) and the future
(the “out” region), while evolving between these two regions. Although the assump-
tion of a fixed background is an unrealistic approximation, it still allows us to explore
the unique effects of spacetime anisotropy on particle energy spectrum and particle
creation processes. This approach serves as a first step in understanding the general
features of particle production in such spacetimes, which can be further refined in the
future using the adiabatic approximation and other advancements based on the WKB
approximation.

Second, given the highly complex dynamics of the Bianchi IX model, adopting a
fixed background enables analytical solutions to the field equations. This approach
allows us to isolate and examine the effects of background anisotropies and rotation
on the particle and antiparticle energy spectrum. Notably, intriguing and novel effects
emerge, particularly asymmetries in the energy spectrum between particles and an-
tiparticles with different spin states. These effects are especially significant for Dirac
spinors in a rotating universe and will be explored in detail in Sec. 7.2.2.

We begin by considering axisymmetric Bianchi IX models as a special case of the
more general Bianchi IX model. This approach allows us to first investigate the key
features and contributions of geometric aspects, starting from the simplest cases and
gradually progressing to the most complicated. In Sec. 7.1, we will study Weyl spinors
across the range of models mentioned earlier, addressing each one separately. Ad-
ditionally, we will briefly discuss the phenomenon of fermion level crossing for Weyl
neutrinos, which arises due to spectral asymmetry resulting from the anisotropic ge-
ometry. This effect was originally explored by G. W. Gibbons [61] in the context of
the axisymmetric Bianchi IX model. In this work, we extend this analysis to a broader
range of models. Finally, in Sec. 7.2, we will focus on the Dirac spinors across these

models, which constitutes the primary focus of this thesis.

106



7.1 Weyl spinor

Let us recall the left-handed Weyl equation for the general Bianchi IX case, previously
derived in Sec. 4.4 and given by eq. (4.103), which we explicitly present here:

3t

z'hé/ﬁaeu — ﬁ

1
o1 1 L\?
04—§F(a,6+’5)—ﬁz<1+j> Qo' | T =0.  (T.1)
i

In this section, we solve this equation for various universe models, each addressed in

its respective subsection.

7.1.1 Axisymmetric Bianchi IX model

To obtain the axisymmetric Bianchi IX model, which is the simplest case, we impose
an axial symmetry on the diagonal Bianchi IX model. This symmetry assumes that
the spacetime remains invariant under rotations around a specific axis. This model,
fixed in time, represents a symmetric top.

As briefly mentioned in Sec. 2.4, the line element for axisymmetric Bianchi IX model
can be derived by setting f_ = 0 in the line element of diagonal Bianchi IX model,
which implies 8; = 8 = B and 3 = —203,, as defined in eq. (4.9).

Hence, the line element of axisymmetric Bianchi IX has the form33
di? = e2P+te) [(01)2 + (02)2] 4 e2(72+te) (03)2 : (7.2)

In this case, the inverse vierbein obtained in (4.21) for the general Bianchi IX model

simplifies to
hi! ="', hy'=—, hy'=0, h'=0, k=i. (7.3)

Furthermore, to obtain the left-handed Weyl equation for the axisymmetric Bianchi
IX model, we must drop the rotational contributions oc €; in eq. (7.1). Additionally,
it is more convenient to carry out the calculations in conformal time, which can be
achieved by substituting N = e®.
Thus, the left-handed Weyl equation in the axisymmetric Bianchi IX model takes
the form
i6%0, + ie”Pit®gle, — iga’ — %ﬁ’(a, B ¥, =0, (7.4)

where we introduced a new function by setting 5_ = 0 in F(«, 84, 3-), as defined in

33Note that o here refers to the one-forms, while the Pauli matrices are denoted by o', These
should not be confused.
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(4.79), i.e
F(0,8,) 1= F(0,By. 8- = 0) = 1™ [+ + 267]. (7.5

Solutions in the fixed background

We take f, and a as constants given at the specific moment of time. Recalling the
notation in (3.8), where 50 = I and ' = —0", the equation for the fixed background

takes the form -
i,V = |ie”Fitgle, + F( By) | W (7.6)

In a fixed spacetime, the absence of time dependence in the metric allows for the
separation of variables in the field equations. Thus, by separating the temporal and

spatial variables, we can look for solutions of the form

where N(n) is a function of time and Z(¢, 0, ¢) is a spinor. Substituting this into the

equation and gathering the temporal and spatial parts on different sides, we obtain

(@Nm) 1
N(n) =(1, 0 ¢)

G gie; 4 CF(a, )| 2W.0.0).  (78)

Setting each side equal to a constant F, for the temporal part we get

(@Nm) _ o
ZW—E — N(n)=e ", (7.9)

and the spatial part leads to

[w Prtlgte; + F( m)} =(v,0,6) = EE(¢,0,9). (7.10)
Note, this is the eigenvalue equation of the operator
D, = [ie_(ﬂfra) Ze + F( ﬂ+)} . (7.11)

Recalling the connection between the right-invariant angular momentum and the in-

variant basis, as given in (5.54), i.e
L; =ie;, (7.12)
we obtain the following relations
i(e —ies) = Ly —ils = L_ and i(ej +ies) = L +iLs = L. (7.13)
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Then, the equation (7.10) can be written in terms of the angular momentum operators

as follows:

(1]

<e25+—aL3 + 5 F (o, By) el > — EE. (7.14)

e~ Ferel L, —H 0 Ly + S F (o, By)

In Sec. 6.3.2, we discussed the eigenbasis of the symmetric “ideal” top in detail. As
mentioned, the spinor field on the symmetric top can be expanded using two possible
choices of the eigenbases, given by equations (6.73) and (6.76).

Namely, the spinor = can be expanded either as

— _(’U}l)_ 1 (%lm\/l—i_n—i_%_ glm\/l_n—i_%)ll?man_

1
_ 3)
—nlm — )
() V2l +1 <f7}blm~/l—n+%+fglm@/l+n+%)|l,m,n+%>
(7.15)
or
Lo _ 1
2 = 1) = (Frll e §> . (7.16)
Wy 2 allm,n+ 1)
Here, f1, . f%  are the expansion coefficients and |l m n) are the eigenfunctions of the

operators L2, Ly, and Ls; see Sec. 6.2.1.
We will proceed with the second expansion, as it is more convenient for our calcula-

tions. Recalling the eigenvalue equations (6.26), we can calculate the following terms,

1 1
Lowy = fh Ly [l,m,n— §> = filman% L,m,n+ §>,
2 1 2 1
L,/UJQ = fnlm L_ l,m, n + 5 = nlman+% l,m, n — 5 s (717)

1 1
1,2
L3w1,2 = fnlm (n:F 5) ‘laman:‘: §>7
where a,, = /(l+n)(l—n+1), with |m| < [ and {n—%‘ < [ corresponding to
l,m,n+%>.

The matrix equation (7.14) can be rewritten as two separate equations. Substituting

l,m,n — %>, and ‘n + %} < [ corresponding to
the above results into these equations yields

fl _6—(ﬁi+a)f2l o

nlm — nlm n—i—%?

{E - %F(a, By) — e Pate) <n - %)]

{E — %F(a, By) + e~ (Bste) (n . 1)} (7.18)

2 —(Bi+a) ¢l
2 fnlm_e b1 a)fnlman+%'

109



Energy eigenvalues

To calculate the energy eigenvalues, we divid in (7.18) one equation by the other.

Then, simplifications lead to the following quadratic equation:

. 1 . 1 -
E? — (F(Oé,ﬁ+) - 62B+_a> E+ ZF2(Oé7 6—&-) - §F(a7ﬁ+)e2/8+_a
1 (7.19)
_2@Br—a) [ 2 2 ) 20B4ta) 2
e\ (n 4) e "Vt Q1= 0,
which has two solutions given by
1 1/2
By = e (B+to) {163’8+ + [n2665+ + ai+4 } . (7.20)
For convenience, let us introduce functions
e L/~ 284+ —« 1 —4B4+—a
Gla By) 1= 5 (F(a,ﬁ+) _ 20 ) = Je7, (7.21)
and
1/2
O, By) = e~ (B++a) [n2€66+ + O‘i+l} 7 (7.22)
2
Hence, the energy eigenvalues can be written
E, = é «, B - ajn «, B )
1 ~( +) (o, By) (7.23)

E2 = G(Oé, B-l—) + (Dnl(Oé, /B+)

The negative eigenvalues correspond to neutrinos, representing positive-frequency solu-
tions, while the positive eigenvalues correspond to antineutrinos (see Sec. 3.1.1). One
can observe that, due to the anisotropic contribution, there is spectral asymmetry,
which is not present in isotropic models.

In addition, as the universe evolves and approaches isotropy (explained in detail in

Sec. 4.2.1), i.e., 4 — 0, the energy eigenvalues simplify to:
1 1/2
E12—>e_a{—i [n2+a2 4 } (7.24)
’ 4 n+j;

It is easy to observe that for certain modes, where both energy eigenvalues (7.23)
are initially positive, the eigenvalue E; can become negative after the damping of
anisotropies. As explained by G. W. Gibbons in [61], this is the cause of the fermion
level crossing. We will explore this phenomenon further, along with other universe

models discussed in this chapter, in Sec. 7.1.5.
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Next, let us also present the eigenspinors, which were obtained from the equations

(7.18) for the energy eigenvalues (7.20), and are given by the following expression®*:

1/2

~(Br+a) ) 3B 4 [ 2,60+ 4 2 } I 1

zl2 _ <w1> _ (e {ne e +ay }| ,m,n— %) (72s)
w2 an+%e’(ﬁ++o‘)|l,m,n + 1)

It should be noted that the energy eigenvalues (7.23) are proportional to n?, which
indicates that the energy levels are degenerate. However, in the case of rotating ax-

isymmetric Bianchi IX, we will see that this degeneracy is lifted.

General solution

Finally, the general solution can be expressed as follows:

_ 2 : 1 =1 _—iEip_ 2 =2 _—iEay
qu(na 77Z}7 Q? ¢) — |:anlm“—‘nlm6 + A lm=nim®€ ] ’ (726)
nlm
where al, ~and a2, are the expansion coefficients. Note that, since there are no

distinct positive and negative energy eigenvalues at this stage, one cannot yet identify
these coefficients as creation and annihilation operators. More details on this will be

presented in Sec. 7.1.5.

