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Kurzzusammenfassung

Das massive Thirring Modell (MTM) wurde 1958 vom Osterreichischen Physiker Walter Thirring im Kon-
text der relativistischen Quantenfeldtheorie eingefiihrt. Es dient zur mathematischen Beschreibung von
wechselwirkenden Fermionen mit Spin 1/2 (also zum Beispiel Elektronen) in einer Raumdimension. Aus
analytischer Sicht ist dieses System aus nichtlinearen partiellen Differentialgleichungen von besonderem
Interesse, da es eine Darstellung als Lax-Paar mit zwei linearen Operatoren L und A besitzt und das
MTM somit ein integrables System ist. Dies ermoglicht es, das MTM mit Hilfe der inversen Streutrans-
formation (IST) exakt zu 16sen. Da die Abhéngigkeit der Operatoren L und A vom spektralen Paramter
A allerdings Singularitaten im Ursprung und bei Unendlich aufweist, kann die IST nicht ohne Weiteres fiir
Anfangsdaten mit geringer Regularitat definiert werden. In der vorliegenden Dissertation werden durch
entsprechend gewéhlte Transformationen zwei dquivalente Lax-Paare gefunden, mit deren Hilfe die IST
fiir einen optimalen L2-basierten Sobolev-Raum konstruiert werden kann. Die Riicktransformation ist
anschliefend als Riemann—Hilbert-Problem formuliert, dessen Losbarkeit entsprechend bewiesen wird.
Wie viele andere dispersive Gleichungen besitzt auch das MTM sogenannte Solitone als Losungen. Diese
speziellen in ihrer Form unverénderlich bleibenden und sich mit konstanter Geschwindigkeit fortbewegen-
den Wellen kénnen nur auf Grund der vorhandenen Nichtlinearitdt des MTM existieren. Anhand ihrer
Streudaten lassen sie sich auf einfache Weise charakterisieren und mit Hilfe geeigneter Riemann—Hilbert
Techniken ist es moglich, zu berechnen, wie zwei (oder mehrere) Solitone wechselwirken. Desweiteren
kann préazise gezeigt werden, dass sich alle Solitone nach einer gewissen Zeit innerhalb des Lichtkegels
{|t| > |z|} befinden. Mit Hilfe der sogenannten -Methode kann sogar gezeigt werden, dass alle Losungen
(also nicht nur Solitone) auBerhalb des Lichtkegels mit einer Rate von |t|~%/* gegen Null konvergieren.
Innerhalb des Lichtkegels gibt es zwei mogliche Szenarien, welche in der folgenden Arbeit beide rig-
oros untersucht werden. Falls die Anfangsdaten frei von Solitonen sind, lasst sich - wiederum mit der
O-Methode und bekannten Modell-Riemann-Hilbert-Problemen - zeigen, dass die Losung des MTM in
die Néhe einer Losung der linearen Dirac-Gleichung (modulo Phasen-Korrektur) kommt. Diese Losung
kann sogar explizit aus den Streudaten errechnet werden und ihre Amplitude selbst féllt mit einer Rate
von ~ ]t]_l/ 2. Die zweite Moglichkeit ist, dass die Anfangsdaten endlich viele Solitone enthalten. Hier
findet dann das Hauptresultat der vorliegenden Arbeit Anwendung. Dieses Resultat besagt, dass sich
jede Losung des MTM fiir sogenannte generische Anfangswerte auf lange Zeit in endlich viele einzelne
Solitone zerlegt, die sich mit unterschiedlichen Geschwindigkeiten auseinander bewegen. Der Restterm
verschwindet dabei mit einer Rate von ~ [t|~1/2,

Damit liefert die vorliegende Dissertation einen kompletten analytischen Beweis der sogenannten Soliton-
Zerlegungs-Vermutung (soliton resolution conjecture) fir das MTM. Auerdem kann das Ergebnis auch
als asymptotische Stabilitdt von Solitonen gedeutet werden.
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Abstract

The massive Thirring model (MTM) was introduced in 1958 by the Austrian physicist Walter Thirring
in the context of relativistic quantum field theory. It describes the self-interaction of a Dirac field in
one space dimension. From the analytical point of view, this system of non-linear partial differential
equations is of special interest, because it has a representation in terms of a Lax pair, consisting of two
linear operators L and A. Thanks to the Lax pair, the MTM admits an exact solution by the inverse
scattering transform (IST). Since the dependence of L and A on the spectral parameter A is singular at
the origin and at infinity, the IST cannot be defined for initial data of low regularity as straightforward
as it is done for other equations, the NLS equation for instance. One key ingredient of the present
thesis is to transform the known Lax pair to two equivalent Lax pairs: one is suitable for the spectral
parameter at the origin and the other one is suitable at infinity. Using the equivalent operators the direct
scattering transform is developed for an optimal L2-based Sobolev space. The inverse scattering map is
then formulated in terms of two Riemann—Hilbert problems whose solvability is proven.

As it is also known from other nonlinear dispersive equations one can create solitons for the MTM. These
special solutions are waves that move at constant speed and do not change in shape. They can refuse
to disperse only because of the presence of the nonlinearity in the equation. It is relatively simple to
characterize solitons, based on their scattering data. Using suitable Riemann-Hilbert techniques it is
possible to analyse the interaction of two (or more) solitons. Furthermore, it can be shown precisely
that each soliton will eventually enter the light cone {|t| > |z|}. Using the so-called 9-method (nonlinear
steepest descent) we show that outside the light cone any solution (not only solitons) converges to zero
with a rate of ~ |t|=3/%. Inside the light-cone there are basically two different possibilities. Assuming that
the initial data is free of solitons we use the -method and some well-known model Riemann-Hilbert—
problems to show that the solution of the MTM scatters to a linear solution modulo phase correction.
This linear solution can be computed explicitly from the scattering data and its amplitude decays with
a rate of ~ |t|_1/ 2. The second possibility is that the initial data contains finitely many solitons. Then,
as the main result of the thesis, we prove that any solution breaks up into finitely many single solitons
that travel at different speeds and thus, diverge. The remainder term is O(|t|~/2).

Summarizing, the present thesis provides an analytical proof of the soliton resolution conjecture for the
MTM. This result also implies the asymptotic stability of solitons.






Contents

1 Introduction
1.1 The massive Thirring model . . . . . . . . ..
1.2 The inverse scattering approach . . . . . . ..
1.3 Mainresults. . . . . . .. ... ... .....
2 Direct Scattering
2.1 Operator pair and Jost functions . . . . . . .
2.2 Transformations of the Jost functions . . . .
2.3 Continuation of the transformed Jost functions
2.4 Properties of the transformed Jost functions
2.5 Scattering coeflicients . . . . ... ... ...
2.6 The reflection coefficient . . . . . . . . .. ..
2.7 Eigenvalues and norming constants . . . . . .
2.8 Formulation of the Riemann-Hilbert problems
2.9 Time evolution of the scattering data . . . . .
3 Inverse Scattering
3.1 Overview . . . . . . . . ...
3.2 The method of Beals and Coifman . . . . . .
3.3 Some technical results . . . ... ... ....
3.4 Estimates on the positive half line . . . . ..
3.5 Estimates on the negative half line . . . . . .
3.6 Backlund transformation: adding eigenvalues
3.7 New coordinates . . . . ... ... ......
4 Solitons
4.1 Characterization of solitons . . . . ... ...
4.2 Theone-soliton . . . ... ... ... .....
4.3 Multi-solitons . . . . . .. ... ...
4.4 Breather solutions . . . ... .. ... ....
5 Exterior region
5.1 Main result for the exterior region . . .. ..
5.2 Someremarks . . . ... ... ... ... ..
5.3 Proof of Lemma 5.1.2 . . ... ... .....
5.4 Near the boundary of the light cone . . . ..
6 Interior region without solitons
6.1 The main results for the interior region . . . .
6.2 Summary of the proof of Lemma 6.1.2 . . . .
6.3 Analysis of the pure RHP . . . .. ... ...
6.3.1 Twomodel RHPs . ... ... ....
6.3.2 Truncated crosses. . . . . . ... ...

Ut QW = =

©o ©

12
16
17
22
25
28
30
33

37
37
38
41
45
47
50
55

61
61
62
64
7

79
79
83
84
88



6.3.3 Combining the two crosses. . . . . . . . ..

6.4 Analysis of the O-problem . . . .. ... ......
6.4.1 A scalar Riemann—Hilbert problem . . . . .
6.4.2 O-extensions of jump factorization . . . . .
6.4.3 Solvability of the d problem . . . . . .. ..

6.4.4 Estimates on the solution of the @ problem

7 Soliton resolution problem

7.1 Steepest descent with solitons . . . . . .. ... ..
7.2 Detailed calculation . . .. .. ... .. ... ...
7.3 Soliton resolution . . . . . . . ... ... ... ...

8 Conclusion
Appendices

A Riemann—Hilbert problems and Cauchy operator
A.1 Existence theory for RHPs. . . . . .. ... . ...
A.2 The Cauchy operator on a half line . . . . ... ..

B Several technical proofs
B.1 Proof of Proposition 5.1.3 . . . . . . ... ... ..
B.2 Proof of Proposition 5.1.4 . . . . .. .. ... ...
B.3 Proof of Proposition 6.1.3 . . . . . . ... ... ..
B.4 Proof of (6.1.31) and (6.1.32) . . .. ... ... ..
B.5 Proofof (6.4.22) . .. ... .. ... ........

123
123
126
128

133

135

137
137
139



Chapter 1

Introduction

1.1 The massive Thirring model

This dissertation is concerned with solutions of the massive Thirring model (MTM). This model was
introduced by Thirring [Thi58] in the context of general relativity in the form

(107" + M)y + ¢* VY (D) = 0,

0 1 0 —1 —
0 __ _ 1_ — — ¥~ 0
7—70—(1()), Y =" <1 0>, =Ty

The unknown % is a function on R x R with values in C x C. The number ¢ is the so-called coupling
constant and m is the mass parameter. The MTM describes the vector-vector self interaction of a Dirac
field in (1+1) dimensions and is a simplification of the Dirac-Maxwell system [Gro66]. Another relativistic
Dirac equation is the massive Soler model [Sol70] with scalar-scalar self interaction. By setting m = 1
and g = 1/v/2 we write the MTM system in laboratory coordinates as:

where

{ i(ug + ug) +v +uv|? =0, (1.1.1)

i(vr — vg) +u+ |ul?v = 0.

Here, v and v are functions of ¢t € R (time) and = € R (space) with values in C. Subscripts denote
partial derivatives. The relativistic invariance of the massive Thirring model can be stated as follows.
Let (u(t,z),v(t,x)) be a solution of (1.1.1) and v € (—1,1). Then,

{ u(t,z) =6 tu(t', 2,
o(t,z) = dv(t', 2'),

with

1 /1 — 12
! _ /I __ _ _ —
x —’y(l‘ Vt)? 13 _’Y(t V$), ’Y— m? 5_ 1+V2,

is a new solution of (1.1.1). The transformation (¢,z) — (¢, 2’) is a Lorentz transformation that maps
the original coordinate frame in spacetime to another frame that moves at constant velocity v.

In this thesis we consider the Cauchy problem for the MTM system. That is, we look at solutions of
(1.1.1) with u(0,2) = up(z) and v(0,x) = wvo(x) for given initial data (ug,vp). However, we are not
concerned with the well-posedness of the problem. Indeed, the local and global existence of solutions to
the Cauchy problem for the MTM system (1.1.1) in the L2-based Sobolev spaces H™(R), m € N can be
proven with the standard contraction and energy methods, see the review of the literature in [Pelll]. Low
regularity solutions in L?(R) were already obtained for the MTM system by Selberg and Tesfahun [ST10],
Candy [Canll], Huh and Moon [Huhl1, Huh13, HM15], and Zhang [Zhal3, ZQ15]. The well-posedness
results can be formulated as follows.
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Theorem 1.1.1. [Canl1, HM15] For every ug,vo € H™(R), m € N, there exists a unique global solution
(u,v) € C(R,H™(R) x H™(R)) of (1.1.1) such that (u,v)|i=0 = (ug,v9) and the solution (u,v) depends
continuously on the initial data (ug,vo). Moreover, for every ug,vo € L?(R), there exists a global solution
(u,v) € C(R, L3(R) x L?(R)) such that (u,v)|i=o = (uo,vo)-

For ug,vp € L%(R) it is also shown in [Can11, HM15] that the solution (u,v) is unique in a certain
subspace of C(R, L?(R) x L?(R)) and it depends continuously on the initial data (ug,vg). But the authors
do not provide specific details on restrictions of this ’certain subspace’ of L?.

Applying (0; — 0;) to the first line and (9; + 9;) to the second line of (1.1.1) we obtain a nonlinear
Klein—Gordon equation of the form

{ Ut — Ugz + U = _’u|2v+i(at _8x)(u|v‘2)’ (1.1.2)

Vit — Vgr + 0 = —|v|?u + (9 + O (Jul?v).

Large-time asymptotics for the Klein-Gordon equation with different kind of nonlinearities can be ob-
tained, see for instance [Sun05]. But these results cannot be applied to (1.1.1) because the nonlinear
terms in (1.1.2) do not satisfy the requirements of [Sun05]. The only work concerned with the pointwise
behavior of the equation (1.1.1) is [CL18]. Therein the authors show that the solution scatters at infinity
to a linear solution modulo phase correction if the initial data satisfy at least

) 2o (@)l ry + [1(2)Pvo(@) | gy < € (1.1.3)

for (z) := v/1 4+ 22 and some sufficiently small € > 0. The proof is based on arguments of Lindblad-Soffer
[LS05a, LS05b, LS15] and uses energy estimates and ODE theory. In particular, the result in [CL18] also
implies that |[u(t,-)||Lecr) + [v(t,*)[|Loo(r) decays at the rate O(|t|=*/?). This kind of asymptotic long-
time behavior is in agreement with the general theory on linear dispersive equations [LP14]. However, as
it is known for many other dispersive equations such as NLS, DNLS, KdV or sine-Gordon equations, once
nonlinear effects are included, there may exists solutions that refuse to disperse and travel at constant
speed without changing their shape. These waves are called solitons and in the case of the MTM system
they are explicitly given by

Usor (t, 23 {1, C1}) = | M|t sin(2arg A1) sech (E(z — vt — xo) + i arg Ay ) e~ B-va)+ier
Vsot(t, 25 {1, C1}) = —|A\1]sin(2arg Ay ) sech (E(z — vt — xg) — iarg \y) e Pl-va)tion

for parameters A1, C; € C which also determine the other real parameters F, v, 8, xo and ¢1, see Chapter
4. Not only their very existence is a surprising phenomenon, but so is their behaviour after colliding with
each other. For example, let us consider initial data

uo(az) = ’)\1‘_1 sech (El(x — Io’l) + Z%) 6iﬁly1m + |)\2|_1 sech (Eg(x — $072) + Z%) 6Zﬂ2y2m,
vo(x) = —|A1|sech (El(x —201) + z%) 11T _ |\, | sech (Eg(m —202) + z%) ethavem

with the soliton centers zg ; and x¢ 2 far away from each other, say z¢1 < 0 < zg2. If the corresponding
soliton velocities satisfy —1 < v < 0 < v1 < 1 we initially have two solitons moving towards each other.
It turns out that for ¢ — oo, the solution of (1.1.1) takes the form

u(t,z) ~ ])\1]_1 sech (El(:v — vt — 20,1 — Azg ) + z%) e~ iBr(t—1z)+iAd
+ \)\2\_1 sech (Eg(x — ot —x02 — Azg) + z%) e—i52(t—V2x)+iA¢2’

v(t, z) &~ —|\1|sech (El (x — it — 201 — Azo1) + 7%) o1 (t—v1z)+il¢s

— ‘)\2‘ sech <EQ($ — vt — xp2 — Ax()g) + Z%) e_i52(t_V2I)+iA¢27

and we observe two facts:
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1. As time evolves, the solitons collide, but emerge almost unchanged.

2. The change of the first (second) soltion consists of a small spatial shift Azg; (Azg2) and a phase
shift A¢1 (A(bg)

These observations are remarkable in two respects: on one hand, if the MTM system was linear, the two
solitons would collide without any interaction. On the other hand, it is surprising that the sum of two
solutions of a nonlinear equation is also a solution (at least approximatively). In the present thesis we
devote the entire Chapter 4 to the phenomenon of solitary waves.

1.2 The inverse scattering approach

We now briefly give an overview over the technique of inverse scattering, which allows us to solve the
MTM system in the following way. Assume that (u(t,x),v(t,x)) is a solution of (1.1.1) and associate the
following matrix to (u,v) = (u(t, z),v(t, x)):

) = Pl — 2yge A O T 0w i L
Lit,a;8) = 7(|uf = o)y 2[v0]+2A[ 0]+4<)\ AQ)US, (1.2.1)

where

and A € C. If v and v are decaying at x = +oo for every ¢, then we see that (vector-valued) solutions to
the spectral problem

@Z)x:Lq/}

must take the form
Y(t, a3 A) ~ ax(t; ) < (1) >ei“2—“>x + B(t:\) ( (1) )awz—“)ﬂf (1.2.2)

as x — +oo. If we fix the boundary conditions a_(¢; \) = 1 and S_(¢; \) = 0 this determines a (¢; \)
and [y (t; A) uniquely and defines a map

p(t;A) = 7)

called the reflection coefficient. So far we have not made use of the fact, that (u,v) solves (1.1.1). To use
this fact, we introduce another matrix A, namely,

) =l e ofyga A0 T B 0w iy L
A(t,.’IJ,A)— 4(‘“‘ +|U‘ )03 2|:’U 0:| 2)\|:u O:|+4()\+)\2 93,

and find [0, — L,0; — A] = 0 if and only if (u,v) solves (1.1.1). Using this rather miraculous algebraic
identity, we are then led to the time evolution of p given by

Pt A) = p(0; e FATI,

We see that we can linearize the MTM system by the scattering map S : (u,v) — p which is quite
remarkable. The reflection coefficient p is generally defined for all A € RU: R. However, it turns out that
different potentials, say (u,v) and (u,v), can have identical reflection coefficients, say p = p. Indeed, the
zero-solution has a vanishing reflection coefficient p = 0, but also all solitons admit a vanishing reflection
coefficient. In order to make the scattering map one-to-one, we also need to examine the eigenvalues
of L: assume that a solution of 1, = L with Im(\?) < 0 in the form (1.2.2) with a_(#;\) = 1 and
B_(t; \) = 0 does not blow up in one of the directions x — 400 or x — —oo. Then, a4 (t;\) = 0 must
hold. Hence, zeroes A; of oy (¢; -) have to be considered as a component of the scattering data and it turns
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out that each eigenvalue corresponds to one soliton contained in the initial data (ug,vp). Its parameters
are furthermore determined by the so-called norming constants Cj = [4(t;\j)/c/ (t;A;). They also
have to be added to the scattering data and are well-defined in all (generic) cases where o/ _(¢; \;) # 0.
As time evolves, the spectrum {A1, ..., \x'} stays constant and the norming constants are controlled by
Ci(t) = Cj(())e*it()‘? A2 This suggests the following solution procedure for the massive Thirring
model:

Step 1: For generic initial data (ug,vo), compute the scattering data S(ug, vo) = (p, {}}, C’j}é\/:l).

Step 2: At a time t # 0, obtain the evolved scattering data by
i - —it(A24272
S(ut), v(t) = (p(\)e "N (g, Cre ALY ).

Step 3: At t # 0, recover (u,v) from the evolved scattering data.

The operator pair (L, A) for (1.1.1) was already presented and studied in [Mik76, KN77, KM77]. Even
though the inverse scattering machinery is a powerful tool in many nonlinear wave equations, so far
it has not been applied to the question of pointwise asymptotic behavior of (1.1.1). One reason for
overlooking the possibilities of the method lies perhaps in the fact that there is a difficulty in the above
outlined technique, namely, the third step. According to [BC84, BC85, BDTS8S] a linear operator L can be
recovered from its scattering data by means of a Riemann—Hilbert problem . However, due to its rational
dependence of the operator L given in (1.2.1) on the spectral parameter J, it is not straightforward to
setup the right Riemann-Hilbert problem . Also in the existing literature such as [Vil91], the treatment of
the inverse problem in terms of Riemann—Hilbert problems is somehow sketchy. There also exist abstract
conditions for solvability through Riemann—Hilbert problems if the operator has rational [Zho95] or even
arbitrary [Zho89] spectral dependence. Although the MTM system (1.1.1) does not appear in the list
of examples in [Zho95], one can show that the abstract method of Zhou is also applicable to the MTM
system. However, based on [PS18a], Chapters 2 and 3 of the present dissertation solve the inverse
scattering problem for the MTM relying on recent progress in the inverse scattering transform method
for the derivative NLS equation [PS18b, SSP17]. The key element of this technique is a transformation
of the spectral plane A for the operator L in (1 2. 1) to the spectral planes w = A~ 2 and z = A\? for two
equivalent spectral problems ¥, = LW and \I/m = L. Therefore, two Riemann—Hilbert problem s are
derived: one recovers the component u, the other one recovers v. Due to this transformation, we also
find two new reflection coefficients r and 7 which are both now functions on R. Analogously, eigenvalues
and norming constants are transformed as well. Hence, the schematic solution procedure for the MTM
system is given separately for the components v and v by

Scattering transform
(o, vo) (r(w). {uwy e} )
MTM
. _ =1
ult) < ()R, e 2N )
Scattering transform ~ -
(uo,v0) ! (7’(2’), {, Cj}ﬁ-v:l)
MTM

ot~ (e 2 (i, e M5 N )
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In order to formulate the main result of the inverse scattering we need to specify some function spaces.
The transformations (u,v) — r and (u,v) — 7 turn out to be controllable if (u,v) € X2, where

X1 := (H*(R)n H"'(R)) x (H*(R) n HYY(R)).
Here, H* is the standard Sobolev space and Hb! is defined by
HY'(R)={fe L*(R), fuel>R)},

with || f||5,.. == [(1+ 22)P*/2| f(z)[Pdz. On the other hand, for the reflection coefficients we consider the
space XE’%J, where in general the space X;C’}ll is defined by the following norm

1
s = [ oPol@P + ka1 @) e + [

: 2] ()2 + |22 f () [Pda.

The following theorem represents the main result for the inverse scattering.

Theorem 1.2.1. For every N € N and for every (ug,vo) € Xo1 admitting no resonances in the sense of
Definition 2.6.1 and N simple eigenvalues in the sense of Definition 2.7.1, there exist two direct scattering
transforms

Swlug,vo) = (r, {w;,¢;}y)
and
SZ(U()? UO) = (7/:7 {Zja/c\j};vzl)

with the reflection coefficients r and T defined in XE’QIJ. The unique solution (u,v) € C(R,X21) to the
MTM system (1.1.1) can be recovered by means of the inverse scattering transform for every t € R.

The set of all (ug,v9) € X2, admitting no resonances and N simple eigenvalues is denoted by Gn.
As it is shown in [BC84, Theorem A], the union |Jycn Gn is a dense and open subset of X5 ;. Hence,
the assumption of Theorem 1.2.1 is generic in some sense. Moreover, it can be shown that the maps

Sut G — X, x (€Y x (€)Y
and
S.:Gn = X1 x (CT)N x (C)N
are Lipschitz continuous for each N € N. Here we use the notation
Ct={zeC|£3(z) >0}, C*=C\{0}.
The proof of the Lipschitz continuity is not worked out in the present thesis but follows from analogous
arguments as in [PS18b]. In the asymptotic analysis it turns out that r,7 € X3’21,1 is not a sufficient

condition and one needs to demand that r,7 € Xz’22,0 instead. From general properties of scattering

maps [Zho98], it is reasonable to expect that the requirement r,7 € X3’22,0 complies with the assumption
u,v € H»'(R), where
H*'(R) = {u e L*'(R), 0Zue L*'(R)}.

Again, this property of the scattering maps is not worked out in this thesis.

1.3 Main results

Solutions of (1.1.1) associated to (ug,vg) € G are soliton free or pure radiation solutions, as they do not
contain any solitons. For pure radiation solutions, the inverse map is given by the following Riemann—
Hilbert problem : Find M = M (¢, z;w) a 2 X 2 matrix, satisfying the following conditions:

M (t,x;-) is analytic onC\R.
My (t,z;w) = M_(t,z;w)(1 + R(t,z;w)) for w € R with R specified below.
M=1+0(w™!) as w — .
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The jump matrix R is defined on R as follows:

wlr(w) r(w)e™ 2
)e%m(wfw_l)fét(w+w_l) 0

R(t,x;w) = [

|2 YRy —im(w—w_l)—l—%t(w—l—w_l)
wr(w

Once such a function M is found, the component u of the solution of (1.1.1) is given by

u(t,x) = [M(t, z; O)]H'wlligloo w[M(t,z;w)]12.

Thus, the point-wise analysis of u(t,x) involves the detailed analysis of the solution M of the above
Riemann-Hilbert problem . It turns out that, to first order in r, we have

1 — i - i _
ult o)l ~ o ’/’“(w)e_ﬂ(“"“’ D gtlwte™) gy
T 1JR

which indicates that at least up to a first approximation, u can treated as a linear solution by the method
of classical steepest descent. However, Deift and Zhou [DZ93] were the first who were able to present a
nonlinear steepest method for oscillatory Riemann—Hilbert problem s. As an application, they restricted
themselves to the modified Korteweg—de Vries equation. But since then, the method has been applied to
several other equations as the sine-Gordon [CVZ99], NLS [DZ94, DZ03, DM08, CP14, Saal7a, BJM16]
or DNLS equation [LPS16, LPS18, JLPS18a, JLPS18b]. Since the method of nonlinear steepest descent
is a method and not a theorem, it has to be tailored in a particular way to the problem at hand. The
present thesis treats in detail this method for the first time in the context of the MTM system (1.1.1).
One of the main results is presented in the following statement, which even allows the initial data to
contain finitely many solitons. It describes the decay to zero in the exterior region, where |x| > |¢|:

Theorem 1.3.1. Suppose that (ug,vo) € Gy and consider the solution (u,v) of (1.1.1) with initial data
(ug,vo). Additionally, assume that the transformed reflection coefficients satisfy r,7 € X%’QZ’O. Then, there
exists a positive number Ty depending on (ug,vo) and a positive number C' not depending on (ug,vo) such
that

ju(t, 2)| < Cmin {Jt =~ Jt+ 2l irllgzg , Jo] > max {]t], To)

and
jo(t )] < Comin {Jt 2] Je = al P [Pl el > max (] To}

Our second main result describes the asymptotic behavior of pure radiation solutions in the interior
region:

Theorem 1.3.2. Let (ug,vp) € Go N Xo1 and assume additionally that the transformed reflection coef-
ficients satisfy r,7 € X3’22,0- Then there exist positive constants C' = C(ug,vy) and 79 = 19(ug,vo) and
bounded functions fy : (—1,1) — C such that

- i (e (2] s i, ()] <o
v(t,x) — \/% (eir+i\f7(%)|21n(r)f7 (%) el ()G £, (gtg))’ B (1.3.1)

or allt > |x| and T .= Vt* — x* > 79.
for allt > |x| and 12 2

For negative times ¢t < —|z|, a similar expansion can be found. From the details of the proof in
Chapter 6 and from the remarks following Theorem 1.2.1 above it is seen that there exists a Ag > 0 such
that for all initial data satisfying

A= [luoll 2Ry + llvollm21R) < Ao,

the assumptions of Theorem 1.3.2 are fulfilled and, moreover, the constant C' in (1.3.1) can be chosen
as C' = cA where the constant ¢ does not depend on ug and vy anymore. We need to mention that the
same asymptotic behavior as stated in Theorem 1.3.2 is already derived in [CL18]. However, our result
has two main features:
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(i) Compared to [CL18], the assumptions on the initial data (ug,vo) € Go N Xa,1 are improved.

(ii) While in [CL18] the functions fi are given implicitly, we provide an explicit derivation in terms of
the reflection coefficient, see (6.1.31) and (6.1.32).

The full description of the long-time behavior of the massive Thirring model is finally given by the
following theorem:

Theorem 1.3.3. Suppose that (ug,v0) € Gy with scattering data S(ug,vo) = (p; { Mk, Ck}o_,), where
\Xj| # |Mk| for j # k. In addition, assume that r,T € X%’;O and consider the solution (u,v) of (1.1.1)

with initial data (ug,vo). Then there exist norming constants éf, . 5’1%, such that

N

u(t, ) = otz {, CE )| < et ™V/2,
k=1
N

o(t, ) =Y vsor(t, 3 { Ak, CEY| < et 712
k=1

It is believed that for many other dispersive equations, solutions with generic initial data should
eventually resolve into finite many solitons. This conjecture is known as the soliton resolution conjecture
and is unsolved for most of the equations. It could be proven rigorously only for equations that admit
the method of inverse scattering and this thesis adds another example to the list of equations for which
the conjecture is proven. See [Tao08] for a survey on the stability of solitons.

The thesis is organized as follows: We begin with a detailed construction of the scattering and inverse
scattering transform in Chapters 2 and 3. Chapter 4 is devoted to the analysis of pure soliton solutions.
Long-time asymptotics in the exterior region including the proof of Theorem 1.3.1 can be found in
Chapter 5. Chapter 6 contains all the details for the steepest descent needed for the proof of Theorem
1.3.2. Finally, the proof of the soliton resolution is provided in Chapter 7.
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CHAPTER 1. INTRODUCTION



Chapter 2

Direct Scattering

2.1 Operator pair and Jost functions

As noted in the introductory chapter, the inverse scattering transform (IST) can be developed for a
nonlinear evolution equation, if there is an association of the evolution equation with a pair of linear
operators. In the case of the massive Thirring model, this pair is given by the following 2 x 2-matrices L

and A, namely,
g oy A0 { 0 w iy 1
L= 4(|u] [v|*)o3 5 < v 0 > + BN ( uw 0 > + 1 <>\ 2 )3 (2.1.1)

TN ST 2 O (R SR (U W U I
A= =2 (lu]” +[0]%)os 2(v 0) 2A<u 0)+4<A +3z ) o3 (2.1.2)

In these definitions, u = u(t,z) and v = v(¢,x) are functions R x R — C and \ is a spectral parameter,
sometimes also referred to as the scattering parameter, which is independent of x and ¢. The association
of the operator pair (A, L) with the massive Thirring model relies on the following fact that can be easily
checked by a straight forward calculation: we have

and

[0y — L,0, — A] = 0, (2.1.3)

for all A € C\{0} if and only if v and v satisfy the MTM system (1.1.1). Alternatively, we may formulate
the same statement in the following way: for a matrix-valued (or two-component vector) solution 1(\; ¢, x)
satisfying the (over-determined) system

{ Vo =Ly (2.1.4)

Y= Ay
the equality of the mixed derivatives for all A € C\{0}, that is, ¥,; = 14, is equivalent to the statement
that v and v satisfy the MTM system (1.1.1). For this reason, we can understand the massive Thirring
model (1.1.1) as the compatibility condition of equations (2.1.4). Commonly, (nonlinear) equations
admitting a pair of operators in the sense as above described are said to be integrable. The pair (L, A)

as given in (2.1.1)—(2.1.2) and thus the integrability of the massive Thirring model, was discovered in
1970s, see [Mik76, KM77, OWT75].

Now, we want to define the so-called Jost functions. Therefore, we freeze the time variable ¢ and drop it
from the list of arguments. If |u(z)| + |v(z)| — 0 as |z| — oo, then it is reasonable to assume that there
exist 2 x 2-matrix-valued solutions 1(*) and (=) to the spectral problem

% = Ll/) (2.1.5)

with the following asymptotic behavior:

etV =A72)/4 0

iz(A\2—-A"2)o
PO (@A) o PN = 0 e—iz(\2-A"2)/4 |

as r — +00. (2.1.6)
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iR

o (), o+ (x5 ) o+(5 ), o (5 )

o+ (;), o—(x;5-) o (3+), (5 )

Figure 2.1: Domains of analyticity of the normalized Jost functions.

Writing ¢(F) = [@/)§i)|’(/}§i)] with column vectors z/J](.i), we can define the normalized Jost functions by

+ —iz(A2-\"2 + ir(A2—)\—2
(@A) = Y (@ e T g (@) = 9§ (2 AT, (2.1.7)
They satisfy constant boundary conditions at infinity, that is,
im pi(zsA) =er and - lim ¢i(w;A) = e, (2.1.8)

where e; = (1,0)” and e3 = (0,1)”. Moreover, the normalized Jost functions are solutions to the following
Volterra’s integral equations:

z 1 0
px(z;0) = €1 ‘1‘/ [ 0 67%(/\27)\_2)(3:73’) ] QN u(y),v(y)) ¢+ (y; A)dy,

+oo
N ey (2.1.9)
L es(M=ATA)(—y) ' '
(b:t(xv A) = e+ N 0 1 Q()‘v u(:l/)?v(y)) ¢:|:(y7 /\)dy
Here we are using the definition
. S T ST N 2 S A U] i (07
Qo) = P =P =5 (0 0 )+ (0 6 ) (2.10)

which also makes it possible to rewrite the linear operator L in (2.1.1) in the form L = Q(\;u,v) +i(A\? —
A"2)a3/4. The following lemma shows that we can associate Jost functions even to functions u and v for
which we do not necessarily know that |u(z)| + |v(z)] — 0 as |z] — oo.

Lemma 2.1.1. Let (u,v) € L*(R) N L?(R). For every A € (RUiR) \ {0}, there exist unique solutions
w+(;A) € L™®(R) and ¢+ (-;A) € L*™(R) satisfying the integral equations (2.1.9). Moreover, for every
T € R, i(x;-) and ¢=(z;-) can be continued analytically in {\ € C : \? € C*} and continuously in
{AeC: A 2cCH}U(RUIR)\ {0}.

Proof. The proof is standard and we repeat the main argument for the convenience of the reader. It
suffices to prove the statement for the Jost function p_. By assumption we have Q(\;u(-),v(+)) € L*(R)
and thus the operator K defined as

—00

K@= [ [(1) 6_;@2_32)(x_y>]c2<m<y>,v<y>> Fy)dy

is a bounded operator from L>(R) to L*°(R) for any fixed A such that Im(\?) < 0. Moreover, we can
find finitely many —oo = 29 < 1 < ... < -1 < @, = 400 such that K; as

Kl = [

x5

[ (1) e_;‘(A2_2—2)(x_y) ] QN uly),v(y)) f(y)dy
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is a contraction from L*°(x;_1,x;) to L>(x;j_1,x;) for every j = 1,...,n. Set fo = e;. By the Banach
Fixed Point Theorem, for every j we can find a function f; € L*(z;_1, ;) solving the equation f;(x) =
fi—1(z;) + Kj[fj](x) on the interval (x;—1,x;). These functions fi,..., f, can now be glued together
and we find a continuous function in L>°(R) satisfying Volterra’s integral equation for ¢_, (2.1.9). The
analyticity properties of the Jost function ¢_ are proven by considering the above introduced operator K
as an operator acting on functions f(z;A) € L*°(R x B) where B is some compact subset of {\ € C\{0} :
Im(A\?) < 0}. There exists a positive constant ¢ depending on B such that the inequality

1 )| < ) (c [ lo0sutn).vtmlay ) (2.1.11)

holds for all f(x;\) € L*°(R xB), all (x;\) € RxB and all j € N. This inequality can be proven by
induction as follows:

. (R x z / / / 7
K] )] < MR / rQ<A;u<y>7v<y>>|( / c|Q<A;u<y>,v<y>>|dy) dy

T j+1
= Ml [ Qo) ay

(G +1)! AN .

o (R x v / / ! i
=l ([ Qovut)owiar)

It follows from (2.1.11) that

SUPyep QA u(-), U('))H]Ll(R)
4!

K7 || oo R x By Lo (R xB) < € :
and thus the Neumann series for the equation f = e + K|[f] converges absolutely and uniformly for every
z € R and A € B. Therefore, p_(x;-) is analytic in B for every x € R. Since B is an arbitrary bounded
open subset of {\ € C: A2 € C™}, we find that ¢_ can be continued analytically into the second and
forth quadrant of the complex A-plane. O

The assumptions of Lemma 2.1.1 guarantee that Q(\;u(-),v()) € LY(R) for every A # 0. However,
we are not able to control this L'-norm uniformly in A as A — 0 or |\| — oco. In particular, the constant
¢ in (2.1.11) does indeed depend on the choice of the subset B. We are not able to find a constant C'
that does not depend on A such that

o (3 M| zoo®y + 165 (5 M) | ery < €, A* € CE.

This causes difficulties in studying the behaviour of ¢4 (:;A) and ¢ (;A) as A — 0 and |A\| — oo and
thus we need to transform the spectral problem (2.1.5) into two equivalent forms. These transformations
are performed in the subsequent section. We end the present section with two remarks on symmetry
properties of the Jost functions.

Remark 2.1.2. We see that L(—\) = o3L(\)os directly from the definition of L (2.1.1). It follows
that the Jost functions 1/*) defined by the (non-constant) boundary conditions (2.1.6) satisfy the same
symmetry 1) (z; —\) = 030 &) (z; \)os for all z € R. Thus, for the normalized Jost functions defined in
(2.1.7) we conclude the following:

px(z3—=A) = 030+ (23 A),  dx(z;—A) = —0302(7;A).
Alternatively, the same can be obtained from the integral equations (2.1.9).

Remark 2.1.3. Directly from the definition (2.1.1) of L we can see that

w=( 1 0)m (1 )
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It follows that the Jost functions ¥* defined by the (non-constant) boundary conditions (2.1.6) satisfy

the same symmetry
N 0 1\ (0 -1

for all € R. Thus, the normalized Jost functions defined in (2.1.7) admit the symmetry.

ssten = | ) T e

Alternatively, the same can be obtained from the integral equations (2.1.9).

2.2 Transformations of the Jost functions

In order to control their behavior at A = 0 and A = co, we have to apply certain transformations of the
Jost functions. These transformations form the key element of the technique presented in the present
thesis.

Let us define the following two new spectral parameters, given by
w= A2, 2=\ (2.2.1)

Assume u,v € L (R), A # 0 and suppose that 1(x; \) is a solution of the spectral problem (2.1.5). Now,
define two new functions in the following way:

vaiw) = (o 0 ) elen B = (L)) v (2.2.2)

Here is a short motivation why these definitions make sense. Indeed, for given w or z there are always
two possible choices of A that satisfy (2.2.1), but thanks to the symmetries discussed in Remark 2.1.2
the right hand sides of both equations in (2.2.2) are even expressions with respect to A and therefore,
U(z;w) and \T/(ac, z) are well-defined by these equations.

It is shown by direct computations that the transformations (2.2.2) make (2.1.5) equivalent to spectral
problems R R R
Uy (z;w) = Lz w)¥(z; w), U, (x;2) = L(x; 2)¥(x; 2), (2.2.3)

with new linear operators £ and L that are explicitly given by

L= Qu(u,0) + X2Qa(u0) + (Az - 1) o

22
. . . (2.2.4)
where
i 2 2 i i T ]
(AP RP) dw _if w -
o= (Ut s ) @0 =5 (e )
and
o~ 1 ~ i 9 1
R L . ) (2.2.5)
— Ql(u7 v) + ;QQ(U,'U) + Z <Z — Z> o3
where

i (112 2 i : - -
5 _( i(ul %) . 30 5 _ ! w.o
Q1 (u, v) ( vp + SlulPo+ tu —L(|ul? + [v]?) )7 2w, v) 2\ v+m? —ww )
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The normalized Jost functions associated to the spectral problems (2.2.3) denoted by {mi,ny} and
{m4,ny}, respectively, can be obtained from the original Jost functions {¢4, %1} by the transformation
formulas:

1 0 A 0
mi(IE,UJ) - < U(ZL') )\—1 ) Soi(x,)‘)a ni(wi) ( U(l’) 1 > ¢i($7>‘)a
- 1 0 (2.2.6)
fis(@i2) =y 3 ) eel@) R G PR
They satisfy the following constant boundary conditions at infinity:
IEIEOO my(z;w) =€ and xgrfoo ni(z;w) = ea,
(2.2.7)
JLll)rinoo my(z;z) =€ and zgrirlm ni(x;2) = e.

In what follows we give the Volterra’s integral equations for the transformed normalized Jost functions
m+ and ni:

e (zw) = e1 + / ’ ( e ) Qw3 u(y), v(y))mes (y; w)dy,

G T )
0

(2.2.8)
(1) ) Q(w;u(y), v(y))n+(y; w)dy,

with .
Q(w; u, ’U) =0 (uv ’U) + EQ2(U7 U)'

Since the purpose of the transformation {p, ¢4} — {mi,ni} was to gain control of the Jost functions
at A = 0 which corresponds to w = 0o, we have to compare the integral equations (2.1.9) for {¢, ¢4}
with those for {my,ni}, (2.2.8). We make the following observations:

e The assumptions of Lemma 2.1.1 are not sufficient for Q(w;u(-),v(-)) to be in L*(R).

e Q(w;u(),v(+)) € LY(R) requires additional assumptions on u and v. But assuming Q(w;u(-),v(-)) €
L'(R), then the L'-norm is also controlled uniformly in w if w > r for some fixed positive r.

Correspondingly to these observations we have the following rigorous result.

