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Abstract

The focus of this thesis is the development and application of the controlled-source RMT
(CSRMT) method in order to obtain 3D inversion results of tensor CSRMT by using two
perpendicularly located transmitters.
This research was conducted in the framework of a DFG funded project in which the
universities of Cologne and St. Petersburg cooperate. The focus of this project under the
title of "Interpretation of controlled-source radiomagnetotelluric data in the frequency
range of 1 kHz - 1 MHz using multidimensional conductivity models", is on applying
the extended dipole transmitters for multidimensional interpretation of far-field CSRMT
data. The major novelty in this thesis is using two perpendicularly located horizontal
electric dipoles (HED) as controlled-sources to provide a full tensor of CSRMT data that
was interpreted using 3D inversion algorithm of ModEM.
Two surveys were accomplished in Russia and Germany, and the acquired RMT and
CSRMT data are interpreted using 2D and 3D algorithms developed for MT inversion.
The first survey was carried out near Alexandrovka village in the Kaluga region, at about
180 km southwest of Moscow, Russia. The area is the Moscow State University test
site and has already been investigated using different geophysical methods e.g. DC, IP,
seismic, magnetics for many years. Alexandrovka has relatively simple morphology of pre-
Quaternary layers. Additional borehole data is available at several locations. The survey
layout consists of 8 profiles with 40 m separation and 20 m inter-station distance along the
profiles. Two perpendicularly located HED transmitter lines, were being used as CSRMT
sources. The acquired RMT and CSRMT data from a total of 175 site locations are then
processed and inverted using 2D and 3D algorithms. The obtained models, confirm the
geological structure available from previous studies and indicate good agreement with the
borehole results.
The second survey was carried out in a waste-site in Cologne, Germany. The same as
the first measurement, both RMT and CSRMT data was acquired along 13 profiles over
a total of 177 stations using two perpendicularly located HED transmitter lines with a
length of 265 and 580 m. The aim was to determine the boundary and depth of the
landfill. The results successfully reveal the geometry of the landfill and strongly agree
with the results from other geophysical methods such as ERT, that were carried out at
the same location.
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CHAPTER1

Introduction

Electromagnetic (EM) methods of applied geophysics are commonly used for shallow sub-
surface explorations. Radiomagnetotellurics (RMT) (e.g., Tezkan (1999); Pedersen et al.
(2005)) is a frequency domain EM method, that has been successfully applied over dif-
ferent environmental, engineering and geological targets during the last decades (Tezkan
et al. (2005); Bastani et al. (2011); Malehmir et al. (2013); Bastani et al. (2013)). The
RMT method sources are radio-transmitters used for military and civilian applications
broadcasting in a 10 kHz to 1 MHz frequency range. The EM signals produced by these
radio-transmitters, di�use into the conductive earth and induce current systems which
then generate secondary electric and magnetic �elds. The electric antennae and magnetic
coils at the receiver stations measure these �elds on the surface and provide information
about the subsurface conductivity distribution. The depth of investigation (DOI) can
reach up to 100 m depending on the ground resistivity. For frequencies less than 1 MHz
and resistivities less than 1000
 m, displacement currents can be neglected.
RMT devices were initially developed at the University of Neuchâtel (Müller, 1983), and
the University of Uppsala (Bastani and Pedersen, 2001) and further developed in a joint-
cooperation between the Universities of Cologne and St. Petersburg (Tezkan and Saraev,
2008). The frequency range of the devices from Neuchâtel and Uppsala universities, is
between 10 to 250 kHz.
RMT has the advantage of an easy setup and fast measurement system, and is therefore,
a very useful and practical tool in shallow depth explorations. Several successful RMT
studies have been made for di�erent near surface investigations in the last decades such
as groundwater (Turberg et al., 1994) and waste-site (Tezkan et al., 2000) explorations.
However, a notable weak point of this method appears when the survey area is located in
a remote region with the lack of suitable LF and MF (30-1000 kHz) radio-transmitters.
Then only the signals of VLF (very low frequency) transmitters (10-30 kHz) can be mea-
sured. In addition, there are no radio-transmitters broadcasting with frequencies below
10 kHz, which limits the penetration depth (Saraev et al., 2017). This limited depth can
cause resolution problems if the aim of an investigation is the basement determination of
conductive bodies such as in waste-sites. Another disadvantage is that, the strike direction
should be known for a RMT �eld survey. The location of radio-transmitters should be
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selected parallel and perpendicular to the strike direction which are then associated with
the E- and B-polarizations. Since it is not usually applicable without controlled-sources,
accordingly, CSRMT is used as a modi�ed method to overcome these restrictions and
enhance data quality and penetration depth. Bastani and Pedersen (2001), was the �rst
to achieve lower frequencies down to 1 kHz (Enviro-MT instrument) using a horizontal
magnetic dipole as transmitter. Afterwards, the St. Petersburg University continued to
improve RMT devices and developed a transmitter working in a frequency range between
1 kHz and 1 MHz using a horizontal electric dipole (HED) as a source (Saraev et al.,
2017). The idea is to use rectangular waveform current with basic signals and their odd
subharmonics, to measure from 1 kHz to 1 MHz. The e�ciency of utilizing controlled-
source is improving signal-to-noise ratio and producing wider frequency range for reaching
deeper subsurface structures. On the other hand, in a CSRMT survey, the orientation
of the transmitters with respect to the pro�les can be selected in the most suitable way.
CSRMT method has been used for di�erent geophysical means such as mapping faults,
detecting land�lls and other near surface applications (e.g. Shan et al. (2013), Tezkan
et al. (2019) and Saraev et al. (2022)).
The CSRMT method has been successfully interpreted using a combination of 2D in-
version and 3D modeling approaches. Conventional 2D inversion is typically applied to
far-�eld CSRMT data, providing a preliminary conductivity model. To further enhance
the accuracy and resolution of subsurface resistivity models, the 3D inversion algorithm
developed by Egbert and Kelbert (2012) has been applied in related studies. This algo-
rithm has been successfully used for 3D inversion of magnetotelluric (MT) data, partic-
ularly in geothermal exploration, where it has helped assess conductivity variations even
in areas lacking direct measurements. Integrating this approach into CSRMT inversion
work�ows can improve model reliability and provide a more comprehensive understanding
of subsurface conductivity structures. In this research, two perpendicularly located HED
sources are used to obtain full impedance tensor elements, which enables a 3D inversion
of the CSRMT data. The RMT and CSRMT were simultaneously measured at each sta-
tion, making the results comparable. The measurements were completed in far-�eld and
transition zones. This thesis focuses only on far-�eld zone results.