7.1.2 Rotating axisymmetric Bianchi IX model

We can consider a more general case: a rotating axisymmetric Bianchi IX model. Due
to its axial symmetry, this model can exhibit rotation only about one axis. Hence, the
three-metric for this model can be obtained by setting f_ = 0 in the three-metric of

the symmetric Bianchi IX model, given by (2.21), i.e.,
M, o = RY(O)], _R(6). (7.27
= ()" Ri(e), h'=~, hy'=0, h'=0, k=i, (7.28)

where the matrix R,(¢) is given by (5.5). Furthermore, in (7.1), we retain only Q3
(which corresponds to the rotation with the angle ¢). Recalling the definition of the

34Tn the following sections, the eigenspinors will not be explicitly derived, as they are not required.
However, they can be obtained in a similar manner to those presented here.
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moments of inertia given by (4.44), we see that
I = 4sinh® (2V/38_) = 0. (7.29)

Thus, the left-handed Weyl equation for the rotating axisymmetric Bianchi IX

model takes the form

. o 3 1z .
{ieaﬁoeo +ie e P RiGle; — 5204 — —F(a,fy) — QAU?’} U, =0. (7.30)

Solutions in the fixed background

Considering «, 84, and €3 as constants, and recalling (3.8), the equation of motion

takes the form
1
0,V = {ze<5k+a>R o'e; + F( By) e Q30 }\I/L. (7.31)

By following the same steps as before and separating the temporal and spatial compo-

nents as

we are led to the following equation for the spatial part,

{z’e‘(ﬁk“")R ote + 1F( By) + —e Q0 }E(w,e, ¢)=EZ(,0,6).  (7.33)

As in the previous section, N(n) satisfies the equation (7.9).

Substituting the Pauli matrices explicitly, the equation becomes

(11

(E — % ( 6+) — Ze ﬂ‘?’iaRdez - l 70‘9 72‘67517& (Rl - ZRZ ) _ O

—ie P17 (Rl +iR%) e E—1F(a,By) +ie B Rize; + lemoQy
(7.34)
Furthermore, recalling the relation between the left- and right-invariant bases as given
by (2.24), namely

éi = R'jes, (7.35)
and the relation between the space-fixed angular momentum and the left-invariant
basis given by

L; = —ié;, (7.36)

we can express the corresponding components in the matrix equation in terms of the
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space-fixed angular momentum components as follows

i (R} —iR's) e; = i(é5 — i) = —L_,

( 1 '2) (€1 5) - (7.37)
i (R'y +1iR'5) e; = i(é3 +ié;) = — L.

For convenience, let us introduce a parameter [; = e %~ Thus, the equation (7.34)

can be written as

Eogblof)thls—ge bl ==0. (739)
LI, E = 3F(a,By) = gLy + 570

The rotating axisymmetric Bianchi IX model corresponds to the symmetric “ideal” top,
whose Hamiltonian is expressed in terms of space-fixed angular momentum operators
(see Sec. 6.3.3). In this case, the spinor should be expanded in terms of the basis given
by (6.79). Hence, here we have

l
Enlm = o — nlml e 2 ’ n> . (739)

Recalling the eigenvalue equations for space-fixed angular momentum L given by (6.27),

we can derive the following relations:

- 1 1
L—w2 = nlm |l m + 5 n> fglmam—s— ’l m — 2 n>7

~ 1
Lf’)wl nlmL |l m-3 77,> o 1/2 1lm’l77n_ —,77/>,
] 2 (7.40)
L+w1

nlm

1 1
Ly|l,m— 2 1) = Faim @i |l mt g, \n),

~ 1
Lywy = nlmL L, m+— n> (m+1/2) f2, |l,m+ §,n>

Expressing the matrix equation as two separate equations and substituting the above

results leads to

1~ 1
(= 5780 = 304151 = 1/2)) Fhn =~y 1
1. ) (7.41)
(E 5 ( /6+) Ee_an’) - l (m + 1/2)> nlm — _am-&-%li.frlblm'
Energy eigenvalues
Next, by dividing one equation by the other, we obtain
(E LE(o, By) + b0y — (m+ 1/2)1 ) <E — 1F(a,By) — be 0y + (m — 1/2) zg) —a? I
(7.42)
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Simplifying the equation further and setting 8; = 85 = B4, B35 = —2084, leads to

- 1~ J S
E2 - (F(a76+> + 6_a625+> E+ ZFQ(aaﬁ-l-) + §F(a76+)€_a625+

. <m2 . 1) o 2048+ _ p=20,=284 2
4 m

(7.43)

1
11 + me_QO‘eQB*Qg — 16_2QQ§ = 0.

Then, the solutions cen be given by

1/~ 1 1/2
By = 3 (F(a, Bi) + e_o‘egﬁ*) + ¢~ (Brta) [7712665+ + afn# - me4ﬂ+§23 + 1625+Q§:|
(7.44)
Let us introduce functions
. 1/2
Dt (@, By, Q) 1= 77 [m%% g —me Q4 2] (7.45)
and |
Gt By) = 5 (Ple By) +e2e), (7.46)
Then, the energy eigenvalues can be written as:
El = émt(aa B-‘r) - (’D;r(z;(av 6—&-7 Qﬁ)y (7 47)

EQ - G«rot(a’ 5-‘1-) + aj;glt(aa ﬂ—i—a sz)

It is important to note that in this case, the degeneracy of the energy values is lifted
due to Coriolis or Lense-Thirring forces®®. As seen in the corresponding formula, modes
with m > 0 are suppressed, while modes with m < 0 are enhanced due to the rotation
of the space.
When the universe approaches a closed FLRW form, we have 5, — 0 and Q3 — 0.
Then the energy eigenvalues become
5 1/2
Erp— e {Z & [m?+ a2, } . (7.48)
Finally, the general solution of the Weyl equation in a rotating axisymmetric Bianchi

IX model has the same form as in (7.26), with the energy eigenvalues and spinor

eigenstates specific to this model.

35 A similar situation occurs in [148], where, instead of a spatial rotation, the authors consider a
spacetime rotation, imposing additional conditions to prevent the formation of closed timelike world-
lines.
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7.1.3 Diagonal Bianchi IX model

The inverse vierbein given by (4.21) for Bianchi IX reads
hi' = (bF)716%,  h = hy' =0, h:"=0, (7.49)

with

bF =Mt where By =8y + V36, fo=pBy — V36, fBs=-28,. (7.50)

Thus, by dropping the rotational contributions in the left-handed Weyl equation (7.1),

the equation for the diagonal Bianchi IX in conformal time takes the following form:

R R 3
i6°0, + ie” it gie, — zza Fla, By, B_)| Wy =0, (7.51)

Solutions in the fixed background

Considering that « and . are constants at a specific moment, and using (3.8), the

equation takes the form
1
0,V = { ~Bite)gie, 4 S Flon By, B )} : (7.52)

Separating the temporal and spatial parts as in (7.7), the equation for the spatial part

reads

[I]

{z’e—”ﬁa) e; + 1F( B, B- )] E(¢,0,9) = EE(Y,0,0). (7.53)

Substituting the Pauli matrices explicitly, we obtain

(1]

=K

[

(7.54)

ie~%e Pies + s F (o, By, B-) ie= (e Pie; —ie P2es)
ie=*(e Pieg +ierey)  —ie e ey + 3 F (o, By, o)

Expressing the right-invariant basis in terms of body-fixed angular momentum op-

erator and using the relations

1 1
Ly =3 (L-+Ly), Ly= % (Ly — L), (7.55)

the equation can be rewritten as

oo s St )
st by %mﬁi)—szg

[

(7.56)

In Chapter 6, we discussed that the fixed Mixmaster or diagonal Bianchi IX universe
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resembles an asymmetric top. Furthermore, in Sec. 6.3.3, we constructed the eigen-
basis for the “ideal” asymmetric top, as given in (6.88). Thus, any spinor field on the
asymmetric top can be expanded in terms of this basis. Therefore, for the spinor =,

we can write the following expansion,

Zt = <w1> -3 d,, (flz””’m’”_ %>> . (7.57)
Wy " flm|l,m,n—|—§

The coefficients a',,,, can be determined by solving the Hamiltonian eigenvalue equation
for the asymmetric “ideal” top, given by (6.69), which corresponds to the Mixmaster
universe for specific values of a, 8., and J_. The explicit calculations of the coefficients
are extremely complicated and may even be intractable. Therefore, we will not carry
them out here. Instead, we will focus on obtaining the energy eigenvalues, expressed
in terms of these general coefficients, in order to examine the main structure and

contributions.

The matrix equation (7.56), expressed as two separate equations, can be written as

1 Iy + 1 Iy — 1

(§F(a, By) + szg) wy + (% L_— 2 5 1 L+> wy = Ewy, (7.58)
Iy + 1 Iy — I 1

( 2 JQF Lp, — = 5 1 L_) wy + (§F(a,ﬁi) - l3L3> wy = Bws. (7.59)

Recalling the eigenvalue equations (6.26), we can calculate the following terms:

e For the L3 operator acting on w; and ws:

LgZaﬁm [,m,n+ (_21)“> = Zaim (n—i—

(—21)“) )l,m,n+ (_21)“> (7.60)

e For the L, operator acting on w; and ws:

! (=D"\ N (=D"
L+Zamn l,m,n+ T> = Zamnan+#+l‘l,m,n+ 5 + 1> (7.61)

] 1

1 !
l,m,n—§ = Oy Q4 1
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—u=2

1
IL,m,n+ — +1>

2
>
2

L+ Z A

L,m,n+ = > Z iy Q4 3
_ !
= Z O, (k—1) X+ 1
k

where we introduced & =n + 1.

(7.63)

e For the L_ operator acting on w; and ws:

L_ Zamn l m, + > Zamn 7?#

I,m,n + <_21)H — 1> (7.64)

1)
-3)

1 !
l,m,n— 3)= Uy QL

n
= E al o, 1
p

where we introduced p =n — 1.

