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Abstract

In this thesis we study the Poisson Boolean model where the grains are ran-
dom convex bodies with a rotation-invariant distribution, i.e. we have a Pois-
son Boolean model where the locations of the vertices are distributed in R?
according to a Poisson process . The vertices are than given by i.i.d. copies
of a random convex body attached to the individual locations. The random
convex bodies are called the grains of the vertices

We say that a grain distribution is dense if the union of the grains covers the
entire space and robust if the union of the grains has an unbounded connected
component irrespective of the intensity of the underlying Poisson process. If
the grains are balls of random radius, then density and robustness are equiva-
lent, but in general this is not the case. In this work we are dealing with the
Poisson Boolean model where convex bodies are rotation-invariant distributed
and have regularly varying diameters with indices —a; > --- > —ay where
ar > 0 for all k € {1,...,d}. We show in this model that in any dimension
d > 2 there are parameter regimes for the indices such that the grain distribu-
tion is robust but not dense. We give on the one hand some universal criteria
for density and robustness of a grain distribution and on the other hand also
some special criteria on the grain distribution being robust. In addition to
that we prove non-robustness for a generalisation of a 2-dimensional ellipses
model.

We further investigate the behaviour of the chemical distance in the robust
but not dense regime. We will see in this work that the universal criterium for
a grain distribution being robust is the existence of some k € {1,...,d} such
that o < min{2k,d}. To avoid that this connected component covers the
entire R? almost surely we also require a > k for all k € {1,..., d}. We show
that under these assumptions, the chemical distance of two far apart vertices
x and y behaves like cloglog |z — y| as |x — y| — oo, with an explicit and
very surprising constant ¢ that depends only on the model parameters. We
furthermore show that if there exists k such that «; < k, the chemical distance
is smaller than cloglog |z — y| for all ¢ > 0 and that if a;, > min{2k, d} for all
k, the chemical distance is bigger than cloglog |z — y| for all ¢ > 0.
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Chapter 1

Introduction

1.1 Motivation

The area of networks and random graphs has a lot of real-world applications
and is an important topic in research. For us, graphs consist of vertices and
edges between pairs of vertices, representing a connection between the pairs.
This simple structure allows for the modelling of many complex systems. In
social networks like Facebook, the vertices represent the users and edges their
friendship. Another example is the structure of the world wide web. For that
the vertices are the websites and edges represents the links between them. In
this example one could add more information by introducing directed edges. A
directed edge then goes for example from one website to another if it includes
a hyperlink to the other page. If both sites link to each other we have an
edge which is undirected. Beyond the internet, networks also play a role in
other fields. In neurobiology, for instance, vertices are the neurons and edges
are given between two neurons if they interact directly. Graphs can also be
used to study infection chains, where vertices are the infected individuals and
edges indicate disease transmission. In such example one have on the one hand
direction of an edge, i.e. if one person has infected the other, and on the other
hand we can depict the chronological sequences of disease transmission by a
time component. A further example are air-traffic routes, where vertices are
the countries and two vertices are connected by an edge if and only if there
exists a direct flight between these two counties.

We see that various types of graphs can be studied: spatially embedded
graphs (e.g. countries and corresponding flights) and non-spatial graphs (e.g.

world wide web with links). But we can also add some temporal developments



1.1. Motivation

in a graph, such as the spread of diseases. Alternatively, stationary networks
without a time component can be analysed.

In this thesis, we are interested in spatially embedded graphs that do not
involve a temporal component and have no direction on the edges, i.e. we just
know if two vertices are connected or not and have no additional information
about that. Therefore, we focus next only on examples with these character-
istics before proceeding to interesting properties and some results related to
them.

1.1.1 Spatial random graphs

In this thesis we are interested in graphs ¢ := (¥, &) with ¥ is the vertex set
and & is the edge set which is a subset of (unordered) pairs of vertices. We
use the convention that (u,v) € &, that the vertices u,v € ¥ are connected
via an (unoriented) edge. We are interested in spatially embedded graphs.
For that we can for example look at ¥ C Z? i.e. looking at lattice graphs
or ¥ C RY i.e. some continuum percolation models. In the following we give

some example.

Bernoulli bond percolation

One model, which was often studied and is of interest is ¢4 = (¥, &) with
¥ = 79 for d > 1. In this model we say that two vertices are neighours if
and only if the Euclidean distance between them is 1 and first start with all
edges between the neighours. Looking now at two vertices that are neighbours,
we fix p € (0,1) as a retention parameter and have a coin flip for every edge
so that we keep independent from each other edges an edge with probability
p and remove it with probability 1 — p. This model was first introduced by
Broadbent and Hammersley in [6] and is called Bernoulli bond percolation; as
edges are also referred to in this model as bonds and we have for every edge
an i.i.d. Bernoulli random variable with Parameter p that decides whether we
keep or remove it. If we keep an edge we say that this edge is open. One can
find an extensive introduction to this model in the book of Grimmett [29)].
The Bernoulli bond percolation model is a discrete model where, as de-
scribed, positions of the vertices are given deterministically as the elements of
Z4. It is a model with limitations that make it less than ideal for modelling
phenomena where more randomness is present. For other examples like chains

of infections, neuronal networks and a lot of more, it is important to use ad-
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ditional of randomness in space that place vertices not on lattices but in a
more flexible way. For this, one can look at continuum models that allow to
have vertices with locations in R? like in the random connection model or the
Poisson Boolean model in R?. Both models have been frequently analysed and

we briefly introduce them here.

Stationary marked random connection model in R¢

For the random connection model we use a point process that places points
randomly on a measurable space (X, B), where X is a complete separable metric
space and B is its Borel-o-algebra. We focus here on the models which are
generated via a Poisson point process £ with a o-finite intensity measure v. A
Poisson point process with intensity measure v satisfies the following properties
for all sets A, A;,..., A, € X and n € N:

e ((A) is Poisson distributed with parameter v(A),

o if the sets Ay,..., A, are pairwise disjoint, then £(A;),...,&(A,) are

independent.

These properties are discussed for instance in the book of Last and Penrose
[40].

To define connections between points z,y € £, we use a connection function,
which is a measurable and symmetric function ¢ : X x X — [0, 1]. Given such a
function, an edge between x and y is placed with probability ((z,y). This type
of model has been studied for example in [42, 9], while the general framework
was first introduced by Penrose [47].

Since the general random connection model includes a broad class of pro-
cesses, we focus on a particular subclass: the stationary marked random con-
nection model in R? driven by a spatial Poisson point process, which is for
example described in the work of Chebunin and Last [9].

In particular, we are interested in the case where R? is the space for the
locations of the vertices and the connection structure depends on additional
marks. In this setting, we consider therefore a product space X = R% x M,
where M denotes the mark space, and each point in the process is assigned a
mark in M. The intensity measure v is then given by u\ ® u, where u > 0, A
is the d-dimensional Lebesgue measure on R, and p is a probability measure
on M. This construction yields a stationary random connection model, as the

intensity of the points in the process is a multiple of the Lebesgue measure
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(see e.g. [40,9]). We therefore have that the process fulfils

4
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for T, a translation by = € R?, i.e. the distribution of the process does not
change under translations (cf. [40]). We also have that this kind of process is
ergodic, i.e. the process is degenerate on translation invariant measurable sets
(see e.g. [40,19]).

In this thesis the main interest is on the Poisson Boolean model which is
a special case of the stationary marked random connection model. The marks

will be the before mentioned grains.

Poisson Boolean model in R?

The Poisson Boolean model in R? is studied in many works. We start with a
homogeneous Poisson Point process &2 in R?. For every z € & we want to
attach in some C,, an i.i.d. copy of a random mark C' C R?, which we call the

grain at x, and shift it by x, i.e.

There are several studies of the Poisson Boolean model, see for example the
work of Meester and Roy [45] for an introduction, or Hug et al. [36]. Note
that the underlying point process has intensity measure uA with v > 0 and
again A is the d-dimensional Lebesgue measure.

Let C be a random or deterministic ball, i.e. we have a random or fixed
radius and the corresponding ball has its center in the origin. C, is then an
ii.d. copy of C' and C, is a ball centered in x. This choice of grains is the
typical model that has been studied in different works [311, [45] 40|, 22].

Looking now at the case d = 2 and letting C' be an ellipse with heavy
tailed distributed major axis and a fixed minor axis with length one, we get
the model which was studied in [53,[34]. Related, one can also consider “sticks”
instead of ellipses. Two works on these are [49] [7]. We also mention some work
with more general shapes, namely general convex shapes, as in [50, 23].

Note that depending on the literature and the object of interest in the
Poisson Boolean model, one can find the name Booelan model when focusing
on the covering of the process, i.e. the union of the grains (see e.g. [45], 140} [41])
or the Gilbert graph associated to the Boolean model (see e.g. [20, 16}, 40, 48]).
For the Gilbert graph, the vertices are given via the points driven by the

4
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Poisson point processes including its grains. The grains are relevant for the
connection probability, and we say that two vertices are connected by an edge
if and only if the corresponding grains are intersecting, but then do not affect
the resulting graph otherwise. An illustration of the Boolean model including

the corresponding graph can be seen in Figure (1.1}

for the Poisson Boolea.
I\, 2@ 4
. —— ®

A

(b) Example in R? for the Poisson Boolean model with ellipses as grains.

Figure 1.1: Example in R? for the Poisson Boolean model with convex grains.
From left to right: Points placed by the Poisson point process, covering of the
process by the random marks, edges constructed via the corresponding marks
and on the right side the Gilbert graph.

1.1.2 Properties of geometric random graphs

After introducing some examples for spatially embedded graphs, we provide
some definitions and corresponding motivations in order to describe the be-

haviour and properties of the graphs.

Percolation The concept of percolation is interesting for example in theory
of probability and physics and has a lot of real world connections. One can
observe percolation in the real world for example when we look at the spread
of a fire in a forest and look at the event that when the fire starts from one

side of the forest that it reaches the other side of it. The same principle is
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seen when looking at a big stone which is porose, when dropping water on it
and looking at the event that the stone gets wet in the middle resp. the water
percolates through the stone so that the other side of it is wet. This kind of
phenomena, i.e. having some “path” that goes from one side of a medium to
another, is called percolation. Both examples and more can be found in the
book of Grimmett [29]

If we want to formalise the concept of percolation, a natural concept in
graph theory is to ask whether there exists an infinite cluster, that is, whether
there a self avoiding infinite path can be found. To answer this question, we
first have to define a path. We already established that two vertices x,y € ¥
are connected (directly) if (z,y) € &, that is the edge (z,y) exists. We denote
this by x ~ .

We say that a path between z and y exists if and only if there exist vertices
T1,%9,...,T, € ¥ such that ©x ~ xy, z; ~ x;4 for i € {1,...,n — 1}, and
xn, ~ y, with n € N. More precisely we say there exists a path of length n
that connects  and y. We denote this by x ~ y. If there exists a path of
infinite length somewhere in the graph, for which none of the vertices appear
more than once, we say that the model percolates. In the literature, this is
also often referred to as the model being supercritical or having a supercritical
phase. When all paths are finite, the terminology subcritical or subcritical
phase (cf. [45] 29]) is used.

When studying the Poisson Boolean model, percolation can also be under-
stood in terms of coverage, rather than in terms of the graph. In this case,
we ask whether an unbounded connected component exists, where a connected

component is defined as a maximal union of intersecting grains.

Once we know that the model percolates, we can further study the percola-
tion probability, which is the probability that a point of the process lies in the
unbounded connected component or in the infinite cluster, which is the same
as asking if the vertex is connected to an infinite path. This probability typi-
cally depends on some of the model parameters. Similarly the existence of an
unbounded connected component or infinite path itself also depends on these
parameters. In the case of Bernoulli bond percolation, for example, it depends
on the retention probability p and the dimension d. Similarly, for the Poisson
Boolean model, both the dimension and the choice of grain distributions play

a crucial role.

Beyond the question of the existence of an unbounded connected compo-

nents, we are also interested in whether the unbounded connected component
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(or path) is, in some sense, trivial or non-trivial. For instance, we ask whether
all vertices are connected to each other or in terms of coverage if the entire
space is covered almost surely. In addition to that it is also interesting to look
at the uniqueness of such an unbounded connected component resp. infinite

cluster.

Looking at the triviality of the unbounded connected component, i.e. wheter
all vertices are connected or the entire space is covered, the question is also
closely related to the degree of a typical vertex. If the grains of the vertices are
for example of infinite size in expectation in the Poisson Boolean model, this
leads to a total covering of space and all points being connected to each other,
so the degree becomes infinite. Such a setting is generally not of interest, as it
does not realistically model connectivity observed in real-world situations. We
are therefore more interested in non-trivial cases where such full connectivity

or complete coverage does not occur.

Chemical distance A key topic in percolation theory and, more broadly, the
study of geometrically embedded random graphs is the relationship between
the Euclidean distance of two points and their graph distance, commonly re-
ferred to as the chemical distance. The chemical distance is defined as the
lenght of the minimal path connecting two vertices. The chemical distance
is not only an interesting concept in theory, but also a relevant measure in
real-world situations. First, let us give some examples in non-spatial graphs
that show why the minimum length of a path connecting two nodes might
be interesting. Consider a graph in which vertices are represented as actors
and an edge exists between them if they have appeared in the same film. The
so-called Kevin Bacon number indicates the minimum number of edges con-
necting an actor to Kevin Bacon. A similar concept is the Erdés number,
where mathematicians are connected by an edge if they have co-authored a
paper. Since Paul Erdos wrote over 1500 papers and had more than 500 co-
authors, the Erdos number serves as an equivalent to the Kevin Bacon number
in this academic collaboration graph. Both examples can be found in the book
of Durrett [13] and are examples for the observation of the small-world effect
that was described in the social experiment that was of interest for Milgram.
He looked at the question of how many intermediaries one needs so that two
randomly chosen Americans can get in touch with each other. Surprisingly

this number was on average equal five (cf. [40]).

It is of course also possible to embed both examples spatially if we use
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the birthplace or similar as the location for the individuals. Another example
is the spread of diseases, which has become a highly relevant topic in recent
years. Here, the chemical distance can describe how many transmission steps
are needed for a disease to spread from one side of the world to the other.
Looking now at the chemical distance in percolation theory, we have that this
is an interesting property when there exists an infinite path or an unbounded
connected component. For that, when points belong to the unbounded con-
nected component and are sufficiently far apart in Euclidean space, the aim is
to understand how the Euclidean distance of these points affects in the chemi-
cal distance. One can observe different type of behaviours. There exist models
in which the chemical distance is of linear order of the Euclidean distance.
One can also study models where distance scales as a power of the logarithm
(cf. []) or even as an iterated logarithm of the Euclidean distance. When
the latter occurs, the graph is said to be wltrasmall. This phenomenon has
been observed, for example, in geometric random graphs with long edges and
scale-free degree distribution as in the work of Gracar et al. [24].

Besides the results concerning some Poisson Boolean models and the Bernoulli
bond percolation there exist a lot of other works about chemical distance.
There is research about chemical distances extended to models incorporating
long-range interactions, such as random interlacements (Cerny and Popov [8]),
its vacant set, and the Gaussian free field (Drewitz et al. [14]).

In the following we focus on the models from above and summarise some

results.

1.1.3 Summary of established results

We start with the Bernoulli bond percolation and summarise some important
results for it which can be found for example in [29]. For this model it is known
that there exists for every dimension d > 2 a critical retention parameter
pe(d) € (0,1) such that the model is supercritical if p > p.(d) and subcritical
if p < pe(d). For d = 2 it is known that p.(2) = 5. For all other dimensions
d > 2, the exact value of p.(d) is not known. There exists inequalities and
asymptotic estimates for p.(d) for large dimensions. It is known for example
that p.(d) > 5 and pe(d) ~ o (cf. [29]).

Let us now have a closer look at the percolation probability. There are
a few results and conjectures concerning its behaviour for p close to p.(d)
with p > p.(d). It is conjectured that there exists a critical exponent [,

depending on the dimension, such that the percolation probability behaves
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like (p — pe(d))”. For d larger than 19, this has already been confirmed in the
work by Hara and Slade in [33] for 8 = 1. For small dimensions the question
remains open. More results on the critical percolation probability can be also
found in for example [21I]. It is also known that the percolation probability
is continuous for p > p.(d), as shown in the work of Aizenman and Pisztora
[T]. Moreover it is proven in the supercrital phase that the infinite cluster is
unique, which can be also found in [I].

For the chemical distance in Bernoulli bond percolation in the supercritical
regime, it is known that it grows linearly with the Euclidean distance (cf. [2]).
Further results concerning the chemical distance can be found in [18, 19] [11].

To conclude, note that instead of Bernoulli bond percolation, where edges
are removed with probability 1 — p and retained with probability p, one may
also consider Bernoulli site percolation, where the retention parameter p de-
termines whether a vertex is retained or removed. Corresponding results have
also been established in that context. Some works and introduction on the

Bernoulli bond percolation can be found in [29] 10} 21].

We state next a few results on random connection models driven by a Pois-
son point process in RY. Chebunin and Last show in [9] that under certain
condition the unbounded connected component, if it exists, is unique. The
relevant condition is irreducibility, which states that the probability that any

two vertices x,y € £ are connected is strictly positive.

There is also research by Last et al. [42], where general properties of func-
tions of marked random connection models driven by a Poisson point process
are studied. Here, “marked” includes also the setting of the stationary marked
random connection model, as it only refers to the random connection modes

where each vertex is assigned a random mark from some mark space.

There is also a work by Gracar et al. [28], where a phase transition for
percolation in the weight-dependent random connection models is studied. The
connection probability between two vertices depends in their model on weights
of the vertices as well as on their spatial distance. They identify conditions
depending on the model parameters so that a phase transition occurs, i.e. a

nontrivial critical intensity is given.

Further contribution is the work of Meester et al. [44], where conditions are
provided under which one can determine the behaviour of the critical intensity

of the Poisson point process as d — oo for the random connection model.

There are certainly many more results that could be mentioned here. How-
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ever, each of them requires specific additional assumptions, and no general re-
sults can be stated for the stationary marked random connection model driven
by a Poisson point process with respect to the percolation probability and the
chemical distance, as the behaviour of the models can vary significantly. This
will become evident in the following part, where we turn to various results

concerning the Poisson Boolean model.

Finally, we present therefore results for the Poisson Boolean model with various
choices of grains. This not only illustrates how differently the models behave
depending on the type of grains one chooses, but also provides the motivation

for the topic of this thesis.
We start here with the work of Gouéré where he looks at the set K as the

grain which is compact, convex, symmetric, and a subset of R%. In addition
to that he assumes that the Lebesgue measure of K is equal 1 (see [23]). He
studies the asymptotic behaviour of the percolation probability and the critical
intensity in two different settings. Omne of the settings considers attaching
convex bodies to the points of a point process, where the bodies are scaled by a
factor of 1/2. In this context, it is shown that the percolation probability for all
A as the underlying intensity, converges as d — oo to the survival probability of
a Galton—Watson process with Poisson(\) offspring distribution. Furthermore,
it is proven that the critical intensity converges to 1. In the second setting, the
scaling factor of the convex body is chosen randomly from two values. One of
the scaling factors is a parameter p € (1,2). Depending on p, the intensity A
of the Poisson point process is chosen, where \ is also a function of a further
parameter, namely 3. For d — oo, the asymptotic behaviour of the percolation
probability and the critical intensity is then established depending on 3 and
p. For further details on the second setting see [23].

In addition to that there exists a result on the critical intensity depending
on the shape of the convex body. Roy showed in [50] that for the Poisson
Boolean model the critical intensity with convex shapes of volume one is mini-
mal when using triangles or regular polytopes; for all other shapes, the critical
intensity is higher.

We now look at so called stick percolation. As mentioned previously, the
works [49] [7] deal with this model, where Roy [49] treats the 2-dimensional
case and Broman [7] deals with the more general case d > 2. In [49], bounded
sticks, i.e. lines through a vertex of bounded length are studied, which all

are uniformly rotated. Specifically, the critical intensity with respect to the

10
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percolation probability is investigated and it is shown to coincide with other
terms of criticality, such as the one where the expected number of sticks in
the cluster of the origin is infinite. In [7], sticks of length L and width 1 are
considered. The asymptotic behaviour of the critical intensity as L — oo is
studied. Two different distributions of the rotation of the stick are considered,
including uniform rotation. In both cases, boundaries for the critical intensity

is given which shows that it is non-trivial (bigger than zero) and finite.

We now look at the classical case, i.e. with balls as grains. In this model
we first consider the existence of an unbounded connected component. It is
well known that such a component exists the expected volume of the ball is
infinite (cf. |31, 45, 22]). It is also known that this unbounded connected
component almost surely covers the whole space R%. Due to [9] it is clear that
this is unique as well for the choice of all other grains, where irreducibility is
satisfied, as Poisson Boolean models with grains are also stationary marked
random connection models. It is also known that the percolation probability
is continuous for u # wu,. as wu is the intensity of the underlying point process

and u,. is the critical intensity. The proof of it can be found in [45] [51].

Considering the critical intensity of the Poisson Boolean model, one can
find a result for d = 2 with constant radius (radius equal to one) in the book
of Meester and Roy [45]. There, a lower and an upper bound for the critical
intensity are proven, which implies that it is neither trivial (equals zero) nor
infinite. For d > 2 and bounded radii, it is shown in [45] that the critical
intensity is non-trivial and finite. From this we can surmise that the same
holds for arbitrary radius distributions with finite dth moment of the radius.
Hence, a supercritical phase exists. However, more general conditions or an

explicit formula for the critical intensity are not known.

We now consider ellipses percolation. Teixeira and Ungaretti introduced
this model in [53]. There and in the work of Hilario and Ungaretti [34] several
fundamental properties of this model are identified. On the one hand, they
showed under which conditions the 2-dimensional ellipse model, with a fixed
minor axis and a heavy-tailed distributed major axis covers the entire space
[53]. This is the case, as in the model with balls as grains, when the expected
volume of the grain is infinite. Furthermore, they identify a parameter regime
for the tail exponent o in which an unbounded connected component exists
that does not cover the entire R?. This occurs, except in boundary cases, when
the tail parameter is such that the first moment of the volume is finite, but the

second moment is infinite, i.e. o € (1,2). For a > 2, the model has a subcritical

11
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phase, so there exists some non-trivial critical intensity such that the model
does not percolate if the intensity is smaller than this critical one. These
results can be found in [53]. In [34], the chemical distance is analysed. The
authors show that the chemical distance exhibits double logarithmic behaviour
with respect to euclidean distance. Although the exact constant in front of the
logarithmic term is not given, they give upper and lower bounds for it, which
depend on the tail parameter «.. In this work, we confirm the loglog behaviour
of the chemical distance and determine the precise value of the corresponding
constant.

These results on the Poisson Boolean model, especially the last two mod-
els, are the main motivation for this thesis. In the classical model with balls
as grains, it is known that total covering of the space and the existence of
an unbounded connected component independently from the intensity u are
equivalent. However, in the 2-dimensional case with ellipses as grains, this
equivalence does not hold. There exists a regime for the tail parameter a
in which an unbounded connected component exists independently of the in-
tensity u of the Poisson point process, while the space is not almost surely
covered. We therefore ask ourselves whether we can find grain distributions
in all dimensions d > 2 such that this property of the unbounded connected
component holds, i.e. such that this is not equivalent to total covering occurs.
For that, one has to make clear what is required for the grain so that one can
find such distributions. We know that the radius of a ball describes the grain
completely in the sense that having the center, the distance from this to the
boundary of the ball is in every direction the same. For ellipses this is clearly
not the case. In contrast it is possible to get ellipses that are very long but thin
as in the above mentioned model. This makes the orientation in this model
crucial. In our work we define diameters so that one can control the shape of

a grain and also determine the orientation of a grain.

1.2 Structure

In this section we give an overview of the structure of this thesis. In addition
to that we explain which part of the results and proofs are based on which

paper and describe my contribution to them.

Chapter [2| gives the detailed definition of the model and its behaviour, includ-

ing terminology (a grain distribution being dense, robust and non-robust), in

12
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order to describe this. More precisely you can find in Section the formal
definition of the model we are interested in and a definition of a sequence of
diameters so that one has some control of the shape and size of the grains. In
addition to that one can find the result concerning the behaviour of the grain
distribution being dense, robust and non-robust. For density and robustness
we state some universal criteria. In addition to that we provide some special
criteria for robustness that extend the universal criteria for particular kinds
of grain distribution. Moreover we prove criteria on the non-robustness for a
generalisation of 2-dimensional ellipses model introduced by Teixera and Un-
garetti in [53]. In Section one can find the proofs of the results on the
behaviour. All results, definitions and proofs from Chapter [2] are based on the
work [25].