Lemma 2.2.1. Let (u,v) € L'(R)NL>®(R) and u, € L'(R). For every w € R\{0}, there exist unique so-
lutions m4(;w) € L>®(R) and ny(-;w) € L2(R), satisfying the integral equations (2.2.8). Moreover, for
every x € R, mx(z;-) and ni(x;-) can be continued analytically in C and continuously in C* UR\{0}.
Also, for any fixed r > 0, there exists a positive constant C' depending on r such that

Ima (5 w)l| oo Ry + I (5 W)l Loory < O, w € CF, Jw| > (2.2.9)

Proof. The assumptions on u and v imply that Q(w;u(-),v(-)) € L'(R) for all w € C\{0}. Thus, the
existence of the Jost functions for w € R\{0} and their analyticity properties can be obtained by the
same analysis as in the proof of Lemma 2.1.1. The global bound (2.2.9) follows from the fact that
Q(w;u(-),v(-))llL1(r) is controlled uniformly in w as long w is away from the origin. O

The next lemma outlines the usefulness of the transformations (2.2.2). Whereas the original integral
equations (2.1.9) were not controllable at A = 0, we will derive very explicit expansions for my and ny
at w = oo in terms of the functions u and v. These expansions create the basis for the inverse scattering
problem.
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Lemma 2.2.2. Under the conditions of Lemma 2.2.1, for every x € R the normalized Jost functions m4
and ny satisfy the following limits as |Im(w)| — oo along a contour in the domains of their analyticity:

Hm me(z;w) = ( mi;(x) > lim ni(x;w):< 0 ) (2.2.10)

| =00 ] =00 ng (z)

where _ _
m3(z) = e*ifioo(IU\QHvP)dy’ n(z) = o1 JEoo(lulP+v[)dy (2.2.11)

If in addition u € CY(R) and v € C°(R), then

lim w [mi(fmw) - ( "

|w|—00

o8
2
N———
|
Il
VR
= a «a
HoHo
8 8
S—
~_—

) (2.2.12)
. 0 vy (x)
lim w |nt(z;w) — oo = = ,
where N
(1) ) — _ 2 v o
gy (z) == —mT(z) /ioo [u Uy 2u|v\ 21}) 2uv} dy,
Ay () 1= m (@) Qi (@) + u(@) () + o(2), (22.13)
o (@) = 2 (2)a(),
) SRSy e I T S W
) (x) == nP(2) /ioo [u <ux 2u|v\ 21}) 2uv} dy.
Proof. We prove the assertion for m_. Let us denote the two-component vector m_ by (m(,l),m(f))t.

Rewriting the second component of the first integral equation in (2.2.8) yields

x .
2 i (1) (z—
m® i) = [ s [0Gwsuly), vly)m s w)ly .
—0o0

Due to the assumptions on u and v and by the global bound (2.2.9), the integrand is bounded for every
w € C* |w| > r by an w-independent L!-function. Additionally, for w € C* and |Im(w)| — oo the
exponential factor converges to zero. Thus, Lebesgue’s Dominated Convergence Theorem applies and
we conclude that limy,|_q m® (z;w) = 0. On the other hand, by taking the limit |w| — oo in the first
component of the right hand side of (2.2.8), we find that m>(z) = lim),|—o m(_l)(a?; w) satisfies the
following integral equation:

x

m(@) =1+ [ [@u(uly), o)y m )y, (2.2.14)

—0o0

Substituting the definition of @1 and solving the integral equation explicitly we are able to obtain the
formula given in (2.2.11).
Now, let us define

H(z;w) = [Qw; u(x),v())]y m™Y (;w) + [Q(w; u(@), v(z))]yy m™P (25 w),

such that m® (z;w) = I + II + 1T with

r—0§
I = / e2 (=@ B (g w)dy,
17 = H(m;w)/ e%(w*wil)(x*y)dy,
)

1 = / e3 (=@ [H (g w) — H(a; w)]dy,
z—0
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for § = (Im(w))~'/2. Since H(-;w) € L'(R), the summand I is decaying exponentially as Im(w) — ooc.
For the second we have the exact value

y i w—w L
II = H(ac;w)L1 (1 — 62<1m<w>>1/2> .

w—w-

In order to estimate I11 we assume u € C*(R), such that H(-;w) € C°(R). From this continuity it follows
that ||H(;;w) — H(x;w)| Lo (z—52) — 0 as § — 0. Additionally, by evaluating the exponential factor we
find that

C
11| < WHH(';W) — H(z;w)| poo (z—5,2)-

2

Altogether, we learn that only summand I contributes to the limit of w - m(_)(x; w) as Im(w) — co. We

obtain
1P (z) = Jim wm® (z;w) = 2 lim H(z;w) =20 [Q(u(e), o(w))]g m* (@) (2.2.15)
w|—00 w|—00
For the expansion of m(_l)(a:; w) we can use the integral equation (2.2.8) to obtain

D (m™Y (23 w)) = [Q(w; u(w), v(@))m_ (23 w)], (2.2.16)
and the integral equation (2.2.14) to get
O (m> () = [Qu(u(z), v(x))]y, m™ (z). (2.2.17)

From these formal expressions for the derivatives it follows that

0 (m@(m;w)) _ [Qwsu(w). v(w)ym_(w:w))y — [ (wiu(a), v(@)yy mY (@i w)

m(x) m(z)

Converting this back to an integral representation and multiplying by m>(z) we get

m(_l)(a:; w) —m>(x)

(@) / [Q(wsu(y), v(y))m-—(ys w)ly — Q1 (w; u(y), v() ], m™ (y: w)

3 dy
e - "= Ey) (2.2.18)
() /x (1Y), vl m= (g w) + 4 [Qe(uly), vy))m-(yw)ly
[ m=(y)

This explicit formula for m'” — m> and the known limits (2.2.10) and (2.2.15) enable us to compute

¢ (z) = Jim o (m™ (@ w) — m®(x))
N (2.2.19)
= m>(z) / 20 [Q1 (u(y), (1)1 [Q1 (u(y), v(y)]; + [Qa(uly), v(y));; dy-

Substituting the definition of Q; and Qs yields the limit (2.2.12) for m(_l) . The rest of the Jost functions
are analyzed in an analogous way and this concludes the proof of the lemma. O

The results of Lemmas 2.2.1 and 2.2.2 can be restated in terms of the second set of transformed Jost
functions {m4,ny}. These Jost functions satisfy the following integral equations:

+oo

- v 1 0 N .
mi(;2) = e +/ ( 0 e—iG—=DE-) ) Az u(y), v(y))m+(y; 2)dy,
(2.2.20)

+oo 0

x i(z—z"Y)(@—y) ~ R
ni(w;2) = ey +/ ( ¢ ! (1) > Az uly), v(y))n+(y; 2)dy,
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with )
O(z;u,v) := Oy (u,v) + gég(u,v).

The equivalent formulation in terms of the transformed Jost functions are given below without proofs,
as they are analogous to the previous ones.

Lemma 2.2.3. Let u,v € L*(R) N L®(R) and v, € LY(R). For every = € R\{0}, there exist unique
solutions my(+;z) € L*(R) and ny(-;2) € L®(R) satisfying the integral equations (2.2.20). Moreover,
for every x € R, m(x;-) and fix(x;-) are continued analytically in C* and continuously in C* UR\{0}.
Also, for any fized r > 0, there exists a positive constant C depending on r such that

172(5 2) | ooy + 1735 (5 2) Lo () < O, 2 € CF 2| 2 (2.2.21)

Lemma 2.2.4. Under the conditions of Lemma 2.2.3, for every x € R, the normalized Jost functions m4
and ny satisfy the following limits as | Im(z)| — oo along a contour in the domains of their analyticity:

Hm i (x;2) = < m;z(a;) ) Hm A (z;w) _< 0 > (2.2.22)

|| =00 o]0 ng (z)

where ) .
m () = e fim(|u|2+\v|2)dy’ e (x) = e*ifioo(IU\QHvlz)dy‘ (2.2.23)

If in addition v € C°(R) and v € C*(R), then

st
(

1 (2.2.24)
i 2 [rafei = ﬂ:<%8>’
where
(@) = —mX(x) /i 3; {v (W + gl + ;u> + ;uv} dy,
A (2) = W (@) (2ivs(2) + [u(@) Po(@) + u(=), (2.2.25)

W)= 2(0) [ [o (ot gl ju) + Juo]

2.3 Continuation of the transformed Jost functions to zero

In Lemma 2.2.1 we showed the existence of the transformed Jost functions {m4(-;w),n4(-;w)} for w # 0
and Im(w) > 0 or Im(w) < 0 depending on the Jost function. Analogously, in Lemma 2.2.3 we showed
the existence of the transformed Jost functions {m4(-;2),n+(:;2)} for z # 0. But we did not show the
existence of the limits

lim my(z;w), limng(z;w), lmmy(z;z), limng(z;z).
w—0 w—0 z—0 z—0
Because both sets of the transformed Jost functions are connected to the set {p4, ¢4} of the original

Jost functions by the transformation formulas (2.2.6), we find the following connection formulas for every
w # 0:

m(r;w) = [ u(z) _11511)(1,) 3] ] M (z;w ™), o)
na (3 w) = [ u(x)wlfl @) (1) }ﬁi(x;w_l)’
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Figure 2.2: Domains of analyticity of the transformed Jost functions. Because the new
spectral parameters are connected by w = z~' the domains of analyticity of, for instance,
ma(x;-) coincide with those of m+(x;-).

or in the opposite direction for z # 0,

v(z) — zu(z) 2z ] m(7; 2),

1059 = | 1 ey 3 | i)

By Lemmas 2.2.3 and 2.2.4, the right-hand sides of (2.3.1) yield the following limits as w — 0 along a
contour in the domains of their analyticity:

(2.3.2)

() — m3 (z) e () — e (x)o(x)
oy i) <ﬁli°(ﬂf)u(x) > iy ) (ﬁgg(:c 1+ u(z)o(z)) > (2:33)

Analogously, by Lemmas 2.2.1 and 2.2.2, the right-hand sides of (2.3.2), yield the following limits as
z — 0 along a contour in the domains of their analyticity:

%m(x;z)z( mE (z) ) lii%ﬁi(g;;z):< ”io(”g(x) ) (2.3.4)

m (x)v(z)
By Lemmas 2.2.1, 2.2.3 and the continuation formulas (2.3.1), (2.3.2), we obtain the following result.

Lemma 2.3.1. Under the conditions of Lemmas 2.2.1 and 2.2.3, for every x € R, the Jost functions de-
fined by the integral equations (2.2.8) and (2.2.20) can be continued such that m+(x;-), ny(x;-), ma(z;-),
and i (z; ) are analytic in C* and continuous in C* UR with bounded limits as w,z — 0 and |w), |z| — oo
given by (2.2.10), (2.2.22), (2.3.3), (2.5.4).

Remark 2.3.2. By Sobolev’s embedding of H!(R) into the space of continuous, bounded, and decaying
at infinity functions, if u,v € H'(R), then u,v € C(R) N L*(R) and u(z),v(x) — 0 as |z| — oco. By
the embedding of L*!(R) into L'(R), if u,v € HY(R), then u,v € L*(R) and u,,v, € L'(R). Thus,
requirements of Lemmas 2.2.1 and 2.2.3 are satisfied if (u,v) € HY'(R). The additional requirement
u,v € C1(R) of Lemmas 2.2.2 and 2.2.4 is satisfied if u,v € H?(R). Hence,

X1 := H*(R)n HY'(R) (2.3.5)

is an optimal L2-based Sobolev space for direct scattering of the MTM system (1.1.1).

2.4 Properties of the transformed Jost functions on the real axis

Once we want to study properties of the scattering coefficients in suitable function spaces, the following
lemma will become important. We note that if u,v € HY1(R), then the conditions of Lemmas 2.2.1 and
2.2.3 are satisfied such that we do not need to worry about the existence of the Jost functions. In the
second part of the following lemma we assume u,v € H?(R), such that also the additional conditions of
Lemmas 2.2.2 and 2.2.4 are satisfied.
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Lemma 2.4.1. Let (u,v) € HYY(R). Then for every x € RT, we have
ma(z;w) — mP(x)e; € HL(R\[-1,1]), n+(z;w) —nP(x)es € HL(R\[-1,1]) (2.4.1)
and
M (z;2) — mT(x)e; € HER\[-1,1]), nx(z;2) — 0L (x)ex € HL(R\[-1,1]). (2.4.2)
If in addition (u,v) € H*(R), then for every x € RE, we have

w etz - ("5 )| - ( q%(‘”; ) € I2(R\[-1.1]),

95 (x

O Do (2.4.3)
n r,w) — - t:t v 2 -
wlnsteo) = () )] (t(iz)(x)>eLw<R\[ 1.1))
and . )
st - (TR0 )] - ( ) ) e L2R\[-1,1))
+ xT
(2.4.4)

“[pstea = (e )] - @58 ) SHRELD

Proof. Again, we prove the statement for the Jost function m_. The proof for the other Jost functions
is similar. Analogously to the proof of Lemma 2.1.1 we consider the operator

—0o0

Ko = [ [ PRIV ] Q(ws u(y), o(v)) S5 w)dy. (2.45)

By similar estimates as in the proof of (2.1.11), we can find a constant ¢ such that for all functions
f(z;w) € LP(R, L2 (R\[-1,1])), all x € R and all j € N, we have

1K LA (s M r2@y—1a) <
SUPy<e I (5 ) 2R \[=1,1))

7l (191 (), V(D 2t (—ovra) + 12 (u(), v (N 11 (—o0)) - (2:4.6)

Moreover, for the same constant, for all functions f with (z)f(z;w) € LP(R, L2 (R\[-1,1])), all z < 0
and all j € N we have the estimate

(@) Ik f] (; Mezry\-1,1) <
Csupygm@)\\f(y; M r2r\=1,1))
J!

(1Q1((), oD 2t (—oom) + 1Q2(u(), v (N 1 (o)) - (2:4.7)
For xyp € RU{c0}, let us use the notation

Xo(ﬂf()) = L;O((—Oo,l'o),L?U(R\[—l, 1]))7

Xi(20) = {f € Xo(xo) = sup (W) (¥ M 2®yj-1,1) < OO}-

y<zo

By (2.4.6) we can consider K as an operator Xo(zg) — Xo(xo) such that (1 — K) is invertible with the
bound

101 = K)oty < €5 (1Q4 (), v it ooy + 12O v |t (cooy)  (248)

for every zyp € RU{oco}. Moreover, for every o < 0, by (2.4.7) we can consider K as an operator
X1(zg) — Xi(xo) such that (1 — K) is invertible with the bound

10— ) s ey 1) < 0D (1@ (), 0O 1 (o) + 1Q2(u(), v it ooy) - (249)
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The integral equation for the Jost function m_ is given in terms of the operator K by
m_ = e + K[m_],
which in turn is equivalent to
(1-K)m_ —mei]=h

with h := e; — m>e; + K[m>=¢;]. Thanks to the bound (2.4.8) it suffices to show that h € Xy(xp) in
order to conclude (m_ —m>e;) € Xo(zg). An explicit calculation with the integral equation (2.2.14) for
m(x) yields

) = v [ 1Qa(uly).o)m()dy
ey [ eI, (), vy am )y
o [ A0 (uly), vl o)y

Clearly, the first summand is in Xo(zo) if [Q2(u(:),v(-))]11 € L*(R) which is guaranteed by the assump-
tions of the lemma. Also the first summand is in X1 (), xo < 0, if [Q2(u(-),v(-))]11 € LY (R). Using
the new variable s := w_ﬁfl , we can estimate the L2 (R\[~1, 1])-norm of the second and third summand

by the L2(R)-norm of

/x 7@ )y, §(y) {[Qg(u(y),v(y))]mmoo(y), second summand;

S}
=
—
=
s
=
<
=
[N}
=
3
I3
—
s
-+
E
=
(oW
0
o
=
=)
o
]
&

—00

From standard Fourier theory we know that

2
H / XM @) () dy = / [§(y)dy < e / ()?[f(y)[*dy (2.4.10)
—0o0 LE(R) —0o0 $> —00
and thus, altogether:
zo € RU{oo} : [[hllxowo) < ¢ {II1Q2l11llrr) + 11Q2l21ll L2(r) + I[Q1]21 1l L2(R) } » (2.4.11)

such that (m_(z;-) — m>(x)e;) € L*(R\[-1,1]) for all x € R. On the other hand we also have the
following stronger result that will be used later:

20 <0 hllx, (o) < ¢ {llQalinllLriry + 1Qalatll L2 my + 1[Qi)21ll 21 (R } - (2.4.12)

For the proof of d,m_ € Xy(xp) for all g < 0 we differentiate the integral equation (2.2.8) in w and
obtain

Owm_(z;w) = K[0wm_](z;w) + %(1 +w )z [ 8 (1J ] K w)
7 U}_2 T
a (1+2)/ooy [ 8 eé(w*wa)(rfy) Q(w; u(y), v(y)) m—(y; w)dy

1 [* 1 0
- [ 0 o3 (w—w 1) (z—y) ] Qo (u(y), v(y)) m—(y; w)dy.

w? |
Using K[m_] = m_ — e; and introducing the function

m_(z;w) = %(1 +w )z [ 8 (1) ] m-(z;w),
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we can slightly simplify our equation for 9,m_, namely,
Owm—_(z;w) = K[Opym_](z;w) + m_(z;w) — K[m_](z; w)

_itu? xy< (0w u(), v()hem (y; w) ) &
2 ez NED[Qw; uly), v(y))am (y; w)

— 00

- [1 egm_wo-l)(z_y)]%(u@)m@)) m_(y;w)dy.

w? J_

This representation can be rewritten in the following abstract form

(1 - K)[@pm_ —m_] =h, (2.4.13)
with i = hy + ... + ha, where
i) = —ery [~ 0+ w Qs ) o) en® o)y
haw) = — [ ;<1+w-2>ye%<w—w1><f—y>[9<w;u<y>,v<y>>121<m9’<y;w>—m?(y))dy,
ha(z;w) = _;/;(1+w‘2)y65(w‘“’1)(9”‘”[9(103U(y),v(y))]mm‘i‘”(y)dy,
) =~ [ e;(w_f%_y)]Q2<u<y>,v<y>> m_(y; w)dy.

Using Q € L*(R) and (m_ — e;m™) € X, () which follow from (2.4.12) and (2.4.8), we obtain hy, hy €
Xo(zo) for all 79 < 0. Using the same Plancherel formula as in (2.4.10) we can bound the Xg(zo)-norm of
hs by the L?!-norms of [Q1]s1 and [Qs]o1. Finally, the Xo(xg)-norm of hy is simply bounded by ||Qz]| 1.
Thus, making use of (2.4.8) and (2.4.13) we get that (0,m_ —m_) € Xo(xp). Since we are interested in
showing that d,m_ € Xy(z¢) we also have to show that m_ € Xy(zp). But the latter follows from the
definition of m_ and (m_ — e;m®) € X (zo).
Let us now turn to the final step of the proof which is the verification of (2.4.3). We define the following
operator:

xX .

Afl(aw) = [ B Q). o) £ w)dy.

—00
In contrast to K defined in (2.4.5) this operator £ acts on scalar-valued functions and not on vector-valued
functions. But similarly to K we can show that

11 = 8) ™ xo (o) Xo(ao) < €exP ([[Q1)22l L1 (—o0m0) + I1Q2]22]l L1 (~s0,20)) - (2.4.14)

We define j(z;w) := wm® (x;w) — q(_2) () and recall that

wn®(@w) — @) = w / " @D Qs u(y), v(y))m (s w)]ady

—2i[Q1(u(z), v(x))]y m= ().

For this reason we have

(1-R)[j] =L, (2.4.15)
where
Lizw) = w / " s e (9w uly), v(y))laam™ (g w)dy
~2i Q1 (u(x), v(x))]y; m>(x)
+/ e3 @@ [Q(w; u(y), v(y))as 42 (y)dy.
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Let us show that L € X¢(x¢) by using a decomposition L = Lj + ... + Lg with

xT

Li(ww) = (w—w) / ez~ @[, (u(y), v(y))ar (m™Y (g5 w) — m™(y))dy

= =2 [ B, (01 u(r), o) (m ) = mX(0) d
+2i[Q1 (u(x), v(2))]2r (m? (;w) — m™(x)),
Lafaiw) = (w—w) [ A0 (0, u(y), o(0)) s )y
20 [Q1 (u(z), v()) ]y M™(2)
— i [ e ”Way([Qmu(y),v(y))]mm@(y))dy7

Lofwiw) = o [ B 104 uly) o)l m® s ),
Lifeiw) = [ @ @uu(y), o)y (m (i 0) = m (o)
L) = [ R [Qy(uty), vl )i

Lofu) = [ s 0w ul).v(0) e o )

Using the idea of (2.4.10) we have the bound

1ol ) < 2 / 1, (121 (uly), vy m™ @) [y,

—00

which is finite by the assumptions. Clearly, we also have L3 € Xy(xg). L4 can be bounded by the
L'-norm of Q3 and the Xo(x¢)-norm of (m(,l)(y; w) —m>(y)). For Ls and Lg we can use again (2.4.10).

Thus, it remains to show that L; € Xo(zo). By (2.2.16) and (2.2.17) we are able to find the following:
0: (1Q1(u(a), v(@))a1 (™ (w5 0) = m™(2)))

= 0,101 (u(@), v(@))lar (M (w5 w) — m>(2))
+[Q (U(w ()21 [Qu (u(x), v(@)) (m—(2;w) —m>(x)er)lr

)
[Ql(u( ), v(2))]21[Qa(u(x), v(x))m—(z;w))i
=l (z; w) + la(z;w) + [3(x; w).

This decomposition in turn gives rise to a decomposition L, = El + ...+ 54:

~ m 7
Lj(z;w) = Qi/ e3 (0= @D () dy, j=1,2,3,

La(z;w) = 2i[Q; (u(z), v(2))]a1 (m™ (25 w) — m™ ().

Using the Holder inequality, for g < 0, we have

121l w0 < €1 / W)™ 0,191 (), v)lea () Im (39) = m= () 21,0y

< eo[[Qi1 (u(-), v(-Naall @y MY = 1% x, (20)-

Zo

The other summands Lo, ..., L4 are estimated easily in the X (z)-norm if we use (m_(y; w)—m>(y)e1) €
Xo(zo). Altogether, we conclude by (2.4.14) and (2.4.15) that j € X (z¢) for all zg < 0. The remaining
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part of the lemma’s proof is to show that w(mg)(m; w) —m>(x)) — qg)(m) € X(xg). We recall (2.2.18)

and replace 2¢ [Q1(u(x), v(x))]y, with q(f) (x)/m(x) in the definition of qg), (2.2.19). Then, we directly
compute

z U v wm(z) Jw) — 2) T
w(m(_l)(:c;w) —m>(z)) — q(_l)(x) _ m(iO(ﬁ)/_' [Q1(u(y), (y))]lzngoo(y) (y;w) — g ( ))dy
(@) /_’” [QQ(U@)’U(y))(TniZ;U) —m>(yer)], .

Here, the first summand is in X(zg) because of the above result j € Xo(z0) and [Q1 (u(-),v(-))]12 € L' (R).
The second summand is estimated in Xg(z¢) by the L'-norms of [Qa(u(:),v(+))] and the Xo(zo)-norm of
m_ —mey. This completes the proof of the lemma. O

2.5 Scattering coefficients

In order to define the scattering coefficients between the transformed Jost functions {m4,n4} and
{ms,ny}, we go back to the original Jost functions {¢+,¢+} and the non-normalized matrix-valued

Jost functions (. We recall that »(*) and () are defined by Q,Z)éi) = LyF) and the asymptotics
(2.1.6). It follows from this asymptotic behavior that

lim det ™) (z;\) = 1.

r—+o00

Since the matrix operator L in (2.1.1) has zero trace, we conclude that
det p®(2;0) =1, Xe (RUiIR)\ {0}, zeR. (2.5.1)

It follows that there exists a unique matrix T'(x;\) such that () (2; \) = ) (2; \)T(x; \). Differen-
tiating this in = and using ¢, = L, we find Ly(7) = LT 4+ (9, T. Inserting again the relation
(7)) = DT and subtracting LM T from both sides of the equation we find 0 = (19, T. Hence, by
(2.5.1) we have 0,17 = 0. We summarize as follows: there exists a matrix T'(\), not depending on z, such
that

P (@ 0) =P (@ A)T(N), Ae (RUIR)\ {0}, zeR. (2.5.2)

Additionally, from (2.5.1) we also know that
detT'(\) =1, A€ (RUiIR)\ {0}. (2.5.3)

Moreover, using the statements of Remarks 2.1.2 and 2.1.3 we find the following symmetries for T'(\):

T(=)) = 03T (\)os, T\ = < _01 (1) )T(A)( (1) _01 )

Thus, T takes the form
a(\) =B
T\ = — 2.5.4
W [ﬁw a(A)] (2:54)

with functions o and 3 defined on (RUiR) \ {0} satisfying
a(A) =a(=A),  BQA) =-B(=A). (2.5.5)
Furthermore, thanks to (2.5.3), we have the following constraints:

[N + B =1, A eR\{0},
{ laN)2 = BN =1, XeiR\{0}. (2.5.6)
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x > R (scattered field):

u(@) |97 (@) =aly) ( ! ) JETSCRC
+B(N) ( (1) >e—i(x2—x2)x

x < —R (incident field):

W0 = (g et

Figure 2.3: Assuming that u and v are supported in an interval [—R, R] we have an explicit
expression for the Jost function ng_) on the left hand side of the support. In general we do not
expect that for x > R, 1/J§_) is of the same form. Instead, this function will be scattered into a

linear combination of the Jost functions ¢§+) and w§+).

The matrix T is called scattering matriz and we will refer to (2.5.2) as the scattering relation. The reason
for this terminology is the following. By definition, we know precisely the behavior of, for instance,
wgf)(x; A) as x — —oc:

1/157)(9:;)\) ~ < (1) > XA/ xr — —o0.

Let us consider this as our incident field. After interacting with the operator L by the differential
equation, we expect to observe a scattered field as z — oo. Indeed, by the relation (2.5.2), we get

V@A) = aW D (@A) + BN (250)

1 4 _ . _
~ a(A) ( 0 > iV =AT2)/4 + B(N) ( (1) ) e~iTN =X 2)/4, T — +00.

Thus, the coefficient a/(\) records the portion of the incident field e; eV’ =A"%)/4 that was transmitted by
L. For that reason, « is sometimes also called the transmission coefficient. On the other hand, § measures
how much of ele“”()‘k’\_z)/4 was turned into 62671;;;0\27)\—2)/47 which, additionally to the change e; — es,
can be understood as a switch from x to —z. Therefore, in some sense, the coeflicient 8 is measuring
the reflection of the incident field. The constraints in (2.5.6) can be interpreted as a conservation law

for the scattering process. See Figure 2.3 for an illustration of the direct scattering in the special case of
u,v € CP(R).

For future reference we want to mention that an equivalent form of (2.5.2) is given by
o_ (.’IJ, )\)eiﬂi()\Q—/\*Q)/zl — OJ(A) §0+(x, )\)eix()\Z_)\*Q)/ll + B(A) ¢+ (.ZU, )\)e—ix()\Q—/\*Q)/zL’

. 72‘:1:()\27)\—2)/4 _ _T . ix(/\27)\—2)/4 e ] 7iw()\27)\_2)/4 (257)
¢ (23 A)e = =B pi(z;M)e +a(N) di(z; N)e ,

Let us now continue with investigating the scattering matrix 7'(\). Since T is determined by the linear
system (2.5.2) we can also write T'(\) = [¢)(F) (2; \)] 7" (2;\). A component-wise evaluation of this
representation with the help of (2.5.1) yields

a(A) = ety (@ Nl @A), B0 = detfu (@ N @A)
where x € R is arbitrary. Using the relations (2.1.7) at 2 = 0, we can rewrite these formulas as

[ (05 A)[@4 (05 N)],
[04 (05 A)[o—(0; A)].

a()

B0 — (2.5.8)

det
det
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Applying Lemma 2.1.1 to the formula for a we find an analytic continuation of « into the set {\ € C:
A2 € C™}. However, we encounter the same issue as in the analysis of the functions ¢+ and ¢ in Section
2.1: we do not know anything about the limits of () as A — 0 or |A\| — co. Regularity of the function
a(-) is not available, either. This observation gives rise to the following idea: we introduce transformed
scattering coefficients that are associated to the transformed Jost functions defined and studied in the
preceding Sections 2.2-2.4. We recall w = A~2 and, motivated by (2.5.8), we set

a(w) := det[m_(0; w)|ny(0;w)], b(w) := det[my (0; w)|m_(0; w)]. (2.5.9)
By the explicit transformations (2.2.6) and by (2.5.8), it is seen that these new functions are related to
the original functions in a trivial way:

a(w) = a(N), b(w) = ——= (2.5.10)

The same functions appear in the following transformed scattering relation which is obtained from (2.2.6)
and (2.5.7):

m_(x; w)efix(wfwfl)/4 = a(w) ma (z; w)efia:(wfwfl)/zi + b(w) n (z; w)em(w*wil)/‘l’
b(w (2.5.11)

n,(x; w)ez‘a:(w—wfl)/4 = — <w) m+(x; w)e—il‘(w—uﬁl)/4 + mn+(m; w)eiz(w—w”)/g

For that reason, the functions defined in (2.5.9) can be understood as the transformed scattering coeffi-
cients. Additionally, we have the following result:

Lemma 2.5.1.

(i) Under the same conditions on u and v as in Lemma 2.3.1, the scattering coefficient a(w) can be
continued analytically into CT with the limits

_i 2 2 i 2 2
oo := lim a(w)=e 4<HUHL2<R>+HUHL2(R>), ap == lim a(w) = 64<HUHL2<R>+”U”LQ<R>>.
|w|—o00 w—0

(i) Under the assumptions of Lemma 2.4.1, we have

(a(w) — as) € HA(R\[-1,1]), b(w) € HY(R\[-1,1]) N L2 (R\[~1,1]). (2.5.12)

Proof. (i) Using the definition of a and the analyticity properties of the Jost functions m_ and n stated
in Lemma 2.3.1 we find that a(w) can be continued analytically into C*. The limit at infinity follows
from (2.2.10):

i

B m>(z) 0 _sopaoory o o= (Il g HIolZ g )
aoodet< 0 n () ) =m>(z)nT(x) =e .

Similarly, the limit at zero follows from (2.3.3):

ap = de mo_o($> ﬁoo(x)q_}(x) — ()P (1) = ei(”uuiz R —i-||v||2L2 . )
o = det ( m(x)u(z) ﬁf(l‘)z_l—i—u(x)ﬁ(x)) ) *(z)nT (x) ®) ®)

(ii) The definition (2.5.9) of a can be rewritten in the following way.
a(w) — as = [m(,l)(O;w) - mio(())} [n(f)(O; w) — nf(O)]
o0 o0 oo 2 o0
+n%°(0) [m(_l)(O; w) — m™ (0)} +m™(0) [ns_)(O; w) — n(0)

—m® (0;w)n{" (0; w).
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Since, by Lemma 2.4.1, in this formulation every summand is in H.(R\[~1,1]), it follows that
(a(w) — as) € HE(R\[-1,1]). Writing explicitly

2)

b(w) = m(j)((); w)m(,Q)(O; w) — m(,l)(O; w)m(+ (0; w),

we directly see that, again by Lemma 2.4.1, b(w) € H.(R\[=1,1]). The proof of b(w) € L' (R\[~1,1])
is based on the following decomposition,

whw) = m0:w) [wm®©0;w) = 4P (0)] = mP©0:w) [wm 0;w) — 4P (0)]
+32(0) [m? (0 w0) = m3(0)] = a2 (0) [ (0;0) = m=(0)]
+a2 (0)m (0) - o (0)m>(0),

where it is important to notice that the last line vanishes by the definitions (2.2.11) and (2.2.13) of qf) (x)
and m3(z). The remaining terms are in L?(R\[~1, 1]) by Lemma 2.4.1 and thus, the proof of the lemma
is completed. O

Now we define the analogues to (2.5.9) in the z-variable:
a(z) := det[m—_(z;0)|n4(z;0)], b(2) = det[ (z; 0)|m_(2;0)]. (2.5.13)
These transformed scattering coefficients are related to the original coefficients by

az) =a(\),  b(z) = AB(\) (2.5.14)

and connect the transformed Jost functions {m4,n+} in the following way:

M(:2)e ™0 = a(e) i (s 2)e T 4 B(e) Ay (s 2)e T
ix(z—2"1)/4 % N in(2—2—1)/4 ia(z—z—1)/4 (2515)
n-(z; z)e — = my(x;2)e +a(z) ny(z; 2)e
z

Lemma 2.5.2.

(i) Under the same conditions on w and v as in Lemma 2.3.1, the scattering coefficient a(z) can be
continued analytically into C~ with the limits

2 2 2 _ 3 2 2
G = lim a(2) _ (o HlEey) 5o lim a(z) = e 5 (22 ) 0122 )
|z|—00 z—0

(ii) Under the assumptions of Lemma 2.4.1 we have

(@(2) — o) € HXR\[-1,1]),  B(2) € HI(R\[-1,1]) N L2'(R\[-1,1]). (2.5.16)

2.6 The reflection coefficient

As discussed in the preceding section, the entry a(\) of the scattering matrix 7' can be understood as a
coefficient that measures transmission. On the other hand, 5(\) measures reflection. The ratio

B(A)
A) = —= 2.6.1
PO =05 (26.1)
is commonly called the reflection coefficient, even though it is the ratio of the reflection and transmission
parameters. However, from now on we refer to p(\) as the reflection coefficient. Obviously, we need

a(X) # 0 in order to define the reflection coefficient.

Definition 2.6.1. We say that the functions u and v admit a resonance at Ao € (RUiR)\{0} if a(Ag) = 0.
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Remark 2.6.2. Due to the relation a(\) = a(w) = @(z) with w = 27! = A2 we know that a and @ have
zeroes on R if and only if v and v admit resonances. Moreover, by Lemmas 2.5.1 and 2.5.2 we conclude
that @ and @ are continuous functions on R with non-zero limits for w,z — Foo. This implies that, if u
and v do not admit resonances, then there exists a constant cg > 0 such that

la(w)| > ¢p, w€ER, la(z)| > co, z€R. (2.6.2)
This bound is an essential fact for the present work, even though the constant ¢y depends on u and wv.

In the following we always assume that (u,v) does not admit resonances. Now, let us define the
matrices Py (z;w) € C?*2 for every x € R and w € R by

Pi(z;w) = | ————=,nq(z;w)|, P_(z;w):= [er(:r;w),n(x;w)] . (2.6.3)

a(w)

The purpose of these matrices is to rewrite the scattering relation (2.5.11) as a jump condition for a
Riemann—Hilbert problem:

[b(w) ? b(w) _i

— L (w—w )z

1+ 5 e 2
Py(aiw) = P(sw) | Tf|(“<w)_’l) wa(w) . weR\{0}. (2.6.4)
A7) ps(w—w™ )z 1
a(w)

Analogously, we define for every x € R and z € R

Boaiz) = |y (e:2) 2| B ()= [P0 5 ), (2.6.5)
a(z) a(z)
such that by (2.5.15), we have
1 _f(z)eé(z—zfl)x
Py(zi2) =P (v;2) | daz) |, zeR\{o}
_ﬂefi(zfz_l)z 1+ ‘b(z)|
a(z) zla(z)[?

We realize that the matrices connecting Py with P_ and P, with ]3_Ado not depend on a(w) and b(w) or
a(z) and b(z) separately, but only on the ratios a(w)/b(w) and @(z)/b(z). This gives rise to the following
definition:

Definition 2.6.3. For functions u and v not admitting resonances, the two transformed reflection coef-
ficients on R are defined by

r(w) = . w € R\{0}, 7(2) : z € R\{0}, (2.6.6)

and by r(0) := 0 and 7(0) := 0.

It is clear from this definition and relations (2.5.10) and (2.5.14) that r and 7 can be computed from
the function p defined in (2.6.1) by

r(w) =Ap(A),  7(2) ==+ (2.6.7)
Lemma 2.6.4. Let u,v € Xo1, where Xo1 is given in (2.3.5), and assume, that v and v do not admit

resonances in the sense of Definition 2.6.1. Then, the reflection coefficients r and 7 satisfy the following
properties:
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(i) wr(w) € HL(R\[-1,1]) N L3 (R\[~1,1]) and 27(z) € HX(R\[-1,1]) n L2 (R\[-1,1]).

(i) The two reflection coefficients are connected via

1y, —1
r(w)=w 7w "), weR\{0},
() = w ), w R \0) 6
mz)=2""r(z""), zeR\{0}.
(iii) v and 7 are bounded continuous functions on R.
(iv) There is a constant ¢y > 0 such that for all w = z~1 € R\{0},
14+ w|r(w)]? =1+ 27 2) ] > ¢ (2.6.9)

Proof. (i) is a direct consequence of Lemmas 2.5.1 and 2.5.2 and the bound (2.6.2) as we have

w?r(w)| < ’ZJ]b(w)L 10 (wr(w))| < \a(w)b’(w)c—%a/(w)b(w)\.

The relations stated in (ii) are verified by relations (2.5.10) and (2.5.14). (iii) follows from (i) on the set
R\[—1,1]. For continuity on the interval [—1, 1] we can use (2.6.8) and (i) again. In order to prove (iv)
we first remark that the equality 1 + w|r(w)|> = 1 + 2|7(2)|? follows from (2.6.8). Additionally, we can
use (2.5.10) to show that |5(\)|? = —w|b(w)|? for A € iR which corresponds to w € R_. Thus, using the
second line of (2.5.6), for w < 0, we get

—1
B2 1 1 >
14+ wlr(w)?=1- = = > | sup |a(w) > 0.
T a0 T e Tawp ~ |5 )
For w > 0, we clearly have 1 + w|r(w)|?> > 1. Thus, the proof of the Lemma is completed. O

We shall now ask if the regularities of the reflection coefficients given by Lemma 2.6.4 (i) can be
extended to the full real line. Let us make some basic observations: Assume f € H 1, 00) N L% (1, 00)
and set f(y) := f(y~'). We find

o) 1 B
/1 2| f ()P = /0 ;4rf<y>12dy

and conclude f € L?~2(0,1). Moreover, using the chain rule f/(z) = —z~2f (=) we obtain
o) 1 N
| @pas = [ 17 )P,

which does not imply that f € H'(0,1). In particular, statement (i) of Lemma 2.6.4 does not remain true
if we replace R\[—1,1] by R. Instead, we have to consider another space of functions. For g, h,k,l € Z,
let us denote by X;’,i the closure of S(R) with respect to the norm

1
1113k ;:/ Imlzglf(fv)l2+lezhlf'(fﬂ)l2d93+/ PP f (@) + [ f () Pda. (2.6.10)
g.h —1 R 1)

For example, we then have Xg:g = H'(R) and Xé;ol = HY(R). Using the chain rule as in the above
examples and the relations 2.6.8 we find the following.

Corollary 2.6.5. Under the same assumptions as Lemma 2.6.4, we have

wr(w) € XM, 27(z) € X195, (2.6.11)
r(w) € X%, T(z) € X%, h

In particular, the space which all of the four functions are contained in, is given by Xi’goqu’il = Xi’g,l.
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Remark 2.6.6. It may appear strange at a first glance that the direct and inverse scattering transforms
for the MTM system (1.1.1) connect potentials u,v € X; 2 = H?(R) N HY1(R) and reflection coefficients

~ 2.1
r,re X7

in different spaces, whereas the Fourier transform provides an isomorphism in the space X; 2. However,
the appearance of X o spaces for the potential (u,v) is not surprising due to the transformation of the
linear operator L to the equivalent forms (2.2.4) and (2.2.5). The condition u,v € X2 ensures that
Ql,g,QLg € H'(R) N L?(R), hence, the direct and inverse scattering transform for the MTM system
(1.1.1) provides a transformation between Q2,Q12 € HY(R) N L*'(R) and r,7 € XE’QIJ, which is a

natural transformation under the Fourier transform with oscillatory phase givlw—w™h),

Remark 2.6.7. By the explanation of the above remark, it is reasonable to expect that
r,reX 3’22,0

if Q1.2, QLQ € H%'(R). The condition Q1,2, Ql,g € H(R) in turn is equivalent to u,v € H>!(R).
However, even if r,7 € X 3’22’0 will turn out to be a necessary condition in the analysis of the long-time
behavior of (u(t,z),v(t,z)), we do not prove rigourously in this thesis that u,v € H?!(R) is indeed a
sufficient assumption. Therefore, in the majority of the cases we will use the formulation "let u,v € X o
and assume additionally that r,7 € XE’22,0 ”. But the reader may think of u,v € H*1(R).

2.7 Eigenvalues and norming constants

Definition 2.7.1. We say that the pair (u,v) admits a simple eigenvalue at \; with Im()\?) < 0 if
a(A) = 0 and /(A1) # 0. In particular, due to the symmetry a()\) = a(=M\), if A\; is a simple
eigenvalue, then —\; is also a simple eigenvalue. By Gyx with NV € Ny we denote all pairs of functions
(u,v) € Xg1 x Xo; that admit exactly N simple eigenvalues in the second quadrant, i.e. Im(\) < 0 and
Re(A) > 0, and no resonances in the sense of Definition 2.6.1. Furthermore, we set

g:= U gn
N=0

and call elements of G generic potentials.

Remark 2.7.2. Let {1, ..., Ax} be the set of simple eigenvalues in the second quadrant and set

wj = A%, 2= A3, j=1,..,N. (2.7.1)

Then, by (2.5.10) and (2.5.14), {w1,...,wy} C C* is exactly the set of zeroes of a(w) in the upper half
plane and, analogously, {z1,...,zy} C C™ forms the set of zeroes of a.