(7.65)

—u=2

L Zamnlmn+ > Zamn n+

Substituting the above results into the equations (7.58) and (7.59), leads to

flmZamn [E——F( ,Bx) — 13 (n—%ﬂ ;>

2> (7.66)

(7.67)
s+ 1; A 1
_ f£2 2 i1 5 -
= flmzn: |: 2 amnan—i- ,n— §> - Tam’(n_l)aén_"_% l’m7n + §>:| ’
and
ls + 1 _— 1
flm T - amnan+ 2> - 2 ; am’(p+1)ap+% l7 m,p — §>]
= fin Y _al E—EF(O-’B:I:)‘FZA n+l lmn+1>.
Ilm - mn 9 ) 3 2 ,m, :

(7.68)
To proceed with the calculations of energy eigenvalues, let us use the orthonormal-

ization relations (5.65). It is more convenient to rewrite it it in the following form
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872
> = Sr o S (7.69)

27 T 27
/ d¢/ sinecm/ dip <l’,m’,n'
0 0 0

Applying <l’ ,m',n' — %’ to both sides of the first equation and integrating over the

ranges of the Euler angles allows us to eliminate the summation, leading to the following

explicit expression:
2 ™ 2m 1 1

/ d¢/ sinecw/ A frn > {E — ZF(o, fs) — I (n - —)]
0 0 0 - 2 2

X <l' m',n' —

:/ d¢/ smede/ dip flmz[%afman%@’?m/,n/_%’l,m,n—%>

_lé_li z

which leads to

1 1 ls +1; ls — 1
flm mn |:E - _F( ﬂ:ﬁ:) < >:| flm |: ainnan—‘r% — 2 - ain,(n—2)an—§:|
(7.71)

on both sides and integrating

Similarly, for the second equation applying <l’ ,m',n/ —i—%

over the ranges of the Euler angles leads to

b+ - . ,
flm |: ainnan-i,-l _ 2 . 1 ainv(n+2)05n+§:| = fl%mafﬂn |:E — §F(a’ﬁi) +l3 (n‘l- 5)} ‘

Energy eigenvalues

Afterwards, we divide the two equations by each other to eliminate the f} and fZ,

coefficients. Simplifying the resulting equation further, we obtain

B = (Flay ) ~ ) B + (P B) - (0 82l 6 (1 - 1)

4
Iy + 1:)? 2 -2 a a
SBr e B0 (T, e (7.73)
(I = )? T nr2) Dn ()
— sa, 1 = 0.
4 at,.  al mr TR
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The solutions of the above quadratic equation are given by

F — 1 L+ ;)2 -0 . Uy
E— (o, B+) 3i{n2l3+ (ls + 1) o =2 1an+% 3 2)0[7171_F J +2)an+%

2 4 nty 4 al.. 2 ak..
(Is —1;)? aﬁn,(nw) ain,(’rLf?) :
+ 2 1 1 al al an+§an7% .
(7.74)
Introducing new functions
1
Gla Br, B-) = 5 [Fle ) — ). (7.75)
and
l !
(I + 1)? i -4 G (n-2) )
wnlm(aa B—H 6—) = [ 77‘2[3 + % a?@—&-% o % an+% ainn aﬂ-% + WO{TH’%
l l 1
(ls = 13)? Y (nr2) Fm,(n—2) 2
" 4 a?rrm almn n—i—%an_%] ’
(7.76)
the energy eigenstates can be given by the following form
By = G aaﬁ 757 — Wnim aaﬁ ,6, )
= Gla By, B) = wnin(a B B-) -

E2 = G(Oé, B+7 57) + wnlm(@7 BJra 67)

Note that, in this case, the energy eigenvalues depend on the values of all the quantum
numbers n, [ and m due to the asymmetry, i.e., [ # [;, unlike in the axisymmetric
case, where only n and [ are involved.

When the universe approaches a closed FLRW form, we have 5, — 0, and f_ — 0.

Then, the energy eigenvalues become
1 1/2
Eis — e *q-+ [n2 +a? 1} , (7.78)
) 4 n+j;
which are the same as those in the axisymmetric Bianchi IX model.

General solution

In this case, the general solution can be expressed as follows:

Vr(n,¢,0,0) = Z [ Ze™ " 4 ap Enge ™ (7.79)

ml

where the sum is over m and [ only.
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7.1.4 Rotating Bianchi IX model

Finally, we can discuss the most general case, namely, the rotating Bianchi IX model.

In conformal time, the equation of motion (7.1) takes the form

1
0  (Beta) i i 3t 2 )
200&7+Ze (B;+a) pi. 0'e; — E& - —F( , By, B QNZ( Z’) Qial U, =0.

(7.80)

Solutions in the fixed background

Considering 3, and « as constants given at the specific moment, the equation reads

1

N ﬂk % 1 I[ ? [
i0,¥;, = |ie Ri:cle; + = F( By, Bo) + QNZ L+ ) Qo' | . (781)
i

Separating the temporal and spatial variables as in previous sections, the equation for

the spatial part takes the form

Ny
ie BkRzaeerlF( B, ) + %Z(HZZ) Qo' | E(1,0,0) = EE(, 0, ¢).
i

(7.82)

Substituting the Pauli matrices explicitly, using the relation €; = R';e; and introducing
1

parameters [; = (1 + %) * for shorthand notation, the equation takes the form

— —_
- = =
= = =,

< tlses + %F(Oz, ﬁi) + %670[]_393 1 (liéi - il@ég) + %e*a (]_191 — ZI_QQ2)
(

i (1161 + ils65) + s ([Q; +iL8Q3)  —ilsés + 3 F(a, By) — se 130,
(7.83)
Using L; = —ié; and the relations (7.55) for L, then the equation can be expressed as
follows:
—lyL4 * 1F(a, Be) + te L0y bhp, — BT g leme (RO —ilQy) - pe
ST AT 4 e (R0 +i60s) I3L; + 1F(a ,,Bi) — ey -
(7.84)

As discussed in Sec. 6.3.3, the second-order equation for the rotating Bianchi IX model
corresponds to the Hamiltonian eigenvalue equation of an asymmetric “ideal” top, ex-
pressed in terms of space-fixed angular momentum operators. In this case, the spinor

field should be expanded in terms of the basis given in (6.93). Hence, we can write

_ w . fill,m—21n
Ea={ =Y d, " ; ) : (7.85)
W m fln|l’m+ 2’n>
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Then, the equation (7.84) can be expressed as two equations:

1 -1, N s+l 1 _ _
(E - fF(a, Bi) +1sLs — 26a1393> wy = <l2 5 11L+ _h ; i +5e (L9 — ZJQQQ)> ws,

ls 4+ ls =1 - 1 - - 1 1
< * 1L + 2 1L, + —e @ (IIQi +ZIQQQ)> wy = <E— §F(O(,ﬁi) l L + 6 IgQ )wg.

2 2 2
(7.86)

Using the eigenvalue equations 6.27, we can calculate

e For the I~/3 operator acting on w; and wy:

LS s S )= S (s G2 s G2,

m

(7.87)
e For the i+ operator acting on w; and ws:
)H . (—1)~
L+Z ‘lm+—,n>:;a e C12 5 +1,n> (7.88)
—pn=1
Ly |l L)y =3 l !
+ Zamn , M 57 7’L> - Z amnOém—i—% , T + §7n> (789)
— =2
L Z&l l,m+ = n>:Zdl a3l m—l—§ n>
+ mmn|"» 9’ mn“‘m+ ) 9’

m m (7.90)

~1
:Z A(k—1),n ¥+ 1 n>,
k

where we introduced k£ = m + 1.

e For the L_ operator acting on w; and ws:

~ 5 —1)~ 5 —1)*
L_ a l,m+< 2> ,n>:2afnnam+# l,m+< 2) —1,n> (7.91)
_ ,uzl
LS aluftm = g} = S aanyfim = 5n)
- - mn 7 mn TYL7* 2?
. 1 (7.92)
=Dyt |Lp = 5o,
p

where we introduced p = m — 1.
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—u=

%, n> (7.93)

Z—Za’lrrlnlm+_n> Z U m+

Substituting these relations into the above equations and proceeding as in the previous

section, while omitting the explicit intermediate steps for brevity, yields

1 1 1 .+
ln mn (E - §F< BJMB*) =+ l3 (m - §> - 56 [3Q§,>

b —1i b+l 1
= fl2n { [ 2 9 la(me),nOém—% 2 2 —a Ay Xy L :| + 56 (IIQ ZIQQ )a’(m 1),n }
(7.94)
and

ls + 15 ls =15 . 1
flln {[ 5 1a£nn04m+1 + Tlal(m+2),n04m+§} +3 2 ([1Q + il ) A1 n}

= ln mn (E - 1F’( 5+7ﬁ ) <m+ ;) + %6a1393) .
(7.95)

Energy eigenvalues
Dividing the equations obtained above by each other and further simplifying the

resulting equation leads to

E? = (F(a, By, 5-) + ) E + iF%a,m,ﬁ_) + %F(a,m,ﬁ_)lg — 13 <m2 - i)

_ 1 -
+ €_a[393l3m — Z€_2QI§Q§ - W(Oé, 6:&7 Ql) = 07

where we introduced a function

Iy — a5, ls + 1 L ab, 1
Wia, B+,8%) = { [% P 1 — uam% +5e * (LQ — i[9 )al_l}

{ -

We obtain the following energy eigenstates

~1
bl b= li%mon
g Cmtz T gL Ot

=

F I+ _ 1 gnr
Ey172 _ ( (a7ﬁ+726 )+ 3) + [l§m2 . 6_a1393l3m+ 16_2&I§Q§+W(aaﬁia9i)

(7.97)

122



Introducing functions

NI

Whim (@, By, ) 1= l§m2 — e I303lm + %emlgﬂg + W(a, B+, )| (7.98)
and .
G (a, By, ) = 5 [F(o, B1) — 3], (7.99)

the energy eigenvalues can be expressed as follows:

by = Gr0t<aaﬁ+a/8—) - w:zcl):n<aaﬁ+76—79%)’

t t ‘ (7.100)
By = G i o) + Wi (o B Boi, ).

When the universe approaches a closed FLRW form, we have g+ — 0, and Q3 — 0.
Then the energy eigenvalues become

1 1/2
Bro— e {Z + [mZ +a? ;] } . (7.101)

m+2

General solution

The general solution can be expressed similar to the case for diagonal Bianchi IX;

however, here we sum over n and [ quantum numbers instead,

Up(n,0,0,0) =Y lanZhe B + a2 Z2e 0] (7.102)

nl

7.1.5 Fermion level crossing

In Sec. 3.3.2, we discussed various approaches to particle creation in an expanding
universe, one of which involves the assumption of “in” and “out” static regions. This
is the approach that we will apply in the current context. This framework considers
a Bianchi IX metric that remains static for n < 7;, where the parameters 5., 8_, «,
and €2; are fixed constants at a specific time. For 7 > 7y, the universe isotropizes and
approaches a closed FLRW model, where the parameters 8, S_ and ); decay to zero,
while in the intermediate region 7; < n < 7y, the metric undergoes time-dependent
variations. Under this assumption, the past and future vacuum states, |0;,) and |Ooys),
can be unambiguously defined, providing a well-structured framework for analyzing
the particle creation process in an expanding Bianchi IX universe.

Let us now recall the energy eigenvalues obtained for the different universe models

discussed in the previous section. These eigenvalues can be expressed in the general
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form as follows, which includes all the cases considered:

E}:G_WJ,

(7.103)
E?] =G + wjy.

As we have already discussed, due to the anisotropy of spacetime, there are no clearly
defined positive or negative eigenvalues which correspond to antiparticles and parti-
cles correspondingly. We also obtained the energy eigenvalues in the limit where the
universe approaches isotropy, i.e., when the anisotropy factors 5, f_ and the angular
velocity §2; approach zero. In this limit, the function G takes a constant value for a
fixed value of «, which contrasts with the case of large initial anisotropy (8y < —1).
In this latter case, the function GG becomes very large. Hence, it is easy to realize that
for some modes with two initially positive eigenvalues, i.e. a state with two antiparti-
cles, as the anisotropic universe evolves and approaches to the isotropic state, one of
the eigenvalues (i.e., E}) becomes negative. This phenomena is refereed to as “level
crossing”. Let us also point out that, for the different models discussed, the situation
differs in that the level crossing occurs for different mode values; however, the physical
discussion remains the same.