Chapter [3|is based on the work [26]. Here, we present the results on the chem-
ical distance for far apart vertices and the proofs on it. In Section [3.1] we state
the main result on the chemical distance and discuss the nature of the con-
stant that appears there. In Section we give the proof of the lower bound

of the chemical distance while the proof of the upper bound can be found in

Section B.3]

In Chapter [4] we discuss examples and state their properties given by our re-
sults from Chapter [2] and Chapter [3] We consider also a further example,
where we have parameters such that with strong positive correlations between
diameters, we get a robust grain distribution, but get non-robustness with the
same parameters if we change the grain distribution. All these examples and

results for them are taken from [25] 26].

Finally, in Chapter [5] we round this thesis up by discussing briefly some possi-

ble future research directions.

In the appendix of this thesis, one can find results on bounds of intersection

probabilities and some geometrical tools. Some but not all, are taken from [26].

This thesis includes the work of the following two arXiv preprints.

[25] Gracar, P., Korfhage, M. and Morters, P. (2024) Robustness in the
Poisson Boolean model with convex grains.
Preprint arXiv:2410.13366

13



1.2. Structure

[26] Gracar, P. and Korfhage, M. (2025) Chemical distance in the Pois-
son Boolean model with regularly varying diameters.
Preprint arXiv:2503.18577

My contribution is essential in both preprints and is as follows. In the [25],
I took part in all group discussions and worked out ideas that were jointly
developed there and made the main contribution to filling in the technical
details. The proof of the density of a grain distribution and connection to
all other properties where developed together. The idea of the proof of the
universal criteria for the robustness was developed in group discussions after
I set the ground for the definition of the model. The calculations where then
made by my own with the help of the group discussions with both co-authors.

The preprint was then written primarily by me, and polished by my coauthors.

The idea for the second paper was initially developed in collaboration with
Peter Gracar and Peter Morters, when we first discussed the 2-dimensional
ellipses model of Teixeira and Ungaretti from [53] and the results from [34].
We were interested in refining the result of [34] by finding the exact factor in
front of the loglog term. The idea of the truncated moment method came up
in this discussion. In addition to that in discussions with Peter Gracar the
use of a sprinkling argument as in [24] was suggested . Subsequently, I did a
substantial part of the work on my own and then discussed the results with
Peter Gracar and carried out revisions together with him. The paper was then
written up and I wrote up a significant part of the proofs of the bounds for the
chemical distance. Together with my coauthor we corrected mistakes, made
the paper complete with introduction, motivation and discussion of the result

and rewrote proofs to be precise and formally correct.

This thesis is written in sciebo Overleaf version: 3.5.13 | Integration version:
2.1.0 from the university of cologne. Figures, which are mostly also used in the
preprints where all generated on my own with Matlab (Version 24.2.0.2863752
(R2024b) Update 5).

14



Chapter 2

Poisson Boolean model with regularly varying di-

ameters and its behaviour

2.1 Framework and behaviours of the model

In the this section we first start with the formal definition of the Poisson
Boolean model with convex grains and give some definition to describe prop-
erties of the model. These includes the definition of grain distribution being
dense, robust and non-robust to give some terminology on the behaviour of
the model. After that we state our result about this model for grain distribu-
tions being not dense. More precisely we state equivalent conditions on total
covering of the space. We give then the definition of a decreasing sequence of
diameters in order to describe the size and shape of a convex body and state
in addition to that our main results concerning the behaviour of the Poisson
Boolean model with convex grains that has some given marginal distribution
on the diameters. Note that, except for a few changes, the following chapter
is taken from [25].

2.1.1 Definitions and result on total covering of the space

As described in the previous chapter we take a homogeneous Poisson point
process 2 in R? of dimension d > 2 with positive intensity v and mark every
point x of &2 with an independent copy C, of a random convex body C' C R
We assume that the distribution of C' is rotation invariant about the origin.

We will write Vol(C) for the Lebesgue measure, i.e. the volume of the convex
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2.1. Framework and behaviours of the model

body C. We denote
C, ::$+(jz={y€Rd: y—xGéz},

and following [31] let € be the union of the convex bodies (C}).c, i.e.

€ = U Cy.

€S

The set € is called the Poisson Boolean model with convex grain C' and inten-
sity u. As described in Chapter , there is also a natural graph ¥ = (£, &)
associated with this model, where the points of the Poisson process & consti-

tute the vertex set and there is an (unoriented) edge connecting distinct points
z,y € & if and only if C, N C,, # 0.

There is little interest in the Boolean model if 4 = R¢ and we call the grain
distribution dense if this is the case almost surely, for any Poisson intensity u >
0. Otherwise it is called sparse. We now give a few equivalent characterisations

of a grain distribution being sparse. For that define

e My as the number of grains containing the origin,

My := Z Loec, -

€D

e N, as the degree of the vertex z € & in the graph ¥,

Ny = Tonc, 0

yey
y#x

e N, as the degree of the set A € B(R?),

NA = Z ILAQC,H&Q)-

reEP
With that we get N, = N, for x € 2. Note that B(R?) is the Borel-o-
algebra regarding to R

Proposition 2.1. Let & be a homogeneous Poisson point process in
R and mark the points with independent random convez bodies C C R?

containing a ball of fived radius. Let &y be the Palm version of the
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2.1. Framework and behaviours of the model

marked Poisson point process, and denote its law by Py and by Eqy the

corresponding expectation. The statement
E[Vol(C)] < oo (2.1)

and the following statements are equivalent:

(a) P(€ =RY) < 1 (b) P(€ =R%) =0 (c) P(0e¥) <1
(d) Eo[No] < o0 (e) Po(Ng = 00) < 1 (f) Po(No = 00) =
(9) E[Mo] < o0 (h) P(Mo =00) <1 (i) P(Mp=o0) =

Remark: Statement is only about the grain distribution and therefore
does not depend on the Poisson intensity u. Hence all other statements are
independent of u as well. The statements (a), (b) and (c) are about the random
sets &, the statements (g), (h) and (i) about the covering and (d), (e), (f) about
the corresponding random graph. Recall that the grain distribution is sparse
if one, and hence all, of the conditions in Proposition hold for one, and

hence all, values of u > 0.

We say that the grain distribution is robust if, for all u > 0, the set € has
an unbounded component, i.e. a component of infinite volume. This is easily
seen to be equivalent to the fact that, for every intensity u > 0, the graph
¢ percolates, or in the Palm version there is a positive probability that there
exists an infinite self-avoiding path in ¢ starting at the origin. Conversely,
the grain distribution is non-robust if there exists u. > 0 such that for all

0 < u < u,. every component of ¢ is bounded.

In the case that C'is a centred ball of random radius, recall that Gouéré [22]
has shown that non-robustness is equivalent to sparseness, i.e. to the state-
ments in Proposition 2.1} Recall also that this is however not true in the case of
general convex grains. Remember that Teixeira and Ungaretti [53] have shown
that for grains in R? which are ellipses with a major axis of heavy tailed ran-
dom length with index —2 < a < —1 and a minor axis of unit length, for every
u > 0, we have € # R? even though 4 has an unbounded component, almost
surely. We are therefore interested in some general result on robustness for

every dimension.

Our main result gives universal criteria that ensure that the grain dis-

tribution is robust, independently of how the diameters (defined below) are
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2.1. Framework and behaviours of the model

correlated. We also show that there exist robust grain distributions that do
not satisfy the universal criteria, but instead satisfy specific criteria, which
also put restrictions on the correlation structure of the diameters. Finally, we
provide a (trivial) universal criterion and a specific criterion for a grain distri-
bution to be non-robust. The latter applies in particular to a generalisation of

the ellipses percolation model in [53].

Definition 2.1.1. Let K C R? be a convex body, i.e. a compact convex set
with nonempty interior. The first diameter, or just diameter of K, is defined
as

DY := diam(K) = max{|x —y| : z,y € K}.

Let p% be the orientation of DY, i.e. pi = é where z,y are any (measur-
able) choice of maximizers in the definition of the diameter D{’. We define

the second diameter as
DY = diam (PHP%) (K)),

where Py (B) is the orthogonal projection of B C R? onto the linear subspace
H C R% and where H Py is the hyperplane perpendicular to p Denote
the orientation of D by pReH e and let H P be the hyperplane in H

perpendicular to p' .

Iterating this procedure, given Hp@) for some 2 < i < d, the (i + 1)st
K
diameter is

DY = diam (PH o (K))
PK

4D its orientation. By construction we have D%V <

and we denote by pj
DY) for all i € {1,...,d — 1}. Note that an illustration of this construction
of diameters and some example for diameters in R? is given in Figure .
Although the sequence of diameters DY, ..., D thus defined involves the
non-unique choice of orientations, our results do not depend on any of these
choices as the following assumption on the grain distribution holds true by any

choice of these diameters. The proof of this claim is given in Section [A.2]

We assume for our grain distribution that the tails of the random variables

Dg) are regularly varying with index —qy, i.e.

() ~
lim P(D& > cr)

. =c % forall ¢ > 1.
AL BODT > 1)

We include the case of bounded diameters D(Ci), in which case we put a; = 00.

18



2.1. Framework and behaviours of the model

(a) Example for the construction of diam-
eters in R3. (b) Ellipsoid with its diameters in R3.

IR AR

LTI I Ty

(¢) Further examples for convex grains with its diameters in R3.

Figure 2.1: Example in R? for the construction of the diameters for an ellipsoid.
In pink the ellipsoid with the red line as the first diameter, the ellipses on
the grid in picture (a) as the orthogonal projection of the ellipsoid onto the
hyperplane, given as the grid, the blue line as the second diameter and in
green the orthogonal projection of the set onto the hyperplane and the third
diameter.

Note that, by definition, a; < as < -+ < ay. Theorem gives sufficient
conditions for a grain distribution to be robust, either universally or provided
the diameters are sufficiently strongly correlated. Theorem [2.3]gives a sufficient
condition for non-robustness for grain distributions in d dimensions with &
‘large’ diameters and d — k diameters of bounded diameters length. This

includes a higher dimensional generalisation of the two-dimensional ellipses
model studied in [53].
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2.1. Framework and behaviours of the model

2.1.2 Results on robustness and non-robustness

Theorem 2.2. In the Poisson Boolean model given by a d-dimensional
random convez body C' with rotation invariant distribution, containing a
ball of fized radius such that, for all1 < k < d, the kth diameter D&’ has
reqularly varying tail with index —ay,, we have that the grain distribution

1s robust if
(a) there exists 1 < k < d such that o < min{2k,d}.

Additionally, if there exist a random variable D which is reqularly varying
with index —a for a > 0 and there exist 1 =y > v9 > -+ > 74 > 0 such
that D® = D% for all k € {1, ...,d}, we have that the grain distribution

1s robust if either of the following two conditions holds:
(a) 3k > |d/2] such that o < dry, or

(b) 3k < |d/2] such that o < 2k~ + Z?;;IEH V-

Note that the two criteria denoted (a) agree. Next, we consider a large class
of grain distributions for which non-robustness can be shown under sufficient

conditions on the tail exponents of the convex grains.

Theorem 2.3. In the Poisson Boolean model given by a d-dimensional
random convex body C' with rotation invariant distribution, if diameters
fulfil DO = D® for some fized k € {1,...,d — 1} with D® is reqularly
varying with inder —ay, and DO < M almost surely for some deter-
ministic M € (0,00), for j € {k+1,...,d}, the grain distribution is

non-robust if

(¢c) Vol(C) € L? and ay, > 2k.

Also, the grain distribution is non-robust for the Poisson Boolean model
if DG € L9,

Remarks:

e The first half of Theorem [2.2] only refers to the individual tail probabil-
ities of the diameters. In particular, no further assumption is made on

the joint distribution of the diameters D, ..., D).
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2.2. Proofs on the behaviour of the model

e The condition Vol(C) € £? of Theorem [2.3|implies that oy, > 2k for fixed
1<k<dand Dg) € £ implies a; > d. Note however that a; > 2k
does not imply that Vol(C) € L2

e The universal condition in Theorem [2.2| implies Vol(C') ¢ £2 and DY’ ¢
L% (and in particular also D& ¢ £4), while the non-robustness condition
in Theorem [2.3|implies Vol(C) € £2 or DY € L. One might be tempted
to conjecture that these weaker conditions are sufficient in the specific
model stated in Theorem [2.3] However, it turns out that this is not the

case, as [53] provides an example of a non-robust grain distribution in

R? with Vol(C) ¢ £2 and DY & £°.

e Note that in Theorem 2.3] we omit the case k = d as this is the case of the
Poisson Boolean model with grains given by balls, which is non-robust
when D® € £4; this was shown in [22].

e One might hope that we could find a more general result for a grain
distribution being non-robust, similar to the universal criterion in Theo-
rem [2.2] This is likely not possible without having more information on
the diameter distribution beyond the trivial case of a; > d as in Chap-
ter [4] we present in the last example some parameter regime where we
see that it can be crucial to know more about the correlation structure

of the diameters to that the grain distribution is robust or non-robust.

2.2 Proofs on the behaviour of the model

In order to prove our result we first formalise our setup. Denote by C¢ the
space of convex bodies in R? with the Hausdorff metric. Recall that we assume
that, for some fixed € > 0, the e-interior of C' is nonempty almost surely. We
assume that Pg is a law on C? x R? such that, for Pg-almost every (C,m)
the point m is in the e-interior of C'. We further assume that P¢ is invariant
under simultaneous rotations of C' and m about the origin. We now define the

Poisson-Boolean base model, which we use in our proofs.

Definition 2.2.1. The Poisson-Boolean base model is the Poisson point pro-

Cess on

S:=R?x (C? x R?)

with intensity

uA@]P’C
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2.2. Proofs on the behaviour of the model

where A is the Lebesgue measure. The corresponding point process is denoted
by X. We call any x € X a vertex and its first component x € R? its location.
By & we denote the Poisson point process of locations. The second component
is denoted by (C’x, m,) and C’x is called the grain at . We denote its diameters
by DY, ..., DS and the corresponding directions by py’, ..., ps".

Then we set

and define

¢ =] C.,

e
which is a representation of the Poisson-Boolean model. When considering two
vertices X,y € X, we say they are connected by an edge, if and only if the sets
C; and C, intersect. Recall, that we denote this by writing x ~ y. If x and y
are connected through n edges recall that we write x ~ y and say x and y are

connected by a path of length exactly n.

2.2.1 Ciriteria for density

In all our proofs we use the notation B.(x) := {y € R?: |y — x| < e}. We also
write nK = {nx: x € K} for the blow-up of the set K C R? about the origin
by a factor > 0. Let (€;)ief1,....qp be the canonical basis of R? and for ¢ € S
let roty be an arbitrary but fixed rotation such that roty(e;) = 9. Throughout
the proofs we use ¢ € (0,00) as a generic constant which may change its value
at every inequality, but is always finite and may depend on d, k, a; and on
e > (0 appearing in the Potter bounds only. It depends also on € > 0 while € is
the radius of the ball which is completely included in C.

Proof of Proposition[2.1. This proof does not require rotation invariance. By
the mapping theorem, see e.g. Theorem 5.1 in [40], the point process given by
the points = + m,,r € & is again a homogeneous Poisson point process. We
may therefore assume, without loss of generality, that there is a fixed € > 0
such that B.(z) C C, for all x € .

(a) < (b) is clear by ergodicity. (1) = (a) follows because, by Section 2 of
[31], we have P(Vol(R¢\%¢’) = 0) = 1 if and only if E[Vol(C)] = co. To also get
(1) = —(a) from this statement we apply it to nC, for some fixed 0 < n < 1,
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2.2. Proofs on the behaviour of the model

and get that E[Vol(C')] = oo implies E[Vol(nC)] = n?E[Vol(C)] = co and hence

P(Vol(Rd\ U (nO)gc) - 0) —1,

€D

This event implies | J,., Cr = R% Indeed, if y & J,c»(nC)s there exists a
sequence of points (z,), in & such that the distance of y and (nC'),, goes to
zero. If we replace (nC),, by C,,, the distance to y is reduced by at least the
fixed amount €(1 — 1) > 0, because Dist(z,nC) > Dist(z, C') 4+ Dist(9C, onC')
and Dist(0C,dnC) > (1 — n)e, where dist(A, B) is the standard Hausdorff
distance for A, B C R? Hence there exists n with y € C,,. This completes
the proof of (a) < (1).
The implication (¢) = (a) is immediate from {% = R} C {0 € ¢}.

To show that (1) < (g) we use Campbell’s theorem to calculate
E[My] = u / PO € 2+ C)dA(z) = u / P(z € C) dA(z) = uE[Vol(C)],

which readily implies the equivalence.

To show that (d) = (1) observe that under the Palm distribution 22(Cj \
{0}) = k implies that Ny > k. Hence E¢[No] > Eo[Z(Cy) — 1] = uE[N(C)],
from which the implication follows. For the implication (1) = (d) we enlarge
the sets C,, for each x € &, to become rectangles R, taken as the sum of
o and the cartesian product of the intervals [—DY’, D{’] with respect to the
orthonormal basis given by the directions p(c)r The enlargement increases the
volume of the sets by no more than a constant factor. Indeed, if R is the
rectangle constructed from C' we have Vol(R) = 2¢][ D®. As the convex
hull of the points, which define the length and orientation of the diameter, is
contained in C' we can lower bound its volume iteratively via the formula of

the volume of hyperpyramids (see e.g. [38]) and get
Vol(R) < (2% - d")Vol(C).

We write N4 and Ny for the degrees defined like N4 and Ny but with respect
to the enlarged sets.
By assumption we have z + [—¢/v/d, ¢/Vd]* C R,. As C, C R, we have

Ny < Ny and we can bound the expected degree of the origin from above,

EO[NO] < EO[NO] < Eo[ Z HR()(-??)NBJ@}’
z€(e/V/d)zZ4

23



2.2. Proofs on the behaviour of the model

where in the second inequality we use that [—e/v/d,e/v/d]? C Ry and hence
balls of radius e centred in the points of (¢/v/d)Z? N Ry cover Ry. Now 1L g, ()

and N Be(z) — LRronB.(2)»0 are independent and we get an upper bound of
Eo[No] < Eo[#((¢/Vd)Z* N Ro)|E[Np,0) + 1].

By [I7] there exists a constant ¢(d,€) which only depends on the dimension
and € such that the number of lattice points in K can be bounded from above
by ¢(d, €)Vol(K). Looking now at the last factor we use

E[Ng, )] = u/}P’O(Be(O) N(x+ R)#0)dx = u/IP)(BG(x) NR#0)dx.

As {B.(x) N R # 0} C {x € 2R} we can bound the previous term from
above by
uE[Vol(2R)] = u2? E[Vol(R)] < u2** - d'E[Vol(C)].

Hence we get that Eq[Ny| is finite if E[Vol(C)] is finite.

The equivalence of (g), (h), (i) and (1) follows because M is Poisson dis-
tributed with parameter wE[Vol(C')] and therefore finite almost surely if and
only if the parameter is finite. The implications (d) = (f) = (e) are trivial.
The implications (f) = (i) and (e) = (h) follow as Ny > My — 1 under the
Palm distribution. Finally, to show the implication (1) = (¢) we note that
P(0 € €)=P(My > 1) < 1 because M, is Poisson distributed with parameter
uE[Vol(C)] < oo. O

2.2.2 Universal criteria for robustness

We now prove the first part of Theorem The idea of the proof is to
construct, for every u > 0, an infinite self-avoiding path in ¢. The path
is constructed such that the convex bodies attached to the vertices on the
path are growing faster than a given increasing threshold sequence. Note that
without loss of generality we can assume that ay > k, for all k € {1,...,d},
since otherwise Vol(C) ¢ £! and by Proposition there is nothing left to
show. Again we use ¢ € (0,00) as a generic constant which may change its
value at every inequality, but is always finite with possibly dependence on
d,k,ap and € > 0.

Remark 2.2.1. In this and the following section we bound the set of ori-

entations which result in an intersection of two convex bodies using the fol-
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2.2. Proofs on the behaviour of the model

lowing known geometric property. Consider two points z,y € R? at distance
a:=|x —y|. Let A be a (d— 1)-dimensional set which contains y and lies in
the hyperplane through y perpendicular to x — y. Denote further by A\;_; the
(d — 1)-dimensional Lebesgue measure. Then, if a > diam(A), the volume of
the set of orientations of (infinitely long) lines that go through = and intersect

A can be bounded from below by 2’};1:12(;3 )1 and from above by Ad;d—{(lA). Note

that the upper bound is not only true for a > diam(A).

Proof of Theorem[2.4, part one. As in the proof of Proposition the point
process given by the points x + m,,z € & is a homogeneous Poisson point
process. As done there, we also replace the independent attachments (C,m)
by (C'—m,0) so that the new grains contain a ball of radius € around the ori-
gin and, by the rotation invariance assumption, their distribution is invariant
under rotations around the origin. Reverting to the original notation we may
assume henceforth that B.(z) C C, for all z € &.

For 1 < k < d with ap # k we define the increasing threshold sequence
(fn)neN by

min{d—Fk,k}

fo=(f,_,) % °, forn€eN, (2.2)

where f, > 1 can be chosen arbitrarily and will be set large later in the proof,
and 0 < € < 71 is such that the exponent in this sequence is strictly bigger
than 1 in order to guarantee that the sequence is increasing. This is possible
by our assumption that a; < min{2k,d}. Note that we can without loss of
generality take this € to be the same as in the requirement that B.(0) C C, by
replacing the larger of the two with the smaller if necessary. We comment on

the cases k = d and aj, = k at the end of the proof.

Let therefore k € {1,...,d — 1} and assume for now that f, > 1. Further-
more let
Ay = {axo € XN By (0) : DY > 22(d‘1)+€f0}.

We will remark on the factor 22@~D+¢ Jater when considering a more general
case of Ag. As D™ is regularly varying with index —oy,, we have that the

probability of Ag is

P(Ag) = 1~ exp(—u / B(DY > 22004 ) d\(x))
By, (0)

>1-— exp(—ucf(fl_o"“_a), (2.3)
where we note that ¢ > 0 was chosen such that d — a, — ¢ > 0. In the last
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2.2. Proofs on the behaviour of the model

inequality we have applied the Potter bounds (see [39, Prop. 1.4.1]), which for
a non-negative regularly varying random variable X with index —a < 0 and

every ¢ € (0,«) yield a constant ¢(¢) > 0, such that
cle) T < P(X > 1) <ce)w ot
holds for & > €. For x € X we define the set
y ER: |z —yl € [3f.. f]. £(x —y.v) > ¢,

0.(x) := , , 2.4
() { for v € span{p?’ : 1 < j <k} } 24)

where ¢ = 27@*(d + 1)~! and £(x,y) denotes the angle between vectors
z,y € R% For y € R? we define

B;, ,(x) = Pu, (o By (@), (25)

where H,_, is the hyperplane perpendicular to z—y with |H,_, N 0By (x)[ =1
and Dist(H,_,,x) < Dist(H,_,,y), i.e. the hyperplane that touches the ball
of radius f, , with z as the centre, see Figure 2.2/ on this page.

