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Abstract
Typically, the inefficiency term in stochastic frontier models is assumed to be posi-
tively skewed; however, efficiency scores are biased if this assumption is violated. 
This paper considers the case in which negative skewness is also allowed in the 
model. The paper discusses estimation of a stochastic frontier panel model with 
unobserved fixed effects without having to identify additional parameters that deter-
mine skewness of inefficiency. On the one hand, the parameters can be estimated via 
integrating out nuisance parameters by means of marginal maximum likelihood. On 
the other hand, we propose an approximation based on closed skew normal distribu-
tions, which turns out to be sufficiently accurate for maximum likelihood estimation. 
Simulations assess the finite sample performance of estimators and show that all 
model parameters and efficiency scores can be estimated consistently regardless of 
positive or negative inefficiency skewness. An empirical analysis to unravel inef-
ficiencies in the German healthcare system demonstrates the practical relevance of 
the model.
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1  Introduction

The classical assumption in stochastic frontier (SF) models is that errors exhibit 
a negative skewness. However, in empirical applications, the residuals may have 
positive skewness. Waldman (1982) first demonstrated that if the residuals from 
the SF model have ‘wrong’ skewness, inefficiency variance is biased toward zero. 
In consequence, efficiency scores tend to be one, which leads to false conclusions 
of high efficiency (Hafner et  al., 2018). Green and Mayes (1991) argue that it 
either indicates ‘super efficiency’ (all producers in the industry operate close to 
the frontier), or the inappropriateness of the technique of SF analysis to measure 
inefficiencies. Thus, implausibly high efficiency scores obtained under the clas-
sical SF specification can be an indicator of misspecifying inefficiency skewness 
(Hafner et  al., 2018). The problem of wrongly skewed residuals in SF models 
has been recognized in various fields of application such as agricultural econom-
ics (Curtiss et al., 2021; Vargas-Leitón et al., 2015), tourism management (Choi 
et al., 2021), banking (Wheelock & Wilson, 2020), and macroeconomics (Daniel 
et al., 2019). Green and Mayes (1991) report that for a sample of 151 UK indus-
tries, 32% showed wrong residual skewness, and for a sample of 1401 Australian 
industries, a similar problem was encountered in 35% of the cases. Mester (1997) 
estimates a cost frontier and finds that out of 12 US bank districts, three have 
wrongly skewed residuals.

According to Almanidis and Sickles (2011) and Hafner et al. (2018), the most 
likely reason for detecting wrong skewness is small samples. Simar and Wilson 
(2010) confirms this, highlighting that small samples can lead to wrong skew-
ness despite correct skewness in the underlying population. Apart from sample 
issues, the reasons for the occurrence of wrong skewness are questioned remark-
ably little (for an excellent recent review, see Papadopoulos and Parmeter, 2023). 
On the one hand, the methodological literature dealing with the consequences of 
wrong skewness figured out (i) asymmetry of idiosyncratic noise, (ii) depend-
ence between inefficiency and idiosyncratic noise, and (iii) wrong skewness of 
inefficiency as potential reasons (Haschka, 2024b). On the other hand, economic 
explanatory approaches for wrong skewness deal with the issue in general (Papa-
dopoulos & Parmeter, 2023), but do not delve into investigating where (i.e., from 
which component) it might originate.

The access to panel data enables estimating inefficiency with greater consist-
ency in comparison with cross-sectional data, because panel estimators strongly 
benefit from increases in the time dimension (Jondrow et al., 1982; Wang & Ho, 
2010). Extant studies considering wrong skewness have only dealt with cross-
sectional models, but not yet with panel SF models. Given this background, this 
study proposes a panel data generalization with fixed effects of the model by 
Hafner et al. (2018) that is able to distinguish correct and wrong skewness in one 
model without imposing a priori sign restrictions on inefficiency skewness. In this 
respect, we follow the literature about point (iii) by assuming that wrong skew-
ness originates from inefficiency. We propose a precise approximation of the den-
sity of composed errors by means of the closed skew normal (CSN) distribution. 
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As properties of the CSN distribution can then be exploited, the generalization to 
fixed-effects transformed panel models is uncomplicated. Our model nests that 
of Chen et  al. (2014), but it should be mentioned that it is difficult to consider 
external determinants of inefficiency in the proposed approach because numeri-
cal optimization would be cumbersome in such a case. We conduct Monte Carlo 
experiments and assess the performance of the proposed generalization. We fur-
ther consider marginal maximum likelihood estimation with integrating out the 
individual-specific effects as a benchmark to assess the validity of the proposed 
CSN approximation. The simulations indicate that the estimator (i) remains con-
sistent regardless of whether the distribution of inefficiency is positively or neg-
atively skewed, (ii) can be applied to small sample sizes, and (iii) experiences 
minimal performance losses due to approximation.

The empirical analysis aims for an unbiased assessment of inefficiencies in the 
German healthcare system using a panel dataset on district-specific health profiles 
(data was taken from Herwartz and Schley, 2018). We detect wrong skewness in 
ten out of sixteen federal states in Germany. Accordingly, it exposes extant stud-
ies using traditional SF approaches to criticism for biased efficiency estimation. For 
instance, Herwartz and Schley (2018) assume correct skewness and report rather 
high efficiency scores for Eastern Germany (above.99 on average). However, our 
results show that wrong skewness is actually present for this region, which could 
be responsible for such high efficiencies. By contrast, the proposed estimator yields 
efficiency scores around.71 on average for Eastern Germany. As a policy recommen-
dation, wrong skewness in health care markets (which are not subject to competitive 
conditions) means that additional interventions for health policy are needed to create 
incentives for efficiency improvements.

The paper begins by reviewing the current literature discussion about the sources 
of wrong skewness, followed by a brief review of the panel SF literature. Subse-
quently, we discuss how to consider both correct and wrong skewness in panel SF 
modelling with fixed effects. We then characterise the finite sample performance of 
the estimators using several Monte Carlo studies. Finally, we demonstrate the appli-
cability of the proposed estimators to real data.

2 � Literature Reviews

We first discuss the reasons for wrong skewness considered in the literature. Sub-
sequently, we review methodological developments in panel stochastic frontier 
modeling.

2.1 � Reasons for ‘Wrong’ Skewness

Stochastic frontier models often assume positive skewness in the inefficiency dis-
tribution to reflect competitive market dynamics, where producers operate (Aigner 
et al., 1977). This assumption rests on economic theory, particularly in microeco-
nomic production models that posit producers aim to optimize output given their 
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inputs. In competitive markets, producers minimize costs and maximize outputs, 
thus operating close to the efficiency frontier, under pressure to improve efficiency. 
Inefficiency appears as deviations from this frontier, with highly inefficient produc-
ers likely exiting the market (Haschka & Herwartz, 2020, 2022). Therefore, specify-
ing stochastic frontier models with positively skewed inefficiency distributions, such 
as the common half-normal distribution (Kumbhakar et al., 2020), is appropriate for 
evaluating producer efficiency in competitive markets.

The prevalent view attributes the detection of wrong skewness, often seen as an 
empirical phenomenon (Almanidis & Sickles, 2011; Hafner et al., 2018; Waldman, 
1982), to small sample sizes (Simar and Wilson, 2010, pp.8–9). While insufficient 
sample size is commonly blamed for cases where observed skewness deviates from 
true skewness, other explanations remain underexplored (Haschka, 2024b; Papado-
poulos & Parmeter, 2023). Although some studies have identified cases of wrong 
skewness in empirical applications (e.g., Almanidis and Sickles,2011, Hafner et al., 
2018, Haschka, 2024a, Parmeter and Racine, 2013), they often lack a thorough 
examination of potential population characteristics contributing to this phenomenon.