To understand the physical implications of the sign flipping, let us consider the

Bogoliubov transformations.

Bogoliubov transformations

Recalling the discussion on Bogoliubov transformations in Sec. 3.3, let us consider
a mode J (a general label for {nim}) in the “in” state, where both F; and E, are

positive. In the “out” region, however, E; becomes negative.

e In the “in” state, from (7.26) it follows that for a mode J

Uy = aiple B gy gl Tz (7.104)
The “in” vacuum is defined by
a'’}0) = b7|0) = 0. (7.105)

int

Hence, in this case, in the initial static region, both @™}, and b'}' create antineu-

trinos.

e In the “out” state, the field expansion reads

t _AEJout ,_‘JOut tT _AEJout ,_,JOut
Uy =aFe 1 T2 09 e ey (7.106)
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The “out” vacuum is defined by

a3™|0) = b5"10) = 0. (7.107)

Since here, F; is negative, a9™ represents the neutrino annihilation operator, and

b}“ﬂ represents the antineutrino creation operator.
As in Sec. 3.3, we can relate the “in” and “out” creation/annihilation operators to each
other as given by (3.115) and (3.116). Without deriving the details explicitly, it can

be shown that the two vacua are related as described in [61], [62],
10) ~ a5 [0), (7.108)

Therefore, at each level crossing, a single neutrino will appear in the “out” state. This
phenomenon is explained in relation to the chiral anomaly and has been further ex-
plored in [149] within the context of gravitational leptogenesis. Given the fermion non-
conservation observed in the Bianchi IX model, a natural question arises: can this phe-
nomenon be related to the matter-antimatter asymmetry? As mentioned in Sec. 3.1.1,
neutrinos cannot be Weyl fermions, so the above discussion does not directly contribute
to the fundamental analysis of matter-antimatter asymmetry. However, the appearance
of asymmetric effects motivates the next step: the study of Dirac fermions in search
of spectral asymmetries. It is important to note that, unlike Weyl fermions, which
are neutral, charge conservation in GR ensures that there cannot be fermion-number
violation due to the particle creation process for charged Dirac fermions. Hence, the
discussion of particle creation is of less significance in this context. The main focus,
therefore, will be on the study of the energy spectrum of particles and antiparticles,
specifically looking for asymmetries. The mathematical approaches developed through
the study of Weyl fermions will be applied in the analysis of Dirac fermions in the next

section.
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7.2 Dirac spinor

In this section, we consider the Dirac equation in the Bianchi IX universe, as derived

in Sec. 4.4 and given by (4.99). In the Weyl basis, it decomposes into two equations,

1
‘ N R 2 R
ihg"o%e, — ooz + F( By, B 2NZ(1+ ) Qo' | Up = MT;, (7.109)
and
S P 1 P
iha' 5%, — - = S F(a e, i _WZ<H ) Qo' | Uy, = MUp. (7.110)

l

7.2.1 Axisymmetric Bianchi IX model

For the axisymmetric Bianchi IX model, the equations (7.109) and (7.110) simplify to

P N 3, 1=

_zha“a €~ o d §F(a,ﬁ+)_ Up= MUy, (7.111)
and i} _ i

. U =6 37/ . 1 ~

_Zhd o€, — WQ — §F(OZ, 5+)- \I’L = M\I’R (7112)

where the inverse vierbein is given by (7.3).
Solutions in the fixed background

Assuming « and ;. are constants and recalling the notation from (3.8), the above

equations in conformal time, expressed in terms of the Pauli matrices, take the form

- 1 -~
o (7.113)
[z’@n —je”Bitegle, — §F(a, m)] U, = MUpg.

Let us present the temporal and spatial decomposition of the Dirac spinor field as

V= (\i’;) = N(n) (;”;) . (7.114)

Substituting this decomposition into the equations, the equation for the temporal part

follows:

reads

(DN ()

NG =E — N(@n) = (7.115)

where E is a constant.
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Moreover, the equations for the spatial part are given by

1~
[E +ieBitelgie, 4 5 F(a BJF)} wr = Mwy,
] (7.116)
[E —je"Bitalgle, — Eﬁ(a, 5+)] wr, = Mwg.

Substituting the Pauli matrices explicitly and recalling the relations (7.13), the equa-

tions can be expressed in terms of the body-fixed angular momentum operator as

follows:
E+3F(a,By) +e Bt L, e~ Bita) [, _ M (7.117)
. = Muwy, :
et E+ 3F(a,By) — e st L * :
and
E— %F(a, By) — e Bstal L, —e~Bita) ], u (7.118)
wr, = Mwg. :
e Bito),, E—1F(0,By) + e Bt L, L r

As discussed in the previous section, each two-spinor can be expanded in terms of the

eigenbasis of the symmetric “ideal” top. Specifically, we have

I
i = () 2 (Fatmll e = ) (7.119)
Wa nlm|l m, n + 2>

{
witm = () = Faamlls o1 = 3) (7.120)
Wy A l,m,n + 2>

The above two matrix equations can be expressed as four separate equations. The first

equation leads to

1~
{E + 5F(a, By) + 6_(B3+Q)L3} ws + e Pt L_w, = Muwy,

(7.121)
1.
e_(ﬂi+a)L+w3 + {E + §F(a,ﬂ+) — 6_(63+Q)L3:| wy = Muws.
and from the second equation, one obtains
1~
{ ) Fla,By) —e (ﬁﬁa)[fﬁ,} wy — e~ L _wy = Muwg,
(7.122)

1-
e~ By + [E - §F(0475+) + e(ﬁgm)Lé] wy = Mwy.
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Using the eigenvalue equations (6.26), we calculate the following relations

Liwyg = fo Ly |l,m,n — —> Frim 2|l m + >
1
Lowsy = fn L_|l,m,n+ > o 1|l m,m — 2>,
1 1 (7.123)
Lywis = foim, (n - 5) |l,m,n — §>,

1 1
L3w274 = fsii@ (n + 5) |l,m,n + §>

Substituting the above relations into equations (7.121) and (7.122) and rewriting them

in matrix form, we obtain

E + %F(aa ﬂ-ﬁ-) + 6_(53+a) (TL - %) N Oén+% e_(Bi+a) 3lm _ M élm
Qg e~ (Bi+a) E+ %F(a, By) — e~ Bsta) (n + %) 4 2 ’

(7.124)
and

E— %F(O@ B+) - ei(ﬁéjLa) (n - %) n+ 7(ﬁi+a) nlm - M nlm )

_an+%ei(ﬁi+a) E— % ( 6+) +e (ﬂ3+a) (n + ) nlm nlm
(7.125)

Energy eigenvalues
fl 3
To eliminate the spinor components, we first express ;le in terms of Zlm
nlm nlm

using the first equation and substitute this expression into the second equation. This

leads to the following equation:

(E — se T e —an%e_(mw) >
—a  1e—B+ta) E — le4P+—a | pe2bi—a
" ! (7.126)
y (E + ge 4P 4 pe?hra Qi1 e~ (B+ta) > y
Qi e~ (B++a) E+ i€—4ﬂ+—a — ne2B+—a ’

Here, we have substituted f; = 8, = S, f3 = —28; and the function F(a, ) as
defined in (7.5). The multiplication of the matrices and further simplification leads to

the following matrix equation:

A= (a” a“) =0, (7.127)
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where

1 1

4y = B% — M2 — o—2(etB) 02668+ 1 ai+;_ _ Ee—2(a+4ﬁ+) _ §ne_z(a+ﬁ+)7
. i
A12 = Q91 = —56755+72a Oén+%, (7128)
I 1 1 1
Gy = E? — M? — o= 2otB+) | p268+ 4 O‘i+% _ E6—2(a+46+) 4 = e2atBt).

To solve this equation, first we need to diagonalize the matrix. Let us consider the
characteristic equation
det(A — A) =0, (7.129)

which can be written explicitly as

0= det(M] — A) = det | [ O) (@ @) | Zge | (P
0 A Ay Q22 —a21 A — a
= (A —an) (A — axn) —al

= )\2 — (CL11 + CLQQ))\ + a11a92 — CL%Q

= (A= A)(A =)
(7.130)

We obtain the following eigenvalues for the characteristic equation:

)\1’2 = F2 _ M2 — %672(a+4ﬁ+) — n2e 2048+ _ 2 1672(o¢+6+) + %672a75,8+ n2ebb+ 4 o

n+§ TL+%
(7.131)
Setting
A =0, and Xy =0, (7.132)
we obtain the following energy eigenvalues
1 2
E} = —| M2 + e=2(e+8) [Ze—3ﬁ+ + \/n2665+ + oszé} ) (7.133)
and
1 2
ES = (| M2 + e=2(at5y) [16—3& + \/n2€65+ + aiJr;} : (7.134)

where s = 1, 2.
Using the notations introduced in (7.21) and (7.22) from the previous section, we

can express the eigenvalues in the following form

Ef = _\/M2 + [é<057 ﬁ+) + (Ijnl(oﬁ ﬂ+) 2’ (7135)

129



and

\/M2 0, By) % Gl B)] (7.136)

The negative eigenvalues correspond to particles, representing positive-frequency so-
lutions, and the positive eigenvalues correspond to antiparticles. Unlike the case for
the Weyl spinors, for the Dirac spinors, there are clear positive and negative energy
eigenvalues, therefore no level crossing is possible. This was expected of course, as the
charge is conserved in curved spacetime.

An intriguing phenomenon arises when analyzing the system for different values
of the spin index s. The energy eigenvalues of a given mode exhibit noticeable vari-
ations, either being enhanced or suppressed, depending on s, for both particles and
antiparticles. This effect stems directly from the anisotropy of space, which induces
spin-dependent modifications in the energy spectrum. Thus, the interaction between

“spin orientation” and the anisotropic background leads to shifts in the energy levels.

General solution

Therefore, the general solution can be given by

00,0,0) = 30 3 @S+ 6 e (7.137)

s=12nlm

where =2, and =%, = are four independent eigenspinors which are obtained from equa-
tions (7.124) and (7.125).

7.2.2 Rotating axisymmetric Bianchi IX model

Solutions in the fixed background

Following the discussion on rotating axisymmetric Bianchi IX in Sec. 7.1.2, it is
easy to notice that the equations (7.109) and (7.110) take the form

) o 1~ 1 5
{w‘)an +ie” B FIRigle; 4 §F(o¢, Bi) — 56‘%2303} Up=MUp,
(7.138)

R . 1~ 1
{woan — i T RLGl e, — §F( ,By) — ¢ 40 } Uy, = MUg.