] LT ]
// // //
// |1
// // //
// |1 | —
// // g %
// |1 .
= L1 |
// |1
// // /
// | /
// // |
// |1 =
L \ =
L1 // ;
// |1 7
// //
/// | A A\ 7
1 //
// |1
1
L |1 L]
// // L1
P A A B

Figure 2.2: The various sets and their relationships from the proof of the first
part of Theorem [2.2} The point y is in pink, x in red. The yellow area is
C. The orthogonal projection of C, is dark blue and H,_, is the grey plane
with the red grid. Bj. | (x,y) is lime green. Drawn in black are the line with
orientation x — y, the point lying in H, , N 9By () and the ball By, ,(z)
containing the location z of the vertex x corresponding to C,.
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2.2. Proofs on the behaviour of the model

For n € N, define the events

A Ix;,...,%X, € X:X; # X, for all i #m, DY) > 22(d_1)+€fi,
" x; € Oi(Xifl) and Cxl N B;{c;l (Xifl, Z'Z) 7& @ for all 1 S 1 § n .
(2.6)

Note that A, is implicitly dependent on xy, but we omit this in the notation
to keep it concise and we will use this sequence in Chapter |3| to prove results
on the chemical distance as the construction in the proof of the robustness is
crucial for it. Roughly speaking, A,, is the event that we find a path of length
n with the properties that, for every i € {1,...,n},

e the first & diameters of the convex body C, do not fall below the thresh-
old 22(4=1+¢f For the choice of factor 22(=V+¢ it can easily be checked
that a convex body with diameters D™, ... D@ contains a rectangle
with side-lengths 22V D . 224D Dw_  This claim is stated in
Lemma [AT] This Lemma and its proof can be found in Section [A 1]

e 1; does not lie “too close” to the affine subspace through x;_; spanned by
the orientations pt, ,,...,p% . of the big diameters of x;_;. More pre-
cisely, we require the angle between any spanning vector of this subspace
through x;_; and the vector x; — x;_ to be larger than ¢. This is in
order to keep the condition on the orientation of x; from becoming too
restrictive when we formulate the requirement that C,, intersects Cy, .

Finally,

e the convex body C,, intersects a part of a hyperplane “behind” the convex
body C,,_,, see Figure 2.2}

In addition to these restrictions that ensure that the points and their respective
convex bodies are sufficiently close, suitably aligned and large enough to keep

the chain of intersections going, A,, also gives
e The distance between points x;_; and z; is at least % f, and z; € By f, (0).

This last property allows us to search for each point z; in an annulus disjoint

from those of the previous points x1,...,x;_1.

We now construct an infinite sequence of points x;,Xs... € X such that
the first n points satisfy the event A,, with a probability bounded from below.

Recall that the existence of x( satisfying Ay has already been taken care of
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2.2. Proofs on the behaviour of the model

in . We let §,, be the o-algebra generated by the restriction of the Poisson
Boolean base model to the points with locations in Bys (0). Then A, is §,-
measurable and we find x,,,1, assuming that xi,...,x, € X have been found
satisfying A,, such that x;,...,x,,; € X satisfy A,,; with a conditional
probability bounded from below. Figures|2.3(a)|and [2.3(b)| are sketches of the

(n 4 1)st step in the construction. On the event A,, we calculate

(a) ith step of the construction in R? with (b) ith step of the construction in R? with
k= 2. k=1

Figure 2.3: The recursive construction of the proof of the first part of
Theorem @ The convex set C,, , is in yellow. Mint green is used for
By, (zi-1) \ By,/2(zi—1); i.e. the possible area for x;. The part in which w;
is not permitted to be is in red. Grey is used for H,, ,_,,, with dark blue
for the orthogonal projection of C,, ,. In pink, the orthogonal projection of
By (xi-1). Finally, the black point is a possible position for ;.

P[AS,, | §n] < P[ there exists no x € X with z € Bsy . (0)\Bay, (0) such
that D& > 22@=V+ef 2 e 0,41(x,) and

Ce N B} (xn,2) # 0 | Tl

1)

Recall that roty is a rotation such that roty(e;) = . For our purpose it

matters only that the shortest diameter is suitably oriented after this rotation.

r—y

= oy € S9! as the orientation of the vector

For z,y € R? we define p,,, :

28



2.2. Proofs on the behaviour of the model

x —y. With that we define

Qy, (x,y) == rot,, (conv({ fefe; 0 1<i<d—k} (2.7)

U{—%em,%em : d—k+1§m§d})>+x

with conv(A) being the convex hull of the set A and define

Q;ﬂ (QZ, y) = PHz—y (an (33, y>>

Choosing y = w,, the choice of Qf, (x,,x) allows us to obtain a lower bound for
the probability that D" > 22d=U+ef and C, N B} (%n, ) # 0, uniformly
across all C, satisfying Dy > 22d=D+ef
B} (xn,x) with the set Q7 (zn,x). To see why, note that Q] (z,,x) has
smaller (d — 1)-dimensional Lebesgue measure than B} (x,,z) for all x,, that

satisfy D > 22(d=-1+ef

for all x € O,41(x,), by replacing

Abbreviating I, 1 := (B2fn+1(0) \ Bgfn(o)) N Opi1(x,) we get

PLA 1] An]
< ]E[IP[ there exists no x € X such that z € By (0) \ Bay,(0)

D® > 22(d71)+efn+1,x € Opy1(x,) and Cp N B} (Xp, 1) # 0 | 3]

xTg4, ]/IP’ ")

= E[exp(—u / Po(DE'> 22470F<f (@ + C) N B} (X, ) # 0) dA )
Int1 x4, ] Ap)

< ]E[exp( /IP’C(D(’“)> 2Dt (@ + C)NQY (wn,x) # 0) dX )
Tnt1 x]lAn}/IP n)-

We rewrite the last term as

E | exp(—u / Pe((x 4+ C)NQ3, (w0, ) # 0| DP> 224 V%f )
Inta % PC(Dgc)Z 22(d—1)+efn+1) d)\($)> ﬂAn} /P(A

and focus on the integrand. First, we bound the conditional probability from
below. We use rotation invariance of the law of C' to bound the probability
of the intersection from below by the (d — 1)-dimensional Lebesgue measure

of a subset of S?! of rotations of C' for which we can ensure a non-empty
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intersection with Q% (n,x). Using that C, having k diameters of size at least

22d=Dtef  mneeds to hit a target with &k diameters with size of order f,, at

distance at most 2f ,, we find using a simple inductive argument over d and

419
Remark 2.2.1] such a set of rotations that has measure ¢ f:bnin{d_"“'""} f;i*k. Note
that the proof of this lower bound is given in Section

Second, we look at the factor Po(Dg' > 22@=D+ef ) and recall that the
tail of DY is a regularly varying function with index —ay. Using the Potter

bounds we get

Pc((z +C)NQj, (wn,x) # 0| DG > 2270Ff Pe (D> 22D L)

(2.8)
f:bnin{d—k,k} ot
> e Lo,
n+1
where ¢ > 0 depends again only on ¢, ay, d, k and €. As there exists a further
¢ > 0 such that, for f, big enough, points in O,(x,) have distance bigger
than cf, ,, from the origin, the volume of I,,1; is of order ffH. This yields for
P[AS | A,] the bound

min{d—k,k}

E[exp(—uf el ot ar() ) 14, ] /P(A)
ol v

<E [exp (—ucf;nm{d_k’k}f_(a”e_k)) ]lAn] JP(Ay).

n+1
For fixed 0 < & < (oy, — k)%¢/(2min{d — k, k}) we get the inequality

_gmln{d —k,k} n

€
ok e(ak+5—k)>§(ozk—k)>0,

and combining the above with the definition of our threshold sequence and the

Potter bounds we get for P[A¢,,|A,] the upper bound
eXp(—UCfJfk—’—a_k)f:ﬁn{d_k’k}) < exp<_ucf§(ak—k)/2) ]

We can now bound the probability of A,, from below as follows.

n—1
P(A,) = P(Ag) [ [ Pl[Acs1|A]
=0
n—1
> (1 —exp —ucf(ﬁi_a’“_e 1 —exp —u@f;(ak—k)/Q
)| (R ea)
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n—1

= exp{log(l — exp(—ucff_o"“_‘g)) + Z log(1 — exp(—ucf;(o"“_kw)) }

£=0

Using that for small 2 < 0 we have log(1l + x) > 2z and exp(—z) > 1 — z we
get

P(A,) > 1= 2exp(—ucf™7%) =23 exp(—ucf /)
£=0
- minfd—ki} )"
=1—2exp(—ucf?™ ) -2 Z exp<_uc{f0e<ak—k>/2}( " ) )
£=0

Due to our assumption that k£ < «a; < min{2k,d}, the last sum is finite and
by choosing f, large enough this lower bound can be made arbitrarily close to
L.

If g < d we can look at the classic Poisson Boolean model with balls as
convex grains with radius D@. Then this grains distribution is dense and
therefore also robust. In the case that there exists k£ such that oy, = k, we can
choose f, = f for n € N with f, > 0 large enough. Using (A, )nen as before

we get by the same arguments
P(Ag) > 1 —exp(— ufi*)
and

]P)(Afl_’_l | An) < exp(—ucfn—fl f:lin{d—k,k})
= exp (_ucf)—E(n-i-l)—i-min{d—k,k}n) .
C

The rest of the calculation can be done analogously to the calculation for

ar # k by choosing € > 0 small enough. m

2.2.3 Specific criteria for robustness

In this section we are dealing with the diameters that are strongly correlated
as follows. Let D be regularly varying with index —a; < 0. Let D® = D and,
for k € {2,...,d}, let € (0,1) and D® = D% _ ie. D® is regularly varying
with parameter o = % To get the correct ordering of the diameters we use

Vi = Vil
Proof of Theorem part two. The proof is similar to the one in the previous
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section. We therefore only point out the differences here and omit the details
that remain unchanged. As before let k € {1,...,d — 1}. Note that we still
assume that ay > k. Furthermore, we only need to argue the case k < [d/2],
since the case k > |d/2] follows from the previous section. We consider, as in

the previous proof, a threshold sequence; let (f,),en be this sequence defined

as

fn = fnfl ak_k Y

where fo > 1 will be set large later in the proof. Let also 0 < € < % be
small enough to obtain that the exponent is strictly bigger than one in order
to guarantee that the sequence is increasing. Note that due to our assumption

this is possible.

We argue again that an infinite path exists in the Palm version of the
process. For this we need again a sequence of events (An)neN that describe
the properties of this infinite path. The first element of the sequence remains
unchanged, i.e. Ay := Ay. For n € N we need to make some further changes
to the definitions of the relevant sets. For x € X we modify the set O;(x) and

instead consider the set

0.0 = L VER eyl €[5 f] £(w —y0) > 0,
' for v € span{py’ : 1 <j<d—1} ’

with ¢ = 27D (d+1)"'. The relevant change here is that compared to O;(x)

we impose requirements on the orientations py™",...,p% ". For n € N we

define

. Ix,...,%X, € X: X; #X,, for all i #m, DY) > 22(d_1)+€fi,
A J— ~ .
x; € Oi(x;_1) and Cy, N BJ’} (x;_1,2;) D forall 1 <i<n
i—1

Compared to (A,)neny we have that we additionally do not allow z; to lie
“to close” to the affine subspace through xz; ; spanned by the orientations
Py s Py of first d — 1 diameters of x;_; for all i € {1,...,n}. All other
properties of (A, )nen still hold for (fln)neN by replacing (f, )nen by the new

threshold sequence (f),)nen-

To get now a suitable lower bound for P(A,) we find similarly as before
an upper bound for P[A¢, |A,]. We use the same considerations as in the

previous section but replace the definition for z,y € R? of Q; (z,y) by
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+i/ K J;Wk+¢/“/k

Qf (z,y) == rotpx’y<conv({ f7k2 e, rr—e; : 1<i<d—k}

U{-Ben Gen  d-kt1<m<a})) +o

and define

Q" (z,y) = Pu,_,(Q;, (x.9)).
Recall that the key step of the calculation in the previous section was to find
a lower bound for ]P’C((x+0) ﬁQ}n (2, ) # 0| DS > 22(d—1)+efn+1)PC(D(C§>Z

22(d*1)+€fn+1). Using the same reasoning as there, we get

Pe((a + C)NQ; (wn,2) # 0| DG > 22@VHf JPo(DE'> 2@ V] L)
k‘+ 1 Zk Vi
f ’yk] =k+1 5
Zc rd—k f:?k+g)> (2‘9)
fn+1

where the extra term in the exponent of fn is given due to the bigger area that

is crucial for the intersection of Cj,

and C,, . Completing the calculation

with this new lower bound we get that

ks Y oy

i o0 (”Ji—kﬂj,e)é
]P)(An) >1— 2eXp(_ucfgl—o¢k—e)_2Zexp(_uc{fof(ak—k’)/Q} k )

=0

The sum is finite due to our assumption al < 2]{:% + Z;l;,’j +17; as this can be
translated to the inequality oy < 2k 4+ — Zj _w+17; and this lower bound is
strictly positive by choosing f, large enough. O

Remark 2.2.2. The model in this section is a reparametrisation of ellipsoids
with strongly dependent axes which can be found in Chapter [4] obtained by
setting v, = 2= ~oes for k€ {1,...,d}. This can be seen by D® is regularly
for k € {1,...,d}.

_a 1
varying with parameter w =—g-

2.2.4 Specific criteria for non-robustness

In this section we prove non-robustness for a generalisation of the 2-dimensional
ellipses model of [53] in higher dimension. Since the second criterion of Theo-

rem [2.3) is true by dominating the model with a Poisson Boolean model with
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balls of radius D®, we only have to argue the first criterion, that is, we prove
that if Vol(C') € £? and oy, > 2k for some k € {1,...,d — 1} the grain dis-
tribution is non-robust. The proof is based on the idea of Section 4 in [31].
We show that in the Palm version of the point process the expected number
of vertices that are connected by a path to the origin is finite for small enough
intensity u. The result follows from this. Note again that ¢ € (0,00) is a
generic constant just depending on the model parameters and may change in

different inequalities.

Proof of Theorem[2.5. We prove our claim by induction and use throughout

the proof the notation

Z H]lxl o = [{X0 € X Z H]lxl o,

that is the number of vertices x,, that are the final vertex of a path of length
n starting in the vertex xq.

Assuming without loss of generality that the origin is the location of a
vertex of X we are first interested in the expected number of vertices that are

connected to the origin via a path of length two. This is given by

#
Eo| D 1yz,| =Fo| D Touxluny]:

yeX x,yEX

After finding an upper bound for this expectation, we will bound

B[Ste] [ 3 [T

xXEX X1 eees xXn€X =1

from above for xy = 0, first for n € N even and after that for n odd, and show

that choosing u small enough ensures that

ZEO [Z loﬁx} < 00

neN  xeXx
Note that the upper bound for the case n = 1 is already done in the proof of
Proposition[2.1] To bound the expectations from above we dominate our model
by replacing the convex body C' with diameters D™, ... D@ with rectangles
R similar to Section Instead of C, we look at rectangles R, taken as the

sum of x and the cartesian product of the intervals [~ DS, DY’] with respect
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to the orthonormal basis given by directions p(cil, where we use the notation
L:=min{n €N :n > L}, for L > 0.

Note that the tails of DM, ..., D@ can also be bounded via suitable Potter
bounds since DW ... D@ are regularly varying. For x,y € X we get

Lo,ne,#0 < Lr.nRk,20-

We therefore get, by denoting D := (D(l), e D(d)),
Eo [Z loiy] <K [Z ﬂyemo} + Eo [
yex yeEX

+ Eo[ D Toeslunylpgej 1p,—5, Lygare Logor, Lronity—o |

eNd x,yEX

ﬂy€(2Ry*y)}
yeX

Jo o

(2.10)

bounding the expectation from above by counting every vertex in 2Ry, every
vertex y such that 0 € 2R,, and for every other vertex y all the vertices x
connected by an edge to 0 and y. In addition, we have rewritten the second

term using distributional symmetry.

We now focus on the last term in the expression. Recall that p,,, is the

orientation of the vector v — w. Set
Wi o= 108, (=00, 0 % BRID) W =m0t ([0,00) % BT) £,

and Wy, == R\ (W,, UW; ). Define for w,v € X the sets Ty, =
T(w,v)UT(v,w) where T is given as

d—1
T(w,v) = {rot,., ({DF +2}x X [~ Di~f,(w,v, \), D + f,(w, v, \)])
+w: A e (0, oo)}

with

DY — Dy
fi(w,v,\) =X 1

(@) = (4)
v —w| — Dy — Dy b >pP T (Dy) = D)1 500 _ ;-

DY <«p>

for 1 < i < d. We define a partition (A, (w, V))m:1 _ of R? which only

depends on the locations w and v and the corresponding diameters of w and
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v, as

Figure [2.4[ on the current page is a visualisation of 7Ty, as a union of 7 (w,v)

= =

\ T(w,v)
\ T(v,w)

Figure 2.4: Visualisation of 7Ty, in 3 dimensions by colouring of the different
parts of T(w,v) and 7 (v,w). The perspective in the top figure is along
rot,, ,(e2) and along rot,, , (e3) in the bottom figure. The turquoise rectangle
represents the set rot,, , ([—~D%’, Di’] x Xl_ '[—D{, D)) and the dark green
one represents rot,, w([ D, DV x Xd 1[ Dz(,)7 D{’]). The light orange area
and the area on the left side of the orange dashed line is W, , and the light
blue area and the area on the right side of the blue dashed line W, . The
green line is the connection line of w and v given as the red and blue point.
The purple lines are f;(w,v, \) and the black lines f;(v,w, \) for i € {2,3} and
A>0.

and 7 (v,w). To help with understanding how T, relates to the partition

(A (W, V))m=1,.s, see also Figures [2.5(a)| to 2.5(c)| on the facing page. In
all sub-figures of Figure , Tw. is the union of the black (middle), pink
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(rightmost) and red (leftmost) shaped volumes. In Figure the red (left)
plane is the boundary of W, , and the pink (right) plane the boundary of
8" The set
A;(w,v) is the turquoise part and Ay(w, v) the dark blue part. Furthermore

W, It is now possible to recognise the partition (A,,(w, V))m

As(w,v), Ay(w,v) and As(w,Vv) are given respectively by the red, pink and
black shapes in the figures. In Figure [2.5(a)| and [2.5(b)| we see that Ag(w, v)
is the white part on the left side of the first orthogonal black line including the

line itself, A7(w,v) the white part between both orthogonal black lines and
Ag(w, v) the white part on the right side of the second orthogonal black line,
again including the line itself. Looking at Figure the first black line is
the red plane and the second black line the pink plane, i.e. Ag(w,v) is the
white part on the left side of the red plane joined with the red plane, A;(w,v)
the white part between the red and pink plane and Ag(w,v) the white part

on the right side of the pink plane joined with the pink plane.

(a) The perspective along rot,, , (e2). (b) The perspective along rot,, , (e3).
Ai (Wa V) As (Wa V) A (W7 V) .A4(W, V)

A3(W, V)

Ag(w,v) L/ "

Az (w,v) Ag(w,v)
(c) Tw,v is the union of Az(w,v), As(w,v) and As(w,v).

Figure 2.5: The partition (.Am(w, v))m of R? from various perspectives.

=1,..,8
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We now return to considering the full expression in (2.10)). Using the above
partition and setting p, to be the probability that (D(i))ie{17,,,7d} is equal to
q € N¢, we can upper bound (2.10) by

d—1 d—1
M Z P, H4j(§i> + u[M] Z pi, H4j;'>

joeNd i=1 j,ENd =1

8
+ ZEO[ D D loasduylpyj 15,5, Lecan(oy) Lygory Logar, Lron,—0
m=1

jO j2€Nd x,yeX
d—1 8
= udTM Z Dj, Pj, <HJ() + HJ(Z ) + Z S (2.12)
]0]2€N =1 m=1

where each individual S,,, corresponds to the expectation in within the
area A,,. Recall that D@ < [M] almost surely by definition of the general-
isation of the ellipses model as we have k € {1,...,d — 1}; this is where the
[M] term in the previous bound comes from. Note that we have p, = 0 for all

q in
{a=(",....q9) : ¢ >T[el, i <k, gD <[M],Vj>k+1}"

Since we use the structure of the proof on the example in Chapter [4] we keep
the notation general with ¢ = (q(l), e ,q(d)) € N and do not use, for example,
(jé”)ﬁM} 4=F when looking at an upper bound for [M] Hf;ll jéi).

We abbreviate v = 2]0 and get upper bounds for (S,,)m=1.s as

> pip, / / Posy(0~X,x~y 0%y 0¢2R,)
Jg+dn €NY R\ B, (0) Am(0.y) dA(z)dA(y).

Looking at Py, ,(0 ~ x,x ~ y,0 % y,0 € 2R,) we use that the event {0 ~
x,X ~ y} roughly corresponds to the event that the diameters of x are “big
enough” and their orientations are “good enough” so that intersections of the
rectangles Ry and R,, and of R, and Ry are possible. In addition to that we
bound the permissible area for the orientation of the diameters of R, from
above by assuming that the largest face of Ry, resp. R,, is perpendicular to
the vector € R, resp. y — 2 € R% It can easily be checked that given jo,

resp. Jo, the set of rotations that result in an intersection under this assumption
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is larger than for any other rotation of Ry, resp. R,. We have

p <0~x,x~y,)<P ( D5 > max (dist(Ro, z), dist(Ry, x)) , )
"0 Ly, 0¢2R,)" """\ RyNR,#0,R,NR, 7A 04y 0¢2R,)
(2.13)

Looking now just at the first summand S; from ([2.12)) and considering a given
pair j,,j, € N% we can bound the integral of S; from above by

D;” > max(dist(Ro, x), dist(R
[ ] (P ol ) )
R4\ B, (0) A1(0,y) ROme#@,RxﬁRy#Q’O%y

< [ [ e T w0

R4\B,(0) A1(0,y)

where we used that max{dist(Ry,z),dist(R,,z)} < |z| + |y| and the above
assumption on the orientation of R,. We also used the Potter bounds resulting
in the € term. Note that similar Potter bounds will also appear in the upper
bounds of S, for m € {2,3,...,8}. Using that the exponent —(ay, —e+d—k)
is negative we bound |z| from below by 0 and obtain the following upper bound

for the last expression

d—k
[T [ el ora0.y) i

RN\B, (0)
d—1 d—1
<L Tl [ e
s=1 =1

R¥\B1 (0)
d—1
_ CHJ<S> H] / ak E+d k— d+l) d,,,,7

while ¢ € (0,00) depends additionally here and also in the rest of the section
on M. In the inequality we also use that the diameters of Ry are all at least 1,
which has as a consequence that |y| > 1. Remember that the Potter bounds
are given for every ¢ > 0 and so taking € small enough, the last integral is

finite if oy, > k, which is the case. We consequently have

d—1 d—1
Si<e’ > i 159 i (2.14)
s=1 =1

Jgrig ENG
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and can obtain an analogous upper bound for S5, namely

d—1 d—1
Sp<ew’ > pipi, H]<s> | (2.15)
s= =1

Jgdp €NG

By using similar observations, i.e. max{dist(Ry,z),dist(R,,z)} < |z| + |y|
in A,(0,y) for m € {3,4,6,7,8} and max{dist(Ry,z),dist(R,,z)} < |y| in
As5(0,y), the calculation of the upper bounds of S,, for m > 3 can be related
to the bounds for S; and S, as follows. For S3 we, like before, focus first on
the integral with fixed j,,7, € N? and get, defining j := 2(j5” + ji”), that

Poey(0 ~x,x ~y,0£y,0¢2R,) d\(z)d(y)
R4\ B,;(0) As3(0,y)

/ / T2 40 aron

=] + [y
Rd\B

<chm{y<s> oy [ [ Gl e )

RN B;(0) A3(0,y)

In the first inequality we use the Potter bound to get (|z| + |y|)~(®~%). The
product in the integral appears since we consider orientations of R, and Ry
such that all of the diameters have pairwise the same orientation (i.e. the
first diameter of R, has the same orientation as the first diameter of Ry, and
similarly for the remaining d — 1 diameters), which gives an upper bound for
the largest set of orientations of R, that result in an intersection with both.
The min{ jés), jés)} part appears as R, has to intersect Ry and R, so that the
minimum determines the size of this largest set. Together with |z| + |y| and
using Remark this gives the probability of an appropriate orientation of
R, existing.
The set A3(0,y) can be split in two parts. For that we define

Aé)(OJ’) = I‘Otpyyo([_[)((]d)7 D(()d)] % Rd_l) 10

and look at A3(0,y)N.A5(0,y) and A3(0,y)\.A5(0,y). Since —(ap—e+d—k)

is negative we can bound the first part of A43(0,y) from above via

d—k
[lwinGedey [ [ el ) @Y @)
s=1 R4\ B;(0) As(0,y)NA5(0,y)
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d—1 d—1
< e[ mingie, o} [ [max{je. 0} / [y ~(@x =R AN (y)
= = R4\ B; (0)

d—1 d—1 o0
sy Als . . —(ap—e+d—k—d+1
< e[ [min{ie, jo} | [ max{ie, i} / re dr,
s=1 t=1 b

which is finite for a;, > k. In the first inequality we use that |z| > 0 and bound
the volume of the first part of A3(0,y) from above by

d—1
e [ [max{ip. 0}
t=1

To see how, we use that the minimal distance of Ry and R, is bigger then

A3(0:y)

2 (max{jr(,” ; jél) }

£5g" =" |)

T W2

2min{ji?, 57 } =(

A3(07Y)

Figure 2.6: Visualisation of the role of ¢ in the calculation for S3, with the
perspective along rot,, ,(e2) in the top and rot,, ,(e3) in the bottom figure.
Note also that A5(0,y) represents the everything “above” and “below” of the
turquoise box including the box itself. Consequently, A3(0,y) N .A5(0,y) rep-
resents the two small red areas “above” and “below” the turquoise box.