CHAPTER2

The Controlled-Source RMT Method

The RMT method utilizes remote radio-transmitters that emit electromagnetic plane
waves with frequencies ranging from 10 kHz to 1 MHz. The electromagnetic signals
produced by these radio-transmitters di�use into the conductive earth and induce cur-
rent systems which then generate secondary electric and magnetic �elds. The frequency
dependent apparent resistivity and phase curves can be obtained by measuring the com-
ponents of the electric and magnetic �eld at the surface using the electric antennae and
magnetic coils at the receiver stations (Fig. 2.1).

Figure 2.1.: Schematic RMT setup with two electrical cables and three magnetic coils on the surface
connected to a data logger. Considering the measurement scale in this method, the radio-transmitters
are far away from the receivers. [Modi�ed after Kirsch (2009)]

Beside the advantages of RMT in the shallow depth explorations, a remarkable weak-
point of this method appears when the survey area is located in a remote region where
suitable transmitters are absent. In this situation, signals are not strong enough to be

3
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measured. Additionally, due to the lack of VLF transmitters broadcasting below 10 kHz,
penetration depth of RMT method is limited. This can cause a serious problem if the
aim is to determine the bottom of the conductive bodies such as waste-sites. Another
disadvantage is that, the strike direction should be known for a RMT �eld survey and the
location of the radio-transmitters should be selected parallel and perpendicular to it.
Accordingly, controlled-source RMT (CSRMT) can be utilized as a modi�ed method to
give a solution to these restrictions and enhance the data quality as well as the penetration
depth. Also in the CSRMT survey, since the transmitter orientations can be selected
arbitrarily, it is easier to make them perpendicular to the pro�les direction. The source
in CSRMT method, is typically horizontal electric dipole (HED), as is also used in this
research. With this, we are able to measure in lower frequency range than conventional
RMT method down to 1 kHz and reach deeper in subsurface.
In order to provide information about the subsurface conductivity distribution, the basic
wave propagation theory of electromagnetics should be considered. In this chapter, the
Maxwell's equations, and other necessary fundamentals are discussed.
In the following table (2.1), the electromagnetic variables that have been used and their
units are listed in which vectors are indicated in bold.

Table 2.1.: List of variables and constants. Vectors are indicated in bold.

Variable Symbol Units
Electric Field Strength E V/m
Electric Displacement D As/m 2

Magnetic Flux Density B T = Vs/m 2

Magnetic Field Strength H A/m
Electric Charge Density Q As/m 3

Current Density J A/m 2

Current I A
Electrical Conductivity � S/m = 1/( 
 m)
Electrical Resistivity � 
 m
Electrical Permittivity " As/(Vm)
Relative Dielectric Permittivity " r 1
Electrical Free Space Permittivity "0 As/(Vm)
Magnetic Permeability � Vs/(Am)
Relative Magnetic Permeability � r 1
Permeability of Free Space � 0 Vs/(Am)
Frequency f Hz
Angular Frequency ! 1/s
Wavenumber k 1/m

2.1. Electrical Properties of Rocks

Electromagnetic methods analyze the physical property of a material's electrical conduc-
tivity ( � ) or its inverse, electrical resistivity (� ). To interpret the CSRMT data accurately,
it is important to understand how earth materials respond to electromagnetic �elds. Sev-
eral electrical properties of rocks and minerals play a crucial role in electrical prospecting.
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These include natural electrical potentials, electrical conductivity (or resistivity), and the
dielectric constant. Magnetic permeability is also an indirect factor. Among these prop-
erties, electrical conductivity is by far the most important, while the others are of minor
signi�cance (Telford, 1990). However, relating the measured conductivity to the lithology
is not always straightforward. For instance, porosity and permeability, which a�ect the
water content, often dominate the average conductivity compared to the mineral chem-
istry composition. As a result, a poorly conductive mineral may appear more conductive
than it actually is. Some rocks also have overlapping conductivity values, further compli-
cating the interpretation of data regarding rock properties (Fig. 2.2).

Figure 2.2.: Schematic description of conductivity and resistivity of the Earth's main materials. [Original
is from Palacky (1987). Modi�ed version is taken from: Electrical conductivity and resistivity of common
rocks]

Massive sul�des, graphite and saline water are highly conductive materials. Massive sul-
�des can reach up to 100000 mS/m. They are easily detectable by EM methods. Weath-
ered rocks (saprolite), shales, clays and fresh water show a moderate range of resistivity
(from 1 to less than 1000
 m). However, the resistivity values of fresh water, sand and
gravel can vary with salinity. Finally, igneous and metamorphic rocks, limestone and
permafrost are in the highly resistive range (from 1000 to 100000
 m).
In rocks and minerals inside the earth, electric currents can propagate in three ways: elec-
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tronic (Ohmic), electrolytic, and dielectric conduction. Ohmic conduction is the normal
type of current �ow in materials with free electrons such as metals. Electrolytic conduc-
tion occurs when the current is carried slowly by ions; and �nally, dielectric conduction
takes place in very resistive rocks with very few or no free charges. The e�ect of an exter-
nal alternating electric �eld, causes the atomic electrons to displace slightly with respect
to their nuclei. This separation of negative and positive charges is stated as dielectric
polarization that creates displacement current.
Most of rocks have high resistivities and are therefore poor conductors, however, they
have pores �lled with �uids. Therefore, they can be considered as electrolytic conductors.
A porous rock conductivity depends to the volume and arrangement of the pores, the
conductivity and the water content. These relations can be formulated as an empirical
equation known as Archie's law (Archie, 1942):