Let us find out what is special about the eigenvalues and why this terminology is chosen. Using
a(A) = detfvf” )|y (3 )]

it follows that for each eigenvalues A; in the sense of Definition 2.7.1, the two two-component functions

wgf)(x; Aj) and @ZJ%JF) (x; Aj) are linearly dependent. Hence, we can find a constant y;(x) such that
98 @ 2g) = 2@ ()

Differentiating this equation in x and using m(vi) = Ly®) we find that 7; is independent of x. Applying
(2.1.7) we find

- (23 7)) = iy (s Ag)e PN, (2.7.2)
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Using the relations (2.2.6), for w; and z; as in (2.7.1), we obtain:

L ()= 2,
Aj (2.7.3)

. ~1
m—(z;2;) = )\j'yjﬁJr(a:;zj)e_m(zj_zj )2,

m_(z;w;) =

J
that a’(w;) # 0 and a(z;) # 0. Thus, we can define the following numbers

By definition we have o/ (\;) # 0. The chain rule yields o/(\;) = ;—ga’()\-_2) and o/ (\;) = 2)\16/()\?) such
J

a O/’(Y;]) v a?\(Jizj) = Aj;izj)’ 274)
which are called norming constants. These three constants are related via
q:_gﬁ 5 =20, o=-wg, & =-zc. (2.7.5)
Additionally, in terms of these numbers and by (2.7.2)—(2.7.3), we find:
iy (wa(&f)) = Cjpalas Ay)e N,
uieu% <W> = chjn+(a:;wj)eix(wrw;l)/z, (2.7.6)

The second anAd the third residue calculations can be used to compute the residues of the matrices
P, (z;w) and P_(z;z). We recall the definitions (2.6.3) and (2.6.5) and get

' ) ' 0 0
’Lllj;{zell?j P+ (1.7 w) - wlgl;luj‘ P+ (IE, w) chjeix(wjiwjil)/Z 0 ’
(2.7.7)

Res P (2;2) = lim P-(z; ; ’
Res P-(a32) = im P-(wi2) | o mielemzi2 g |-

Using the symmetries of the Jost functions as stated in Remarks 2.1.2 and 2.1.3 and using relations
(2.2.6), we derive in a similar fashion the following residue conditions:

W=W; wW—W; 0

= —iw(wi—w; Y) /2
Res P_(z;w) = lim P_(x;w) [ 8 ¢ n ] ,
) (2.7.8)
R B NS 0 72
Res P, (@:2) = i Py(a2) | ¢ . .
We are now ready to define the scattering data of the given functions u,v € X 1.

Definition 2.7.3. For N € N, let (u,v) € Gy and denote by p the function p : RUiR — C as defined
in (2.6.1). Furthermore, let Ay, ..., Ay be the pairwise distinct simple eigenvalues of (u,v) in the second
quadrant and C1, ..., Cy the norming constants defined in (2.7.4). Then, we call

S(u,v) = (p; {N, Cj}11) (2.7.9)

the scattering data of (u,v). Additionally, for r and 7 as defined in (2.6.6), for wy, ..., wy, 21, ..., 2y as in
(2.7.1) and for the norming constants ci, ..., ¢y, C1, ..., ¢ defined in (2.7.4), we call

Su(u,v) = (ri{wj,e;30),  Sa(u,v) = (73 {z,¢}1) (2.7.10)

the transformed scattering data of (u,v).
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Remark 2.7.4. We will call S(u,v) the original scattering data because those were introduced in the
aforementioned pioneering work [KM77]. On the one hand, the transformed scattering data Sy, (u,v) and
S.(u,v) are completely determined by S(u,v). On the other hand, the main purpose for introducing the
transformed data is that the regularity of r and 7 as functions R — C is easier expressed as the regularity
of p as a function RUiR — C.

Using the same techniques as in [PS18b, Corollary 4] we can also prove Lipschitz continuity of the
scattering map:

Theorem 2.7.5. For each N € Ng, the maps
SwiGn = X9 x (CHN x (C)N

and

S, : Gy — X1 21><(c W (CHN

are Lipschitz continuous.

2.8 Formulation of the Riemann-Hilbert problems

The inverse scattering problem consists of the construction of a map (p; {\;, C; };VZI) — (u,v). In fact we
work with the transformed scattering data (2.7.10). The potential u is reconstructed from Sy, (u,v) and
v is reconstructed from S, (u,v). The inverse scattering map is based on the analyticity properties of the
Jost functions. More precisely, for generic u and v in the sense of Definition 2.7.1, the matrices Py (z;w)
defined in (2.6.3) admit a meromorphic continuation in C*. The poles are located at w1, ..., wx, W1, ..., WN
and the residues at these poles fulfill the conditions (2.7.7) and (2.7.8). For w € R the matrices are
connected by Py = P_(1+ R), where the matrix R is obtained from (2.6.4) in terms of the reflection
coefficient r(w). Denoting the meromorphic continuations by the same letters, we obtain by (2.2.10) the
following behavior for large |wl|:

Py(z;w) — [ m?r‘(;(x) (mf?x})_l ] = [mT@)]”, as|w| > o0, weCE.

Since we prefer to work with z-independent boundary conditions, we define
_ ’ B (2.8.1)

Since M is obtained from Py by multiplication from the left, the residue conditions and also the discon-
tinuity condition on R remain unchanged. Thus, we obtain the following Riemann-Hilbert problem for
the function M (x;-).
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Riemann-Hilbert problem 2.8.1. For given scattering data (r, {wj,cj};\f:l) and z € R, find a
2 x 2-matrix-valued function C\ R 3 w — M (z; w) satisfying

1. M(z;-) is meromorphic in C\R.

2. M(z;w) =140 (1) as |w| — .

3. The non-tangential boundary values My (x;w) exist for w € R and satisfy the jump relation
M, =M_(1+R),

where R = R(x;w) is defined by R(z;0) = 0 and

2 N, —i(w—w Dz
Rizsw) = | wlrbwll o r(w)er (2.82)
wr(w)ez@=w ) 0
for w € R\{0}.
4. M(z;-) has simple poles at wy, ..., wn, W1, ..., Wy with
. 0 0
Res M(z;w) = lim M (z;w) i (w;—w—)z ,

w=w; W—wW; wjc;e2r7 i 0

(2.8.3)

W=W; wW—W 0

e s@—w
Res M (z;w) = lim M(m,w)lg Ge =7 ]

The expansions of the Jost functions as |w| — oo yield the following reconstruction formulas

, . . 1
uz(x) — 3u(aL‘)]v(ac)\z - EU(:B) e Jo T P HoRdy — =y gy [M (z;w)]21, (2.8.4)
2 2 2% |w|—o0
Ax)e™s Jo PPy Jim e (M), (2.8.5)
w|—00

In both equations (2.8.4)-(2.8.5) we denote by [-];; the i-j-entry of the matrix inside the brackets. As-
suming that the Riemann-Hilbert problem is uniquely solvable, we can use the solution M (z;w) to
recover u(z) by means of (2.8.4) and (2.8.5) as explained below. Thus, in total we have constructed
a map (r; {wj,cj}év:l) — w. This is virtually half of the inverse map for the direct scattering map
(u,v) = Sy(u,v). The remaining part S,(u,v) — v is found via a second RHP. Repeating all the
arguments from above, we define

(2)] " Pu(w;2), zeCt,

(z)] 7 P_(x;2), z€C. (2.8.6)

Hence, we obtain the following Riemann-Hilbert problem for the function M (x;-).
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Riemann-Hilbert problem 2.8.2. For given scattering data (7, {z],@}jvzl) and z € R, find a
2 x 2-matrix-valued function C\R 3 z — M (z; z) satisfying

1. ]\7(3:, -) is meromorphic in C\ R.
2. ]/W\(a:;z) =140 (1) as|z| = cc.

3. The non-tangential boundary values J\/Zi (z; z) exist for z € R and satisfy the jump relation

— ~

M, =M_(1+R),

where R = R(x;z) is defined by R(z;0) =0 and

N = L(z—z Dz
R(z;2) = Oi 1 r(z)ej (2.8.7)
—2P(z)e" 2377 )2 2|7(2)]?
for z € R\{0}.
4. ]\/4\(95, -) has simple poles at z1, ..., 2N, Z1, ..., 2y With
_ o 0 0
Res M(x;z) = lim M (z;w) L i(a—aY)a ,
z=2; 22 zjcje 2¥7 7 0
} | (2.8.8)
— - = 4+2(zj—z;, )z
Res M (t,z;z) = lim M(t,x;2) 0 —gerzm .
z2=Z; Z2—7Z; 0 0
Analogously to (2.8.4)—(2.8.5), the following reconstruction formulae are available.
()2 i —5 T PRy — €y, M (x:
vz () + Z|u(z)[“v(z) + zu(z) | e 2 /e =— lim z- |M(x;2)| |, (2.8.9)
2 2 |z|—o0 21
E(:J;)e% L PPy =y []\/Z(x,z)] . (2.8.10)
|z| =00 12

Again, unique solvability of RHP 2.8.2 would ensure the existence of the map S,(u,v) — v. In Chapter
3 we will work out the solvability of the two Riemann-Hilbert problems and prove estimates on their
solutions.

Remark 2.8.3. It follows from R(z;0) = R(z;0) = 0 that My (;0) = M_(z;0) and ]\/4\+(x;0) =
M_(z;0). More precisely, using (2.3.3), (2.3.4) and the definitions (2.6.3) and (2.6.5) of Py(x;w) and
Py (z; z), respectively, we find

M@O):{moﬂm n:o()(x)]_l[u(lsc) 1+5§§>)v<x>Hmf(w) i }

and

M(z;0) = [ m%(x) ﬁfj_oo(x) ]_1 [ U(lzn) 1+Z((:f))v($) ] [ "0 } '

In particular, the following holds:

+ +
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In these formulas, we regain the same exponential factors as those in the reconstruction formulas (2.8.5)
and (2.8.10). Hence, by substitution we obtain the following two decoupled reconstruction formulas:

w(z) = [M(2;0)]11 Im wM@w)iz,  o@)=[M(;0)] lim z[M(z;2))e. (2.8.11)

|w|—o00 |z| =00

While equations (2.8.4), (2.8.5), (2.8.9) and (2.8.10) are suitable for studying the inverse map of the
scattering transformation in the sense of Theorem 3.1.1, the equivalent formulas (2.8.11) will become
useful in the analysis of the asymptotic behavior of u(z) and v(x) as |z| — oco.

Remark 2.8.4. From the construction of M (z;w) it follows that for

Qz) == lim w[M(z;w)]i2,

|w|—o00
M admits the following symmetry
M(x’w)_w[—w—M(x)]z Q(x)]M(z,w)[w 0 ] (2.8.12)

This is in contrast, for example, to the NLS equation, where we have

e N T I

The symmetry (2.8.12) will be useful for the Backlund transformation, see Section 3.6.

2.9 Time evolution of the scattering data

In this section we compute the time evolution of the scattering data. In other words, we assume that
(u,v) is a solution of the MTM system (1.1.1). Thus, u and v are both functions of ¢ and . We can
compute the scattering data of Definition 2.7.3 at every time ¢ and may ask the question if at some given
time ¢ the scattering data can be computed from the scattering data of the initial data (ug,vg). The
answer is quite surprising, due to the linearity of the evolution of the scattering data. This remarkable
fact demonstrates the significance of the direct scattering transform.

Theorem 2.9.1. Assume that (u(t),v(t)) solves (1.1.1) for initial data (ug,vo) with scattering data
S(uo,v0) = (p(A;0);{A;(0),C;(0)};L,). Then, at any time t, the scattering data S(u(t),v(t)) of the
solution (u(t),v(t)) is calculated from S(ug,vy) by:

S(u(t), v(t)) = (p(0; \)e N2 100, €y (0)e TN . (2.9.1)

In particular, the number of eigenvalues does not vary in time and sets Gy are invariant under the MTM

flow.
Proof. By det /™) (z,t; ) = 1 we know that there exists a matrix C(z,¢; \) such that

YEC = (9, — A)p®). (2.9.2)

By the definition of ) it follows that (9, — L)[¢/*F)C] = F)C,. Substituting this into (2.9.2) we get
that *)C, = (9, — L)(9; — A)yp™®). But due to (2.1.3), the right hand side is equal to —(8; — A)(dy —
L)), which in turn vanishes because of (9, — L)y = 0. It follows that C, = 0 and thus, C' does not
depend on z. Now let us assume that |u(z,t)| + |v(t,z)] = 0 as © — +oo. Taking then limits © — Foo
of (2.9.2) we find

B P N A SNC T | iT(A2—A~2)03 /4
i >a/c<t,x>__4<x+v)age< o/



34 CHAPTER 2. DIRECT SCATTERING

which is equivalent to
Thus,

Furthermore, we compute
da(\) = det[({ ), o8]+ detfu{ ), (¥5),)
_ 1
—  det[Ay)\ ),¢§+)]—4<A2 )\2>det[w( ) st
_ ; 1
et . auf )+ 4 (304 ) el

= tr(A)det[p\ ), i)
— 0,

and

B = detl(wy ) o)+ detl ™, ()]
- det[Awﬁ‘%w%*’]—LL(A? A12>detw )
+det[w§‘),Aw£“]—i<A2 A2>clet[w )
= aayders{” 07 - § (4 35 ) deelu . o)
- <A2 ;z)ﬁm

From these ordinary differential equations it follows that the reflection coefficient p(\) = B(A)/a(N)
admits the following time evolution:

plt; A) = e A2 (0, )

The time evolution of the norming constants can be proved as follows. We recall the equation w§_) (x,t; 7)) =
75 (t)y (+) (x,t; A\;) and differentiate it in ¢. We obtain

_ 1 1 — 1
Agy -4 <A2 + v) R T S (Aw(” (AZ A2> w(”) .

Using qbg_) = 'ijéﬂ again, several terms cancel out and we get

i 1
3 (AQ * )\2> 0§ = Bngus?,
which finally yields
7 1
*5 <)\2 + >\2> Vi = 815’)/]‘.
O

Using the relations between the original scattering data and the transformed scattering data, we
derive the following Corollary:
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Corollary 2.9.2. Assume that (u(t),v(t)) € Gy solves the MTM system (1.1.1) and at time t = O the
transformed scattering data are given as in (2.7.10). Then, at any other time t we have

. _ . 1
Su(u(t), 0(t) = (r(w)e CH; fuy, cpem TN ),
. _ . —~1
Sa(u(t),v(t)) = (F(z)e 1+, [z G a2 )N ),
An important property of the time evolution is that the reflection coefficients remain in the spaces in

which they are contained at time ¢ = 0. Taking the derivative in w of r(w)e*it(w+w71)/ 2 directly yields
the following Corollary.

Corollary 2.9.3. Assume that (u(t),v(t)) € Gn solves the MTM system (1.1.1) and at time t = 0
the reflection coefficients r(0;-) and 7(0;-) are contained in Xi,g,l' Then, for every time t we have

r(t;) € X109, and 7(t;-) € X139,

Remark 2.9.4. Assume that M solves RHP 2.8.1 for transformed scattering data (r; {wj, ¢; };VZI) More-

over, assume that M is a solution for RHP 2.8.1 with scattering data (e'r; {wjemcj}év:l), where « is a
fixed real number. Then a direct computation shows that

. e—ioz/? 0 61'04/2 0
M(t,x;w) = |: 0 €ia/2 :| M(t,ac;w) |: 0 efia/Z :|

for all w € C\ R. Thus we may conclude that [M (¢, z;0)]11 = [M(¢,x;0)]11 and

lim w - [M(t, x; w)} b e lim w- [M(t,z;w)]y, -

|w|—o00 |w|—00

Taking into account the reconstruction formulas (2.8.11) we see that if a function u belongs to scattering
data (r; {wj,cj}é»v:l), then e‘®u belongs to scattering data (e'“r; {wj,eiacj}év:l). Repeating the same
argument for RHP 2.8.2 we may summarize the statements as follows. If S(u,v) = (p; {};, Cj}évzl), then
S(eu, e v) = (e'p; {\;, eiaCj}éV:l). This property of the scattering map will be useful in the proof of
Theorem 7.1.1 and represents the invariance of (1.1.1) under phase shifts (u,v) — (e'*u, e'*v).

Remark 2.9.5. Assume that (u(t, x), v(t, z)) solves the MTM system subject to initial data (ug(x), vo(x)).
Defining new initial data by
to(x) == vo(z), o () = uo(2),
then we know that the solution (a(t,x),0(t,x)) is given by
a(t,x) :=v(—t,x), o(t,z) = u(—t,x).

Associating to (u,v) the linear operator L(\) as in (2.1.1) and, correspondingly, associating to (@, 7) a
linear operator L(\), then we find

Denoting by p and p the reflection coefficients of (u,v) and (4, ), respectively, this implies

P(A) = p(1/A).

The respective transformed reflection coefficients r(w) = Ap(A) and 7(w) = Ap(A) are related by

7(w) = wilm

which can also be expressed as 7(w) = 7(w) by (2.6.8). We conclude that conjugating and changing u
and v at time ¢ = 0 entails a time reversion and also a conjugation and a change of r and 7. Moreover,

possible eigenvalues and norming constants {Xj, C']} can be found as

5\]‘ = 1/X]‘, éj = —5\;26j.
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By (2.7.5) we see again, that the transformed norming constants ¢; and ¢; are conjugated and change
theirs places by the new initial data.

These symmetries are useful in the following sense. Assuming that the long-time behavior of (u(t, x), v(t, x))
as t — 400 is known in terms of its scattering data, then by the above considerations one can easily
compute the long-time behavior as ¢t — —oc.



Chapter 3

Inverse Scattering

3.1 Overview

The inverse scattering problem is the construction of a map (p; {\;, Cj}szl) — (u,v). In fact we work
with the transformed scattering data (2.7.10). The potential u will be reconstructed from S,,(u,v) and
v is reconstructed from S.(u,v). We start with the case where the scattering data consist of only the
reflection coefficient. Thus, for a given function r € X3’2171 with the property

1+wlr(w)]*>e¢; >0,  weR, (3.1.1)

we want to find a solution M (z;w) of Riemann-Hilbert problem 2.8.1. At the same time we would
also like to find a solution M (x;z) of Riemann-Hilbert problem 2.8.2. Then by (2.8.11) or the other
reconstruction formulas, one would recover the functions u and v. The following summarizes the main
result of this chapter.

Theorem 3.1.1. For any N € N and given scattering data Sy(u,v) = (r;{wj,cj}j-v:l) with r € X3’21,1
satisfying (3.1.1), Riemann—Hilbert problem 2.8.1 admits a unique solution M (x;w) with
lim w - [M(z;w)];, € HX(R) N L' (R), lim w - [M(z;w)]y, € Hr(R)NL>'(R). (3.1.2)
|w|—o00 |w|—00
Additionally, for the corresponding data S, (u,v) = (7; {2, Ej}évzl), Riemann—Hilbert problem 2.8.2 admits
a unique solution M\(x, z) satisfying

lim z- [M(m; z)] LEHIRNLY(R),  lim = []\/Z(x;z)kl € H(R) N L2\ (R). (3.1.3)

|z]—00 |z|] =00

The two Riemann-Hilbert problems 2.8.1 and 2.8.2 are structurally equivalent. After all, this allows
us to skip the proof of (3.1.3) because it is proven analogously to (3.1.2). The complete proof of (3.1.2)
is given throughout the following sections in several steps:

(i) Solvability of Riemann-Hilbert problem 2.8.1 for N = 0 is shown in Section 3.2. We use the method
of Beals and Coifman and an extension to non-symmetric jump matrices developed in [PS18b].

(i) Estimates in H:(Ry) N L3 (Ry) for N = 0 can be obtained by the analysis of the Beals-Coifman
integral equation, see Section 3.4. Technical results which are needed for this analysis can be found
in the intermediate Section 3.3

(iii) Estimates in HX(R_) N L2'(R_) for N = 0 are obtained in Section 3.5. Therefore, we rewrite
Riemann—Hilbert problem 2.8.1 in an equivalent form, which is useful for x < 0.

(iv) Solvability of Riemann—Hilbert problem 2.8.1 for N = 1 and estimates in H!(R)NL2"(R) are worked
out in Section 3.6. Therein an auto-Béacklund transformation is used in order to add eigenvalues w;
and w; to a pure-radiation RHP.

37
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(v) An inductive argument shows that Theorem 3.1.1 for N > 2 is obtained by an N-fold application
of the Backlund transformation.

The meaning of Theorem 3.1.1 is made clear in terms of the following Corollary:

Corollary 3.1.2. Under the assumptions of Theorem 3.1.1, the potentials u and v, recovered by means
of reconstruction formulas (2.8.4), (2.8.5),(2.8.9) and (2.8.10) satisfy

u,v € H*(R) N HY(R).

Proof. By Theorem 3.1.1 the right-hand sides of (2.8.5) and (2.8.10) are controlled in the space H(R) N
L*Y(R). Thus, @,o € H'(R) N L*!(R), where

(x) = u(z)es LT WPHOP A 50y — g (z)ems ST a0y,

Since |a(z)| = |u(x)| and |3(z)| = |v(z)|, the gauge factors can be immediately inverted, and since H*(R)
is continuously embedded into LP(R) for any p > 2, we then have u,v € H*(R) N L*»!(R). Since, again by
Theorem 3.1.1, the right-hand sides of (2.8.4) and (2.8.9) are also controlled in H!(R) N L?*(R), similar
arguments give u/,v’ € H'(R) N L*!(R), that is, u,v € H?(R) N H“!(R). O

Remark 3.1.3. Without further theory we can observe that if Riemann—Hilbert problem 2.8.1 is solvable,
then the solution is unique. In order to show the uniqueness of solutions, we firstly find the following
(trivial) Riemann-Hilbert problem for the map w — det M (z; w):

det M (x;w) is an entire function with respect to the parameter w,
det M (z;w) — 1, as |w| — oo.

By Liouville’s theorem we conclude that
det M(z;w) =1, forallz € R and w € C. (3.1.4)

Hence, for a possible solution M of Riemann—Hilbert problem 2.8.1, [M (z;w)]~! exists for all z € R and
w € C. If we have a second solution M (x;w), the ratio M (x;w)[M (x;w)]~! satisfies

M(m; w)[M (x;w)]~! is an entire function with respect to the parameter w,
M (z;w)[M(x;w)] "t — 1, as |Jw| — oo,
such that M (z;w)[M (z; w)] ™' = 1.

Remark 3.1.4. Without requiring relations (2.6.8), (2.7.1) and (2.7.5) we can still obtain a pair of
functions (u(t,-),v(t,-)) € X271 by Theorem 3.1.1. But in general this is not necessarily a solution of
(1.1.1).

3.2 The method of Beals and Coifman

For any function f € LP(R) with 1 < p < oo, the Cauchy operator denoted by C is given by
1 f(s)

2w Jr s — 2

Clfl(z) =

ds, z€C\R.

When z approaches a point on the real line transversely from the upper and lower half planes, the Cauchy
operator becomes the following projection operators:

1

£11(2) i f(s)
P = lim o [ —

— 2 ds, z€R. 3.2.1
el0 27i (ztie) ooF ( )

The following proposition summarizes all properties of the Cauchy and projection operators which are
needed to establish the inverse scattering map.
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Proposition 3.2.1.
(i) For every f € LP(R), 1 < p < oo, the Cauchy operator C[f] is analytic off the real line.

(ii) For f € L*(R), C[f](2) decays to zero as |z| — oo and admits the asymptotic

lim zC[f]( 2m/f (3.2.2)

|z]—o00
where the limit is taken either in Ct or C™.

(iii) The projection operators P* are linear bounded operators LP(R) — LP(R) for each p € (1,00). For
p =2 we have ||P*| 22 = 1.

(iv) (Sokhotski-Plemelj theorem) The following two identities hold:

73+ -P = Ide(R), (3 9 3)
Pt 4+ P = —iH, o

where H : LP(R) — LP(R) is the Hilbert transform given by

e _léfo%(/ /)S_ s, zcR.

(v) Let f and f_ functions defined in the upper (lower) C-plane. If f+ is analytic in CT and f+(z) — 0
as |z| = oo for £Im(z) > 0, then

PE[f+](2) = 0, PEf1](2) = £f+(2), z€R. (3.2.4)

The proof of this proposition is omitted here due to space limitations. The jump condition of
Riemann-Hilbert problem 2.8.1, My = M_(1 + R) on R, can be rewritten in the following form:

wlr@)?  r(w)e e

M) =1] = () =1 = M) | 00T ;

(3.2.5)

Assuming (u,v) € Go, the function M (x;-) is analytic on C\R. Thus, by (3.2.4) applying of P* to both
sides of (3.2.5) leads to

My (w;w) — 1= PF[M_(2;0)R(x;0)}(w),

M_(z;w) =1 =P7[M_(z; 0) R(x; )] (w).

In particular, the function (M_(x;-) — 1) is a solution to the following integral equation
(1= Cr)[M_(z;0) = 1J(w) = P~ [R(z; )| (w), (3.2.6)
with the xz-dependent operator C'r acting on matrix valued functions M by
CrM](w) := P~ [M (o) R(z; o) (w). (3.2.7)

If R(x;-) € L*®(R), the operator Cg : L?(R) — L?(R) is bounded and the operator norm coincides with
the L>°-norm of R(x;-) by Proposition 3.2.1 (iii). For the same reason, if R(x;-) € L?>(R) N L*>(R), then
P~ [R(x;0)](-) € L?(R). Thus, under the assumption R(x;-) € L?(R)NL*>(R), the integral equation (3.2.6)
makes sense as an equation in L?(R), i.e. an equation for the unknown function (M_(z;-) — 1) € L?(R).
On the other hand, for any solution M_ of (3.2.6), we directly find a solution to Riemann—Hilbert problem
2.8.1 (with N = 0) by means of the formula

1 M_(z;s)R(x;s)
21 JR s—w

ds, zeC\R.
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Indeed, denoting the right hand side by H(x;w) and using the notation Hi (z;w) = lim. g H(z;w £ ie).
we have by assumption

H_(z;w) = 1+P [M_(z;0)R(z;0)](w)

= M- (.CU, UI),
and by the Sokhotski-Plemelj theorem
Hy(z;w) = 1+ PTM_(z;0)R(x;0)](w)
= 14+ P [M_(z;0)R(x;0)](w) + M_(x;w)R(xw)
= M_(z;w)+ M_(z;w)R(z;w)

= H_(z;w)(1+ R(z;w)).

We conclude that the integral equation (3.2.6) is equivalent to Riemann—Hilbert problem 2.8.1 with
no eigenvalues. Thus, we need to study the operator Cr defined in (3.2.7). We make the following
observation: the second line (M_(xz;¢) — 1)y of M_(z;w) — 1 satisfies

(1= CR)(M-(230) = Da)(w) = (P~ lor(0)e*=](w), 0 ) . (3.2.8)

Rewriting the jump relation once again as

(M (i) 1] — (Mo w) — 1] = My (a5 [ O ey TITEOTE ] 7
—wr(w)ezWw e w|r(w)|?
we find B
M (a5 w) — 1 = PF[M (50) (s )] (w),
M_(z;w) — 1 = P~ [My(w;0)R(; 0)] (w),
for
~ 0 @e—%(w—w_l)x ]
R = i 1 .
wr(w)ez(W=w ) —wl|r(w)|?
This implies that the first row of M, — 1 satisfies
(1= CRl(My(a:0) = Dif(w) = (0, PF [r(0)e 37| (w)), (3.2.9)
where the operator C is defined by
Cx[M](w) := PF[M(o)R(x;0)](w). (3.2.10)

By the jump relation My = M_(1+R) it suffices to have knowledge of (M, (z;0)—1); and (M_(z;0)—1)2
in order to solve the Riemann—Hilbert problem completely. Since in both equations, (3.2.8) and (3.2.9),
the right hand side has one zero entry, the operators Cr and Cj do not need to be fully inverted but
only on the corresponding subspaces. From [PS18b, Lemma 9] we take the following.

Lemma 3.2.2. Let r € XE’QIJ be such that inequality (3.1.1) is satisfied. Then, for each h € L*(R), the
integral equations

(1 = Cr)[m(o)(w) = (h(w),0), (1= Cg)[n(e)](w) = (0, h(w)),

admit unique column-vector-valued solutions m = (my, ms) € L?(R) and n = (n1,n2) € L*(R). Moreover,
there exists a positive constant C that only depends on Hr||Loo(R) such that the unique solutions satisfy

ImllL2®) + 2l 2Ry < CllR| L2

The proof is not presented here because it can be copied word by word from [PS18b]. However, we
need the following conclusion:
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Corollary 3.2.3. Let r € Xz’zl,l be such that inequality (3.1.1) is satisfied. Then, for each x € R,
Riemann—Hilbert problem 2.8.1 admits a unique solution M (x;w) satisfying

[Mx () = Ulz2r) < Cllrllz2wy

Actually, applying Lemma 3.2.2 to (3.2.8) and (3.2.9) yields the following more precise estimates:

Y

[(M—(z;-) = 1)2l[2r) < C HP_[or(o)e%(o_yl)x](w)‘ L2,(R)

L (3.2.11)
I(Mi (5) = Dall gy < € [ PHI()e 3070 ) (w)|

L3(R)

Making use of these estimates is the main subject of the following section.

3.3 Some technical results

The first technical result we present is the analogue of Proposition 7 in [PS14] for another oscillatory phase
factor, namely e*** instead of ¢i@(s=571) Even though there is only the small phase factor difference, the
proofs of the two propositions are very different. Proposition 7 in [PS14] is proven via standard Fourier
analysis, whereas Proposition 3.3.1 in the present work requires a bit more than that. It is also remarkable
that we can not assume that » € H'(R) which is usually the case in inverse scattering theory for the NLS
or DNLS equation. We need to mention that, more formally and for Schwartz class functions, a similar
proposition can be found in [Zho89, Lemma 3.7] and also in [CVZ99, page 1207] in the context of the
sine-Gordon equation.

Proposition 3.3.1. There exists a positive constant ¢ such that for all f € XO1 1, we have

Sup )H(@Pi[f( 0)e T OO (g ) < cllfllxo0 (3.3.1)

where (x) := (1 + 222, In addition, if f € Xg’il, then

81€1p||73i[ ()N oo ry < €l fll o0 - (3.3.2)

Furthermore, if f € L 1(R) N L>»1(R), then

Sup IP*[(0 = o) f(0)e™™ N L2y < ellfllz2rR)nz2a Ry- (3.3.3)
Proof. Due to the linearity of P* and since f(s)eT@() = f(s)eT#€()1g (s) + f(s5)eT™@OG)1g, (s) we
can prove the proposition separately for functions f that either vanish entirely on Ry or on R_. In the
following we give an estimate of | P*[f(c)e~ 91, (o)]|| r2(R)- The other cases are handled analogously.
The proof relies on a further decomposition e®(®)1g, (s) = h;(x, s) + hys(z, s), see (3.3.7) below. Here,
hy is a function whose L?(R,)-norm is decaying like z=! as x — oo, whereas h;; admits an analytic
extension into the lower half plane. In order to construct this decomposition, we consider the following
operator.

> —ik(s—s~ ! 1 + 82
alf](k) = /0 et LES f(s)as. (3.3.4)
Using the following change of coordinates
: 1 N\ sy
-1 Yy Yy / Y Yy sy
y(s)=s—s", s(y) 2+ +4, s'(y) 2+4( +4> T+ s()% (3.3.5)
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and § denotes the Fourier transform

S0 = [ e iy
We get that
£ 72my = [ 1f(s(w))*dy = N 1+52|f( )Pds < || fI7 <113
L2rR) — o 5\Y Y= 0 $2 5148 = L2=1(Ry) = x0

In addition,

- 2 2 0o 2
7B = [ (15 ) 196y = [ 17 6 ds < 1oy

It follows that f € H'(R) and thus a[f](k) € Li’l(R) with [la[f]l[z21@®) < [|f]lyoo . Using the inverse
—-1,1

Fourier transform

5ol = 5 | gl

we find for s > 0:

r — 1 1k(s—s™
ﬂﬁzf@&bz%lwm@wb=2wée“ Dalf)(k)d. (3.3.6)
Now, let £ > 0 and consider the following decomposition for s > 0,
F(8)e7™O) = hy(w,s) + hir(z, s), (3.3.7)
with | e
h[(.ﬁU, S) _ e—ix@(s)/ eik(s—sfl)a[f](k)dk‘
27 I/4
and

e z/4 _
mmm=e““”;/ =D Dal f] (k) d

Using that s'(y) < 1, for the functions h; we get

o) 2
= [T < LUEE g

1 > iky
- / e[ (k) dk ) g

2
1hr (2, )72 ryy < P

L3 (R)

The function hjy(z,-) is analytic in the domain {Im(s) < 0} and additionally for s = —i¢ with £ € R4
we have
_w(pge—1
\hir(z, 8)| < cllalf]l|z21r)e e+

and we can conclude by an elementary computation that [|hrs(z,)|[z2¢;r_) is decaying exponentially as
x — oo. Now we have

IPH[f(0)e™ O 1r, ()]l L2(r) < IPF[hr(x,0) 1R, ()l L2y + IPF [Brr(2,0)1r, ()]l 22(R)
Since Pt is a bounded operator L2 (R, ) — L2 (R), it follows by (3.3.8) that
1P*[hr(z,0)1r, ()]l 2wy < Nhi(2,)IF2r,) < C||f||§(g,§)1<37>72‘
Using a suitable path of integration and the analyticity of h;; we find that

Prlhir(x,0)](2) = =Pir_[h11(x,0)](2),
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where

0 .
Por_[h](2) = — / hGs) 4o L er

2 J_ o 18— 2

for a function h : iR_ — C. Since P;r_ is a bounded operator L?(iR_) — L?(R) (see for instance
estimate (23.11) in [BDT88]) and because [|hsr(,)||r2;r_) is decaying exponentially as x — oo, the
proof of (3.3.1) is completed. In order to prove estimate (3.3.2) we firstly note that for z <0,

|73i[eimG(o)f(O)lRJr(O)](z)\ < /OO |f(s )|

(520 () ([ o)

< dlfllpz-r

Thus it remains to estimate |[P%[e~9() f(0)1g, (¢)](2)| for z > 0. Using (3.3.6) we decompose

IN

1 +o0

f&) =he()+h-(s).  hals) =g | MO Dalfl(k)ak,

where hy has an analytic extension within the domain {s € C : Re(s) > 0,+Im(s) > 0} and for £ > 0,
we have

c
|t (£i€)] < cfle ™ EFET HL%(R”Ha[ﬂHLi(Ri) = s\ + Tt e lalflll 2Ry )- (3.3.9)
Using a residue calculation, for z > 0, we obtain that
.1 [ hi(s)+h_(s)
+ o L +
= Pir;[hi](2) = Pir_[h-](2) + hx(2).
Thanks to the bound (3.3.9), we find
1 h :|:Z
sup P nal(e)) < | [T P g
z€R ™
< 5| Fraie
< clalflllzme)
In addition, for z > 0 we have |h4(z)| < Ha[f}HLIlc(Ri). We conclude:
sup [P¥[f(0)1r, (2))(2)] < ellalf]l|1rynL2(r) < o0 (3.3.10)

Z€R+

From the definition of a it follows that

[0 f(o)](k) = alf )k — )

and thus, the L!(R) N L?(R)-norm with respect to k of a[e?*®(®) f()](k) does not depend on x. Therefore,
(3.3.10) yields

sup [P0 f(0)1r, (0)](2)] < [la[e™®®) f() 1 ®ynrz®) = lalfll 1 R)nr2R)» (3.3.11)

ZER+

which completes the proof of (3.3.2). The bound (3.3.3) follows from ||P*|;2_,;2 = 1 and the fact that
(s —s Y f(s) € LR) if f € L>~Y(R) N L*L(R). O

Combining (3.2.11) and (3.3.1) we can prove the following lemma.
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Lemma 3.3.2. For every r € Xl’llyl, the unique solution M of Riemann—Hilbert problem 2.8.1 satisfies
the estimates

sup [|(z) [M-(2;)]a1ll p2ry < Cll7llx2s (3.3.12)
z€[0,00)
and
S&)lp)\|<fﬂ> (Mt (23 )2l p2ry < Cllrl oo (3.3.13)
xe|0,00

where C' is a positive constant that depends on ||r||p~. Moreover, if r € X3,21’17 then

sup 9 M (23 Y]on |2y < Cllrll g2 (3.3.14)
z€R —2,1

and
Sup [0z (M (23 Lol 2y < Clirllxzy (3.3.15)
X 3

where C' is another positive constant depending on ||r||pee.

Proposition 3.3.3. There exists a constant ¢ > 0 such that for every function f € Xé”lo we have
/ ei:p(sfs_l)/2f(8)ds
R
1_

Proof. Using the same change of variables y = s — s7 =: y(s) as in (3.3.5) we obtain

< |l [l wro. (3.3.16)
HA(R)NLE (R) For
/ e“”(s‘s1)/2f(8)d5Z/e”y/Qf(y)ds, where f(y) = s'(y) f(s(y)).
0 R

Thus, if f(y) € H}(R) N Ly (R), then
/ eix(sfs_l)/2f(8)ds
0

5 s(y)”
100 = [1+97) |

:/0 (14 (= s7)7) 1= CF6)Pds < el oy

< CHfHH;(R)ﬂLi’l(R)' (3317)

HL(R)NLZ' (R)

We compute
2

— 5[ (s(y))

and

dy+c dy

- s\ e s\ raom|
1P lym <c | ‘(HW) F(s(2) (5% few)

2 \3 2 \°
_ s ENT: s 2 2
—c [ (1) O aste [ (155) 106 s < g < gy,
It follows that we can replace Hﬂ‘H?}(R)mLi,l(R) in (3.3.17) by HinQvl(Rng&f ~ Hin(Sg, which yields

(3.3.16) for the integral over the positive real axis. Repeating similar computations we can derive the
same estimate for the integral over the negative real axis. O
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3.4 Estimates on the positive half line

The main result of the present section is the following lemma:

Lemma 3.4.1. Under the same assumptions as in Corollary 3.2.3, we have

lim w- [M(z;w)], € HHR)NIZ'RL),  lim w- [M(asw)ly, € ARy NIZ'(Ry).  (34.1)

|w|—o0 |w]—o0
In addition, for any w; € C\ R, we have
(M (z;wy) — 1) € HY(Ry) N L2(Ry). (3.4.2)

Proof. The proof uses (3.4.7) below. In order to prove this equation, we consider the factorization
1+ R=(14R4+)(1+ R_) with

R (zw) = (8 (w)e =2 ) R_(a;w) = ( P 8) (3.4.3)
e O(w) = % <w - ;) . (3.4.4)

Then, the jump relation My = M_(1 + R) of Riemann—Hilbert problem 2.8.1 can be rewritten as
My —M_=M_R;+ M,R_. Applying P* and P~ to this equation yields the following expression for
the solution M of the RHP 2.8.1:

1 M_(z;s)Ri(x;s) + My (z;5)R_(x; 8)

M(z;w) =1+ i Js P ds. (3.4.5)

In component form, for the non-tangential limits w — R, we find

P (M (230)l12 0 7(0)e™0] (w) - P* M- (w;0)]ir(0)e 0| (w)
Me(z3w) = 1+ (3.4.6)

P [[My(230)]22 0 7)) (w) - P+ [[M-(w30) 7 (e)e 0] (w)

Now, using the representation formula (3.4.5) and the limit (3.2.2), we get

lin w0 (M (5w =~ [ (M- 8) (e =0

|w|—o0 21t Jr

From the component-wise representation (3.4.6) we learn that
[M_(z; )11 =1+P" [[M+(m; o)1z ¢ T(O)eix6(o):|(s)
so that

1 —
lim w - [M(:L';w)]12 = r(s)e_””@(s)ds

|w|—o00 B 277'('1 R
1 A _
+ — | [My(z; 8)]12 sr(s)e®OE)pt [r(o)e_wg(o)} (s)ds,

21 R

(3.4.7)

where we also have to use integration by parts for any two functions g, h € L?(R), that is,

/ P [h)(s)g(s)ds = - / h(sYP*[g)(s)ds.
R R

In a similar way we find

1 .
lim w - [M<x7 u))]21 =— — Sr(s)e+m@(s)d8
|w]—00 211 R

+ 2%” [M_ (x5 5)]o1 r(s)e P~ [OT(O)ewe(O)} (s)ds.
R

(3.4.8)
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The first terms in (3.4.7) and (3.4.8) are controlled in H! (R, )NL>"(Ry) by Proposition 3.3.3. To analyse
the second terms we denote

B(e) = [ My (a9l sr(e)eOOPT [0 =000)] (5)ds,

7' ' (3.4.9)
Iy(z) = /R[M_(x;s)]gl r(s)e” @) p- {or(o)eme(o)] (s)ds.

By bound (3.3.1) of Proposition 3.3.1, bound (3.3.13) of Lemma 3.4.1, and the Holder inequality, we have

swp @2 h(@)] < [OrOlliey s 1) M@ )il a@ s ||@PF [roje=0)]|
z€[0,00) z€[0,00) z€[0,00)

< OOl - (3.4.10)

L*(R)

This bound is sufficient to conclude that I;(-) € L?>*(R;). In order to show that I1(-) € H*(R}), we
differentiate I; in x and obtain.

I(z) = /R@x[MJr(x;s)]w sr(s)e*)pt {@eﬂw@(o)} (s)ds
+i/R[M+(x;s)]12 s1(s5)0(s5)e™OE) pt [@e*ixe(@} (s)ds
i /R (M, (2 8)]12 57(3)e 0P [O(0)r(o)e 0] (s)ds.

By bounds (3.3.1)—(3.3.3) of Proposition 3.3.1, bounds (3.3.13) and (3.3.15) of Lemma 3.4.1, and the
Holder inequality, we find

sup (@) 1) < NGl sup (100 [Mi(@;)]iall oy sup (@) PF[r(0)e @] o)

z€[0,00) z2€[0,00) z€[0,00)
HOr()OO) 2R S[lép )||<ZL‘> (M (5 )12l r2R) S[lolp )||7’+[@6_m6(°)]|!mo(m
xe|0,00 ze|0,00
HOrOllLer) S[lolp )||<$> (M (25 )]12ll 2R S[lolp )|!7’+[9(<>)@ TTOO L2y
ze|0,00 xe|0,00

< CHT'Hi(gzll

This is sufficient for I}(-) € L2(Ry) and hence, I; € H!(Ry) N L' (R.). Repeating the same analysis for
I, completes the proof of (3.4.1).

For the proof of (3.4.2) we firstly remark that

1

(M (z5w1)]y = — i R@e—me(s)ds
1 ) @efixG(o)
L M . 1xO(s) p+
+ 97 R[ 1 (x;8)|12 sr(s)e P p—— (s)ds
and )
[M (z;w1)]y i RST s)etiO)q
i . ) ,—12O(s)p— OT(O)eiwe(o)
+ s R[M_ (x;8)]217(s)e P o wr (s)ds.

Analogously to the derivation of (3.4.7) and (3.4.8), these two formulas are derived by making use of
(3.4.5). In each formula the first line of the right hand side is controlled in H' N L*! by Proposition
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3.3.3. Each second line is an expression similar to I; and I defined in (3.4.9) and thus, also controlled
in H' N L?!. We conclude that

[M(5wi)lp € H'(Ry) N L2 (Ry),  [M(5wi)ly € H'(Re) N L*(Ry).