3o + 757 so that the boundary of A3(0,y) has in the direction of the ith
diameter of 4;(0,y) distance from 4;(0,y) given bounded from above by
max{j’,j5"} (see Figure 2.6). Looking now at A3(0,y) \ Aj(0,y) we are
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2.2. Proofs on the behaviour of the model

interested in
¢ := Dist(z,rot,, , ({0} x R + Déd)el) +0),

that is, the distance from x to the hyperplane orthogonal to y — 0 and inter-
secting with A;(0,y) that is furthest away from x (see again Figure . This
gives us the following upper bound for the second part of .A43(0,y)

d—k c0 d—1
e[ [ minfig, J}/ / (C+ [y~ =0 ] ] 2{ min {50, GO} 0 o0y
s=1 t=1

®rd\B;(0) (¥

. . gbéﬂ jét)’
() 9 L e
+ [max{jot WICH S P ]]l ax (S 0 10 dedA(y)

d—k d—1 o0
< [ min{j, jo} [ max{jo, 50} / / (4 [y])~ewetaw)
s=1 t=1

x4\ B, (0) (¥

x (1 + ﬁ)d_l dldA(y)

d—1 d—1 00 0o
< CH min{j(, j{ } H max{j{®, j® } / rd=t(p/2)t4 /(E + )10 qgdr,
s=1 t=1 )i j(d)
0

where we used in the last inequality that |y| > j to obtain the term (r/2)'79.

This integral is finite if aj > k£ + 1, which is the case. In summary we get

d—1

Ss<ew’ > i, [[5059- (2.16)

S s=1
Jgrdg ENG

Using the symmetry of the partition we get the same upper bound for S;. For
Sy we get

/ / Poy(0 ~ x,x ~ y,0 % y,0 & 2R,) dA(x)dA(y)
R4\ B, (0) As(0,y)

+(s)
)

o [ T oo

RA\B,,(0) As(0y) =1

As before we used the Potter bound to get |y|~(®*~%) and consider again that

the orientations of R, and Ry are such that all of the diameters have pairwise
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2.2. Proofs on the behaviour of the model

the same orientation. Additionally the smallest diameters are taken to have
the same orientation as |y|. This gives us the largest possible area relative to
the location of the connector x, which we use to obtain an upper bound for the
size of the sets of orientations that result in an intersection of R, with both R,

and R,, giving the stated inequality. For the orientation of x we use Remark

2.2.1] as before.

Using how A5(0,y) is defined, we can bound the last expression from above

as

e [ TP o,y il ax

s=1 ’ ‘
R\ B~ (0)

< chm{j(S) ]és)} / |y| H ](t> _|_j<t> |y|_(0‘k—5)_(d_k) d/\(y)

Rd\31

o0

< chln{jés) Sh H (& +5) / —(ak—e=k) 5.

1

As before, the last expression is finite, since ay, > 2k and therefore o, > k+ 1
is fulfilled. For ¢ € {1,...,d — 1} we have j{" + i < 2max{j{", iV}, so we

can bound S5 from above by

S5 < cu? Z Dj,Dj, H]<S)J(S . (2.17)

JO ]2 ENd

It remains to find bounds for Sg, S; and Sg. As before it is enough to find upper
bounds for Sg and S;, as the upper bound for Sg is also the upper bound for
Sg due to symmetry. For the integral of Sg we get

/ / Po, (0~ x,x ~ y,0 4 y,0 & 2R,) dA(x)dA(y)
RA\ B~ (0) A6(0,y)

i(s) 5 (s)
<f / H Tl e el dist (o ), dist(Ry, 2) A @)dAw)

RA\ B~ (0) A6(0; y)

js” js”
/ / H ( (2] + y) "= dA(z)d(y) (2.18)

(J=[ + [y])2

RA\ B~ (0) A6(0,y)
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2.2. Proofs on the behaviour of the model

d—k
=c [ a0 / / (o] + Jy[) === 24220 X (2)d A (y).
s=1
)

RA\ B (0) Ag(0.y

In the first inequality, the product is an upper bound for the probability that
Ry and R, intersect with R, under the condition that the diameters are large
enough to result in an intersection. As in the previous calculations, we used
Remark 2:2.1] The second term, namely max{dist(Ry, x), dist(R,, z)}~ (@~

comes from the Potter bounds.

Remark 2.2.3. A careful reader might note that for Sg, S7 and Sy it does not
suffice that only the largest diameter of the connector is big. To ensure that
R, intersects with Ry and R,, at least two of the diameters of x have to be

large enough.

Focusing now on the construction of Ag(0,y), we begin by reformulating
it. Using j := 2(j\” + j5) as before, we define a;(¢) for i € {2,...,d} and
¢ >0, as

a;(€):= e;min{je=v, I3 L o ey
(C+ o )lgs ™ = 37"
lyl—3/2 ) ma{jg g5 b=

i (max{jg=, jg1 )+

(see Figure 2.7 a;(¢) is one of the two vertical values, depending on which of

the two ith diameters considered is the larger one). With this, we define
Ayl ) ={ € BY: 2 € (00,0}, 20 € (—00, ~Jai(z)[] U [las(a)]. o0).

ie {2,...,d}}.
Using this we can rewrite Ag(0,y) and bound (2.18) from above by

. . *(Ozk78+2d72k‘)
c [ Jigie / / (la:h + |y|) d\(z)dA(y)

d
RO (0) ror,, (g (jonse)) 40

o S a c e e —(ap—e+d—2k)
<c ]l / (D= minfs, i} + ) dA(y)
s=1 i=2

R4\ B4 (0)

d—k o0
<c[Lawip [ ot eer s,
s=1 1
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2.2. Proofs on the behaviour of the model

with | - |; denoting the 1-norm. In the first inequality we bound the integral
from above by integrating over x coordinate by coordinate, using the additivity
of the 1-norm and by increasing the integration area of y. Using polar coordi-
nates yields the second inequality. The last expression is finite since oy, > 2k.

Therefore the upper bound for S is given by

d—1
Se < cu® Y piwi, [ L5058 (2.19)
s=1

Jgrig ENG

For S; we similarly define

A1) (1)
2(max< 75, Jo

4+ e =57 ):

ly[—3/2

2 min{ o 3'2(2)} ={

Figure 2.7: Visualisation of the role of ¢ in the calculation for Sg, with the
perspective along rot,, ,(e2) in the top and rot,, ,(e3) in the bottom figure.
Note that /¢ is different from ¢ in the calculation of S3.

d
(G 32) = (0. Iy1) ¢ (X (=00, mingje-. g U [min{jg . g5} 00) ).
=2
Using the definition of A7(0,y) we bound the integral S; for fixed j,, j, from
above by replacing A7(0,y) in the bound of the integral with the larger
AL(0,y). Moreover we use the 1-norm as before and get the following up-

per bound, by using the same considerations about the orientation of R, that
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2.2. Proofs on the behaviour of the model

result in an intersection with R, and Ry, as well as the Potter bounds to obtain

d—k
i [ [ b e )
s=1

RI\B, (0
\B(0) rotp, (A;(jo,j2)>+o
d—k
. . ak E+d 2k)
<c[Liwir | (Z min{j0,j0} + o) aA(y)
s=1 =2

RY\B1(0)
d—k o
<c[]iwie / pd=lp(onmerd=2k) q).
s=1 1

In the first inequality we integrated over x, bounded the integrand from above
and increased the integration area of y. We see that the last integral is finite

since oy, > 2k. This yields the following upper bound for S;

S7 < eu? Z Dj,Pj, HJ(S)](S (2.20)

Putting equations (2.14)), (2.15)), (2.16), (2.17)), (2.19)), and (2.20) together, we
get for u € (0,1) the bound

Eo [Z ﬂogy} <cu pJOPJQ(HJO + HJ(Z)+8HJ“)J;)) (2.21)

yex Jg»ig ENY

Since D® > 1 for all k € {1, ..,d} we have

d d—1
V2>Vi=]][D® =[] D».
k=1 k=1

With this we show now that the key bound of this proof is

d—1

B 1] s e 3 o Tl (T T+ T
n ENG i=1

x€X Josdg e

< u"c"10"E [vﬂ"“.

Note that the second inequality can easily be checked by using that the diam-
eters of different vertices are i.i.d. For n = 1, we have just proved the claim in
(2.21). We now proceed to show it for n > 2.
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2.2. Proofs on the behaviour of the model

Proof of (IH): We split the expected number of vertices connected to 0 via
the partition (2.11) as we have done for n = 1 and use induction over n. For
that let n > 2. Recall that in the path of length 2n we are interested in vertices
such that the last vertex satisfy 2R,,, , N 2R,, = @ and count vertices that
does not satisfy this as vertices that are the last vertex in a path of length
2n — 1. We obtain

8 n
< g E E 1 _; 1 1 R 1 R
- 0 DIZi_jQ'L XQi_zzzxzi x2n€2RE2n,2 x2n72¢2R12n
X2,X4,.. X2y —2€X =0 “ 1 1= B
jO 7j27~..’j2n eN? I2n—1€Am(X2n_2,X2n) Rx2n72me2n:®

n
+EO |: Z H ILDZQi:j% 1X2¢72£x2¢ 112”621%%72]

X2,X4,..,Xop_2€X 1=0
jo 7j2 ""7an eNd

n

10

§ : _ _ _.} : ()

+Eo [ H lDﬂm:jm 11X27;722~‘X22‘ 112"‘262&”2"] o S
m=1

X2,X4,.,Xop_2€X =0
jo 7j2 ""’an eNd

Using P, as shorthand for Pg x,.  x,, We can write Sy, form e {1,...,8},
as
S(n>—u2nz Hp / /‘]p2 i 1{Xi 1~ Xif N {Xan-2 % Xon}
J2; n {37271 2 g 2Rx2 }ﬂ {QTQn g 2Rx2 2}
Jordg s n END =0 p4 n n—

X]‘$2n71€-'4m(x2n72ux2n) d)‘(x1> .- d)‘(x2n)7

while for m € {9,10} we have

2n—2

JO ]2 77777 eNd =0 Rd Rd

A1) ... d\(@an)

and

2n 2
SY(I)) :u2n Z Hp]m/ /]PJQH {Xz 1~ Xz} N {xQn 2 € 2R2¢2n})

=0
jo ]2 ,,,,, 2 end Rd Rd

dA(z1) . .. dA(wan).
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2.2. Proofs on the behaviour of the model

Defining now (F$>)me{17,_.710} for n € N as

d—1 d—1
F& = H]m j©, with 1 <m <8, Fy"'= szn g F“”—H](e)
s=1 s=1
we claim that S5 can be bounded from above for m € {1,...,10} and n € N
by
d—1
(n) n_n N (n)
Sm' <uc Z Pjyy Pis,, s thk (sz(/: + Hj2k+2 + SHJQ(k)jék)+2>Fm )
n ENG i=1

Jgrdgses

Observe that the case n = 1 was shown in (2.21)), so it remains to consider n > 1
and focus on the induction step. We show the claim for m € {1,9,10} and note
that the inequalities for m € {2,3,...,8} can be proved similarly to m = 1.
We first focus on the integral terms of S5’ before looking at the rest. Moreover,
we roughly do the following. First, we look in every integral at the last three
vertices in the path of length 2n. We count how many vertices can connect
R, _, with R,, and ignore the rest of the path. After that we integrate over
To, before we move on to the rest by using the induction hypothesis. Note
that in the following calculations we use the same consideration for xs,,, X2,_1
and X5, o as we do for y, x, and 0 in the case n = 1. In addition to that we

define similarly to the calculation for n = 1 the value 7 := 2 jéi) g-

m = 1: We rewrite the integral of SY‘) and bound it from above so we get

/ / /P%( ﬁ{xi—l ~ X} N {Xop_2 % Xop })dA(21) ... A\ (220-2)

—1
Rd Rd\B x2n 2 A1 (x2p—2:X27) ‘

dA(z2,)dA (2ep—1)

< c/- . / / P, QhQ{Xl 1~ X} N {Xon_2 % Xap})

R4 RI\ By (€2n—2) Aq (x2pn_2:%21)
d—k

X (|an—1 = Tan—a| + |72 — w201 [) I [ G0 dA (1) ..
s=1

d)\((lfgn_g)d)\(xgn)d/\<l’2n_1).

The inequality is derived as in the case n = 1 by using that the connections
between Xs,, X9,_1 and Xs,_» are conditionally independent of the preceding

2n — 3 vertices. We are now covering the cases where the kth diameter of
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2.2. Proofs on the behaviour of the model

R, _, is big enough, i.e.

max{dist(R,,,, Ton—1), dist(Ra,, ,, Ton-1)} < |Ton—1 — Ton—2| + |Ton — Ton_1]-

Using this and the Potter bounds yields the sum over k£ and aj — ¢ in the expo-
nent of |ro,_1 — Top_o| + |T2n — T2,—_1|. We assume also that the orientation of
R,,, is such that the largest face of this rectangle is perpendicular to the vector
Top — Tan—1 to get an upper bound for the set of orientations that result in an
intersection of R,, , with R,, . Note that here we again use Remark In
the next step we use substitution and /\(.A1 (X2n_2, X2n>) = CHZI: 482, which

leads to the following upper bound

fo ] [ om0 )

d Rd\B-:
Re  RI\By(z2n—2) (Al(XQn,Q,XQn)712n*22i

X (|J~]2n_1| + |Zf'2n|)_(ak_€)_d+k H]éi) d/\(l’l) e d)\(xQn—2>d>\(jf2n)d)\('%2n—1)

s=1
d—1

d—1 2n—2
< CHJ';;’ szgi)ﬂ / ) / ]P>2n< ﬂ {xi_1 ~ xi}> dX(z1) ... dX\(T2n_2).
s=1 s=1 d Rd i=1

Together with the induction hypothesis this leads to the claimed upper bound
for ™.

m = 9: To bound the integral of Sén) from above we count every vertex
inside 2R,,, ,, i.e. we assume that every vertex in this set is connected to
Xo,_o via a path of length 2. Therefore the integral of Sé") can be bounded

from above via

2n—2

/ . / Pas O [Xict ~ i} 0 {20 € 2Ry} A1) - dA(@20-2)dAA (230)

2n—2

d-1
< CHjéi)—2 / .- /]P2n2< ﬂ {Xifl ~ Xl}>d)\(.’]ﬁ1> R d/\(IQn,Q).
s=1 PR i=1

Using now the induction hypothesis leads the required upper bound

n—2 a-1 d—1 d—1 -1
(n) nen E — : 10 H 10) H 10810 H 10}
59 Suce Pjy, Piy,, s HpJQk (HJ% + ]2k+2+8 T j2k+2 Jop—a
k=0 i=0 i=1 i=1 s=1

g g riny, ENG
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2.2. Proofs on the behaviour of the model

m = 10: Except for a single step the calculation is similar to the case m = 9.
Looking at the integral of S%L) we want to count every vertex X, such that
Ton_o € 2}3@2”. We therefore assume that each such vertex is connected to
Xo,—9 Vvia a path of length 2. In the first step we rewrite the integral by
using the distributional symmetry of R. So we get for the integral of Sg) the

following

2n—2

/ .. / [p>2n< O (X1 ~ %} O {@an_s € 2Rw2n}) dA(@1) . .. dM(zan)

d—1 2n—2
S CH];;) / .. /Pgn_2< m {Xi—l ~ Xz}) d/\(l’l) R d/\(l’gn_g).
s=1 :  pa i=1

The inequality follows from the distributional symmetry of R. Using now the

induction hypothesis leads to the claimed upper bound

n—2 d—1 d—1 d—1 d—1
() n_.n - - < o
Siw <u'e 3 i, Lo, (HJ;;+HJ;;+2+8 HJ;;A;H) [ 15
k=0 =1 =1 =1 s=1

Jgsdgsersigy ENG

Putting everything together, this gives us an upper bound for the expected
number of vertices that are connected via a path of length 2n to the origin,
for n € N, that is

n—1 d—1 d—1 d—1
Bo| Y Ly <u'e” Y i, [pn (HJ&HH J0,, 8 Hﬂém;;ﬂ)-
xeX k=0 =1 =1 =1

. . d
Jordgsdon €N

It remains to show that there exists a suitable upper bound also for the ex-
pected number of vertices with distance 2n + 1 to the origin, for n € N. We

have

B[S ] -B] Y ]

xeX X2,X4,..ey, b
X2n,Xon4+1€X

#

oA > -
) i=1

X2, X450y ?
X2n,X2n+1 eX

# n

1
1

n
2 ]l >
Xoj_9Xa; IQ"H‘lezRIZn]

1 1 B
Xoi—a/xa; P E€2Rag, 1y

1
1

+E0: Z

X2,Xd .05 3
X2n,X2n+1€X

1 P 1 P .
Xoi_oxg;  Tan@2May, 1 FTont1E2Ra,,
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2.2. Proofs on the behaviour of the model

To find an upper bound for this expression we are again looking at the indi-

vidual summands. The first summand can be rewritten as

5 i o f frl st ot

Josdo s Rd R Rz%

Jz 712 +1 nl
2y n+1 E: , 4 : 10 H
= HJ pj2n+1p~72n Hp]% (H ok - ‘72k+2
.70’.727 “ k=0 =1 -
Jan Jan41 €N +38 HJ( )jék)ﬂ)

We obtain the inequality by first using that A(R,,,) = ¢[[*_; an and then the
previously shown result for the expected number of vertices that are connected
via a path of length 2n from the origin. Similar to the previous calculations

we get by using the distributional symmetry of R for the second summand

#* n
Eo |: Z H ]lXQZ 2% x2n€2R12n+1:|

X2, X450y
X2n,X2n+1 GX
#* n
- EO |: Z H ]]_X 2NX2 x2n+1€(2R12n+1 _$2n+1+1'2n)i|
X2,X4,..., =1

X2n,X2n+1E€X

<o Tl o (T + T

jo 7j27~~-a

j2n ’j2n+1 GN d—1
() 5(0)
+s] i,
i=1
Looking now at the last summand we get
EO |: Z H ILXQZ Qf%XQ x2"€2R12n+1 1x2”+1¢2Rz2ni|
X9, X[ 5enns X9p €EX i=1
2n+1
2n+1
z Dia H i, [ / Fava () 0500~ 50 Lo,
]0 j2 ,,,,, ENd ]R

X ]11‘2n+1€23z d)\(l‘l) . d)\(l'gn+1>

zwzmwn%///mwwwm>

Jgrdg e Rd Rd Bl (w2n)

X(|an — Tapa]) @ H‘x Jir dA(@1) . .. Mz rn).
2n

- $2n+1’
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2.2. Proofs on the behaviour of the model

We get the inequality since we first start again by looking at the last connection
of the path. We therefore first count how many vertices are connected to xs,
by an edge. As before we look at the kth diameter of R

so that an intersection of R and R

is big enough

T2n+1

is possible. For that we use similar

T2n+1 T2n,

considerations as before, namely
DiSt(Rx2n7 $2n+1) = |I2n — x2n+1‘.

This leads to the term with the exponent —(ay — €). Moreover we bound the
(d — 1)-dimensional Lebesgue measure of the set of orientations that results
in an intersection from above by assuming again that the R,,, is oriented in
such a way that the largest face of it is perpendicular to the orientation of
Tons1 — Ton. This and the use of Remark leads to the product term.

Using now substitution we rewrite the last expression to

2n+1 Z pj2n+1 H p]2m jéi)/ / P2n {X’l 17 Xl})
n €N Rd

Jgrdg s

(|~"C2n+1|) (==t =R (21) . .. AN (Fons1)

n d—1
cu2”+1pj2n+l Hpj2m Hj(S)/ //Pgn ﬂ{xz L~ X >
m=0 s=1 Rd
—(ap— €+d k)+d— ld)\( ) d)\($2n>dr

n d—1
2n+1 -
cu ijnJrl Hpj2m HJ(S)/ /]P)2n ﬂ{xl 17~ X )
m=0 s=1 R

- d/\(l’l) d)\(ZEQn)

In the first inequality we use polar coordinates and in the second inequality we
integrate over r, which leads to a finite term since ay > 2k. Using now (IH)

leads to the following upper bound
d-1  n—1 d—1 d—1
it S, Tl T (T + T, +8 HM;:;H)
g sy €N s=1 k=0 i=1 i=1

All together this yields the upper bound for the expected number of vertices
that are connected to the origin via a path of length 2n + 1

Bo[ Y- Ly, | < w10 [V,

xeX
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2.2. Proofs on the behaviour of the model

Choosing now u < (10cE[V?])72 gives us > . Eo[D ycr Lon,] < 00, as de-
sired. We therefore have non-robustness if the second moment of Vol(C) is

finite and oy, > 2k. O
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Chapter 3

Chemical distance

As we have now universal criteria on the grain distribution being robust,
we study in this chapter the chemical distance in the Poisson Boolean model
with convex grains and establish a universal limit theorem for typical distances
in such graphs. Note that, except for a few changes, the following chapter is
taken from [20].

3.1 Main results on the chemical distance

For this model we have established that the grain distribution is robust if there
exists k € {1,...,d} such that a; < min{2k,d} (see Theorem [2.2). The main
result of this chapter gives us the behaviour of the chemical distance in the
robust (but not dense) regime. For all other cases, i.e. having density or the
universal criteria of robustness does not hold, we remark in Theorem [3.1] that
the chemical distance have some different behaviour than in the robust but

not dense case. For that let
M:={ke{l,...,d—1} : a4 € (k,min{2k,d})},

which can intuitively be thought of as the index set of tail exponents that
are sufficiently small for their corresponding diameters to be able to affect
the chemical distances in the graph no matter which correlation is given for
the diameters. We define P4 for A = {xy,...,2,} C R? for n € N to be
the probability measure of the Poisson point process under the condition that
Ty, ., Ty € P, 1e. the Palm version of the process and dist(x,y) to be the
chemical distance. Recall that this is the length of the shortest path between
x,y € X. Then, the following holds.
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3.1. Main results on the chemical distance

Theorem 3.1. In the Poisson-Boolean base model with regqularly varying

diameters with u > 0 and £ = argmax™9=*5} e have for z,y € P
seEM

and 6 > 0 in the case M # 0 and oy, > k for all k € {1,...,d} that

lim P, (2-d)loglog|z—y| dist(x,y) < (i ) e gz
= ’ min{d—k,~} — ) — min{d—r,x}
|z—y|—o00 log(i log ( RiRid—r,

ak—kK

T y) = 1.
Furthermore if there exists k € {1,...,d} such that oy, < k we have
that dist(x,y) is smaller than cloglog|z — y| for all ¢ > 0 with high
probability. In all other cases, namely oy > min{2k,d} for all k €
{1,...,d}, we have that dist(x,y) is bigger than cloglog|z — y| for all
c>0.

Recall that in this theorem, x <> y denotes the event that there exists a
path in ¢ between x and y, or equivalently that x and y belong to the same

connected component of €.

Discussion of result. Before proceeding with the proof of this theorem, we
quickly discuss the unusual nature of the scaling of chemical distances. More
precisely, we comment on the scaling factor log(%) /2 that relates the
chemical to the Euclidean distance. The most illustrative comparison comes
from so-called scale-free networks. These networks tend not to be modelled as
spatial graphs, so chemical distances must be given in terms of the number of
vertices in the graph rather than the Euclidean distance, with the number of
vertices N roughly corresponding to |z — y|?. Then, the mean-field analogue
of the classical Boolean model with Pareto(—~/d) radius distribution exhibits
ultrasmallness with the scaling factor log(ﬁ) /4, whenever v € (1/2,1) - see
for example [I2]. Since this condition on 7 also corresponds to the model
being robust, one would naturally expect a similar correspondence between
the parameter that leads to robustness and the scaling factor to exist in our
model. Surprisingly, this is not the case.