Certain data structure characteristics may contribute to wrong skewness. The 
asymmetry of the idiosyncratic error term can induce multimodality in efficiency 
score distributions, thus leading to wrong skewness (e.g., Badunenko and Hender-
son, 2023, Bonanno et al., 2017, Horrace et al., 2023, Son et al., 1993). Additionally, 
unmodelled dependence between idiosyncratic noise and inefficiency can also be a 
source (e.g., Smith, 2008, Bonanno et al., 2017, Bonanno and Domma, 2022). From 
an economic perspective, specific population characteristics, such as unique market 
features, can explain wrong skewness. Carree (2002) suggests industries character-
ized by cycles of innovation and imitation, where few firms innovate while many 
remain inefficient, resulting in wrong skewness. Akio (1992) highlights how techno-
logical progress and slow asset replacement among producers lead to misalignment, 
as another economic explanation of wrong skewness. These explanations imply 
that the inefficiency term is responsible for skewness issues, although not explicitly 
labeled as such. In such scenarios, producers might not face adequate pressure to 
maximize efficiency (Haschka, 2024b). Markets characterized by heavy regulation 
or entry barriers could reinforce this (Papadopoulos & Parmeter, 2023). Addition-
ally, factors like limited market transparency (Møllgaard & Overgaard, 2001), tech-
nological constraints (Ortega, 2010), market imperfections (Cohen & Winn, 2007), 
seller’s markets (Redmond, 2013), or structural factors (Haschka, 2024a) could fur-
ther dampen competitive forces. In the absence of alternative explanations for wrong 
skewness, such as poor samples, the prevalence of producers operating at lower effi-
ciency levels, with only a minority nearing the frontier, may stem from limited com-
petition in the market.

Upon reviewing these contributions, two key observations emerge. Firstly, the lit-
erature addressing methodological explanations for wrong skewness overlooks the 
linking of these reasons to population characteristics. Understanding market mech-
anisms that introduce dependence between idiosyncratic noise and inefficiency or 
cause asymmetry in noise distribution necessitates sound economic explanations. 
For instance, explaining the simultaneous increase (or decrease) in efficiency due to 
unobserved production shocks and the prevalence of positive shocks over negative 
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ones (or vice versa) requires deeper exploration. Secondly, when addressing skew-
ness issues from an economic perspective, determining which model components 
need adjustment to reflect this peculiarity becomes crucial. Beyond examining 
dependence within composite errors or asymmetry of idiosyncratic noise, attributing 
skewness issues to the inefficiency term offers valuable insights into general com-
petitive market dynamics (Haschka, 2024b). In light of this, we follow the litera-
ture associating wrong skewness with the inefficiency term in our methodological 
contribution.

2.2 � Recent Developments in Panel Data SF Modeling

The advantage of panel data is that more information on inefficiency and productiv-
ity can be parsed, and in particular, shed light on changes in efficiency or productiv-
ity, which differs from a cross-sectional setting that can only provide a static por-
trayal of inefficiency. Furthermore, panel data models allow separating the effects 
of differences across individuals from effects that vary over time within individuals. 
Earlier work on panel data SF modeling treats unobserved heterogeneity as part of 
inefficiency (Schmidt & Sickles, 1984; Battese & Coelli, 1992). Such time-invari-
ant SF models allow inefficiency to differ across individuals but restrict any change 
over time. The implication of this is that an inefficient producer cannot improve pro-
ductivity over time by lessening inefficiency, which might be unrealistic when the 
time dimension is large (Kumbhakar et al., 2014). Furthermore, if producer-specific 
heterogeneity is not adequately controlled for, estimated inefficiency might pick up 
producer-specific heterogeneity in addition to, or even instead of inefficiency.

Greene (2005) proposes a standard fixed-effects panel model that is augmented 
by a stochastic inefficiency term. In this so-called ‘true fixed-effects model’, het-
erogeneity is captured by dummy variables to account for unobserved heterogene-
ity. However, the difficulty of this model is the incidental parameters problem. In 
samples with small time dimensions, there is a noticeable bias in both parameter 
estimates and efficiency. To avoid the need for dummy variables, Wang and Ho 
(2010) use fixed-effects transformation to eliminate the individual fixed effects; 
but their model requires that stochastic inefficiency be time-invariant and depend 
on observed time-varying regressors. Belotti and Ilardi (2012) reconsider Greene’s 
model and also use fixed-effects transformation, but allow for time-varying stochas-
tic inefficiency. Since the model transformation does not lead to a known distribu-
tion for one-sided inefficiency, the authors use a marginal maximum simulated like-
lihood approach and integrates the inefficiency term out of the model. However, the 
approach requires inefficiency to depend on time-invariant explanatory variables.

Domınguez-Molina et al. (2003) recognizes the relevance of the closed-skew nor-
mal distribution (CSN) in SF modeling. More precisely, when assuming normally 
distributed idiosyncratic noise coupled with half normally distributed inefficiency, the 
composed error follows a CSN distribution (González-Farıas et al., 2004). Chen et al. 
(2014) adopt Greene’s model, use fixed-effects transformation, and show that the trans-
formed errors again have a CSN distribution that can be exploited for maximum likeli-
hood estimation. Belotti and Ilardi (2018) generalize the model of Chen et al. (2014) 
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by allowing for heteroskedastic and autocorrelated inefficiency, and the modeling of 
inefficiency variance as a function of exogenous effects.

Although exploiting properties of the CSN distribution became a pertinent 
approach in panel SF modeling, all studies to date only consider positively skewed 
inefficiency by predominantly assuming a half-normal distribution. In such a speci-
fication, it is inherently assumed that the majority of producers operate close to full 
efficiency, which seems reasonable in competitive markets. As already mentioned, a 
lack of competition in the market likely supports the assumption of negative skew-
ness if a major share of producers displays significant levels of inefficiency; how-
ever, this phenomenon does not necessarily require inefficiency to have negative 
skewness. The consideration of the inefficiency distribution with mode bounded 
away from zero could accommodate it, such as the truncated normal distribution 
when introducing a (strictly) positive location parameter. Accordingly, both distribu-
tions with positive and negative skewness could map inefficiencies in uncompetitive 
markets. By contrast, the advantage of using a negatively skewed distribution for 
inefficiency is that it can be specified relatively simply by using a truncated nor-
mal distribution where the upper bound corresponds to the truncation point (Alman-
idis et al., 2014). When the upper bound and truncation point further depend on the 
variance parameter, the expectation of the truncated normal distribution is equal to 
that of the standard half-normal distribution with mode at zero (Hafner et al., 2018). 
This yields negatively skewed inefficiency without requiring an additional location 
parameter for identification. Recently, El Mehdi and Hafner (2024) generalize the 
model by Hafner et al. (2018) to the panel case and allow for time-decaying inef-
ficiency in the spirit of Battese and Coelli (1992). However, they consider a pooled 
model and thus do not account for producer-specific heterogeneity.

Taken together, on the one hand, while there are several contributions to panel 
SF models considering producer heterogeneity (e.g., Belotti and Ilardi, 2018, Chen 
et al., 2014, Wang and Ho, 2010), negatively skewed inefficiency has not yet been 
considered. On the other hand, it remains questionable if the composed errors are 
still CSN distributed if inefficiency exhibits a truncated normal distribution with 
negative skewness. Against this background, this study is the first to propose a panel 
model with individual-specific fixed effects that is able to distinguish correct and 
wrong skewness. For this purpose, the panel model is subjected to fixed-effects 
transformation while exploiting properties of the CSN distribution enables the deri-
vation of the likelihood function in closed form. We also provide theoretical results 
for the CSN distribution.