For the diagonal entries we compute:

x;s sr(s)etO(s)
[M(-;wl)]ll—]_ — QIMA [M+( ) i]l_le( ) ds
g P M @e)lur()e O] (s) ST(S)eme(s)d
- 2777'2 R s — wy S
TN, —i or(o)et@®(©)
o R T R e O
™ JR o W
or(o ezw@(o)
- _% [M (3 5)]12 P~ [ ( )_ ](s)ds.
i JR o —wr

In addition, by similar manipulations:

M)y~ 1= —5 = [ M (55)]n P*
R

7(0)e~i#0()

O — Wy

] (s)ds.
These formulas show that [M(-;w;)];; — 1 and [M(-;w1)]y, — 1 can be controlled in H'(Ry) N L31(R})

by the the same arguments we used for I; and I>. Thus, the proof of the Lemma is completed. O

Remark 3.4.2. Recalling

1 il o) o—1xO(s
Mzl = = 5 [ T s
1

' S —iz0(0)
+ — | [Mi(z;5)]12 sr(s)ew@(s)P"' (0)67
27t Jr

] (s)ds

S — w1

. To)e—iwO(0)
and using r € L'(R), [[My (23 )12l z2r) < cllrllz2 (see Lemma 3.2.2) and [P+ [()—iwl} Ol <
cllr|lz2, we find

| [M (2;w1)]15 ] < ¢

for a constant not depending on x. Repeating analogous computations for the remaining entries of M
we obtain

1M (@5 )| oo (i) < €

for any compact subset K C C\ R. The constant ¢ may depend on K.

3.5 Estimates on the negative half line

Estimates on the positive half-line are given in Lemma 3.4.1. These estimates rely for instance on formulas
(3.4.7) and (3.4.8), which are not controllable in H*(R_)N L*!(R_) by the same methods as in the proof
of Lemma 3.4.1. However, if we rewrite the Riemann—Hilbert problem 2.8.1 in an equivalent form, we
can find formulas similar to (3.4.7) and (3.4.8), which are useful on the negative half-line of . The
reformulation of the Riemann—Hilbert problem is based on a factorization of the jump matrix R(z;w).
Therefore, let us consider the following scalar Riemann—Hilbert problem :
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Riemann-Hilbert problem 3.5.1. For a given function r € X%’Ql’l find a scalar function C\R >
w — d(w) which satisfies

1. d(w) is analytic in C\R.
2. d(w)=1+0 (w™?) as |w| = occ.

3. The non-tangential boundary values d+(w) := lim. o d(w £ i €) exist for w € R and satisfy the
jump relation
di(w) = d_(w) (1 + wlr(w)]?). (3.5.1)

Assuming that such a function d(w) exists we may look at

My(x;w) == M(z;w) [ 1/%(71)) d(?u) ] , (3.5.2)

where M (x;w) is supposed to be the unique solution of Riemann—Hilbert problem 2.8.1. We have

such that by (2.8.2)

Mgl w) = M—(w;w><1+R<x;w>>[1/d+(w) O }

0 dy(w)
_ A o Vi) o0
= M_ 4(z;w) [ 0 1/d_(w) ] (1+ R(z;w)) [ 0 d(w) |
Using (3.5.1), this can be written equivalently as My 4(z;w) = M_ g(x;w)(1 + Ry(z;w)), where
; 0 4 () ()r(w)e0
Rd(xa w) = [ wr(w) eix@(w) * UJ"I“('UJ |2 (353)
T (w)d-(w)

Assuming that M solves RHP 2.8.1 and d solves RHP 3.5.1, the new function My(z;-) is analytic in C\ R
and has the same limit 1 as |w| — oco. Therefore, M is a solution of Riemann-Hilbert problem 2.8.1 with

jump matrix Ed(x; w) instead of R(z;w). For further analysis of the RHP, let us note some properties
of di.

Proposition 3.5.2. Letr € X_2 1 satisfy (3.1.1). Then the unique solution of Riemann—Hilbert problem

3.5.1 is given by
2
d(w) = exp {1/ log(1 + slr(s) )ds} , (3.5.4)
R

s—w
such that in particular

dx(w) = exp {P* [log(1 + ofr(o)2)] (w)}

Proof. Since 1 + s|r(s)[?> > c¢; by assumption, we have log(1 + s|r(s)|?) being a real-valued function.
Furthermore, there exists a constant C, depending on ¢, such that

[log(1 + s[r(s)[*)| < Cls|[r(s)|*

for all s € R. From r € XE’QIJ we conclude that s|r(s)|? € L?(R) and hence also log(1 + s|r(s)|?) € L?(R).
Thus, by Proposition 3.2.1 (i)—(ii), the expression on the right-hand side of (3.5.4) defines an analytic
function on C\ R with limit d(w) — 1 as |w| — oo. The condition (3.5.1) is satisfied due to the Sokhotski-
Plemelj theorem, see (3.2.3). O
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From (3.5.4) we learn that
dy(w)d_(w) = exp { —iH [log(1 + o|r(o)|*)] (w)}, (3.5.5)

where the Sokhotski-Plemelj theorem is used, see (3.2.3). The Hilbert transform of a real-valued function
is again a real-valued function and for this reason we conclude that

\dy (w)d_(w)] = 1 (3.5.6)

for all w € R. In particular, d; (w)d_(w) = (d4(w)d_(w))~!. Thus, using the notation

. T(w)
rY(w) = , 3.5.7
= ) (w) (351
we have the following equivalent equation for Rj defined in (3.5.3):

~ B 0 r(d) (w)efm@(w)

Ri(z;w) = [ wr @ ()eO®) @ ()2 (3.5.8)

Proposition 3.5.3. Let r € X3721,1 satisfy (3.1.1). Then r(@ ¢ X%’;l and 1+ w|r D (w)]? > ¢; > 0 with
the same constant c1 as in (3.1.1).

Proof. The assertion 14+w|r(® (w)[? > ¢; follows directly from (3.1.1) and (3.5.6). In addition, from (3.5.6)
it follows that |r(w)| = |[r@(w)|. Thus, r € L*»?(R) N L>~2(R) implies that ¥ € L*?(R) N L>2(R).
Since the Hilbert transform commutes with the drivative, see [Duo01], we have

0 O (olr (o))
7 () < ! ZWwATIT A T
@) < for o)l + o | FLCN (o) fur ).
Using
O (w]r(w)[?) : o2
_— <C oo + 2 o) < C
‘ Tt ol @) | g ) = (rllzellrlizes +2lwr (w)llzg Irllze) < Clirllya,
and ||H| 72— z2 = 1, we finally find
)
ugor®w)| e (lor i +Iriay, forlis )
v L3 (R) 2
The proof of the proposition is now completed. O

As an analogue to Lemma 3.3.2 we have:

Lemma 3.5.4. For every r(9 ¢ Xz’zlyl, the unique solution My of Riemann—Hilbert problem 2.8.1 with
R replaced by Ed satisfies the estimates

6 M- gl oy < Ol (3.5.9)
re(—0o0, s
and
([0 Ve Va2 < Py (3.5.10)
ze(—oo0, ,

where C'is a positive constant that depends on ||r|| e (r). Moreover, if r € X3’21,1’ then
d
sup (|95 [M— (3 )]y5 | 2y < Clr D[ 2. (3.5.11)
r€R =21

and
sup |0z [My q(; ‘)]12HL2(R) < CHT’(d)ngl, (3.5.12)
z€eR ,

where C'is another positive constant depending on ||7|| e (R)-
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Lemma 3.5.5. Under the same assumptions as in Lemma 3.4.1 we have

lim w - [My(z;w)], € HX(R_) N L2(R.), lim w - [My(z;w)]y, € Hy(R) N LA (R). (3.5.13)

|w|—o00 |w|—o00
In addition, for any wy € C\ R, we have
(My(z;w) —1) € HY(R_) N L>Y(R.). (3.5.14)

From the construction of M it follows that

lim w- [Mg(z;w)];s = lim w- [M(z;w)]y
|w|—o00 |w|—o00
and
lim w-[Mg(z;w)]y, = lim w- [M(z;w)]y -
|w|—o00 |w|—o0

Therefore, Theorem 3.1.1, for the case N = 0, is proven by Lemmas 3.4.1 and 3.5.5.

3.6 Backlund transformation: adding eigenvalues

In general, the terminology Bdcklund transformation is used to describe transformations mapping one
solution of a nonlinear PDE to another solution of another (or the same) nonlinear PDE. Relying on
computations that can be found in [RS02, DP11], in what follows we construct a solution of Riemann—
Hilbert problem 2.8.1 with N = 1 out of another solution of Riemann—Hilbert problem 2.8.1 with N = 0.
The same transformation was also used in [Saal7b] in the context of the derivative NLS equation.

We start by defining the matrix

Alz) = [ an(x) ara(x) ]

asy (x) ago ({/C)

ar(z)\ ._ 50 o w 1 ar2(z)\ 0 - %1%@1)
<a21(az)) = MO (a;wn) <w1c1e9<w1>> ) <a22(x)) =M (z;w) ( ) . (36.0)

with

w1 —w1

In order to define the Backlund transformation it is necessary to know that there is no x such that the
determinant of A(z) vanishes.

Proposition 3.6.1. The matriz A is invertible for all x € R. Moreover,
|det(A(x))|"t < Chy,  for all z >0, (3.6.2)

where the constant Cyy does not depend on x and r.

Proof. Using the symmetry (2.8.12) we find

< Zzgg ) B “}1 [ —@1_— l(é)(x)\ Q(lm) ]M(O)(%wl) [ @01 _01 } < W >

Q
2
_ 1 —Q() ISR L7 it N S
=l o etp a0 ”( “’ww”>
i Q@) 1 ][ @)
W [ —wy — [Qx)]? Q=) } ( a1 (2) )

It follows directly that
1 |— 2
det(A(x)) = an (&) + — [Q@)ann(2) — az (x)] (3.6.3)
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The case det(A(x)) = 0 is impossible, since Im(w;) # 0 which would imply that a11(z) = a21(z) = 0 and
1O (w T

hence, (1, M) € ker[M(©)]. This contradicts det(M© (z;w)) =1 (see Remark 3.1.3). Now we

turn to the proof of (3.6.2). We first introduce the constant

S P e

Since by Lemma 3.4.1 we have M) (z;w;) —1 € H'(R.) N L>'(R,.), the constant x(w;) is finite. Next,
we use the definition of a;;(x) and ag;(z) to compute

ary (z)[M O (z;w1)]22 — [MO (2;w1)]12021 () =
(MO (w0111 [M O (@5 w1)]22 — [MO (@3 w1)]12[ MO (2501)]21 = 1,

where we refer again to Remark 3.1.3 for the last equality. It follows that

1 e @) MO (5 w)]ag — [MO) (25 w1)] 12021 (2)]
a1 ()| + lazi (x)] la11(z)| + |az1 ()]
< Jan(@)] (MO (5 w1)]22| + | [MO) (5 w1)]12] |ag: ()]
B la11(z)| + |azi ()]
< K(wy).

Since formula (3.6.3) implies that | det A(x)| is bounded from below by a constant times (|a11(z)| +
lao1 (x)])? we get
|det A(x)|™! < Cr(w)?.

Here, C is some constant depending on wy and [[Q(:)|| (R, )- O

Lemma 3.6.2. For any scattering data Sy,(u™,vM) = (rM: {wy, e1}) such that 1D € XE’%J satisfies
(8.1.1) and Im(wy) > 0, Riemann—Hilbert problem 2.8.1 admits a unique solution MM (z;w). This
solution is explicitly given by

MO (a5 w) = A@)u(w) A @) MO (@3 0)p~ (w), (3.6.4)

where
(w) = w — Wi 0
H - 0 w — Wq
and M©) (x;w) being the unique solution of Riemann—Hilbert problem 2.8.1 subject to pure radiation data
S (@, vy = (+O) where

(0 (w) == r(l)(w)

—— (3.6.5)
Proof. Firstly we note that the definition (3.6.5) implies that (0 € X%zl,l and r(©) satisfies (3.1.1). Thus,
by Lemma 3.2.2 the solution M) (z;w) indeed exists. Now, let us denote by M(m;w) the right hand
side of (3.6.4) and set

m(w) Tia(w) |1 10
To1(w) m(y})}._A (@) M 5 w).

We find
wR:ezfl M (a; w) = A(z) [ (w1 —w1)721(w1) O } 7

_ _ (3.6.6)
Res M (z;w) = A(z) [ 0 (w1 —wi)m2(wr) ] ’

W=W1

0 0
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and on the other hand

w];n&)l M(l‘, w) < w101€m®(w1) 0 ) o A(x) { wlcleiz®(w1)7-22(w1) 0 :| 7

= 0 —cre @)\ 0 —cre @@, (wy)
whl?ulM(I’w)<o 0 =A@ 0 '

(3.6.7)

Using det M(©) =1 we get

(w1) = 1 wycpeOw1) (wy) = 1
PR T Gt A() wi—wy 2V T det A()
and o
(@) = — @) = Ao
MU= Get A(z)” Y T Qet A(z) w1 —wn

and thus by comparing (3.6.6) and (3.6.7) we justify that M satisfies the residue conditions (2.8.3) of
Riemann-Hilbert problem 2.8.1.

Now let us check if M admits the correct jump behavior on R. By assumption, M©) satisfies

MJ(FO) (x;w) = MmO (x;w)

1+ wlr@w)2  r0) (w)e~@Ow)
wr(0 (w)e*Ow) 1 '

Using the definition (3.6.5) of r?, for w € R, we get that

Z\7+(w;ac) = M_(w;z)u(w) wr(© (1)ei*®

1+w‘r(0(x )|2 T(O)(w)(i—ixe(w) ]M_l(w)

)
~ 14+ wlr® (@) 0 (w)e wOw)
(w;z) wr® (w)ewOw) 1
Next we observe
. -1 w
M(w;z) = [1+ Al@) “((BA (x)] MO (2 w) [ v ) } . (3.6.8)
w—w1

It follows that M — 1 as |w| — oo. This concludes the proof of our claim that M solves Riemann-Hilbert
problem 2.8.1 with data (r™), {wy, ¢ }). O

The Bécklund transformation formula (3.6.4) is a nice construction of solutions for Riemann—Hilbert
problem 2.8.1 with singularities at w; and w;. It does not only prove existence, but also allows a precise
analysis of the solution.

Lemma 3.6.3. Under the same assumptions of Lemma 3.6.2, we have

Jm - [M(U(x;w)] | € HIRONLE Ry, i w. [MO)(;p;w)Ll € HLR)NLY'(Ry). (3.6.9)
In addition, for any wy € C\ R, we have
(MW (z;w9) —1) € HY(R,) N L2Y(RY). (3.6.10)

Proof. We use (3.6.8) and the expansion

w
0 w—wi w

w 0
pW1 }ﬂ—M%0Wﬂ»%M%m
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in order to find

Jim - (MO w)] = tim o [MOGw)] |+ [A@) p(0) A7 @]y,
. " . o B (3.6.11)
Jim w [MO@w)] ) = o - [MOG@w)] ) 4 [A) 0) A7 @)y,

Note that due to Im(w;) > 0, the factors e*©(1) and e~*©@1) arising in (3.6.1) are decaying exponen-
tially as @ — 400. By the exponential decay and (3.4.2) it follows that

A(x) — 1€ HY Ry ) NLAYRY). (3.6.12)
Taking also into account (3.6.2), we conclude that
[A@) 1(0) A7 ()], = 2 Im(;”elt)("jll(gam@) € Hy(Ry) N Ly (Ry)
and .
[Ale) u(0) A )], = e (000 ¢ i) 0 12(Ry),

As for the proof of (3.6.10), we rewrite (3.6.4) as

M(l)(x;wz) =M (x;ws)

0 a21(w)[M(m((90;1172)}11)—&1%1(41()[)1\)4(0)(f;w2)]21
wo—w1 ) det x
a2 (x)[M O (z;wa)]12—a12(x) [M (O (z;w2)]22 ’ 10
(w2—w1) det(A(zx))

— 2iIm(wy)A(x)

Now, (3.6.10) is a direct consequence of M) (z;ws) —1 € H*(Ry)NL*> (R,) (see Lemma 3.4.1), (3.6.2)
and (3.6.12). O

In order to analyze Riemann—Hilbert problem 2.8.1 for negative x, we proceed as in Section 3.5. Let
M) (z;w) be the solution of Riemann-Hilbert problem 2.8.1 associated to data Sy, (u(®),v(®) = () as
in Lemma 3.6.2. Furthermore, let M™) (z; w) be the solution of Riemann-Hilbert problem 2.8.1 associated
to data Sy, (u®,v®) = (rM {wy,c;}) provided by Lemma 3.6.2. Analogously to (3.5.2) we set

M i) o= MO i) | V0 (3.6.13)

It follows that Méo)(a:; w) satisfies estimates (3.5.13) and (3.5.14) of Lemma 3.5.5. We define the matrix

by (d)
)
“21 (+) ot (3.6.14)
ag)(l’) wi) (’wl w1) 71:1:@(11)1) o
(a“’(z)) e ( o )
92

We observe

() d(wn)?* (@ —w1) —iz@(w
ajy (x) _ Y‘f(o)(x;wl) L wlci e (w1)
(d) d 1
as (7)

d(w1) (W1 —w1) | —izO(w
= MO (z;w) e e o)
d(wr)

_ (a11($)> d(w1)(w) — wl)e—ixe)(wl)
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a\? () [ @2(@) (wy — wy)eO@)
asy () az () c1d(w) '

and in the same way

We conclude that

0 Aw) (@1 —w1) ,—izO(wn)
(@) (1) = B wicl
A (ZL') = A(l’) (wl_wl)ezxe(wl) 0 ]
- Eld(ﬁl)

so that by the diagonality of p(w), we have that

Aw(w) [A@)] = AO@)(w) [AD(@)] ﬁww=[wom wfm}

Multiplying (3.6.4) from the right by

Mél)(m, w) = A (2)fi(w) [A(d) (x)] Méo) (z;w)aH(w), (3.6.15)
for
(1) (1) Tw) W= 0
. — . w) w—w1
My (z;w) == MY (z;w) 0 d(w)ﬁiﬁ . (3.6.16)

Hence, Mc(ll) is obtained from Méo) in similar way as M () is obtained from M) by (3.6.4). But since
A (z) is defined through My(x;w) and the exponential factors arising in (3.6.14) decay exponentially
as x — —oo, we have

|det AD ()| < C

for all x < 0 and
(A(x) — 1) € HI(R_)N LY (R-).

As a result we can copy the arguments and computations of the foregoing proof to extend Lemma 3.6.3
to the negative half-line:

Lemma 3.6.4. Under the same assumptions as in Lemma 3.6.2, the matriz-valued function defined in
(3.6.16)satisfies

lim w- [M;D(g;;w)} e HY(R) N L>'(R.), lim w- [M;U(x;w)] e HY(R)NL2'(R.).
|w|—o00 12 |w|—o0 21
(3.6.17)
In addition, for any wy € C\ R, we have
(MY (@;w2) — 1) € HER_) N L2Y(R). (3.6.18)

It is clear that one can also use the Bécklund transformation (3.6.4) to construct the solution of
Riemann—Hilbert problem 2.8.1 in the presence of N > 2 eigenvalues, i.e. according to scattering data
Sw(u,v) = (r;{wj, cj}évzl). Therefore, one needs to apply (3.6.4) N-times which adds successively more
and more eigenvalues. We do not provide further details, except to note that in the first step M@ — A,
the function M(® should be associated to the reflection coefficient

N
(0) _ w — ’LUJ
) = o T =
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and the norming constant used in the first step should read

N
~ w1 — Wy
Cl1:=0C H BE—
o w1 — Wy
Thus, we have proven Theorem 3.1.1.

Remark 3.6.5. Let M (x;w) be the solution of Riemann—Hilbert problem 2.8.1 subject to scattering
data Sy (u,v) = (r; {wj,cj};v:l). Fix some w’ € C\(RU{w1,...,wn, W1, ..., wx}) and consider a smooth
matrix-valued function g satisfying

[(1) (1)], xr>1,
_ N -
— d(w’ J 0
g(x) = (w)l:llw,_wj
= N , < —1
1 w — w;
0 11 J
/ ! _ a5y,
i d(w)jzlw ;|

Then, it follows from (3.6.10) and (3.6.18) that
(M(z;w') = g(x)) € Hy(R)N LY (R).

However, this fact has no relevance for the inverse scattering transform. The only purpose for presenting
statements (3.6.10) and (3.6.18) was their usefulness in the analysis of the Bécklund transformation
formula (3.6.4).

Remark 3.6.6. Combining Remark 3.4.2 and the explicit formula in the end of the proof of Lemma
3.6.2 we are able to prove that

[ M (z; )| Loy < €

for any compact subset K C C\(RU{wi,...,wy,w1,...,wn}). The constant ¢ may depend on K and
|7|l.2. In particular, since due to Corollary 2.9.2 the L?-norm of r is constant in time, we may even

bound
[ Mt 25 )|l (x) < e,

uniformly in ¢ and .

3.7 New coordinates

Let
1 1 1 1

o(s) = 3 (s - 8) , 2(Q) =3 <C + c) . (3.7.1)

We note that the function © was introduced earlier in this chapter. For instance, we can rewrite the
jump matrix (2.8.2) of Riemann-Hilbert problem 2.8.1 as

w|r(w)|? r(w)e =0 W)
R(x;w) = |: wr(’l|u)(€i:2|@(w) (w) 0 :|

The function Z, which is also called Joukowsky transform, appears in the time evolution of the scattering
data. For instance, according to Corollary 2.9.2, the time evolution of the reflection coefficent r is given
by

(t5w) = r(w)e 4.
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O(s) Z(¢)

Figure 3.1: Graphs of ©(s) = %(3 —s Y and Z(¢) = %(C +¢7h.

Thus, if we want to find the solution (u(t,z),v(t,z)) of the MTM system at time ¢ # 0, we have
to substitute the time evolution of the reflection coefficient into the matrix R(z;w). It follows that
Riemann-Hilbert problem 2.8.1 becomes time dependent with jump matrix

2 () o —12O(w)+it Z(w)
At = [ T T |

wr(w)eixG(w)—itZ(w) 0

We recall from the reconstruction formula (2.8.5) and the formulation given in (3.4.7), that, to first order
in 7,

1
ta)| ~ —
ult, )| ~ o

/ r(w)e—ix(%(w)-i-itZ(w)dw’ )
R
By the method of stationary phase (or, equivalently, by the method of linear steepest descent), we know

that i
S _izO(w)+itZ(w) N |z| =", as |z| = oo and ¢t fixed,
/Rr(w)e dw' { 1t|~Y/2, as |t| — oo and x fixed. (3.7.2)

Here, the number & > 0 depends on the regularity of r. For instance, if r(w) and r(1/w) are of the
Schwartz class, then k can be chosen arbitrarily large. On the other hand, the decay ~ [t|~1/2 as |t| — oo
cannot be improved by increasing the regularity of . The two different rates of decay can be traced back
to the differences between the functions ©® and Z. As it can be seen in Figure 3.1, the function © has
no critical point on the real axis. On the other hand for the Joukowsky transform we have Z'(+1) = 0
and Z"”(+1) # 0. For the method of stationary phase we refer to [LP14, Corollary 1.1]. In order to
understand the behavior along paths where x| — oo and [t| — oo simultaneously, we define the following
parameters, which are illustrated in Figure 3.2:

| € RT. (3.7.3)

t
7= /|[t? — 22| €RT, wo = ‘ e

Assuming |x| # [t|, it is now easy to see that

+irZ (w> , £t > |z,
wo

—ixO(w) + itZ(w) = w
FiTO <
wo

(3.7.4)

N———

x>t
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Figure 3.2: [llustration of the parameters (T,wq) introduced in (3.7.3). Along the dotted
curves, parameter T is constant. The rays running out of the origin show constant levels for
wo. On the diagonals x =t and x = —t the new parameters are not defined and relation (3.7.4)
does not hold.

which shows that the z-t-plane (= R x R) is basically divided into two disjoint regions. We call them
interior and exterior region. The precise definitions are given by

”interior region” := {(z,t) € R : |t| > 2|}, ”exterior region” = {(z,t) € R?: |z| > t|}. (3.7.5)
From (3.7.4) we learn that in the interior region the long-time behavior is determined by /™%

factor, whereas it is determined by e'™®

as oscillatory
in the exterior region. Analogously to (3.7.2) we find

—k . .
N 20 (w)itZ(w) 7Y as || = oo, (@,t) € {exterior region} and wy fixed,
/Rr(w)e dw‘ { I7|7Y/2, as || = oo, (x,t) € {interior region} and wy fixed. (3.7.6)

Note that (3.7.6) contains (3.7.2) as a special case. The fast decay in the exterior region has a simple
physical interpretation: since the MTM system arises in the context of general relativity nothing can
travel faster than the speed of light. In this model the speed of light is given by 1 and thus, eventually
everything will enter the interior region. From the analytical point of view in the exterior region as well
as in the interior region the question is twofold:

e How to extend the method of linear steepest descend to a nonlinear equation? More precisely, how
to analyze the second term of (3.4.7) which is nonlinear in r?

e In which way is it possible to have control over the dependence on wy in (3.7.6)7

The detailed analysis of (u(t,x),v(t,z)) as 7 — oo is the main subject of Chapters 5 and 6. We end the
section with some remarks:

Remark 3.7.1. The above defined parameters wg and 7 are useful for understanding the time-dependence
of Riemann-Hilbert problem 2.8.1. But for the reconstruction of v(¢, z) we use Riemann-Hilbert problem
2.8.2 instead. Here, the time-dependent jump matrix can be written as

. 0 —7(2)eiO@)+itZ(2)
R(t,z;2) = (z)eOR)—itZ(2) 2|7 (2)]? ’

which follows from the time evolution of 7 given in Corollary 2.9.2. Defining

-1 't_x, (3.7.7)

o= t+x
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% 4 Q
% N\ Q Y
Q o v 7
0 )‘S /'\« r])Q
< 7 © &
N A " 4 Y4
Cb (ﬁ\\/ \@Q (&Q
N ﬂl LM‘ L7
\\\ \ (4{1’/ d
N N LT
R4
‘ x

Figure 3.3: [llustration of (1,wo) and (T,z9) in the interior region and with the additional

restriction € < wg < e 1.

we find analogously to (3.7.4) that

tirZ <Z> . Lt > |z,

ixO(z) +itZ(z) = ZZO

+iT© <> , x>t
20

so that the terminology of exterior and interior region can be used for both functions v and wv.

Remark 3.7.2. As it can be seen from Figure 3.2, it is not possible to use (7,wy) as alternative coordi-
nates because they would be singular on the diagonals {x = t} and {x = —t}. But if we consider only
points (z,t) in the interior region with ¢ > 0, 7 > 1 and € < wg < £~! with an arbitrarily small £ > 0, say,
then wg and T make sense as proper coordinates, see Figure 3.3. Another way of avoiding the singularity
of (7,wp) on the diagonals {z = t} and {z = —t} is to introduce the characteristic coordinates, see Figure
3.4,

E=(x+1)/2, n=(x—1t)/2.

We will use these coordinates later in Theorem 5.4.1.
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Figure 3.4: Illustration of the parameters (T,wq) as in Figure 3.2 in combination with the
characteristic coordinates € = (x+t)/2 and n = (x —t)/2 which can be defined everywhere but
are most useful near the boundary of the light cone.
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Chapter 4

Solitons

4.1 Characterization of solitons

In order to provide an explicit characterization of solitons, we begin by recalling an example of a dispersive
partial differential equation, namely, the Klein-Gordon equation,

Ut — Uge +u = 0.
Looking for plane wave solutions of the form u(t, z) = Ae'**=“Y) we obtain the dispersion relation
wWwi=k2+1.

Writing w as a function of k we obtain w”(k) # 0 and hence, the quantity w’(k), also called the group
velocity, is not constant in k. In the physical context, this means that the speed of the waves varies
according to frequency. In particular, different waves disperse in the medium. It is not possible that a
single hump maintains its shape when time evolves. Once nonlinear effects are included, this dispersive
property can be lost. For example, for the MTM system (1.1.1) this phenomenon can be directly observed,
since
{ u(t, ) = sech(x +i%),
v(t,r) = —sech(x —1i7%),

provides an explicit solution of (1.1.1), that is obviously of permanent form. Thus, it seems that the
dispersive effects are cancelled by the presence of the nonlinearity. And it turns out that there exists
a large class of solutions that do not disperse but maintain their envelope. Such solutions are called
solitons. In their introductory textbook [DJ89] the authors P. G. Drazin and R. S. Johnson associate the
term soliton with any solution of a nonlinear equation, admitting the following three properties:

(a) The solution represents a wave of permanent form.
(b) The solution is localized, so that it decays or approaches a constant at infinity.
(c) The solution can strongly interact with other solitons and retain its identity, except for a phase shift.

A single, more rigorous definition of a soliton for a general nonlinear equation is difficult to find. But
thanks to the inverse scattering machinery as a mathematical framework there exists the following formal
definition of multi-solitons for the MTM system. We recall Definition 2.7.3: to any initial data (ug, vp) €
Gn we can associate the ”original” scattering data S(uo,vo) = (p, {A;, C’j}é-vzl).

Definition 4.1.1. In the case where the initial data generate pairwise distinct eigenvalues A1, ..., Ay, but
p(A) = 0 for all A € (RUiIR) \ {0} we call the solution of (1.1.1) an N-soliton solution or multi-soliton
solution. For D = {);, Cj};v:l C (Cr1)N x (C*)N we use the notation

(usol(ta Z; D)7 Usol(t7 Z; D))

for the associated N-soliton.

61
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According to this definition, the zero solution (u,v) = (0,0) is a zero-soliton. We will see later in this
chapter that in the generic case an N-soliton (use(t, x; D), vso(t, z; D)) (N < 2) represents N solitons
travelling at different speeds. Each soliton collides with each of the other solitons and emerges from the
collision unchanged, except for a phase shift. Using Riemann—Hilbert techniques we will analyse this
interaction very precisely. Thus, we justify the nomenclature of Definition 4.1.1 in the sense of Drazin
and Johnson, [DJ89].

4.2 The one-soliton

Let us start with examining the one-soliton or, shortly, soliton. That is, we fix some A\; with Im(A;) > 0
and Re(A\1) < 0 and a non-zero complex number C;. Then we want to find the unique solution (u,v) of
(1.1.1) which generates scattering data (0,{A;,C1}) at time ¢t = 0. Therefore, we shall find a solution
M(t,z;w) to Riemann—Hilbert problem 2.8.1 with

-2C4
A

r(w) =0, wy=X7? and ¢ =

see (2.7.1) and (2.7.5) for the transformation {\;,C1} — {wi,c1}. Note that we can use Remark 2.8.3
to conclude that

Usor (t, T3 {\1,C1}) = [M(t,z;0)]21, Vsol(t, T3 {1, C1}) = [M(t,2;0)]12. (4.2.1)

With the help of the Bécklund transformation given in Lemma 3.6.2, equation (3.6.4), we can derive
explicit expressions for M (t,z;w) and thus for (u,v). In principle, in order to apply formula (3.6.4) we
firstly have to solve Riemann—Hilbert problem 2.8.1 without eigenvalues. But since we assume that r =0
this yields the trivial solution M(?) = 1. Plugging the latter in into (3.6.4) we find

Mt a3w) = A(t,2)p(w) A~ (¢ 2)u~ (w),

where
ix©(wy)+itZ(wy)

1 —c1e” i
A(t,z) = an(t,z) an(t o) ] = [ wicie o

sy (t, IIZ) o (t, 1’) izﬁ@itii;itz(wﬂ 1

Note that we also used the time evolution of the norming constants given by Corollary 2.9.2. A direct
calculation yields

—2i Im(wq)aqa(t, x)
wy det A(t, x)

o 2iIm(wy)a (t,x)
Mtz 0)a = = A a)

[M (¢, 2;0)]12 = (4.2.2)

For the determinant of A we find

w1 2 | Jix®(w1)—itZ(w1) 2
A -_— 1
det A(t, x) +4(I (w1))2|61| e
lea] |ei$9(w1)—itZ(w1)’ . _ lex|[Ag ]t .
h — itz +1 — | = .
(o) cosh { Re(iz®(wq) — itZ(wy)) + log > T (1) iarg A

It is seen that

tog (LT o (G
2Im(wy) [ Tm(AD)[[\] /)

. . —Im(wi) 1 4wy | 1— |w”
Re(iz©(wy) — itZ(w1)) = w1 2|w | T Wt
\)\1|2+|>\1|‘2< \A1|2—|A1!‘2t>

2 A2+ A1) 2

Furthermore,

= sin(2arg\;)
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[ — —Re[umz(oﬁ)}
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Figure 4.1: This graphic shows real and imaginary part of usy(t,x;{\1,C1}) and the envelope
at time t = 0. The parameters are set to A1 = —0.25 + 0.03¢ and C; = 0.1.

and
. . —Re<w1>1+rwlr2< L~ fun” )
Im(izO(w)) — itZ = s e
m(iz® (wy) — itZ(w)) o 2w T+ fun 2
T oo I A P S PV
— —cos (2 — 5 Uthro a2t )
cos (2arg Ar) = TR R

Using the following physical paramters

_ ) PN a2
V= m’ B = -2 —sin(2arg \y), B = "3 — cos(2arg 1), o)
2o = Llog (G ) g = arg (=2 -
0= B8 (ImO)p])» 91 =850 )
via (4.2.1) and (4.2.2), we get
Usor(t, 73 {1, C1}) = |A\1| "' sin(2arg A1) sech (E(z — vt — x¢) + iarg A1) e~ iB(t—va)tigy (2.0

Vsot (t, 3 {A1, C1}) = —|\1|sin(2arg Ay ) sech (E(z — vt — ) — iarg Ay ) e #Al-va)+ior

which coincide with the formulas to be found in the literature. We refer to Figures 4.1 and 4.2 for
graphical representations of single solitons with specific parameters. In these plots and as well in the
explicit formulas (4.2.4), it is seen that the general 1-soliton describes a single wave package propagating
with velocity v determined by |\1]|. More precisely, if |A\;| > 1, then v € (—1,0), which means that the
soliton propagates to the left. On the other hand, if || < 1, then v € (0,1) and the soliton travels to
the right. Finally, for |A\;| = 1 the soliton does not move (v = 0). In contrast to the velocity, the shape
of the soliton is not only affected by |\1], but also by arg(A1). Let us define

A()\l) ‘= Imax \/|usol(t7 x; {)\17 Cfl})‘2 + |Usol(ta xZ; {)\1’ Cl})2|
(t,x)eR?

such that A gives the amplitude of the soliton. Making use of

1
max | sech(a £ ib)| = | sech(ib)| = Teos)]
we see from (4.2.4) that the amplitude is given by
sin(2 arg A;)

A1) = VM2

. (4.2.5)

cos(arg A1)
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5 10 -10 10

Figure 4.2: The left frame is a plot of the amplitude +/|u|? + |v|? of the soliton associated to
scattering data {\1,C1} = {—0.28+0.037,0.1}. The amplitude as computed in (4.2.5) is given
by A(A\1) = 0.7590. The right frame is a contour plot of the same amplitude.

Hence, we conclude that

A(/\1)—>{ 2/ 1M+ [ M)?, as arg A — T,

as argA\; — 7.

Another parameter of the soliton is £. It determines the width in the sense that the bigger F, the
narrower the profile of the soliton. We end our discussion on the one-soliton with several remarks.

Remark 4.2.1. The norming constant C has influence only on the spatial position and the phase of
the soliton.

Remark 4.2.2. Let us recall that C; = 71 /a’(A\1). It can be shown that for a one-soliton the scattering
coefficient « is given by
A A2 — 22
a(l) = )\—liié
122 -2
and thus o/(\1) = —iA1/Im(A2). Tt follows that

1
z0= log(lnl), o =arg(n) + 3,

Note that in [KM77, page 197] one can find the formula zg = +log(|e1|). This discrepancy is due to
different notations: 7; in our notation is equivalent to ¢; in the notation of [KMT77].

4.3 Multi-solitons

This section is devoted to the study of multi-solitons with more than one eigenvalue. In principle, in order
to compute an N-soliton in the sense of Definition 4.1.1, we can use the Backlund transformation (3.6.4)
N times to solve the corresponding RHP. But in practice, if N > 2, this will not lead to a nice formula
such as (4.2.4). However, very nice numerical plots of N-solitons can be obtained with the Bécklund
transformation. As a matter of fact each plot presented in the present chapter is generated with MATLAB
using nothing but the Bécklund transformation (3.6.4).

If one wants to understand multi-solitons with analytical tools, it is necessary to compute their behavior
ast — —oo and t — +o00. Surprisingly, Theorem 4.3.2 below also holds in the presence of a non-vanishing
reflection coefficient p(A) # 0. In the ensuing Corollary 4.3.3 we extract the statement that any multi-
soliton breaks up into single solitons.
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s

Ds_(.]o) .

Figure 4.3: An illustration of the partition R* = DZ (jo) U S:(jo) U DT (jo).

Let us consider scattering data S(u,v) = (p,{)\j,Cj};V:l). We pick one eigenvalue, say \j,, for an
arbitrary jo € {1,..., N}. From the explicit formula for one-solitons, see (4.2.4), we know that, if p =0
and N = 1, then this eigenvalue would correspond to a soliton propagating at speed vj,, where

L ’)‘jo‘72 — ’/\j0’2

Vig 1= o (4.3.1)
70 ’)‘jo‘_Q + |/\j0’2
Furthermore, this soliton will eventually be localized in the region
Se(jo) = {(t,x) eR%: |z — v t] < V1] g}, (4.3.2)

where € > 0 can be chosen arbitrarily. The statement of Theorem 4.3.2 below is, that (up to an
exponentially decaying correction term) outside of S.(jo), the particular eigenvalue \j, is actually not
'visible’.  Only the eigenvalues \; corresponding to velocities v; # vj, are affecting (u(t,z),v(t,x)) if
(t,x) ¢ Sc(jo). Therefore, we define the the following index sets

A(jo) == {j € {1, ., N} 1 [Nj] > A}

D(jO) = {.7 € {17 ’N} : ’)‘j‘ = ‘)‘jo‘}a

T0) = (€ {1 N Il < [Ap ) (4335)
A(jo) := A(jo) U (jo)-

Note that #A(jo) < N — 1. Since the case where different eigenvalues have identical absolute values is
not excluded, it is possible that #A(jo) < N — 1. As it is seen in Figure 4.3, S-(jo) forms a narrow set.
The line {(¢,z) € R%z = vt} is contained in S.(jo) if and only if v = vj,. Furthermore, R? is split by
S.(jo) into three disjoint domains. We have R? = D (jo) U S-(jo) U DZ (jo), where

D= (jo) == {(t,x) eR?:x < vt — 1 s}, D (jo) = {(t,:c) ER x> vt + \/He}. (4.3.4)

We shall now give a technical statement to be used in the proof of Theorem 4.3.2.
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Proposition 4.3.1. Let \j, € C such that Im(X\j,) > 0 and Re(\j,) < 0. Define the quantities vj,
and DZ(jo) as in (4.5.1) and (4.5.4) and set w;, = )\j_o2' Then there exists a to > 0 such that for all
(t,x) € DI (jo) with |t| > to, we have

eix@(wjﬂ)—itZ(wjo) < e ce |t|

On the other hand, for all (t,x) € D (jo) with |t| > to, we have

‘e—me(wjo)ﬂtzwjo) < eV,

In both inequalities the constant ¢ does not depend on x and t.

Proof. The proof of the proposition is very technical but still elementary. Let us start with (¢,2) €
DX (jo) N {x > |t|}. We recall the parameters 7 and wy from Section 3.7. By (3.7.4) we have

ezx@(wjo)—itz(wjo) — ez‘r@( wo )

We recall the definition O(s) = (s — s~!)/2 and find

Re <¢T@ (1”3())) _ _Tlm(wjo) lwjo|? + wg).

wo 2 U}0|U}j0|2

Using 7 = |t — x|wy we get

Re <i7’@ <w]0>> = —|t— x’Im(ij) |wjo’2 ‘f’gw(% < Jt— x’w
wo 2 ‘wjo‘ 2

If t <0 and x > [t], then |t| < |t — z|/2. Therefore, we can conclude that

|eix9(wj0)—itZ(ij)‘ < e—|t|Im(ij)’ x> —t>0.

Analogously, by 7 = |t + x|/wy we have

: Tm(w) lws |2 & w2 (.
Re (iT@ (%)) = —|t+ x| m(wjo) |w]02| +7“2”0 < —|t+x|%]02).
wo 2 w0|wjo| 2|wj0|

If t > 0 and x > |¢|, then |t| < |t + z|/2. Therefore we can conclude that

Im(wjo )

wiol* x>t>0.

. . —|t
|6zx9(wj0)fth(ij)‘ <e It]

Now we turn to the interior region. That means that we consider (¢,x) € DX (jo) N {x < |t|}. If t > 0,
the condition = > vt + +/|t| € is equivalent to

€ 2‘wj0‘

X g
1+-—>1+vjy+ —==7——"-"7"-"-++—
t 70 ﬁ |wj0’+|wj0’_1 \/7?

and .
x € 2w, |~ €
1—7<1—uj0——:—’ jol — —
t \/E |wj0’ + |wj0’ \/E
such that
2|'LU]'O| €
PO LR b - Y T RV A S N el U1 &
07 t—2 1-¢ L LY S TN
v [wjo [ +lwjo =t Vit [wjo [ +wjgl =1 Vit
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Thus, we can find constants ¢, ty > 0 depending only on |wj,| such that if ¢ > ty, then

w2 — w2 > e (4.3.5)

Vit

From (3.7.4) we know that in the domain DX (jo) N {x < [t|} N {t > 0} we have
ixO(wj),) — itZ(w;,) = —itZ <>

and it is easy to compute that

Re <—i7’Z (%)) — _TIm(ij) w% — ’wj0’2 _ _Twolm(wm) (w% — ‘;Ujo|2> )

Wo 2 wO’wjo‘z 2|wj0|2

By (4.3.5), the factor (w3 — |wj,|?)/w3 satisfies

1 : 2 .12
T R S

Using Two = (t +z) = t(1 + §) > tvj, we can finally estimate as follows:

_t Im(wjo)

Vjoﬁ . . 2 2
0wy —itZ(wsy)| « | © fiol” o if (¢, 2) € DE (Jo) N {x < [t} N {t > 0} and wg > 2|wj,|

- Im(w; )
J
—tv;
\/i ]064‘11)_ ‘4
e Job

if (t,x) € DF(jo) N {x < [t|} N {t >0} and w3 < 2|wj,|>.