As mentioned above Theorem [3.1], robustness in our model emerges if there
exists at least one index —ay, such that the associated diameter is sufficiently
heavy tailed relative to both the spatial dimension d and the relative ordering
of the diameter k (times two), no matter which correlation is given for the
diameters. The natural assumption would therefore be that the scaling of the
chemical distance depends on the largest or possibly smallest diameter that

satisfies this requirement. Instead, the scaling is determined by the diameter
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3.2. Proof of the lower bound

that is, in relative terms (i.e. how ay — k compares to min{d — k, k}), the most
heavy-tailed; see the definition of x in Theorem To understand how this
comes to be, one has to remember that each “step” in a path requires two convex
bodies to intersect. Consider for the sake of argument that M = {1,...,d—1}
and ap — k = cmin{d — k, k} for some constant ¢ > 0 and all £ € M, that
is, all & € M equal k. Consider also two vertices whose locations are at a
fixed large distance. Then, using basic trigonometry one can calculate the
probabilities (in terms of random rotations) that two chosen diameters (one
for each body) are roughly co-linear. When combined with the distributions of
said two diameters and accounting for the combinatorics of different diameter
pairings, one obtains (up to constants) that each diameter contributes equally
to the probability of an intersection. If, however, one of the d — 1 diameters
(say k) is made even slightly more heavy-tailed, and consequently x £ k, as the
distance between the two vertices tends to infinity, this diameter’s contribution
to the probability of an intersection asymptotically dominates all others.

We find that this unexpected behaviour, as well as the decoupling of the
dense and robust regimes shown in Section [2.2.2] makes the Poisson-Boolean
model with regularly varying diameters uniquely interesting among its Boolean
model cousins, in particular since it exhibits these features without requiring
the introduction of “long edges” (in the sense of long-range percolation, see for

example [27]).

3.2 Proof of the lower bound

In this section we will prove the lower bound for the chemical distance. For
this and also for the upper bound we will use a construction of infinite paths
similar to the one introduced in Chapter [2| and define sequences of events.

We first consider the case M # () with o > k for all k € {1,...,d} and
recall the definition of the increasing threshold sequence (f,)nen from ([2.2))
and make a slight change, that is,

min{d—k,k}

f., = (fn_l) =k , for n € N.

Here, f, > 1is again chosen arbitrarily big and & is defined as in Theorem [3.1]
So we change k into . Note that the € in the definition of f is again the same
as previously defined in Chapter [2| and without loss of generality we assume
also that 0 < e < i; this ensures again that the exponent in the above sequence

is strictly bigger than 1 and makes the sequence increasing. As k € M this is
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3.2. Proof of the lower bound

possible since «,, < min{2x, d}.
For z € & the two afore mentioned sequences of events (A7 ),en and
(A%),en are defined as

Ixp,.. ., X, € XX # Xy, for all i # m, DY > 22(d=1)+e

'

2a4
Al = DY < 22d=Drefen ge Oy(x;_y) and Cl, N B}‘i_l(xi_l, x;) £
forall 1 <¢ <mn, with ¢ = z.
(3.1)
and
Ix1,...,%, € X X5 # X, for all i # m, DY > 22d=D+ef
Ai = x; € Oi(xi—l) and CZI N B;kc;l (Xi—la CL’Z) 7é 0
for all 1 <i <n, with g = z.
(3.2)

Note that in both sequences we highlight x € &2 as the starting vertex in
the event, as we are interested in the chemical distance of x,y € X.

The sequence (A7 ),eny will be used to construct the paths in the current
proof for the lower bound of the chemical distance, while (A?),cn, which is the
same as in but here we highlight the dependence on the starting vertex,

will play a similar role for the upper bound.

Remark 3.2. Note that the definitions of A* and A* should now depend x
so that we replace k in this section in by k. Later on, in Section
when we will be working with A%, we will replace x with some fived k € M.
This change does not affect any of the calculations that relate to A® we do
wn this section. However, in order to avoid writing all calculations twice, or
repeatedly pointing out that k should be replaced by k when working with A2,
we allow ourselves this small abuse of notation and simply write k overall. We

will remaind the reader when k is to be replaced with k at the appropriate step

in Section [3.3.

Recall the intuition of the sequence (A?),en. The same intuition also holds
for (A7),en but we have one additional property that has to be fulfil. In the
event A we have additionally that for x € X and for every i € {1,...,n}
we have that the first diameter of x; is bounded from above by 22(d=1+¢ fj%f
This property is necessary for the proof in the lower bound to get an upper
bound for the distance that can be covered by the first n vertices of a path,

and is also the only difference from the other sequence.
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3.2. Proof of the lower bound

Using (AY)nen combined with the truncated first moment method of [24]
will give us the lower bound for the chemical distance. The idea of the
truncated first moment method is to choose A € N big enough such that
P, ,(dist(x,y) < 2A) is arbitrarily small. Defining G5 as the event that a
good (in some yet to be determined sense) path of length n connecting x,y
exists, and BY” as the event that a bad (i.e. not good) path starting in x of
length n exists, we have by counting the numbers of bad and good paths of

length A, respectively 2A, the following inequality:

A A
P, (dist(x,y) < 2A) < Z (BS)+) Py (BY) + ) Py, (G
n=1 n=1 =

We now formalise what a good path is. We say that a path of length n
connecting x and y via vertices xi,...,X,_1 € X such that with xy, = x
and x,, =y is good, if the vertices X, ..., X[n/2) imply that A7, o1 holds and
Xp, .., X[n/2] imply that A?ﬂ/ﬂ holds. For n € N and x € X we say that a
path consisting of vertices X, ...,X, is bad, if the vertices xg,...,X,_1 imply
that A7 | holds, but xq,...,x, do not imply that A7 holds.

Consider now a good path of length n and note that the property of being
good imposes a maximum Fuclidean distance such a path can reach starting
from a location z € &. Setting A small enough so that the sum over the
maximum lengths of the first diameters of the n convex bodies in this path
is smaller than |z — y|, we get that 322 P, (G"*)) = 0. By definition, a
good path of length n satisfies D) < 22(d_1)+€fi2‘% for i € {0,...,[n/2]} and
DY .., < 22(d_1)+6fi% for i € {1,...,[n/2]}. We therefore have to find the

maximal even m € N such that

m/2

2 Z 22(d71)+6f7% < ‘:L, o y‘7
=1
which will give us the largest possible value for A. Using the definition of the
threshold sequence leads to the following inequality

m/2 M(min{dfﬁ,m} _€>n

2 Z QUd—Dte o1 b anmr <z -yl (3.3)
n=1
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3.2. Proof of the lower bound

Choosing f, big enough it follows that

m/2 -~ (M_e)n 204 (M_E)mm

9 Z 22(d*1)+6f071 ar—r <3. 22(d71)+6f071 an—r
n=1

With that we have that (3.3) is true if

25& (min{d—m,n} _e)m/Q

3. 22d-ke pan e <z -yl

Applying a double logarithm on both sides of the inequality we see that this
is equivalent to

(min{d — K,K}

m log

200 o
2 G — —¢) +10g<0%10g(fo)+10g(3)+10g(22(d D+ ))

< loglog |z — y|.
This leads to the following upper bound for m:

loglog |z —y| — 10g<2§—f log(f,) + log(3) + 10g(22(d—1)+6)>

min{d—x,k} 6)

m < 2
log (™

(3.4)

Let 6 > 0. If we choose m small enough to satisfy

< (2 —9)loglog|z — y|

>~ log(mmo«[{j::,n} . 6) )
we get that as |z — y| — oo, such an m also satisfies inequality (3.4)) and
therefore also (3.3]). Choosing now

(2 — ) loglog |z — y|
log(mm{dfn,n} N 6)

Q—K

2A =

therefore yields Zm IP’x7y(G$f’y)) = 0 for |x — y| large enough, as desired.

n=1

Looking now at the bad paths we will show that

S B.(BY) < 8(,).

where § is a function satisfying lim;_,, 0(¢) = 0. We have by definition that

P,(BY) =P, ((AZ)°NA_)) <P, ((A2)°] AZ_,).

n
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3.2. Proof of the lower bound

Finding a suitable summable upper bound for P,((A7)°| A7 ;) for all n € N
will complete the proof. For this we adapt a calculation from Section [2.2.2
and highlight here only the relevant changes. Note that these changes are not
necessary to prove the same statements for the events A% which we will use

in the proof of the upper bound. To continue, recall the definitions Q (z,y)
from ([2.7]) and Q;n (x,y) from (2.2.2)).

The key step in the proof of the universal criteria of robustness was to get
a suitable lower bound for

Po((z+C) M@}, (30, 2) # 0| D > 220-D4 ) )Re(D'> 224D,

Following the same arguments as in Section [2.2.2] this is equivalent to finding

a lower bound for

ng) > 22(d—1)+e o )P (Dg) > 92(d—1)+e n;l,)
205 C 20k | .
DS) < 22(d—1)+5fn111 D(Cl’) < 22(d_1)+€fnill
(3.5)
The conditional probability depends only on the volume of the set of suitable

Pc ((x—l—C)ﬂQ’}n (Tp, ) # 0

orientations for C' that result in an intersection of (z +C) with Q} (x,, 7). As
in Section [2.2.2] we get

Pc ((x +C)NQ; (v, ) #0

Dg) > 22(d—1)+ef s fmin{d—f@,li}
n%ﬂ >t
DY < 22d=Dtef o L

n+1

For the second probability term in (3.5)) we have to use again the Potter bounds

for regularly varying random variables. We therefore have for s > ¢

20 20

Po(DY) > 5, D5 < so1) =Po (DY) > s) — P (DY) > 5, D5 > s1)

> Cfl(sf(a,are) . 872a,{+s).

For s big enough we then have

Cfl<sf(a,i+s) . 872a,§+5) > lcflsf(oz,ﬁrs)’

since for € > 0 small enough we have —(a,, +¢) > —2a,, +¢. This gives us the
following lower bound for the second probability factor of (3.5

D > 22(d—1)+e ,
Pc ( o har) s cf [t

e n+1

D(é) < 22(d71)+e‘fnil1
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3.2. Proof of the lower bound

Following now the rest of the calculation as in Section we get
P, ((A7)°| A% _y) < exp(—ucf®==9/%).

which finally gives us

SOP(BY) <D exp(—uef )
n=1 n=1
= S exp (el oy (Y g

=0

This can be made arbitrary small by choosing f, big enough. Putting all of

the bounds together, we obtain

A A 2A
Poy(dist(x,y) < 28) < 3 Pa(BY) + 3 By(BY) + ) _Puy(G1V)
n=1 n=1 n=1
<25(f,) " 0.

]

Remark 3.3. If ap > min{2k,d} for all k € {1,..,d} and therefore M =),
we use a standard almost sure coupling argument as follows. For an arbi-
trary realisation of the model we extend for all x € X their first diameters
DS using the following deterministic transformation. Let F be the cumulative
distribution function of the first diameter in the model, and G the cumulative
distribution function of an arbitrary reqularly varying random variable with in-
dex —(2—p) for small p > 0. We replace a given first diameter £ by G~ (F ()
when this value is larger than { and keep it as before otherwise. One can quickly
check that the resulting model dominates the original one in the sense that all
extended convex bodies contain their original versions; all of the bodies also
remain convexr and their further diameters remain unchanged. Crucially, the
tail index of the first diameter in this updated model is —(2 — p) and therefore
the updated model has M = {1} and oy, > k for all k € {1,...,d}, so the main
statement of Theorem applies. Since this model dominates the original
model for each realisation, the lower bound for its chemical distance is a lower
bound for the original model as well.

As proven in this section, the lower bound is then with high probability equal
to m loglog |z — y| for all d > 0. The factor in front of the loglog term

is strictly increasing and converges to infinity as p | 0. Consequently, we get
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3.3. Proof of the upper bound

that for models with M = 0 such that oy > min{2k,d} for all k € {1,...,d}
the chemical distance is bigger than cloglog|x — y| with high probability for
any ¢ > 0.

3.3 Proof of the upper bound

In this section we first focus on the case that M # @ and «;, > k for all
k € {1,...,d}. The proof of the upper bound will be shown for a fixed
k e {1,...,d — 1} which satisfies ay € (k,min{2k,d}), i.e. K € M. Since
the result will hold uniformly in k, it will in particular also hold for x as
defined in Theorem [3.I] We consider the “smallest” Boolean model satisfying
the condition «y € (k,min{2k,d}), which has the first k£ diameters almost
surely of the same size and regularly varying with index —ay. The other
diameters are set to be deterministic of size ¢ > 0. Since we are interested
in smallest convex bodies, note that the smallest convex bodies that have
diameters of size DM, ... D@ are the convex hulls of the endpoints of all
of the diameters, i.e. the d-dimensional convex polytopes with 2d vertices.
Each such convex polytope with diameters D@, ... D@ contains a box with
side-lengths 2-2¢-Vpw . 272@=D) D@ which is stated in Lemma in
Section [A.Dl So we work from here on out with these boxes instead of the
larger polytopes that they are contained in. We can do this without affecting
our final result, as we explain next.

For u > 0 we define “P as the probability measure of the Poisson-Boolean
base model where the underlying Poisson point process for the locations of the
vertices has intensity u > 0. Let C,, be an unbounded connected component
of this model. Recall that by [9], if Cy exists, it is almost surely unique. We
define the percolation probability

B(u) := “P(0 € Cup).

As we work here with a fixed vertex intensity u > 0 we can therefore write
P and @ instead of “P and #(u). Furthermore, we omit the scaling factor
2-2(d=1) and assume that the boxes have side-lengths D®, ..., D@. We can
do this without loss of generality, since constant factors do not affect the reg-
ularly varying distribution of the diameters (and by extension side-lengths of
our boxes), and the Poisson point process of intensity u rescaled by a factor
2-2(4=1) remains a Poisson point process (with intensity Q*Q(dfl)u). Conse-

quently, using that we are in the robust regime of the model, we can start
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3.3. Proof of the upper bound

2d=1)y, instead of u for the original model and proceed with

with intensity 2~
our assumption. Furthermore, using the same property of regularly varying
distributions as above, we will treat the side-lengths of the boxes as if they
were the de facto diameters in order to keep geometric arguments easier to
follow and the notation more concise (if we were being precise the calculations
would, up to constant multiplicative factors, remain the same). We will use for
the remainder of this section the terms convex body and box interchangeably,

depending on which helps understand the current argument better.

With this we can proceed to the proof of the upper bound. We use a similar
argument as in [35] and [24], which relies on a classical sprinkling argument to

connect various parts of the graph with each other.

Recall the definition of a ball B,(y) for r > 0, y € R?. We focus first on
the regions around of 0 and z, namely Bgm(O) (resp. B%|m|(x)) and show that
0 (resp. X) is connected via a path to a vertex z, (resp. z,), with DS > f,
(resp. DY > f,) in this region, where f, will be chosen later and the entire
path is contained inside B%‘ml(O) (resp. B%m(x)). Note that f, above is the
first element of the threshold sequence that was introduced in Section

Recall from Section the definition (AZ?),cy for a given vertex z € X.
As promised in Remark [3.2] we remind the reader now that from here on out,
when referring to the arguments that we used in Section [3.2] they are to be
read with & € M instead of with k. Due to Section [2.2.2] we know that starting
with a convex body with D > f,, for some z € X, the probability that we

cannot find a path consisting of convex bodies which fulfil the events (A?),en

is smaller than

min{d—k,k}

2 (exp(—ucffo‘ke) + Zexp(—uc{foe(o‘k’km} (v ‘) )) =:I'(f,)-

=0
(3.6)
As in Section [2.2.2) f, can be chosen large enough to guarantee I'(f,) < 1. To
that end, let now p := p(u,d, k, ay, €) > 1 be such to ensure I'(p) < 1. Consider

now the event Z,, that no path fulfilling the events (A?);cy with f, = p™ exists.
By the above, the probability of this event is I'(p™) and furthermore, by (3.6)

we also have - -
SOB(Z) = ST < oo,
n=1 n=1

By Borel-Cantelli, it follows that

P(liminf Z¢) = 1.

n—oo
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3.3. Proof of the upper bound

Consequently, there exists an almost surely finite m € N such that starting
the threshold sequence with f, = p™, there exists almost surely a path that
satisfies the events (AZ),cy. Using this to get an infinite path we claim that
the paths starting from 0 and from x are connected to vertices that fulfil the
condition DY), D > p™ and that both paths (which exists almost surely by
the above argument) are connected with each other sufficiently early along
each of them, by using a single further vertex, all of which occurs with high
probability. From here on out, when requiring that f, is large enough, we will

implicitly also assume that the above construction is followed.

Connecting 0 and x to infinite paths in almost surely bounded many
steps. We need to ensure that the construction of the path from 0 to zg
(resp. x to z,) is independent of the path between zy and z,, so we use the
superposition and thinning properties of the Poisson point process to split it
into two independent thinned versions, similarly to how it is done in [35] or
[24]. With that in mind, let b € (0,1) be an arbitrary number; we colour
each vertex of X black with probability b and red with probability r :=1—b,
independently of everything else. We write ¢° (resp. 47) for the graph induced
by the black (resp. red) vertices in ¥, := ¢, where we write u to emphasise
the dependence of the model on the density parameter u. Moreover let C°
(resp. C7.) be the unbounded connected component in 42 (resp. 47). Since
we are working in the robust regime of the model, both of these components
exist almost surely.

We define E4(n,s,v) to be the event that there exists a vertex zg in the
graph ¢° with DY}’ > s such that |20—0| < v and z and 0 are connected via at
most n further convex bodies. Similarly we define E%(n, s, v) for x. In addition
to that we define for zg € X Ef, (n,s,v) as the event that Ef(n,s,v) occurs
and the vertex with location 2 is the vertex that makes it occur. Similarly, we
write E2 . (n,s,v) for z, € X as the corresponding asked vertex in Ef(n, s, v).
Moreover we also note that {0 <> x} N {0,x € C,} converges from below
to the event {0,x € C.} as |z| goes to infinity due to the uniqueness of the
unbounded component (see [9]).

To prove the full claim it suffices to show that for every s > 0 there exists

almost surely a finite random variable N(s) such that

lgTIIll lim inf l|11|n inf Py, ({0,x € CINEL(N(s), s, ||/8)NEL(N(s), s, |z|/8)NF) > 62,
§—00  |x|—00
(3.7)
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3.3. Proof of the upper bound

where F'is the event that there exists a path such that 0 and x are connected
in fewer than (2 + 0) loglog |z|/ (log(min{d — k, k}) — log(ay — k))) steps for
small § > 0. We show first

lim inf lim inf Py ({0, x € C°YNES(N(s), 5, |2|/8)NEL(N(s), s, |z| /8)NF) > 62,

§—00  |z|—00

from which (3.7]) follows by the following Proposition.

Proposition 3.4. The function u— 6(u) is continuous for the Poisson

Boolean model with boxes as grains for u # ..

Proof of Proposition|3.4. The proof can be adapted to the proof with balls as
convex grains as in [51, Theorem 3.9] or [45]. The only thing we have to check
is Py, ({C, N0C, # 0} N {C, Nint(Cy) = 0}) = 0 for all x € &, which is
stated in Lemma and proven in Section O

To show the upper bound of 8, note that

Po.({0,x € CL} N EG(N(s), s, ||/8) N EX(N(s), s, |x]/8) N F)
=Eo4 |Posz.2 ({0,x € C’go}ﬂ Egsz(N(s), s, |z]/8)N E? (N(s), s, \x!/S)ﬂF)]

> Po.({0,x € C.})
— Py, ({0 € CL}\ BG(N(s), s, |2(/8))
- PO,OE({X € Ogo} \ Ef:(N(S)’ S, |I|/8>) (38)

— o | Posea (B (N (5), 5, |21/8) 0 B2 (N(5), 5, |2 /8)) \ F) |.

We now show that the last three summands converge to zero as s and |z|
are made large. Due to the translation invariance of the Poisson process, the
second and third summands are equal. Considering the limit s — oo and
using the same arguments as for the proof in [24, Lemma 3.2| gives that the
second and third term converge to 0, since the probability of arbitrary big
convex bodies belonging to the unbounded connected component is positive.
It remains to consider the last summand of . For this we need two things.
First, we will use the properties of the infinite path that satisfies (A%),en

(resp. (A%*),en), so that we have two growing sequences of convex bodies.
Second, we will find a single convex body to ensure that the two infinite paths

are connected to each other “early on”.
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3.3. Proof of the upper bound

Reaching sufficiently powerful vertices in fewer than

W loglog |r—y| many steps, with high probability. As argued
before, we know that an infinite path exists when starting with a convex body
which is large enough, namely if its threshold sequence begins with f, > 0
big enough. We focus now on the infinite path started from z, using that
(A#), ey holds and denote by n; the first index 4 in the path, for which the
corresponding threshold f, > |x|/8. For the path starting in z, we denote this
convex body with its location by yq (resp. y, for the path starting in z,).
To avoid confusion, note that yq is not the n;th vertex of the path started in
0, but is instead only the nith vertex after zo, which is itself almost surely
finitely many steps along the path. The same observation of course holds also

for y,. Let now, as before, f, be large enough. This leads to

o = 12/8
(min{d—k,k} _E)”l
s fo > |x]/8
in{d—k, k
&y log(M — ¢€) + loglog f, > loglog(|z|/8).

ozk—k

Recall that we are interested in an upper bound for the chemical distance. We

choose therefore

n, > |log(loglz] — log(8)) — loglog f,

g (L)

We can assume without loss of generality that |z| is large enough so that
the locations of the vertex y, as well as all preceding vertices are in B% 12/(0)
and by translation invariance the same is true for y, and the ball Bs 2l ().
We can assume without loss of generality that f,, = |z|/8 as we have that
[|z|]/|x| converges to 1 as |x| — oco. In all other cases we get some (bounded)

multiplicative factors in the calculations which do not affect the results.

Before proceeding to the final missing step, let us summarise our work so
far. Once is established, we have that on the event {0,x € C,}, one
can in at most almost surely finitely many (in fact and crucially, almost surely
bounded many) steps connect 0 to some vertex z, with high probability as

|z| — oco. The convex body of this vertex is then sufficiently large that it is

almost surely the first vertex of an infinite path satisfying the events (A),cn,

whose nith vertex yo has the kth side-length larger than |z|/8 and the path
min{d—k,k}

ok ) many steps

from zg to yo takes fewer than (1 + 6)loglog ||/ log(
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3.3. Proof of the upper bound

for small 9 > 0; the same is true also for the vertex x. Once we establish that
yo and y, are connected to the same vertex with an even larger convex body
with high probability, (3.7) will be proven and the proof of the upper bound
complete. The above construction is outlined in Figur (3.1 showing how the

path connecting 0 with x arises.

333\1\/8(0)/ 8B3|x\/8(1")% Yo

Figure 3.1: In cyan blue 0 and x, in black the path connecting 0 with zg (resp.
x with z,), in blue zy and z,, the path connecting zy with yq in red (resp. z,
with y.), yo and y, in pink and in orange the vertex y connecting y, and y,.
The dashed gray circles are the boundary of B, /5(0), Bsje|/s(0), Bjz)/s(x) and

Byjz/s(x). vo and v, as defined in (3.13)) and (3.14).