Using the temporal and spatial decomposition (7.114), and taking into account (7.115),

the equations for the spatial part can be written as

oo 1 - 1 A
{E + ie_(ﬁ’“J“O‘)RZ;a’ei + §F(a, By) — 56_“9303} wr = Mwry,
X 3 (7.139)
{E — et Rigle, — 5 Fla, By) — 3¢ 9303} wy = Mwpg.
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Substituting the Pauli matrices explicitly leads to

ie e PRie; + E + %F(m By) — 370y ie e P (R —iR%)e;
) . i ~ WR = A]w-’lUL7
ie=%e P (R +iR') ¢ —ie e iR e; + B+ LF(a, 1) + 56y
(7.140)
and
—ieiaefﬁéRigei + FE — %F(Oz, 5+) — %eian e (Rzi — ZRlQ) €;
. . . ~ wyr, = M’LUR,
—ie %P1 (R +iR%) e; ie e i Rze; + E — 1 F(a, By) 4+ 56704
(7.141)

Expanding the spinors in terms of symmetric “ideal” top eigenbasis (6.79), we can write

l

witm = (1) = "lm‘ e 2’n> , (7.142)
l 1

w?{lm _ w3 _ nlm| m— 2’n> ) (7143)

Furthermore, recalling the relations (7.35), (7.36) and (7.37), the equations can be

rewritten in terms of space-fixed angular momentum operator as follows:

~l3Ly+ E+ 3F(a, By) — ey —LL_ ws) _ (e
—lii/+ lgzg + FE+ %F(Oz,ﬁJr) + %670‘93 Wy Wo '

and

(7.144)
and
l3[~/3 + FE — %F(a,ﬁ_,.) - %e‘o‘Qg lii_ wy) M W3
Ly ~l3Ls+ E = LF(a, B1) + Se70 | \wy wy )
(7.145)
Using the eigenvalue equations (6.27), the following relations are obtained:
- 1
L wyy= 3L |lm+—n> lmam+ L |l,m — 2,n>,
~ 1 1
L3w1,3 = fnl’mLf’)“?m - 5 TL> = ( - 1/2) nlm 2 n>7
] ) X (7.146)
Liwig = f,igfnLJr]l,m ,n) = lm m+i Llm+ 5 5 n),

- ~ 1 1

Substituting the above relations into the equations (7.144) and (7.145), leads to the

following matrix equations:

—ly(m —1/2) + E+ §F(ov, By) — ey o, B (- i
_liam«‘»% lf} (m + 1/2) + E + %F(a'/ /6+) + %670{23 f'r%lm Zl'm 7

(7.147)
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and the second equation reads

l3 (m - 1/2) + E - %F(CM, /8+) - %e_agg liam+$ .'ilm _ ]\/f jrffl'm
1001 =lg(m+1/2) + E = 3F(a, B4) + 53¢ ) \ fam wim)

(7.148)
These lead to the following equation:
m 6(26+_a) + F — G(Oé, ﬁ+) - %e_aﬁg 6_(5++a)am+%
e_(ﬁ++a)am+% —meH ) 4 B — Gla, By) + 3¢
N —m e(2ﬁ+_a) + E + é(a’ B+) _ %e_aﬂg _e_(ﬁ++a)am+% B M2
_67(6++a)am+% me@b+—a) L B 4 G(Oé, /B+) + %670‘93 - )
(7.149)

where we set f; = [y = [, and B3 = —28,. The functions é(a,ﬁ+) are given by
(7.21).

Energy eigenvalues

Multiplication of the matrices leads to the following equation:

_ (G Gz} (7.150)
A21  A22 7

where
a1y = E* — M? + e Q3 E — G*(a, By) — e~ 2ot84) [66’8+m2 + O‘72n+l]
2
~ 1
+ 2me” TG o, By) + 770,

Qg = e P+ [—Qé(a, By) + 6_0‘93] Qi 1

. (7.151)
ap1 = e P+ [—QG(a, By) — e""Qg} Ay 1
Qg9 = E? — M? — e *Q3F — éQ(a, By) — e~ 2ath4) [666+m2 + ocfnJrl]
2
~ 1
—2me P Gla, By ) + Ze*‘ng.
The eigenvalues of the characteristic equation (7.130) are
~ 1
Mo = B2 = M2 = G — e 2045 [02 4 2 | 4 Je72003
%2 —20—28+ | 684, 2 | 2 —4a—284 2 2
+ {4G e * [e tm” + am%} —e *am+%§23 (7.152)

N

— 4me 2T+ QG E + eZO‘QgEQ} :
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We can calculate the energy eigenvalues by setting
A =0, and X\ =0. (7.153)
These lead to the following equation:
E*—2 (M2 + G? 4 e 2(0tB4) [e%m2 + ai%} + ie—Qan) E?
+ 4722+ O, GE + <M2 + G? 4 e 2otBy) [e65+m2 + afn%} — }162“93>2

_ qp—2a-2B4 | 6612 | 2 52 —da—264 2 2 _
de + [e tm —i—am%}G +e *am+%§23—0.

(7.154)
For convenience, let us introduce the following functions:
. 1
a=2 (M2 + G2(Oé,ﬁ+) + e—2(0¢+,3+) |:€6’8+m2 + CY:H%] + ZG—Q&Q%) 7
b= 4e 22 mQOsGla, By,
1 9 (7.155)
c= <M2 + G*a, By) + e Hoti) [e‘amm2 + ozfnJr%] — 16_26“93)
— 4e 20726+ [eﬁmm2 + Ozfn%} C:'Z(a, By) + 6_40‘_25+afn+%§2§.
Thus, the equations (7.154) can be written as
E* —aFE* + bE + ¢ = 0. (7.156)

We obtain the following solutions to this equation, i.e., the energy eigenvalues3®

- 1 /2a 1 |4a 2b
Bl =— 5 §+Q1+Q2+§ §—Q1—Q2+ - ;
\ FTTa+e
5= 1 /2a 1 |4a )
BT =— Vg tate—5 | g a-et—F ;
I \ ER (7.157)
1 1 [2a 1 |4a 2b
Es =5 §+Q1+CI2+§ 5 Th TR ;
L tg+q
_ 1 /2a 1 |4a 2b
B =g tate-5 |06 :
\ Tta+tae

36Given that the relations under the square root are always positive.
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where q1, ¢» are given by

21/3(a? + 12¢)

g1 =

1/37
3 <—2a3 + 272 + T2ac + /—4(a® + 12¢)° + (—2a3 + 2762 + 72ac)2) —_—

1/3

(—2a3 + 276 + T2ac + /—4(a® + 120)° + (—2a3 + 2757 + 72ac)2>
3.21/3

q2 =

The negative eigenvalues correspond to particles, while the positive eigenvalues cor-
respond to antiparticles. Specifically, the eigenvalues E;=' are always negative, and
E5=1 are always positive, meaning they correspond to particle and antiparticle states,
respectively.

Notably, the eigenvalues E{=2 and FE3=2 can change their signs if the following

condition is satisfied:

1 |4a 1
oW 3 TN TR 5\/—+Q1+Q2 (7.159)
\/ F @+ e

If this condition holds throughout isotropization, a level crossing occurs. However, in
this case, F;=2 and E35=2 change their signs simultaneously, ensuring charge conserva-
tion in curved spacetime.

Another important aspect of these results is the rotational contribution to the
energy eigenvalues. The terms proportional to 2b, which scale with 23, enter with
a positive sign for particle eigenstates and a negative sign for antiparticle eigenstates.
Consequently, for s = 1, the energy of the particle states increases due to the rotational
contribution, while the energy of the antiparticle states decreases.

In contrast, for s = 2, the eigenvalue E§=2 is suppressed, whereas F5=2 is enhanced,
assuming that the first square root term is always smaller than the second one. This
is due to the spin-angular velocity interaction term, and the results can be understood
roughly as follows: if the spin is aligned with the angular velocity, the energy gets
enhanced; if the spin is anti-aligned, the energy is suppressed.

For the previous case, we noticed that the energy eigenvalues could either be en-
hanced or suppressed, depending on s, for both particles and antiparticles. This effect
stems directly from the anisotropy of space, which induces spin-dependent modifica-
tions in the energy spectrum. In contrast, here, the addition of the spin-angular velocity
coupling leads to more complex energy modifications depending on the alignment of
the two.
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General solution

The general solution can be given as follows:

w’g ¢ Z Z [aﬂlm lem i + bsnlm—‘f’blm —iERn ) (7160)

s=12nlm

where E5=? > 0 and Ef=2 < 0.

7.2.3 Diagonal Bianchi IX model

Solutions in the fixed background

In conformal time, the equations (7.109) and (7.110) for diagonal Bianchi IX at a

fixed time take the form

A 1
{woa,, +ieBrta)gic, 3 F(a ﬂi)] Up=MU,,
A X (7.161)
[z’aoﬁn —jem Bt i €; — §F(oz Bi)} U, = MUpg.

Substituting the temporal and spatial decomposition (7.114) into the equations and

taking into account (7.115), the equations for the spatial part are written by

- 1
[E +ie” it ole; + §F(a’ ﬁi)} wr = Mwrg,
X (7.162)
[E _ e Bita)gie 3 (a,ﬁi)] wr, = Mwg.

Substituting the Pauli matrices, the first equation can be given by

<E + 5 F (o, Be) +ieme ey iem¥(ePie —iePey)

ie*(e Piey +ie 2ey) B+ 3F(a,fi) - ie_ae_ﬁge?)) ! o |

and the second equation reads

(E — 1F(a,By) —ie e Piey  —ie (e Pieg —ie P2es)

—ie~*(e Piey +ie Prey)  E—SF(a,fs) + ie_ae_ﬁ§’63> ’ v |

Using the relations in (7.55) and I[; = e %~ the equations can be rewritten in terms

of body-fixed angular momentum operator, i.e.

(7.165)

E+1F(a B )+z Ly Ahp, 4 ufhyp u
= w s
CRALY R S A ORI A CC TS R 1Y 2 B g
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the second equation reads

E—1F 1L, kthp, hthp
lh_%_p (a’ﬁil?_lh 38 21 * 2 wr, = MwR. (7166)
—122L++ QQIL_ E—§F(a,ﬁi)+l§,L3

As already explained in Sec. 7.1.3, the spinor fields can be expanded as follows:
1 l 1
w = ") =S, fl;”' e §> , (7.167)
W2 n flm|l7m7n+§>

o — ws) N fimllom,n = 3) (7.168)
Wy = \Simllmon+ 3)

The matrix equations (7.165) and (7.166) can be written as four separate equations.

and

The first equation leads to

(E + %F(a,ﬁi) + lng) ws + (li ; br, 4 ;r ZQL_> wy = Muwy, 7
.169
(li ;r l?L+ L ; l?L_) ws + (E + %F(a,ﬁi) - szg) wy = Muws, M
and the second one
(E - %F(Oéw@i) - léLé) wy + (li ; liL+ _4 —; lﬁL—) wy = Muws,
(7.170)

Ll -1 1
(— 1—5 2L, 4 2 5 1L_> wy + (E—§F(aﬁi)+l:§L:§) Wy = Muwy.