3 � Methodology

Consider a typical panel data SF model for i = 1,… ,N cross-sectional units over 
time instances t = 1,… , T:

(1)
yit = �i + x

�
it
� + vit − uit

⏟⏟⏟
eit

,
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where yit is the dependent variable, �i is panel i’s (unobserved) time-invariant effect, 
and xit is a (1 × K) vector of regressors. The parameter vector � describes the linear 
influence of xit on yit . By means of a fixed-effects treatment, �i is allowed to be cor-
related with xit and eit.1

According to the SF specification, vit ∼ N(0, �2
v
) captures two-sided idiosyncratic 

noise and uit is a truncated normally distributed inefficiency component on the posi-
tive scale. Following Hafner et  al. (2018), we distinguish two cases for uit which 
characterize the shape of composed errors eit = vit − uit . The assumption 
uit ∼ N[0,∞)(0, �

2) with 𝛾 > 0 is well-disseminated and describes correct skewness of 
both uit and eit because the density of uit is strictly decreasing in [0,∞) (Kumbhakar 
& Lovell, 2003).2 In contrast, wrong skewness is induced by assuming 

uit ∼ N[0,a0|�|)(a0|�|, �2) with 𝛾 < 0 . Here, a0 ≈ 1.389 is the non-trivial solution of 
�(0)

Φ(0)
= a0 +

�(a0)−�(0)
Φ(a0)−Φ(0)

 (for the cdf Φ and the pdf � of the standard normal distribu-
tion) and the density of uit is strictly increasing and bounded in [0, a0|�|] . This is 
illustrated in Panel (a) of Fig. 1. It is worth highlighting that expectations of both uit 
and eit remain unaffected by the choice of distribution for uit (Hafner et al., 2018). 
Although the sign of � determines either positive or negative skewness, it does not 
affect expectations of uit and eit . Thus, inefficiency variance and sign of skewness 
are directly related because 𝛾 > 0 ( 𝛾 < 0 ) induces correct (wrong) skewness but 
�[uit] and �[eit] are only subject to |�| . The consideration of both correct and wrong 
skewness allows parameters of the stochastic frontier model to be identified regard-
less of the sign of the residuals (Hafner et al., 2018).

Fig. 1   Densities of u and e for � = 2.5 , i.e., correct skewness (dotted lines) and � = −2.5 , i.e., wrong 
skewness (solid lines); with �v = .5

1  It is important to note that in our model, the parameter �i solely represents unobserved heterogene-
ity, which is not associated with inefficiency. However, there is literature that decomposes �i into two 
distinct components: heterogeneity and persistent inefficiency (Colombi et al., 2014; Kumbhakar et al., 
2014) While this alternative provides greater flexibility, it relies on strong identifying assumptions, such 
as a random effects treatment of both unobserved heterogeneity and time-invariant (persistent) ineffi-
ciency (Filippini & Greene, 2016). Consequently, it is necessary for these components to be independent 
from all other elements of the model, including regressors. In contrast, our approach permits correlation 
between �i and both xit and eit.
2  In general, correct skewness means positive skewness of uit and in consequence negative skewness of 
eit = vit − uit due to symmetry of vit.
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Assuming that vit and uit are distributed independently from each other, the 
density of eit is given by:

with �2 = �2 + �2
v
 and ∫ ef +

e
(e) de = ∫ ef −

e
(e) de . The shape of the inefficiency dis-

tributions under correct and wrong skewness is shown in Panel (a) of Fig. 1, and the 
corresponding distributions of e in Panel (b). For 𝛾 > 0 , the distribution of u (e) has 
positive (negative) skewness, whereas for 𝛾 < 0 its skewness is negative (positive).

Before deriving the likelihood, it is worth mentioning that two approaches 
exist to distinguish between correct and wrong skewness. On the one hand, an 
a priori decision regarding which density to use for restricted maximum likeli-
hood can be made based on the OLS residual. This approach involves estimating 
the model in (1) by restricting uit = 0 through stylized panel data OLS estimation 
in a first step. Depending on the sign of the OLS residuals, the likelihood can be 
derived either from (2) if the OLS residuals are negatively skewed, or from (3) 
if skewness is positive. On the other hand, we follow Hafner et  al. (2018) and 
employ a data-driven approach to selecting � through one-step unrestricted maxi-
mum likelihood estimation. More precisely, the likelihood contains an indicator 
function to decide between (2) and (3). This approach is more reliable as it avoids 
the potential biases in skewness that can arise from first-step OLS estimation.

3.1 � Marginal ML Estimation

To avoid the necessity of estimating a potentially large number of parameters �i 
(for simulation-based evidence of problems related to that, see Greene, 2005), 
marginal maximum likelihood estimation (MMLE) can be carried out by treat-
ing �i as nuisance parameters and integrating them out. A detailed analysis of 
asymptotic properties of such estimators is given in Arellano and Bonhomme 
(2009), see also Bellio and Grassetti (2024) for an application to stochastic fron-
tier models.

We assume in this approach that �i are random variables. The distribution has 
to be chosen by the applicant. One possibility would be a uniform distribution over 
the interval [−G∕2,G∕2] for some large number G, another one would be a standard 
normal distribution.

(2)�Correct� skewness ∶ f +
e
(e) =

2

�
�
(
e

�

)
Φ

(
−

e�

��v

)
,

(3)

′Wrong′ skewness:

f −e (e) =
1

�
(

Φ
(

a0
)

− Φ(0)
)�

(e − a0�
�

)

[

Φ
(

Aw +
a0�
�v

)

− Φ
(

Aw
)

]

,

Aw =
e − a0�

�
�
�v

,
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The starting point is the density of the composed error eit that is given in (2) for 
the case of correct skewness and in (3) for the case of wrong skewness, respectively. 
Then, the likelihood is given by:

where the indicator function I(�) distinguishes between correct and wrong skew-
ness, and also allows for the special case of only fully efficient firms ( � = 0 ). In that 
case, the density of errors f ⋅

e
 is that of a normal distribution with mean zero and vari-

ance �2
v
 . Furthermore, � = (�, �v, �) represents a vector of unknown model param-

eters to be estimated.3 Following Liu and Pierce (1994), the integral is solved using 
an accurate adaptive Gauss-Hermite approach, reducing the approximation error for 
the computation of the integrals to a negligible size (see also Bellio and Grassetti, 
2024). Since the distribution of eit is continuous, the integrand function is always 
smooth. Finally, the likelihood is logarithmized and maximized with respect to � . 
As a byproduct of ML estimation, standard errors can be obtained by evaluating the 
(inverse) Hessian matrix at the maximum.4

Because of the indicator function in the likelihood, deriving the asymptotic dis-
tribution is not straightforward. However, for either strictly positive or negative � , 
the results reported in Arellano and Bonhomme (2009) are valid for independent 
observations. Arellano and Bonhomme (2009) show that in general the incidental 
parameter problem is not solved by such integrated likelihood approaches and that 
there is a finite sample bias for the resulting estimator of � of order O(T−1) . On the 
other hand, the bias vanishes if both N and T converge to ∞ . As stated by Bellio and 
Grassetti (2024), however, the estimator based on a marginal likelihood is efficient 
(subject to some regularity conditions on xit ). Further, for fixed �i , the densities f +

e
 

and f −
e

 fulfill the usual regularity conditions for asymptotic normality, as discussed 
in Hafner et al. (2018). Intuitively, the conditions still hold if �i is integrated out as 
we do here.