If (t,x) € DI (jo) N{z < |t|} N {t < 0}, then we have

w0 (wj,) — itZ(w;,) = +irZ (wﬂo)

wo
and
lw;,|? — wd > e
Jo 0 \/g
Using these observations, it is possible to complete the proof of the first part of the proposition. The
proof of the D (jo) case is analogous. O

Now we state the main result of the present chapter. The meaning of this theorem in the context of
multi-solitons will become clear by remarks and the corollary thereafter.

Theorem 4.3.2. Suppose that (ug,vo) € Gy with scattering data S(ug,vo) = (p; {\k, Ck}i_,) and con-
sider the solution (u,v) of (1.1.1) with initial data (ug,vo). Then for any e > 0 and jo € {1,..., N} there
exist positive constants ¢ and ty such that the following two statements are true.

(i) Denote by (uD:(jO),vD:(jO)) € Gun(jo) the solution of (1.1.1) with modified scattering data

(05 { > Ch T eeaio))-

Then for all (t,x) € DX (jo) with |t| > to we have
Ju(t, @) = upg (o) (6 @)+ [0(8 ) = vy o (8 @)] < cem VI (4.3.6)
(i) Denote by (uD;(jO), Up- (jo)) the solution of (1.1.1) with modified scattering data

(ﬁ? {Aka 5k}k€A(jo))7
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where
—92 2 —2 2
~ by )\2 — )\2 . o )\2 _ )\2
P =pn) [ Aé( 5 é) . G=a ] A;(’; =N (4.3.7)
je0Go) 9 \AT = A, ietiGe) 9 \AL — A

Then for all (t,z) € D (jo) with |t| > to we have
Ju(t, @) = wp- o) (b )| + [o(t2) = v oy (8 @) < cem VI,

Proof. Instead of (p; {\r, Ck}2_,) let us consider the transformed scattering data (r; {wg, cx}2_,) and the
corresponding solution M (¢, z;w) of Riemann—Hilbert problem 2.8.1. Now we define for jy € {1,..., N}
a new function M by

1 0
M(t, z;w) ( ;PO it Z(w;) ) . if lwj| = |wjy| and |w — wj| < o,
M(t, z;w) := | GO G (4.3.8)
M(t, 25 w) . R , o if fws] = fwje| and Jw — ;| <,
| M(t,z;w), else.

The constant o is chosen sufficiently small such that the balls B,(w;) and B,(w;) do not intersect.
The new unknown M differs from M only in small neighborhoods of such eigenvalues w; and w; whose
absolute values coincide with the absolute value of |wj,|. It is a standard computation (see for instance
[Saal7a, page 465]) to show that M does not admit any singularitics at wj and w; if |w;| = |wj,|. In other
words, these singularities are removed by the definition (4.3.8). On the other hand, the singularities at
w; and w; with j € A(jo) are still present. The jump on R is also unchanged. That is, M, = M,(l +R)
for the same matrix R as in Riemann-Hilbert problem 2.8.1. But the definition (4.3.8) also produces a
new jump on the contour
Si= |J 9B,(w;)UdB,(w;).

J€0(0)

For w € ¥ let us denote by Mi(t,x; w) the limit of M(t,x;w’) when w’ approaches w from the inte-

rior/exterior of the ball B,(wj) or B,(w;), respectively. Using this notation, we have M = M_(1 + R)
on X, where

0 0
o » i Jwj| = |wjo| and Jw —w;| = o,
~ w — wj
R(t,z;w) = 6jefim®(ﬁj)+it2(mj)
w — W, , o if Jws] = [wj,| and |w —w;| = o.
0 0

Now let us denote by M7 (t,x;w) the solution of Riemann-Hilbert problem 2.8.1 associated with the
scattering data (r; {wr, cxtren(jo)) We want to find E(t, z;w) such that

M#(t, z;w) = E(t,a:;w)M(t,a:;w). (4.3.9)

By the above explanations it is clear that E has to be analytic everywhere in C\¥. On X, E has to
satisfy a jump condition F, = F_(1 + R(e”)). Since M# is continuous across 3, we find the condition

By (23 w) M (t, 7;w) = B (t,z3w) M_(t, 7;w),

which is satisfied if .

R(err) (t, z; w) — f]\/ZJr(t’ x; w)é(t, x; w) []/\ZJF(t, x; w)}
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By Remark 3.6.6 we know that HMJr(t, ;)| Loo(x;) can be bounded uniformly in = and ¢ by a constant C
that only depends on the scattering data and the constant p. Thus, by Proposition 4.3.1 we can conclude
that for all (t,x) € DX (jo) with [t| > tg we have

IR (8,25 )| Lo (ynzr ) < Cem VI,
From the small norm theory for RHP’s (see Theorem A.1.3 in Appendix A.1) it follows that for all
(t,x) € DI (jo) with [¢| > to we have
|E(t,2;0) — 1] < Ce™e= VI, (4.3.10)

Recalling Remark 2.8.3, we have

u(t, x) = [M(t, Z; 0)]21 = [M(t, x; 0)]21.

Furthermore, using the notation (u DZ (o) VD2 ( jo)) as introduced in the theorem we have

Up+ (o) (5 T) = [M#(t, 2;0)]21.
Thus, thanks to (4.3.9) and (4.3.10) we finally find for (¢,z) € DX (jo) with [¢| > ¢,
u(t,2) = s oy (@) = |23 0)]a1 = [MF(t,30)]a|
- ’[M(t,a:;O)]gl - [E(t,a;;())z\?(t,x;())]m]
< |B(t2;0) = 1] [M(t,;0)|
< ce eVt

I, such that the first assertion of the theorem is

Analogously, we find |v(t,z) — UD:(jO)(t, x)| < ce™*
proven.

For the proof of the second assertion we can proceed in a similar way. But first we have to define

jeto) ¥
J— 0 .
B R =

]

J€0(0)

As above, let M(t,2z;w) be the solution of Riemann—Hilbert problem 2.8.1 subject to the transformed
scattering data (r; {wy,cx}_,). Set

( 1 wW—wj
M(t, z;w) < . —ijjeme(le)ﬂtZ(wj) ) D(w), if |wj] = |wj,| and |w — w;| < p,
M (t, w;w) = 1 0
M(t,z;w) w—w; 1 | Pw), if lwj| = |wj| and |w —w;] < o,
Ejefiz@(ﬁj)+itz(ﬁj)
| M(t,x;w)D(w), else.
(4.3.11)
It can be checked by a straight forward computation (see once more [Saal7a, page 465]) that singularities
at w; and w; are removed for all j such that |w;| = |wj,|. The singularities at w; and w; for j € A(jo)
are still present and we have the following residue conditions:
Res M(t,z;w) = lim M(t,z;w) [D(w)] o 0 D(w)
w=wj T w—w; T chjezxe(wj)—th(wj) 0 ’ (4 5 12)

0 —¢. e @OW;)+itZ(w;)

Res M(t,z;w) = lim M(t,z;w)[D(w)] ™" [ 0 J 0 ] D(w).

W=w; W—Wy
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On R, M satisfies the jump condition

- ) o ‘ 1 w\r(w)P 7,(w)e—i:;c@(w)Jrz'tZ(w)
M (t,x;w) = M_(t, z; w)<1 + [D(w)] [wr(w)eme(w)_”z(w) 0 D(w)|. (4.3.13)
Defining new scattering data
(75 {wk» Ck Yrea (o)) (4.3.14)
where ) )
. w — wj . Wg — wj
= = — 4.3.1
rw=rw I (222) . a-a I1 (222). (43.15)
7€0(o) J€0(o)

the residue condition (4.3.12) can be rewritten as

. . . 0 0

ﬁeg’j M(t, z;w) = wh—glvj M(t, z;w) |: wjéjeia:G(wj)—itZ(wj) 0 ] )
; 5 SO (W) it Z(w;)

Res M(t,z;w) = lim M(t,x;w){o €€ ’ ’ },

W=W; wW—W; 0 0
and the jump condition (4.3.13) is equivalent to
. . w|7:(w)|2 me—m@(w)ﬂw(w)

Furthermore, from the definition of M it follows that M admits a discontinuity on ¥, that is M+ =
M_(1+ R) on X, where

0 w—w;
[D(w)] ™ ( 0 *”"”J'Cjemagj)ﬂtz(wﬂ ) D(w), if |wj| = [wj,| and |w —w;| = o,
R(t,z;w) =
(t,20) ) ) )
[D(w)] w—w; o | P(w), if |w;| = |wj,| and |w —w;| = o.
oo Ot HIZ ;)

Now we proceed as in the first part of the proof: we define M b(t, x;w) to be the solution of Riemann—
Hilbert problem 2.8.1 with scattering data (4.3.15). Hence, M and M’ satisfy identical residue conditions
at w; and w; for j € A(jo). Furthermore, they satisfy identical jump conditions on R. The difference is
only given by the additional discontinuity of M on X. Thus, if we want to write

Mb(t, zyw) = E'(t,z;w)M(t, z;w), (4.3.17)
we find that on X, E’ has to satisfy a jump condition E', = E’ (1+ R with
R (t, 2;w) = — My (t, 5w R(t, 2 w) [My (8, a30)]

Since the exponential factors in the definition of R are reversed, we can apply the second part of Propo-
sition 4.3.1 which tells us that for all (¢,x) € D2 (jo) with |t| > t¢o we have

—cer/|¢|

IR (t,25) || oo syt (s < ce :
Hence, from the small norm theory for RHP’s (see the appendix) we conclude
|E/(t,2;0) — 1| < ce = VI, (4.3.18)

Recalling Remark 2.8.3, we have that
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For
W (t,x) == [M°(t, 2;0)]a1,

and thanks to (4.3.17) and (4.3.18) we finally find for (¢,z) € DX (jo) with [¢| > to,

utn) = [ TT 22| ww)] = |07t ;0) — (2,2 0)) |
j€0Go) 7

‘[M(t,w;o)]zl - [E,(t“f'?())ﬁ(t’xso)LJ

B/ (b, 250) — 1] - [ B (1, ;0)|
ce °¢ \/m

IN

IN

Recalling the notation w,— jo)(t’ x) from the theorem, it remains to show that

w.
up-gyto) = | 1] v to). (4.3.19)
7€0(o)

By definition, u’(t, ) belongs to the scattering data (7; {wy, CkYkeA(jo)). From Remark 2.9.4 and since
ITT 32| =1, we know that
J

LWy
jel(jo)

belongs to the scattering data (7; {wg, ¢k }rea(jy)), Where

7. 7, —_ . 2
ﬂwzmoﬂ1¢mw>H7%C’%),
j€0Go) jego) I N T
and )
~ . w; w;i [ W — w;
e I 2= I3 (53
i€0Go) 9 jeGe) 7 N R

Finally we remark that by
2

_ 2 2 2\ 2
w; \W — Wy )\? )\2_X§

which holds for all complex A2 = w™! and )\JZ = fwj_l, it follows that the transformed modified scattering

data (75 {wg, Ck}ren(jo)) are equivalent to the modified data (p; {)‘kaék}keA(jo)) as defined in (4.3.7).

Hence, (4.3.19) is verified. Deriving |v(¢, ) —vp,- (jo)(t’ z)| < ce=¢¢ VI in an analogous way we complete
the proof of the theorem. O

In order to understand the meaning of Theorem 4.3.2, we consider the following particular case. Let
(up,vo) € Gy with scattering data S(ug,vo) = (p(A); {1, A2; C1, Co}) Furthermore we assume |[A1] < |Az].
For both eigenvalues we can compute the quantities v; as in (4.3.1) and we find vy > 5. The crucial
observation is the following: for large positive ¢, the set S-(1) is contained in DI (2), while for large
negative t it is contained in D7 (2). More precisely, there exists a constant tyg > 0 such that

S.(1) N {£t > to} € DE(2).

We refer to Figure 4.4 for an illustration of the arrangements of the sets S-(1), DZ(1), S-(2) and DZ(2).
Theorem4.3.2 applied to j = 1 yields:
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Figure 4.4: The picture shows the situation of two eigenvalues with |Ai| < |Az|.

(x,t) € Sc(1),t >to: (u(t,x),v(t,x)) ~ (uD;(Q)(t,x),'L)D:(Q)(t,x)),
(z,t) € Se(1),t < —to: (u(t, z),v(t, x)) ~ (up=(9)(t,2),vp— () (L, 7)),

€ £

and we learn that in S.(1), for the two cases t — oo and t — —oo, the solution (u,v) converges to
different solutions. The same holds for the set S:(2): we have

Sc(2)n{£t > to} € DI (1),
and by an application of Theorem 4.3.2 to the case j = 2 we obtain

(x,t) € Sc(2),t > to: (u(t,x),v(t,x)) ~ (UD—(l)(t,$),UD—(1)(t,{L‘)),

€ €

(x,t) € S:(2),t < —to: (ult,z),v(t,x)) ~ (uD;r(l)(t,x),ij(l)(t,x))

In order to describe (u,v) in the complement of S;(1) U S.(2), we have to apply Theorem 4.3.2 twice. Let
us consider for example the region D (1) N DZ (2). Applying the theorem to the index j = 2, we know
that

(x,t) € DZ(2) : (u(z,t),v(x,t)) ~ (uDg(z)(t’ x),vDs—(Q)(t,ac)),

where (up- 9 (t, %), - (o) (7)) € G1 belongs to scattering data

2 ) 2
N (A2 — A2 Xy [ A2 — )2
P(A))\g =3 )\170173 ; =
A2 - 5\ -
Now we can apply Theorem 4.3.2 again to the solution (“D;(2) (t,:n),vDs—@) (t,z)) and we find that in

D2 (1) for large |t], (UD;(Q) (t,x),ng@) (t,z)) is approximated by a pure radiation solution, that is a
function in Gy which has only a reflection coefficient and no eigenvalues. This reflection coefficient is

given by
2 2 2 2
H A% = AF
p( jQ < >
j=1 Aj

-
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From this example it is clear that the procedure can be repeated for the remaining connected components
of RZ\(S-(1) U S-(2)). For each component one will eventually end up with a pure radiation solution
whose reflection coefficient depends on the component as it is seen in the following table:

’ domain ‘ reflection coefficient ‘
2 2 2 2\ 2
PV DS
D-()NDZ(2) | PN =pN) [ 52 —
jgl AJ AN - X
32 2 12
D-)NDFE) | PO =p) (A
AT A2 =\
—9 2
A A2 — )2
DH(1) N D= (2 I\ = p(\) 22 2
S()NDZ(2) | pT(N) p()Ag R
DF(1)Nn DX (2) PP =p(N)

In the case of more than two eigenvalues, one can proceed in a similar way. We summarize our observations
in the following corollary.

Corollary 4.3.3. Suppose that (ug,vo) € Gy with scattering data S(ug,vo) = (p;{M\r,Ck}a_,) and
consider the solution (u,v) of (1.1.1) with initial data (ug,vo).

1. Then for anye > 0 and jo € {1, ..., N}, there exist positive constants ¢ and tg such that the following
two statements are true.

(i) Denote by (wj, +,vjy,+) the solution of (1.1.1) with modified scattering data

B % G et

-9 2 —2 2

~ A AZ — )\2 - o AQ o )\2

r=p) ] ;2( ]> . Cr=a ] /\;< : ;) . (43.20)
J J

2 _ )2 2\ 2
jev(jo) AT jev (o) b= A
Then for all (t,z) € S:(jo) with t > to, we have
Ju(t, @) = wjo 1 (1, 2)| + [0(t, ) = vjo 4 (8, 2)] < ce™ VI,

(it) Denote by (ujy,—,vj,,—) the solution of (1.1.1) with modified scattering data

(ﬁ_v {)‘k‘7 ag}kED(jo))a

Fw = I
J

J€A (o)

—2 2 <2
(N2 = \2 ~ py
‘<)\2 )\%> - Gma dl 5

-y JEA(jo) T

A2 - a2\’
< ’2“ ;) . (4.321)
A2\

Then for all (t,z) € S:(jo) with t < —to, we have
It

\u(t,x) - Ujo,-i-(t, .%')‘ + ”U(t,l‘) - Uj07+(t7 x)‘ <ce °°

2. Moreover, for each connected component D of

N
R2\ U SE(]))
7j=1
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there exists an index set N(D) C {1,..., N} such that the pure radiation solution (up,vp) € Go
associated to the reflection coefficient

3oz’
)=o) ] ;(A AJ)

2
jeN(D) 73 A2 =

approximates (u,v) in the sense that
u(t, ) — up(t, z)| + v(t, z) — vp(t,z)| < ce e VI,

for (t,x) € D and |t| sufficiently large.

Remark 4.3.4. Since for any index jy we have |v;,| < 1, the set {(z,t) € R* : |2| > max {|t|, o} } (which
coincides with the exterior region for large ¢ and x) is contained entirely in the complement of each S:(j).
As a consequence, by Corollary 4.3.3 it follows that we can limit ourself to pure radiation solutions if we
want to study the long-time behavior in the exterior region.

Let us now return to solitons. We consider D = {\;, C; }jvzl and recall the notation
(usol (ta x; D)7 USOZ (ta xa D))

from Definition 4.1.1. Since p(A) = 0, the second part of Corollary 4.3.3 tells us that for all
N
(t,2) € R\ | S:(4)
j=1

and [t| > tg, we have
sl (t, 23 D)| + |vsor(t, ; D) < Ce e VI,

Thus, the multi-soliton is localized in the sets S:(j). For fixed jo € {1, ..., N} we define

+ =+
D, =N, 5 Fiengo)s

-2 2 -2 2
N (A2 —)\2 Ao A2 — )2
J J

; 2 2 2 2 2
Jj€v(jo) Ak~ >‘j FE€A(Go) Ak — )‘j
and find for (¢,z) € S:(jo) and £t > ¢y that
|usol(t, ;D) — usol(t,IB;D;-l(:))| + |vso1(t, ;D) — vs01(t, x5 ng)\ < cece VI, (4.3.22)

One might wonder if this formula yields any advantage because it expresses a multi-soliton in terms of
other multi-solitons. But what is nice in (4.3.22), is the case where any two eigenvalues \; and A, have
different absolute values. That is

£ i R (4.3.23)
In this case we have #0(jo) = 1 for each jy € {1,..., N} and thus

+ +
Djo - {)\jo’ Cjo}'

Hence, each multi-soliton (use (%, x; D;g), Vsol (T, T; Djjz)) in the formula (4.3.22) is actually a single soliton
for which we can use the explicit formula (4.2.4). It is then possible to rewrite (4.3.22) in the following
form:
N
Usol(t, Z; D) ~ Z usol(tu Z; {>\j7 C]:t})v

<
I
—

as t — %o0. (4.3.24)

WE

Usol(t) €L D) ~ USOl(t’ Z; {)\j’ Cji})’

.
Il
—_
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Thus, under the assumption (4.3.23) an N-soliton breaks up into N individual solitons. This implies
that an N-soliton describes the interaction of single solitons. To make this more precise, we denote by
xoij the center of the 1-soliton (ugse(t, z;{\;, C’;-t}),vsol(t,a:; {Aj, C]i})) at time t = 0. Thanks to (4.2.3)

we have the very explicit formula
T = ilo Lﬂi‘
"7 B\ mO2A )

The interaction of the solitons can be determined by the quantity Axg ; := a:({ ;— o - We directly find

1 G| 2
Axg; = E'log |C’ | =& Z log Z log

T \kev(j) kEA(H)

)\2
)\ -

)\2
A2 — /\k

(4.3.25)

In particular, if we consider the collision of two solitons corresponding to eigenvalues A; and Ao with
|A1] < |A2|, the shift of the centers of the two solitons is given by

2 2 2 2
A$01—_Eil )\72, A900,22310g )\2_2 :
1 (X2 = 122D =W
Since for any j # k we have
A2 — )2
. “h<n,
AF = AL

we get that Azg1 > 0 and Azgo < 0 which means that the first soliton is pushed into positive z-direction
whereas the second is shifted into negative z-direction. Note that the case |A;| < |A\2| which is equivalent
to v1 > 19 can be identified with to one of the following three cases:

(i) v1 > v > 0: both solitons travel from the left to the right. As ¢ — —oo the first soliton is on the
left of the second. Ast — +o0o they have changed places which means that the first soliton overtook
the second. In this setting, the faster soliton is shifted forward by the interaction.

(ii) v1 > 0 > wvo: the first soliton travels from the left to the right, the second from the right to the
left. In the meantime they collide. Caused by the collision, the first one is shifted into positive z-
direction, the second is shifted into the negative x-direction. But according to direction of travel, for
both solitons the shift can be regarded as a forward shift. We refer to Figure 4.5 for an illustration
of this kind of soliton interaction.

(iii) 0 > v1 > vo: both solitons travel from the right to the left. As ¢ — —oo the first soliton is on
the left of the second. As t — 400 they have changed places which means that the second soliton
overtook the first. Because of |v1| < |v2| the second soliton can be regarded as the faster one. It
is shifted into negative z-direction which can be interpreted as a forward shift. Thus, there is an
analogy between the cases (i) and (iii).

Equation (4.3.25) can be analyzed as follows: If N solitons interact, they actually interact pairwisely. In
other words, every soliton collides with all others (here, by collision we also mean overtaking manoeuvres).
(4.3.25) tells us that the total soliton shift is equal to the sum of its paired collisions. Hence, there is
no effect of multiparticle collisions at all. We refer to Figure 4.6 for the situation, when N = 3. Each
soliton has to interact with the two other solitons. In total, three collisions occur before the solitons
continue travelling separately. The norming constants are chosen in such a way that these three collisions
take place at different points in the ¢t-z-plane. Furthermore, one can see that between two collisions each
soliton behaves like a soliton after one collision.

Additionally to (4.3.25) we can also compute the phase shift A¢; = ¢j — qﬁj_, where qb;-t denotes the
phase of the soliton (use(t, z; {A;, C;E}),vsol(t, x; {)\j, C’;E})) as given in (4.2.3). We compute

e AF — -\
Apj = —2 Z arg )\—k)\2 72 +2 Z arg — |-

Ak KeA () Ak /\2 Ak
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Figure 4.5: The left frame is a plot of the amplitude /|u|?> 4 |v|? of the 2-soliton associated
to scattering data {\1,\2;C1,Co} = {—0.6 + 0.6i,—1.2 4+ 1.24;0.1,1}. The right frame is a
contour plot of the same amplitude.

20

10t

Figure 4.6: The left frame is a plot of the amplitude \/|u|? + |v|? of the 3-soliton associated
to scattering data {1, Ao, A3; C1, Ca, C3} = {—0.4+0.44, —/24++/2i, =1 +1i;0.1,.001,10}. The
right frame is a contour plot of the same amplitude.
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Figure 4.7: The left frame is a plot of the amplitude \/|u|* + |[v|? of the breather associated
to scattering data {A1, A2;C1,C2} = {—0.7538 4 0.2680i, —0.3329 + 0.72744;1,1}. The right
frame is a contour plot of the same amplitude. Thanks to (4.4.2) we can compute the time
period: w = 4.8414

Again, we realize that the total shift is the sum of shifts that come from two-body interactions.

The conclusion of this section is the following: assuming (4.3.23), for large negative ¢, an N-soliton is
approximated by the sum of N single solitons with different velocities. When time ¢ varies from —oo
to 400, each soliton collides with all of the others. But after N — 1 collisions the soliton is the same
as before, except for a different norming constant. In terms of physical parameters, the change of the
norming constant entails a spatial shift Axq ; and a phase shift A¢;. But any other parameter appearing
in the list (4.2.3) remains unchanged. In this sense we can justify that the term soliton as introduced in
Definition 4.1.1 by requiring p = 0 is on par with the general physical definition of [DJ89], as reported
in Section 4.1.

If we assume that |\;| = |\;| for some j # k, an N-soliton does not break up into NN single solitons.
(4.3.22) shows that in the region S.(j) = S:(k) the N-soliton is approximated by a 2-soliton. In the
following section we give an answer to the question what a 2-soliton with |\;| = |\g| is looking like.

4.4 Breather solutions

Using the Backlund transformation of Section 3.6 one could compute an expression for a 2-soliton with
eigenvalues satisfying |A1| = |A2|. However, this is a very lengthy algebraic computation that we prefer
to perform using a computer. See for instance Figure 4.7, where the amplitude of a 2-soliton in the case
of |A1| = |A2| is computed numerically. From the picture one may presume that the resulting object is
periodic in time while it travels at constant speed. And indeed, one can prove that this is the general
behavior of such particular 2-solitons. We do not give more details except for the following observation:
one can be convinced by the Bécklund transformation formula (3.6.4) that |us(t,z; {A}, Cj}?zl)] is a
rational function of the following expressions:

klgl, k‘lgg, kQEl, kQEQ, (4.4.1)
where k;(t,xz) = cjeme(wf)_“z(wj) for j =1 and j = 2. As it known from Section 4.2, expression k;k;
is constant along a path x = xo + tv;. So, if |wi| = |wz|, then v1 = vy and they are constant along the
same pathes. In order to understand the objects k1ko and kok1, we use the following proposition.

Proposition 4.4.1. Let A\, A2 € C such that Re(\;) < 0 and Im(X;) > 0 and || = |Ag|, but A\ # Xs.
Let wj = )\j_z, let A, B € C and define

f(t, :L’) _ Aeix@(wl)*itz(wl)BeixG(wz)—itZ(wz)'
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Figure 4.8: The left frame is a plot of the amplitude \/|u|?> + |v|? of the 3-soliton associ-
ated to scattering data {1, A2, A3; C1, Ca, C3} = {—0.7538 + 0.2680i, —0.3329 + 0.72743, —1 +
i;1,1,1000}. The right frame is a contour plot of the same amplitude.

Then, for all (t,z) € R?,
fit,z) = ft + w,z + vw),

where v = (IM]72 = M) /(1A 72 + [M?) = (X272 = [A2?)/([A2] 2 + [A2f*) and

Ry
| cos(2arg A1) — cos(2arg \9)|

(4.4.2)

Hence, along paths where x = xg + vt, the function f is periodic in t with period w.

The proof is elementary and omitted here.
Returning to the study of the 2-soliton we conclude, that each function in (4.4.1) is periodic in ¢ with
period w. Hence, |usu(t, ; {)j, Cj}?:1)| is also periodic in ¢ with the same period.

The periodicity obtained above is the reason why multi-solitons that do not diverge, but form a bound
state, are commonly called breathers. We finish the chapter with some remarks.

Remark 4.4.2. Assume N = 3 and |A;| = |A\2| = |A3]. Then, analogously to (4.4.1) one needs to consider
kiki, kika, kiks, kak1, kaks, kaks, kaki, ksks, ksks.

All these expressions are periodic in t, but they have different periods. Thus, the resulting breather
solution is periodic if all periods are rational multiples of each other and quasi-periodic otherwise. The
same can be obtained for N > 4.

Remark 4.4.3. Breathers are structurally unstable in the sense that almost every perturbation of a
breather leads to scattering data that satisfy (4.3.23). Thus, the perturbed breather splits into N single
solitons.

Remark 4.4.4. Clearly, we can also have the combination of single solitons and breathers. Then,
Corollary 4.3.3 tells us that the single solitons interact with the breathers in the same way as they
interact with solitons. See Figure 4.8, where we show how a soliton collides with a second order breather.



Chapter 5

Long-time asymptotics in the exterior
region

5.1 Main result for the exterior region

In this chapter, our goal is to find the asymptotic behavior of solutions of the massive Thirring model in
the exterior region |x| > |t|. First of all we can make use of Corollary 4.3.3 (see also Remark 4.3.4), which
tells us that in the exterior region any solution converges exponentially to a pure radiation solution. For
this reason it is sufficient to consider the RHP’s 2.8.1 and 2.8.2 without poles (N = 0). Using the time
evolution of the reflection coefficient (see Corollary 2.9.2) we find that the time-dependent jump matrix
of Riemann—Hilbert problem 2.8.1 is given by

w‘r(w)|2 me—ixG(w)-&-itZ(w) :|

R(ta €T ’LU) = |: )eizG(w)—itZ(w) 0

wr(w

Using the new parameters wg and 7 as defined in (3.7.3) and the relation —iz©(w)+itZ(w) = —i7O(w/wo)
for x > |t|, we get that

R(t,z;w) = Ry (w/wp), (5.1.1)
where R is given by ‘
p(s)A(s)  pls)e IO
(s) = / 1.2
R (5) |: p(S e27'9(5) 0 (5 )
with
p(s) :==wp-s-r(wy-s), p(s) :=r(wo - s). (5.1.3)
Now, denoting by M (t,z;w) the solution of Riemann—Hilbert problem 2.8.1 we can construct by
M(7;s) := M(t, z;wp - s) (5.1.4)

a solution of the following problem for fixed wy:

Riemann-Hilbert problem 5.1.1. For given functions p, p and 7 € R, find a 2 x 2-matrix valued
function C\R > s — M(7;s) which satisfies

1. M(7;-) is analytic in C\ R .

2. M(7;8) =1+ 0 () as [s| = o0.

3. The non-tangential boundary values My (7; s) exist for s € R and satisfy the jump relation
M, =M_(1+R,),

where R is as in (5.1.2).

79
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It is important to note that the scaling s — wy - s affects the reconstruction formula (2.8.5) in the
following way:
u(t, )| =

Jggow[M(t,x;w)hz( = wp

Shﬁnolo s[M(7; 8)]12| - (5.1.5)

In order to describe the behavior of M(7;s) as 7 — oo, we need the following definitions. Firstly, for a
function p € X 9’21’1 we set:

1
Iy () = / 217 (s)|ds, Ta(p) = / 17 (s)ds,
-1 R\[-1,1]

. (5.1.6)
o) i= [ slpollds Tap)i= [ s al)lds
—1 R\[flvl}
Additionally, for p,p € X l’zl’o we define
! 1 2 2 / 2 / 2
o)1= [ llo(s) 4+ 5(6) ) + 1511 ) + () )s
(5.1.7)

. 1/2
+/ ()P + 1)) + (o () + 17 (s)P)ds
R |

\[-11] |8
Our main result of the present chapter is the following:

Lemma 5.1.2. Let p € Xi’é’_l and p € XE’;O and denote by M(7;s) the solution of Riemann—Hilbert
problem 5.1.1. Then, there exist positive constants g and C such that for all T > 0 satisfying

Clp,p) (7 +771%) < e, (5.1.8)
the following holds:
4
‘l‘im s [M(7;5)]15| < ClrI" Y " Tw(p). (5.1.9)
S|—00 =1

The two constants are independent of p, p and T and could be computed explicitly.

The detailed proof of this essential lemma is presented in Section 5.3. It is based on a 0 argument
and it turns out that (5.1.8) is the sufficient condition which allows us to use the d method. Note that
the assumption p € X i’?},_l and p € X 3’2270 follows from (5.1.3) only if r € X 3’2270. However, according to
Corollary 2.6.5, the latter does not follow from our minimal assumption ug,vg € H>N HY!. As discussed
in Remark 2.6.7, we need to require ug,vg € H>1.

In the following we present two technical propositions. Thanks to Proposition 5.1.3 we can determine for
which ¢ and x in the exterior region the technical condition (5.1.8) is fulfilled. For a better understanding
of the right hand side of (5.1.9), we will use Proposition 5.1.4.

Proposition 5.1.3. Letr € XE’;O, wo € Ry and set p(s) == wg-s-r(wo-s) and p(s) :=r(wo - s). Then,
C(p, p) < cmin {\/wo, 1} |7 2.2 . (5.1.10)
—2.0

The proof can be found in the appendix. For a given function r we conclude from Proposition 5.1.3
that
Clp,p) < C,

where the constant C' is determined by 7 but is independent of wq. It follows that there exists a positive
constant 7y such that (5.1.8) is satisfied for all 7 > 79. On the other hand, if wy < 1, we learn from
(5.1.10) that

1/4 1/2
Clp, )7+ 7712) < ¢|r| y2.2 % + % = ¢||r|| y2.2 ! + 1 .
’ - XZ50 \ F1/4 +1/2 X750 It — x,1/4 It — x|1/2
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s s
’ N wy < 1 s N

.7 [t — x| > To d g_l’_

Figure 5.1: The left and the middle graphic show the two possible regions in the exterior
region, where the technical condition (5.1.8) is satisfied. The right illustration shows the set

E which is defined in (5.1.11).

It follows that there exists another constant Tp, such that (5.1.8) is satisfied for all |t — x| > Tp. In Figure
5.1, we have sketched the two possible regions in the t-az-plane where the technical condition (5.1.8) is
satisfied. From this pictures it is seen directly that the union

{z>|t], 7 >7m}U{z>|t|,wo <1,|t —x| > Tp}

contains the set
Ef ={(t,x) eR* x> |t|,|t—z| > T} (5.1.11)

with a suitable 77 > 0. We continue with another technical statement:

Proposition 5.1.4. Letr € XE’22,07 wo € Ry and set p(s) :=r(wg - s). Then,

4

y . 1
D Tw(p) < cmln{l,w} Il (5.1.12)
k=1 Wo

Again, the proof can be found in the appendix. Let us now put together the results of Lemma 5.1.2
and the above propositions. Taking into account (5.1.5), it follows from (5.1.9) and (5.1.12) that for
(t,z) € EF we have

lim s[M(7;9)]4,

|s]|—o0

cwor 'min{ 1 L 17|l 2.2
’wg/Q X250

= emin{ %0 Ly
= c1min 77 m T| X%g‘o.

Now we can firstly use wo/7 = |t — 2| ~!. Secondly, by |t — x| > T} (see the definition of &, (5.1.11)) we
find that

lu(t,z)| = wo

IN

1 1 1 1

_ _ < , t,x) e EF,
TVwo  VTYTWo [t VA — VA [E+ ] T T A4 34 () € &
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and conclude that
u(t, )| < emin {[ = ol 7 i+ al e () € €5

This is our final result for the part {x > |t|} of the exterior region. For the region {—x > |t|} we observe
that by (3.7.4),

R(t,x;w)_[ p(s)p(s)  B(s)ei™©®

p(s)e O 0 ] el

Note that compared to (5.1.2), the exponential factors eF7O(s) are replaced by eFi79(s) | Thus, we cannot

apply Lemma 5.1.2 and we need to rewrite the Riemann—Hilbert problem 2.8.1 in an equivalent form.
Therefore, we recall the transformation (see (3.5.2) in Section 3.5)

My(t, z;w) = M(t,z;w) [ 1/610(10) d(?u) } ’

which entails the jump matrix (see (3.5.8))

_ . B 0 T(T(w)efix@(w)JritZ(w)
Ry(t, z;w) = [wr(d)(w)eixG(w)—itZ(w) wlr(® (w) 2

Based on this jump matrix we can reproduce the above procedure with the final result that
ju(t, )| < emin {Jt a7 Je 42l I Ollgag (o) €&y

where

E, ={tx)eR?:—z>|t|[t—a|>T1}. (5.1.13)

If we want to study the long-time behavior of v(t, ) in the exterior region we have to recall the relation
10 (2) +itZ(z) = £iTO© <Z> , +x > |t].
20

Here, 7 = /]2 — 2] as above, and zyp = wy . Hence, wy — o0 is equivalent to zg — 0 and vice versa.
As a consequence we shall consider v(¢,z) in the regions

Ef ={(t,x) eR?: o > |t|,|t +a| > Ti}. (5.1.14)
All results of this section are summarized in the following theorem.
Theorem 5.1.5. Suppose that (ug,v9) € Gy with scattering data S(ug,vo) = (p; { Ak, Ck}A_,) and con-
sider the solution (u,v) of (1.1.1) with initial data (ug,vo). Additionally, assume that the transformed

reflection coefficients satisfy r,7 € X3’22,0' Then, there exists a positive number Ty depending on (ug, vg)
and a positive number C' not depending on (ug,vy) such that

lu(t,z)| < Omin{|t — 2 [t + a:|—3/4} Il 2z (t,z) e &Fue,, (5.1.15)

and
lu(t, z)| SCmin{\t+x|fl,|t—xr3/4} 7l 22 . (t,x) € EFUE, . (5.1.16)

Note that the number Ty determines the sets EX and EF.
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5.2 Some remarks

Comparing Riemann—Hilbert problem 5.1.1 at ¢ = 0 with Riemann—Hilbert problem 2.8.1 we observe
that they are identical except for the two changes

x— 71 and (wr(w),@) — (p(s), p(s)).

But this actually means that all estimates made in Section 3.4 can be used for the study of Riemann-—
Hilbert problem 5.1.1. For example, from the computations in the proof of Lemma 3.4.1 we know that

1 .
lim s [M(rss)]y, = — o= | p(s)e 7Ods
|s|—o0 2mi JR
1 (5.2.1)
- o [P M )uap(0)e OO (s) se)e s,
271 R
It follows from (3.4.10) that the second line can be estimated by
T2l @Il (5.2.2)

However, this is not completely satisfactory for the following reason: on one hand, assuming r € X 9’8 1

then (5.1.3) implies that p € XE’S,I for any wg € Ry. But on the other hand, the respective norm is
not controllable uniformly in wg. This can be seen by the following elementary computation using the

substitution s = w/wq:
1 1 ) o)
| slooras+ [
0o S 1

ool+52v
/0 = 1(s)|*ds
| a2 [ )P
= w, — T W w —_— rw w.
° 0o w? Wo

wo

2ds

IN

Thus, we have
. o2 o <12 —
Jin Al o9 = Jim flAllyog = oo
Moreover, it is not possible to enforce the existence of these limits by simply increasing the regularity of

r.

Now, let us consider the first line of (5.2.1). We have the following result.

Proposition 5.2.1. Let p € XZ’;?J and O(s) = (s — s 1)/2. Then

4
<277 Tw(p). (5.2.3)
k=1

/ ﬁ(s)e_iTQ(s)dS
R

Proof. Note that

£7O) 8( ! ez‘r@(s>>_ _0"(s) e,
(s) T

~ 9s \ir® (©/(s))2

Integration by parts yields

/OO ei'r@(s)f(s>d8

0

IN

([l [T S5 rs)
- ([T s+ [ i),

which proves the proposition. O
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Figure 5.2: The definition of the domains D1, ..., Ds.

It is interesting to observe that the bound (5.2.3) for the linear summand in (5.2.1) coincides with
the bound of Lemma 5.1.2.

Combining the bound (5.2.2) and Proposition 5.2.1 we find that for x > |t| there exists a constant C

depending on r and wy such that
lu(t,z)| < Cr L. (5.2.4)
But, on a path (z,t), where ¢t = V22 — ¢2, the parameter 7 is constant by its definition and as x — +o0o

the parameter either tends to zero or to infinity. Hence, despite the fact, that |z|, |t| — oo on this path
(as © — £00), our formula (5.2.4) does not even yield an upper bound for |u| in the exterior region.

This demonstrates that the 0 argument presented in the subsequent section is indeed necessary and yields
significantly better results. But we should also mention that on paths where wg = const., the bound
(5.2.4) yields a decay O(r~1). This coincides with Theorem 5.1.5. But in contrast to the assumption
re X%’ZZ’O of Theorem 5.1.5, the decay (5.2.4) already follows for r € X%’%}l.

5.3 Proof of Lemma 5.1.2

Let M(7;s) be the solution of Riemann—Hilbert problem 5.1.1 and denote by D1, ..., Dg the domains as
depicted in Figure 5.2. We define a new unknown

MW (7;5) := M(1;8)W (73 5), (5.3.1)
where )
1 0 .
(1 R ) pRe(s)eme® ] s EDUD:
W(r;s):= (]; (1 N EI;ES ) ﬁl(Re(S))e_iTG(S) ] , ifs€D3UDy, (5.3.2)
é H if s € D5 UDg.

\

For s € R we can define non-tangential boundary values in the usual way

Wi(r;s) :=limW(r;s+ie).
el0

It is clear from the definition that these limits are explicitly given by

o) — 1 0 o [ 1 A(s)e Ol
W+(7—, 5) — _p(s)eh—@(s) 1 9 W, (7—7 S) - O 1 9
which yield
W_(r;5) [Wo(r;8)] ' =1+ R.(s).
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Recall that R, is the jump matrix of the Riemann—Hilbert problem 5.1.1. By the following algebraic
computation it follows that M() defined in (5.3.1) is continuous on R:

MY =M, W, =M_(1+R)W, =M_W_ =MV

On the boundaries where |Im(s)| = | Re(s)|, we obviously find that W is continuous with W(r;s) = 1.
Thus, M is continuous everywhere in C. On the other hand, one cannot expect, that W is an analytic
function. The lack of analyticity can be measured by means of the -operator which acts on differentiable
functions f : C — C by

= 1/0 0
8f(8)::2<81:+i8y>f($+iy)’ s=x+iycC.

Defining
Y(7;8) : = OW(r;5) (5.3.3)

it fgllows by triangularity that WY =Y. Furthermore, using the analyticity of M which is equivalent
to OM(7;s) =0 for s € C\ R, we find

OMD (r;5) = MY (7;5)Y (7 5). (5.3.4)

Altogether we have found that MO is a solution of the following problem:

d-Problem 5.3.1. For each 7 € RT, find a 2 x 2-matrix valued function C 3 s — M@ (7; s) which
satisfies

1. MM(7; ) is continuous in C (with respect to the parameter s).
2. MW(r;5) = 1 as s — oo.

3. The relation (5.3.4) is satisfied.

As it is explained for example in [AF03, Lemma 7.6.1], the above d-problem is equivalent to

MO (r;s) =1+ 1/ M(l)(rk; k?)Y(T;k)dA(k‘), (5.3.5)
™ Jc — S

which can be written as M) = 1 4+ J[M®)], where the operator J : L®(C) — L>(C) is given by
1 [ HK)Y(m; k
I[H](s) = L / HEXTK) g1y, (5.3.6)
m™Jc k—s

In order to solve the integral equation, we need to show that J is small in norm. The following proposition
provides the needed estimate.