Using the eigenvalue equations (6.26), we obtain the following relations:

e The operator L3 acting on w3 and wg 4:

Lg;ai’m l’m,n+#> ~Sd, (n_|_ <—21)u>

n

e

l,m,n+

(7.171)
where © = 1,2, 3,4.

e The operator Ly acting on w3 and ws 4:
L+ Z almn

n
- u=13

L+Zalmn lvm?” o %> = Za’irmanJr%

n n

(—1)“> _ !

9 Qpn ¥y CDE 4y

(=D"
2

lm,n + lm,n + +1) (7.172)

1
l,m,n+ §> (7.173)
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- pu=24
1
lmn—|— +1>

e S mn s 3) = S ahsgfimn

" ) (7.174)

_ !
= E U, (k—1) X+ |
k

where we introduced & =n + 1.

e The operator L_ acting on w; 3 and ws 4:

! (D" _ (="
L;amnl,m,njL 5 >— U @, 4 (=0 wlmn—l— 5 —1> (7.175)
- u=13

1 3
L_Zafml m,n—§>: afmozn_% , 2>
" " l ) (7.176)
- Zam,<p+1)0‘p+% B §>,
P
where we introduced p =n — 1.
—pu=24
1

Then, we substitute these relations into the above-mentioned four equations. The

equations in (7.169) take the forms

Z 1 1 1
3 li — 15 I\ |+ 1
4 1 2 1 1 2 1
T flm |: 2 Cmv(N—l)an-‘r% ’ §> + 9 mn 41 lv m,n — §>:| (7 178)

1

= i, MY b — =

flm ; mn| M, N 2>7
and

li + 15
fl?;nz [ 1; QCfnnanJr
1

+ff}nZ {E+ ~F(a,Bs) - (+§)}

= Mfl%nzblmn’l?mvn + §>

o)

%> (7.179)

Iy =1y
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Next, the equations in (7.170) lead to

1 1
flmZb [E——F(a Bi) — (n—é)} z,m,n—§>
Iy — 15 1 l5 + 15 1
+ fl?mz [%b?m,(n—l 04 _> ~ -1 9 Qbi»man_t,_ 2>:| (7180)

n

1

_ 3 § : l =

- Mflm - Crmn |t 2>7

and
l; + 15 1 ls — 14 1

1 1T 241 2 141

flm E |: bmn n+ 2> + 9 bm,(n—i—l)&nJr% 2>:|

+ 12 §jb E——F( Ba) s (n+t ‘lmn+1> (7.181)

lm 3 2 ) ) 2 .

= Mfp, > cll,m,n+ %>

After lengthy, yet straightforward calculations, following the same steps described in

Sec. 7.1.3, we obtain the following equation:

cim [E—i—lF( 5 )+lA (n—%)} [liglgclm(n e 7_|_ 1+Z2Cfnnan+ ] fl?;n
]

|:li+1201 m(n+2)an+%:| ann |:E + %F( 7/8:t) - 3 (n + 5) fﬁn

2 mn n+

— Mbl <flm> ’
mn lem

(7.182)
and
ly—1; I+,
b £ =35~ (n ) (450t = 5500 (fﬁn>
[ 4 JrlQbﬁnn n+ lb{m (n+2) n+gi| blmn [E - %F(avﬁi> + lf’, ( §>:| fl%m
= Mdc fT .
flm
(7.183)
The energy eigenvalues can be determined by solving the equation
B jPoe) (=) 58 Bpta, ) - i
I3+l I b2
—13 n+1+ B, 0 B = 3F(a,fe) + 1 (n 4 ) (7.184)

Cl ~ ~
B §F(o,fa) 1 (1= 3) 152 ea, ) o+ Bta

Chnn
1+,

7yl + E+iF(a,fs) =15 (n+3)

= M?.
I3 _lg m(n+2)

]
Cmn

a4

N|w
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Due to the complexity of the obtained expressions, interpreting the final results re-
mains challenging without assigning specific values to the unknown parameters. Con-
sequently, the calculations are halted at this stage. Beyond this point, the remaining
steps proceed analogously to those in previous models, yielding eigenvalues with a
structure similar to those in (7.135) and (7.136), albeit with significantly more intri-
cate expressions. However, since no qualitatively new physical insights would emerge,

the key aspects can be sufficiently discussed within the axisymmetric case.
7.2.4 Rotating Bianchi IX model

Solutions in the fixed background

In conformal time, setting N = e®, the equations (7.109) and (7.110) take the form

X . 1 1 Nz
i0%0, +ie e P Riole; + 5F(a, By) — ée_" Z (1 + Zl) Qo' | Up = MUy,
L i _
. 0 - —a,—PBr i i 1 -« Ii % i
i0 0, —ie”“e " R0 €i—§F(a,ﬁi)—§€ Z 1+Z Qo' | U = M.
I i |
(7.185)

Decomposing the spinor field into temporal and spatial parts as in previous sections

leads to the following spatial equations:

_ ) -
oo 1 1 I\ ? ;
E+ ie*aefﬁ’“ngalei + éF(a, fy) — —e Z (1 + Zl> Qial wr = Mwy,
L i |
. o B pi i 1 1 —« [f % [
E —ie e " R0 ei—iF(a,ﬁi)—?a Z 1+Z Qo' | w, = Mwg.
L ]
(7.186)

1
For shorthand notation, we introduce I; = (1 + %) * and l; = it Substituting the
Pauli matrices explicitly and utilizing the relation between the right- and left-invariant

bases, the equations can be rewritten as follows:

E+ %F(Oz, Bi) + ilgég — %e“"ngg i(liéi — il@ég) — %8_0‘ (jlﬂi — ZEQQ) we — Muw
i(1365 + ilyéy) — be= (L + i) E+ LF(a, Be) —ilgés + Le o0y | b
(7.187)
and
E—1F(a,By) —ilses — 27,0y —i(lié; — ilsés) — tem (LQ; — ilo€)) o — M
—ilye; + ilyEs) — Lemo (04 + L) E — 1F(a,Be) +ilsés + te L0y ) e
(7.188)
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Using the relation between the left-invariant basis and the space-fixed angular momen-
tum operator, given by L; = —ié;, and recalling the relations from (7.55), the equations

can be given by

E+ F( )—lL— beoly Bl - gRLo e (1 —ib) | (ws) _
l+l 1—04(]19 +il0s) E+ 1F(a, Be) + 5L + e L300 wy wy )

(7.189)
and
E— F(Oé 5i) +l i/ — 1€7QI39 li;lQ.ZH_ + %i_ - %670& ( 191 - Z]Q ) w1 — M ws
hthf, 4 4ch “ (L +ihQs)  E—iF(a,Bs) — 3Ly + le L0y wy)  \wy)
(7.190)

The spinor field can be expanded in terms of the eigenbasis of asymmetric “ideal” top

(related to the space-fixed Hamiltonian), given by (6.93). Hence, we have
AR
N e f’;' " f’"> , (7.191)
Wa m fln|l7m+§7n>

wpp = ) =3 d fiallsm = 3,7 (7.192)
i wy "\ Smllm A g,m)

and

m
Next, we substitute these expansions into (7.189)and (7.190) and simplify the resulting
equations, following the same steps as in the previous sections. The detailed calcula-
tions are omitted here, as they closely mirror those presented earlier.

We obtain the following equations
b b (i) _ g (i (7.193)
bar ba) \ i ")
where

1 1 1 .
bn = <E + F( ﬁi) (m — 2> — 56“‘13(23) s
5 — I3 1
by = s llél o 1 Lt 2d a1 — 56_‘1 (IIQ —i1,0 )

2 m—2.n m—3 9 Crmn m+35

li+1s
2 Cmn m+

1 1 1 -
byy = (E_|_ —F(a, fy) + ( + 2) + 56_‘3‘]393) )
and
1 3
C11 Ci2 len — élrnnM l:' , (7195)
Co1 C22 fln fln
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where

- 1 1 1 -
C11 = blmn <E — EF(O&, 5i) + lé (m — 5) — §€a1393) s

I — Iy I+l 1, - RN
Clg = [ 1 5 2blm72’nam7% -+ %bfmam% — 56 ([191 — ZIQQQ) binl,n:| s
li + 15 li =15 1 (7.196)
Coy = [%bfn Ol + = 5 it 20t 3 — 7¢ (L1944 i1,95) bﬁnﬂ,n} ,
- 1 N
CQQ:bmn E—§F(a,ﬁi)—l3 m+§ +§6 ]393 .

The energy eigenvalues can be determined by solving the equation

cu ez (b b)) o (7.197)
Co1 Co) \bar bao

Here as well, due to the complexity of the obtained expressions, we conclude the cal-
culations at this stage. However, we note that for the rotating Bianchi IX model, the
energy eigenvalues will have a structure similar to those in (7.157) for the axisymmetric

Bianchi IX case, though with significantly more intricate expressions.

7.3 Discussion of results

Thus, in this section, we discussed the solutions of the Dirac field equations for a range
of Bianchi IX models in a fixed background. For the axisymmetric Bianchi IX model,
we showed that, unlike the case for Weyl spinors, Dirac spinors have clear positive
and negative energy eigenvalues corresponding to particles and antiparticles, meaning
that level crossing does not occur (as expected due to charge conservation). Inter-
estingly, we observe that for both particles and antiparticles, the energy eigenvalues
differ between the two spin states, with one state being enhanced and the other sup-
pressed due to geometric anisotropy. In other words, the anisotropy of space induces
spin-dependent modifications in the energy spectrum. Furthermore, for the rotating
axisymmetric Bianchi IX model, the situation becomes even more complex. In addi-
tion to the energy difference arising from spin states due to anisotropy (i.e., anisotropy
factors), the rotational contribution to the energy eigenvalues enters with a positive
sign for particle eigenstates and a negative sign for antiparticle eigenstates. As a re-
sult, we obtain four distinct eigenvalues corresponding to particles and antiparticles,
with two spin states each. In addition, the final results for the diagonal and rotating
Bianchi IX models are not calculated explicitly due to the appearance of terms that
can only be determined by solving the second-order equation for the Dirac spinor field
in Bianchi IX model, as discussed in Sec. 6.3. However, it is important to note that

these more complicated cases do not introduce any new physical phenomena of interest
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in the context of matter-antimatter asymmetry.