(4)

L(� ∣ y, x) =I(𝛾 > 0)

N∏
i=1

∫
T∏
t=1

f +
e
(yit − 𝛼i − �x�

it
;𝜎v, 𝛾)f (𝛼i) d𝛼i

+ I(𝛾 < 0)

N∏
i=1

∫
T∏
t=1

f −
e
(yit − 𝛼i − �x�

it
;𝜎v, 𝛾)f (𝛼i) d𝛼i

+ I(𝛾 = 0)

N∏
i=1

∫
T∏
t=1

f ⋅
e
(yit − 𝛼i − �x�

it
;𝜎v)f (𝛼i) d𝛼i

3  Alternatively, the likelihood presented in equation (4) can also be assessed using the extended expo-
nential distribution introduced by Hafner et al. (2018). However, as this study primarily focuses on the 
half-normal distribution and aims to derive closed-form expressions for the panel case when considering 
wrong skewness, we abstain from further exploration of the exponential distribution.
4  The likelihood function is continuous for fixed � , but is not continuous in � in the transition from nega-
tive to positive values because of the indicator function. Because all unknown coefficients are simultane-
ously optimized, which usually requires the likelihood to be continuous, we do not recommend using 
gradient-based methods but rather the derivative-free simplex method of Nelder and Mead (1965) that is 
applicable to non-differentiable functions.
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3.2 � An Approximate Distribution

While the previous approach is straightforward, a potential drawback is the com-
putation time required for solving the integrals. Therefore, we propose a second 
approach in which the parameters �i are eliminated directly within the model.

Domınguez-Molina et al. (2003) first recognized the relevance of the CSN dis-
tribution for SF modeling. The general form of density of a CSNp,q(�,Σ,D, �,Δ) 
distributed p-dimensional random variable Z is f (z) = �p(z;�,Σ)Φq(D(z−�);�,Δ)

Φq(0;�,Δ+DΣD
�)

 , where 

�p is the probability distribution function of the multivariate normal distribution 
of dimension p, and Φq is the cumulative distribution function of the multivariate 
normal distribution of dimension q. The density in (2) in case of correct skewness 
is that of a CSN random variable, i.e., e ∼ CSN(0, �2,−

�

�v�
, 0, 1) . However, it 

remains questionable if the density in (3) in case of wrong skewness can be 
expressed by parametric distribution as well. Indeed, it turns out that the follow-
ing approximation, which will be used as an assumption for the subsequent analy-
sis, is useful:

Assumption 1  e− is closed skew-normal, i.e.

This assumption implies the density

Appendix A discusses from a theoretical perspective, why this assumption is useful, 
while Appendix B gives numerical evidence for the accuracy of the approximation.

Within each panel i, the distribution of ei = (ei1,… , eiT )
� is

where 1T is a vector of ones of length T and ⊗ is the Kronecker product. This result 
follows immediately from Corollary 2.4.1 of González-Farıas et al. (2004).

To tackle the incidental parameters problems, we follow the standard economet-
ric literature and use a fixed-effects treatment. Let D denote a fixed-effects trans-
formation matrix to remove the individual-specific effect �i from the model such 
as first-differencing (FD) or the within transformation (FE) (Hsiao, 2014). The FD 
transformation matrix is given by

(5)e− ∼ CSN1×2

⎛
⎜⎜⎜⎜⎜⎝

a0�
⏟⏟⏟

�1

, �2

⏟⏟⏟
Σ1

,

�
�∕�
−�∕�

�

⏟⏞⏞⏟⏞⏞⏟
D1

,

�
−a0�
0

�

⏟⏞⏞⏟⏞⏞⏟
�1

,

�
�2
v

0

0 �2
v

�

⏟⏞⏞⏞⏟⏞⏞⏞⏟
Δ1

⎞
⎟⎟⎟⎟⎟⎠

.

(6)g−
e
(e) =

�(e;a0� , �
2)Φ2

[(
�(e − a0�)∕�
−�(e − a0�)∕�

)
;

(
−a0�
0

)
,

(
�2
v

0

0 �2
v

)]

Φ2

[(
0

0

)
;

(
−a0�
0

)
,

(
�2 −�2

−�2 �2

)] .

(7)ei ∼ CSNT×2T

(
𝜇11T , ITΣ1, IT ⊗ D1, 1T ⊗ 𝜈1, IT ⊗ Δ1

)
,
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while the within transformation matrix is:

Using FD, applied to the model in (1), we obtain

where Δ denotes first differences, i.e., Δyit = yit − yit−1 , etc. Using FE, we obtain

with ỹit = yit − (1∕T)
∑T

t=1
yit , etc. Then we can show

Theorem 1  Under Assumption 1, the distributions of DFDeit and DFEeit are CSN, i.e., 
Δeit ∼ CSN(T−1)×2T in (10) and ẽit ∼ CSNT×2T in (11).

The proof is written down in Appendix C. Then, the corresponding likelihoods 
are given by:

where the indicator function I(�) distinguishes between correct, wrong, and no skew-
ness, i.e., only fully efficient producers. In the latter case, our model collapses to 

(8)DFD =

⎡
⎢⎢⎢⎢⎣

−1 1 0 … 0

0 −1 1 … 0

0 ⋱ ⋱ ⋱ ⋮

⋮ ⋱ ⋱ ⋱ 0

0 0 … −1 1

⎤
⎥⎥⎥⎥⎦
(T−1)×T

(9)DFE =

⎡
⎢⎢⎢⎣

(1 − 1∕T) (−1∕T) ⋯ (−1∕T)

(−1∕T) (1 − 1∕T) ⋯ (−1∕T)

⋮ ⋮ ⋱ ⋮

(−1∕T) (−1∕T) ⋯ (1 − 1∕T)

⎤
⎥⎥⎥⎦
T×T

(10)

DFDyi⋅ = DFD�i + DFDx
�
i⋅
� + DFDvi⋅ − DFDui⋅

⏟⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏟
DFDei⋅

, → Δyi⋅ = Δx�
i⋅
� + Δvi⋅ − Δui⋅

⏟⏞⏞⏞⏟⏞⏞⏞⏟
Δei⋅

,

(11)
DFEyi⋅ = DFE𝛼i + DFEx

�
i⋅
� + DFEvi⋅ − DFEui⋅

�����������������
DFEei⋅

, → ỹi⋅ = x̃
�
i⋅
� + ṽi⋅ − ũi⋅

���
ẽi⋅

,

(12)
LFD(�|Δ y,Δ x ) =I(� > 0)

N
∏

i=1
g+e

(

Δyi − �Δ x′i ;�v, �
)

+ I(� < 0)
N
∏

i=1
g−e

(

Δyi − �Δx′i ;�v, �
)

+ I(� = 0)
N
∏

i=1
f ⋅e
(

Δyi − �Δx′i ;�v
)

(13)

LFE
(
𝜃||�y,�x

)
=I(𝛾;0)

N∏
i=1

g+
e

(
�yi − 𝛽�x�

i
;𝜎v, 𝛾

)
+ I(𝛾 < 0)

N∏
i=1

g−
e

(
�yi − 𝛽�x�

i
;𝜎v, 𝛾

)

+ I(𝛾 = 0)

N∏
i=1

f ⋅
e

(
�yi − 𝛽�x�

i
;𝜎v

)
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the common fixed-effects estimator. Moreover, � = (�, � , �v) is a vector of unknown 
model parameters to be estimated. The density g+

e
 under correct skewness is given in 

Chen et al. (2014) and thus our model nests that of Chen et al. (2014). Finally, the 
likelihood is logarithmized and maximized with respect to � (see footnote 4).5 Note 
that there is no incidental parameters problem because individual-specific effects �i 
do not appear.

As in MMLE, because of the indicator function in the likelihood, deriving the 
asymptotic distribution is not straightforward. Again, for either positive or negative 
� , the estimator should be consistent and asymptotically normal. Note that for 𝛾 > 0 , 
our model collapses to that in Chen et al. (2014), who suppose the estimator features 
consistency and asymptotic normality. With � = 0 , our model collapses to the sim-
ple fixed-effects estimator, for which asymptotic properties are well known. What is 
less clear is regarding the case 𝛾 < 0 . However, the only difference is that it involves 
another CSN distribution; g−

e
 is still continuous and differentiable for finite � as g+

e
 

is, and the same should be true for the likelihood (again subject to some regularity 
conditions on xit ). Accordingly, the estimator should also be consistent and asymp-
totically normal for 𝛾 < 0.