Proposition 5.3.2. Under the same assumptions as in Lemma 5.1.2, if T > 1, then
[ ]| oo )z (cy < e(m™ A +7712)C(p, ), (5.3.7)
where C(p, p) is given in (5.1.7).

Proof. In order to prove the bound (5.3.7), we have to estimate
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for j = 1,..,4. We give the details for ®3 only since the other sectors can be handled with appropriate
modifications. It is easy to see that for k = x + iy we have

5 Im(k) [ . p)]
1-— k < . 3.
5| (1- |pa|) mewn]| < H2 4 (535)
Furthermore,
’e_iTe(k)’ _ erylzzizyz

i

such that for y < 0 and 7 > 0, the following two estimates hold
| irO(k ’ < 67—y | iTO(k | < 612+y (539)

Writing s = a + i8 these observations yield

Y(7: k
/ 7| (7 )|dA(k)‘§I1+Iz+I3+I4>
D3 |k — s

A / / zlesmr o dxdy
1 = )
IwI\/SU—Oé (y — B)?

min{y,—1 TY
7, — / / p(x)]e drdy,
\3«“|\/9€—0¢ +(y—B)?

I = / / \/:c—/a - y2 B)? ey

O R e
ho= /_oo /_oo NCED e i

Before estimating 71, ...,Z4, we present the following useful facts:

(@ = a)* + (y = B)) " llrzwy < ely — BI71/%

[

In both inequalities the constant ¢ is independent of y, 8 and 7. The proofs of these estimates can be
found for example in [CP14, eq. (3.30) and (3.33)]. For the analysis of Z; and Z3 we will also need the
following estimate which holds for y < 0:

where

<er V2 (1>0). (5.3.10)

—1/4

1 Ty
max ——e=+7 < er YAy TV4, (5.3.11)

<y ./ ’.’L‘|
We shall give a quick proof of this statement. For fixed y < 0 and 7 > 0 it follows that

TY
max e=?+y? < max ——

1
<y \/m z€R \/>

Hence, we consider the function g(z) = 62;%/\/|£C| for which we find that ¢'(zo) = 0 if and only if
xo = ++/—27y. Thus, |g(z)| < |g(+v/—27y)| = er~/4|y|~/* which proves (5.3.11).
Now we estimate Z;. Using the Hélder inequality, the first line of (5.3.10) and (5.3.11) we find

e 0 1 i
i < l|=| 1/2p($)||L§(1,0)/1xg[1_31Xy] (N6x2+yz> (2 — )2 + (y — B2 2| 12y dy
0
< e VA Y2 () e / 1yl = B 2y
< e Ve Y2 5() o).
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Using the Holder inequality once again and using the second line of (5.3.10) we obtain

N

0
I, < |’|x’15(x)HLg(—oo,—1)/ e||((x — ) + (y - 5)2)71/2“L5(R)dy

—00

IN

0
cllel~ 3@ lzzooy [Vl B2y

—0o0

IN

et 2|27 () | 12 (—o0,-1)-
By replacing |z|~!p(z) with §/(x) we can copy the above arguments for Z; and Zs to derive
Ty < er Al 2F @iz ey Ta < er V2H @) 2o,

Repeating similar computations for the other domains ©;, we finally prove the bound (5.3.7) with the
constant C(p, p) as defined in (5.1.7). O

The proposition just proved guarantees that the integral equation MWD =147 [M(l)] may be inverted
by Neumann series if 7 is sufficiently large, say 7 > 9. Furthermore, in this case we have

M (75) || ooy < C

for all 7 > 79. Thus, from (5.3.5) it follows that

lim s [M(l)(T; 5)}

| Im(s)|—o0

[ / MO (73 k)Y (7; k)dA(k)}
< /| (71 k)],) dA(K)

< om0~ Ry 2]

Here we denote by [Y], the second column of Y which vanishes outside the domains D3 U®4. Since we
1

12 12

|€—i79(k) |dA(k‘)

have M(7;s) = M( )(7' s) for s € ®5 U D¢ by definition, we conclude
li MY (r; = I M(T;
‘Im(gﬁl—mo 5 |: (T7 S)} 12 |Im(£)1|l—>°° i [ (T, S)]12

and thus by the above computation and by (5.3.8)

lim  s[M(7;s)];5

| Im(s)|—o00

¢ ]ﬁ(Re(k))| ol e —iTO(k)
<[ - (k‘ LR <k>>r) dA(K). (5.312)

We finally reached the formula that will be used for the proof of Lemma 5.1.2.

Proof of Lemma 5.1.2. The proof relies on the formula (5.3.12) and we will prove estimates only for the
integral over the domain ®3. The remaining integral over ®4 is handled analogously. Similar to the proof
of Proposition 5.3.2 we use

[5Re(ED] | |y e e~ iTO(k) ;o
[ (PR e ) e iaa < 73+ 24

0 0 /1% .
= [ [ (T ) iy
—1Jx |$’
1 40 o
T, = / / <|p|ij)| + ]ﬁ’(l‘)]) eVdydz.

with

and
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Using . . o )
/ e%dy = e“dz < cx—, (5.3.13)

—x T —7/x T

we find

0
7 < or! / ()| + o2 @) da

0
/ eVdy < 1
gc T

T, < er ! /_1 (’ﬁ(x” + |ﬁ’(w)\> da.

—oo \ 2]

Repeating these arguments for the integral over 4 we finally end up with

(o . @)
<er {/1 (ll|p()| + [z [*|p (w)!)dﬂer/F{\[l’l]( |z Hp(x)‘) dx}’

which is in turn equivalent to (5.1.9). Thus, the proof of the lemma is completed. O

On the other hand, by

we may conclude that

lim  s[M(7;5)];5

| Im(s)|—o00

5.4 Near the boundary of the light cone

Theorem 5.1.5 leaves open the question how u(t, ) behaves if |t — x| < T and |t + 2| — co. Analogously,
the theorem does not provide enough information about the behaviour of v(t,z) if |t + z| < T} and
|t — x| — oco. Using the characteristic coordinates

T+ r—t

52277722,

we can provide an answer to this question. It is easy to see that the jump matrix of Riemann—Hilbert
problem 2.8.1 can be rewritten as

wlr(w)|2 r(w)e— 1O w)+itZ(w)
R(t,:z:;w) = |: wr(w)elccé(u?)’—itZ(w) ( ) 0 :| = mﬁ(w)’
where y } e/
Be(w)i= | L), R (541)
and ) -
t(w) = wr(w)e?, t(w) = r(w)e M. (5.4.2)

Proceeding as in Section 5.3 we can transform the Riemann-Hilbert problem with jump matrix Re(w)
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to a O-problem with respect to the partition of C as shown in Figure 5.3. The d-problem in turn will be
equivalent to the following integral equation

- | A 4.
D(Ew) =1+ / k S dA(k), (5.4.3)
where
( 0 0 lf e @/ U @/
Ay (Re(w))] e&/w o | TWEDIUD,
Y (&w) = 0 0 [x(w)¥(Re(w))] e/v ] | fweniom
0 0
v if w € DL U Dy,
with

| Im (w)| .
(W) = 1-— Re(w)]’ if |Re(w)| <1,
1 — |Im(w)|, if |Re(w)| > 1.

The solution of (5.4.3) exists if we can bound the operator J : L>°(C) — L*°(C) defined by
1 [ Hk)Y(&E
L[ HEYER
T k—w

Analogously to the proof of Proposition 5.3.2 we find for H supported in D%:

[SIH]( +if)] < T1 4 Ta,

(||~ 1\ |+\ /(@)])e
3, = / / dxdy
g1/2 V(i —a)2+ (y—B)?

where for £ > 1,

< & (272 @)l g0 + Mo @) 2 e1/2))
< & el
. /0 /—5”2 E+ F @ g
1 V(@ —a) 4 (y - B)?
< (@) cooemrrey + @) 2 Coorey)
< V2 (||\x|%<x>||Lg(_oo,_gfm) e le (@) L2 oo e-172))
< Pl
Note that we have
|e"%/v| = ewayzﬂ, w € DY,

which is the same as in (5.3.9) for small |z|. But for large |z| we estimate the exponential factor simply
by 1. For this reason it does not appear in the definition of J5. Moreover it is important to note that

= lw|~t, if |Re(w)| < 1,
9w )‘—{ 1, if [Re(w) > 1,
with the consequence that there is no multiplication of |¥(z)| by |z|~! in the definition of Js.

This tells us that for & sufficiently large, the operator (1 — J) is invertible. Thus, analogously to (5.3.12),
we can conclude that

lim w Pﬁ(l)(f; w)}

| Im(w)|—00

12

[ (R e e
sef o (T2 @) e/ aa
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The integral over D can be estimated by a constant times J) + J5, where
0 0 /%
vz o gy
/ / (‘ (@) + \t’(w)\) e dydz,
_51/2 T |CC‘

_51/2 0
3, = / / 6]+ [¥(@) dyda

~l
J1

and

Using (5.3.13), we find

0
H<et (Jl[€@)] + |2 [¢ ()]) de < &3 ¥] 2 .
_51/2 —2,0

Additionally,
_¢gl/2 _c1/2 1 1/2
A y o < 4 Y < =3/ .
= [ )+ F@lde < ( /- w4) [¥llxaz, < €4 elgez,
This is sufficient to conclude
I [sm(l) : } < &g o 5.4.4
| I (w)so0 (& w) 12|~ < HtHxiio ( )

Since there is no scaling as in (5.1.5), we can use this bound directly for |u(¢, z)|. But we shall also recall
that the bound also depends on 1 through ¢, see (5.4.2). Moreover, as long as || < T} for some constant
T, we have
t <
¥l 22 < Cllrllgzz

for some constant C' depending on 7 only. In this sense, the bound (5.4.4) is uniform in 1. Using the
equivalent jump matrix (3.5.8) as in Section 3.5, we can also extend (5.4.4) to negative . Additionally,
the whole procedure can be reproduced for v(¢,z). In this case, & and n swap places. The following
summarizes our results.

Theorem 5.4.1. Suppose that (ug,v9) € Gy with scattering data S(ug,vo) = (p; { Ak, Ck}2_,) and con-
sider the solution (u,v) of (1.1.1) with initial data (ug,vo). Additionally, assume that the transformed
reflection coefficients satisfy r,7 € X750- For any positive number Ty there exists a constant C depending
on (up,vo) such that

lu(t,z)| < C|t + x|_3/4||rHX2,§O, it — x| < Ty, (5.4.5)
and

lv(t,z)| < Ct + ;U|—3/4||?\|X3,220, |t + x| < T7. (5.4.6)

This theorem extends Theorem 5.1.5 in a perfect way. Combining these two theorems we obtain:

Corollary 5.4.2. Suppose that (ug,v9) € Gn with scattering data S(ug,vo) = (p;{ A\, Cx}_,) and
consider the solution (u,v) of (1.1.1) with initial data (ug,vo). Additionally, assume that the transformed
reflection coefficients satisfy r,7 € XE’;O. Then, there exists a positive number Ty depending on (ug, vo)
and a positive number C independent of (ug,vo) such that

. — —3/4
ju(t, )] < Cmin {Jt —a| ™ e+l irllyez . Jol > max{l, To}

and

[o(t, 2)] < Cmin {Jt +al !, £ — 274} |7 | > max {[¢], To} -

22,
In particular we have shown that
lu(t, )| + |o(t,z)| < Clz|™4,  |z| > max {|t|, To} .

We would like to mention that this improves the result in [CL18], since therein it is shown that |u(t, z)|+
lu(t,z)| < C|z|~N/? under the following assumptions on the initial data:

(@) N Pug(z) € HNVAR), (@) 20(x) € HNTH(R).



Chapter 6

Long-time asymptotics in the interior
region without solitons: nonlinear
steepest descent

6.1 The main results for the interior region

We recall that by (3.7.4), for ¢ > |z|, the jump matrix of Riemann—Hilbert problem 2.8.1 is given by

wlr@)? e i)
wr(w)e_”z(w/wo) 0 '

Rit.w) = |

Using the function d(w) of Proposition 3.5.2, we can define My = M[d]~%3 as in (3.5.2) which solves a
Riemann—Hilbert problem with jump matrix

- 0 (d) iTZ(w/wo)
Ry(t,z;w) = [ wr(d)(w)e—hz(w/wo) ' ;ﬁ)(i)(w”Q ]
Thus, setting
MO (1;¢) == My(t, z;wy - €), (6.1.1)
e ¢-r(wn- )
— Wo - G - T{Wo - S5(C) = r(wn - C) - .0 - .
PO = g T 0 =T OO diwo- O (612)

we find that M(© (7;¢) is a solution of the following Riemann-Hilbert problem .

Riemann-Hilbert problem 6.1.1. For given functions p, p and 7 € R, find a 2 x 2-matrix valued
function C\R 3 ¢ — M) (7;¢) which satisfies

1. M©(r;.) is analytic in C\R .
2. MO (r;¢) =140 <%) as |¢| — oo.

3. The non-tangential boundary values Mj(to) (1;¢) exist for ¢ € R and satisfy the jump relation

MO = 1O 4 RO)

where
eiTZ(C)

)
OO (6.13)

.
RO = [ gm0

91
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Note that we can write (6.1.2) in the following equivalent way,

p(Q) ==wo - C-rD(wo-¢), () = rD(wp - (),

where we use the notation as introduced in (3.5.7). By a slight modification of Proposition 3.5.3 we find
that

(d)
Il 22 | < clirllx2z - (6.1.4)
Now, let us recall the jump matrix of Riemann—Hilbert problem 2.8.2 for t > |z|:
~ 0 _%ei‘rZ(z/zo)
t,x;z) = )
R( 7x72) _Z?(Z)eflTZ(Z/Zo) Z’?(Z)P
It follows that -
MO (7:¢) := M(t,z, 2 - C), (6.1.5)

solves the same Riemann—Hilbert problem 6.1.1, but for

p(Q) = —20-C-Flz0-C),  p(C) = —7(z0 Q). (6.1.6)

In what follows we assume that p and p are given either by (6.1.2), or by (6.1.6). If r,7 € X3’22,0 and
inf,er(1+w|r(w)|?) = inf.er(1+ 2[7(2)[?) > ¢; > 0, then in each case we obtain the following properties
for p and p:

pexly ), peXx®, (6.1.7)
p(0)p(¢) €R for C€R,  p(0)p(0) =0, (6.1.8)
}gg (L+p(¢)p(C)) = c1 > 0. (6.1.9)

In order to formulate the essential Lemma 6.1.2 below, it is useful to define the following functions:

p1(¢) == pa(Q) = p(¢),

. N (N
p5(C) = ps(Q) = p(Q),
wlQ)i=17lQ) 1=

We also define the following quantity which is equivalent to C(p, p) as defined in (5.1.7):
8

Clpp) ==Y

/2 4 1 1/2
{/ 1R ()1 + [¢][p3(¢)1?d¢ +/ Pk () + \ﬁ’(c)dec} . (6.1.11)
k=1 —1/2 [q R

\-2.27 1€

Moreover, we recall the quantities I'1 (p), ..., I'4(p) from the defining equation (5.1.6) and define two further

quantities: )
—1/2 3/2 1/2

— / 2 / 2
rmwf</ WMN%+LQW@MQ ,

~3/2 (6.1.12)
Do(pr) = 1ol oo, 1) + P82 2
Also, it is convenient to work with the following set of definitions:
1 y
v(Q) =5 log (L+p(O(Q)) . vy = w(ED), (6.1.13)

3(C) = exp{l,/l V(S)Cds}, ¢ecC\[-1,1], (6.1.14)

1 1S —
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1 +1 1 F1
5E = exp {i/ Md / U)o+ z‘yg—L} . (6.1.15)
1 Jo 0 S F 1

sF1 )

Over the course of the present chapter we repeat each of the definitions (6.1.13)—(6.1.15) and explain
their meanings. The integral appearing in the expression for §(¢) is well-defined for ¢ = 0 due to (6.1.8).
Hence, we may write 0(0) if needed. Our list of definitions ends with the following;:

—~1/10 1 1/2 1
e() ::e'””m+{< [ /1/10> ru/<<>\2dc} + [ ol (6.1.16)

For the moment we need all the definitions (6.1.10)—(6.1.16) only in order to express the following result
which is the main lemma for the interior region:

Lemma 6.1.2. Let p and p satisfy the assumptions (6.1.7)—(6.1.9) and denote by MO (7: () the solution
of Riemann—Hilbert problem 6.1.1. Then, there exist positive constants €9 and C such that for all 7 > 0
satisfying

8
¢(v) (CN(p,ﬁ)(T—”‘*M—”Q + > " (Ts(pr) + Do (pr)) 714 ) < £0, (6.1.17)
k=1

the following holds:

MO (7;0) = [5(0)] 7| < e > To(pr)7
k=1
8
+e€(w) | Y [Mspr) + Te(p)l 74+ > Ty T 1, (6.1.18)
k=1 je{2,4} je{1,3}

1<k<8 ke{2,3,6,7}

where () := pr(C)/|C]. Moreover, the function ¢'°) (1) defined by
¢(r) = Jim ¢ [M(O)(T;C)} . (6.1.19)

satisfies,

x€(v) Y [Fsw) + Lol 7>+ Y T

ke{1,4,6,7} 1<j<4
S (6.1.20)
8
3T | S s+ Tel 4 S Tt b
k=1 ke{2,3,5,8} 1<j<4
ke{2.3,5,8}
where the limit function ¢\*) (1) is given by
—iT i, In v, /2 ,—im/4 —ivd In vt /2 im/4
q(as)(T) _ € iTeivg IN(7) \/mem™o [2e=im/ eime~wo (1) /oremvo /2¢im/ (6.1.21)

A2 (-6 )2 ) T a0 (i)

in the case of p(£1) # 0. If either p(—1) = 0 or p(1) = 0, the corresponding summand in (6.1.21) has to
be set to zero.
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The proof of this lemma is the main part of the present chapter. For the interpretation of the lemma
we firstly need to understand, for which ¢ and z in the interior region the technical condition (6.1.17)
is fulfilled. Next we shall simplify (6.1.18) and (6.1.20). For these purposes, we have the following
proposition.

Proposition 6.1.3. Let r € X%’S’O satisfy infuer(1 + wlr(w)?) > ¢1 > 0 and define for wo € Ry the
functions p and p as in (6.1.2). Then,

C(p, p) < cmin {\/wo, 1} |7 22 , (6.1.22)
“2.0

with a constant that depends on ci only. Furthermore, for k € {1,4,6,7},

) 1 . 1
['5(px) < cmin ] v/wo, 373 Hr||X2,2 , [¢(px) < cmin {wo, 2} |]7‘||X2,2 , (6.1.23)
wo —2,0 wo —2,0
while for k € {2,3,5,8},
. 1 . 2 1
s (pr) < cmin ¢ y/wo, Vo ||7“||XE’22,07 Ls(pr) < cmin § wg, w ||7“||XE’2270‘ (6.1.24)

Again, the constant ¢ depends on c1 only. Finally, there exists a constant C' depending on r and c1 only,
such that
¢(v) <C, (6.1.25)

for all wyg € Ry. Each estimate of this proposition also holds if we replace r with 7 and wqo with zy and
define p and p as in (6.1.6).

The proof of the proposition can be found in the appendix. Let us now assume that p and p are
defined through r via (6.1.2). By (6.1.22), one possibility that (6.1.17) is satisfied, is

T > T (6.1.26)

for some sufficiently large 79 > 1. In this case, thanks to Proposition 6.1.3, (6.1.20) can be simplified as

: 1 _
4°(7) = ¢*(7)| < Cmin {1, 7 } i
0

On the other hand, (6.1.18) becomes

MO (7;0) — [6(0)] 7| < cmin {m \/170} T2,
Setting
(1, ) = wod " (0)d(0)g ) (7), (6.1.27)

using the reconstruction formula (2.8.11) and using (6.1.1), we find

ult2) ~ w6 0)| = |uoMO0)]d0)g0(7) — wod~ (0)d(0)#)(7)|

IA

Cugl6 ™1 (0)] [¢O(7) = ¢ ()| + | (7)| MO (7;0)]11 = 67 (0))

1
< Cmi —— A,
< Cmin {wo, o } T
Here, for the last inequality we have used that by (6.1.25) and Proposition 6.4.1 (iii), |§~1(0)| is bounded
uniformly in wg and |¢(#®) ()| < cw(l)/2(lu(—1)\ + [p(1))r7? < cmin {wg/2,w0_5/2} 7712 see (6.1.31)
below.
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If we assume that p and p are defined through 7 via (6.1.6), then we can set

U(as)(t,(lﬁ) . 205*1(0)q(T)(7-> (6128)
and find
1
t ) — 0@ (¢t )| < C'mi — v
v(t,z) —v (,m)‘_ mln{zo,\/%}T
Using
t J—
wo 20

as in Chapter 5, we can summarize our computations as follows:

Theorem 6.1.4. Let (ug,v9) € Go and assume in addition that the transformed scattering coefficients
satisfy r,7 € XE’;O. Then there exist positive constants C = C(ug,vg) and 19 = 19(up,v0) > 1 such that
the solution (u,v) of (1.1.1) satisfies

‘u(t,x) - u(as)(t,x)‘ < C'min {]t — | | x|,1/2} 7
‘U(t, x) — U(GS)(t,x)‘ < Cmin{|t T e AT m|_1/2} ’ (6.1.29)

for all V2 — x%2 > 19 and t > 0.

Substituting (6.1.2), (6.1.6) and (6.1.21) into (6.1.27) and (6.1.28) and after some lengthy and exten-
sive calculations (see Appendix B.4), we get that u(?) and v(%) can be rewritten as

@) (¢, 7) = \/tl—ﬁ <6i7+i|f7(%)\21n(7) I3 (%) 4 eI HIE (P I £ (%)) ,

(as) 1 il i (2)2In(r) ¢ (T il fa (D) In(r) ¢ (& (6:1.30)
as — iT+i| f— ()1 In(T 2\ i () In(7 el
vt @) m(e f*(t) c f*(t))'
The functions fi are given by
‘fi (f) ‘2 = 4R (+2) (6.1.31)
t
and
x s . o
arg <fi (?)) =T 1 + arg(T(£20)) + arg(T(Fir(£20))
20 R(s) F SR(Lz T % 20 = (6.1.32)
0 S F 20 0 S+ 20 —z0 S
where
1
k(z) = Py log(1 + z|7(2)]?). (6.1.33)
T

Moreover, in (6.1.32),

is the standard gamma function.

Let us briefly explain how one can compute the limit functions u(_as) (t,z) and v@s) (t,x) if t - —o0. For
this we have to use the observations of Remark 2.9.5. They tell us that

W, 2) =), ) = (),
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where ufs) and vgls) are the limit functions as ¢ — +oo for initial data @g(z) = vo(z) and vo(x) := up(x).

Thus, as explained in Remark 2.9.5, the formulas for ugfs) and qufs) can be obtained by replacing 7 with

rin (6.1.31) in (6.1.32). After complex conjugation and replacing ¢ with —¢ we arrive at

W@ (¢, 2) = — (e—iT—ilgf(%)lzln(T)gf G) +eimilos(F)Pn(r) o (E)) ’

Vit —a] '
h (e—iT—ﬂgf(%)Pln(T)gi <§) _ eiilgr ()P o (f)) ’
t+x

t t

g+ (3) 1= 172 (3) I

In principle, another lengthy explicit expression for arg(g+) is available. However, we only mention that

arg(g+) 7 arg(fx).
From Proposition 6.1.3 it follows that the technical condition (6.1.17) can also be satisfied if

) (t,z) =

where

wo
— <&,
T

even if 7 is very small. If 7 < 1 and wg < 1, then one can find by the above considerations that

wo 1
t _ (as)t <¢c—=c——.
ult, )~ 2)| < 072 = e

Analogously, if 7 < 1 and 29 < 1, then

20 1
t, _ plas) t, <c—=c———.
lo(t,z) — 0\*(t, )| < c C|t—|—x!

Combining these observations with Corollary 5.4.2 of Chapter 5, we prove the following theorem.

Theorem 6.1.5. Let (ug,v9) € Gy and assume in addition that the transformed scattering coefficients
satisfy r,7 € X3’22,0- Then there exist positive constants C = C(up,vo) and tg = to(ug,vo) > 1 such that
the solution (u,v) of (1.1.1) satisfies

[ult 2)| + |o(t, 2)| < Cl| 772, (6.1.34)

for all |t| > max {to, |z|}.

6.2 Summary of the proof of Lemma 6.1.2

The long-time behavior results (6.1.18) and (6.1.20) are obtained through a sequence of transformations
of RHP’s. The initial RHP is RHP 6.1.1 above and it has contour R and jump matrix R(TO). We use
the notation RHP(E(j ) RU )) to denote the Riemann—Hilbert problem 6.1.1, where R is replaced by the
contour ) and the jump matrix RSO) is replaced by Rg ), Then, by MU)(7;¢) we denote the solution
of RHP(E(j),R(Tj)) and set

¢V(r) = lim ¢ [MY(r; ()] (6.2.1)

|¢|—o0

The sequence of the assigned functions ¢\ is thus determined by the sequence of pairs of contours and
jump matrices which reads as follows:

(217, Ry 5 (26-) RG))
(R.RY) = (R,RM) — (=%, RY))
N (nlh)] gAY Ly (561, jGH)
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The pair (2(2), R(Q)) does not appear in this schematic graph, since in the second step it is necessary to
consider a mixed 0-RHP instead of a pure RHP. In what follows we give a summary of the computations
without many details. We refer to the subsequent sections for full calculations.

Step 1: The first step is standard in proofs of long-time behavior of oscillatory Riemann-Hilbert prob-

lems. In order to prepare the initial Riemann-Hilbert problem RHP(R,RSO)) for the method of steepest

descent by (6.2.2) below, we first have to solve the following scalar Riemann-Hilbert problem.

Riemann-Hilbert problem 6.2.1. For given functions p, 5 € L?(R) with 1+ pp > 0, find a scalar
function C\ R > ¢ + 4(¢) which satisfies

1. §(¢) is analytic in C\ R.
2.6(0)=140(¢") as [¢] = oo

3. The non-tangential boundary values 4 (¢) exist for ¢ € R and satisfy the jump relation

— 5-(()7 CE R\[—l,l],
o+(0) = { 5_(0) (14 p(QFC)). Ce L1,

In Section 6.4.1 we list properties of § and give details about the solvability of the scalar Riemann-
Hilbert problem 6.2.1. In particular, we find an explicit solution formula for §(¢), see (6.4.2). The
function 9 is finally used to define the following transfomation:

MO (7:¢) = MO (7;0)[5(¢)). (6.2.2)

It is easy to verify that we obtain a solution of a new Riemann-Hilbert problem RHP(R,RQ)), where

0 ’5572€i7Z )
p5+26—i7'Z pb ) if ‘d 2 17
RI() = o 922 iz (6.2.3)
pL —irz o RIS
T+pp°

Since the factor [0]?? is diagonal, the manipulation (6.2.2) does not affect the reconstruction formula
(6.2.1) and we have ¢(V(7) = ¢(© (1) and moreover, MM (7;0) = M©)(7;0)[5(0)]7s.

Step 2: The next transformation deforms the contour R to a new contour (2, a picture of which is given
in Figure 6.1. The transformation is based on the fact that RY defined in (6.2.3) admits a factorisation
of the form

14+ RW = (1+ RM)(1 + RY), (6.2.4)
where 5 iz
0 0 0 pé—=e™ .
" 0 <|: p626—i’rZ 0 :| ) |: 0 0 :|> ) if ’C’ 2 ]-7
(R, Ry’) = 5 2 irz (6.2.5)
o et 1L 0L 0T, e

As we specify in Section 6.4.2, there exists a matrix-valued function ¢ — W(7;() of the form (6.4.12),
which is continuous on C\(RUX(?) and satisfies for ¢ € R the following:
Wi =1-RY),

‘ (6.2.6)
W_ =1+R.
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252) Zgz) ng) Ef)
%
-1 0 1
Zéz) Ef(f) 2(72) 29

Figure 6.1: The augmented contour ©(2) = 252) U..u Eé2).

Here W, are the boundary values of W as +Im(¢) | 0. It can be verified easily by the triangularity of
Rg) and Rg) that the new unknown

M@ (r;¢) := MWD (r;Q)W(73¢) (6.2.7)
has no jump on the real axis. The discontinuity of W on 2(?) can be arranged in such a way that

MP(7:0) = MP(1;0) (1 + RP(¢)(1 - x(0)))

on ¥3? with

_ 8 ﬁ(_1)(50)—2(_(<0+ 1))~20 i72(C) ] 7 ce Ef),
e (002 (= (¢ + 1)2m e 2O g | 2"
RAQ=14 1 0 0 o (6.2.8)
2
L p(=1)(85)2(—(C + 1)) =72 } ) CeXy,

0 AT (0) 72— (¢ + 1)) 720 2O ] , ¢exf,
0

L 0
and )
' p(1) 42 ’ —2ivt —irZ(C) X S Ez(f)
| Tomsm o )7(C— 1) =0 e™™ 0
0 A1) 2(¢ — 1) O ] cexf
0 0 ) )
RP(() =14 | ) .y (6.2.9)

0 1+pp((11)),3(*1) (05)72(¢ — 1)%0 em2(0) cexn®
0 0 ’ T
0 0 (2)
. 4 , e Xy,

| p(D)(6])2(C = 1)72 =720 g } ¢ €%

and a cutoff function x € C§°(C, [0, 1]) supported on a neighborhood of each end point of ¥, We notice

that R(Tz) is determined as follows. Scattering data are replaced by their values at —1, see (6.2.8), or by
their values at +1, see (6.2.9). Powers of § are replaced by their asymptotic forms near —1, see (6.2.8),
or by their asymptotic forms near +1, see (6.2.9). We refer to Proposition 6.4.2 which provides these

asymptotics of § near +1. The crucial point in the definition of Rg), (6.2.8) and (6.2.9), is the fact
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Figure 6.2: Signature table for Re(iZ).

that on @) each of the factors e*74(C) is decaying exponentially as 7 — oco. Indeed, let us make the
following observation, see Figure 6.2,

>0 if{ Im(¢) >0 and || < 1,
. ’ or Im(¢) <0 and [(| >1,
Re(iZ()) Im(¢) > 0 and |¢] > 1, (6.2.10)

<0, lf{ or Im(¢) <0and|(| <1

We want to mention that the purpose of the first step (6.2.2) is exactly to allow this construction and
the contour ¥ fits in an optimal way to the signature table for Re(iZ). Note that in (6.2.4) the sign of
+itZ(¢) in R(Ll) and Rg) depends on whether ¢ € [—1,1] or not.

In general W cannot be chosen as a holomorphic function. Due to its specific form (6.4.12) we find

M = MO FW = MOW1aw = M@ Fw. (6.2.11)

The jump condition given by (6.2.8) and (6.2.9) and the lack of analyticity are summarized in the following
mixed O-RHP:

O-Riemann-Hilbert problem 6.2.2. For given functions p, p and 7 € R, find a 2 x 2-matrix valued
function C\X() 3 ¢ — M@ (7;¢) which satisfies

1. M®)(7;.) has continuous first partial derivatives in C\X(?) (with respect to ¢).
2. MO (r;0) =140 (%) as |¢| — oo.
3. The non-tangential boundary values Mf)(T; () exist for ¢ € »(2) and satisfy the jump relation

MP? = M1+ RO - y)), (6.2.12)

where R = R&Q)(g) is given in (6.2.8) and (6.2.9) and x is defined later in (6.4.16).

4. The relation (6.2.11) holds in C\X(®.

B Step 3: The idea of the third step is to split the mixed O-RHP 6.2.2 into a pure RHP and a pure
O-problem. For consistency of notation we set

2@ .=x@ RO .= RO (6.2.13)
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4— 4— 44 44
540 5t 5(44) 5

Egl—) 2514_) EgH—) 2514+)

Figure 6.3: The two crosses X(*~) and (41,

and define M®) to be the solution of the normalized pure Riemann-Hilbert problem RHP(E(3),R(3)).
Notice that RHP(E(?’),R(S)) and O-RHP 6.2.2 would coincide if W was analytic. In general we have
M® £ M®) and seek a function D such that

M®)(r:¢) = D(7: )M P (7:(). (6:2.14)

It follows that D has to be continuous in the entire C-plane. Furthermore, the following equation must
hold:

B _ -1
dD(7;¢) = D(m;)Y(7;¢),  where Y(7:¢) := MO (1;0) dW(7;¢) [M(?’)(T;C)} . (6.2.15)

It is easy to check (6.2.15) by direct calculations and we arrive at the following pure d-problem for D.

0-Problem 6.2.3. For each 7 € RT, find a 2 x 2-matrix valued function C > ¢ + D(7;¢) which
satisfies

1. D(7;() is continuous in C (with respect to the parameter ().
2. D(1;¢) — 1 as || — oc.

3. The relation (6.2.15) is satisfied.

We solve d-Problem 6.2.3 in Section 6.4.3. It turns out that the contribution of D in (6.2.14) is of
order 773/4, see Lemma 6.4.6. Thus, the asymptotic (6.1.21) is mainly determined by M®) which rep-
resents the Riemann-Hilbert part of the mixed d-RHP 6.2.2. Section 6.3 is devoted to RHP(X®) R()).
In contrast to, for instance, the NLS and DNLS equation, at this point RHP(Z(3),R(3)) is not solvable
directly and some further work is required. The following two remaining steps are necessary.

Step 4: The next step separates out the influence of the jumps on the two crosses (=) and R4+

see Figure 6.3. Let us split the jump matrix RSS) (= Rg)) in the following way.

)

RO(¢) = RUI(¢) + RUH(¢),

where

REI(Q) =0 for(est,  ROD(() =0 for (€ xU),

To each cross and corresponding jump matrix we associate a Riemann-Hilbert problem. That is, we look
at solutions M©“%) of RHP(X(*+) R(4+)) and consider the assigned functions ¢{**)(7). In Proposition
6.3.4 we show that M®) is approximated by the product M) M4+ and thus, ¢ (1) is approximated
by the sum q(4_)(7') + ¢4t) (7). Since there are no explicit expressions available for M (4=) and M@,
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EEA\ ISR

Figure 6.4: The unbounded augmented crosses £ and 6.

we introduce the final step 5.

Step 5: In the last step we end up with two model RHP’s for which explicit solutions are known.

The first model RHP is obtained from RHP(ZM*),R&_)), by replacing the phase Z(() occurring in R
with its second-order Taylor expansion around the negative stationary phase point —1:

1
2(Q)=-1-5(C+ D?+0(I¢+17%), as¢— -1
We also enlarge the rays Egl_) and 2514_) and define, see Figure 6.4,

209 = 5Py usP) = [(e*”/‘l R) U (e™4Ry) U (™ Ro) U (e7™/4Ry) | — 1.

Now by extending R7(-4_) in a natural way, we set
[0 H(—1)(07)2(=(¢ + 1)) 2 (51 £ (6-)
0 0 9 C € 1 9
- (-1) 0 1 2 C € 2(5_)
- - v ir(14+1(¢+1 ; ;
- | Tt O (¢ + D) e () g :
ROI() =4 (6.2.16)
0 . 1 2 0 ¢ e 2(5_)
| A(—1)(07)2(=(¢ + 1)) (5 g | e
r 5(—1) —\=2(_ —2iv —ir(141(¢c+1)2
0 om0 ) (Cgl)) e e) ] ,cexP.
Analogously we derive a model RHP from RHP(X(*) R(*1)) by setting
260 = 2Py usP = (e AR U (AR U (eAR_) U (e /AR, )| + 1
and defining
[ 0 0
(5+)
—2ut —iT L(¢—1)? ) €X )
| A (B¢ — 1) 72 i (1317 0] .
0 H) 3¢~ 1 i) ] Cesp?
0 0 ’ 27
ROD(():={ ) (6.2.17)
T 5(1) =20~ _ 1y2ivd ir(1+1(¢—1)2
g 1+p(1)ﬁ(1)’(5o) (¢ 01) ¢ et )]7 C€Z§5+)7
i 0 0 (5+)
| e mericm o |- cen
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Computing the solution of RHP(X(~), R(>-)) is presented in Subsection 6.3.1. In subsection 6.3.2 we show
that the two solutions M+ approximate the two solutions M“%) in the sense that M@+ = F(F) pr(5+)
with matrix functions F(*) close to identity, see (6.3.21) and Proposition 6.3.3.

Regrouping of the transformations: We close this summary with regrouping the above explained
transformations. Recalling successively (6.2.2), (6.2.7) and (6.2.14) we obtain

MO(7;¢) = D(r;¢) M® (7;¢) W(r; Q)] [8(¢)] 7.

Using W(7;¢) = 1 for ( =0 and ¢ € Q9UQ0, see Figure 6.8, and making use of the fact that [§(()] 773 is
diagonal, we derive the following two solution formulas for the expressions we want to evaluate in Lemma

6.1.2:
MO (7;0) = D(r;0) M) (r;0) [6(0)] 7,

: . (6.2.18)
aO(r) = lim ¢[D(r: )]y + lim ¢ [MO ()] .
(—o0 (—o0 12
Based on these formulas, Lemma 6.1.2 is a direct consequence of Propositions 6.3.2 — 6.3.4 and Lemma

6.4.6 below. Therein the following is shown:

10
01

Clggoc [M(g) (7 O} 12 - q(aS)(T) + O(T_l)

M) (r;0) = [ ] +O(r12)

Propositions 6.3.2 — 6.3.4

10
01

lim C[D(r; Q) = O(r=%/)

D(r;0) = [ ] + O34

Lemma 6.4.6

The estimates (6.1.18) and (6.1.20) of Lemma 6.1.2 follow easily by substituting these results into (6.2.18).

6.3 Analysis of the pure RHP

The RHP contribution (6.2.12) is mainly responsible for the long-time asymptotics of ¢(7) stated in
Lemma 6.1.2. We can provide this explicit result since the function ¢(® (1) associated to RHP(Z(:S),RS’))
converges to the sum ¢ () + ¢+ (1), where both ¢©°%) are associated to model RHP’s which can be

solved explicitly.

6.3.1 Two model RHPs
(5%) (5%)

The Riemann—Hilbert problems RHP(E(5i), + ) with ¥ %) depicted in Figure 6.4 and Ry~ given in
(6.2.16) and (6.2.17) are explicitly solvable. Usually the solution procedure is presented in the following
way. We begin with defining a change of variables

—1

n(¢) = —vV7(¢C+1), ((n)= 7 1, (6.3.1)
and set
MPC) (i) = MBI (r:¢(n)), neC\SFD, (6.3.2)
with the new contour
PO = (e™AR) U (e7"™/4R). (6.3.3)

As depicted in Figure 6.5, we let 2(P¢) inherit the orientation of R. Thus, it is important to notice that
»(PC) is not simply the image of £(°~) under the transformation ¢ — 7 defined in (6.3.1). This is because
the change of variables in (6.3.1) would also rotate the contour by an angle of = and thus, reverse the
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n PC ) pPC
pPC pPC

Figure 6.5: The contour X(FC) of the model Riemann-Hilbert problems.

orientation. As an important consequence we have Mipc_)(T;n) = Mf_)(T;C(n)) for n € RO 1t

follows that the condition
M (710 = MO(r ) (1+ RE(©Q) . cest),

is transformed into the jump condition

M ) = M (ri) (14 REC)

=M ) (1= REDCm) . nexO.
This gives rise to the definition
R () = —RED(C)  nent™. (6.3.4)

With a view towards (6.2.16), the following identities are useful:

(143 (CH)?) eir]2/2€i7" (—(C+ 1))2iu(; — 2V ey In(7)

Note that we define —7 < arg(n) < 7 so that the branch cut of n?*0 is given by R~ whereas (—(¢+41))%"%o
is cut along (—1,00). Define new parameters

~ . (_1)(50—)267,‘7-6—1‘1/6 111(7’)’

)

=
I

)

S (6.3.5)
/75 — ﬁ(_1)<6o—)—2€—wewo 1n('r),
such that p, p, = p(—1)p(—1) and v; = log(l + py Py )- Using the notation just introduced, we find
for n € R(FC)
i —Po__—2ivy —in?/2 ,
e T
0 0 (PC) _ in/4
—pgnQZVO_ ein2/2 0 :| 9 77 S 22 = 674 / R+7
RPCI () =4 ¢ (6.3.6)
0 0 (PC) i /4
—pgy 2 /2 g | ey =R,
| Troo o
i N —2ivy —in?/2 .
8 Pol 00 ¢ } o onexy’D =R,
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o0 0~y
%o 0 0
I+pq fo

2y,

Figure 6.6: The jump matriz Ry . The curly line illustrates the branch cut of n

We may write R$PC’)(77) in the form

REC() = SRS~ S) z= "0 e, (63.7)

where R is shown in Figure 6.6 . Now let us repeat the above procedure for the positive stationary

phase point +1. That means to transform RHP(X0+), .(r5+)) into a Riemann-Hilbert problem on %(F€),

We start with introducing another change of variables

n() = V(¢ — 1), «m=;ﬂ+L (6.3.8)
and set
MFCD) (r:9) = MO (1:¢(n)). (6.3.9)

In contrast to the scaling (6.3.1) used for the model RHP at the negative stationary phase point we do
not rotate the contour if we use the new variable 1 defined in (6.3.8). For that reason, M(FC+) (1, n)

defined in (6.3.9) is a solution of RHP(E(PC),RSPCH), where we recall the definition of $(P€) see (6.3.3),
and the jump is simply given by $PC+)(§ )= 7(-5+) (w(¢)). The following identities hold:

eiT(H—%(C—l)Q) _ einz/QeiT’ (C _ 1)21’1«? _ 772iu8refiug In(7)

We set

st . 3 —2 it ,—ivy In(7) (6310)
5 = P 2 ),
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<

k

Figure 6.7: The jump matrix Ra'. The curly line illustrates the branch cut of n

A
2iv, .

so that p g5 = p(1)p(1) and vy = 5= log(1 + pf Af). We find
i 0 0
(PC)
i o 2 , WweE >
_1+p+uC2° ic2 )2 0] 1
i s+ ~2iud iC2/2
o T e
RPECH () ={ (6.3.11)
T C2W0 61C2/2 PC o
1+P8F Uo s w e Eg ),
0 0
[ 0 0 (PC)
i pS“C*Qi”Je’iCQ/Q 0 } ) we Xy .