� e = a � � mS� n
w � w (2.1)

where � is porosity, Sw is the fraction of the water containing pores,� w is the water
resistivity, n � 2 and a and m are constants (0:5 � a � 2:5 and 1:3 � m � 2:5). Archie's
equation assumes that conduction occurs exclusively through the pore �uid, with the
matrix simply shaping the geometry of the conductive pathways. This assumption holds
because most minerals are insulators. However, the minerals forming the matrix can also
contribute to conductivity, which becomes particularly relevant when porosity is low or
the pore �uid has low conductivity. In such cases, conduction may occur directly through
the mineral grains or via electrochemical interactions between the grains and the pore
�uid.
Clay minerals can signi�cantly a�ect conductivity, a phenomenon �rst identi�ed by the
limitations of Archie's equation in rocks known in the petroleum industry as shaly sands.
Ion substitution within the layered structure of clay minerals generates a substantial neg-
ative charge on the grain surfaces. To neutralize this charge, cations are adsorbed onto
the grain surfaces. These surface ions are loosely attached to the crystal structure and
can be exchanged with other ions from solutions that contact the grains, modifying the
ion type and concentration in the pore �uid. While all minerals exhibit some degree of
surface conduction, particularly zeolites and organic materials, clay minerals are the most
in�uential contributors (Dentith and Mudge, 2014).

2.2. Maxwell Equations

Maxwell's equations are the most fundamental equations describing the electromagnetic
induction and EM �eld behavior that in time-domain are as follows:

r � E = �
@B
@t

(2.2)

r � H = J +
@D
@t

(2.3)

r � D = Q (2.4)

r � B = 0 (2.5)
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whereB is the induced magnetic �eld,H is the magnetic �eld intensity, D is the electric
displacement,E is the electric �eld intensity, J is the electrical current density,Q is the
electrical charge density and! is the angular frequency. These �elds are all dependent to
position and time.
Equation 2.2 represents Faraday's law stating that time varying magnetic �elds will in-
duce rotational electric �elds. Equation 2.3 represents the Ampere's law and states that
the induced magnetic �eld around a closed loop is proportional to the electrical current
and the displacement current. Equation 2.4 is called Gauss's law for electrical �eld and
states that the electric �ux leaving a volume is proportional to the charge inside that
volume. And �nally Equation 2.5 is called Gauss's law for magnetic �eld and states that
no magnetic monopoles exist.
In order to use Maxwell's equations to study how the Earth responds to electric and mag-
netic �elds, it is necessary to de�ne constitutive equations that express the relationships
between the displacement �eld (D ) and electric �eld (E), as well as between the magnetic
�eld ( H ) and magnetic �ux density (B ).

B = � 0� r H = � H (2.6)

D = "0" r E = "E (2.7)

J = � E (2.8)

where"0 is the free space permittivity," r is the relative permittivity, � 0 is the free space
permeability and � r is the relative permeability. The parameters� , � and " characterize
the intrinsic properties of materials through which electromagnetic �elds travel. Magnetic
�ux density B is connected to the magnetic �eldH by the magnetic permeability (Equa-
tion 2.6). Whereas the electric displacement �eldD is connected to the electric �eldE
through the electrical permittivity. Finally, Ohms law (Equation 2.8), connects the total
electric current density and the electrical conductivity. Within the Earth, " can range
from "0 (for vacuum and air) to 80 (for water) and may also vary with the frequency of the
electromagnetic �elds. Also in highly magnetized materials,� may be higher due to an
increase in magnetic susceptibility below the Curie point temperature. In isotropic me-
dia, these quantities are scalar, while in anisotropic materials, they must be represented
as tensors. For simpli�cation, it is assumed that the material properties are isotropic,
linear, homogeneous and their electrical properties are constant regardless of factors such
as time, temperature, and pressure (which may be important in geothermal exploration
or deep crustal studies). For an isotropic media,� , � and " are considered to be scalar
quantities. Therefore," = "0 = 8:85� 10� 12 F/m and � = � 0 = 4� � 10� 7 H/m (Vozo�,
1972).

2.2.1. Telegraph and Helmholtz Equations

Telegraph equations or the so-called wave equations can be derived when assuming that
there is no free charges outside of external sources and the current density is source free
in homogeneous media. This assumption leads to continuity equation:

r � J = 0 (2.9)

By taking the curl of Equation 2.2 and Equation 2.3 we obtain:

r � (r � F) = � � 0�
@F
@t

� � 0"0
@2F
@t2

(2.10)
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Here, F represents eitherH or E. Now considering the vector identity,r � (r � F) =
r (r � F) � � F and r � F = 0, we derive the telegraph equations:

� F = � 0�
@F
@t

+ � 0"0
@2F
@t2

(2.11)

The Helmholtz equation can be derived from the telegraph equation transformed into
frequency-domain using Fourier transformation and substitution of the time derivative by
i! :

� F = i!� 0� F � � 0"0! 2F (2.12)

We can also rewrite this equation as:

� F + k2F = 0 (2.13)

where k2 = � 0"0! 2 � i!� 0� and k is the wave number and! is the angular frequency.
The �rst term and the second term in this equation are corresponding to the displacement
and the conduction current respectively.

2.2.2. Quasi-Static Approximation

Within the frequency range of 10 kHz to 1 MHz, and for not very high resistive struc-
tures, the time-varying displacement currents@D

@t (resulting from polarization e�ects), are
negligible compared to the time-varying conduction currentsJ. In this frequency range,
electromagnetic induction in the Earth can be considered purely a di�usion process and
� � !" . Therefore, by neglecting the second term of the Equation 2.12 we obtain the
di�usion equation:

� F = i!� 0� F (2.14)

This is the so-called quasi-static approximation or also known as the MT approximation
in the frequency-domain. However, as mentioned above this would not be the case for a
very resistive area with� > 20000 
m at a high frequency of e.g. 1 MHz:

!" 0

�
' 0:55 (2.15)

which obviously is remarkable and cannot be neglected.