3.3 � Obtaining Efficiency Scores

Computing observation-specific technical efficiency is usually the key goal in empir-
ical application of SF analysis. The conditional expectation estimator suggested by 
Jondrow et al. (1982) is often adopted for this purpose. Then, the estimation of inef-
ficiency is based on f (uit ∣ eit) =

f (uit ,eit)

f (eit)
 evaluated using residuals êit of the trans-

formed model, i.e., Δêit in case of first-differencing or ̂̃eit in case of within transform-
ing (Wang & Ho, 2010), and estimates of 𝛾̂ and 𝜎̂v . Then, the conditional 
distributions are given by:

(14)f +(uit ∣ êit) =
f +
u
(uit)fv(êit + uit)

f +
e
(êit)

(15)=
𝜎̂

𝛾̂ 𝜎̂v
√
2𝜋

exp

⎧
⎪⎨⎪⎩
−

�
uit −

−êit 𝛾̂
2

𝜎̂2

�2

2𝛾̂2𝜎̂2
v

⎫
⎪⎬⎪⎭
∕

�
1 − Φ

�
−
êit𝛾̂

𝜎̂𝜎̂v

��

5  Due to the dependence on the cumulative distribution function (cdf) of a multivariate normal dis-
tribution, the CSN densities g+

e
 in equations (12) and (13) necessitate the computation of a T − 1 and 

T-dimensional integral, respectively, in case of correct skewness. To simplify these integrals, we utilize 
the technique described in Appendix C of Chen et al. (2014), taking advantage of the diagonal variance-
covariance matrix of the multivariate normal distributions. However, in the case of wrong skewness, 
where the cdf of the multivariate normal distribution becomes block diagonal, we employ this technique 
twice.
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which is evaluated by �[uit ∣ êit] = ∫ uitf (uit ∣ êit) duit to get estimates ûit,6 Following 
Chen et al. (2014), the integral is solved by means of numerical integration. The sign 
of the estimated 𝛾̂ determines whether f +(uit ∣ êit) or f −(uit ∣ êit) is chosen. Finally, 
efficiency scores obtain as �TEit = exp{−ûit}

4 � Monte Carlo Simulations

In this section, we report results of Monte Carlo simulations to evaluate the perfor-
mance of MMLE in comparison with estimation based on the CSN approximation. 
The scope of this section is twofold. On the one hand, we aim to show that all model 
parameters can be identified in the panel case, regardless of the sign of error skew-
ness. On the other hand, we assess the validity of the proposed CSN approxima-
tion. To emphasize the adverse effects of wrong skewness in panel data analysis, we 
further compare the proposed estimators with the within-panel estimator by Chen 
et al. (2014).7 The data generating process (DGP) follows the related literature about 
fixed-effects panel SF models (Chen et al., 2014; Belotti & Ilardi, 2018) and reads 
as:

(16)f −(uit ∣ êit) =
f −
u
(uit)fv(êit + uit)

f −
e
(êit)

(17)=
𝜎̂
𝛾̂

𝜙
(

uit−a0|𝛾̂|
|𝛾̂|

)

Φ(0) − Φ
(

−a0|𝛾̂|
|𝛾̂|

) Φ
(
a0
)
− Φ(0)

𝜙
(

êit−a0|𝛾̂|
𝜎̂

)
𝜙
(

êit+uit

𝜎̂v

)
[
Φ
(
Aw +

a0𝜎̂

𝜎̂v

)
− Φ

(
Aw

)]

(18)yit = �i + �xit + �it, �it = vit − uit, i = 1,… ,N; t = 1,… , T ,

(19)vit ∼ N(0, �2
v
),

(20)uit ∼

{
N[0,∞)(0, 𝛾

2) if 𝛾 > 0,

N[0,a0|𝛾|](a0|𝛾|, 𝛾2) if 𝛾 < 0.

6  As alternatives but less frequently used in practice (Kumbhakar & Lovell, 2003) the conditional distri-
butions can be evaluated at the median or mode; where the latter corresponds to the maximum likelihood 
estimate for uit.
7  We also made an attempt to compare the estimator with the ‘true fixed-effects model’ by Greene 
(2005), which involves simultaneous estimation of individual-specific effects. However, we encountered 
significant convergence issues and occasionally obtained peculiar results when applying this estimator in 
each of the scenarios we consider (which is likely because we consider N ≫ T  ). Therefore, we choose 
not to present the results obtained from this estimator.
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In (20), positive (negative) values of � result in the distribution of uit having posi-
tive (negative) skewness. Recall that both distributions have the same expectation. 
To introduce correlation between individual-specific effects and the explanatory 
variable, we first generate �i, i = 1,… ,N from a standard normal distribution, i.e., 
�i ∼ N(0, 1) and then obtain xit as xit = ��i + wit

√
1 − �2 , with wit ∼ N(0, 1) . Then, 

xit has mean zero and unit variance; and the correlation between �i and xit is equal to 
� . We set � = 1 , � = .5 , and the variance of �it that is given by Var[�it] = �2

v
+ (

�−2

�
)�2 

to one, i.e., Var[�it] = 1 . Distinguished parameter choices for � = {−2,−1, 1, 2} 
induce either positive or negative skewness. In contrast to related studies (Belotti 
& Ilardi, 2018; Chen et al., 2014; Greene, 2005; Wang & Ho, 2010), we consider 
combinations of N = {10, 20, 50, 100} and T = {5, 10} and thus also ‘small’ sample 
behavior. The number of replications (R) is 1,000.

The likelihoods given in (4), (12), and (13) are maximized with respect to � , �v , 
and � . For the estimator based on the CSN approximation, we consider both first-dif-
ferencing and the within transformation to eliminate the individual-specific effects. 
Recall that MMLE does not require model transformation because individual-spe-
cific effects are integrated out. For the parameter estimates 𝛽  , 𝜎̂v , and 𝛾̂ , we report 
bias, variance, and mean squared error (MSE) statistics. In each replication, we also 
compute inefficiency estimates according to Jondrow et  al. (1982). To calculate 
MSE, the statistics are averaged first over i for a given replication and then over 
all replications. An important fact is that all estimators were numerically stable in 
the simulations and no problems of convergence occurred. This is of particular rel-
evance for estimators based on CSN approximation with large T because numerical 
optimization of likelihoods based on CSN densities can be cumbersome and might 
suffer from the ‘curse of dimensionality’ problem (Belotti & Ilardi, 2018; Chen 
et al., 2014).8

Simulation results including detailed descriptions are given in the Appendix D. In 
cases of correct skewness, the estimator by Chen et al. (2014) excels in MSE, which 
is the expected behavior, because there is no statistical need to add uncertainty about 
the skewness sign. Incidental parameters do not affect slope coefficients. Contrary to 
expectations, MMLE shows negligible biases in finite T samples. Estimators for � , 
�v , � and �[u|e] are consistent across � , with decreasing MSE as N and T increase. 
The impact of switching � is minimal. For wrong skewness, the estimator by Chen 
et al. (2014) deteriorates rapidly, leading to biased efficiency estimates. This is the 
expected behavior, as Chen et  al. (2014) does not account for wrong skewness. 
Both newly proposed approaches are consistent, however, and the simulated MSE 

(21)� =
�

�v

8  Starting values for the proposed estimators are chosen as follows. For the idiosyncratic variance, the 
starting value is given by the empirical variance of the dependent variable, i.e., �v2 = V̂ar[y] ; for all other 
coefficients, we used zeros as starting values. The indicator function therefore takes effect at the starting 
point via 1(� = 0) . This is equivalent to starting with fitting a stylized normal distribution to the depend-
ent variable.
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decreases with increasing N or T. MSE differences between MMLE and proposed 
estimators using CSN approximation are negligible, confirming the proposed meth-
od’s adequacy in Monte Carlo simulations. Figure 2 additionally shows the simu-
lated MSE in plots for � , �2

v
 , � and �[u|e] for varying T, N and � . While the curves 

look similar for � across the different estimation methods, the improvement com-
pared to Chen et al. (2014) is clearly visible for �v and �[u|e] in the case of negative 
�.