\

In Figure 6.7 we illustrate the matrix RS defined on ©P¢) where R(J{ has the meaning that
L+ BRI @) = SRS, S(n) =50 enr .

The solution of the two Riemann-Hilbert problems RHP(E(P C),R$P0i)) is not worked out in this paper.
However, the reader might wonder why the superscript (PC) is used for the model Riemann-Hilbert
problems. Here, PC stands for Parabolic Cylinder functions. This well-known class of functions plays a
certain role in the derivation of the following which we take from [LPS18]. See also Lemma 3.5 in [CP14].

Proposition 6.3.1. Given complex non-zero constants p(jf and ﬁg such that l—i—pa—LﬁaE € R, the Riemann-

Hilbert problems RHP(E(PC),RSPCi)) with RECH) defined in (6.3.6) and (6.3.11) and with £ de-
picted in Figure 6.5 are solvable. The solutions take the form

1 0 TFip% 1
(PCt) (.. _ 12
M (i) =1+ — [ i85, 0 } +0 (772) , (6.3.12)
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as |n| — oo, where the constants ﬂﬁ and B;ﬁ can be computed from pg and ﬁoi through

27T€ﬂua/2€i7r/4

Pra =

27T€7w6/26—i7r/4

; By =

o TGy (i)
ot o (6.3.13)
gt = o™ /2¢3mi/4 g ST /2—3mi/4
L) T T T
In addition,
(PC+) o ﬁoi
M (r3) -1 <C H + 155 + ’ |+ o8 @ : (6.3.14)
L+ 05 g L+ p5 g

for some constant C > 0.

Using the relations (6.3.2) and (6.3.9), and the two different scalings (6.3.1) and (6.3.8) we obtain

M (5E) (1:¢() =M (PCi)(T; +,/7(¢ F1)) and then we find that
+
MDA 1) = . 1 (PCH)
clggog ( (73¢) 1) T nlimo ( (737) 1)
and

MOH(r;0) = MPCD (7 /7).

Thus, if we substitute the definitions of pif and jF, see (6.3.5) and (6.3.10), into the formulas for 4}, and
B1as see (6.3.13), we find the following proposition as a corollary to Proposition 6.3.1:

Proposition 6.3.2. Under the assumptions that |log(1+ p(£1)p(£1)| < ¢ for some constant ¢ > 0, and
that p(£1) # 0 and p(£1) # 0, the Riemann-Hilbert problems RHP(X0F) RO%)) are uniquely solvable
and the functions

o) = lim ¢ [ M) ;)]

12

are explicitly given by

5-) eIy In(7) 27T€ﬂy5/2€_iﬂ/4
T2 p(—1)(5 )Ty )
4 Yo (6.3.15)
(5+)( ) eiTe— 7,1/0 In(7) ome™o /2¢im/4
) =
! P2 ()0 (=i )
Moreover, we have
8
(MO (7;0) = 1] <7723 " To(ps) (6.3.16)
k=1
and
8
IMEE) (7;) = 1 oo e Z (6.3.17)
6.3.2 Truncated crosses

This subsection is devoted to the Riemann-Hilbert problems RHP (2(4+) ,R7(-4i))

and (47 are depicted in Figure 6.3. We recall that Rgi) are given by

, where the contours ¥(41)

RUE) = R()

T st

See (6.2.8) and (6.2.9) for the definition of R? . Our next basic result is the following proposition.
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Proposition 6.3.3. Under the same assumptions as in Proposition 6.3.2, there exist a constant €9 > 0
such that for all 7 > 0 satisfying

8
Z FG(pk)Til/z < €0,
k=1

Riemann—Hilbert problems RHP(E(4i),R(4i)) are uniquely solvable. Moreover, there exist positive con-
stants C1 and Csy such that the functions

satisfy

8
¢ (r) — ¢ (T)’ <Cy Y Telpr)m (6.3.18)
k=1

where ¢°F) (1) are given in (6.3.15). We also have

8
1M (75) = 1| ooy < CL D Tolpr), (6.3.19)
P

and for a fized ¢y with dist(Z(4F), (o) > 0,

T (pr) /2. (6.3.20)

NE

10 Cy
e | 1 ]| < i

k=1
In particular, (6.3.20) holds for (o = 0.
Proof. We only give a proof for the ”—" case of (6.3.18)—(6.3.20). The idea is to construct the solution

of RHP(X(), 7(-4_)) from the solution of RHP(X(®), 7(-5_)) which is provided by Proposition 6.3.2.
Therefore we seek a matrix-valued function F' such that

MU (7;0) = F(r; )M (7;.0). (6.3.21)
A direct computation shows that F' needs to be the solution of a normalized Riemann-Hilbert problem
RHP(E(E’*),RgF)), where the jump is given by

-1
1+ R = MO 1+ RE)1 - RED) {M&S_)} . Cext), (6.3.22)

Here we set Rgi)(C) =0 for ¢ € X6\ 2#). Otherwise (6.3.22) would not make sense because RY s
not defined everywhere on (°). Our goal is to apply the small norm RHP theory presented in Appendix

A.1, see Theorem A.1.3. This requires bounds for the L> and L! norms of RSF). For this purpose we

use the triangularity of 1 + R and 1+ RP™) and arrange (6.3.22) in the following way:

RI(Q) = MO (r; ORI - RE(Q) (MO (rs0)]

We learn that for all w € 67,

|RY) (w)] < | R (w) = R (w)]. (6.3.23)

T

The constant ¢ is determined by ||M£5_)HL°°(E(5—)) and thus independent of 7, see (6.3.17). Using the
notation

Z(0)=-1- 5 +17,
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we can find a constant ¢ such that

1Z(¢) = Z(Q)| < e|l¢+ 12, for all ¢+ 1] <

Sl

It follows that for all ¢ € £4=) ¢ £6-) we have
e TITZ(C) _ eiiré(g)‘ <er ‘eiwé(g)‘ IC+ 1|3‘
Taking ¢ € 254—) C E§5_) and parameterizing ¢ = se’™/4 — 1 with 0 < s < 1/1/2, we obtain
|eiTZ(©) e”Z(O| < e (s), with v, (s) = Te /263,

As it is shown easily, v, has the following properties

[Vrllzoory) < e M2, vl 0,1/2) < cor
From these observations and similar estimates on the other rays 254_), 254—) and 2514_), we can deduce
that .
||R$47) - R$'57)HL°°(E(4*)) < CZ:FG(]%)TA/2

k=1

and
8
”R.(r47) — R.(rg)i)HLl(Zu—)) < CZ FG(pk)Til-
k=1

In order to show that equivalent estimates are also available on the contour ¥(®~) \ £4=) we use that
we have set Rg*) =0 on )\ ¥(4-), Elementary computations show that the L>®-norm and also the

L'-norm of Rg)_) over () \ £(4-) decays exponentially as 7 — oo. Thus, combining all estimates, we
finally find

8
IR oo sy50y < Y Tolpr)m /2
k=1

and .
||R$F)||L1(z(5—>) < Z Fﬁ(pk:)T_l
k=1
with constants independent of 7. By (6.3.23), Theorem A.1.3 and (6.3.21), these estimates are sufficient
for (6.3.18)—(6.3.20) to be valid. The Proposition is proven. O

6.3.3 Combining the two crosses

In this subsection we discuss the Riemann-Hilbert part of the mixed 0-RHP 6.2.2 Therefore we will

construct the solution M®) of RHP(X(3) ,RSS)) from the two solutions of RHP (X(4+) ,Rgi)), as constructed

in the proof of Proposition 6.3.3 from the two model Riemann-Hilbert problems. We recall that the
contour ¥3) = X(2) is depicted in Figure 6.1 and we also recall that

RO =RP(©Q),  ¢ex.
See (6.2.8) and (6.2.9) for the definition of R We have the following proposition.

Proposition 6.3.4. Under the same assumptions as in Proposition 6.5.2, there exists a constant €9 > 0
such that for all 7 > 0 satisfying

8
> Tslpr)r ™% < e,
k=1
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the Riemann-Hilbert problem RHP(E(g),R(B)) is uniquely solvable. Moreover, there exists a positive con-
stant C, such that the function

G (r) = lim ¢- [M®(r;
V) = Jim ¢ [ MO0
satisfies

8
1) = (¢ +d @) | < S Tel)r (6.3.24)

where ¢ (1) satisfy (6.3.18). We also have

8
IMP(75-) = 1| e (c) < C Y Tolpr), (6.3.25)
k=1
and for a fized Co with dist(X®), (o) > 0,
10 i C
MO (7:0) — <y — — T -1/2 6.3.26
200 - § V]| £ X g Tt (6:3.26)

In particular, (6.3.26) holds for (o = 0.

Proof. We consider RHP(E("‘_),RgE)), where the jump matrix R is given by

1+ R = MU M1+ RO M) (1 - RO MUY, e xto),

Denoting the solution of RHP(E(‘*_),RSE)) by E(r,(), we then have

MO (r;w) = E(r;w) M (r;0) MU (1 w),
which is verified by computing explicitly the jumps on ) = £(4=) U x(*+) | Furthermore, it follows that
¢¥(r) = [BEx(Dhz +¢“ 7 (r) + ¢ (),

where

El(T)
¢

Thus, it suffices to show that RHP(E(A‘*),R(E)) is indeed solvable and we have to prove estimates on Fj.
Similar to the above proof of Proposition 6.3.3, we intend to apply theory for RHPs with jump matrix
R) near zero, see Appendix A.1. It follows from Theorem A.1.3 that (6.3.24)(6.3.26) are proven if the
following estimates can be verified.

E(r;()=1+ —|—O(C_2), as ( — oo.

8
||R(TE)(')||L0<>(2(4—)) < Czrﬁ(pk)T_l/Q (6.3.27)
k=1
and
8
IR (Ml sy <> Telpr) " (6.3.28)
k=1

We will provide the proof of (6.3.27) and (6.3.28) in what follows. Writing

RE) — () <M(4+) _ 1) RO 1 (1 _ R§3)> (r4)

T —

+MUIRG (1= RD) (MO - 1) (MU, exnto),
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where we also used that [Rf’)]? = 0, we find out that
RO < e[ M) - 1] - [R0)| (6.3.29)

Here the constant c is determined by the L 2(4*))—norm of M£4_), M) and R® and is, thus,
independent of 7, see (6.3.19). For any ¢ € (), we have dist(2“*1) ¢) > 1/3. Making use of this
observation and considering estimate (6.3.20) we realize that (6.3.29) implies

’R(TE)(C)‘ <er 12 ‘R@(C)‘ . (6.3.30)

Thus, we need to calculate HRSS)H [i(sw-)- For this purpose we calculate exemplarily the L'-norm on

E](LA‘*) = Zgg) = 252). For that we use the parametrization ( = x + iy with z = -1 —yand 0 <y < %
Similar to the third line of (B.5.1) it follows that
2

(=atiyes = 770 <

Furthermore, since (¢ + 1)_2“’3r is bounded on 254_), we find that

1
) 2 2
enz(o’ d¢ = crﬁ(lpl)\/i/2 e o dy < cTg(p)r V2.
0

(3) <
IRl 3 s, < eToon) [

(4-)
1
The same argument can be used to estimate HR(T?’_) ]\L1(2(4_)) for j € {2,3,4}, so that
J
8
IRE gy S € ; To(pr)r /2. (6.3.31)
Combining (6.3.30) and (6.3.31), we obtain (6.3.28). O

6.4 Analysis of the O0-problem

6.4.1 A scalar Riemann—Hilbert problem

Scalar Riemann-Hilbert problems such as RHP 6.2.1 are well understood and explicit representations for
their solution are available in terms of the Cauchy operator, see (6.4.2) below. We will state important
global properties of the solution § of RHP 6.2.1 below. Afterwards we compute the asymptotic behavior
at the stationary phase points +1.

As defined in the beginning of this chapter we set

V() = 5-og (14 p(QH(Q)) (6:4.1)
and consider the following function
1
5(C) = exp {1 /1 Syﬁs)gds} , ¢CeC\[-1,1]. (6.4.2)

The following can be found in many works, see for instance [DZ94].
Proposition 6.4.1. The function § defined in (6.4.2) satisfies the following:
(i) 0 is a solution of Riemann-Hilbert problem 6.2.1.

(i) For FIm(¢) > 0, we have [671(¢)] < 1.
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(i4) For ¢ ¢ [—1,1], we have e~ Ml/2 <|5(¢)| < ellvlze/2,

Recalling from (6.1.16) that

~1/10 1 1/2 1/10
e(v) = el ¢ { ( / e / /m) |u'<<>\2dc} T / NI

we conclude from Proposition 6.4.1 that
1672z (c) S €w),  [10%]lze(c) < E(v). (6.4.3)

This is relevant for the proof of Lemma 6.4.3.

Next, we address the asymptotic behavior of §({) near the stationary phase points —1 and +1. Using
the notation introduced in (6.4.1), we set

vE = v(£1). (6.4.4)

Now, let ¢ € C\[~1,00) and use —7 < arg(—(¢ + 1)) < 7 to define (—(¢ + 1))®o . Then, for ¢ € [~1, 00)
we compute,

i~ + 12-+1)" = (Tim(~( i +1)" ) (14 p(-1)5(-1)

and we learn that locally for ¢ — —1 the two functions (—(- +1))% and 6(-) as given in (6.4.2) satisfy
the same jump condition. Analogously, let ( € C\(—o0,1] and use —m < arg(¢ — 1) < 7 to define
(¢— 1)1"’3L . It then turns out that the function (- — 1)“’0+ fulfills for ¢ — 41 the same jump condition as
the function ¢ defined in (6.4.2). In fact, we have the following asymptotics.

Proposition 6.4.2. Let p, 3 € H'(R) and § given by (6.4.2). There exist constants 6= € C with |03 = 1
and ¢ > 0 such that

‘5(() — 85 - (—(CH+ 1) | < c€(w)|¢+1Y2,  for all ¢ € C\[~1,00) with [ + 1| < \}i (6.4.5)
and
‘5(() — 6 (C— 1) | < c@w)|C = 1Y2, for all ¢ € C\(—o0, 1] with |¢ — 1] < \}i (6.4.6)

Here the complex powers of (¢ £ 1) are defined with the branch of the logarithm as described above:
—r<arg(—((+1)) <7 in (6.4.5) and —7 < arg({ — 1) < 7 in (6.4.6), respectively. The constant €(v)
is defined in (6.1.16).

Proof. The computations are somewhat standard. Let us define the following two functions,

vy 0 S v 1 S
Q) = B(C) - / ds + 20 ds,  C¢[-11].

i J_15—C i Jo s—C
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Figure 6.8: Decomposition of C\(R UE(Q)) into ten connected components. VW is continuous
across the dotted lines.

we obtain v(¢) = B(¢) + b()(¢) + b (¢). The functions b* are continuous around F1. Indeed, we
have

() = bF (FD)| < clvg] - [¢ £ 11, (6.4.7)

if ¢ is close to F1. Since the function s — v(s) — ¢(s) is in H'(R) and has zeroes at +1 of at least
order 1/2, the values B(£1) exist and, moreover, as shown in Section A.2 in the Appendix, we have for
¢ £ 1] < J5, that

1BC) = BED] < el iyt aplC £ T2+ [llpa o o )[C £ 1], (6.4.8)

1

10’10

Now, let ¢ € C\[~1,00) and choose —7 < arg(—(¢ + 1)) < 7. An explicit calculation of b(~) yields
b)) = ivg + g Clog(—() — ivgy (¢ + 1) log(—(¢ +1)) +ivplog(—(¢ +1)),

and we learn that [b(7)(¢) —ivy — ivglog(—(¢ + 1)) < clyy | - |¢ + 1|2 if ¢ is close to —1. Making use
of (6.4.7) and (6.4.8), we obtain

7(¢) = B(=1) — 6 (=1) — vy — i log(—(C + 1))| < c€(v)|¢ + 1]Y/2.
This in turn implies that (6.4.5) holds for
55 = exp{B(—1) + 6™ (=1) +iry }. (6.4.9)
Using very similar computations around +1 one can show that (6.4.6) holds for
55 = exp{B(1) + b (1) — i }. (6.4.10)

The property |50i| =1 is obvious and this concludes the proof. O

6.4.2 O-extensions of jump factorization

In this section we specify the transformation M1 — M@ given explicitly by (6.2.7). The purpose
of this deformation is to remove the jump along the real axis and introduce jumps on X(2), where
»@ = E?) u..u Zg) is depicted in Figure 6.1. Therefore we need to construct the function W
piecewisely on €21, ..., 19, where we denote by ; the components of C\(R UX(®)) as sketched in Figure
6.8. Assume that the functions Ry : Q, — C, k = 1, ..., 8 satisfy the following boundary conditions:
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pC62(C), ¢ € (—00,—1),
R =
e {ﬁ<—1><6a>2<—<<+ 1)-2, Ces?),
p(¢) 2
o) = 4 TG e 1)
p(_l) —\2/ iv, C cy 2 ,
1 + P(—l)ﬁ( 1) (50 )2( (C + 1))2 (1 X(C))’ 2
P(O 2
R(¢) = { 1 +p<(<;ﬁ<<>5+“)’ e,
s ~aivg i
T o 90 €= DT (=X (), ¢ €2
HO2(0), (e (1oo),
o) = {ﬁ<1><60+>2<< 12, ces?,
p(€)6%(¢), ¢ € (—o0,—1),
R =
) {p<—1>(5a>2<—<< +1))*, ¢ex?,
(<) —9
o) = 4 THe ce(-1,0)
D 2
D ) () (- x(),  SEE
[ e
p(¢) )
Re() = | ! +p((c;ﬁ(<)6‘ o e,
P - cex®,
T3 ppm 20) (€= DHE I =x(O) o
p(€)8%(¢), ¢ e (1,00),
Rs(¢) = {p(1)(50+)2(c - 1)—2% ’ e Eg).
We set ‘
_ (1) —Rk(?e”Z(C) ] e ke{La),
I _Rk(ole—z‘TZ(g) (1) } , Ce, ke{23},
W(T;() = I Rk(C)leiTZ(C) (1) :| ) CeQ ke{58}
: (1) Rk(C)leiTZ(C) } | Ceon ke(o
(1) (1)}7 ¢ € Q9 U Oy,

113

(6.4.11a)

(6.4.11D)

(6.4.11c)

(6.4.11d)

(6.4.11¢)

(6.4.11f)

(6.4.11g)

(6.4.11h)

(6.4.12)

and by (6.4.11a)—(6.4.11h) (first line in each case), we find that W satisfies (6.2.6). Moreover it follows
from (6.4.11a)—(6.4.11h) (second line in each case) that M) admits jumps on () of the form Mf) =

MEQ)(l + Rg)) with R\ precisely given by (6.2.8) and (6.2.9).

The lack of analyticity is measured by means of the following differential operator:
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We would have W = 0 if W was analytic. The general case is

P 5 itZ(C)
0 —dRk(C)e ], Ce kefla),

0 0
SR o ] CCe ke{23),
wiro) =4 | E k(g‘;eﬂ(c) ; ] . (e kels8), (6.4.13)
8 OR k(Cé eimZ(0) ] | Cetn ke (6T,
\ 8 8], ¢ € Qg U Q.

Similar to [LPS18, CJ14, CP14, DMO08] the following Lemma can be obtained by explicit construction.

Lemma 6.4.3. Let p, p satisfy assumptions (6.1.7)-(6.1.9). Then for k = 1,...,8, there exist functions
Ry : Qi — C satisfying (6.4.11a)-(6.4.11h) and vanishing on Qr NA(QoUQ0), so that for k € {1,2,5,6}
and ¢ € Q,

i PP 1 Re(() + To(p) DO 71C+1] < 5.
|0 Ry ()] < c€(v) ok (Re())] B ) (6.4.14)
TJF\P%(RG(C))’+F6(Pk)’3X(C)\, fle+1f =3,
whereas for k € {3,4,7,8} and ¢ € Q,
. PRS0 1 (Re(C) + Tl T(@) I =11 < 5,
|0 Ri(C)] < c€(v) ok (Re())] B ) (6.4.15)
DO el + To| DXL G112 5,

Proof. The functions Ry can be defined explicitly. Let us exemplarily consider the cases k = 3 and k = 4.
We start with defining the cutoff function x € C§°(C, [0, 1]). Therefore, let us denote by

Ly s
pofliid il i3, 1
2 22 2 2 272 2

the eight end points of ¥5. Now, set

1 if dist(B,Q) < &,
X(¢) = { 0, if dist(E,¢) > 3. (6.4.16)

The reason for introducing this function will become clear later, see also Remark 6.4.4. Next, let g :
[0,7/4] — [0,1] be a smooth function satisfying g(¢) = 1 for all ¢ € [0,7/6] and g(7w/4) = 0, see Figure
6.9. Using 0 < arg(¢) < 7/4 and 37/4 < arg(¢ — 1) < 7 for ( € Q3 and 0 < arg({ — 1) < w/4 for ¢ € Q3,

we define:
Gs,1(¢) = g(m — arg(¢ — 1)),
G32(C) = g(arg(()),
G4(¢) = g(arg(¢ — 1)).

We refer to Figure 6.10 which shows the decomposition of {23 and €24 in further subregions. In these
domains, the functions G'3.1, G3.2 and G4 satisfy

Cea: [0G1()<c¢ -1,
Cea: [0Gs2(0)] < el¢™ (6.4.17)

CeQ: 0G| < ¢ —17T,



6.4. ANALYSIS OF THE 0-PROBLEM 115

SRR

Figure 6.9: The function g used in the construction of the functions Ry, in the proof of Lemma
6.4.3

Q4.2
Q3 Q31 Q41

K
1

NIRRT — - —— — — — — —
NI+ = = = == == = 2

Figure 6.10: Decompositon of Q3 and Q4 for the construction of Rg and R4 in Lemma 6.4.5.

with a constant ¢ that depends on the particular choice of g only. Now we are prepared to define the
functions R3 and R4 by

(Re(¢)) 2
Ga1(¢) b 62(¢)(1 = x(0))
T+ <Re<<>>p<R§§§>> - e
Rs(Q) = + (1= Gaa(Q) Ty (OPC = D72 (1= x(©)) (6.4.18)
| GaalO o) a0 = X Ce
and
Ga(O)P(Re(€))82()(1 — x(0)) Ceo
Ri€) =4 +(1-Ga(Q)p(DGH2C - D" (1-x(Q), (6.4.19)
Ga(¢)p(Re(C))52(Q)(1 = x(0)), ¢ € Qup.

Immediately from this definition and from the definitions of G3 1, G32, G4 and x we can verify (6.4.11c)
and (6.4.11d). Also, it is easy to verify that Rz vanishes on {re™/*:r € (0,1/v/2)} and Ry vanishes on
{1 + e/ > 1/\/5} Note that these lines are the dotted lines in Figure 6.8. Thus, it remains to
prove the desired bounds (6.4.14). We start with Rs. Firstly, let ( € Q3. A direct computation yields
’5R3(C)| < Wi + Ws + W3 with

p(1)

e p(Re(¢) i

Wi = 1964100 | eyt )~ T e o807
) S0 plRe0))

W =100 P 5 ket |

Wi = [[6]1 70 c) ﬁ . [0x (I,
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Using [f(a) — f(0)] < |l f'l2(ap)la — b|*/2 for all functions f € H'(R), Proposition 6.4.2 and (6.4.17) we
find

a p(l — iugr
W1§|8G3’1(O|{’1+p(1,5“52 —(06)2(¢ -1
, pBe@) o)
+M(O‘1+pG%K»MR(O) 1+pumaﬂ}

SC(“ s * |2 ()
< €(v) (Ts(ps) + Ts(ps)) ¢ — 1|72

Here, we have also made use of (6.4.3). Now, let us assume that ¢ € Q39. Then, |9 R3(¢)| < Vi+Va+ V3
with

H5H%oo<c>> ¢ =172

L2(3,1)

1 p(Be(0)
Vi = 1362001 |1 ey )
(

_ p(Re(0))
8<1+MRd)M (»)’

®
\ P D)

L*(3:3)

Vo = [|8]1 700 )

v

Vs = 16170 (c)

As for Vi, note that the support of 9y stays away from the origin. Therefore, it is justified to use
llp/(1+ pp)HLoo(1 1 instead of [[p/(1 4 pp)|| (g, 1)- This completes the proof of (6.4.15) for k = 3. Ry is
estimated in a similar way and the other Rj-s can be defined similarly to (6.4.18) and (6.4.19). The idea
in each case is to use arg(¢ + 1) and the function g to interpolate between the first and second line of
(6.4.11a)—(6.4.11h). For technical reasons it is necessary to include the function x(¢), see Remark 6.4.4
below. O

Remark 6.4.4. Since, for example, R3 is defined piecewisely on €231 and €232, one would expect a dis-
continuity on the separating line {1/2+ it :0 <t < 1/2}. But the reader might check that the presence
of the cutoff function x, introduced in (6.4.16), and the fact that the function g is constant on [0, 7/6], as
depicted in Figure 6.9, helps us to avoid this kind of discontinuity for R3. The same holds for the other
functions Ry.

6.4.3 Solvability of the 0 problem

The remaining part of the proof of Lemma 6.1.2 is the analysis of the d-part of M®) in (6.2.7), see
(6.2.11). We show that the contribution of W in (6.2.11) goes to 0 to higher order and the asymtotics
of ¢® through equation (6.2.1) are determined by the RHP part of M), see (6.2.12). d-problem 6.2.3
is solved by finding a solution of D = 1 + J[D], where

JID](k) = % /C deg). (6.4.20)

The definition of T was given in (6.2.15). For J we can prove the following.

Proposition 6.4.5. For the operator in (6.4.20) we have J : L>(C) — L*°(C) and there exists a constant
¢ > 0 such that

8
11| Lo (s Loo () < c€(v) (C(p, P 7712 £ (Ts(pr) + To(pr)) 1/4> (6.4.21)
k=1

for all T € RY. The constant c is independent of T, p and p.
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Proof. We decompose the operator into J = J; + ... + Jg, where

1 DT .

s Qj C —k

and prove (6.4.21) first for J3 and afterwards for J4. Other values for j are similar to one of these. We
recall the decomposition of €23 and 4 defined by Figure 6.10 and claim that the following holds:

(=atiyeQs: |e 2O <e 5

(=z+iy€Qza: |67”Z(<)\ geQTT%’, (6.422)
(=x+iy€Qyy: ’eiTZ(C)‘Se%H o
(=z+iyeQa: |e”Z(<)\ <ed.

These estimates are derived by elementary computations. For the sake of completeness one can find a
proof of (6.4.22) in Section B.5 of the Appendix.

From Lemma 6.4.3 we know that for an arbitrary k € C,

D(O)T(C)
ey €k — 7 dA(Q)

< ||Dl|go(c)€(v) ([st(p?)) +F6(p3)] I + Iy + Le(p3) Is) :

where I, Iy and I3 are defined by

_ [ KA e _ [ IsRe(Qlle O]
e A e O ) e AL

3 —irZ(C)
I ::/Q 2x(Ol e ’dA(().

¢ — k|
Let us begin with estimating I;. Writing ( = x + iy and k = o + i and using (6.4.22), we obtain
1/2 1/4, v =2)
I < / / ty) e 22 dzdy
Viz—a)?+(y—5)

1
(22 + y2)1/4

1
V(@ —a)? + (y - B)?

IN

dy,

/1/2 —Ty2
e 2
0

where 1 < ¢ < 2 < p < oo are supposed to satisfy % + % = 1. A direct computation shows that

< |y| V2P, (6.4.23)

H(JUQ +y) LB(=1/2,~y) —

In addition, analogously to the first line of (5.3.10), we find that

1
< cly — q
Li(3.1-y) — Iy =4l

(@ = o)+ (y = 82

and hence,
1/2 _ry? 1 1,1
I < C/ e 2 |y— Bl y[ T2 rdy.
0

Using |y — B*[yl” < c(Jy — BI*F + |y|**?), it follows that

1/2 —Ty2 1 1
L<e [T (lg-p kel t)d
0
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Furthermore, for any 8 € R,

—7y? —7y? —7(y—5)2 —7y?

/ € _ay< / 62dy+/ £ < 2/ € gy <er V4 (6.4.24)
RIY=BIY2 T Jyi<iy-s ly'/? wizly—6l ly = BIYV27 T SRyt T 7

such that, finally, I; < ¢~ /4. Next, we obtain

Ty(l—zx)

1/2 -
I, < / ()|e : dxdy
1/2 \/ (x — )? —B)?
2
< / TH 21 5 dy
0 \/(JZ‘—O[) +(y_/8) Li(%71,y)
Y2 o —1/2
< cl's(ps) e 2 |y—pB|" /" dy
0

< Ds(ps)m V4,
where we could use (6.4.24) again. In order to estimate I3, we observe that, if ( € F3, where
Fyi= Qa0 {¢' € C:ax(C) #0}.

then |e~7% (<)| < e7 7% with some positive constant cg. Since 0y is bounded, it follows that

1
I < ce_TCO/ dA(C) < ce” T,
’ F3 ’C - k‘ ( )

In order to complete the estimates for J3, we use Lemma 6.4.3 again, which tells us that for an arbitrary
ke C,

D()T(¢)
Q5. C—Kk

where J1, Jo and J3 are defined by

[ps(Re()| [e=m#)| I (Re(()||e= ()|
Ji:= dA Jy = dA
1 A;Q CIIC =] ©. & (Lm C— K (©);

Fl —irZ(¢)
Js ::/Q ‘ X(C‘)C‘I_ek’ ‘dA(C)-

Using the second line of 6.4.22 we observe that J; and Jy are similar to the integrals Z; and Z3 in the
proof of Proposition 5.3.2. Therefore, by the same arguments as in the proof of Proposition 5.3.2, we
obtain

dA(C)

< 1Dl poe(c)€(v) <J1 +Jo+ F6(p3)J3> ;

Ju<er VUlal " Pps(@)llpa o), T2 < er VIl Pph(a )HL2 (0,3)"

In addition, J3 is estimated in the same way as I3 above. That means, J3 < ce™"“

previous estimates, we find

. Summarizing our

13l 20+ £ c) < c€(w) (Clp. p) + s (ps) + To(ps) ) /4.

Let us now turn to J3. From Lemma 6.4.3 we know that for an arbitrary k € C,

1T
A

o (C <Dl pe(c)€(v) ([r5(p4) +r6(p4)} K; + Ko +T6(pa) K3> ;

where K1, Ko and K3 are defined by

_11-1/2 | ,itZ(C) / irZ(C)
o [ KSRy [ BRI

¢ — Kl ¢ — Kl



6.4. ANALYSIS OF THE 0-PROBLEM 119

] itZ(¢)
ng_/ﬂ \X(E)l_\@k’ Laace).

Analogously to the above estimate of I; we find by (6.4.22), that

Ty(x—1)

12 03/2 Vie—% —
K, < / / Pt y) Ve 62 dxdy
v+ :c —a)2+ (y—p)
/1/2 Zry? 1 1 d
< I | —— v
0 ($2+y2)1/4 L2 (y,3) \/(;1:—04)2 + (y—ﬁ)Z Li(y+1,3)

Proceeding as for I, we finally end up with K; < ¢7~1/4. For K find

Ty(x—1)

1/2 r3/2 /($)|€T
Ko < / dxdy
y+1 \/33—04) + (y — B)?
1/2 R 1 p
<
A P e e i
1/2 g2
S CF5(p4)/ e 6
0

< CF5(p4)7'_1/4.

Finally, we have K3 < ce™“7 for the same reasons as for Is and J3. In order to complete the estimates
for Jy, it remains to consider the integral over €24 2. We have

D(O)T(S)
e dA(C)

where L, Lo and Lg are defined by

pa(Re(Q)] |67 Py (Re(Q)][e7Z()
L, := dA Lo = dA
1 /Q clc—H Q) Lo /ﬂ - F ©):

Bl it Z(C)
L3:—/Q ‘X(‘?’_}Gk' ’dA(g).

Using the last line of 6.4.22 we observe that L; and Lg are similar to the integrals Zo and Z4 in the proof
of Proposition 5.3.2. Therefore, by the same arguments as in the proof of Proposition 5.3.2, we obtain

< |[Dllpeo(c)€(v) <L1 + Ly + T's(p3) L3> ;

Li < er el 7 pa(@)ll e (s oo L2 < em 2lph(@) 20,0

TCO

In addition, L3 is estimated in the same way as I3, J3 and K3 above. This means that, Ls < ce™
Summarizing our previous estimates, we find

1 all () 1(0) < e€(¥) (Clp, )T~ 4 (Ds(pa) + To(pa))r 1) .

As mentioned at the beginning of the proof, the remaining operators J; are handled in a similar way,
such that (6.4.21) is now proven. O

6.4.4 Estimates on the solution of the 0 problem

Lemma 6.4.6. There exists an €y such that for alle T > 0 satisfying

8
<(v) (5(p, P+ 7712y 3 (Ts(pr) + Do) 1/4> < €0, (6.4.25)
k=1
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there exists a unique solution D for O-problem 6.2.3. For |Im(¢)| — oo, D has the property that

Dq(7 _
D(r;¢) =1+ 14() +0(¢), (6.4.26)
where
8
ID1(7)] < CIMP| oo () €w) | D [Ts(pr) + To(pe)l 724 + Y T (6.4.27)
k=1 1<j<4
1<k<8
and
[D1(7)12] < CIMP) | oo )€ () > Tslpe) +Telpp)l 74+ >
ke{1,4,6,7} 1<j5<4
ke{1,4,6,7}
HIM D12 oo o > Oslpe) +Telpp)l 74+ > Tylpe)r ' | . (6.4.28)
ke{2,3,5,8} 1<j<4
ke{2, 3 5,8}
Moreover,
1D(7;0) = 1] < C|MP)| poo ) €(v)
8
< | Y [Cs(pr) + Telpr)] 74+ > T oor 1, (6.4.29)
k=1 je{2,4} je{1,3}
1<k<8 ke{2,3,6,7}

where pr(C) == pr(¢)/I(].

Proof. We find a solution of d-problem 6.2.3 by solving the integral equation D = 1+ J[D]. Thanks to
Proposition 6.4.5, this equation is uniquely solvable in the space L>°(C) for all 7 > 0 satisfying (6.4.25).
Moreover, we have || D||ze ) < ¢ uniformly for these 7. Therefore, the coefficient D; in the expansion
(6.4.26) can be expressed by D1 = 1 [. DYdA. It follows that in order to bound |D;, it suffices to bound
fQj TdA for j =1,...,8. Let us consider the case of j = 4. Analogously to the proof of Proposition 6.4.5
we have

DY) | < D01 €00) [Pl +To)] K -+ K + o) K5

Q41

where K/, K and K} are defined by

e s
Qa1

¢T4O| dAQ), Ky = /Q [Ph(Re(Q)][e#1dA(Q),

5= /9471 0 x(¢)

for ( = x4 iy € Q41 (see (6.4.22)), we find

1/2 13/2 s
K/ < / / (& — 1) +y2) Ve dudy
y+

1/2
J

e’iTZ(C)’ dA(C)

Using [e/74(9)| < e -

1
(22 4 y2)1/4

—Ty(z—1)

IN

dy,
Li(y+1,3) Y

LE(y,%)
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where 1 < g < 2 < p < oo are supposed to satisfy ]lg + % = 1. By (6.4.23) and

()"
= —_— [ N
Li(y,00) TYq

1/2 _ry?
Kj < or o [ e gy,
0

—Tyz

H —T1y(z—1)
e 6

<[

Li(y+1,3

it follows that

Let us choose explicitly p = 3 and ¢ = % We find

1/2 2 V72
K/ §072/3/ y|5/666dy_072/31/2+5/12/ 2|6 dz<c7' 3/4.
0 0

Continuing,

, 12 3/2 / e
K < / / Pa(@)le "6 dady
0 y+1

1/2
/
S A P

1/2
< 07—1/2r5(p4)/ 127 gy
0

< CT_3/4F5 (p4).

‘ —Ty(x—1)
e 6

L2(y+1,3)

For Kg we argue as in the proof of Proposition 6.4.5 for I3, J3, K3 and Ls. It is clear from the above
estimates of K; that the remaining integrals such as

D(Q)T(Q)dAQ)]

Q42

can be handled similarly to the proof of Proposition 6.4.5. Hence,

D(O)T(C)
e — 7 dA)

< 1Dl (0 |M® ]| o)1) ( L +r6<p3>Lg) |

where
L) < CT71F4(p4), L, < CTflfg(pg) L <ce .

This yields the proof of (6.4.27). In order to show (6.4.27) we recall from (6.4.13) that for k € {2,3,5,8}
and ¢ € Q, the matrix 9W(() is of the form

0 0
F] Rk(g)eiiTZ(C) 0

Hence, the function 0 R}, can contribute to the 1-2-entry of
M awm®)!

only in combination with [M)];5. This observation yields (6.4.28).

For the estimate of

D(OT(C)

D(7;0) =
(T’ ) 93’1 C

dA(C),

we make the following observation. Integrals such as

D(OT(S) D(OT(C)

Q3,1 Q4,1

D(O)T(C)

Qo ¢

)

dA(Q)| dA(C)

dA(C)‘



122 CHAPTER 6. INTERIOR REGION WITHOUT SOLITONS

are analyzed in the same way as the integrals above. This is because |¢|~! is bounded in the domains
Q31, Q471 and Q2. On the other hand, |¢ ]*1 is clearly unbounded on 39. As a consequence we have

to replace the function p3 by
p3(¢)

<l
In the end this change only affects the quantities I'1 and I's.

p3(C) :=



Chapter 7

Soliton resolution problem

7.1 Steepest descent with solitons

We begin this section by recalling several concepts, introduced in Section 4.3, namely: assume (u(t, z), v(t, z))
solves the massive Thirring model and admits scattering data S(u, v) = (p, {}\;, C; };VZ 1)- Then, for given
vy € (—1,1), in regions of the form

{(x,w eR?: |z — wt| < yty},

the long-time behavior of (u(t,x),v(t,x)) depends on whether there exists at least one index j € {1,.., N}
such that JWEN
J J
YRRV (T.1.1)
or not. In the latter case, (u, v) behaves like a pure radiation solution and thus scatters to a linear solution
modulo phase correction as shown in Theorem 6.1.4. In the former case there exist some eigenvalues A;
satisfying (7.1.1) which is equivalent to |\;|?> = Lo, where

1—
LO = VO.
\/ 1—|—V0

Other eigenvalues \; satisfying |A\x|?> # Lo may also be contained in the scattering data, but they are
not ’visible’ in the narrow set {(CL’, t) €R?: |z — pt| < \/|t|}. As it was shown in the proof of Theorem
4.3.2, this set contains the set

S(Lo) := {(x,t) € R*: lwy* — Lo| < e /y/7} (7.1.2)

for some sufficiently small € > 0. Extending the steepest descent method of Chapter 6 to the presence of
eigenvalues, the following theorem shows that in S(Lg) the solution converges to a pure soliton solution.

Theorem 7.1.1. Let Ly € RY, n > 1 and suppose that (ug,vo) € G, with scattering data
S(“O? UO) = (pa {)‘]7 C]}?:l)

such that
Lo = |)\1]2 =..= |)\n]2. (7.1.3)

In addition, assume that r,7 € X%22,0' Define D* = {5, éj}?zl by

Cf = Cjexp{ — /—Lal+/°° log(1 + wlr(w) ) (—— — — ) d
i Raep i oo o & Wi w—w; 2w v
0

1 [ e 1 1
— Cj exp E /L log(]. -+ Z|T(Z)| ) o Zj — g dZ )
—Lo0

123

(7.1.4)
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G = Cjexp{ (/ " /L0>10g1+zr( )\)(Z_Zj—;z)dz}
g exp{ = /;51 o1+ ulr(w)) (= 51 ) dw}

Then, using the notation as in Definition 4.1.1 and assuming +t > ty and |wa1 — Lo| < 1/\/T (equiva-
lently: |zo — Lo| < 1/+/7) we have that

(7.1.5)

u(t, 2) — ugor(t, 2; DF)| + |v(@, 1) — veor (t, 25 DF)| < cft| /2 (7.1.6)
The constants ty and ¢ depend on the initial data S(ug,vo) and on €.

Proof. The proof has an identical structure to the one of Lemma 6.1.2. What makes the difference is the
presence of singularities in the RHP’s. If RHP 2.8.1 admits poles at w1, ..., wy,, W1, ..., Wy, (recall w; = /\;2),

then the function M©)((;7) defined in terms of M by (6.1.1) admits poles at (1, ..., G, Cps .oy Gy Where
¢; = wj/wp. The precise residuum relations that we have to add to RHP 6.1.1 are the following:

0 0
ResM )(1;¢) = hHCl MO (7;¢) [ CJCJ)26—ZTZ(CJ') 0 ] ’

N , (7.1.7)
—¢;d(W;)? irZ(C, .
Res MO (7;¢) = lim MO (r;¢) 0 %.J)e Z(;) |
=5 =G5 0
Our assumption is that
bl (7.1.8)

and thus, using (7.1.3), we know that the poles (i, ..., (, lie in the region g, see Figure 6.8. This latter
fact is useful because it guarantees that the modifications M(© — M@ — M®) given by the explicit
formulas (6.2.2) and (6.2.7) lead to a matrix valued function M®) which is still meromorphic around
Cly oo Gy Cpy o5 €y This is because W = 1 on Qg U Qq. In fact, M® is a solution for the mixed J-RHP
6.2.2, amended by

Res M@ (7;0) = lim MO (r;0) | qosc)® 0
=G 7 =¢ 7 C]c(l:Zw(C)] ) o—itZ(G) o |
0 —¢;d(w;)? ZTZ(C]) (7.1.9)
Res M) (r;¢) = lim M@ (7;¢) wod(C;)? '

=G ¢—¢; 0 0

In contrast to the soliton-free case where we use decomposition (6.2.14) to seperate the d-part and the
RHP-part of M), here we need the following decomposition:

®(r:¢) = D(r; M) (75, ()MP (73 ¢). (7.1.10)
The functions D, M (™€) and M®) are chosen in the following way:

(i) M® is the solution for RHP(X®), 7(_3)) with B®) as in (6.2.13). In particular, it is possible to
apply Proposition 6.3.4.