Connecting the two sufficiently powerful vertices through a single
connecting vertex with high probability. We now proceed to argue this
last step. For that we define F}L?’ZO) (resp. FV(LTZI)) as the event that there
exists a path of length n; in the graph ¢! such that starting with zq (resp.
z,) the path satisfies A% (resp. Az ). In addition to that we define Fi0zow)
as the event that in F,&?’ZO), yo is the nith vertex in the path that implies
Az Analogously we define F®#2) for v Moreover let FO@w0uz) he
the event that there exists a vertex outside of B mino;{dfl’z,k}_e(o> with a cor-
responding box that intersects y, and y,. Note thleﬂz uni:ler the condition that
0,2, 20, 2y, Yo, Y € & we have that F,&?’ZO’W N F,&f’“’yx) N FO=you2) C | con-
ditioned on EY(D(s), s, |x|/8) N E%(D(s), s, |x|/8); i.e. the start of the path in
0 and x being successful. From here on we write Ef , for Ef , (D(s),s,|z|/8)
(resp. EY . for EY (D(s), s, |x|/8)) to keep the notation concise. We will now
focus on the probability in the brackets of the last summand in . We can
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3.3. Proof of the upper bound

rewrite this term to

]PO,CC,ZO,Zx ((ES,ZO N E:ZE),ZZ) \ F) - ]P>07I7ZO)Z.IC (FC | Eg,ZO N Ei,ZI)IPOaZ7ZOuZ:c (Eg,Z() N E:ll)i,zx)
(3.9)
in order to work with the conditional probability given Ef, N E?_ , and use

the events defined earlier to bound the last expression from above by using

EO,I,ZQ,ZI []P)O,x,zo,m »Y0,Yx ((Fé(l),zo,yo) N F?Ef7zz7yz) N F(ny’ymyz))c | E&zo N Ez,zz)

b b
X P()’:E’ZO:ZIE)yOvyZ (EO,ZO m Eﬁ,Zz)i|

< Poso.z, (B0 ™) U (FG*)) | By Ly N ESL,) (3.10)

1

T2z

X P0,$,20721>y07yz (Eg,zo M EQIZ,ZI)] :

+ B2 [Pos oo an. (F0900 Flpweo) (FO=omam)ye | Bb . S )

The first summand is by our choice of f, almost surely equal to 0. In order
to show that the last summand in (3.8) converges to zero it suffices to show
that the second summand in (3.10) or equivalently
vyl (FOsvor))nEl NEY )] (3.11)

ni n

0,20,
]EO,x,zo,Zx |:]P07$7207Zx7907ya: (F( 0 yo)mF(

has a uniform bound over all zy and z, which converges to zero as |z| — oo;
this implies that integrating over 2y and z, leads to a term that converges
to zero as |z| — co. We focus now on (F©®%0¥:))¢ and introduce some new
terminology to help us with that. Recall that pg) is the orientation of the
ith side-length of the box C, for v.€ X and i € {1,...,d}. We say a vertex
v € X is good with respect to the vertex w € X if it satisfies the following two

conditions.

(G1) The vertex v has good orientation relative to the orientation of w in the

sense that for all ¢ € {1,...,d} the orientation satisfies

p) e {p eSS L)) < mm )
(G2) The location v of v has good position relative to w, i.e. it satisfies

v G{y ceRY: |w—y| > anl,AC(w—y,ipi,j)) >pforall 1 <j < k}
=: A(w,ny),

where ¢ = 27D (d 4+ 1)~
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3.3. Proof of the upper bound

It is useful at this stage to note that by construction |yo — y.| > 2f,,, which
is one of the two conditions in (G2). We also observe (and prove later on)
that when v is good relative w we have that the intersection of the orthogonal
projections of C, and C,, onto a hyperplane perpendicular to v —w, has (d—1)-
dimensional Lebesgue measure of order f,’fl In addition to that (G2) gives us
roughly that v does not lie “too close” to the affine subspace through w spanned
by the k large side-lengths of C,, where ¢ is chosen as in the definition ([2.4)).
(G2) also ensures that v has distance at least 2f,,, to w. Note that this is similar
to the definition of (2.4). Observe also that the restriction in (G1) becomes
tighter for large |x|, and so for sufficiently large |z| we get that v being good
with respect to w implies almost surely also the reverse relationship, i.e. w is

good with respect to v.
Using this (in particular, that |z| is large) we can rewrite (F(©®v0v2))e a5

(F(O’m’yo’y”))cz ({/Hy S \B min{d—k.k} 76(0) : Oyﬂ(]yx + () and CyﬂCyO +# @}
E

|
N{yo and y, are good with respect to each other.})

U({Bye 2 \B_sitacg(0): GGy # 0 and CynC,y 7 0)

ap—k

N {yo and y, are not good with respect to each other.}>

c({Bye \B_stactn(0): CynC,y, # 0 and GGy 70}

ek
N {yo and y, are good with respect to each 0ther.}>

U {yo and y, are not good with respect to each other.}
— (E:E:UO:yz) N Eéy(]vyz)) U Eéyo,yz)'

With this we can bound (3.11]) from above by

P07x720’zz7y0’y1 (E}yo"%) N Eéyo’yz) N Fé?’zo’y()) N Féf,zz,yz) N E(l))’zo N Ez,zz)

+ ]P)O7x,ZO7Zz7yO,yz (E:gyo,ym) N FT(L(I),ZO,yo) N Frgﬂlczmyz) N Eg,zo N Eg,%)
< Pow oo goe (BV0) | EPOV) A 020w 0 Fleev) 0 BY . N L)

+ ]:P)O,Z'7Z01vay07y$ (Eéymyx) N Fé%ZO’yO) M FVST’Z%%) N Eg,zg N Eal;,zx) :
(3.12)

We will show that this expression has a uniform upper bound over all zg, z.., Yo,
Y, and that this bound converges to zero as |z| — oo. For that we define

similarly to Section [2.2.2] the o-algebra §7, generated by the restriction of the
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3.3. Proof of the upper bound

(simplified box) Poisson-Boolean base model to the points with locations inside
Bs; (0) U Bsy, (x). Using this we have that glvove) - pl0zow) - plezeve) - p

0,207

b T
E; . are §, measurable.

Lemma 3.5. For the events defined as above, we have

Po.s 0 naa BE'H7 | B34 0 F#0w0) 0 Flom=) N B} N EL )

DB

< exp (—uc|x|6(°"“_k)/2).

Proof. We define for v,w, z € R* and A C R? the set P}, (A) as the orthogonal
projection of A onto the hyperplane through z perpendicular to w — v. In
addition to that define

_ Yo — Yz

0= Y0 (Y0, Yz) + Yo, (3.13)
|y0 - ym|
and
Yz — Yo
Uy = (Y0, Yz) + Y (3.14)
|ym - yO‘

where Yo (Yo, ¥z ), Ve (Yo, ¥=) > 0 are chosen such that vy € 0B3),/5(0) and v, €
0Bs3)/3(x). vo and v, can be found in Figure .
With this we define
K'Uw = P’Ux (Cy()) ﬂ va (Cyw)7

Y0,Yx Y0,Yx

that is, the intersection of the orthogonal projections of Cy, and C,, onto the
hyperplane through v, perpendicular to v, — yo. An example for K, in R3 is
pictured in Figure [3.2]

Since we are conditioning on the event that y, and y, are good with respect
to each other, we can control the size of the area of K, . Recall that we assume
|z| is large enough for the good with respect to property to be symmetric, so that
K,, is a (d — 1)-dimensional polytope with diameters D%z, . Dg?:) which
satisfy D%)UT > %cp min{Dé?, DZSZ)} for alli € {1,...,d—1}. Consequently, the

(d — 1)-dimensional Lebesgue mass of K, is at most
d—1
c H min{Dl%), Dé’x) },
i=1

where c is a constant that depends only on d and k. Besides, Dgg R, Dg) >

(k+1) (d-1) ”
%gofm and DKW e ,DKW > %gpe.
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3.3. Proof of the upper bound

Using now Lemma we know that there exists a (d — 1)-dimensional box

contained in K, which is congruent to
¢ ([0,27242) f, 15 x [0, 27241k {0},

We denote by B, the box which satisfies this. This box is in general not
unique, so we choose without loss of generality By, using an arbitrary lexi-
cographic ordering of the boxes with respect to their centers, orientations and
side-lengths. Note that the set of all possible boxes is closed and as such,
a minimal (or maximal) element of can be uniquely chosen. In addition to
that we define rot,, ,, as the rotation that maps the canonical basis vectors

el,...,eq of R as follows,

— Y=z—Yo
T0by, y, (61) ~ Jyz—no)’

10y, 4. (6) = Vi, i € {2,...,d},

where v; is defined as the orientation of the (i — 1)st diameter of By, , for
i € {2,...,d}. Note that the choice of (v;)ic(2,. .y is unique up to permu-
tations and mirrorings of the side-lengths of By, (and we pick the first of
these according to some arbitrary ordering). We say a vertex y € X with
corresponding box that intersects yo and y, is good if it has the following

properties.

(C1) C, intersects P (B, ) and 3(Bg,, — vg) + Vs

(C2) The kth side-length of C is at least 2(|v, — vo| + |y — vol).

(C3) For the location of y we have

min{d—k,k}

Y € Lypy, =10ty ({y =@,y ) e Ryl < —fa T
y e [_Cl(|y(1)| + |vo — va]), e (Jy™ | 4 |vo — v.])],

yV e [_62(|y(1)| + |vo — va]), c2(Jy™ | 4 vo — v.])],
i€{2,...,k+1},j€ {k+2,...,d}}>+vo,

where ) pds
3’ 2- (d- )fn1

cl =
' [vo — Vg
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3.3. Proof of the upper bound

and
% . 2_2(d_2)6

Cy =2
? |U0 _Ux|

(C1) is chosen such that it implies that C, intersects with Cy, and C,,.
Next, (C2) guarantees that the first &k side-lengths of C, are large enough to
result in an intersection with %(BK% — v,) + v, when the orientation of C,
is suitable. (C3) ensures that the argument we will use works for all k£ €
{1,...,d — 1} and that we do not have to treat the case k = 1 separately. In
particular it, together with (C2), ensures that if C,, intersects (B, —vy)+ s,
it must also intersect P,° (B, ). Figure depicts the sets (C1) and (C3)
for the 3-dimensional case and Figure [3.3] illustrates the intuition behind the

constants ¢; and c;.

To keep notation in the following calculations concise, we write EF;02r
instead Of Eéyo,yz) N Fr(b(l)yZO:yO) N FT(LT,Zzyyz) N E&ZO N Eb

T,2z "

]P)07$1207Z9:7y07yx (E§yo,yx) |E§yo7yw) N FT(L(l),zo,yo) N FT(Ltlc,zz,yx) N Eg,zo N Eiz,)
< Eoz,20.20 90,50 |:P0»557307Zzyy07yz [ there exists no y € X such that

YEB mntarn (0)% CyNCy # 0 and C,NCy, #0 | 32, ]

|1“ ap—k

20,2
X ]lEEfS,’ii} /Poz,z0.2 w0 (EF, vos )

< Eoz,20,20 90,50 [Pommy%yo,yx [ there exists no y € X such that y € I, . :
CyNCy#0and C,NC, #0 | §] ILEFO}
/Powyzo,znyo,yz (EF;Q;;)
= Eo.2.20.20 50,00 [exp ( — u/ Po(CyNCyy # 0 and C, N C,, # 0) d)x(y))

Iy()yyz 307;/3%)

X ILEFJS,Z?} /Povxvzov%yovyw(EFyovy:c '

The last inequality follows since Iy, ,, € B minga—rs__(0)°. We can continue
x| okE

bounding the previous expression from above by

Eo,x,zo,zac,yo,yz [exp(—u/ PC (Cy N (%(BKW - Ua:) + Ur) 7é Q) and
Iy Yz
" D > 2(Jv, = vo| + [y = vol))ANY) ) Lz |

20,2
/PO,I,Zo,ZzyyO,yz (EFyo,’yz )
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3.3. Proof of the upper bound

.| .| - . i~ .

(a) Th_e h}fperplane perper‘ldicular to Y0~ (b) Dashed black line the boundary
9y which includes v, depicted as a grid, of K

] ’ oo ves dotted yellow line the bound-
Cy, in blue and its orthogonal projection ary of By, , in blue the boundary of

in tgrqymsg Cym in red and its orthogonal % ( By, — vs) + vz, yellow point is vp.
projection in pink.

(c) Green lines are the boundary of Py, (By, ). The gray lines as the construction

to get the allowed positions for the location of y, i.e. Iy, , whose boundary is in
orange.

Figure 3.2: Example in R®. Visualisation of the possible defined sets in (C1)
and (C3) for the connector y for y, and y,.

which can be rewritten to
Eo.2.20, 200,02 [exp(—u/ Pe(Cy N %(BK% —vg) + ) # 0
I T
o | DI > 2(|v, — vo| + |y — vol))
X P(DY > 2(Jo, — vl + ly — o)) dA(w) ) L |

20,2z
/IP)O,.’.I?,ZO7Zz7y07yZ (EFyo,ym )
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3.3. Proof of the upper bound

2—2(11—2)&

Vo — Uz

%'2_2(‘1_2)&' =Cj - |Vg — Vg

é.g—Z(d—%gi %.2—2(‘1—2)21.

(a) Intuition behind the choice of the constants ¢; and ¢y, using the proportion of
the side-length of 3(Bg, — vg)+ v, (the blue line on the right side of the picture)
and Py, (Br,,) (the green line), where ¢; = f,,, fori € {2,...,k+ 1} and {; = ¢
fori > k+1.

ci - (ly™M] + lvo — vs)

i
_c--__-_.i‘.d‘_‘.“

| ly ™|+ Jvo — vg
(b) An illustration of the choice of y® in I, . fori € {2,...,d}.

Figure 3.3: Illustration of the role of ¢; and ¢, in R®. In the above figures, ¢
equals ¢; for i € {2,...,k+ 1} and equals ¢y otherwise. The colour of the lines
constructing I, ,. are grey as before; similarly the colours for the boundary of
Lyowsr Cyor Cy,s P, (Bg,,) and 5(Bg,, —v,) + v, are the same as in Figure

Y0,Yx

In order to bound the integrand we use translation and rotation invariance of
the Lebesgue measure, Potter bounds and the size of the set of orientations of

C, that results in an intersection with %(B K., — Vz) + Vz) which yields

Pc(rot, ', (Cy —vo) Nrot,), (3(Bk,, —vs) + vz —vg) # 0
| D > 2(Jv, — ol + [yl))

x P(D{F > 2([vs — vo| + [y]))

min{d—k,k}
ni

>c
(lve — vol + [y[)=*

) —Q—¢&

(|Ux - U0| + |y|
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3.3. Proof of the upper bound

and use this lower bound going forward. Using now that |v,—uvo| € (|z|/4, 2|z|),
ly| > cfn,41, |2|/8 = fn, and the norm equivalence in R? we can bound the

last term from below by

min{d—k,k} ]
C|x| |y|d_k |y|lfakf€ _ C|x|m1n{d—k,k}|y|;akf€fd+k
1

where |-|; is again the 1-norm. Putting it all together, we can therefore bound

P07$720,217y07yz (Egyo,yz) ‘ Eéyo,yz) N Fé?’zmy()) N ngf’zz’yz) M Eb

0,20

NE;.,)

from above by

Yo Yz

IO,ac 0o
/]PJO,I,ZO,ZzyyanI (Eyo:yz- ) ’

min{d— —ap—e—d+k
EQJE,ZO,ZﬁcaZJO?y’: [eXp(_uc/|x| {d k’k}|y|1 k ' d/\<x)>I]_Ez0’zwi| (315>

We focus now at the integral. Note that we use in the rest of this section,
compared to Section [2.2.4] another notation for integrals in order to get the
calculation more readable. More precisely the order of the terms in the integral,

as the boundaries of the integrals are more complicated, are different.

Using now the definition of I, we get

IO,z

oo ex(yM+vo—va|) e1(yM +lvo—va|) c2(y M +|vo—va))
2/| min{dk,k}gly(l)/ dy(2). ) / dy(k+1)/ dy(k+2)

x| kP —e1(yW +|vo—vz) —e1 (Y +|vo—vz|) c2(yM +[vo—va|)

c2(y™M +vo—va)) in{dk k) dtk 1 (d)

min{d—k, —o—e—

-/ 2] [yl dy @,
—c2(yW+|vo—vz)

where we highlight the change of integration range when going from k£ + 1 to
k + 2. Using y" + |vg — v, > 3yV) we can bound this from below by

- 1 ki 2 L k+1 ER f+2
/ sy dy?) / Ay .. / dy D / dy -+
I —FyM) —FyM) —2yM

%y(l)
B min{d—k,k} |, | —an—e—d+k 1, (d)
[ y
2 [ o PO (O] 4 Ky (kD0
x Ok

dy™

75



3.3. Proof of the upper bound

> C/ min{d—ik) x|min{d7k,k}|y(1)|7o<kfs+k71dy(1)
|

$| ap—k

Z C‘x|min{d7k,k}<’x| p

M_e> Takmeh (3.16)

In the first inequality we integrated over the last d — 1 coordinates of y. The
second inequality is given by using definitions of ¢; and ¢y. Integrating over the
first coordinate of y then gives the final inequality. Continuing the calculation
of , substituting in the bound from (3.16)), we get

. i _ —ap—e+k
mln{d—k,k} w,e
Fo.2,20,70 w0, [exp (—uc|x| (|x| ot Lpsgse

20,2z
/PO,x,zo,Zx Y0, Yz (Eyo :yac )

_ _min{d—k,k} —k
Sexp(—uc]:ﬂ T +e(agte ))

< exp(—uc|x|e(°"“_k)/2),

where the last inequality follows using that for 0 < € < (ay, — k)?%¢ / (2 min{d —
k, k}) (recall that we can choose ¢ appearing in the Potter bounds arbitrarily

small) we have

in{d — k, k
_ min{d — k. k}

€
po—" e(ak+5—kz)>§(ak—k‘)>0.

as in Section 2.2.2] n

With this, we have proven that the first term of (3.12)) converges to zero
as |x| becomes large. It remains to prove the same for the second term, which

we do with the following lemma.
Lemma 3.6. We have

]P)O,x,zo,zz,yo,yz (E?(;y()’yZ) N F?E?ZO’Z/O) N Fégf’zz’yZ) N Eg,zo N Eb )

T,2z

< exp(—uclz|(*H0)

for 0 <6 < e(ay — k) and |z| large enough.

Proof. Let E{"¥) be the event defined in such a way that

EyvInpOownpeaungd npb = EWrInE S INETSNES | NED

nyp—1 n T2z
holds, i.e. the vertices yg and y, are good with respect to each other and yq
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3.3. Proof of the upper bound

(resp. y.) can be used to extend the path of length n; — 1 starting in zy (resp.

z,) so that the extended path implies the event F0=0w0) (resp. Frsfzzy*)) We

have

]P)Ow,zo,zz,yo»yz (Eéyo,yz) N F?&?zmyg) M Fé?zmyz) N Eg,zo N Ei,zx)
I 1JT 07 y~ T
= ]P)U:l“,Zo,Zz,yO,yz (Eéyo v ) N F’IS, —201) N F(x : ) N ES,Z() N Eb )

1 np—1 T,2z
(Y0.yz) | 1(0,20) (z,22) b b
S ]P)ny,ZO;ZzyyOvyz (E3 0 | F’nl—?. N Fnl—l N EO,ZQ N E:C,zz) .

To bound this probability from above recall that in general, for vertices of paths
we consider, for every n € N and suitable z € R? i.e. 2 € O,,1(x,), using a

similar argument as for Section [2.2.2] we can obtain the following inequality

Po((z +C) N Q (wn,7) # 0| D > 22V )P (D > 2270 f, )
fmin{d—k,k}
> C%f;ak+€.
fg+1k +1
(3.17)

Setting n = ny; — 1, the right hand side of this inequality is a lower bound

for the probability that a vertex with given location in O,1(x,) is the nith

vertex in the growing path as required for yq (resp. y,.) to satisfy F0=0:v0)
(resp. F\7*%*)) under the condition Fé?fﬁ) N Fqiff“{) NES. NE? . . In addition

to that note that y, (resp. y,) has location in Og := Bsj)/5(0) \ Bjg|/s(0) (resp.
Oy 1= Bapyys(x) \ Bjg|ss(x)). Hence yo and y, lie in disjoint areas.

Writing from here on F\°%) 0 F™%) ry E{ NEY, as GOm2%) and using

n;—1 n;—1 2z ni—1

properties of the Poisson point process we calculate

N 'JT Oa ) 1RTHIT
]P)O,x,zo,z:myo»yz (Eigyo ve) | F( v N Frngjl 2 N Eg,zo N E:?:,zl)

ni—1
=Eo2.20,20 50,5 |:]P)073»’7Z(')7zm7y()7ya: [ Av,w € X that extend F,(L?_Z(i) and Féfff)such
that v and w are good with respect to each other. | §7 _ ]

(0,£E,Z(),Zz)
X ILG(OJ,ZO,Zz)] /]P)O,:E,zo,zz,yo,yz (Gnl—l )

ny—1
LD py < =
S E071720,217y0,yz |:eXp(_uc/dppv/d)\(w)\/]?v,w,pv < (p p ) - log|x\ )
Vie{l,...,d}
S Oo  OzNA(w,ny) )
meT{dfk,k} o :
ny— 0, YO
me ¢ dA(U))
ni

(0,2,20,22)
X ]]-G(O,x,lzo,zx)i| /]P)07$12073927y07yx (Gnlfl ‘ )7

ny—

where S is the set of all possible orientations of C' (see below for a more
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3.3. Proof of the upper bound

precise definition) and we used to thin out the Poisson point process in
the inequality. Note that the bound in (3.17]) only holds for pairs of vertices for
which v € Oy, (xp,-1) (and similarly for w). Since we are restricting ourselves
to Og and O,, this assumption is satisfied. In particular, since Oy and O, are
bounded, there exists a constant ¢ > 0 for which holds for all vertices
with locations inside Oy and O,. Furthermore, in line with our notation, p, in
the index of P signifies that we conditioned on p,.

To continue, define
d—1

S = X S

i=1
to be the set of all possible orientations of C'. Here, S% is the set of possible
orientations for p , which is the orientation of the 7th side of C, for i €
{1,...,d— 1}, relative to all preceding orientations. Note that the orientation
of p(d) is completely determined (up to mirroring) when the orientations of

PE DS Y are known; also observe that given all preceding orientations,

pe) is distributed uniformly on S%. We write P, for the law of the vector

(pg, ..., p) and P, when C is attached to a specific location v € 2.

To bound Py, (Eg | Fé?ll N F(x) LNESN Eb) from above we calculate

2 min{d—k,k}

/ dP,, / dA( / (e (T

Oo  OzNA(w,n1)
X IP)U W, Py (i(pq(;)?pq(;)) > log\ E Vi € {1 })d)\( )
2m1n{d k,k}

/ dP,, / dA\(w / ey log (J2]) TP A (v)

Oo OzNA(w n1)

f2mlil{d k,k} o
n ap—¢ 1
nl

The first inequality holds since the set of allowed orientations for pq(f;) for fixed
p) has volume of order log(|z|)~~1* which can be shown by induction. In-
tuitively, looking at the sets that are given for the orientations of the sides of
C, we first consider the longest side and determine the rotational area which is
allowed so that it has suitable orientation; this is a set of size proportional to
log(|z])~*!

d — 1 sides. For the orientation of the second side we have a restriction of the
(d—2)

. Fixing this first orientation, it remains to consider the remaining

rotational area which is proportional to log(|z|)~*~? and so on, until we are
looking at the second to last side, where we have a rotational area proportional

to log(|z|) ™t left. Altogether this leads to the exponent —(d —1)!. For the final
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3.3. Proof of the upper bound

inequality above we use that the volume of Og resp. O, N A(w,n;) for fixed
w € R% is of order f¢ and that P,, is uniform on S.
Choosing again 0 < & < (ay — k)%¢/(2min{d — k,k}), the last expression
can be bounded from below by
e(ar—k —(d-1)! e(ap—k)—46
k) log(a]) 4 > el s
with § > 0 small enough such for the exponent of |z| to be positive.

Together we get
Pz o 2o (B3 NEQWNE G I0E N ) < exp(—ucl|(7072),
O

Note that the upper bounds from Lemma [3.5] and Lemma do not
depend on =z, z;,yo and y,. Consequently, integrating over these locations
and using these uniform bounds gives an upper bound for the last term of
(3.8). This implies that the chemical distance for fixed £k € M is given by

W loglog |x| with high probability as |z| — oo.

Fi;glly, we get the claimed upper bound as follows. Recall that k is such
that oy € (k,min{2k,d}), i.e. k € M. Furthermore, we have proven that
the upper bound holds for the “smallest” Poisson Boolean model with convex
grains. This gives us also an upper bound for the chemical distance for every
other Poisson Boolean base model with a; € (k,min{d,2k}), for any and
therefore every k € M. Together, we get that dist(0, x) is, under the condition

that 0,z € & and 0 < x, for every 0 > 0, bounded from above by

2496 2496
min . loglog|z| : k € M} = . log log |z
min{d—k,k} min{d—k,k} ’
{ 1 ( ap—k ) lOg( ax—kK )

with high probability as |z| — oo.