5 � Empirical Application

In this section, we illustrate the proposed method to handle (potentially) wrongly 
skewed inefficiency in panel stochastic frontier models with fixed effects and esti-
mate a production function to quantify the efficiency of the German health care 
system. SF analysis has become a pertinent approach to analyze the performance 
of health care systems (for instance, see Evans et al., 2000, Greene, 2004). Greene 
(2005) motivated his ‘true’ fixed effects panel SF model by a study undertaken by 
the World Health Organization and analyzed health care outcomes to unravel effi-
ciencies in the provision of health care services (see also Evans et al., 2000).

We base the empirical application on district-specific health profiles in Germany 
in the time period from 2004 to 2013. We analyze the population’s health by means 
of an age- and sex-standardized mortality rate (SMR), conditioning on information 
about the local medical infrastructure, as well as on socio-economic and demo-
graphic profiles (for similar applications, see Haschka et  al., 2020, Herwartz and 

Fig. 2   MSE statistics. In each panel, the y-axes shows the MSE obtained by the four estimators (red: 
Chen, green: FD, cyan: MMLE, purple: within) considered subject to the cross-sectional dimension N 
(x-axes), the time dimension T (row-wisely), and the � values (column-wisely)
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Schley, 2018).9 Following the related literature (Evans et al., 2000; Greene, 2005; 
Haschka et  al., 2020; Felder & Tauchmann, 2013), we consider each district as a 
‘producer’ of health. It is noteworthy, however, that districts do not directly ‘pro-
duce’ health in the strict sense of a production process; rather, they provide the legal 
framework for the structural planning and provision of health care services (Haschka 
et al., 2020). Following Haschka et al. (2020), the production SFA model for overall 
health in district i at time t reads as:

where i = 1,… , 383 denotes districts in Germany located in 16 federal states, and 
t = 2004,… , 2013 is the year. To capture the medical infrastructure in both the 
inpatient and outpatient sectors, we consider the number of general practitioners 
(gp), the number of medical specialists (specialists), the number of hospital beds per 
10,000 inhabitants (beds), the number of dialysis devices per 100,000 inhabitants 
(dialysis), and we use the standard deviation within each district across count statis-
tics for five medical specialist groups (internists, ophthalmologists, orthopaedists, 
psychotherapists per 100,000 inhabitants, and pediatricians per 100,000 children) 
to generate the variable speciality diversity. While the variables gp and specialists 
represent the provision of outpatient services, beds represent the inpatient sector, 
dialysis accounts for the availability of medical technology, and speciality diversity 
accounts for the heterogeneity of medical service provision within a district. Since 
past research has shown that socio-economic and demographic factors also influence 
the population’s health (Felder & Tauchmann, 2013), we further consider the real 
gross domestic product per capita (gdp per capita), the unemployment rate (unem-
ployment), the share of employees with a university degree (education), and the pop-
ulation share of immigrants (immigrants). The first three variables indicate regional 
deprivation, while the last one pertains to regional diversity. To account for a dis-
trict’s urbanization, we also take into consideration the population density. A more 
detailed description of the variables used in the above model, including descriptive 
statistics, is given in Herwartz and Schley (2018), who use the same dataset. How-
ever, while they consider log(gdp per capita), log(unemployment), log(immigrants) , 
and log(education) as health efficiency determinants (see also Haschka et  al., 

(22)

log(1∕SMR)it = �i + �1 log(gp)it + �2 log(specialists)it + �3 log(beds)it
+ �4 log(dialysis)it + �5 log(speciality diversity)it
+ �6 log(population density)it + �7 log(gdp per capita)it
+ �8 log(unemployment)it + �9 log(immigrants)it
+ �10 log(education)it + vit − uit,

(23)vit ∼ N(0, �2
v
)

9  As ‘health’ is difficult to quantify, it can only be approximated by, for example, morbidity or mortality 
measures, for which standardized mortality rate is widely used as a dependent variable in the health lit-
erature (for brief reviews, see Balia and Jones, 2008, Bottle et al., 2011).
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2020), we directly relate these variables to the health outcome. The panel dataset is 
(strongly) balanced, and the total number of observations is 3830.10

Our specification further diverges from Herwartz and Schley (2018) with regard 
to the treatment of the inefficiency component uit . Specifically, we allow stochastic 
inefficiency to vary over i and t and consider both correct and wrong skewness by 
means of a data-driven choice of distribution of uit in (22), i.e:

The latter case has yet not been considered in empirical health literature and thus 
offers a novel perspective to unravel structural inefficiencies in the provision of 
health care services in Germany.

As an alternative specification, one may think of using a truncated normal distri-
bution with positive skewness and (strictly) positive mode, i.e., uit ∼ N[0,∞)(�, �2) 
in (22) instead of (24). This means that the majority of health providers do not oper-
ate close to full efficiency and thus is in line with our initial considerations that 
health markets might be characterized by a lack of competition. A flexible choice 
of the location parameter � gives a distribution where the majority of providers are 
either close to full efficiency or further away from it. Although correct skewness is 
present in either case, this specification would indeed be consistent with our moti-
vation of wrong skewness mentioned in Section 2, according to which it would be 
found in markets that are not subject to competitive conditions. However, such a 
specification requires identification of an additional parameter, namely the mode of 
the distribution ( � ). Because simultaneous identification of � and �2 in truncated 
normal distributions is cumbersome, as both parameters simultaneously determine 
the expectation and variance of u it (Kumbhakar & Lovell, 2003; Wang & Ho, 
2010), the advantage of using (24) is that no additional parameter needs to be identi-
fied; the proposed model is therefore parsimonious.

Seeing strong argumentation in favor of state-specific health profiles in Ger-
many (Haschka et al., 2020), we further diverge from Herwartz and Schley (2018) 
and estimate separate models for each federal state 1,… , 16 . This strategy allows 
all parameters, including the skewness of the inefficiency distribution, to be state-
specific. Following Kumbhakar and Lovell (2003), we start by assessing the 
skewness of the OLS residuals prior to the SF analysis to motivate our empiri-
cal model that distinguishes between correct and wrong skewness. We thus esti-
mate the above model by restricting uit = 0 and use stylized fixed-effects estima-
tion to inspect residual skewness. The spatial distribution of the skewness of the 
OLS residuals is displayed in Fig. 3. First and unsurprisingly, residual skewness 
is throughout non-zero, which gives clear evidence in favor of an SF specifica-
tion. As the sign of residual skewness seems to be state-specific, conducting SF 
analysis on the federal state level with a heterogeneous treatment of the ineffi-
ciency component is presumably justified. For ten out of sixteen federal states in 

(24)uit ∼ N[0,∞)(0, �
2) or uit ∼ N[0,a0|�|](a0|�|, �2).

10  Note that Germany consists of 401 districts. However, some districts had missing data and needed to 
be excluded from the analysis, leaving us with 383 districts.
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Germany, the OLS residuals exhibit positive (wrong) skewness, predominantly in 
West Central and Eastern Germany, while it is negative for the remaining states. 
This indicates that a classical SF specification that assumes correct skewness is 
inappropriate to capture the properties of the error distribution in these states.