Finally, one could draw an analogy between these results and the Zeeman effect in
quantum mechanics, where atomic energy levels split in the presence of an external
magnetic field. This splitting arises due to the interaction between the magnetic field
and the magnetic moment of an atomic electron, which is a consequence of its orbital
motion and spin. The energy separation between levels occurs as a result of the align-
ment of the magnetic moment with the external field, with the separation proportional
to the strength of the magnetic field. In our case, the “angular velocity” of the universe
plays a similar role to the magnetic field, influencing different energy eigenstates in
distinct ways and causing a “splitting” of energy levels—an effect absent in isotropic

models.
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8 Conclusion and outlook

This thesis set out to explore a potential resolution to the matter-antimatter asym-
metry in the Universe within a homogeneous and anisotropic geometric background.
Specifically, the Weyl and Dirac spinor fields were studied in the context of the Bianchi
IX universe. The choice of the Bianchi IX model was motivated by its role in the
dynamics of the early universe, as described by the BKL conjecture, and its potential
contribution to angular momentum generation in a cosmological setting. The analy-
sis was conducted in a fixed background as an initial step toward understanding the
fundamental features of the particle spectrum in such spacetimes. This approach pro-
vides a foundation for future refinements using the adiabatic approximation and further
developments based on the WKB approximation. The study demonstrated that the
anisotropies of the Bianchi IX model induce an asymmetry in the energy spectrum of
particles and antiparticles, highlighting the potential significance of geometric effects
in addressing matter-antimatter asymmetry.

We extended the discussion of Weyl spinors, initially explored by Gibbons for the
axisymmetric Bianchi IX model, to a broader range of models, beginning with the sim-
plest cases. We demonstrated that the fermion level crossing observed in the simplest
model also appears across the entire set of models considered. However, the specific
mode values at which the level crossing occurs vary between models, while the underly-
ing physical interpretation remains consistent. The phenomenon of level crossing arises
due to the anisotropy of spacetime, as in such geometries, the energy eigenvalues do
not exhibit clearly defined positive or negative signs corresponding to antiparticles and
particles, a feature that is absent in isotropic spacetimes. Although neutrinos cannot
be Weyl fermions, the discussion of level crossing remains relevant, as it contributes to
ongoing investigations within the context of gravitational leptogenesis [149].

We analyzed the solutions of the Dirac field equations in a range of Bianchi IX
models under the assumption of a fixed background. For the axisymmetric Bianchi
IX model, we demonstrated that, in contrast to Weyl spinors, Dirac spinors exhibit
well-defined positive and negative energy eigenvalues corresponding to particles and
antiparticles, preventing level crossing as expected from charge conservation. Notably,
we found that energy eigenvalues differ between spin states for both particles and an-
tiparticles, with one state being enhanced and the other suppressed due to geometric
anisotropy. This indicates that spatial anisotropy induces spin-dependent modifica-
tions in the energy spectrum. For the rotating axisymmetric Bianchi IX model, the
situation becomes even more intricate. Beyond the energy differences arising from
anisotropy, rotational effects introduce an additional contribution to the energy eigen-
values, due to spin-angular velocity coupling, appearing with a positive sign for particle

eigenstates and a negative sign for antiparticle eigenstates. Consequently, four distinct
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eigenvalues emerge, corresponding to particles and antiparticles with two spin states
each. The final results for the general diagonal and rotating Bianchi IX models are
not computed explicitly due to the complexity of the expressions, which require solving
second-order equations for the Dirac spinor field. However, these cases do not introduce
any qualitatively new physical phenomena.

Therefore, these results highlight the significance of background anisotropies in the
search for an explanation of the matter-antimatter asymmetry and encourage further
investigation in this direction. This work serves as an initial step, utilizing the simplified
and somewhat unrealistic fixed-background approximation. As noted earlier, the next
logical step is to apply the adiabatic approximation to refine these results and bring
the model closer to more realistic conditions. Additionally, our analysis has focused
on the free field, but to explore annihilation processes and the anisotropic effects of
the Bianchi IX model on these processes, it will be necessary to extend the study to
Quantum Electrodynamics (QED).

Since baryons are the primary contributors to the matter density of the Universe, a
complete analysis of baryon asymmetry due to geometric anisotropies requires study-
ing Quantum Chromodynamics (QCD) in the Bianchi IX model. In this framework,
one must also consider sphaleron processes and CP-violating effects within the Stan-
dard Model, to assess whether these effects in an anisotropic universe could be more
significant than in FLRW models. If so, this could provide an explanation for the
matter-antimatter asymmetry in terms of geometric effects, without the need to invoke
physics beyond the Standard Model.

Finally, anisotropic universe models present a potential explanation for the observed
CMB anomalies [89], [90]. Studies on dark matter and matter-antimatter asymmetry
within the ACDM framework highlight the need for extending beyond the Standard
Model of particle physics. Furthermore, the challenges associated with the cold dark
matter (CDM) model emphasize the limitations of the ACDM model, suggesting the
need for revisions to its highly symmetric assumptions, as well as to the current Stan-
dard Model of particle physics. The work presented in this thesis lays the foundation
for addressing these cosmic puzzles within a geometric framework, without relying
on beyond Standard Model physics. Given that the highly symmetric, homogeneous,
and isotropic universe we observe today is unlikely to have been the initial state of
the Universe’s evolution, the exploration of anisotropic models offers a more realistic

approach.
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A Appendix

A.1 Euler angles

In classical mechanics, the motion of a rigid body is studied by considering either the
rotation of the body itself or the rotation of the coordinate system. When the coordi-
nate system is rotated counterclockwise, it corresponds to a clockwise rotation of the
body relative to the new frame. This type of transformation, where the coordinate
system is rotated, is called a passive transformation. Conversely, when the transfor-
mation is applied directly to the body while keeping the coordinate system fixed, it is
referred to as an active transformation. In this discussion, we will use the rotation of
the coordinate system.

To specify the orientation of a rigid body with respect to the fixed coordinate
system, three independent parameters are needed. The FEuler angles can be used as
such parameters [126], [143], [144]. These angles are the angles of three successive
rotations required to carry a set of movable coordinates (attached to the rigid body)
from an initial orientation, coinciding with the x, y, z fixed coordinate system, to a
final orientation, coinciding with the 2/, ¢/, 2z’ system. Thus, the three Euler angles,
0, ¢, 1, completely define the orientation of the z’, 3/, 2/ axes with respect to a set of
fixed axes x, y, z.

The rotations of one coordinate system relative to another are described by orthog-
onal matrices with a determinant of +1. These matrices can be expressed in terms of
Euler angles.

The choice of the sequence of rotations around different axes is arbitrary. The only
constraint is that after the initial rotation (about any of the three Cartesian axes),
the following two rotations must not be around the same axis. Based on this, there
are 12 possible conventions for defining Euler angles. Additionally, some authors use a
left-handed coordinate system, creating further variations in the literature, which can
cause inconvenience when working across different branches of physics.

The three most frequently used conventions are zxz, zyz, and ryz. As their names
suggest, the first two differ only in the choice of the axis for the second rotation, while
the first and third rotations are performed around the z-axis.

The zzz-convention is often used in Classical Mechanics to describe the motion of
a rigid body. In Quantum Mechanics, Quantum Field Theory, Nuclear Physics, and
Particle Physics, the zyz-convention is the most common choice. In engineering, the
xyz-convention is used, where rotations are performed around three different axes. In
this case, the angles are also known as Tait-Bryan angles.

Details of these conventions are provided in the following subsections.
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zyz-convention

As demonstrated in Fig. 3, the three successive rotations described by the Euler

angles are as follows:

e Rotate the initial system of axes, x, y, 2z, counterclockwise about the z-axis by
an angle ¢ (0 < ¢ < 27), into new axes labeled by &, 7, (.

e Rotate the axes &, 1, ( about the n-axis counterclockwise by and angle 6 (0 < 6 <
7), to produce another intermediate set of axes &', 7', (’. The line of intersections

of the two planes z, y and &', i/’ is called the line of nodes. It coincides with 7.

e Rotate the axes ', 7/, about the ¢-axis counterclockwise by an angle 1 (0 <
Y < 27), which finally leads to the 2/,¢/, 2’ system of axes.

Figure 3: Euler angles.

Let us now present the matrices corresponding to the three rotations described

above. The first rotation, about the z-axis, is given by the following matrix:

cos¢ sing 0
R.(¢) =] —sing cos¢ 0|, (A1)
0 0 1

Next, the matrix for a rotation about the intermediate y-axis (i.e., n’) is as follows:

cos@ 0 —sinf
R,(0) = 0 1 0 , (A.2)

sin@ 0 cosf

Finally, the rotation about the 2’ leads to:

cos® siny 0
R.(¢) = | —sintY cosyp 0. (A.3)
0 0 1
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Thus, the rotation describing the transformation from the z, y, z axes to the 2/, ¢/, 2/
axes is given by

x' = Rx, where R=R,(¢Y)R,(0)R.(¢), (A.4)

which reads explicitly

cosfcospcosy —singsiny  cosfcosysing + cosgsiny  — cossin
R =] —cosysing — cosfcos¢siny cos¢pcosy —cosfsingsiny  sinf siny
cos ¢ sin 6 sin 6 sin ¢ cos

(A.5)

The inverse transformation, from body coordinates to space axes, is given by

x=R'X, (A.6)
where
cosf cospcosy —singsiny — cosysing — cosfcospsiny cos@sinf
R = | cosfcostsing + cospsineg  cosgcost) — cosfsingsiny  sinfsin ¢
— cossinf sin @ sin 1) cos 6
(A.7)

zZXZ-convention

In this convention, the only difference from zyz-convention is that the second ro-
tation is about an intermediate z-axis (or ¢’) instead. Hence, the two matrices that
describe rotations around the z-axis are the same.

Thus, the rotation matrices in zxz-convention are given by

cos¢p sing 0
R.(¢)=| —sing cos¢ 0|, (A.8)
0 0 1

for the rotation about intermediate z-axis (i.e., &’) is

1 0 0
R.(0)=1|0 <cosf sinf |, (A.9)

0 —sinf cosf
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and

costy siny 0
R.(¢) = | —siny cosvy 0] . (A.10)
0 0 1

The matrix of the complete transformation is given by

cos 1 cos ¢ — cos B sin ¢ sin ) cossin g + cosf cos psiny  siny sinf
R = | —sinycos¢ — cosfsingpcosy) —sinysing + cosfcospcosyy cossinf
sin @ sin ¢ —sin 6 cos ¢ cos

(A.11)

The inverse rotation matrix is

cos 1 cos ¢ — cosfsingsiny —siny cosp — cosfsingpcosy  sinfsin ¢
R™' = | cosysing + cosfcos psingy —sinihsin ¢ + cosb cos pcosyy — sinf cos ¢
sin 6 sin ¢ sin @ cos 1 cos 0

(A.12)

Xyz-convention

Here, the rotations are performed around three different axes: first, a rotation about
the z-axis by an angle ¢, then a rotation about an intermediate y-axis by an angle 6,
and finally, a rotation about the final z-axis by an angle .