(ii) M) (1;¢) is a meromorphic function on C with singularities at ¢y, ..., (n, Cq, ...y C,, Satisfying

(mer) : (mer) (3) -1 0 0 (3)
gR:es M (r5¢) = lim M (T3 QM (73 ¢)] Cjigfs(C)é)Q e—iT2(G) MY (7;(),
wj

¢—¢j

(7.1.11)

—c;d(w ) 627‘Z(< )
Res M (mer) (1;¢) = lim M(m”)(T Q) [M (7’; C)]_l wod((;)? M(?’)(T;C).
¢=¢; ¢—¢; 0 0



7.1. STEEPEST DESCENT WITH SOLITONS 125

(i) D(7;¢) solves the d-problem 6.2.3 with
(7€) = MO(rs M) (73 0) IW(r: Q) [MO(r3 )M (r:¢)] (7.1.12)

replacing the expression given for T in (6.2.15). Since || M(™e7)(r; Mo e\ (u010)) ~ O(1), all
estimates for T that are presented in the analysis of (6.4.20) also hold for (7.1.12). As a consequence,
we can use Lemma 6.4.6.

By the explicit transformation formulas (6.2.2) and (6.2.7), by Proposition 6.3.4 and by Lemma 6.4.6 it
follows that

: 0) (. BT (mer) (.. -1/2
i ¢ (MO0, - gim ¢ pr o] | < e

(7.1.13)

[MO(,0) = M) (7,0)[5(0)] | < er /2,

The remaining part of the proof is to analyze M (™€) but we also notice that (7.1.11) does not describe
the residuum condition of soliton solutions of the MTM system because, for instance, in the first line of
(7.1.11) the term

0 0

[M(g)(7—7C)]71 [ CJ;E (C)]) —ZTZ(Cj) 0 ] M(3)(7—7C)
wj

is not of the same form as the original one in (7.1.7). However, we have M©®)(7;¢) — 1 as 7 — o0, see

(6.3.26), and also 6(¢j) = A, + O(1~/2) for
-1
A,_ﬁﬁp{l/io ma1+«wwwﬂ%dw} (7.1.14)
= : , 1.

27 Lyt w— w;j

which is a consequence of our assumption (7.1.8) as shown in Proposition 7.2.1 below. Then, by Proposi-
tion 7.2.2 below, we obtain the following result: the meromorphic function M (¢/=0) (73 ¢) with singularities

at (1.0 Cny Cq sy -ony C,, Satisfying

0 0
R M(sol —0) li M(sol 0) A2 ’
Beg MU0 = g MU O | gl iene) -
7.1.15
Res M(SOI_O)(T;C) = lim M(SOI_O)(T;C) 0 %6”2(@) ,
szj CﬁZj 0 0
has, under the assumption (7.1.8), the following properties:
i M(mer) . 1 M(sol—O) . < or—1/2
(ggog [ (73 O] 12 cggoc [ (73 C)} | =T (7.1.16)

M) (7,0) = MEA0)(7,0)| < o712
Now, let us go back to the original coordinates ¢ and z. We recall formula (6.1.1) and set analogously
MO (1,5 0) 2= MO0 (730 ).
From (7.1.15) it follows that M) (¢, z;w) satisfies exactly the RHP for the multi-soliton w(t, z; D’)

with data D' = {\;, C}}}_;, where
A2
C; = de(Tj-)?'
Moreover, by combining (7.1.13) and (7.1.16) and using the reconstruction formula (2.8.11), we find
u(t,z) = [M(t,2;0)], | l|1m w- [M(t, x;w))q,
d(o

Eog [M (so0l) (t,x;())]nwli_rgow- [M (oD (¢, z;0)]12 + 0(7_—1/2)
ZE(O)g Usor(t, ;D) + Ot~ ?).
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Similarly to (7.1.14) we find 6(0) = Ag + O(1~1/?) for
Lyt 2
Ag := exp {1/ > log(l + wir(w)] )dw}. (7.1.17)

27 —Ly! w

We mention that (7.1.8) is again a necessary condition. So far we have u(t,z) = %?usol(t,x;D’) +

O(t~/?). Additionally, making use of Remark 2.9.4, we end up with u(t, z) = ue(t, z; D) + O(t1/2)

as t — oo. Here the scattering data are given by D+ = {)\], " iy with modified norming constants

do) _ ., d0) A
/ . J
C] CJ Ao C] Ao d(w]’)2'

It is left to the reader to verify that the latter expression is equivalent to both lines in (7.1.4).

Repeating the above line of argument for RHP 2.8.2, it follows that
v(t,x) = vsoi(t, 23 D) + O(t~Y/?)
with the same scattering data as for .

Let us finish the proof with considering the case t — —oo. According to Remark 2.9.5, the normlng
constants C~ can be obtained from as C* follows. Replace r with 7 and vice versa, replace Ly with LO ,
replace w; with Z; and vice versa and, finally, conjugate the exponential factor in (7.1.4). We obviously
obtain (7.1.5). O

7.2 Detailed calculation

Since the proof of Theorem 7.1.1 is in parts fragmentary, we present two propositions in order to close
the gaps.

Proposition 7.2.1. Assume |La1 —wp| < 7=Y2 then there exists a constant C' > 0 depending on Ly,
7]l zoe, infuer(1 + w|r(w)|?) and Im(w;) such that

6(¢5) — Ayl < O3,

where (; = w;/wo. The function § is given in (6.4.2) and A; is defined in (7.1.14). Additionally,
15(0) — Aol < CT7Y/2,

where Ay is defined in (7.1.17).

Proof. The first assertion follows from the following calculation.

5 - A = 1Ay (g-)_1
fa e )
= |4l e {;( _wo / >log ;waEW)lz)dw}_l
< | J’w\\log(1+w\r W)l )
< Cor 2

The second claim of the proposition follows by replacing || log(1 + w|r(w)|?) | oo Ry With

log(1 + wir(w)[?)

)

L (R\[~Ly ' 47=1/2 L5t —7—1/2])

which is finite for sufficiently large 7. O
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In order to complete the proof of Theorem 7.1.1, we need to prove (7.1.16). The following proposition
uses arguments of Lemmas 6.1 and 6.3 in [SaalT7a).

Proposition 7.2.2. Let M) (7:¢) and M9 (1;¢) be meromorphic functions as defined in the proof
of Theorem 7.1.1. Then, under the same assumptions as in Proposition 7.2.1,

: (mer) (. BT (sol—0) (.. < or—1/2
glggoc [M (7; O] 12 clggoc [M (7 C)} 12‘ =T ’
’M(m”)(r, 0) — M= (7, 0)‘ < er 12,
Proof. Define ¢ := woLoC; such that |(f| = 1 and |(; — (j| < er~Y2. Fix some € > 0 small enough so

that the balls B.({}), ..., B¢(¢],) are pairwise disjoint and do not intersect the real line. For 7 > 0 large
enough that (; € BG(C]’) for j =1,...,n, define a new unknown by

L5 0
MO Q) MO (7)) | e ] : if¢ € Belcr),
L A
M(meT)(T;C) = 1 [ 557 0
M (mer) : MG ;7' - NS , if (€ B, =/ ’
(10 [ (1:¢;)] 0 A,6(C;) ] if ¢ (¢1)
| Mmen) (7 0), else.

Note that we can write 5(@) =1/6(¢;). Using (7.1.11), a direct computations shows that

Res M (mer) li RF(mer) 0 0
mer . 1 mer ) a2 .
C:es (r3¢) CI—>HCIJ' (73¢) ilj( ]J)% e—imZ(G) o |
—5;d(W;)2A° i 7(Z.
Res N (mer) (T C) = lim M(mer)( ) 0 #6 (¢;) .
C*CJ C—>§ 0 0

Comparing these residue conditions with (7.1.15), we conclude that M (mer) (7;¢) and M (7:¢) have
identical properties, the only difference being that M (™€) admits a discontinuity on the contour

S = GB(Ch) U ... UOB(CL) UOB(Cy) U ... UOBL(C,).

Thus, writing N '
M(mer) (7_; C) — G(T; C)M(SO )(7—; C)’ (721)

we have to require that G is a solution to the normalized Riemann-Hilbert problem G, = G_(1+ R(™e"))
on X(mer) where

r B Aj 0
MED (r;¢) [MO)(r;¢)] [ 6%” 5(¢;) ] [MED (0], if ¢ € OB(()),
Aj

1+ RM(7;¢) =
[M(sol) (7-; C)]_l’ if C S aBe(le)

l>\c>

MED(7:¢) [MB)(r;¢;)]

(Cg)

As in the proof of Theorem 4.3.2, for ¢ € (™€) we use the notation G4 (7;¢) to denote the limit of
G(7;¢") when ¢’ approaches ¢ from the interior/exterior of the ball B((}) or BG(Z;), respectively. We

find
A.
mer SO 1 J’ 0 1 0
RO (r:0)] < el ME(s- [ (GOl 5(@-)]—[0 1“
Aj
< er1/2,
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Theorem 7.1.1: Theorem 7.1.1: Theorem 5.4.1:
U~ ugol ‘ U~ u;ol |U| 5 |aj + 75|_3/4

Theorem 6.1.5:
u] S ¢=1/2

Figure 7.1: This figure illustrates how Theorem 7.3.1 with two eigenvalues [A1] < |Ag
is obtained from Theorems 5.1.5, 5.4.1, 6.1.4 and 7.1.1. The abbreviation uiol stands for

Usol (t, 23 { A}, 5’;}) The second component v(t,x) obeys a similar principle.

Here, the last step follows from (6.3.26) and Proposition 7.2.1. Since »(mer) s a compact contour, we

can conclude that

IR (75| s yago meny < 72,

which implies

<cr V2 |G(r,0) = 1| < er M2

CILIgOC [G(7; Q)] 12

according to the small norm theory for RHP’s reviewed in Appendix A.1. Combining these estimates on
G with (7.2.1), we find

: A7 (mer) (. . BT (sol—0) (.. -1/2
glggoc [M (73 C)] 12 glggoc [M (73 O] 12‘ ser

‘M(mer) (1,0) — M (501=0) (T, 0)‘ <er 12,

By the construction of M (mer) it is clear that these inequalities are equivalent to the assertion of the
proposition. O

7.3 Soliton resolution

Combining Theorems 4.3.2, 5.1.5, 5.4.1, 6.1.4 and 7.1.1 we can prove the soliton resolution conjecture for
the massive Thirring model. For the convenience of the reader, we refer to Figure 7.1 and provide a more
detailed explanation as follows. We assume that our initial data admits scattering data (p; {\x, Ck A, ).
For some jo € {1,..., N} we recall the set

S-(jo) = {(w,t) ER?: |z — v t] < \/Ha‘},
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as was defined in (4.3.2). Corollary 4.3.3 states that inside of S:(jo), as t — Zoo, the solution (u,v)
is asymptotically determined by scattering data (p*; {)‘mé;;t}keu(jo))- For any k& € O(jo) we have
Akl = |A\j,|. Hence, Theorem 7.1.1 is applicable and we conclude that (u,v) is approximated by a
breather or single-soliton solution associated to scattering data

~+
(05 { &> O }reemi(o))-

If there exists no jo € {1,..., N} such that (¢,z) € S-(jo), then we know from Corollary 4.3.3 that (u,v)
is approximated by a pure-radiation solution and, thus, either |u| + |[v| < [t|~'/2 by Theorem 6.1.4, or
lu| < min{|z —¢t|7%, |z + 734} and |v| < min{|z + ¢/, |z — t|73*} by Theorems 5.1.5 and 5.4.1. The
following Theorem summarizes these statements and can be interpreted as the main result of the present
dissertation:

Theorem 7.3.1. Suppose that (ug,vo) € Gy with scattering data S(uo,vo) = (p; {\k, Ck}_,), assume
that r,7 € X%’QQ,O and consider the solution (u,v) of (1.1.1) with initial data (ug,vo).

1. Then, for any € > 0 and jo € {1,...,N}, there exist positive constants ¢ and to such that the
following statement is true. Denote by (usy(t, x; Djio), Usol (t,m;D;-g)) the soliton solution of (1.1.1)

with parameters D;.g = { i, 5f}keg(j0), where

<2 2
- P OYEDY 1 [lo 1 1
+ _ J k J 20|12 _
Cr=Cy | | )\ ( 2) exp{ ; / log(1 + z|7(2)[) (z v 22) dz},

2
jevtin 9 AN =X Lo 73.1)
2 2 . 3.
. o )\% —\2 -1 o 1 1
=0 I ( —5 | exp / log(1 +wlr(w)|?) < - > dw
jert N AN = A Lt wowy 2w
Then for all (t,z) € S:(jo) with |t| > to, we have
lu(t, x) — use (2, x;DjiO)| + |v(t, ) — vsor(t, x; Djio)| <tV (7.3.2)
2. Moreover, if
N
(t2) € R\ | 5:0),
j=1
then
ult, 2)] + [olt, )] < elt] 2, (7.3.3)

for |t| sufficiently large.

As we have seen in Chapter 4, any multi-soliton itself behaves like (u,v) as stated in (7.3.2) and
(7.3.3). As a consequence, we can rewrite Theorem 7.3.1 in the following way:

Theorem 7.3.2. Fiz M > 0. Then for any (ug,vo) € Gy with scattering data S(ug,vo) = (p; { M\, Cr i),
such that r,7 € Xz’go with |7 22 +|7|l 22 < M, the solution (u,v) of (1.1.1) with initial data (uo,vo)
) “2.0 —2,0

satisfies

lu(t, ) — tsor (t, ;D) + [0(t, ) — veor(t, 23 DF)| < c||7“HX3,220|t|_1/2, +t > 1. (7.3.4)

Here we denote by (usor(t, ;3 DF), v501(t, o3 DF)) the multi-soliton solution of (1.1.1) with parameters
DE = { )\, C,;t}évzl, where

O = Cpex 1/L010 1+ 2 (—— = L) az
BT VRO Lo & z—z 2z ’

~ —1 [k’ ) 1 1
C, = Crexp m,/L1 log(1 + w|r(w)] )<w—wj _2w> dw 3 .

—o

(7.3.5)

The constants ty and ¢ depend on M only.
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For the special case, where all eigenvalues have distinct absolute values, Theorem 7.3.2 can be restated
as follows.

Theorem 7.3.3. Suppose that (ug,vo) € Gy with scattering data S(ug,vo) = (p; { Mk, Ck}A_,), where
\Nj| # | Ai| for j # k. In addition, assume that r,7 € X%22,0 and consider the solution (u,v) of (1.1.1)
with initial data (ug,vo). Then for the norming constants as given in (7.3.1), we have

N
)= 3 gty A CEN| < et 772,
o (7.3.6)
)= 3 vt @ A, G| < et ~V2.
k=1

Thus, assuming |\;| # |Ax|, the solution eventually resolves into IV single solitons, moving at different
speeds. This can be considered as a generic case, since assuming that (up,vg) does not satisfy the
assumptions of Theorem 7.3.1, then almost any perturbation of the initial data will make the assumptions
satisfied. By (4.2.4), we even have an explicit expression for the solitons in (7.3.6). Thus, knowing the
scattering data, we are able to compute the full solution of the MTM system up to an error of |t|_1/2.

By the translation invariance of (1.1.1) we can also interpret Theorem 7.3.3 as follows. If the initial data
is of the form

Mz

N
= usalto,z; { M Cp ), v Vsot (to, 75 { Ak, Oy 1),
k=1

k=1

for some tg < 1, then for some ¢; > 1, we find

tla Zusol tlax {Akac }) tla szol tlyx {)\lmc })

This implies that the initial solitons interact with each other but emerge from the collisions unchanged,
except that each soliton (and its phase) has been shifted. As in Section 4.3, we denote by Al’(jfj the total

shift of the j-th soliton and by computing léf\ / |C~’; |, we obtain

2 P
Azoj =+ > sen(A] — ) log | 2—;
T\ k#j j "k

Im(w; log(1 + wir(w)|”
n ET])/ngn(|wj| — |wl) (w — f{i(u—;))l —E—I)IL()wj)zdw> ‘

This formula shows that in contrast to pure multi-soliton solutions, in the case where the initial data is
the sum of single solitons and thus only very close to a multi-soliton, each soliton interacts with both,
the other solitons and the radiation represented by the non-vanishing reflection coefficient.

Let us close the chapter with a further (and equivalent) description of the soliton resolution. Therefore
we preassign velocities —1 < 11 < vy < 1 and initial points —oco < x1 < x5 < oo. Utilizing the results of
the present work, we can compute the asymptotic behavior of solutions (u,v) for (1.1.1) in the space-time
cone

K(vi,ve,z1,22) = {(t,z) : t > 0 and x = £+ nt for £ € [z1,x2],n € [v1, 2]} (7.3.7)

For arbitrary e > 0 and sufficiently large ¢, the set K corresponds to those (t,z) for which zp = w le

(L1 — €, Ly + €) with
1-— Vj

L;, = e {1,2}. 7.3.8
J 1+Vj7 J {7} ( )
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r— vt = :U—l/gt:.rg

v VI VI Re())

Figure 7.2: Inside a cone K(vi,va,x1,22) the asymptotic behavior of u(t,z) and v(t,x) is
preassigned by the reduced spectrum shaded on the right which only contains eigenvalues A;
such that L1 < \)\j|2 < Lo, where Ly and Lo are numbers determined from vy and va, (7.3.8).

We set
AK) ={k: L1 < |\f* < Lo} (7.3.9)

and it is clear from our observations of Section 4.3 that only solitons corresponding to eigenvalues A\ with
k € A(K) will be visible in . The remaining solitons corresponding to eigenvalues \; with k£ belonging
to one of the sets

ATK) ={k:|\)? > L1}, A7(K) = {k:|\]* < L}, (7.3.10)

will eventually leave K to the left (if & € A< (K)) or to the right (if k € A7 (K)). We have:

Theorem 7.3.4. Suppose that (ug,vo) € Gy with scattering data S(ug,vo) = (p; { Mk, Ck}o,), where
\Nj| # |Ag| for j # k. In addition, assume that r,7 € X%’;O and consider the solution (u,v) of (1.1.1)
with initial data (ug,vo). For a given space-time cone K(vy,vo,x1,2) of the form (7.3.7), define

Dr = {/\k’ Ci }keA(IC)

— 2
- R 1 [l 1 1

= 2 — log(1 + z|7(2)|? — — )dzy.
Cr = Cy H 32 (}\%_)\2 Xexp{m, /Lo og(1 4 2|7 (2)] )<Z—Zj 2z> z}

JEAT(K)

Then, for all (t,x) € K with t > ty we have
|u(t7 ZL’) - usol(t7 xZ; D/C)| + |U(ta 1’) - Usol(ta xZ; D/C)’ < Ct_1/2'

The formulation of Theorem 7.3.4 has an advantage, because the description in cones K(v1, va, 1, 22)
accommodates many situations at once. For instance, Theorem 7.3.1 can be obtained by applying Theo-
rem 7.3.4 repeatedly to cones K which contain at most one soliton speed v,. On the other hand, choosing
vy very close to —1 and vy very close to 41, then Theorem 7.3.4 immediately implies Theorem 7.3.2.
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Chapter 8

Conclusion

In this thesis, we gave functional-analytical details on how the direct and inverse scattering transforms can
be applied to solve the initial-value problem for the MTM system in laboratory coordinates. We showed
that initial data (ug,v9) € X21 admitting no resonances and at most finitely many simple eigenvalues
uniquely define two reflection coefficients r,7 € XE’Ql’l. With the time evolution added, the reflection

coefficients r and 7 remain in the space X 3211 and together with the eigenvalues and norming constants
they uniquely determine the solution (u,v) to the MTM system (1.1.1) in the space X5;. We have
seen how solitons interact and how the interaction can be analysed in a rigorous setting with Riemann—
Hilbert techniques. Using the nonlinear steepest descent of Deift and Zhou with its 0 extension introduced
in[DMO08], we were able to compute the long-time asymptotics of the MTM system up to an order of
]t!‘l/ 2. In particular, we proved the soliton resolution conjecture. The present thesis demonstrates the
usefulness of the inverse scattering transform, since other results concerning the long-time behavior of
the MTM system obtained from PDE methods, could be significantly improved.

However, since any result of the present thesis requires the initial data to be generic, a natural question
is whether the results can be extended to the entire space XEQI 1- But it is not so easy to include
resonances and other spectral singularities (multiple eigenvaluesf in the inverse scattering transform.
Spectral singularities are subject of the very recent work [JLPS18b] in the context of the derivative NLS
equation and one has to check if the methods can be adapted to the MTM system.

One can also see a fast growing interest in developing a theory of integrable systems on graphs. Also the
MTM system on a graph could be used to model more realistic situations.

Finally, another interesting question is to consider the inverse scattering transform for the initial data
decaying to constant (nonzero) boundary conditions. The MTM system (1.1.1) admits solitary waves
over the nonzero background [BGK93, BG93] and analysis of spectral and orbital stability of such solitary
waves is currently at the infancy stage.
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Appendix A

Riemann—Hilbert problems and Cauchy
operator

A.1 Existence theory for RHPs

The following is presented for the convenience of the reader and does not contain something new. Let
Y C C be a finite union of smooth curves equipped with an orientation. Commonly, such objects are
called oriented contours. To each contour ¥ we can associate the Cauchy operator

CzUKC)r—AEf f“>d& (eC\X.

21 Jy s —C

Note that in Section 3.2 we have introduced the Cauchy operator on the contour R. For ( € ¥ it is a fact
that Cx[f](¢") can approach different values as ¢’ — ¢, depending on the side of ¥ on which the limit is
taken. If one moves along the contour in the direction of the orientation, it is a convention to say that
the @-side lies to the left. The ©-side lies to the right, respectively. See Figure A.1 for an example. This
gives rise to the following definition.

CE[£1(C) = Jm o Ce[fIC), G5O = Jim o CSIAC), (e (A.1.1)
g g

which coincides with the definitions in 3.2.1. As an analogue to Proposition 3.2.1 we have the following
for general oriented contours.

Proposition A.1.1. (i) For every f € LP(¥), 1 <p < o0, ¢ — Cx[f]({) is analytic for ( € C\X and

satisfies
. 1
Jim ¢ CsIAQ) = —5= [ f(s)ds (A12)
(EC\T

(ii) For f € LP(X), 1 < p < oo, the values C5[f](C) exist for almost every ¢ € X.

(111) If 1 < p < oo, then there exists a positive constant C), such that
ICS [N zrs) < Coll fllzos)- (A.1.3)
(iv) (Sokhotski-Plemelj theorem) The following relation holds:

CANC) = +5/(0) - HINQ), CEX, (A14)

where the Hilbert transform H is given by

1 £(s)
HAQ =t [ s e
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Figure A.1

Riemann—Hilbert problems can be considered for general contours. We will denote by RHP (X, R) the
following Riemann—Hilbert problem.

Riemann-Hilbert problem A.1.2. For a given matrix-valued function R : ¥ — C™*", find a
function C\X 3 ( — M ({) € C™*" which satisfies

1. M(¢) is analytic in C\X.
2. M) =140 (¢1) as [¢] — oo.
3. The non-tangential boundary values

My(Q)= lim M), M (Q)= lim M(), (eX,

¢'=¢ ¢'—=¢
¢’ eP-side ¢'eo-side
of X of ¥

exist and satisfy the jump relation

Theorem A.1.3. For any given contour ¥ C C, there exists a constant Ay such that for all functions
R: % — C?*2 satisfying det(1+ R) =1, R € LY(X) N L™(X) and

[ Rl Lo (s) < As, (A.1.5)

the corresponding Riemann-Hilbert problem RHP(X,R) is uniquely solvable. Moreover, there exists an-
other constant cx. such that for the solution M of RHP(X,R) we have

lim ¢-(M(C) —1)| < csl|Rl iy (A.1.6)

¢|—o0

and
(&>}
-11< — 1 . 1.
|M(Co) — 1] < dist (3, Go) 1Ry, Go € C\X (A.1.7)
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If, in addition, R is locally analytic, then
[M () = 1l Le(c) < esllRlpis) (A.1.8)
Proof. By (A.1.3) and (A.1.5),

Cy.rlf] = C3lf - Rl

defines a bounded operator Cyx, g : L2(X,C**?) — L2(%,C**?). Tt satisfies ||Cs rl|z2—72 < sl Rl Lo (x)
and thus, if ||R||ze(x) is sufficiently small we know, that (1 — Cy r)~! exists as a bounded operator
L2(%,C%%) — L2(%,C**%) with [|(1 — Cs,r) tlr2sr2 < cl|R| 1) with some constant ¢ > 0 not

depending on || R|[ e (s if (A.1.5) holds for some sufficiently small Ax. By assumption we have R € L*(X)
and thus Cg [R] € L?(X) with ||Cg [R Ilz2cs) < EslIR|| 2. Thus, for p:= (1 — Cx r)~'C5[R] we find

lullzo(s) < el Rl (m)l1Rll L2 (s

Now we claim that the solution M of Riemann-Hilbert problem RHP(X,R) is precisely given by

M) =1+ 2% i st. (A.1.9)

Assuming (A.1.9) for a moment, we can prove (A.1.6) as follows:

1
Jim ¢ 0 - 1| = | L) + DRes
1
< (el Rl + 1RIL)
< e (IRIu=IIRIE: + [IRl)
< cslRlp.

The last inequality follows from the standard inclusion L? C L' N L> and (A.1.5). In a very similar way
we can prove (A.1.7). In order to understand why (A.1.9) is indeed a solution formula for RHP(X,R) we
first note that u = C5 [(n + 1)R] by defintion. Next let us denote the right hand side of (A.1.9) by M

such that M =1+ Cx[(u + 1)R]. We obviously have M_ = 1 + . Furthermore, using (A.1.4) we find

M, = 1+Ci[(n+1)R]
= 1+ (u+1)R+C5[(p+1)R]
= 1+(u+1)R+nu
= (p+1A+R)
= M_(1+R).

By Proposition A.1.1 (i) we also have analyticity of M on C\X and M) =140 as ¢ = .
Hence, M is a solution of RHP(3,R). For the proof of (A.1.8) we refer to [JLPS18b, page 1031]. O

A.2 The Cauchy operator on a half line

The following Proposition is used in the proof of Proposition 6.4.2.

Proposition A.2.1. Let ¥ = (—oc0,1) and assume, that h € H(X) with h(1) = 0. Then, the following
holds.

(i) Cxlh)(1) exists.
(ii) |Cx[h)(¢) = Cx[h(1)] < eIkl 2y + W[l 2(0,1)) ¢ — 12 for all ¢ & (0,1) satisfying |¢ — 1] < 3.
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Proof. (i) follows from |h(Q)] < [|A|l g1 (s)|¢ — 1|1/2. (ii) follows from
Cs[h](€) = Cr_[](C) + Cro1)[AI(C)-

Indeed, on one hand we have [Cr_(¢) — Cr_(1)| < c[|h|lp2(ryI¢ — 1] if [( = 1| < 3. On the other hand,
for z = e, —r < @ < m, by h(1) = 0 we can integrate by parts and get

8TC(0,1)[h](1 +zr) = C(O’l)[h/](l + 2r).

Furthermore, by [BDT88, Lemma 23.3], [|C(o1)[R'](1 + 27)|l2r,) < cllh'[|£2(0,1) for a constant not de-
pending on 6. We finally find

[Clo,lh](1 +712) = Cony[RI(1)| =

/ ConW)(L+ 2")dr’| < el 2o |C — 1]Y2.
0

This completes the proof of the proposition. O



Appendix B

Several technical proofs

B.1 Proof of Proposition 5.1.3
Proposition B.1.1. Letr € X%22,0? wo € Ry and set p(s) :=wp-s-r(wo-s) and p(s) :=r(wp - s). Then,

C(p, p) < cmin{\/wp, 1} Hr||X3,220. (B.1.1)

Proof. The assertion follows from the following estimates:

2
b1, 2 w1 2 ”THXE;O’
| Skas= [ P oty :

0 0 — dw <
w [ glrw) o < wollrey

2
1 wo ”THXE’QO’
/ sl (s)[*ds =/ wlr! (w) Pdw < wo
’ : wo [ ') Pw < wollrlag
0 —2,0

w0||7"”§{3,2207

/001|v( )|d /001( )|*dw <

pP\S S = W riw w < 1 [e’s)

82 wy W / ]r(w)|2dw§wgl||rH‘2X272 ,
Z2,0

wo

wo
00 00 w0||TH§(E,2207
7(s)Pds =wo | r'(w)Pdw< ¢ g g

/1 wo / w? |1 (w))?dw Sw()_lHrHi(m .

wo wo —2,0

In addition, one has to repeat these computations with g replaced by p. Due to the different definitions, it
is clear that the corresponding integrals containing p are estimated by the X %’1271-1101"111 of wr(w). Hence,

C(p, ) < exmin {5, 1} (Ir(w) [ oy, + wr(w) o ),

which is equivalent to the bound (B.1.1). O

B.2 Proof of Proposition 5.1.4

Proposition B.2.1. Let r € X3’22,07 wo € Ry and set p(s) :=r(wg - s). Then,

o o v o . 1
I'1(7) + Da(p) + Ts(5) + Ta() < emin {1, 3/2} 7l 22 (B.2.1)
wO -

0
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Proof. Throughout the proof we assume w.l.o.g that p vanishes on R_. By the chain rule it follows that

9 1 [wo
) = - / W (w) | duw,

Wy
which can be used for wg > 1:
1 wo 1z
P1(P) < 573 < /O wﬂr’(w)?dw) < i,
0 0
If wy < 1, then

ni) = [ steas < [ 15 = [ e < v [ @ra < e,

Similarly, for wg > 1,

o] 0 1 1/2 00 1/2 1
rap) - | \r'(w)dw<</ uﬂdw) </ w4|r'<w>\2dw) < o5l
wo wo wo wo ’

and on the other hand, for wy < 1,

00 00 1/2
na) < [ e <e([T0s b)) <l
0 0 -

We compute
L1
Ta(p) = o [ wlrtw)ldu,

wy

Thus, assuming wy < 1, we obtain

Ny < Ufg( /Owowwdw>l/2 (f Lt )

< el Irll e, < ellrllyzg -

1/2

On the other hand, if wy > 1, then

) < (f () o + [ uirtwaw)

([ o) " ([ ) ([ sver) )

el

IN

IN

Finally, we find
L) = [ ol r(w)de,

wo

(L) " ([ wm) (o)

CHTHXE’%J’

such that for wy <1,

IN

L4(p)

IN

and for wg > 1,

&) 1/2 00 1/2
rp) < ([ wta) ([ wtrtw )
wo wo
_ 1
< CWIITHX321J~
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B.3 Proof of Proposition 6.1.3

Proposition B.3.1. Let r € XE’;O satisfy infyer(1 + w|r(w)|?) > ¢1 > 0 and define for wy € Ry the
functions p and p as in (6.1.2). Then,

Clp.p) < emin {1} |r] g2z . (B3.1)

with a constant that depends on ¢y only. Furthermore, for k € {1,4,6,7},

. 1 . 1
I's5(pr) < cmin M’Tﬂ 7l 22 Is(pr) < cmin {wo, }H szz , (B.3.2)
wo —2,0 wo
while for k € {2,3,5,8},
Pa(py) < emin | g, —— | ] Po(ps) < emin ug, = |r] (B3.3)
cmin { Jwg, —— ¢ |7 2.2 <ecmin{ wg, — ¢ ||7]| w22 - 3.
5(pk) < > x22, 6(Pk 0 oo x22,

Again, the constant ¢ depends on c1 only. Finally, there exists a constant C' depending on r and c¢1 only,
such that

Cv)<C (B.3.4)

for all wyg € Ry. Fach estimate of this proposition also holds if we replace r with 7 and wy with zy and
define p and p as in (6.1.6).

Proof. For k € {1,4,5,8} we can estimate

1/2
/ é,m( O + IClIpL()2dC + / R(Q) + 17 (O)[2de

~4,2 \CI2

in the same way as in the proof of Proposition B.1.1. For k € {2,3,6,7} we consider exemplarily k = 2.
First, we observe that by (6.1.9)

/ 2|
p2(O)] < PO _ [ps(Q)] IDy(C)] < PO+ 1p(QFIA ()] (B.3.5)

c1 c c?

Since p, p € L™ we conclude

pa(O)] < e(Ipr (O] + [p5()))-

Therefore, each summand in the the definition of C is estimated in the same way as in the proof of
Proposition B.1.1 and thus (B.3.1) is proven. For the estimates of I'5 consider the following:

3/2 3wg/2
/ 1P(C)2dC < 2wy / 0B @ () 2 + D () 2w

1/2 wo /2
1 [Bw/2 d 2 21.(d 9 e
< sup L, 0O ) < S < g
3/2 311)0/2
/ P(O)PdC < wo / 0@ () P
1/2 wo/2
1 3w0/2 4 c
< = awr(d)dew< r < — |7l ss -
ai |, W) H g, < walilBes,
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These results are sufficient to prove (B.3.2) for £ = 1,4 and (B.3.3) for k£ = 5,8. Next, using (B.3.5) we
find that

3/2 3/2
[ mric < e [ 0R + ) ) Pic
1/2 1/2

A

3w /2
cwp / W20 ()2 + [rD ()2 + w* 1D (1) |*| 9@ () *duw
wo /2
R T N P S T WV IR
Cw WDy Y (W) |* + w?r' Y (w)|* + w®r'Y (w)|*| D' (w) | dw
0 Jwg/2

IN

IN

IN

C C
Caa(d)2 < 2
wo HT’ HXE’;,O = wo ||THXE’22,O7

and

3/2
/ 1ph(C)2d¢
1/2

IN

3/2
c / FOR + 1AM QP

1/2

IN

3w /2
cuo / / [0 (w) 2+ [ () (w0 (w) 2 + [ () ) deo
wo /2
1 3w /2
< e w! |0 @ (w) ? 4w [rD (w) [ (w* 07D (w) [* + w?|r D (w)[*) dw
0 Jwo/2

< Ll < ol
In both of the above chains of inequalities we have used in the end that sup,,cg |w||r(w)|? < c, see (B.3.6)
below.
In order to prove (B.3.2)-(B.3.3) for I's, we consider the following estimates. Assume wp > 0, then
wo 1

wo 1/2
) <2 [ ol wldw < 208 ([ S rwiPde) e < 20

On the other hand,

oo 92 oo oo 1/2 2
) <2 [l < Z ([ wtrwtae. [CutPie) < 2
wo wo 0 -

wo Wy
which leads to

. 1
rtw)] < cmin fun, 2 § Il - (B.3.6)

This leads directly to the estimates of I's.

It remains to show (B.3.4). Clearly, ||v||r~ does not depend on wy. Furthermore, we find

1 wo wo
/ VP < / ()2 + 20| (w) 2 () [P
1

C
/10 log(c1) wo/10

c o 2 4 4 20 7 2
_— w?|r(w)|* + 2w |r(w)|*|r (w)|*dw,
s /wo/w )l + 20 (w) 2 ()

which shows that f11/10 |/ (¢)[2d(¢ is bounded uniformly in wg. Finally,

1/10 1 [wo/10
/ w(Old¢ < c— |w]|r(w)>dw

—1/10 Wo J —wp /10
1 wp/10

< e [ (w)Pdw,
10 —wp/10

which shows that f11/10 |v/(¢)]2d(¢ is bounded uniformly in wy. O
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B.4 Proof of (6.1.31) and (6.1.32)

We define ) )
R(z) = o log(1+ 27, w(w) = o= log(1 + ulr(w)P), (BA1)

such that % coincides with that one defined in (6.1.33). Substituting (6.1.2) into the definitions (6.1.13)—
(6.1.15) we can use (6.1.21), (6.1.18), (6.1.20) and (6.1.1) to find

u(t,z) = woq(@)(r) [M(t,2;0)];, d(0) + O(r*/*)
— \/wio (eir—m(—wo)log(ﬂbi(wo) - eiT_m(wO)IOg(T)bJr(wo)) n 0(7_3/4)
T

with
arg(by(wo)) =F % + arg(r(+wp)) — arg(d_(Fwo)dy(Fwp)) + arg(T(Fik(Lwy))
two k() F o-r(Fwo) T g (s)
2 o ds + 2/ —dsF k(*w
i /0 $F+ wo 0 s+ wo F (o)
wo 00
[ [,
—wy S oo S
and

Vamd_(wo)d. (+wg) e (Ewo)/2 |
Vwor (F£wo)I' (Fir(£wo))
K (Fwo)
wolr(wo)|?

= r(Fwo)|d- (Fwo)dy (£wp)

b (wo)* = ‘

(e27(Fw0) _ 1)|d_ (dwp)dy (£wo)|?

where the identity |I'(£ix)|?> = m/(ksinh(7x)) is useful to obtain the second equality. Analogously,
substituting (6.1.6) into the definitions (6.1.13)—(6.1.15) we can use (6.1.21), (6.1.18), (6.1.20) and (6.1.1)
to find

(t,z) = 20q@)(7) [1\7(’573:;0)}11+(’)(r*3/4)

_ 20 (ei’r—ik\(—zo)log(fr)/gi (ZO) _ eiT—iE(zo)log(T)/b\+(z0)) + 0(7_—3/4)
\/ -

with
arg (b (20)) = F 7 + arg(F(&20)) + arg(L(FiR(+z0))
20 K(s) F 2kR(x= T2 20 7
qcz/ Fo) F 2R O)dsiQ/ ~s) ds:pﬁ(izo)+/ M) g
0 S F 20 0 S+ 20 —z0 S
and

b+ (20)2 = +R(£20)

Lemma B.4.1. We have by (wg) = /b\i(zo). In particular, since wy = 20_1 18 constant along rays with
x/t = const., it is possible to define the function fi in (6.1.30) through

X ~
f= () = beuwo) = be(=0).
Proof. The first important observation is

k(271 = R(2)
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and follows directly from relation (2.6.8). In particular we have
k(two) = K(%2p). (B.4.2)
Next, let us recall that by (3.5.4) we can write
d_(w)d (1) = exp{CF[k)(w) + Cg ) (w)}.

Thus, using (A.1.4) it follows that

|[d_(w)d4(w)| =1, for all w € R, (B.4.3)
and
— arg(d_(+wo)dy (+wp)) = 2 lim </iwo_5+/°° > r(s) . (B.4.4)
- o ’ N0 \J—oo +wo+e/ SF Wo ‘ o

Equality (B.4.2) together with (B.4.3) yields |b+(wo)| = \/b\i (20)|- Formula (B.4.4) can be used to calculate
the following:

Fwo k(s) F o-k(Fwo) Two k(s)
—arg (d_(Ffwp)d, (Fw $2/ o ds:l:2/ —ds
& (- (Ewo)d: (o)) 52 fel =L
= 2lim

Fwo—e 00 +woFe TwoFe S g iwo
(7 ) e [ s [ S22
N0 —00 +wote/ ST Wo Fwo S+ wo 0 S+ wo

Fwo 00 k(s Wo o (+w
:j:Z/ H(S)dsj:2/ (5) F Sth(Ewo) o
Foo S+ wo +wo s+ wo

+21lim / L)y / FuoFe pnEwo)
e\0 +wote S F wo 0 S F wo
Fwo +o0 Wo pe (4
= j:2/ ﬁds + 2/ wls) F Sl wo)ds + 2k (Fwo)
Foo ST Wo +wp s+ wo
_ 22 /Vo R(s)  A(s) o /0 R(s)  R(s) F r(F=) s
0 S S F 2o 429 S ST %o
g [ROT IR, 7, (R,
0 S+ 20 0 S+ Zo —z S '
Using, arg(r(wo)) = arg(F(£20)),
/wo /I%(S)ds—/oo @ds: —/ZO R(S)ds
—wy S oo S 2 S
and (B.4.2) again we can finally conclude that arg (b (wg)) = arg(gi(zo)). O

B.5 Proof of (6.4.22)

Proposition B.5.1. For Z(¢) = $(¢+¢7Y) and { = x + iy we have

(=z+iyeQ3q: e~ _ew,

(=atiyeQa: o720 <end, (B.5.1)
=iy Q- 720) < e_fy(z—m, 5.
(=a+iy€ Qo 6i720)] < e,

where the domains ;. are depicted in Figure 6.10.
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Proof. In general, we have

. R e i . N Vet
|6717Z(C)‘ — ¢ Y @2 4y2) ’ ‘eer(C)| — e Y @2 y2) )

Let ( =z +iy € Q3. Then we have 0 <y <1—2 and 1/2 <z <1 and it follows that

Pyt <?+(1-2)P2=14202-2)<=z
and thus

1—2?—y* _y(l—2)
a1 = 2
From this follows that the first line of (B.5.1) holds.

Let ( =z + iy € Q3. Then we have 0 <y < z and 2 + 32 < % and it follows that

1—a?—y? >, 2(2* +y?) < 4a?

N

and thus

1— 22 —y? Y
Yo o = 5.3
2(x2 +y?) — 82
From this follows that the second line of (B.5.1) holds.

Let ( =z +1iy € Q41. Then we have 1 <z < % and 22 + 3% < 3 and it follows that
2+ y2 >2 >0
and thus
?24+y?P -1 _ylz—1)

>
4 2(x24+y?) — 6
From this follows that the third line of (B.5.1) holds.

Let ( = 2 + iy € Qq2. Then we have 2% + y* > % and it follows that

2492 -1y 1 y 5
Yors o =\l =)=25 5
222 +y%) 2 z2 4+ y? 2 9

From this follows that the fourth line of (B.5.1) holds.
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