Seeing substantial evidence in favor of different signs of error skewness, we 
next estimate the above SF model using MMLE given in (4) and the proposed CSN 
approximation based on within transformation given in (13), without imposing any 
sign restrictions on � . Estimation results are given in Table 1. Unsurprisingly, the 
effects of health inputs are state-specific; however, some appear counterintuitive. In 
particular, the effects of variables measuring medical infrastructure sometimes have 
a negative sign. Although a positive sign is expected because a well-developed med-
ical infrastructure should be beneficial for population health, our findings are in line 
with related studies (Felder & Tauchmann, 2013; Herwartz & Schley, 2018). For 
instance, Haschka et  al. (2020) explain the negative impact of medical infrastruc-
ture by oversupply, which negatively affects population health because people likely 
receive unnecessary treatments that do not benefit them.

Figure 4 plots the estimated distribution of composite errors and inefficiency. 
As visible, wrong skewness is evident in West Central and Eastern German states. 

Fig. 3   Skewness of OLS residuals on federal state level. Values are scaled to range between -1 and 1
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Following that strand of literature that assumes that wrong skewness originates 
from the inefficiency component (Haschka, 2024b, a; Papadopoulos & Parmeter, 
2023), this empirical detection implies that many more inefficient than efficient 
health care providers are prevalent-something that could not be detected accord-
ing to the classical SF specification. Our findings likely indicate that, since health 
care markets are not subject to competitive conditions, the market is unable to 
solve the problem of wrong skewness on its own. Because the market itself offers 
no incentives for optimizing the efficiency of health care, it remains up to policy-
makers to ensure this.

Estimated technical efficiency scores obtained by the SF models are shown in 
Fig.  5, respectively for estimation by means of the proposed CSN approximation 
(Panel (a)) and MMLE (Panel (b)). The predictions of technical efficiency scores 
show that German districts do not reach their maximum possible level of efficiency. 
On average, districts reach an efficiency level of 0.704 (min: 0.306; max: 0.960) and 
0.722 (min: 0.303; max: 0.957) for the CSN model and the MMLE model, respec-
tively. In line with related studies (Felder & Tauchmann, 2013; Haschka et al., 2020), 
the efficiency of health care seems high in Southern Germany, Hesse, and North 
West Germany, while unfavorable conditions prevail in the districts in West Cen-
tral Germany. By contrast, Herwartz and Schley (2018) and Haschka et al. (2020) 
report superior efficiency in Eastern Germany. Contrary to their conclusions that 
the restructuring of medical infrastructure and health provision after the German 

Fig. 4   Estimated density of composite errors (straight lines), and inefficiency (dotted lines) for the fed-
eral states. Inefficiency distributions are scaled to have the same peak as the distribution of composite 
errors
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reunification is the reason for superior efficiency, our results indicate that wrong 
skewness might be responsible. Based on our model that considers both wrong and 
correct skewness, efficiency scores in Eastern Germany are lower in comparison 
with Western Germany. While the quality of German healthcare is considered gener-
ally high (Blümel et al., 2020), there is a consensus in the literature that health care 
in Eastern Germany still lags behind that in Western Germany (Bambra et al., 2019; 
Schwartz & Buser, 2005; Brenner, 2001). Possible reasons could be the burdens of 
the former German Democratic Republic, according to which, even more than thirty 
years after the German reunification, poor regional health care provision may still be 
prevalent as a legacy of the planned economy in Eastern Germany. Thus, the result 
that there are relatively more districts in the West compared to the East that are effi-
cient at providing health care seems plausible.

Previous research has already emphasized that missing incentives likely create 
vicious cycles of inefficiency (Hill & Miller, 2010; Felder & Tauchmann, 2013). 
Although the German health care system is among the most consumer-oriented and 
restriction-free health care systems, it faces rapidly rising costs and serious qual-
ity problems (Felder & Tauchmann, 2013). Especially, the regional misallocation of 
health care infrastructure has led to efficiency losses in health care provision (Rick-
etts & Holmes, 2007). Given Germany’s strong federal structure and the decentral-
ized nature of health policy, special attention should be given to states where wrong 
skewness is evident, such as West Central and Eastern Germany. Recall that wrong 
skewness implies that the majority of health care providers are inefficient while only 
a small number are efficient. In a competitive market, this would not be observed, 
as competition would incentivize efficiency improvements, resulting in a majority 

Fig. 5   Estimated technical efficiency scores obtained by the SF model
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of efficient providers. However, since health care markets lack competitive condi-
tions, they may not be able to address the issue of wrong skewness on their own. 
Consequently, there is a need for health policy interventions to incentivize effi-
ciency enhancements. Specifically, policy measures should be implemented to pro-
mote strategies that reduce unnecessary treatments and encourage evidence-based 
guidelines, especially in deprived regions like West Central and Eastern Germany. 
The initiative ‘Klug entscheiden’ is an important step in this direction (Fölsch 
et al., 2017). Additionally, incorporating regional socio-economic profiles into the 
regional planning of medical resource allocation rules would be beneficial (Haschka 
et al., 2020; Ozegowski & Sundmacher, 2014).

6 � Conclusion

Under the traditional SF specification, inefficiency is commonly modeled by a half-
normal distribution with positive skewness. However, if true inefficiency is nega-
tively skewed, efficiency scores will effectively be one, leading to false conclusions 
of high efficiency (Waldman, 1982). Although previous research has emphasized the 
relevance of the wrong skewness problem in SF analysis (Curtiss et al., 2021; Choi 
et  al., 2021; Wheelock & Wilson, 2020; Daniel et  al., 2019), extant studies have 
only dealt with cross-sectional models. The methodological literature discusses (i) 
asymmetry of the idiosyncratic noise term, (ii) dependence between idiosyncratic 
noise and inefficiency, and (iii) wrong skewness of the inefficiency term as potential 
sources. Against this background, we follow the literature in point (iii); the scope 
of this paper is to propose a panel data generalization with fixed effects that dis-
tinguishes between correct and wrong skewness in one model, without imposing a 
priori sign restrictions on inefficiency skewness and without having to identify addi-
tional parameters that determine skewness.

We start with the cross-sectional SF model by Hafner et al. (2018) and propose 
an approximation of the distribution of composed errors by means of a CSN dis-
tribution if the errors exhibit wrong skewness. Second, we assess the validity of 
the proposed approximation by inspecting the Kullback–Leibler divergence, which 
shows that the informational loss is minor and that the approximation is sufficiently 
accurate. Third, we introduce a panel setting with unobserved heterogeneity and 
a fixed effects treatment, and we use fixed effects transformations to eliminate the 
individual-specific effects. We derive the distribution of composed errors after the 
transformation so that the model can be estimated by means of maximum likelihood. 
We model inefficiency and heterogeneity separately in the same model to segregate 
the two effects while allowing for a data-driven choice of positively or negatively 
skewed inefficiency. Accordingly, our model nests the traditional fixed effects SF 
model of Chen et al. (2014).

We conduct a set of Monte Carlo simulations on fixed-effects panel SF mod-
els and compare the estimator based on the proposed CSN approximation to mar-
ginal maximum likelihood estimation (MMLE) based on the exact density, as well 
as the estimator by Chen et al. (2014). While the latter exhibits severe bias in the 
case of wrong skewness, the proposed estimators seem to be consistent for all 
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unknown coefficients, including the efficiency score, regardless of whether correctly 
or wrongly skewed inefficiency is used in the data-generating process. Although 
MMLE comes with slightly smaller MSE statistics in all scenarios considered, per-
formance differences are minor, which provides additional evidence of the accuracy 
of the proposed approximation.

Appendix A: Theory of the CSN Approximation

We first make the assumption that the term 
Φ
(
Aw+

a0�

�v

)
−Φ(Aw)

Φ(a0)−Φ(0)
 in (3) can be replaced by 

Φ
(
Aw+

a0�

�v

)

Φ(a0)
−

Φ(Aw)
Φ(0)

 . This assumption is useful because it allows deriving a closed-
form expression. Then, (3) can be rewritten as:

which is the difference of two individual CSN1×1 densities; the first component is the 
density of a CSN(a0� , �2, �∕�,−a0�, �

2
v
) distribution and the second that of a

CSN(a0� , �
2,−�∕�, 0, �2

v
) density. Note that the assumption made to result in (25) 

does not hold in general and thus only leaves us with an approximation. However, 
we will show in Appendix B that the difference between (3) and (25) is minor and 
the approximation is sufficiently accurate.