2.3. Plane Wave Solution for a Homogeneous
Subsurface

The searched plane wave solution of the EM �elds from Maxwell's equation can be ex-
pressed through a linear combination of harmonic wave:

F = F0ei (!t � kr ) = F0ei!t e� i kr (2.16)

where F0 is the plane wave amplitude. The �rst term in the exponent corresponds to
wave oscillations and sinusoidal time variations and the second term represents wave
propagation and exponential decay. By calculating the Equation 2.14 for Equation 2.16,
we obtain:

k =
p

� i!� 0� = (1 � i )

r
!� 0�

2
(2.17)
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This decay can be quanti�ed by the skin depth parameter� , the depth in which the EM
wave amplitude is decayed to a 1/e of its initial value at the surface. Skin depth permits
the characterization of the investigation depth that increases directly with the square root
of the medium resistivity and reversely with the square root of the frequency.

� =

r
2

!� 0�
' 500

r
�
f

(m) (2.18)

Although it has been de�ned for homogeneous media, it's usage can be extended to
heterogeneous cases e.g. geological structures as well (Telford, 1990).

2.4. EM Field Zones

Generally, there are three EM �eld zones based on the �eld behavior at di�erent distances
between transmitter and receivers: near-�eld, transition-zone and far-�eld. Fig. 2.3 shows
the zones that are characterized by the induction number which is de�ned as

jkr j =
r
p

2
�

(2.19)

where r is the o�set between transmitter and receivers. In the very short o�sets where
r � � or jkr j � 1, the EM �eld is in the near zone and the �eld behavior very much
depends on the source geometry rather than the frequency. In the far-�eld case where
r � � or jkr j � 1, source �eld approximates a plane wave and depth of penetration is
independent of array geometry. Finally, the transition-zone is wherer � � or jkr j � 1,
leading to a complicated �eld behavior (Zonge and Hughes, 1991).

Figure 2.3.: EM �eld zones calculated for a 100
 m halfspace based on the o�set and skin depth ratios
versus frequency. For example, at 105 Hz, the far-�eld condition can be achieved at a minimum o�set of
80 m.

In RMT method, due to the very large distance between the receivers and the available
radio-transmitters, the setup meets far-�eld condition. However, in CSRMT method, it
depends to the o�set in the survey. In my research, the aim was to measure in far-�eld
zone.
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2.4.1. EM Field Solution of Horizontal Electric Dipole for a
Homogeneous Halfspace in far-�eld

As mentioned above, in the far-�eld situationjkr j � 1 or in another words,r > 5� . In
this case, the EM �eld components in cylindrical set of coordinates (r , � , z) for far-�eld
are as follows (Kaufman and Keller, 1983):

Er =
Idl

2��r 3
cos� (2.20)

E � =
Idl

��r 3
sin� (2.21)

H r =
Idl

�r 3p
��!

sin� e � i �
4 (2.22)

H � = �
Idl

2�r 3p
��!

cos� e � i �
4 (2.23)

Hz = �
3Idl

2���!r 4
sin� e � i �

2 (2.24)

whereI is the dipole current,dl is the dipole length,r is distance from the dipole center
and � is the angle between the dipole axis andr . After applying the transform equations
based on Zonge and Hughes (1991), we calculate the EM components in Cartesian coor-
dinates as below:

Ex =
Idl

2��r 3
(3 cos2 � � 2) (2.25)

Ey = �
Idl

4��r 3
sin 2� (2.26)

Hx =
3Idl

4�r 3p
��!

sin 2� e � i �
4 (2.27)

Hy =
Idl

2�r 3p
��!

(2 � cos2 � ) e� i �
4 (2.28)

Hz = �
3Idl

2���!r 4
sin� e � i �

2 (2.29)

We can learn some interesting facts from these equations. For a homogeneous earth the
E-�eld is independent from frequency and is directly proportional to resistivity. The
horizontal H-�eld components are frequency-dependent in the far-�eld and are also a
function of the square root of ground resistivity. And, the electric and magnetic �elds
decay at the same rate of1=r3. This decay rate for vertical magnetic component is1=r4.

2.5. Transfer Functions

As in the MT method, in CSRMT method, we measure the electric and magnetic �eld
components in orthogonal directions at the surface of the earth. The horizontal electric
and magnetic �elds are related via a complex impedance tensorZ given by

E = ZH (2.30)
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Equation 2.30 can be written as (Li and Pedersen, 1991)
�
Ex

Ey

�
=

�
Zxx Zxy

Zyx Zyy

� �
Hx

Hy

�
(2.31)

The impedance tensor is a complex value and has real and imaginary parts. Therefore,
each element of the impedance tensor not only has a magnitude but also a phase that
are known as transfer functions. In case of a scalar impedance where the main diagonal
elements of the Equation 2.31 are zero, apparent resistivity and phase can be calculated
as below:

� a;ij (! ) =
1

!� 0
jZ ij (! )j2 (2.32)

� ij = tan � 1
� Im (Z ij )

Re(Z ij )

�
(2.33)

where i and j representx and y. The other type of transfer functions that have been
also evaluated in this research, are called tipper. They can be illustrated as induction
arrows as well. They are vectors that represent the complex ratios of vertical magnetic
�eld components to horizontal components. They are demonstrated asTx and Ty and are
given by

�
Hz

�
=

�
Tx Ty

�
�
Hx

Hy

�
(2.34)

Since vertical magnetic �elds are produced by lateral conductivity gradients, induction
arrows can help identify horizontal variations in conductivity. There are two di�erent de�-
nitions regarding orientation of the induction arrows. In this thesis, theWiese convention
(Wiese, 1962) is adopted, where vectors point away from areas of concentrated internal
currents (Simpson and Bahr, 2005). The tipper represents the tilt of the magnetic �eld
away from the horizontal plane. Its value is generally less than one and tends to increase
at lower frequencies. As it relies solely on H-�eld measurements, it remains una�ected by
static e�ects (Zonge and Hughes, 1991).