Remark 3.7. For the case where there exists some k € {1,...,d} such that
ar < k this model dominates (in the standard, almost sure coupling sense;
see Remark all other models where we replace oy by k + p for p > 0 in
the “smallest” box model as in the proof of the upper bound. Looking at the
smaller model we have already shown that the upper bound for the chemical
distance is given by (2 + 5)/10g(w) loglog |z|. With p | 0 we get that

_ P
the factor (2 + 5)/10g(w) is getting arbitrary small. With this we get
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3.3. Proof of the upper bound

that dist(x,y) grows in the bigger model faster than cloglog|x — y| for all
c>0.
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Chapter 4

Examples

In this chapter, we discuss a few examples. We investigate ellipses with long
and short axes, where the long axes are almost surely the same and regularly
varying, while the short axes are fixed, of size 1. We therefore have that the
long diameters are strongly positive correlated. Another example is the case
where we consider ellipses whose axes are generated by independent random
variables. The diameters are then determined by the ordering of these random
variables according to size. Furthermore, we consider a case where we have
different strong positive correlation. Here, the axes are not almost surely the
same, but are determined by a single random variable to different powers. In
addition, we investigate right triangles. The location of the vertex is then
uniformly chosen as one of the corners.

Moreover, we will also discuss an example in which we observe that we
obtain robustness by applying the second part of Theorem [2.2] but non-

robustness when we keep the parameters and change the correlation structure.

Ellipsoids with long and short axes

We sample a random radius R > 1 from a distribution which has a tail dis-
tribution that is regularly varying with index —a. For integers 0 < m < d
we define a random ellipsoid K with centre in the origin and d —m long axes
of length R and m short axes of length one. We let C' be the random convex
set obtained by rotating K about its centre by an independent uniform angle
¥ € ST1. Then

e (issparse if a >d—m.
e (' is robust if @ < min{2(d —m), d}.
e (' is non-robust if & > min{2(d — m), d}.
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3.3. Proof of the upper bound

Observe that in the case m = 0 the ellipsoid C' is a ball of random radius and
in this case there exists no grain distribution that is both robust and sparse,
as observed earlier by Gouére [22]. The case m = 1, d = 2 corresponds to the
case studied by Teixeira and Ungaretti [53] and we recover their result. Note
that in all dimensions d > 2 whenever 0 < m < d there exists a such that C
is both robust and sparse.

As stated in Proposition [2.1] it is known that the model is dense if the
volume of the convex body has infinite expectation. This is equivalent to

requiring that R~ has infinite expectation which is guaranteed if o < d —m.

For the grain distribution being robust we look at the first part of Theo-
rem 2.2} The statement in this theorem is equivalent to v < min{2(d —m), d}.
This is clear by looking at the tail indices of the distribution of the diameters.
Let K <d—m. We have for x > 0 and k < d — m that

P(D® > x)=P(R > ),

i.e. D® has a regularly varying tail distribution with index —a.. For k > d—m
we have D® = 1 almost surely. So D®) has a tail distribution with index —oco
for k > d—m. If we are now asking for o, < min{2k, d} for some k € {1, ..., d}
one can see that this is the same as requiring o < 2(d —m) if d —m < m or
a < dif d—m > d/2. This is equivalent to o < min{2(d — m), d}.

The last criterion, i.e. the criteria on non-robustness is given by Theo-
rem The conditions in this theorem, namely that the second moment of
the volume exists or that the diameter, i.e. D® is in £, gives us a > 2(d —m)
and therefore also that the second moment of the volume is fininte and o > d
to ensure D® € L. In other words, we require @ > min{2(d — m),d}. Note
that this inequality being satisfied also implies the condition on the «ay for
k € {1,...,d} as required in Theorem Ignoring the boundary cases, we
see that our criterion is sharp.

With Theorem [3.1] we can state also something about the chemical distance.
If we have that M # 0, i.e. & € (d — m, min{2(d — m), d}), the first condition
from Theorem on the parameters holds and we get

2—9 dist 2446
lim ]P)l,’y< ; . S 1S (X7 y) S ; + d
|z—y|—o00 10g(w) IQg log ’iE — y’ log(mln{m7 —m})

ag_m—d+m ag_m—d+m

’$<—>y>:1,

for x,y € & and small § > 0. In particular this theorem improves both the
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3.3. Proof of the upper bound

upper and lower bounds shown in [34], where Hilario and Ungaretti considered
the special case, namely d = 2 and m = 1 with ellipses such that the diameters
fulfil P(D® > 7r) = cr~ for ¢ > 0, @ € (1,2) and D® = 1 almost surely.

Ellipsoids with independent axes

We sample d independent random radii Ry,...,R; > 1 from distributions
which have regularly varying tail distributions with index —f;. We define a
random ellipsoid K C R? with axes of length R;,..., R; and let C' be the
random convex set obtained by rotating K about its centre by an independent

uniform angle ¥ € S9!, Then
e Cissparseif f; >1forall 1 <i<d.
e ( is robust if there exists 1 < i < d such that 3; < 2.
e (' is non-robust if 5; > d.

Note that the criteria are not sharp in this example. In this setting we assume
without loss of generality that §; < ;. for alli € {1,...,d—1}. We are now

interested in the tail indices of the diameters D™ ... D@. For x > 0 we have

d
P(DO > 2)=1-PD0 <z)=1-[[(1 - PR > x))
k=1
by using the independence of the radii. Using now the calculation rule of
regularly varying functions (see for example [3]) we have that D® is regularly
varying with index — ;. Using again the independence of the radii and consid-
ering the event {D® > x} leads us to the tail indices of the other diameters;
more precisely D® is regularly varying with index — Zle B;. Using Propo-
sition we get that the grain distribution is sparse if Vol(C) € £'. In our

case we have due to independence

d
E[Vol(C)] = [ EIR.,
i=1
d
which is finite if min 8; > 1.
i=1
The first criterion of Theorem [2.2|gives the condition for the oy := Zle Bi
to ensure robustness. This can be equivalently stated as

(i) There exists 1 < k < d such that o) < min{2k,d}.
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3.3. Proof of the upper bound

(ii) There exists 1 <14 < d such that 3; < 2.

(ii) follows from (i) due to the fact that if 5; > 2 for all ¢ then we have
a = Zle Bi > 2k for every k € {1,...,d}. The other direction is also
true. If ap > min{2k,d} for every k € {1,...,d} we have in particular that
p1 = a1 > 2. Due to 841 > f; we have 8; > 2 for every i € {1,...,d}.

The second (trivial) criterion from Theorem gives us that 5, > d implies
the grain distribution is non-robust.

We consider now the chemical distance in this example for the robust but
sparse case. For that we assume for 1 < ¢ < d that §; < 2 and additionally
that miny<;<4 3; > 1 to guarantee that a; > k for all 1 < k < d and therefore
also Vol(X) € £'. Define now as in Theorem 3.1 M :={s € {1,...,d — 1} :
S-i_1 Bi € (s,min{2s,d})} and recall the definition of k. We get then that

P, (1 2—9 < dist(x,y) < 2496

og —inéi{gf;”g = loglog |z —y| = log minlrd=r}

T > y) ‘x_y—l_ﬁoo 1.
7“+Z?:1 Bz

for x,y € & while 6 > 0.

Ellipsoids with strongly dependent axes

Let 0 < B < ... < B4 and pick U € (0,1) uniformly at random. We define
a random ellipsoid K C R? with axes of length U~%,... U5 and let C be
the random convex set obtained by rotating K about its centre (or indeed any

inner point) by an independent uniform angle ¢ € S?~1. Then

e (' is sparse if Z?Zl Bi < 1,

d—k
2 its Ba—j+1

e ('isrobust if there exists 1 < k < [d/2] such that B4_g41 > = T
or if there exists k > [d/2] such that S4_g1 > 1,

e (' is non-robust if }i > [y for every 1 < k < d.

In this model we have ellipsoids with axes of length U~=% with k € {1,...,d},
U uniformly distributed on (0, 1), and 0 < ) < .. < 4. For z > 1 we get that

P(U P > 2) =P(U < 2~V = 27,

i.e. the diameter D® has regularly varying tail distribution with index — .

for k € {1,...,d}. By the criterion of Proposition we see that the model
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3.3. Proof of the upper bound

is sparse if Zj:l B; < 1. This is true due to the fact that Vol(C) has regu-
larly varying tail distribution with index (Zle B;)~L. The specific criteria for

robustness of Theorem [2.2] i.e. the second part of the theorem, leads to the

conditions on the f for k € {1,...,d} to results in robustness. For that note
that v, = % Putting these equations in the specific conditions of the

robustness of Theorem [2.2]leads to the following criteria.

(i) For k < |d/2]| we have

d—k d—k
— 9fLa—ki1 Ba—j+1
o < 2k, + E v; = 2k 5 T g By

-~ 1
Bd—k+1

. . . Z?;:H Bd—j+1
which is equivalent to Bg_g+1 > o .
(ii) For k > |d/2]| we have that a; < dy, = % which is the same as

1
Ba—k+1 > rE

Furthermore, the criterion for non-robustness is given by % > (4 by using the
second part of Theorem [2.3]

We focus now here in the setting M # () with ﬁd__lkﬂ > k for all k& €
{1,....d}, while we define M := {s € {1,...,d—1}: B, ., € (k,min{2k,d})}
and k as in Theorem 3.1} For that we get by Theorem

2—0 dist(x,y) 2496
PI@ min{x,d—x} < log1 _ < min{x,d—k}
log BmETRS oglog|z —y| = logMnimd=r}

K

T 4> y> |g€_y—‘—>>C>O 1,

-1 =)
Barr1—"r Bart1—

for z,y € & while § > 0.

Random triangles

Let R > 1 be random with regularly varying tail of index —a;, for a > 0. Take
the right triangle K C R? such that R is the length of the hypotenuse and
Vol(K) = 1R", for some 8 € (0,1). Note that this describes the triangle
uniquely up to symmetries. Now choose the origin uniformly as one of the
corners of K and let C' be the random set obtained by a uniform rotation via
this point. Then

e (issparseif a > 1+ [,
e ( isrobust if a < 2,
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3.3. Proof of the upper bound

e (' is non-robust if o > 2.

By our triangle construction D® is the length of the hypotenuse, i.e. D® =
R is regularly varying with tail index —a =: —a;. As the volume of a triangle
is half of the product of one side and the corresponding height and the height
orthogonal to the hypotenuse is the second diameter, we get

ANC) = iR =1pwpe,

so that D@ = %RB . Our proposition states that the model is sparse if A\(C') €
L. In this example this is the case whenever a@ > 3+ 1. To obtain robustness,
it suffices that D® ¢ L2, for which o < 2 is sufficient, and that there exists
k € {1,2} such that oy < min{2k,d}, which also holds if « < 2 as a; = «a.
To obtain non-robustness, it suffices that the second moment of the volume is
finite and the condition of the tail indices is fulfilled, which holds if & > 2+ 2/,
or that the second moment of the diameter is finite, which holds if a > 2. This

leads to non-robustness if a > 2. Considering now the robust case we focus on
o < 2and M # () so that a € (1,2) to ensure the model is sparse. Theorem [3.]]

gives us

An example where correlations of the diameters determine robust-

2—0 dist(x,y) 2490
Y 1 < < 1
log — loglog |z — y| log —

for x,y € & and § > 0 small.

ness

Our next example shows that the existence of a grain distribution where higher
order information about the diameter distributions is crucial to determine
whether it is robust or not. This shows that outside of the universal crite-
ria for robustness, further information can be important to ensure the grain
distribution is robust, which leads us to conjecture that our universal criterion

is in fact best possible.

The example is as follows. Let a; € (2,2 4 72) for some v, € (0,1/2).
We consider the following Poisson Boolean model with d = 3. Let D be a
regularly varying random variable with index —a; and the diameters of C' are
given as follows. For each realisation of C' and independently of everything
else, with probability %, we set DO = D and D® = D® = ¢ and otherwise
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3.3. Proof of the upper bound

set DO = D@ = D7 and D® = e. Then, D® is regularly varying with index
—aj and D® regularly varying with index —ay /72 and the grain distribution
is non-robust. If we instead set DO = D, D@ = D" and D® = ¢ almost
surely we get that the resulting grain distribution is robust. The second case
can be seen quickly as this was shown in Section while we have that the
strongly positive correlated model can be rewritten so that the model has the
structure of the one in Section [2.2.3] (see Remark [2.2.2)). We have for this kind
of correlation that the resulting grain dlstrlbutlon is robust if there exists some
k < [3/2] such that oy, < 2k—i— ZJ 175 Our choice of parameters satisfies

this requirement, since

3—1

051<21+,Y_11 Z ’YJZQ—F’}/Q
j=1+1

We consider now the other case in this example. Let therefore D be a
regularly varying random variable with index —ay. Set, independently of ev-
erything else and with probability %, the diameters to be D, ¢, € and otherwise
set the diameters to be D" D7 e. Due to properties of regularly varying
functions, this leads to the claimed marginal distributions of the diameters,
namely D® is regularly varying with index —a; and D® regularly varying
with index —ay/7,. Note that D® is as in the previous case regularly varying

with index —oo as it is almost surely constant.

For this explicit choice of the diameters and parameters, we show in the
following that the grain distribution is non-robust. We do this following the
same construction as in the proof from Section [2.2.4] Since it is now possible
for either the first or second diameter to be too large, the step in has to

account for this, leading to

< 0~x,Xx~Y, )

"\ 0Ly, 0¢2R,
- 1]P’ ( D, > max(dist(Ry, z), dist(Ry, z)) , )
=2 "\ RyNR, A0, R,NR,#0,0 £y, 0&2R, )

1]P’ ( D> > max(dist(Ro, z), dist(Ry, z)) , ) (4.2)
2 "\ RyNR, #0,R,NR,#0,0£y,0¢2R, ) '

(4.1)
_l’_

where D, is defined as in Section D. The above bound arises since
two distinct cases can lead to the diameters being sufficiently large for an

intersection - we are either in the first case where C' has one large diameter

87



3.3. Proof of the upper bound

and two small ones, or in the second where two of the diameters are large. By
construction, both of these cases can occur only when the matching case of
C occurs, which happens with probability % The first summand, except for
the factor % is a special case of the case k = 1 of Theorem . The second
summand, again other than the factor %,

from Theorem 2.3 We get by using the same calculation as in Section [2.2.4]

is a special case of the case k = 2

the condition that oy > 2, ap > 4 and that the second moment of the volume is
finite in order to get non-robustness. Our grain distribution satisfies all these

condition and in particular also the moment condition since

E[Vol(C)] < LE[D] + 1E[D¥7],

1
2
which is finite due to choice of parameters.

Remark 4.0.1. We have chosen d = 3 in the above case for clarity and concise-
ness. A similar argument can however be done for any d > 2 and an arbitrary
choice of k € {1,...,d — 1} for appropriately tuned tail exponents, by con-
sidering the perfectly correlated case which yields a robust grain distribution,

and the bivariate case which is instead non-robust.
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Chapter 5

Possible future work

In this chapter we consider some ideas for possible future work. For that,
we briefly summarise what we have shown so far. On the one hand, we have
proven that there exists conditions (universal or specific) that lead to a grain
distribution being dense, robust or non-robust. The criterion for density is
universal. For robustness we have shown a universal criterion and also a specific
one that applies to certain correlations for the diameters. The non-robustness
criterion refers to a special class of models belonging to Poisson Boolean models
with regularly varying diameters, but we could also apply the proof to other
examples. Furthermore, we have a result concerning the chemical distance for
models that satisfy the universal conditions for robustness, but «y > k for all
ke {1,...,d}, so that we can guarantee sparseness. The order here is loglog.
For all other ranges, we have shown that the order cannot be loglog.

The following list includes questions that arose during this research.

e We have seen that there exists a universal result concerning density and
robustness. During this work we were not able to get any universal
criteria for the non-robustness. As we have seen in the last example
in Chapter {4, it is possible that correlations between the diameters are
crucial to determine whether a grain distribution is robust or non-robust.
One possible future work could therefore be to get more conditions on
volumes or some more information about correlation structures to get
a universal result on non-robustness beyond the trivial case D® € £¢

from [22]. Perhaps the use of copulas could lead to insight on the topic.

e A further interesting work could be to focus on the parameters regimes
which were not covered in the first part of Theorem 3.1l In it we get
the exact behaviour of the chemical distance for the case M # ) with
ar >k for all k € {1,...,d}. In all other cases we argue that the found
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3.3. Proof of the upper bound

order of the behaviour of the chemical distance does not hold. One could
therefore work on the correct behaviour of the chemical distance for all
other parameter regimes. In our work we do not get more information
about these other parameters as the proofs rely on the structure of the

proof for the universal criteria on robustness.

e In our model we work here with a “hard” Poisson Boolean model. There
exist also so-called soft versions of Poisson Boolean model with balls as
convex grains. In these versions of the model, additional randomness
is attached to the existence of edges. For each pair of vertices further
random variable is sampled which influences the connection probability
between this pair. This can be thought of as blow-up of the spheres of
the two vertices of the pair by using this random variable. This soft
version of the Poisson Boolean model was introduced in [27] and one can

find more research on it in for example [37].

Further research opportunities lies in looking at some soft version of our
model by attaching an additional random variable to every pair of ver-
tices to modify the connection probability and get some other conditions
for density, robustness and non-robustness. In connection with this, the

chemical distance could be also interesting.

e In this work we are dealing with rotation invariant distributions of the
convex grains, i.e. we have that the convex bodies are rotated uniformly.
One could introduce some external field such as in the Ising model. Just
briefly: The Ising model is a model which is of interest in the field of
statistical mechanics. It is a model on Z? where the vertices get some
spin (values £1) and one introduces an external field that influences the
magnetic properties. An introduction on this model can be found for

example in [52] 29].

We could also change just the choice of rotation for the convex grains
by having for example some preference for the first diameter to be ori-
ented in some given direction. This choice of rotation can be found for
example in the work of Broman [7]. There the author investigates stick
percolation and choose two different types of rotation, and looks at the
asymptotic behaviour of the critical intensity parameter. He shows that
in the uniform rotation case that A\.(L) ~ L™2, where L as the length of
the stick. For the case that all sticks are aligned in the same direction

he proves A\.(L) ~ L71.
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3.3. Proof of the upper bound

e In this work we deal with criteria on when we can observe a grain distri-
bution being dense, robust or non-robust. For non-robustness we have
that there exists some critical intensity which determines supercritical
behaviour and subcritical behaviour. One could focus on this critical
intensity and look at different features. For example, one could look at
the asymptotic behaviour of it depending on the dimension as Meester
et al. do for the random connection models [44] or the dependence on

other model parameters.

e One interesting feature could also be the degree distribution for our ex-
plicit model. One could try to calculate the exact distribution or on

bounds on them to see the dependence on the tail parameters aq, ..., aq.
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Appendix A

Further calculation

A.1 Existence of a box inside a convex body K

The next lemma is a tool that is used throughout this thesis. It states that for
convex bodies with given diameters there exists a box with side-lengths which
are of the same order as the diameters of the convex body. To prove this
note that the smallest convex bodies that have diameters of size D®, ... D@
are the convex hulls of the endpoints of all of the diameters, that is, the d-
dimensional convex polytopes with 2d vertices. We will, from here on out,
refer to these endpoints as the polytope corners in order to avoid ambiguity
with the vertices of X. We will also use corners to refer to the vertices of boxes

for the same reason.

Lemma A.1. Let K C R? be an arbitrary convex polytope with 2d cor-
ners and diameters 0 < Iz < --- < [y < 00. Then there exists a box
B := B(K) C K which is congruent to

d
X[0,2724=1,].

i=1

Proof. We consider first the case d = 2. In this case, it is clear that the
line segment of length /; connecting two of the polytope corners divides the
polytope into two triangles. Both triangles have a hypotenuse of length ;. We
denote by I, (resp. I) the height relative to the hypotenuse of the first (resp.
second) triangle. The maximum of both is at least %2 since together they equal
l5. Looking now at the bigger of the two triangles and using that triangles are

convex, it is clear that there exists a box B of side-lengths at least % and %
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A.1. Existence of a box inside a convex body K

that is contained in this triangle and therefore also in K (see Figure [A.1]). It
can be quickly verified that if this is not possible, than [; would not have been

the first diameter.

—K
— [y

—l2

—B

Figure A.1: [, = Iy + 1y Io = max{l}, l}} > l5/2. B with side-lengths at least
l1/4 and l2/4

Assume now that the claim is true for a fixed integer d > 2. We consider
now the induction step for d+ 1. Due to the rotation invariance of the volume
in Euclidean space, we assume that [y, ...,[;11 have orientations eq,...,eq411
corresponding to the canonical basis of R%!. We know that in the subspace
spanned by the directions of the first d diameters, i.e. spanned by ey, ..., ey,
there exists a d-dimensional box of side-lengths 22D, . 272(=1[, which
we denote by B;. Due to translation invariance, we assume without loss of
generality that By = ijl[—Z_Qd“li , 2724711 x {0}. Looking now at the two
corners of the polytope which give rise to the (d + 1)st diameter with length
lay1, it is true that at least one of them has distance greater or equal lgyq/2
from R? x {0}, similar to the d = 2 case above. We focus on the corner which
satisfies this and denote it by p. Note that just like in the case d = 2, p has
to lie “above” a d-dimensional box congruent to )(jzl[(), ;] x {0} that includes
in its boundary the orthogonal projections of the first 2d corners of K onto
R? x {0}, since otherwise at least for one ¢; for i € {1,...,d} could not be
the 1th diameter. We next construct a box which is included in K using that
without loss of generality the (d + 1)st coordinate of p equals [441/2.

Looking at the maximal distance of B; to p in the direction e; for i €
{1,...,d}, it is clear that this distance is at most (1—2724=1)]; since [y, ..., I
are the sizes of the first d diameters and K is a polytope. A visualisation in
3 dimensions is given in Figure [A.2] We claim that a box which is congru-
ent to B := Xfill [0,2724];] exists inside of K. To find it, we have to consider
two different cases. The first one is that p( € [-2724F+1]; 2724+1]] for all
i € {1,...,d}, i.e. the orthogonal projection of p onto R? x {0} is contained
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A.1. Existence of a box inside a convex body K

- b o o

(a) Perspective from above. (b) Perspective in 3 dimensions.

Figure A.2: Visualisation of the maximal distance of B; and p in the directions
e; for 1 € {1,...,d} for the case d = 2. The blue and red solid lines represent
an upper bound for the polytope with diameters [; and l,. The black lines
and hatched green area denote the polytope given by the first 2d corners and
the diameters of length [, ...,l;. The green rectangle in this convex set is By
while the rectangle with green boundary and hatched orange is By shifted such
that it has the maximal distance to p, which is given as the pink point.

in By. Note that the convex hull of By and p is a hyperpyramid (see Fig-
ure . Considering now the connection lines of the corners of B; and p
and choosing the midpoints of these lines we obtain that the convex hull of
these midpoints and their orthogonal projections onto R? x {0} determine a
(d + 1)-dimensional box, which we denote by B. This box is congruent to
Xj:1[0,2_2d+lli] X [0,1441/4] using the self-similarity property of hyperpyra-
mids. Since this box contains a smaller box which is congruent to the sought
after box B, we are done with this case. A visualisation of this step for d+1 = 3
is given in Figure [A.3]

In the second case we are dealing with p such that the orthogonal projection
of it onto R? x {0} does not lie in By, see Figure . As we are interested in
finding a box which is congruent to the sought after box B, it suffices to look
for a minimal box and show that this is a suitable choice. We assume therefore
as in the previous case, that p has distance l;,1/2 to R x {0}.

We consider now the worst case scenario for the location of p, i.e. that it
has the maximal distance to the base B, in each direction e;, i € {1,...,d},
which is (1 — 2_2(d_1))li as discussed above. For that to be the case, p has to

lie in
N:={z e R"" : (£(1 -2, 21 =272y, 11 /2) }.

We will determine now a new vertex which will be used to construct the sought
after box.

Let y € B, be such that it has maximal distance to p. The coordinates
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e
@ P
& ®
(a) 3-dimensional perspective. (b) Perspective from above.