Using Corollary 4 of Theorem 4 in González-Farıas et al. (2004), and examples 
of sums of skew-normal random vectors in Genton (2004), another approximation 
for the partitioned distributions in (25) yields a CSN1×2 distribution (for a similar 
approach, see Brorsen and Kim, 2013) as described in Assumption 1.

Appendix B: Numerical Accuracy of the CSN‑Approximation

We next show that the difference between the ‘exact’ density f −
e

 in (3) and the pro-
posed CSN approximation g−

e
 in (6) is minor. For this purpose, we assess the Kull-

back–Leibler divergence, which is given by

DKL denotes the expectation of the log difference between the probability distribu-
tion with the approximation, i.e., ‘how much information do we expect to lose when 
using the approximation instead of the exact distribution?’. As the shape of the dis-
tributions is determined by variance parameters �v and � , we inspect DKL(�v, �) sub-
ject to different choices for �v and �.

Figure 6 shows DKL(�v, �) for various combinations of �v ∈ (0, 8] and � ∈ [−4, 4] . 
What stands out is that the highest values are found around a V-shape with a ratio of 

(25)g−
e
(e) =

�
(

e−a0�

�

)
Φ
(
Aw +

a0�

�v

)

�Φ
(
a0
) −

�
(

e−a0�

�

)
Φ
(
Aw

)

�Φ(0)
,

(26)DKL = ∫
∞

−∞

f −
e
(x) log

f −
e
(x)

g−
e
(x)

dx.
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one to two for � and �v . When |�∕�v| → .5 the difference between the distributions 
increases. Nevertheless, the difference is generally small and not greater than about 
8E-5, even if |�∕�v| is close to.5. Thus, the informational loss when using g−

e
 instead 

of f −
e

 is generally neglectable and we conclude that the proposed CSN approxi-
mation is sufficiently accurate to describe the error distribution in case of wrong 
skewness.

Appendix C: Proof of Theorem 1

Using Proposition 2.3.1 of González-Farıas et  al. (2004), linear combinations of 
jointly CSN random variables are also CSN. Accordingly, if Z ∼ CSN(�,Σ,P, �,Λ) , 
then

. With Z = ei = (ei1,… , eiT )
� in case of first-differencing and with A = DFD , it is 

AZ = Δei = (Δei1,… ,ΔeiT−1)
� . Then, it follows that

AZ ∼ CSN(A�,AΣA�,PΣA�(AΣA�)−1, �,Λ + PΣP� − PΣA�(AΣA�)−1AΣP�)

(27)Δei ∼ CSN(T−1)×2T

(
�FD,ΣFD,DFD, �FD,ΔFD

)

(28)�FD
(T−1)×1

= A�1 = 0T−1

(29)ΣFD
(T−1)×(T−1)

= �2AA�

Fig. 6   Kullback–Leibler divergence. DKL(�v, �) quantifies the informational loss from f −
e
(x;�v, �) to 

g−
e
(x;�v, �) depending on �v and �
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And in case of in case of within transforming, with A = DFE and 
AZ = ẽi = (ẽi1,… , ẽiT )

� , the above results are valid but subject to the change of 
transformation matrix. Using A = DFE in (28)-(32), dimension further change to 
�FE
T×1

 , ΣFE
T×T

 , DFE
2T×T

.

Appendix D: Detailed Monte Carlos Simulation Results

Monte Carlo results are given in Tables 2-3. Table 2 shows the results for correct 
skewness and Table 3 the ones for wrong skewness. For combinations of N = 100 , 
T = 5, 10 , and � = 1, 2 , the data-generating process is similar to that in Chen et al. 
(2014). In these scenarios, the estimator by Chen et  al. (2014) is the method of 
choice as it reveals the smallest MSE statistics among all estimators considered 
(recall that our model nests that by Chen et al., 2014, which comes at the cost of 
higher estimation uncertainty). Furthermore, an incidental parameters problem does 
not affect estimation of slope coefficients for all estimators considered. This result 
was also found by Chen et al. (2014), Greene (2005), and Wang and Ho (2010) in 
transformed models. With respect to the integral approximation (MMLE), this is a 
bit surprising given results by Arellano and Bonhomme (2009), as biases in samples 
with finite T would be expected. As these cannot be found in our simulations, we 
conclude that even in small samples biases are generally negligible. For all values 
of � , i.e., regardless of having positive or negative skewness, the estimators of � , �v , 
� and �[u|e] appear to be consistent as the MSE decreases in N and T. For � and �v , 
the MSE decreases linearly. For � and in particular �[u|e] , the decay is sometimes 
more slowly. This might be explained due to the presence of indicator functions 
which are subject to the parameter � in the likelihood. Note that also Chen et  al. 
(2014) report rather high and slowly decaying MSE values for estimation of �[u|e] . 
When switching from � = 2 to � = 1 , MSE statistics remain generally unaffected 
and small sample biases cannot be detected. In comparison with the estimator by 
Chen et al. (2014), the proposed approaches reveal slightly higher variance statistics, 

(30)DFD
2T×(T−1)

=

(
IT ⊗

(
𝛾∕𝜎
−𝛾∕𝜎

))
A�(AA�)−1

(31)𝜈FD
2T×1

= 1T ⊗

(
−a0𝜎
0

)

(32)

ΔFD
2T×2T

= 𝜎2
v
I2T + 𝜎2IT ⊗

(
𝛾∕𝜎
−𝛾∕𝜎

)
IT ⊗

(
𝛾∕𝜎
−𝛾∕𝜎

)�

− 𝜎2IT ⊗

(
𝛾∕𝜎
−𝛾∕𝜎

)
A�(AA�)−1AIT ⊗

(
𝛾∕𝜎
−𝛾∕𝜎

)�

= 𝜎2
v
I2T + 𝛾2

1

T
1T1

�
T
⊗

(
1 −1

−1 1

)
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which is again most likely because of the indicator function in the likelihoods. The 
MSE is lower for MMLE compared to the CSN approximation. In the latter case, the 
within transformation yields lower MSE than the FD transformation because one 
observation per panel. But, as expected, the computation time is shorter for the CSN 
approximation.

When examining the case of wrong skewness, the findings presented in Table 3 
reveal the rapid deterioration of the estimator by Chen et al. (2014). Notably, two 
key observations emerge from the results. Firstly, the estimates for the regression 
coefficient � remain unbiased, although there is a slight increase in variances com-
pared to the case of correct skewness. This is because the misspecification of the 
error distribution is a form of heteroskedasticity, which does not affect the unbiased-
ness of the slope coefficients. Consequently, the mean squared error (MSE) statistics 
for � exhibit only minor differences compared to the correct skewness scenario, as 
they rely on the estimates of � . However, significant bias is observed in the estimates 
for �v and � . Furthermore, increasing the sample size in terms of N or T does not 
mitigate this bias. Consequently, the estimates of efficiency �[u|e] are also biased. 
In contrast, the proposed approaches are generally robust to the presence of both 
correct or wrong skewness. However, similar to the case of correct skewness, small 
sample biases arise due to the difficulty of the indicator function in accurately iden-
tifying the sign of skewness in such cases. Nevertheless, these biases diminish and 
the MSE statistics significantly decrease when the sample size N or T is increased. 
Moreover, the comparison of MSE statistics between the MMLE and the proposed 
estimators relying on CSN approximation (FD and Within) reveals negligible differ-
ences. This suggests that the proposed CSN approximation is adequately accurate, 
as confirmed by Monte Carlo simulations.
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