2.6. Dimensionality Analysis

The impedance tensor also contains information about dimensionality and subsurface con-
ductivity distribution. For a 1D case of an isotropic layered earth,Z xy = - Z yx and Z xx

= Z yy = 0. In such a medium, phase values help to analyze the general conductivity
distribution: phase values below 45° suggest a resistive layer at depth, while phase values
above 45° indicate a conductive layer at depth (Kirsch, 2009). For a 2D case where the
conductivity distribution does not change along the geological strike (Fig. 2.4)Z xy 6= Z yx

and Z xx = Z yy = 0. In this case, the transfer function consists of two independent modes,
which will be discussed in the next section. In a 3D caseZ xy 6= Z yx and Z xx 6= Z yy 6= 0.
Tipper vector can also be used as a tool for dimensionality analysis. In far-�eld zone,
tipper vector can be observed only in 2D (TE mode) and 3D conductivity distributions
because no vertical magnetic component is produced in 1D structures. This is however,
not valid for near- and transition-zones. Another way to gain an idea about the dimen-
sionality is the Skew factorS:

S =

�
�
�
�
Zxx + Zyy

Zxy � Zyx

�
�
�
� (2.35)
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that is invariant for rotation. For 1D and 2D cases,S = 0. In the 3D case however, it
varies from 0 (special case along the axis of symmetry of a body), to large values. The
skew value commonly increases at lower frequencies (Zonge and Hughes, 1991).

2.6.1. TE and TM Modes

As explained, the utilized RMT logger is capable of receiving signals from 1 kHz to 1
MHz and measuring theE x, E y, H x, H y and H z components of EM �eld. The electric
cables and the magnetic sensors at the stations are locating orthogonal assuming that the
pro�les are perpendicular to the strike direction of a 2D conductive body. In an ideal 2D
case, the EM �elds can be separated into two modes (Fig. 2.4):

ˆ transverse electric (TE) mode where electric �elds are parallel to the strike direction

ˆ transverse magnetic (TM) mode where magnetic �elds are parallel to the strike
direction

Figure 2.4.: Schematic description of E-polarization and B-polarization. [Modi�ed after Simpson and
Bahr (2005)]

However, most of the times only one mode (polarization) can be measured by RMT
method at the same frequency. This might be either an inline or a broadside con�guration
depending on azimuth of the radio-transmitters (Scalar measurement). The two modes
associated with the E- and H-polarizations have their E- and H-�elds aligned parallel to
the strike direction, respectively.
For TE mode,

@Ex
@y

= i!�H z (2.36)

@Ex
@z

= � i!�H y (2.37)

@Hz

@y
�

@Hy

@z
= �E x (2.38)

and for TM mode,
@Hx

@y
= �E z (2.39)
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@Hx

@z
= � �E y (2.40)

@Ez
@y

�
@Ey
@z

= i!�H x (2.41)

Nevertheless, we often face with mode-mixing situation in which the electric and magnetic
�elds of the TE and TM modes do not align with the principal axes of geological fea-
tures. To solve this issue, the tensor must be rotated through an angle� from the original
coordinate system (xy) to the new coordinates (x0y0) to separately analyze each mode's
contributions individually, where x0 aligns with the predominant strike direction. The
rotated electric and magnetic �elds can be calculated via multiplication of the rotation
matrix with the measured �elds (Simpson and Bahr, 2005):

E0 = � E ; B 0 = � B ; Z0 = � Z � T (2.42)

where� is the rotation matrix:

� =
�

cos� sin�
� sin� cos�

�
(2.43)

and the rotation or Swift angle can be obtained as follows (Swift, 1967):

� =
1
4

arctan
�

2Re[(Zxx � Zyy)� (Zxy � Zyx )]
(jZxx � Zyy j)2 � (jZxy + Zyx j)2

�
(2.44)

The Swift angle is a measure of how much the principal axes of the impedance tensor must
be rotated to align with the natural geologic strike direction. It quanti�es the anisotropy
and dimensionality of the subsurface conductivity structure. If it is zero or very small,
then the impedance tensor is already aligned with geologic strike (2D case), where larger
swift angles suggest 3D e�ects.

2.7. Numerical Method for EM Forward Solution

MT/RMT forward modeling addresses Maxwell's equations to simulate how electric and
magnetic �elds are distributed through the subsurface across space and time, given a spe-
ci�c conductivity structure and a range of periods or frequencies. For a 1D earth model,
analytical solutions exist to compute impedance at layer boundaries, ultimately providing
solutions at the surface. This includes methods like the Wait recursion formula (Wait,
1954). For certain 2D and 3D models, analytical solutions have also been established (e.g.
Weaver (1994)), primarily for validating numerical approaches.
There are also numerous numerical techniques for addressing 2D and 3D induction equa-
tions. Integral equation methods, developed in the 1970s (e.g. Weidelt (1975)), solve
Maxwell's equations within model subregions with 2D or 3D conductive anomalies, break-
ing these areas down into rectangular cells (2D) or cubes (3D) while treating surrounding
areas as 1D. With surface (2D) or volume (3D) integration of Maxwell's equations and
using Green's theorems (Zhdanov et al., 1997), the approach narrows focus to the anoma-
lous conductivity areas. Thus, the complete EM �eld solution is derived as the sum of
the normal �eld, representing background conductivity, and the anomalous �eld from the
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anomalous area. Because this approach focuses computations within the anomalous do-
main, integral equation techniques are relatively e�cient in time and storage. However,
this method requires a prede�ned background structure around the anomalous area, usu-
ally set as a 1D structure.
The most prevalent and widely employed methods for solving Maxwell's equations are
di�erential equation methods. In these methods, the entire earth model (not just the
anomalous structure) is discretized into cells, each assigned a constant conductivity value.
Maxwell's equations are then solved for each of these cells or cubes. The primary ad-
vantage of di�erential equation methods lies in their �exibility for constructing the earth
model. A downside, however, is the substantial computational demands due to �ne model
discretization, leading to the necessity of solving a system of numerous linear equations
to achieve accurate results (Meqbel, 2009).

2.7.1. Finite Di�erence Formulations for Staggered Grid

Probably the most commonly employed method is the �nite di�erence (FD) approach.
The algorithms that have been used for 2D and 3D in this research are based on the FD
method. Therefore, a brief introduction to this numerical method is provided below.
The Staggered FD grid for a 3D forward problem is indicated in Fig. 2.5.