The rotation matrices in the xyz-convention read

cosg sing 0
R.(¢)=| —sin¢g cos¢p 0|, (A.13)
0 0 1

for the rotation about the intermediate y-axis

cosf) 0 —sind
R@&=| 0 1 o0 |, (A.14)

sinf 0 cosf

and for the rotation abound z-axis

1 0 0
R.(¥) =10 costy siny |. (A.15)
0 —sinty cosy
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Hence, the complete rotation matrix takes the form

cos  cos ¢ cos 6 sin ¢ —sin 6
R = | sintYsinfcos¢ — cosypsing sinysinfsing + cospcosp coshsin)
cossinfcos ¢ + sinysinf  cosypsinfsin g — sin cos ¢ cos b cos P
(A.16)

Also, the inverse of it is given by

cosfcos¢ sinysinfcosp — cosysing cos cos@sinf + sin sin @
R™' = | cosfsing sinisinfsing+ costpcos¢ costsinbsin ¢ — sin 1 cos ¢
—sin 6 cos 6sin ¢ cos 6 cos

(A.17)
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A.2 Invariant basis of Bianchi IX

To construct the invariant basis {e;} for the Bianchi type-IX model, we follow the
approach outlined in [150]. The basis will be expressed in terms of the Euler angles in
the zyz-convention®7.

The general rotation R € SO(3) is a product of three successive rotation matrices,

as given by (5.4). Explicitly, it takes the form

cosf cos pcosyy —singsiny  cosfcossin ¢ + cospsiny  — cossinf
R =] —cosysing — cosfcos¢siny cos¢pcosy —cosfsingsiny  sinf siny
cos ¢ sin 6 sin 6 sin ¢ cos 6

(A.18)

The rotation group SO(3) is a smooth manifold, with points corresponding to all 3 x 3
rotation matrices R. To construct an invariant basis, we consider curves C'(\) passing
through C'(0) = I € SO(3), and calculate the tangent vectors of these curves at A = 0.
These tangent vectors will serve as the generators of rotations about the z, y, and
z axes, denoted by e, ey, and e3, respectively. Therefore, we consider the following

curves in terms of the parameter A:

e For the rotation about the z-axis

C(\) = R.(\R, (A.19)

C(\) = R.(\)R, (A.20)

C(\) = R, (MR, (A.21)

CA) = R.(¥(N) Ry (0(N) R (6(N), (A.22)

where ©¥(\), O(A) and ¢(\) are functions that describe the curve. For the first curve,
we have

C(A) = R:(A) R (V) By (0) R=(9) = Ro(A + ) Ry (0) (). (A.23)

3TNote that in [150], the zzz-convention of Euler angles is used. Therefore, the invariant basis
obtained here is different from the one calculated in the book.
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Comparing this to (A.22), we obtain

PYA)=v+ A 0A) =0, o)) =0 (A.24)
The tangent vector of the curve at A = 0 is given by

d AN @ de(N) @ dp(N) I
2O, = {—au @*W@*Waﬂ CO|, (A.25)

Therefore, we obtain

0
Next, we consider the curve
C(A) = Re(\)P = R (N R.(¥) Ry (0) R (). (A.27)
For small A, the matrix R,(\) reads
1 0 0
R.(AN) =10 1 X]|. (A.28)
0 =X 1

By calculating C'(\) explicitly and comparing the resulting matrix with (A.22), we

obtain the following relations:

¥(\) = arcsin (ACOS i;;zif smw) 0(\) = arccos (cos @ — Asinfsint), (A.29)
e in.05in 6 — A(cos ¢ cos ¢ — cos sin dsin )
. (sinfsin ¢ — \(cos ¢ cos ) — cos B sin ¢ sin
¢(A\) = arcsin ( S0V ) (A.30)
This leads to
dip(N) — cotfcos d9(/\)’ _ sin sin 6 ‘ -
dX =0 dX =0 \/1 — (cos @ — Asin e sin 0)2 Ix=0
(A.31)
. d6(\) v
cos
—_— =— . A.32
d\ ‘,\zo sin 6 (A.32)
Substitute the above results into (A.25), we obtain
0 0 1 0
= siny— — - — . A.
el sm@bae—i—cosw(coteaw sin@&b) (A.33)

151



Finally, let us consider the the last curve, which reads
C(A) = By(MR = Ry(A)R-(¢) Ry(0) R=(9). (A.34)

For small A, the matrix R, () is given by

0

10 |, (A.35)
0

By calculating C'(\) explicitly and comparing it with (A.22), we obtain

Acosf + cospsin b

(\) = arccos ( ), G(\) = arccos (cos — Acossinf), (A.36)

sinf(\)
e in05in &+ A(cos fcos ¢ sin § + cos dsin )
Sin 6 sin ¢ + A(cos ¢ cos ) sin ¢ + cos ¢ sin
= i . A.37
¢(A\) = arcsin ( S0V ) ( )
Furthermore, at A = 0 we get
M = — cot fsin ), M’ = cosysind = cos 1,
dA =0 dA Tx=0 /1 — (cosf — A cossinf)?Ir=0
(A.38)
e do() in g
sin
—_ = . A.39
d\ ‘,\:0 sin 6 ( )
Substituting these relations into the (A.25), leads to
0 0 1 0
_ g —- _ — . A4
e coswae sm1/1(cot96¢ Sin(‘)&b) (A.40)

Hence, all three basis vectors in terms of Euler angles (in the zyz-convention) are given
by

1
elzsinzﬂ%%—cosw(cotei— 8),

Oy sinf 0¢
0 0 1 0
_ g - _ - 7 A.41
€ cosw&g smw<cot«96¢ sin&&b)’ ( )
o )
3_81#

By calculating the commutation relations of these vectors, we can see that the obtained

basis is indeed right-invariant, i.e., it satisfies the relation (2.22).
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A.3 Derivation of an auxiliary quantity for spinor Lagrangian

In this section, we derive the auxiliary quantity %/@ ap /ﬂf’E&B that appears in the Dirac
Lagrangian (4.55). Let us recall the equations derived in Sec. 4.2.2, which will be

instrumental in carrying out the calculation:

76[% =0 for any 3,4, (A.42)

Vi =) TR e (A.43)

i

and
; (bk)fl
/ol N

b R(T;)T, N — (b"R% + b”Rf) R, (A.44)

where n =i, m = J, k=1

Using these equations, we proceed with the calculation of the auxiliary quantity,
step by step, as outlined below.

First, we recall k_ ;. given by (4.60)

app
Kagp = 5 (Vaap T Vaap =~ Vaps): (A.45)
where
Yagy = Mao7” 33 = 007"y + a5 (A.46)
Considering the gauge N* = 0, the calculation of all the components gives the following
results:
For a =0,

1
Kops = 5 (Va0s + Vop)

1 - L o (A.47)
_ BT (3PS . b, P Nt (B85S B,,B
= =5 [OF) 7 (0,5 4+ 003) + (00) 7 (D905, + 6 )|
Recalling
b =M B =2(B + ), (A.48)
with
Bi=0:+ V30, Bo=pr—V35, fi=-208, (A.49)
and using the property w%[, = —w”s, leads to:
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OForﬁzl

L. : . 1. :
Koio = 0,  Kpii = N <5+ +V36 + Oé) » Kois = T3y sinh (2\/§B_>w1@,
(A.50)

and

1. ;
Kpiz = N sinh (364_ + \/gﬁ_>w3i. (A51)
e For B =2
1 . i 1 . . )
Kpap = 0, %ﬁz—ﬁﬁm@V%Jw@ %ﬁZ—NOﬁ—V&L+@,

(A.52)

and

L —% sinh (36+ - \/gﬂ_>w23. (A53)

oForBzB

1 ; 1 X
Kp3p = 0, KRpsi = N sinh <3ﬁ+ + \/§B_>w31, Kogs = _N sinh <35+ — \/gﬁ_)WQQ,

(A.54)
and
! ( 28, + ) (A.55)
Kgas = —— | — ) )
033 N + T
For a =1 )
Figs = 5Vsis + V15 ~ Mpp) (A.56)
e For B =2
1
Risp = 5 (V12 + %215 = Vi2p): (A.57)
which for p = 0, using Yape = —Vaep, takes the form
1
Rizy = 5 (=201 + Vigz)
1 ) (A.58)
i cosh <2\/§,6’_>wlg.
Next, using
i B-—PBr—f3:)/2
’yﬁﬁ = 513%’}/ 3= (523%8%3[6(61 & 61)/ > (A59)
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we get

—_

125 = = o
Kis 2(%12 + Yaip — Vizp)
<5p151126</8 61 62)/2 + 5 (/8 61 ﬂp) 5 £ (6'_B2_6~ﬁ)/2> ’

2 zlp 17 12p
(A.60)
which leads to

1
Kisi =0, Kisp =0, Kiss = 56_“6(_45” e?+) e~ cosh (2\/_5 ) (A.61)

e For B = 3, following the same steps as before, we obtain

Riso = Cosh (36+ +V35_ >w i Rizi = 0, (A.62)
and
1
/{13@ = 56(_45+) + 6(2ﬂ+) sinh (2\/§ﬁ_>, K’if&é = 0. (A63)
e Fora=2 =3
1
Ka3p = 5(7,;@3 + V335 — V335)> (A.64)

which leads to

1 ; 1
Kazo = — 7y cosh <3ﬂ+ - \/357)033, Kagi = —§e*ae<*4ﬁ+>+e(2ﬁ+)e—a sinh (2\/557)
(A.65)

and

Iiggi = O, Iiggg =0. (A66)

Next, using the Lorentz generators in Weyl (or chiral) representation given by

. 1 (ot 0 y i .. (d" 0
00 _ _ — ij 7 ijk
> 2(0 _Ol), $ = e (0 0k>, (A.67)

we can calculate ’yﬁzé‘B matrices. We get the following results

72203 _ 1 0 (5231 + igijka ’ (A68)
2 6”[ + igijkak 0
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which leads to

Ax0 2302 503 570- (A.69)
Next, we obtain
0y i) ix 07 i k(0 o . .
XY = 'L = ——e¥ , for i#j, (A.70)
2 O 0
and
V¥ = %Y, (A.T1)
Furthermore, we calculate
iii _ L (01
YW= g . A.72
g 5¢ ( I o > (A.72)
Let us note, that
Sy i dyid (A.73)

Finally, it can be shown that the only non-vanishing contributions are

1 G i 0 ) Iy
SRasi VY = 5 (Rt + Koz + Koga) 1 + 1 (Riz — Riga + Hiagp) 7' (A.74)
+i ("’"i@(ﬂozﬁ + Kigo7 B + ”"23076223> ‘

Thus, by substituting all the terms into the relation above, we obtain the following

result
%chgﬂﬁzdé _ 23_;[ 10 4 %ea [674& 4 2BeH2VER 62,84.—2\/5,8_} i

- % [COSh <2\/§ﬁf)wi§’yf)2ﬁ + cosh <3B+ + \/gﬁf)wgifyéilgi

+ cosh (36+ — \/§57>w2370223} .
(A.75)
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