Figure A.3: Example for the induction step for the first case of Lemma
from d = 2 to d + 1 = 3 from different perspectives. B, is in gray, p is the
pink point, in green are the connection lines of p and the corners of B, the
orange points as the midpoints of these lines and the orthogonal projection of
the midpoints, and B is the box represented by the black mesh.

of such a vertex y fulfil y®) = F272¢1]; for all i € {1,...,d} and y@*V) =
0. Due to the symmetry of B; we can without loss of generality look at
p=((1—=272), ... (1 —27%+1)]; 14,1/2) € N and consequently set y :=
(=272, . —272441],0) € By. Consider now the point

2:=22"D(p—y) 4y = (272,27, 272 )

which lies in the convex hull of B; and p, and in particular lies “above” B, (as
indicated in the example of Figure . We claim even more, namely that
the convex hull of z and By is a minimal hyperpyramid which is also included
in K, whereby it is minimal in the sense that its volume is minimal across for
all choices of p. To see the latter, note that we are considering the worst case
location of p, but that there exists an actual corner of the polytope that has
the same distance from R? x {0} as p. If one were to construct the point z
(call it 2) for this corner, one would immediately have that Z lies in K and
that the distance of Z to R? x {0} is not smaller than that of z (since z has

the minimal possible distance for a vertex constructed in this way).

With z taking the role of p we are back in the first case and using convexity

and the midpoints of the connection lines from z to the corners of B, gives us
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A.1. Existence of a box inside a convex body K

the desired box. The midpoints and their orthogonal projections are given by
N = {x e R . 20 ¢ {0,272} Vi € {1, .. ,d},x(d+1) € {0, 2_2d}},

The resulting box, denoted as B, has side-lengths 27241, ..., 2724, which con-
cludes the proof.

-
-
~
-~
-~
-

(b) Induction step zoomed in from d = 2 to d = 3 of the second case for p.

Figure A.4: Example for the described induction step of Lemma from
d =2 to d+ 1 = 3 of the second case for p. By in gray, p the pink point, in
turquoise z = (2724+1], .. 272+, 2=2d+1] ) vellow the connection line of
p and v, in green the connection line of z and y, the orange points as N and
in purple the boundary of B. The hyperpyramid is given as the convex hull of
the turquoise point and B;. The boundary of B, is indicated via the red and
blue lines.

We note that it is possible for one of the two hyperpyramids can be degen-
erate, that is, have 0 volume. This however does not affect the proof, since we

always work with the larger of the two when choosing the corner p. O
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A.2 Results are independent of the choice of di-

ameters

The next lemma shows that the results of this thesis are independent from the
choice of diameters given the indices of the regularly varying diameters are
always the same, it does not matter in what order we chose the diameters, if

the sequence of diameters is not unique.

Lemma A.2. Let C C R? be a random convex body such that there
exists a ball of radius € > 0 which is included in C. We assume that
the diameters of C are given by D®W, ... D@ and that D® has reqularly
varying distribution with index —ay for some positive oy, for all k €
{1,...,d}. We assume that a; < --- < ay.

Let DO, .., D@ be another choice of diameters of C. Then D, .., D@
also have regularly varying distribution with the same indices —aq >

—Qig > ... 2 —Qy.

Proof. Looking at the definition of the first diameter it is clear that D® = D®
almost surely. Otherwise one of them can not be the first diameter of C'. In
addition to that we know that there exists rectangles R; and Rl which are

congruent to
d d

X[0, D] and X [0, D]
i=1 i=1
and fulfil C C R, and C' C R, almost surely. Using Lemma we have that

there exists also rectangles R, and R, which are congruent to

d d
X[0,2724=V po] and X[0,27 24"V D]

i=1 =1

and satisfy R, Ry C C. To prove the claim note that a rectangle with side-
lengths I; > Iy > --+ > lj includes an d-dimensional ellipsoid with axes of
length [;,...,l;. Note also that the intersection of an ellipsoid with a hy-
perplane, which includes the center of the ellipsoid, is a (d — 1)-dimensional
ellipsoid [43]. Fix now an arbitrary hyperplane that includes the center of the
ellipsoid and let I§ > 1, > --- > I/, | be the axes of the (d — 1)-dimensional
ellipsoid resulting as the intersection of the d-dimensional ellipsoid with the
hyperplane. We have that [ > [;;; for all ¢ € {1,...,d — 1}. In other words
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A.2. Results are independent of the choice of diameters

the smallest intersection is to choose a hyperplane that is perpendicular to the

orientation of the biggest axis. Furthermore we know that
}%f(1)(]%1) 2 Fﬁf(1)<}%2)
P P

while p is the orientation of D®. We also have that Py o (Ry) includes the
Po

orthogonal projection of an ellipsoid with axes 22D D . . 2-2d=1) D
onto Hpg). Using now all of these properties we have that this orthogo-
nal projection includes an (d — 1)-dimensional ellipsoid with axes of length
272@-Vpe . 272D D, With Lemma there exists some (d — 1)-
dimensional rectangle of side-length c; Dw, ... ,C1 D@ for suitable ¢; > 0 which

only depends on the dimension. So we get that
D® > ¢, D®

almost surely. Conversely the same argumentation leads to the existence of

some finite ¢; > 0 such that

D® > ¢ D®.

Doing this procedure now for Py , (Ri) and Py (Ry) resp. Py o (R2) and
Po P Po

P (Rg) we get the existence for two constants cg, ¢y € (0, 00) such that

Pc
D® > ¢, D®
and
D® > ¢,D®),
This can be done iteratively. We get the existence of constants ci,...,cq_1,

¢ty .., Cq-1 € (0,00) such that for all i € {1,...,d}
DO > ¢; 1D® > ¢; 16 D

almost surely. Due to the properties of regularly varying functions this shows
the claim. O
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A.3 Proof of the inequality of (2.8

In this section, we consider the key inequality (2.8]) that is used in the proof
of the universal criteria of robustness, i.e. the first part of Theorem [2.2]

Lemma A.3. With the definitions from Chapter |4 we get for k €
{1,...,d — 1} that the following holds

Pe((z + C)NQ} (zn,z) # 0| DY > gXd-D+e

min{d—k,k}
c ! f- (ax+e)

- fd*k n+1
n+1

)PC(Dg>Z 22(d—1)+6

n+1 n+1)

for some constant ¢ € (0,00) that depends only on d, k,e and «.

Proof. First, we note that the condition in the first term ensures that the first
k diameters of C' are large enough so that C'N O, (x,,) can occur. The reason
for this is, on the one hand, that the box, which is almost surely included in C
according to Lemma is large enough so that the convex body can intersect
with C,,, if the orientation is suitable. On the other hand, the sequence (f,)nen
grows super-exponentially, which means that the distance |x,.1 — z,| is of the
order of f . . We have therefore that |z, 1 — x,| > f,.

Looking now at the second factor on the left side of the inequality we can
use Potter bounds to get the lower bound which gives us the second factor on
the right side of the inequality. What now needs to be considered is the set of
all orientations that lead to an intersection or rather a lower bound of the size
of this set of orientation to prove the whole inequality, i.e. we have to show
that

Pc((w+CO)NQ;, (wn, ) # 0| DG = 220+f )
min{d—k,k}
> cf”

I Aev i
Recall that we are looking at fix k& and ask for D® to be large enough and do
not look at D for j < k, as we know that this diameters are almost surely

bigger than D® . For all other diameters we assume them to be equal € as we

are just interested in a lower bound.

We prove the claim in the following by induction over d.
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A.3. Proof of the inequality of (12.8))

Base case d = 2: The only case to consider here is d — k = k = 1. Under
the condition that D@ > 2%t f

intersection probability from below, that the second diameter has size e. We

.1, We can assume, in order to estimate the
now consider the box centered at z,, with side-lengths f,, and €. As z € O,(z,)
we have that the orthogonal projection of €, onto a hyperplane perpendicular
to x, —z includes a 1-dimensional box (given via Lemmal[A.1]), i.e. a line which
has at least length cf,,, while ¢ € (0, 00) only depending on ¢ from (2.4). This
means for the orientation of DY’ that the set of all possible orientations that
results in an intersection is of order cf, /f, ., for suitable ¢ € (0,00) by using
inequalities of trigonometrical functions for small angles. As min{d—k,k} =1

we prove the base case.

Induction step d — d + 1: For the induction step, we have to look at two
different cases. The first one is k € {1,...,d — 1} and the second one k = d.

We first starts with & € {1,...,d — 1}. Note that only the size of the
orthogonal projection of C, onto a hyperplane perpendicular to z,, — z is
relevant as we have that first £ diameters of x are large enough to result in an
intersection and we think of all other diameters being fix equal € in order to
get a lower bound for the intersection probability. We assume without loss of
generality, in order to simplify notation, that the (d—1)-dimensional box which
is included in B} (x,,), due to Lemma is centered in the origin. Note
that we can assume that this box has k side-lengths of size cf, and all others
of side-length ce for some ¢ only depending again on d and ¢, as again we are
interested in a lower bound. This assumption is possible due to translation
invariance of the Lebesgue measure. And with the same reason we assume
that

5 (10} % %[—c ef] x :>:< [~ce.cd]) = By

and x = (|z],0,...,0). Note that |z| is of order f,
fir- Defining Bp- as

., as |z, — x| is of order

B 1 k d—1
By = §({0} x X[—cf.,cf.] x X [—ce, ce] x R)
j=1 i=k+1

we want to focus on

PC((J; + C) N BB* # @ | Dgﬂ) Z 22(d71)+6fn+1)’
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A.3. Proof of the inequality of (12.8))

i.e. the probability that C,, is well oriented in the sense that the orthogonal pro-
jection of C, onto the hyperplane perpendicular to eq,1 := (0,...,0,1) € R+
intersects with the orthogonal projection of Bg« onto the same hyperplane. In
this event we have one restriction fewer as in the original conditional probabil-
ity (see first factor of (2.8))), i.e. this event reduces to an intersection problem
in d dimensions as we have uniformly rotation of the convex bodies. Using
induction hypotheses leads to

3 pmin{d—kk}
PC((QZ + C) N BB* 7& @ | Dg) 2 22(d_1)+€f ;

> ct—.
n+1) — _

Thowy
To get now the requested lower bound for the probability stated in this lemma,
note that for all orientations of the diameters that results in some intersection
with Bp-, not all are suitable to results in an intersection with Bg«. To get a

lower bound for that we get the additional factor ce/f, ., as the proportion of

+1
the set of all orientations to that C, results in an intersection with Bpg« from

all other orientations that results in an intersections with Bp:.

We can now consider the case k = d. Let H, be the hyperplane defined as

H, = a+{y € R™ : (y,p{™") = 0},

T

i.e. the hyperplane that includes z and is perpendicular to the orientation
P Recall that pi™ is the orientation of the (d + 1)st diameter of C,.
Note that the probability that C, intersects with Bp. (similar defined as in
the case k € {1...,d — 1}), under the condition that the first d diameters of
C, are big enough, is smaller than the probability H, intersects with Bp« as
DY > 0.

Let now T, : R4 — R be the translation by —z, i.e.

T (M)={yecR:y—aec M},

i.e. the translation by —z so that 0 € T_,(H,) and —z € T_,(Bp+). This does
not effect the probability again due to translation invariance of the Lebesgue

measure. We have therefore
T o(H,) ={z € R?: (y,pi"™") = 0}.

Again we assume without loss of generality that x = (|z[,0,...,0). As the

distance of y € R to T_,(H,) is given as |(y,pg(gd+1)>| we have to look at all
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A.4. Intersection probability for A;(0,y)-A5(0,y)

Y such that this distance is smaller than c f.. As

possible orientations of p§d+
we choose without loss of generality that = = (|z[,0,...,0), we have that the

following inequality should be satisfied

(=2, P = |z|(p )y < cf,

as we denote by (pg;dﬂ))(l) the first coordinate of pi™). Recall that lz| =< f..,

and we get therefore the condition

(p(zd+1))(1) < Cfn/fn+1'

Due to the rotation invariance of the distribution of C' we have that the orien-
tation of C' is uniformly distributed. We therefore get that the probability of
having this restriction on pi™" is of order f./f... as this is the order of the
proportion of all y = (yV,... y@) € S which satisfy yV) < ¢f, /f..,. This
leads to the required inequality and we are done with the proof. Note that the
fundamental properties of hyperplanes including distances of points to them

can be found for example in [15]. O

Remark A.3.1. Note that the whole calculation can be done similar to get
(2.9) in the proof of the specific criteria robustness of part (b) from Theo-
rem

A.4 Intersection probability for A;(0,y)-A45(0,y)

In this section we prove a lemma that is crucial for the inequalities for the
intersection probabilities in A;(0,y)-A5(0,y). This lemma includes a result of
an upper bound of the probability that a random box intersects a box with fixed
side-lengths. Recall that in A;(0,y)-A5(0,y) the location of the connector x
for 0 and y is chosen in such a way that we reduce the intersection probability
by a suitable intersection of C, with some special box, that is either the box
concerning to 0 or y or a box that can be constructed with the help of side-
lengths of these two boxes. For more details look again at Section [2.2.4]

This is the reason why the following lemma is useful to bound the inter-

section probability from above.
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A.4. Intersection probability for 4;(0,y)-A5(0,y)

Lemma A.4. Let Ry be a box that is congruent to

d

X[=is” 4o

i=1
while jo € N with j(()i) > jéiﬂ) fori e {1,...,d —1}. Denote R, as
the box which is centered in x with diameters DW, ..., D@ as defined
in Section [2.2.J, Let M € (0,00) be a constant and we assume that
D& = D® for alli € {1,...,k —1} and DY < M almost surely for
all ¢ € {k+1,...,d}. In addition to that we assume without loss of
generality that x = (|z|,0,...,0) and furthermore that * ¢ Ry. We
are therefore looking at the generalisation of the ellipses model [53] as
described in Theorem[2.5 For that we have for large ||

(s)

d—k
P(R, N Ry #0) < clz| -2 ] %’
s=1

Proof. The proof is quite similar to the proof of Lemma [A.3] We therefore
only point out what has to be change to get the upper bound. We have

P(R, N Ry #0) =P(R, N Ry # 0| DS > dist(Ry, x))P(DS > dist(Ry, )).

For the calculations it is important that |z| is big so that dist(Ro, R,) < |x|.
We therefore get the first factor of the inequality, stated in this lemma, due
to Potter bounds. Note that as D® is regularly varying with index —a; the
Potter bounds also apply here. In addition to that we know that D@ < M
for j € {k+1,...,d} almost surely. We therefore bound the box R, from
above by replacing D@ by [M]. We assume that the box Ry is oriented in
such a way that the orientation of the smallest diameter is the same as the
orientation of (x—0)/|z| to get an upper bound for the intersection probability.
Similar as in the proof of Lemma we look at the orthogonal projection
of Ry onto a hyperplane perpendicular to z. For that we can bound the
probability from above by the probability of the intersection between R, and a

(1) (d—1
0

(d—1)-dimensional box with diameters of size j; . ..., J ). We can therefore

show, via repeating the calculations in the proof of Lemma that the set of
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A.5. Intersection probability for Ag(0,y)-Ag(0,y)

orientations of R, that results in an intersection can be bound from above by

i - max - d—k .(s
(jél) + |’M'|>m1n{d k,k} [M] {0,d—k,k} _ cH‘ﬁ
R T el

while we used the definition of the model so that D® = D® for j € {1,..., k—
1} and D© = D@ < [M]. In addition to that we get on the left side of this
inequality the term with +[M] as the size of the small diameters of R, is
crucial for the set of orientations. But as this M € (0,00) is deterministic

we can hide this M in the upper bound by some constant factor ¢ that now
depends also in M. O

Note that we assume in the lemma that z ¢ R, as this is the important
part for the calculations in A;(0,y)-A5(0,y). In addition to that, we have
that in the calculation in Section instead of |z| the term |z| + |y| in the
upper bound of the intersection probability. To see this additional +|y| one
transfer this to the explicit situations in the individual parts of the calculations
and note that the distance of R, and R, but also the distance from R, and
R, (from Section are crucial. This leads to this extra term +|y|.

A.5 Intersection probability for A4(0,y)-As(0,y)

In this section we prove the upper bound of the connection probability that is

used in Section in A6(0,y),.47(0,y) and Ag(0,y).

Lemma A.5. Let Ry and Ry be boxes which are congruent to

d
X[=js"s4s) resp. ><[ R

i=1
while jo, j, € N¢ with ]0 > jéH_l and jz(/i) (ZH fori e {1,. —1}.
Denote R, as the box which is centered in x wzth diameters DO | . ., ,D(d>

as defined in Section [2.2.4 We assume that D® = D® for all j €
{1,...,k — 1} and DY) < M almost surely for all ¢ € {k +1,...,d}.
In addition to that we assume that without loss of generality that v =
(|«],0,...,0) and y = (|y|,0,...,0). We are therefore looking at the
generalisation of the ellipses model of [53] as described in Theorem .
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For that we have for large |z|, |y|

d—k  .(s) :(s)

(e Jo
P(R. N Ry # 0, Ry N Ry # 0) < c(|z] + Jy)) =2 ] |$|0+Ty|
s=1

Proof. In order to proof the claim we use as in the proof of the inequality (2.8)

conditional probability that the diameters are big enough i.e.

P(R, N Ry # 0, R; N Ry # 0) < P(D® > max{|z], |z -y, |y[}))

| g D® > wmax{fe], # — yl. o1} ).

Note that the max term is given as the diameters of R, should be big enough
to reach Ry and R, but also, due to convexity of the box, to bridge the distance
between R, and Ry. As we are interested in the case that R, is the connector
between R, and Ry and that Ry and E’y do not intersect with each other, we
can use that the distance are proportional to |z|, |x —y| and |y| for the distance
of R, to Ry and Ry and the distance of R, to Ry. Due to the Potter bounds
and the fact that max{|z|, |x — y|, |y|} =< || + |y| we get that the first factor
of the inequality, i.e.

P(D® < max{|z|, |z —yl, |yl})) < c(lz] + |y[) .

Note again that the Potter bounds holds also for D® . It remains to prove the

following

d—k () :(s)

g0
P(R, N Ry # 0, R, N R, # 0| D > max{|z|, |z -y, |y|}) < H |$|0+Ty|

We already now from Lemma that the probability of R, N Ry # ) under
the condition that the kth diameter of R, is big enough can be bound from

above by
d—k (()s)
c
Sl:[l || + [yl

We must now consider what is necessary for R, to intersect R,. If we
are looking all possible orientations of R, so that an intersection with R,
is possible, we know that if R, N Ry # () is occurs, we have to restrict all

these possible orientations so that this leads to an intersection with Ry . This

105



A.6. Continuity of the percolation probability

proportion of the orientations of R, can be bounded from above by

d—k .(s)

Intuitively speaking, this can be achieved by again using the inequalities for
trigonometrical frunctions and considering that if one of the axes is rotated
so that R, N Ry # () you only have d — 1 axes available to achieve R,. This
reduces the whole problem to a (d — 1)-dimensional problem, whereby we only
have k — 1 large diameters available. Overall, Lemma then provides the

above factor and thus the required inequality is obtained. m

A.6 Continuity of the percolation probability

In this section we want to prove the key lemma that is necessary to prove the
continuity of the percolation probability in the Poisson Boolean model with
bozes as convex grains stated in Proposition [3.4f For that we denote in the
following for K C R¢ the interior of K as int(K) and the boundary of K as
oK.

Lemma A.6. For every x € &2 we have

Py, ({C, N 0C, # 0} N {C, Nint(Cy) = B}) = 0.

Proof. Let P, p, be the probability measure under the condition that Cj and
the size of the diameters of C, are fixed i.e. the only random part is the rotation
of C,. We will argue the claim by using contradiction. Let rot¢, be the rotation

for which
d

Co = rotg, (X[-27*"'Dw, 2721 Do),

i=1
Define the d-reduction of Cj as
d
C’g = Tty (X[—2_2d+1D<i) + 6,272+ Do) — 5]),
i=1
and set C = ) if 6 > €2724*+1 Tt holds that
int(Co) = | J Co™

meN
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A.6. Continuity of the percolation probability

Moreover we also have

int(Cy) = U int(C’é/m).

meN
Furthermore, it holds that
dCy = lim aCy™.
m—00
Assume now, incorrectly, that
]P)CO,DI({CQC N 800 7& @} N {Ox N lnt(Co) = @}) > 0. (Al)

Using the preceding observations, we can obtain

Peyp, (Cr Nint(Co) # 0) = lim Pey,p, (Cr N Co/™ £ 0)
= lim Pey,p, (C, Nint(Cy™) # 0)
+ lim. Pc,,p, ({Co NOCY™ # 0}
N{C, Nint(Cy/™) = 0})
> Pe,.p, (C, Nint(Cy) # 0),

where the inequality follows from (A.1]) and the third observation above. Since
this yields

IEDC(),DI<CI N ll’lt(Co) 7é (D) > ]PCO7D£E (Cm N mt(C’O) # @),
which is a contradiction, we must have that
PCO’DI({CQJ N (900 7£ @} N {Cx N Hlt(Co) = (Z)}) =0.

Integrating this over all possible Cy and D, leads then to the stated claim. [J
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Appendix B

List of Notation

Basic notation
N
ng

R

E@d

Zd

Sk

B(RY)

Hw, H,, H
Pk

€1,...,€4

@,V
R? Rx’ R? RCE

conv(A)
diam(K)

Dist(A, B)

L(z,y)
Py (B)
Py, (A)

v, W

rOtg

Natural numbers

Set of all d-dimensional vectors with natu-
ral numbers as entries

Real numbers

d-dimensional Euclidean space

Integer lattice

k-dimensional unit sphere

Borel-o-algebra of R?

Hyperplanes

Convex set K C R?

Canonical vectors in R?

Angles

Rectangles

Space of convex bodies in R? with the Haus-
dorff metric

Convex hull of A C R4

Classical Euclidean diameter of a set
K C R?

Hausdorff distance between A, B C R?
The angle between vectors z,y € R?
Orthogonal projection of a set B C R onto
a hyperplane H

Orthogonal projection onto hyperplane
that includes z and is perpendicular to v—w

Rotation concerning ¢ € S¢!
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A.6. Continuity of the percolation probability

1oty

1
a+ K

rK

Measures, random objects
X

S
P
Py
u

P
Py

WIS

Special kind of rotation defined by
z,y € R?

indicator function

Set K shifted via a € RY, i.e.
{reRz=(a+y), forye K}

Blow-up of a set K by a factor » > 0, i.e.
rK :={rz:z € K}

Translation in R? concerning = € R?
Euclidean distance for z,y € R i.e.
A/ |2@2, while |a| is the absolute
value for a € R

l-norm, ie. 3¢ 2]

Orientation of the vetcor x —y

Rounding up of L € R resp. of x € R

Ball of radius » > 0 around =z € RY, i.e.
{veRY||z —y| <7}

Volume,/ d-dimensional Lebesgue measure
of the set C

d-dimensional Lebesgue measure

(d — 1)-dimensional Lebesgue measure

Poisson point process corresponding to the
Poisson-Boolean model on &

R? x (C* x RY)

Poisson point process of the locations
Palm version of a Poisson point process
Intensity of the underlying Poisson point
process of the locations

Probability measure

Law of X under the condition A € & with
A= {x,...,z,} C R ie. the palm ver-
sion

Expectation corresponding to P
Expectation under P, for z € &

Random convex body with rotation invari-

ant distribution
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Cy
C,
Pe
€
DY,.... DY
D . ... . D
ey D
d
P, s

Graph theory
G =(2,8)

G =(7,8&)
RN

Coo, Co,C7

X~y

n
xr~1y

X &y
dist(x,y)
07 Hua Hb

Others

, Oy Vi, B@
€

£
M

K

(fn>n€N7 ( n)neN

(An)nENa (Az)nENa (Az)neN

ii.d. copy of C for z € &

Convex body shifted via its location, i.e.
C,=x+C,

Law of C'

Union of convex bodies, i.e. |, Ca
Diameters of a convex body C

Diameters of C,

Orientations of D&, ..., DY

Orientations of DS, ..., D"

Graph ¢ with vertex set & and edge set &
Graph ¢ with vertex set 7" and edge set &
Graph with underlying vertex intensity ub
resp. ur

Unbounded connected component of ¢
resp. 40 resp. 4T

Vertices x and y are connected by an edge
Vertices x and y are connected via a path
of length n € N

Vertices x and y are connected via a path
Chemical distance of two vertices x, y

Percolation probability

Model parameters

Radius of the ball that is almost surely in-
cluded in C

Constant appearing from Potter bounds
{ke{l,....,d—=1}: oy € (k,min{2k,d}})

min{d—s,s}
as—s

argmax
seEM

Threshold sequences ( on page , on

page

Sequences of events ( on page on

page
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