Figure 2.5.: A staggered �nite di�erence Yee-grid cell for a 3D forward problem, in which the electric
�eld components de�ned along the edges, serve as the primary EM �eld component on which the partial
di�erential equation (PDE) is formulated and the magnetic �eld components are naturally de�ned on the
faces, representing the secondary EM �eld. [Taken from Egbert and Kelbert (2012)]

In FD and in frequency-domain, the EM forward problem can be formulated as either of
the following equations (Egbert and Kelbert, 2012):

r � r � E + i!�� E = 0 (2.45)

r � � r � H + i!� H = 0 (2.46)

Mackie et al. (1994) developed a staggered grid �nite di�erence (SFD) scheme to solve
Equation 2.46, while Smith (1996) applied a similar technique to Equation 2.45. In
order to numerically solve the above equations using FD in 3D, a staggered grid of size
Nx � Ny � Nz is considered. There are generally two approaches for de�ning the numerical
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grid in the FD approximation. In the �rst one that was initially introduced by Yee (1966),
E-�eld components are de�ned on the edges of the cubes, whileH -�eld components are
de�ned on the faces of the cubes (Fig. 2.5). This is the same approach that is used
in ModEM algorithm (Egbert and Kelbert, 2012). In this case, a solution is sought for
E-�eld in Equation 2.45, and the secondary magnetic �eld is subsequently derived from
E-�eld using Faraday's law (Equation 2.2). In the second one that was employed by
Mackie et al. (1994), the magnetic �eld components are de�ned along the edges of the
cubes, while the secondary electric �eld components are de�ned on the cube faces (Fig.
2.6).

Figure 2.6.: A staggered �nite di�erence grid based on Mackie for a 3D forward problem in which the
H -�elds are de�ned as averages along block edges, and theE-�elds and J are de�ned as averages along
the normals to the block faces. [Taken from Mackie et al. (1994)]

In this con�guration, Equation 2.46 is solved forH -�eld, and E-�eld is derived using
Ampere's law (Equation 2.3).
There is no room to discuss more details in this thesis, but more information is available
in Mackie et al. (1994).
In the next chapter, the inversion techniques that are critical for extracting meaningful
geological information from EM data are explored. These methods combine numerical
solutions with optimization algorithms to solve the inherently non-linear and ill-posed
inversion problem, addressing challenges like model resolution, uncertainty, and more.



CHAPTER3

Inversion Theory

Inversion theory is essential for solving complex electromagnetic problems, as it helps
extract useful information from measured data. In electromagnetics, the main goal of
inversion is to determine the physical properties of a material or object based on observed
electromagnetic �elds. However, this is a di�cult process because, many inverse problems
are ill-posed, meaning that small errors in the data can cause large errors in the solution.
This chapter introduces the key concepts of inversion theory in the context of EM prob-
lems. It begins with the mathematical foundations of inverse problems, highlighting the
di�erence between forward and inverse approaches. The forward problem predicts elec-
tromagnetic �elds from known properties, while the inverse problem works in the opposite
direction, using measured data to estimate unknown properties.

3.1. The Inverse Problem

The initial step in most inverse problems is to describe the data. Typically, in inverse
problems, the data consist of a set of numerical values and it is often convenient to repre-
sent them as a vector. For example, if N measurements are taken during an experiment,
these values can be organized as elements of a vectord with a length of N. Similarly, the
model parameters can be represented as elements of a vectorm, which has a length of M
(Menke, 2012).

d = ( d1; d2; d3; :::; dN )T (3.1)

m = ( m1; m2; m3; :::; mM )T (3.2)

Where T signi�es transpose operator. In EM inverse problems, the vectorm can be
parameterized as� , log(� ) or sometimes as thickness.
Usually the N-dimensional data are contaminated by an errore

e = ( e1; e2; e3; :::; eN )T (3.3)

and therefore, the inverse problem can be formulated as

d = F(m) + e (3.4)

16
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where the forward operatorF projects the model space to data space and produces cal-
culated or synthetic data. The most straight-forward solution is when the inverse ofF
exists and there is no error. The model parameters then can be calculated bym= F � 1(d).
However, in most of the geophysical problems the inverse ofF does not exist and this
makes it very challenging to solve the inversion equation.

3.2. Ill-Posed Inverse Problems

Depending on the nature of the inverse problems, they can be categorized as follows
(Menke, 2012):

ˆ In even-determinedinversion problems, all model parameters are uniquely deter-
mined by the data, with M = N. There is exactly enough information to determine
the model parameters and only one solution exists.

ˆ In under-determined inversion problems, the data lacks su�cient information to
uniquely determine a single model parameter. Formally, scenarios where M > N
may qualify as under-determined.

ˆ In contrast, in over-determinedinversion problems, there is too much information
to possess an exact solution where M < N.

ˆ Finally, mixed-determinedinversion problems represent the most general case, where
some parts of the model domain are over-determined while other parts are under-
determined. 2D and 3D geophysical inversion models are typically mixed-determined.

A well-posed problem must have a solution that is unique and also stable against small
changes to the data. If any of these conditions are violated, the problem is ill-posed (Zh-
danov, 2002). Considering the above category, most of the inverse problems are ill-posed
making them di�cult to solve and often requiring special techniques such as regulariza-
tion to stabilize the solution and make it reliable.

3.3. The Weighted Least-squares Method

The least squares method o�ers a feasible solution for ill-posed problems. It solves an
inverse problem by �nding model parameters that minimize the errore = d � F(m) ,
with d as the observed data, andF(m) is the predicted data. The best estimation for
model parameters can be found by minimizing a particular measure of the length of the
prediction error e. The least-squares method employs theL2 norm to measure length.
The term norm refers to a way of measuring the size or length of a vector. The most
commonly used norms are based on summing the elements of a vector raised to a certain
power, denoted asLn , where n represents the chosen power (Menke, 2012):
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The data outliers that deviate signi�cantly from the average trend, are treated di�erently
by various L-norms. Using higher-order norms, increases the impact of every outlier on
the results. TheL1-norm sums the absolute di�erences between predicted and observed
data. It is less sensitive to large errors, and treats them equally. This makes theL1-norm
more robust to outliers, therefore, it is used for scattered data. TheL2-norm is sensitive to
large discrepancies because it squares the errors. TheL2-norm is called the least-squares
method, and is the most common, as most datasets follow Gaussian statistics, and it is
suitable to give more weight to data with higher prediction errors. As mentioned earlier,
the goal is to minimize the mis�t between the measured data and the predicted data. To
evaluate the quality of this �t, the error weighted root mean square (RMS) criterion is
used (Constable et al., 1987)

RMS =

vu
u
t 1

N

NX

i =1

(di � Fi (m))2

� 2
i

(3.8)

where � i is the error of the i'th data point. The model parameter for the best �t, is
calculated from minimization of the following data mis�t functional or cost function

�( m) = ( d � F(m) )T W T W (d � F(m) ) (3.9)

whereW is a diagonalN � N error weighting matrix containing inverse of the data errors
W = diag(� � 1

1 ; � � 1
2 ; : : : ; � � 1

N ).

3.4. Non-linear Problems

In the Equation 3.9, F is not a linear function of m, and therefore,F(m) must �rst be
linearized. Consideringm0 as the starting model that is an initial guess of the model
parameters, it is assumed thatF(m) is linear aroundm0, such that a small perturbation
of the model responses aboutm0 can be expressed using Taylor-expansion (Meju, 1994),

F(m) = F(m0) +
@F(m)

@m

�
�
�
�
�
m = m 0

� m + Ojj � mjj 2 (3.10)

where � m is the small perturbation aroundm0, and m = m0+ � m. The higher order
terms indicated by O in Equation 3.10, are neglected. This approximation is valid only
when the series converges. The partial derivative term in Equation 3.10 is a Frechet
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derivative, or the so-called, Jacobian matrixJ. The elements of this matrix correspond to
the �rst derivative of the forward operator with respect to the model parameters,

J =

0

B
B
B
B
@

@F 1 (m )
@m 1

@F 1 (m )
@m 2
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...

@F N (m )
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@F N (m )
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1
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A

(3.11)

J is also known as the sensitivity matrix, as it describes how sensitive the predicted
data are towards small changes in the model parameters. The Jacobian matrix directly
in�uences how precisely model parameters can be estimated. Since� m is small, the
linearized inverse problem now can be written as

F(m0 + � m) = F(m0) + J� m: (3.12)

By substituting F(m) in the Equation 3.9, we can update the cost function as below

�( m0 + � m) = ( d � F(m0 + � m))T W 2(d � F(m0 + � m)): (3.13)

Next, the derivative of the cost function with respect to� m is calculated, as will be
discussed in the following section.

3.5. The Gauss-Newton Method

In order to minimize the cost function (Equation 3.13), the derivative of� should be
calculated with respect to� m, and set to zero. SinceW is a diagonal matrix, W 2 can
be omitted by re-scaling the measured and predicted data (Kelbert et al., 2006). We then
obtain

@�( m0 + � m)
@� m

=
@

@� m
((d0 � J� m)T (d0 � J� m)) = 0 : (3.14)

that eventually leads to
� m = ( JT J)� 1JT d0 (3.15)

whered0 = d � F(m0). This is known as the Gauss-Newton method or the unconstrained
least squares solution. It is an iterative algorithm in whichm k+1 = m k + � m k . For the
starting model k = 0. At each iteration the model perturbation is added to the model
obtained from the previous step. With each iteration the starting modelm0 is re�ned,
and the model update is recalculated. The Gauss-Newton method is based on the idea
that near a minimum, the cost function behaves like a parabola. Therefore, by solving a
sequence of linear least squares problems, it moves toward the minimum of that parabola.
However, the Gauss-Newton method is highly dependent on the starting model, and if it
is too far from the best �t, the method may converge to a local minimum (Chave and
Jones, 2012). For this reason, it is essential to use all the available geological and geophys-
ical information in the �rst place, to construct an appropriate starting model. Another
limitation of the Gauss-Newton method is that, it requires solvingJT J, which can be
computationally complex. If it is singular (det(JT J) = 0 ) or if the eigenvalues are close
to zero, the solution may not converge.
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3.6. The Steepest Descent Method

An alternative approach to determining the model update is the iterative method of Steep-
est descent. It is a simple gradient method where the starting model is corrected in the
direction of the negative gradient of the cost function (Meju, 1994):

� m = � 

@�
@m

(3.16)

where 
 is a suitably de�ned constant. It is an iterative optimization technique to min-
imize the cost function, often useful when trying to �nd a model that best �ts the data
within a de�ned set of constraints. One advantage of this scheme over the Gauss-Newton
is that it does not diverge. It uses the gradient of the cost function with respect to the
model parameters to determine the direction in which the function decreases most rapidly.
Starting from an initial guess, the method updates the model parameters iteratively by
moving them in the direction opposite to the gradient, with a step size that determines
how far to move in each iteration.
A major disadvantage of the Steepest Descent method is that it slows down as it gets
closer to the least squares solution, unlike the Gauss-Newton method. It is often ine�-
cient, because it requires many steps to reach a solution, making it unsuitable for practical
inversion applications.

3.7. Tikhonov Regularization

Addressing the singularity ofJT J, is a common challenge in nearly all geophysical methods
that arises from under-determined problems (N � M ). Consequently, many columns of
J are either zero or nearly zero. To overcome the ill-posed nature of the problem where
det(JT J) � 1, constraints are often applied to the cost function. Imposing constraints
ensures that the model adheres to certain characteristics. For this aim, the cost function
should be rede�ned as:

	( m) = �( m) + � 
( m) (3.17)

where
 is the stabilization functional and � is the regularization or trade-o� parameter.
Following the Gauss-Newton and steepest descent methods, which focus on minimizing
the residuals of an inverse problem, Tikhonov regularization is introduced to improve the
stability and robustness of the solution. The regularization term helps prevent over�tting
and ensures convergence, particularly in ill-conditioned problems. It improves the stabil-
ity of the solution and allows for better handling of noisy data (Tikhonov and Arsenin,
1977).
� is also known as the smoothness parameter. A proper way to determine it, is the well-
known L-curve criteria (Hansen and O'Leary, 1993), that is a tool to analyze the trade-o�
between the data mis�t and the model roughness. The norm of the regularization term,
is plotted against the norm of the prediction error. The point of the strongest curvature
of the L-curve, often indicates an optimal balance between �tting the data and the model
smoothness. When� is large, the model becomes smoother, as the regularization term pe-
nalizes large variations. Conversely, when� is small, the model �ts the data more closely,
capturing �ner details but risking over-�tting by modeling noise or minor �uctuations.
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3.8. Non-linear Conjugate Gradient Method

As explained in the steepest descent method, its convergence is often slow. To address
this limitation, the Conjugate Gradient (CG) method o�ers a more e�cient approach
by generating a sequence of conjugate directions instead of simple gradient steps. For
linear problems, the CG method e�ciently minimizes quadratic objective functions by
iterating along conjugate directions. However, when the system is non-linear, the CG
method cannot be applied directly, as the cost function is no longer a simple quadratic
form. The Non-linear Conjugate Gradient (NLCG) method extends the CG approach to
non-linear problems. This algorithm accelerates convergence in solving non-linear opti-
mization problems, particularly in large-scale geophysical inversion.
In the context of this thesis, the 2D algorithm of Rodi and Mackie (2001) and the 3D
algorithm of Egbert and Kelbert (2012) are employed for the multidimensional interpreta-
tion of RMT and CSRMT data. These inversion codes are based on the NLCG approach.
The following sections provide a brief overview of the principles behind these algorithms.

3.9. 2D Inversion Algorithm

The 2D inversion code of Rodi and Mackie (2001) is a robust algorithm for 2D MT
inversion, based on the NLCG method. The numerical method used in this algorithm
is discussed in Chapter 2 (Fig. 2.6). This algorithm is formulated to minimize a cost
function that incorporates both data mis�t and model regularization (Equation 3.17).
Rather than relying on the Gauss-Newton method, which involves solving large linearized
systems, the algorithm uses the NLCG approach to minimize	( m) iteratively. Each
model update is computed as:

m k+1 = m k + � kpk (3.18)

where� k is the step size found via line search, andpk is the search direction given by:

pk = � Ckr 	( m k) + � kpk� 1 (3.19)

The term � k updates the direction using the Polak-Ribiere formula:

� k =
gT

k Ck(gk � gk� 1)
gT

k� 1Ck� 1gk� 1
(3.20)

where gk denotes the gradient of the cost function at k-th iteration (r 	( m k)), and Ck

is a preconditioner matrix. This algorithm avoids explicit computation of the Hessian
matrix, making it computationally e�cient for large-scale geophysical inverse problems
compared to Newton-type methods. The use of a simple line search, along with e�ective
preconditioning, enhances convergence stability and reduces the number of forward model
evaluations. This algorithm has the ability to handle the non-linearity of the forward
MT problem directly without linearization, providing more accurate results in complex
geophysical settings (Rodi and Mackie, 2001).

3.10. 3D Inversion Algorithm

As one of the main objectives of this thesis, the ModEM algorithm (Egbert and Kelbert,
2012), is used to perform 3D inversion on (CS-)RMT data. This algorithm is a modular
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system for inversion of the EM data, and employs a NLCG optimization approach, which
o�ers signi�cant computational advantages over traditional Gauss-Newton or Newton-
based methods. It is a regularized inversion through gradient-based minimization of cost
function and has the form of (Kelbert et al., 2014)

	( m; d) = ( d � F(m))T C � 1
d (d � F(m)) + � (m � m0)T C � 1

m (m � m0) (3.21)

whereCd is the covariance of the data error,Cm de�nes the model covariance or regular-
ization term, and � is a trade o� parameter. The algorithm avoids explicit Jacobian or
Hessian matrices, instead relying on matrix-vector products computed via adjoint meth-
ods. The model update is the same as Equation 3.18 with� k chosen by backtracking line
search. The search direction is then given by

pk = �r 	( m k) + � kpk� 1 (3.22)

where� k is computed via standard Polak-Ribiere formula:

� k =
gT

k (gk � gk� 1)
gT

k� 1gk� 1
(3.23)

The algorithm is suitable for the inversion of large MT datasets, including full impedance
tensor data and tipper components, and it can incorporate complex topography and
variable mesh resolution. This makes it particularly powerful for resolving deep crustal
and upper mantle conductivity structures in regional to continental-scale surveys.
More importantly, the ModEM framework is purposefully built with a modular structure,
where key components such as the forward solver, model discretization, regularization,
data weighting, and inversion routine are designed to function independently. This design
enables users to easily adjust, substitute, or expand speci�c parts of the inversion process
without needing to modify the entire system (Kelbert et al., 2014).

3D Synthetic Modeling

Since ModEM is designed for MT frequencies, a synthetic modeling for the RMT frequency
range is essential. For this aim, the synthetic RMT study on a waste-site proposed by
Newman et al. (2003) was utilized.
The synthetic data for the model are generated using �fteen pro�les at the Earth's surface
within the range of -100 m < X < 100 m and -100 m < Y < 100 m. There is 10 m intervals
in both the X and Y coordinate directions for the interior stations of nine pro�les. The
station separation between the outer three pro�les is 20 m (Fig. 3.3a). The data are
computed for four frequencies of 20 kHz, 70 kHz, 140 kHz and 230 kHz, that are in the
same range of actual RMT frequencies. Gaussian noise of 5%, based on the impedance of
a 200
 m halfspace, is then added to the data. The synthetic model includes a 2 m thick,
50 
 m overburden covering the waste, a 500
 m gravel and coarse sand layer extending to
a depth of 19 m, and a lower 20
 m halfspace representing the conductive tertiary sand,
clay, and coal units beneath the actual waste-site. Additionally, two pits with resistivities
of 20 and 50
 m are incorporated into the model (Fig. 3.3d).
The results from Newman et al. (2003) paper are shown in Fig. 3.1 and Fig. 3.2.
The inverted models are presented by two XY slices at 2.5 m and 12.5 m depth (Fig. 3.1b
and c), and two XZ sections (Fig. 3.1e and f) right under the pro�les that are marked in
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